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Abstract In this paper, we introduce a new family of Riemannian metrics g;,,, on the
three-sphere and study its geometric properties, starting from the description of their cur-
vature. Such metrics, which include the standard metric go and Berger metrics on S3 as
special cases, are called “of Kaluza—Klein type”, because they are induced in a natural way
by the corresponding metrics defined on the tangent sphere bundle T1S?(x). Each sphere
(S3, &) 1s a homogeneous space, and we obtain a full classification of its homogeneous
structures. Moreover, we introduce and study a natural almost contact structure (¢, &, n), for
which (¢, &, 1, g1,0) is a (homogeneous) almost contact metric structure on the three-sphere.
Finally, we see that for a suitable family of Kaluza—Klein type metrics g, on S, it is possible
to construct a two-parameter family of harmonic morphisms from (S3, 8ac) to S2 (k).
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1 Introduction
Berger metrics are well known in Riemannian geometry. They are defined as the canonical

variation g;, A > 0, of the standard metric go of constant sectional curvature on S3, obtained
deforming go along the fibers of the Hopf fibration, that is, putting

gilgt = goler,  &r(E1.) = A g1, ),
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where & denotes the standard Hopf vector field on S* and & f‘ is the orthogonal complement
of & with respect to go. Berger spheres (S, g,) have been studied under several differ-
ent points of view. In particular, Berger spheres provide examples of homogeneous almost
contact metric three-manifolds (see [20] and references therein).

Denoting by 01, 62, 93 the 1-forms dual to a suitable orthonormal frame field £1,6,8&
(see (3.2) below) with respect to go, an arbitrary Berger metric g; on S® may be written as
2. = M @0 +6%® 0%+ 0% ® 63 It is then natural to generalize such a construction,
allowing deformations of the standard metric go not only in the direction of &1, but also of
£, and &3. Thus, we consider on S3 the three-parameter family of Riemannian metrics of the
form

G =10"00"+n0?®6*+v6°®6%, A, u,v>0.

Clearly, all Berger metrics are of the above form. In fact, g, = g;11. Riemannian metrics
& turn out to be related to a class of well-known Riemannian g-natural metrics defined
on the unit tangent sphere bundle T; s? (k). For this reason, metrics g, will be called “of
Kaluza—Klein type.”

The paper is organized in the following way. We shall report in Sect. 2 some basic informa-
tion on Riemannian g-natural metrics on tangent and unit tangent sphere bundles. In Sect. 3,
after constructing a covering map from S?(k/4) to T;S?(«), we introduce a new family of
Riemannian metrics g5, on the three-sphere, describing their Levi-Civita connection and
curvature. Such metrics, which include the standard metric gy and Berger metrics on S° as
special cases, are called “of Kaluza—Klein type,” as they are induced in a natural way by the
corresponding metrics defined on the tangent sphere bundle 77S% (k). We obtain in Sect. 4
a classification of homogeneous structures on spheres of Kaluza—Klein type, generalizing
the results obtained by Gadea and Oubifia [20] on Berger spheres. In Sect. 5, we introduce
a natural almost contact structure (¢, &, 1), for which (¢, &, n, g,,,») is a (homogeneous)
almost contact metric structure on the three-sphere. We study several contact metric proper-
ties (H -contact, Sasakian, and n-Einstein) on such spheres. In particular, we prove that g; .,
is a critical point of the functional “I (g) = integral of the scalar curvature” restricted to the
set of all associated metrics if and only if (S3, 1, &uv) is n-Einstein. Finally, in Sect. 6, we
see that for a suitable two-parameter family of Kaluza—Klein type metrics g4c on S, which
includes the standard metric gg and Berger metrics as special cases, it is possible to construct
a corresponding family of harmonic morphisms % : (S3, 8ac) = S*().

2 Riemannian g-natural metrics on the unit tangent sphere bundle

Let (M, g) be an n-dimensional Riemannian manifold, V its Levi-Civita connection, and
R(X,Y) =[Vx, Vyl — V|x,y] its curvature tensor. At any point (x, u) of its tangent bundle
T M, the tangent space of 7'M splits into the horizontal and vertical subspaces with respect
to V:

(TM)(x )y = Hexe ) ® Vix,u

where V(, 4 is the kernel of dm(, ,,) and H, ,,) is the kernel of the connection map at (x, u).
For any vector X € M,, the horizontal lift of X is the unique vector X" € H(x,u), such that
dn X" = X, where w : TM — M is the canonical projection. The vertical lift of a vector
X € My to (x,u) € TM is a vector X" € V(. ) such that X (df) = X, for all functions
f on M. Here, we consider 1-forms df on M as functions on TM (i.e., (df)(x, u) = uf).
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Geometry of Kaluza—Klein metrics on the sphere s? 881

The map X — X" is an isomorphism between the vector spaces M, and H . Similarly,
the map X — XV is an isomorphism between M, and V(y ). Horizontal and vertical lifts of
vector fields on M can be defined in an obvious way and are uniquely defined vector fields
onTM.

We also recall the definitions of the canonical vertical and the geodesic flow vec-
tor fields. The canonical vertical vector field on T M is defined, in terms of local coor-
dinates, by & = >, u'd/du’. For a vector u = >, u'(3/dx"), € M,, we see that
Uy = 2 ui(a/ax")l(’x,u) = u?x,u)' The geodesic flow vector field on T M is given by
Exw) = 2 ui(a/axi)’gx’u) = ui’x’u). Both ¢/ and & do not depend on the choice of local
coordinates and are globally defined on 7M.

Riemannian g-natural metrics form a wide family of Riemannian metrics on 7'M, intro-
duced by Kowalski and Sekizawa in [25]. Such metrics are the image of g under first-order
natural operators D : Si T* ~ (S2T*)T, which transform Riemannian metrics on manifolds
into metrics on their tangent bundles, where S_%_T* and S2T* denote the bundle functors of
all Riemannian metrics and all symmetric (0, 2)-tensors over n-manifolds, respectively.

The class of g-natural metrics, which depend on six smooth functions from R to R, has
been completely described in [5]. Given an arbitrary g-natural metric G on the tangent bun-
dle T M of a Riemannian manifold (M, g), there exist six smooth functions «;, 8; : R —
R,i =1, 2, 3, such that

Gy (XM, Yy = (1 + a3)(r?) g (X, Y) + (B1 + B3) D) gx (X, u) g (Y, u),
Gy (XM, YY) = Gy (XU, Y = an(rP) g (X, Y) + Bo(r?) g (X, w) g (Y, u),
Gy (X, YY) = a1 (r?)ge (X, Y) + B1(r2) g (X, w) g (Y, u),

2.1

forevery u, X,Y € M,, where r2 = gx(u,u). IfdimM = 1,then §; =0 foralli =1,2,3.
Put

$i (1) = i (1) + 1B (1), a(t) = e () (e) + a3) (1) — &3 (D),
B(1) = G111 + $3)(1) — $5 (1), 2.2

forallt € R™. Then, a g-natural metric G on T M is Riemannian if and only if the following
inequalities hold for all t € R*:

ay(t) >0, ¢1(t) > 0, a(t) > 0, ¢(t) > 0. 2.3)

Throughout the paper, when we consider an arbitrary Riemannian g-natural metric G on
T M, we implicitly suppose that G is defined via (2.1) by the functions o, B; : RT — R, i =
1, 2, 3, satistying (2.3).

In literature, there are some well-known Riemannian metrics on the tangent sphere bun-
dle, which turn out to be special cases of Riemannian g-natural metrics (satisfying (2.3)). In
particular:

the Sasaki metric gg is obtained fora;y = landapy = a3 = 1 = o = B3 = 0.
the Cheeger—Gromoll metric ggc [18,28] is obtained when oy = fr = 0, a1(t) =
Bi(t) = —p3(t) = 7 and a3(1) = 145

e metrics of Cheeger-Gromoll type hy, , [11] are obtained for o1 (t) = W, a3 =1—
aj, o =B =0,61(0) = —B3(t) = W, where m € Rand r > 0.
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e Kaluza—Klein metrics, as commonly defined on principal bundles (see [35], Subsection
1.6 in [21], and Theorem 1, Definition 1 in the next Section), are obtained for oy = f =

Bi+B3=0.

e The class of metrics of Kaluza—Klein type, which includes all examples above, is defined
by the geometric condition of orthogonality between horizontal and vertical distributions
[16,33]. Thus, a Riemannian g-natural metric G is of Kaluza—Klein type if oy = B2 = 0.

Next, the tangent sphere bundle of radius r > 0 over a Riemannian manifold (M, g) is
the hypersurface 7, M = {(x,u) € TM : g (u,u) = r2}. The tangent space of 7, M, at a
point (x, u) € T, M, is given by

(TM)y = (X" 4+Y": X € My, Y € (u}t € M) (2.4)

When r = 1, T1 M is called the unit tangent (sphere) bundle.

By definition, g-natural metrics on Ty M are the restrictions of g-natural metrics of T M
to its hypersurface 71 M. As proved in [4], every Riemannian g-natural metric G on Ty M is
necessarily induced by a Riemannian g-natural G on T M of the special form

GauwX" Y = (a+c)g(X, V) + B g(X, u)gx (Y, u),
Gy (XM, YY) = G (XU, Y =bg (X, V), (2.5)
Guu(XP, YY) =ag (X, Y),

for three real constants a, b, ¢ and a smooth function g : [0, co) — R. Such a metric G on
T1 M only depends on the value d := (1) of B at 1, and conditions (2.3) for G yield that G
is Riemannian if and only if

a>0, a:=ala+c)—b>>0 and ¢ :=a(a+c+d)—b>>0. (2.6)

Let now G denote an arbitrary Riemannian g-natural metric on 77 M. Using the Schmidt’s
orthonormalization process, a simple calculation yields that the vector field on 7 M defined
by

G ; ol v
N [=bu" + (a + ¢c + d)u"], 2.7

w0 Vat et dg

for all (x, u) € T M, is unit normal at any point of 77 M.

One then introduces the tangential lift X'6—with respect to G—of a vector X € M, to
(x,u) € T1 M as the tangential projection of the vertical lift of X to (x, u) with respect to
NG, that is,

G _ yv v G G __yvV ¢ G
X6 = X" = G (X" NG ) NGy =X Ve e KW NG, 28

If X € M, is orthogonal to u, then X6 = X7,

The tangent space (T1 M) x,u) of Ty M at (x, u) is spanned by vectors of the form X h and
Y6, where X, Y € M. In particular, § = u is the geodesic flow vector field on T M. The
Riemannian metric G on 71 M, induced from G, is completely determined by formulae

G XM YY" = (a+c)ge(X,Y) +dge(X, u)g: (Y, u),
G (X", Y'0) = Gu (X9, Y =bg(X, V), (2.9)

G e (X16,Y0) = age(X,Y) — 2 g (X, u)ge (Y. u),
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for all (x,u) € T'M and X, Y € M,. It should be noted that, by (2.9), b = 0 holds if and
only if horizontal and vertical lifts are orthogonal with respect to G. Moreover, condition
b = 0 characterizes metrics on 71 M induced by Riemannian g-natural metrics on T M of
Kaluza—Klein type.

We also explicitly remark that the Sasaki metric on 77 M is the Riemannian g-natural met-
ric of the form (2.9) witha = 1 and b = ¢ = d = 0. Metrics of Cheeger-Gromoll type
on the tangent bundle 7 M induce on T M the one-parameter family of Riemannian g-natural
metrics, which does not depend on r, defined by b = d = 0anda = 1/2",¢c =1 — a.
Metrics of Kaluza—Klein type on the tangent bundle 7'M induce on 77 M the three-parameter
family of Riemannian g-natural metrics for whichb =0 (anda,a+c¢ > 0,a+c+d > 0).
Moreover, Kaluza—Klein metrics on the tangent bundle 7 M induce on 77 M the two-param-
eter family of Riemannian g-natural metrics for which b = d = 0 (and a, a + ¢ > 0). For
metrics of Kaluza—Klein type, (2.9) reduces to

GlrayX" Y = (@ +0) gx (X, Y) +d g(X, u)g (Y. u),
Gy (XM, Y16) = G (X6, Y = 0, (2.10)
G ey (X'6,Y'0) = a(g, (X, ¥) — g (X, 1)gx (Y, u)).

The Levi-Civita connection of an arbitrary Riemannian g-natural metric on 71 M was calcu-

lated in [1]. In the special case of a metric of Kaluza—Klein type, Proposition 5 of [1] yields
at once the following.

Proposi~ti0n 1 At (x,u) € T\ M, the Levi-Civita connection V associated to an arbitrary
metric G of Kaluza—Klein type, as described in (2.10), is given by

- 1 d
(VY = (Vx V) + [—5 R(Xy, You = - [8(Ve, 1) X + g (X, ) Vi

d fG
+gg(YX7u)g(XX7u)]u] )

(Vi Y ey = [ R(Yy, u)X, + g(Xy,u) Yy

" 2(a+o) 2(a +c)
d

+2(a+c)(a+c—|—d)

[ag(R(Xx, u)Yy,u) + (a+c) g(Xx, Yy)
h
—Qa+co)+d)g(Xy, u)g(Yy, M)]M] + (VxY)'€,

~ a d
Vthxu= —— R(X,u)Yy + ——— g(Yy, u) Xy
(Vxc Y (x.u) [ 2@+ o) (Xx,u) +2(a—|—c) gy, u)

d
+2(a +c)a+c+d)

[ag(R(Xx, u)Yy,u)+ (a+c)g(Xy, Yy)

h
—Qa+o) +d)g(Xy, u)g(Yx, u)]u] )

(ﬁfo YtG)(x,u) = —g¥y, ”)X;G s
forall (x,u) € T\M and X, Y vector fields on M.
With regard to the curvature of Kaluza—Klein metrics described by (2.10) with d = 0,

from [3], we easily deduce the following.
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Proposition 2 Let (M, g) be a Riemannian manifold and G be a Kaluza—Klein metric on
TiM. Then:

(i) RX" yhzh = [R(X, Y)Z + —2 [R(R(Y, Z)u, )X — R(R(X, Z)u, u)Y
4(a + c)

¢}

h
—2R(R(X, Y)M,M)Z]] +[%(VZR)(X, Y)u] ;
h
o Bovh yigyyh ] @
(ii) R(X",Y'%)Z _[ 72((1_{_@ (VXR)(Y,u)Z]

a 1 o

(iii) R(X'6,Y6)7'6 = {g(Y, Z)X — g(X, Z)Y}S ,

forallx € M, (x,u) € T1 M and tangent vectors X, Y, Z € My, where the operation of tan-
gential lift from M, to (x,u) € T\ M is only applied to vectors of My, which are orthogonal
to u.

Let now Gac denote a Kaluza—Klein metric on 7;S?(«), determined by the real parameters
a, c, satisfying a, a + ¢ > 0. Let J be the standard complex structure of S? = CP!. We can
consider on T;S% (k) the global G- -orthogonal frame field {(ju)?x_u), (fu)?x,u), u?x’u)}. Note
that ||(Ju) 12 =aand [[(Jw"]%, =l ||2 =a+ec.

Taking 1nto account (2.10) and Proposmon 2 a strai ghtforward calculation yields that the
sectional curvatures on (T;S%(k), Gac) satisfy

( B 3a k2 ) K((Ju)', V) = ak
“Taavto) WV = dator

2

K", (Ju)" =

a—+c

forany V € Span(uh, (Ju)™). In particular, we have the following.

Pr0p051t10n3 If (M, g) = (SZ(K) go) and Gac is a Kaluza—Klein metric on T\S?, then
(TlS Gac) has constant sectional curvature K if and only if k a = (a + ¢). In this case,
= 1/(4a) = «/(4(a + ¢)).

3 Metrics of Kaluza—Klein type on S*

We start with the description of a covering map from S3(k /4) to T1S? (k) in terms of quater-
nions, where S" (¢) denotes the standard sphere of constant sectional curvature c. Consider the
quaternions algebralHl = {g = a1+azi+a3j+ask : a1, az, a3, as € R}. Then, the unitsphere
is given by S*(1) = {g € H : ||q]| = 1}. Forany g € S*(1), the map ¢, (z) := Gzq defines an
orthogonal transformation of H, which leaves invariant R> = {q € H : ¢ = azi +a3j +ask}.
More precisely, the map

®:S*(1) = S03), g+ ¢4,
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describes S3(1) as the universal covering of SO (3). Explicitly, forany ¢ = (aj +asi +a3zj +
ask) € S3(1), one has
0q(i) = (af + a3 — a3 — a})i + 2(aza3 — aras)j + 2a1a3 + aras)k,
0q(J) = 2(@1a4 + a2a3)i + (ai + a3 — a3 —ai)j + +2(azas — arax)k,
9q(k) = 2(aras — ara3)i + 2(ar1az + azas) j + (@i + aj — a3 — a3)k.
Then, if we put z; = (a1 + iaz), zo0 = (a3 + ias) € C, the matrix of SO (3) corresponding
to ¢ is given by
211> = z2/* 2Im(z1z2) —2Re(z122)
Ay =| 2Im(ziZ) Re@ +2z3) Im(z3 —73)
2Re(z122) Im(z] +23) Re(zi? —23)
and we put ®(g) = A, forany g € S3(1). On the other hand, since
T1S%(k) = {(x,u) e R x R® : x € S*(k), uLx, [Jul| =1},
we can consider the diffeomorphism

v TiS?(k) = SOB), (x,u) > (Vi x,/kuAx,u),

and the inverse diffeomorphism

1
Yy 1:S03) > 1S (k), A= (circac3) > (x,u) = | —=c1,c3),
/3
where the ¢; denote the columns of A € SO(3). Then, introducing the homothety
7S} c/4) > S (1), p > gp,

we have the covering map

2 1
F=vy lodor:Sk/4) — T1S%«k), p= N (N (ﬁ (pq(i),goq(k)) . 3D

More explicitly, if p = (z1, z2), we have

F(z1,22) = (4

We remark that the covering map F was also constructed in [10] by a different approach.
Consider now the unit vector fields {£], £, &3} on S?(k/4) defined, at any point p =
(x1, X2, x3, X4) € S*(k/4), by

(112 = 22, 22122) . § (~2Re@iz2). 2 = ) ).

§1(p) = L ip = f( —X2, X1, —X4, X3),
§(p) = % jp = {(—xs,m,xl, —x2), (3.2)
$3(p) % p \é’?(_x“? _X3,x2,x1).

The differential of the covering map F : S« /4) — Ty S% (k) defined by (3.1) was calculated
in [10], proving the following formulae:

F& ==k (Ju)?', F&=u", F&=Uuw", where u=g,k). (3.3)
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Now, we consider on the standard three-sphere (S3(x /4), go) the 1-forms 6 1692 93 dual,
with respect to go, to the unit vector fields {&, &, €3} on Sk /4) defined by (3.2). Then, for
any arbitrary choice of three real constants A, u, v > 0, we can introduce a corresponding
Riemannian metric on S?, given by

G =210'00"+no*®6*+v6°®6°%. (3.4)

Let G denote an arbitrary Riemannian g-natural metric of Kaluza—Klein type on 71S? (),
determined by three real parameters a, c, d, satisfying a,a + c,a + c +d > 0. If we put

Xi=Uw', Xo=Uw"  X3=u"
then {X1, X2, X3} is a global G-orthogonal frame field on T;S2(k), with
2 _ 2 _ 2 _
IXillg =a,  [IX2llz=a+c,  [IX3llz =a+c+d.

Let now ni denote the 1-forms G-dual of X;i,i =1,2,3. Then, from (2.10), we get

1 3

7 ®n

- 1 1
G:f + — + —
77®77 a—+c ’7®77 a+c+d

and the map F described in (3.1) determines a corresponding Riemannian metric F*G on
S3, given by
1 1 1
= F*1®F*1+ F*2®F*2+ F*3®F*3.
g=—(Fn)&Fn) +(n)(n)7+c+d(n)(n)
Now, (3.3) implies at once

F'p' = —Vka6', F'p?=(a+0)6>, F*np’=(a+c+d)6*
and so,
~ 1 1 2 2 3 3
g=kat ®0" +(a+c+d)-®0"+(@a+c)0” R6".

Thus, g is exactly of the form (3.4). More precisely, g is determined by three real parameters
A,y v >0, givenby A =ka,u =a+c+d,v=a+ c.So, we proved the following.

Theorem 1 The covering map F establishes a one-to-one _correspondence between
Riemannian metrics gy, on S? of the form (3.4) and metrics G of Kaluza—Klein type on
T1S%(k) of the form (2.9), defined by parameters

a=Ak, b=0, c=v—A/k and d=p—v.

Note that if A = u = v = 1, then (a + ¢ =)ak = 1 and d = 0. So, by Propo-
sition 2, (T''S%(k), G) has constant sectional curvature « /4. Correspondingly, (S?, 8) =
(S3(c/4), g0)-

Next, Berger metrics on S3(« /4) are of the form (3.4) with & = v = 1. Therefore, they
correspond via F to Kaluza—Klein metrics on T7S?(k), satisfying a + ¢ = 1 and d = 0.
Thus, we get the following result, which corresponds to Theorem 1.1 of [10].

Corollary 1 (i) The standard metric gy on S*(k/4), obtained for A = p = v = 1,
corresponds to the metric G on T1S2(k) definedbya = 1/k, b =d = 0 c=1-1/k.
(ii) The Berger metrics on S*(k /4), obtained for p = v = 1, correspond to metrics Ga
on T1S*(k) definedbya = AJk, b=d =0, ¢ =1 — A/k.
Both metrics G and G, are of Cheeger-Gromoll type.
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The above results justify the following.

Definition 1 A Riemannian metric g on S is said to be of Kaluza—Klein type if there exist
three real constants A, p, v > 0, such that g = g, is described by (3.4). In particular, g is
said to be a Kaluza—Klein metric if w = v. By a sphere of Kaluza—Klein type, we shall mean
the sphere S equipped with any Riemannian metric 8w described by (3.4).

Let now g;,,, be an arbitrary Riemannian metric of Kaluza—Klein type on S*. We know
from the proof of Theorem 1 that F : (S3, &) — (T S%(x), G) is a local isometry, where
G is the g-natural metric of Kaluza—Klein type determined by parameters a, ¢, d, such that
A=«ka, p=a+c+d, v=a+c.Then, starting from Proposition 1, it is easy to describe
the Levi-Civita connection V of (S?, &xuv)- In particular, for the global field {&1, &, &3}
orthogonal with respect to g, we obtain:

Vad =0, Veg = SOt gy Vg = -G g
A—pi— e
Vi = SR G Vet =0, Vet = S gL (3)
A—p— -
Ve = LN gy g = LU g v =0,

It is well known that a vector field V is Killing if and only if VV is skew-symmetric. In
particular, from (3.5), we deduce at once that &; (respectively, &, &3) is a Killing vector field
if and only if i = v (respectively, A = v, A = ).

We shall now describe the curvature of an arbitrary sphere of Kaluza—Klein type (S3, 1 )
By (3.4), we have that

1 1 1
: ’ - , - 3.6
= §1, e N £, e NG & (3.6)

is a global frame field on S3, orthonormal with respect to g;,. Then, the covariant deriva-
tives V, e can be deduced at once from (3.5). With regard to the curvature components with
respect to {eg, e, €3}, a standard calculation then gives

G 2 ; -
Ri212 = lezmw oy +2 TRy , Ri213 =0,
4L Ay A
kK [(h—v)? —u? A—p+v]
Rizi3 = — ( ) S , Ri223 =0, 3.7
4 | ApLy AV
kK [(v—p)? =212 A—p—v]
Ry303 = — K~ B Y , Ri323 = 0.
4L AV A

Notice that the curvature of (83, &) could also be deduced from the description of the
curvature of (1M, G) given in [2], using the fact that F : (83, Syw) — (TIS2 (), Gacd) is
an isometry when A = xa,u =a+c+dandv =a+c.
Next, formulae (3.7) yield at once that the components of the Ricci tensor ¢ with respect
to {e;} are given by
K[ =] e (12— -] [ - w?]
011 = —ZAMV , Q22 = —ZMLU , 033 = —2kuv ' 3.8)

o12 =0, 013 =0, 023 =0.

In particular, g;;,i = 1,2, 3, are exactly the Ricci eigenvalues of (S3, &), With corre-
sponding eigenvectors e;. A direct calculation then proves the following.
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Theorem 2 Let (S?, 35, wv) denote an arbitrary three-sphere of Kaluza—Klein type. Then, its
Ricci curvature is described by (3.8). In particular:

i) (S?, &) has three distinct Ricci eigenvalues if and only if A, ., v satisfy restrictions

AFEUFEVAEL AFEU+Y, pFA+v, v#EL+LL (3.9)

(i) (S3, 8uuwv) has two distinct Ricci eigenvalues if and only if either
(i) exactly two of A, i, v coincide; or (ii)p one of them is the sum of the remaining
two.

(iii) the three Ricci eigenvalues of (S3, &) coincide (and (S3, &ruwv) has constant sec-
tional curvature) if and only if A = pu = v.

Berger metrics are included in case (i), of Proposition 2. Also the metrics corresponding
to case (ii)p have a special geometrical meaning. In fact, by (3.8), if either A = + v, u =
A+ vorv=2A+4 u,then two Ricci eigenvalues vanish.

A Riemannian manifold (M, g) is said to be an Ivanov-Petrova manifold (shortly, an I P
manifold) if its skew-symmetric curvature operator

R() = [g(X, X)g(Y,Y) — g(X, V)?|7V2R(X, Y),

where 1 = Span(X, Y), has constant eigenvalues on G (2, n), the Grassmannian of all
oriented 2-planes. / P manifolds of dimension n > 4 are completely classified. A three-
dimensional Riemannian manifold is / P if and only if either it has constant curvature, or its
Ricci tensor has rank 1 (see for example [15] and references therein). By Proposition 2, we
then have at once the following.

Corollary 2 A sphere (S, &) of Kaluza—Klein type is an 1 P manifold if and only if either
the three parameters A, |u, v coincide, or one of them is the sum of the remaining two.

4 Homogeneity properties of spheres of Kaluza—Klein type

First of all, we remark that (3.5) implies

61,621 = =V &, (6. 8]=—Vk&, [86.86]=—Vk&.
Hence, Proposition 1.9 of [34] yields the following.

Theorem 3 Any sphere of Kaluza—Klein type (S°, &) has a Lie group structure, unique
up to isomorphisms, such that the vector fields &1, &, &3 are left invariant. In particular,
(S3, &) Is a homogeneous space.

More precisely, the signs of the coefficients in the Lie brackets above, together with the
classification given in [26], yield that g; ., corresponds to a left invariant Riemannian metric
on SU(2), as it could be expected.

We shall now study homogeneous structures on spheres of Kaluza—Klein type. We first
recall some basic facts about homogeneous structures. For a detailed and systematic study,
we refer to [34]. We start with the following.

Definition 2 [34] Let (M, g) be a Riemannian manifold. A (Riemannian) hon}ogeneous
structure on (M, g)is atensor field T of type (1, 2) on M, such that the connectionV = V—-T
satisfies

Vg=0, VR=0, VIT=0. 4.1

@ Springer



Geometry of Kaluza—Klein metrics on the sphere s? 889

The geometric meaning of the existence of a homogeneous structure is explained by the
renowned Theorem of Ambrose and Singer, which may be stated in the following way.

Theorem 4 [7,34] A connected, simply connected and complete Riemannian manifold
(M, g) is homogeneous if and only if it admits a homogeneous structure.

Each homogeneous structure on a connected, simply connected and complete Riemannian
manifold (M, g) gives a representation of M as quotient space G/H, where G is a Lie group
of isometries acting transitively on M. More precisely, V = V — T turns out to be the canon-
ical connection [24], associated to the corresponding reductive decomposition g = m @ h of
the Lie algebra g of G.

It is well known that two different homogeneous structures 77 and 7> on (M, g) give rise
to either different decompositions g = m; @ h; = my D by of the same Lie algebra g, or
to representations of (M, g) corresponding to some nonisomorphic Lie algebras g; and g>.
In particular, the following special case was pointed out by the first author in [14], in more
general pseudo-Riemannian settings.

Suppose that (M, g) is a connected, simply connected and complete Riemannian man-
ifold, admitting a global orthonormal frame field {ey, ..., ¢,} and some real constants yl./;.,
satisfying Ve,e; = D> yi/;ek for all i, j. Then, M has a Lie group structure, unique up to
isomorphisms, such that e; are left invariant vector fields and g is left invariant. In fact, one
can then define a special homogeneous structure 7 on (M, g), putting

1 k
T, = Ezk:y” ej Aer, (4.2)
J

for all i, where e; A ex(X) = g(ej, X)ex — g(ek, X)ej, and the above conclusion eas-
ily follows from Proposition 1.9 of [34]. It must be noted that if T satisfies (4.2), then
%iej = V,ej —T(e;, ej) =0 for all indices , j.

The above comments on homogeneous structures, though brief, show that it is a natural
problem to classify all homogeneous structures of a given homogeneous space. Homoge-
neous structures on Berger spheres were obtained in [20]. We shall now obtain homogeneous
structures on spheres of Kaluza—Klein type, proving the following.

Theorem 5 Let (S°, &xuv) denote an arbitrary sphere of Kaluza—Klein type.

1) If A, pu, v satisfy (3.9), then (S3, &xuv) only admits one homogeneous structure, given
by
T=y50' @O A0 +y5,0° @O A0 +v350° @ (0" 707,
This homogeneous structure corresponds to the Lie group structure of (S3, ;. )

(i) When = p+v, the sphere (S, &5 wv) admits a one-parameter family of homogeneous
structures, given by

[k
T=10'® ©*r0% + ﬁ(1)02@)(91A(93)—;&)%@(9%92)), reR.
nv(p +v

Fort =0, T is the homogeneous structure corresponding to the Lie group structure
0f(S3, gluu)~

Homogeneous structures of (S3, 8uuwv) when either p = A +v orv = A+ u can be
easily deduced from this case, interchanging the coefficients A, v, v and the indices
1, 2, 3 in a suitable way.
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(ili) When } # p = v, the homogeneous structures on (S°, &) are given by
1
T=1t6 ®(02A93)+2— /%x(92®(91 NG -0 B A6Y)), reRr.
m

Fort = ﬁ\/g()» — 2w), T is the homogeneous structure corresponding to the Lie group

structure of (S, Guv)-
Homogeneous structures of (S°, &) When either L = . = v orv # A =  easily
follow from this case.

Proof Let (S3, gxuv) be an arbitrary sphere of Kaluza—Klein type. We consider the corre-
sponding global orthonormal frame field {ey, e, e3} described by (3.6) and put V,e; =
! yi];ek for all indices i, j. By (3.5) and (3.6), yi]; is constant for all i, j, k. A homogeneous

structure 7 on (S°, &) 1s uniquely determined by its components Tl]; with respect to {e;},
defined by

T (e, ej) = Z 7}’; ek,
k

for all indices i, j = 1, 2,3. We explicitly remark that the case of the special structure
described in (4.2) occurs when Tl’; = yl.]; forall i, j, k. As {e;} is orthonormal, the Ambrose-
Singer equations (4.1) are equivalent to the following system:

Th+ 17 =0, i jk=1.23,
Viojk = =T};0rk — Tj0jr» i, j, k=123,
lelesr - Ti?cT;r - Ti;TrSk = ei(T;k) + yisrT;k - yi’;' Trsk - yii}chSr’ i,j.k,s=123.

4.3)

Notice that in dimension three, the curvature is completely determined by the Ricci tensor.
For this reason, in (4.3), we replaced the second Ambrose-Singer equation VR = 0 by the
equivalent condition Vo = 0.

Now, using formulae (3.5) and (3.8), we easily find that the components of Vp satisfy

Viojk = v}(0)j — or), (4.4)

for all indices i, j, k. On the other hand, we know from (3.8) that ¢;; = 0 wheneveri # j.
Henceforth, the second equation in (4.3) becomes

Viojk = T(jj — or)- (4.5)

Comparing (4.4) with (4.5), we see that if (S3, &xuwv) has three distinct Ricci eigenvalues,
then T/; = yl.{j. for all i, j, k. Thus, this sphere (S?, &xuv) of Kaluza—Klein type only admits
one homogeneous structure, namely, the one corresponding to the Lie group structure of the
manifold. By Proposition 2, (S?, 8xuv) has three distinct Ricci eigenvalues if and only if the
coefficients A, u, v satisfy restrictions (3.9). Considering the (0, 3)-tensor 7(X, Y, Z) :=
g(T(X,Y), Z) corresponding to T, we then obtain case (i) of Theorem 5.

We are now left with the case when the Ricci eigenvalues of (S3, &) are not all distinct.
Obviously, if 011 = 0220 = 033, then (83, &xuv) has constant sectional curvature. By Propo-
sition 2, this case only occurs when A = p = v, that is, when g,,,, = Ago. Homogeneous
structures on the canonical sphere (S3, go) were already classified in Theorem 3.1 of [20].

Hence, we only have to consider the case when a sphere (S3, &) of Kaluza—Klein
type has exactly two distinct Ricci eigenvalues. Without loss of generality, we can assume
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011 # 022 = 033, which, by (3.8), holds if and only if either A # u =vori =+ v. We
treat these two cases separately.

First case: A =  + v. By (3.5) and (3.6), the Levi-Civita connection of (S3, &iuv) s now
completely determined by

kv ku
3 1 2 1 k .
=—Yn=_|—, = —y3 = — , > =0 otherwise,
Y21 Y23 (et v) V31 V32 ‘/ V(e + ) Vij

and (3.8), (4.4) yield that the only nonvanishing components of ¢ and Vg are, respectively,
given by
2k 2k 2k

and Vo013 = Vo031 = —— ¥31. V3012 = V3001 = —— V.
Lt 013 03 M+VV21 30 30 M+VV31

011 =

Applying the first two equations of (4.3), formulae above easily yield that when A = p+v,
the components of an arbitrary homogeneous structure 7 on (S°, 8ruv) satisfy
J_ k
Tik - _Tl j’
Th =T =T =T; =0, (4.6)

2 _ .2 3.3
I35 =vs1. T3 =3

and so, T depends on three unknown functions T132, T232, T332. We now take (i, j, k,s) =
(2,2,3,2) in the third equation of (4.3). Using (4.6), we find

3.2 3 3
0="T5(r5 —v31) = /w(M+u) (h+v)T5 = W)“ T3,

and so, T232 = 0. Next, we take (7, j, k, s) = (3, 2, 3, 2) in the third equation of (4.3). Tak-
ing into account (4.6) and T232 = 0, we obtain (T332)2 = 0, that is, T332 = 0. Finally, using
T232 = T332 = 0 and (4.6), we take (i, j, k,s) = (1,1,3,2),(2,1,2,3),(3,1,3,2) in the
third equation of (4.3) and we get e1(T7) = 0, e2(T7,) = 0 and e3(T}5) = 0, respectively.
Henceforth, T132 is a real constant. It is now easy to check that the third equation of (4.3)
is satisfied for any choice of indices i, j, k, s. Summarizing, when A = p + v, an arbitrary
homogeneous structure 7' on (S?, &xuv) is completely determined by its components

3 2 3 1 3 2 1 2 k
Th =-T =t T35 =-Tyn=y, T35 =-T3 =y, Tl] =0 otherwise,

where ¢ is an arbitrary real constant. This gives case (ii) of Theorem 5.

Second case: A # 1 = v. Proceeding as in the previous case, we first calculate the compo-
nents of the Levi-Civita connection, the Ricci tensor and its covariant derivative with respect
to {e;}, obtaining

v =—vs =L\/E()\—2M) V3=~V =—Vi =73 =L\/EA
12 23 2/14 A ’ 21 23 31 32 2/J« Az ’

yi];- =0 otherwise,

KA KQCu—2)

— = = , ii =0 otherwise,
202 022 = 033 202 0ij

011 =
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and

k(A — 1) k(A — )
Vo013 = Vop31 = —z Va1, Va0 = Viou1 = —Z Vi,

Viojk =0 otherwise.

The formulae above imply that the first two equations of (4.3) give again restrictions (4.6).
Therefore, even when A # = v, the components of an arbitrary homogeneous structure 7'
on (S?, &x,v) may be expressed by means of three unknown functions T132, T232, T332. Taking
into account (4.6), a long but straightforward calculation yields that the third equation of
(4.3) is now equivalent to the following system of partial differential equations:

€] (T132) =0, 32(T132) =0, 33(T132) =0,
61(T232) = _T332(T132 - )/132)» 82(T232) = _T§2T332» 33(T232) = _(T332)2» 4.7)
e1(T3) = TH(TH — vib). e (T3) = (T3)°, e3(T5) = THT5).

More precisely, equations in the first row of (4.7) are obtained from the third equation of
(4.3) taking (i, j, k,s) = (1,1,3,2),(2,1,2,3), (3,1, 3,2), the ones in the second row
taking (i, j, k,s) = (1,2,3,2),(2,2,2,3), (3, 2, 3,2), and the ones in the third row taking
@, j, k,os)y=1(1,3,3,2),(2,3,2,3), (3, 3, 3, 2), respectively.

The first row of equations in (4.7) is equivalent to requiring that T]32 is a real constant. We
shall now prove that the remaining equations in (4.7) yield T23 = T332 = 0. In fact, the above
description of the Levi-Civita connection of (S?, &nuv) easily implies

[ I= \/? [ I= \/?}\ [ 1= \/7 (4.8)
ael=—rea laal=—/7oa  laal=-jre :

We now put u := T232, vi= T332 and calculate the Lie brackets [e;, e;](u), [e;, ;](v) both
using (4.7) and (4.8). Taking into account the constancy of both T132 and )/132, comparison
between the corresponding Lie brackets gives

(T132 - V132)“2 =% u?,

(T — yiv? = /5 v*,

(T — yiuv = [ u, 4.9)
S

v? + v = (T = ¥,/ § v

Now, system (4.9) easily implies u = v = 0. In fact, if we assume u # O (respectively,
v # 0), then the first and fourth (respectively, second and fifth) equations of (4.9) yield
u? 0% = —(k/pn) < 0, which cannot occur. So, T232 = T332 = 0, while T132 is an arbitrary
real constant. Thus, we obtain case (iii) of Theorem 5 and this ends the proof O

Remark 1 Case (i) of Theorem 5 emphasizes the fact that not all metrics of Kaluza—Klein type
admit as many homogeneous structures as Berger metrics. In fact, each Berger sphere admits
a one-parameter family of homogeneous structures [20]. On the other hand, it is evident that
conditions (3.9) are incompatible with Berger metrics and, more in general, with Kaluza—
Klein metrics. Case (ii) of Theorem 5 extends to Kaluza—Klein metrics the classification of
homogeneous structures on the Berger spheres obtained in [20].
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We end this Section by characterizing naturally reductive spaces among spheres of Kal-
uza—Klein type. We recall that, as proved in [6], a three-dimensional (simply connected)
homogeneous Riemannian manifold (M, g) is naturally reductive if and only if its Ricci
tensor is cyclic-parallel, that is, when

(Vxo)(Y. Z) + (Vyo)(Z, X) + (Vzo)(X.Y) =0, (4.10)

for all vector fields X, Y, Z tangent to M. Using the description of the Ricci tensor of
(S3, &) and its covariant derivative given in formulae (3.8) and (4.4) respectively, a
straightforward calculation permits to check when (4.10) is satisfied for a metric g3, of
Kaluza—Klein type.

We find that this is never the case when (S?, &xuv) has three distinct eigenvalues, coher-
ently with the results of [6]. On the other hand, if 4 = v, then all spheres (S3, &iuv) are
naturally reductive. Finally, if A = x + v, then (S, &) is naturally reductive if and only
if u = v. Thus, taking into account Definition 1, we have the following.

Theorem 6 A sphere (S3, &) of Kaluza—Klein type is naturally reductive if and only if at
least two among parameters A, (v, v coincide. In particular, if 85,y is a Kaluza—Klein metric,
then (S3, &) is naturally reductive.

5 Almost contact metric geometry on spheres of Kaluza—Klein type

We first recall some basic facts about almost contact and contact metric manifolds, referring
to [13] for further information. An almost contact structure on a (2n+1)-dimensional smooth
manifold M is a triple (¢, &, ), where ¢ is a (1, 1)-tensor, £ a global vector field and 7 a
1-form, such that

nE) =1, ¢*=-Id+n®E. (5.1)

Then, p(&§) = 0, n o ¢ = 0 and ¢ has rank 2n. The one-form 7 is said to be a contact form if
n A (dn)" # 0. A Riemannian metric g on M is called compatible with the almost contact
structure (¢, &, n) if

g@X, 9Y) =g(X,Y) = n(X)n(¥). (5.2)

Given an almost contact manifold (M2*t!, ¢, £, n), one considers M?"+! x R and the almost
complex structure defined by

d d
J (X, fg) = (wX A "(X)E)'

The almost contact structure (¢, &, 1) is said to be normal if and only if the almost complex
structure J is integrable. A necessary and sufficient condition for integrability of J is the
vanishing of its Nijenhuis tensor, which, expressed in terms of the Nijenhuis tensor of ¢,
gives

[p, 0]l +2dn®& =0. (5.3)

Next, consider the 2-form @ (X, Y) := g(X, ¢Y). A normal almost contact metric manifold
is called quasi-Sasakian if d® = 0 [12]. If

P(X,Y)=Un(X,Y), 5.4)
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then 7 is said to be a contact form on M, & the Reeb vector field, g an associated metric, and
(M, n,g) (or (M, ¢, &,n, g))is called a contact metric manifold. We recall that the set A(n),
of all associated metrics of a given contact form 7, is infinite dimensional (see p. 37 of [13]).
Moreover, each associated metric has the same volume element v, = %n A (dn)".

A contact metric manifold is said to be K -contact if & is a Killing vector field, or equiva-
lently, the tensor h := Lg¢ vanishes. A Sasakian manifold is a normal contact metric man-
ifold. Any Sasakian manifold is K-contact, and the converse holds for three-dimensional
contact metric manifolds.

In [32], the second author introduced and studied H -contact manifolds. These are con-
tact metric manifolds whose Reeb vector field £ is a critical point for the energy functional
restricted to the space X1 (M) of all unit vector fields on (M, g), considered as smooth maps
from (M, g) into its unit tangent sphere bundle 771 M equipped with the Sasaki metric. It was
proved in [32] that (M, ¢, &, n, g) is H-contact if and only if £ is an eigenvector of the Ricci
operator. In particular, Sasakian and K -contact manifolds are H-contact.

‘We now consider an arbitrary Riemannian metric g, of Kaluza—Klein type on the three-
sphere S3, as described in (3.4). Let {¢], e, e3} be the global orthonormal frame field on
(S, &.uv) given by (3.6), and {#', 62, 53} the basis of one-forms dual to {ey, e, e3} with
respect to g;.,.». We put

n::él, & =ey, w::6_3®e2—0_2®e3. (5.5)

Then, a straightforward calculation proves that conditions (5.1) are fulfilled and so (5.5)
defines an almost contact structure on S°. Moreover, such structure and & satisfy (5.2).
Hence, we have the following.

Proposition 4 Any sphere of Kaluza—Klein type (S*, g5 wv) IS an almost contact metric man-
ifold, whose almost contact structure (¢, &, n) is described by (5.5).

We explicitly remark that, by (5.2) and (5.5), {e2, e3 = —@e»} is an orthonormal frame
field on the contact distribution Ker n. Next, from (3.5) and (3.6), we easily get

KV KA KL
le,e2l == [—e3, le,esl=—]—e, [e3,e1]l=—/—en. (5.6)
AL J73Y) AV

We can now calculate dn and we find

1 (kA
dn(,) =0, dn(ey, e3) = —dn(es, er) = W ™ 0,
Wy

which easily implies n A dn # 0 and

1 kX
(dr;)(X,Y):E %QD(X,Y), 5.7

for all X, Y tangent to M. Thus, (5.4) holds if and only if kA = 4uv. Moreover, taking into
account the description of the Ricci tensor of (S3, &) we gave in (3.8), we see that £ is a
Ricci eigenvector. Hence, we get the following.

Theorem 7 The one-form n of the almost contact metric manifold (S3, 0, 6,1, &) IS
always a contact form. In particular, it is a contact metric manifold if and only if kA = 4pv.
In this case, (83, ©, &, 1, &) is also H-contact.
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By Theorem 7, for any real constant ¥ > 0, we find a two-parameter family of (H -)contact
structures of Kaluza—Klein type on S°.

The above description of dn also permits to easily calculate condition (5.3), characterizing
normal almost contact structures. We also recall that an «-Sasakian manifold is an almost
contact metric manifold (M, ¢, &, n, g), satisfying

(Vxp)Y = a(g(X, Y)E —n(V)X), (5.8)

for all tangent vector fields X, Y, where « is a real constant. 1-Sasakian manifolds are Sasa-
kian manifolds. Using (3.5), (3.6), and (5.5), a direct calculation gives Ve¢ = 0 and

(Vop )b = — LG ) (7, 0)ey = LM (7, g)e3 =0,

2/ Ay 2/ xpv
Au— A
(Ver)§ = =L ey (Vpp)er =0, (Veyp)es = LD

Then, also taking into account Eq. (5.7) and Theorem 7, we obtain the following.

Theorem 8 For the almost contact structure (¢, &, ) on (S°, &), described in (5.5), the
following properties are equivalent:

(1) (¢,&,n) is normal;
(i) (@, &, 0, gauw) is quasi-Sasakian.

(iii) (@, &, 1, gauv) is a-Sasakian. In this case, @ = ik

2u

(iv) =, that is, g,y is a Kaluza—Klein metric.
In particular, (S*, ¢, &, 1, &) is Sasakian if and only if © = v and kA = 4u’.

By Theorem 8, there exists a one-parameter family of Sasakian Kaluza—Klein structures
on the three-sphere. The special case of the standard Sasakian structure of the canonical
sphere (S3*(D), go) is obtained when (A = v =)u = « /4.

As proved in Theorem 5.2 of [20], all Berger metrics, equipped with their natural almost
contact structure, are a-Sasakian. Theorem 8 extends this result and characterizes Kaluza—
Klein spheres as spheres of Kaluza—Klein type that carry a natural a-Sasakian structure.

An almost contact manifold (M, ¢, &, n) is said to be homogeneous if there exists a con-
nected Lie group G of diffeomorphisms acting transitively on M and leaving n invariant. If
a Riemannian metric g satisfies (5.2) and G is a group of isometries, then (M, n, g) is said
to be a homogeneous almost contact metric manifold. Following [23] (see also [20]), this is
equivalent to requiring that there exists a homogeneous structure 7 on (M, g), such that the
corresponding canonical connection V = V — T satisfies V(p = 0 (and so, Vi = 0 and
VE =0).

In the case of the almost contact structure (5.5) on a sphere (S3, &) of Kaluza—Klein
type, such condition is obviously satisfied. In fact, by Theorem 3, each sphere (S°, Su)
is a Lie group, and vector fields eq, ez, e3 are left invariant. Henceforth, by (5.5), ¢ is also
left invariant, that is, Vo = 0, where V is the canonical connection associated to the special
homogeneous structure corresponding to the Lie group structure of (S3, &xuv). Thus, we
proved the following.

Theorem 9 Every sphere (S°, g, wv) of Kaluza—Klein type, equipped with the almost contact

structure (¢, &, ) described in (5.5), is a homogeneous almost contact metric manifold. If
KA = 4uv, then (S3, ©, &, 1, &) s a homogeneous contact metric manifold.
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The second author studied simply connected homogeneous contact metric three-mani-
folds [31], showing that such manifolds are three-dimensional Lie groups equipped with
a left invariant contact metric structure and completely classifying these Lie groups. The
above explicit description of homogeneous contact metric structures on (S>, &xuv) can be
considered as complementary to the classification obtained in [31].

We recall that an almost contact metric manifold (M, ¢, &, n, g) is said to be n-Einstein
if its Ricci tensor p is of the form

0=Ag+BnQ®n, (5.9

where A, B are two smooth functions on M. Using (3.8) and (5.5), we can easily solve
Eq. (5.9) for an arbitrary sphere (S°, ¢, &, 1, &xuw) of Kaluza—Klein type. We obtain the
following.

Proposition 5 A sphere (S?, &) of Kaluza—Klein type, equipped with the almost con-
tact structure (¢, &, n) described in (5.5), is n-Einstein if and only if one of the following
conditions holds:

2k
(i) A = w+ v. In this case, 0 = Tn@n.
k2@ —A) . KA — 1)
2,LL2 g)n;w ZMZ
In particular, all Berger spheres, equipped with their natural almost contact structures, are
n-Einstein.

(i) @ = v. In this case, 0 = nn.

Next, given a compact orientable manifold M, a Riemannian metric g on M is a critical
point of the integral of the scalar curvature, (g) = f T Vg, defining a functional on the
set M of all Riemannian metrics of the same total volume, if and only if g is an Einstein
metric. This famous result, due to Hilbert (1915), may be found for example in [29]. Now,
let (M, n) be a compact contact three-manifold. In [30], the second author considered the
functional 7 (g) restricted to the set .A(n) of all associated metrics and found a weaker critical
point condition. In fact, if (M, ) is a compact contact three-manifold, then g € A(7) is a
critical point of the functional I restricted to [A(n) if and only if Vgh = 0.

We now consider an arbitrary almost contact metric structure (¢, &, 7, gx,v) ON S3. Using
(5.6), it is easily seen that i = L¢¢ is determined by

hE) =0,  he) = |~ VTH h(es) kh v
=0, )= _[— e, e3) =— [— e3.
2 4dpv A 2 3 dpv A 3

We can now use the above formulae and (3.5) to calculate V¢ h. We find that Veh = 0 if and
only if either © = v (and so, 4 = 0), or A = u + v. In particular, if we restrict to the contact
metric case and take into account Proposition 5, the characterization proved in [30] leads to
the following.

Theorem 10 Consider on S° an arbitrary contact metric structure (¢, &, 1, gyw), that is,
(9, &, n) is described by (5.5) and kA = 4uv. Then, g, is a critical point of the functional
I restricted to A(n) if and only if (S3, ¢, &, 1, &) is n-Einstein.

Remark 2 All Berger spheres are homogeneous almost contact metric manifolds (see The-
orem 5.2 in [20]). Theorem 9 extends this result to arbitrary spheres of Kaluza—Klein type,
providing a three-parameter family of three-dimensional homogeneous almost contact metric
manifolds. Our study of almost contact metric geometry of spheres of Kaluza—Klein clarifies
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which properties of Berger spheres are specific and which ones hold for broader families of
metrics on S

We also point out the fact that for a metric of Kaluza—Klein type on S?, the roles of Hopf
vector fields &1, &>, &3 are perfectly interchanging. Hence, the construction and results of this
Section can be promptly adapted to introduce and study some almost contact and contact
metric structures on S>, whose Reeb vector field is collinear to either & or &.

6 Harmonic morphisms from Kaluza—Klein spheres into S?

We briefly recall the definition of harmonic maps and morphisms. A (smooth) map f :
(M’, g"y — (M, g) between two Riemannian manifolds is said to be harmonic if f is a
critical point of the energy functional £(f, Q) := % Jo lldf] [>d vy, for any compact domain
Q C M'.Harmonic maps have been characterized as maps whose tension field T (f) = trVdf
vanishes.

Amap ¢ : (M',g) — (M, g) is a harmonic morphism if it pulls back (local) har-
monic functions to harmonic functions, that is, for any open set U of M with go’l(U ) #
¢ and any harmonic function f on (U, g|y), the map f o ¢ is a harmonic function on
(go_1 ), ¢ o1 y)- A fundamental characterization states that a smooth map is a harmonic
morphism if and only if it is harmonic and horizontally weakly conformal [19,22]. In general,
it is not easy to construct examples of harmonic morphisms, since they give rise to an overde-
termined, nonlinear system of partial differential equations. We may refer to the monograph
[9] for a survey on harmonic morphisms.

Considernow (T M, G) and (T1 M, G) equipped with arbitrary Riemannian g-natural met-
rics. In [17], the present authors studied necessary and sufficient conditions for the canonical
projections w : (TM,G) — (M, g) and my : (T'M, G) — (M, g) to be harmonic mor-
phisms. In particular, we proved the following result.

Theorem 11 [17] Let (M, g) be a Riemannian manifold of dimensionn > 1 and (T\ M, G)
its unit tangent bundle, equipped with an arbitrary Riemannian g-natural metric G. Then,
the canonical projection my : (T M, G) > (M, g) is a harmonic morphism if and only if(~}
is a Kaluza—Klein metric.

Next, we recall the description of the Hopf map in terms of quaternions. Using the notations
introduced in Sect. 3, the Hopf map can be described as follows:

h:S3() — 21, g @) = (22122, 217 — |2217) .

Generalizing the above construction to the three-sphere S3(« /4) and the two-sphere S2 (),
the Hopf map is given by

- 1 )
h:S /4 — SPk), pr> NG 0q (i),
N/

where ¢ = TK p € S3(1). Finally, denoting by 71 : T S2(x) — S2(x) the canonical projec-
tion, the Hopf map is explicitly given by

h=moF :S/4) — S*k)

K i
(z1,22) = % (22122, |21* — I221%) -
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Let now Gac denote a Kaluza—Klein metric on 7;S2(k), determined by two real parame-
ters a and c satisfying a,a + ¢ > 0. We put V := Span((fu)”) and H := Span(uh, (ju)h),
and denote by Ga the Kaluza—Klein metric of constant sectional curvature K = 1/(4a), that
is, by Proposition 3 and (2.10),

Gy (XM Y =kag (X, Y),
(G e,y (XM, Y6) = (Go)x,uy (X6, Y") =0, (6.1)
(Ga) ey (X16,Y'6) = a(ge(X, Y) — ge(X, ) g (Y, u)).

Then, formulae (2.10) (with d = 0) and (6.1) easily imply that the metric Gac satisfies

Gac = ka (G + (@ + ) (G-

We denote by g, = F *G 4c the Riemannian metric on the sphere S3, corresponding to the
Kaluza—Klein metric f}ac on T;S2(x). Then, ga=F *Ga has constant sectional curvature
K = 1/(4a). In particular, g/, has constant sectional curvature « /4. For any real constant
A>0,weputa =A/kandc =1— (A/k). As F,.& = —\/l;(fu)”, where & is the Hopf

vector field, we have

& 1= F*(Gaz) = M@0 + €1/,
where V' = Span(&;) and H' = Ef‘. Thus, g is obtained by deforming the metric g1/, of
constant sectional curvature « /4, in the direction of the Hopf vector field, by a real constant

A > 0. Therefore, metrics of the form g, are exactly the Berger metrics on S3( 1)
Now, the map

F i (S, 8ue) = (N1S? (), Gac)

is a Riemannian covering and so, a harmonic morphism. In fact, more in general, any Rie-
mannian submersion with discrete fibers is a harmonic morphism [9]. On the other hand,
by Theorem 11, the canonical projection 71 : (7 S2(x), Gac) — (S2(x), go) 1s a harmonic
morphism for any Kaluza—Klein metric G 4. As the composition of harmonic morphisms is
again a harmonic morphism, the map

hae = 710 F 2 (8%, gac) = (S2(), g0),
is a harmonic morphism. Hence, we proved the following.

Theorem 12 Let 3, denote a Kaluza—Klein metric on'S°. Then, the maps
hac (8%, ac) = (§2(), g0)
form a two-parameter family of harmonic morphisms. In particular:

(1) ifa =1/k and c = 1 — 1/«, then the corresponding harmonic morphism hae is the
Hopf map e S} (k/4) — S?(k);

(ii) ifa = (A/k) > 0and c = 1 — (XA /k), then the corresponding maps ﬁk are harmonic
morphisms defined on Berger spheres.

It is worthwhile to compare the results of Theorem 12 with the rigidity result about har-
monic morphisms S*(1) — M? proved by Baird and Wood [8]. In fact, they proved that
any harmonic morphism from S$3(1) to a Riemannian surface M? is essentially the simplest
possible one, as it coincides with the standard Hopf fibration /4 : S3(1) — S%(4) after an
orthogonal change of coordinates.
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We also recall that Montaldo and Ratto [27] used a different generalization of the Hopf
construction to obtain a family of harmonic morphisms from a 5-dimensional manifold with
singularities onto the Euclidean 2-sphere S2.
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