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SUMMARY

We study the possibility of muon radiography as a tool to investigate space and time changes
in the internal density distribution inside geological structures. Previous work has shown the
practical applicability of this method. Nevertheless, quantitative information on factors which
impose limitations on it are still sorely lacking in the literature. We discuss the main issues that
can influence the final result of a geophysical imaging experiment. In particular, with the view
of optimizing the signal-to-noise ratio, we address issues concerning (i) the energy spectrum
for muons arriving at different zenith angles, (ii) the muon propagation model through matter
and (iii) the characteristics of the muon detector (telescope) that we have designed to perform
experiments of muon radiography against the harsh environment usually encountered in the
active zone of a volcano. We thus identify factors that can induce either static or dynamic
effects and that should be taken into account. We also define a feasibility eq. (32) relating the
geometrical characteristics of the telescope and the duration of the experiment to the expected
density resolution, in turn a function of the geometrical characteristics of the target structure.
This relation is especially important to define the applicability domain of muon radiography
and it is utilized to test the suitability of the method to investigate the density distribution
inside some candidate target structures.
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1 INTRODUCTION

The interest in using muon imaging for Earth Sciences pur-
poses soon arose after the discovery of cosmic rays (Auger 1941;
Leprince-Ringuet 1945; Gaisser 1990; Crozon 2005) and muons
(Neddermeyer & Anderson 1937, 1938), when it was realised that
muons of cosmic origin are able to cross hundred of meters and even
kilometres, of rock with an attenuation mainly related to the amount
of matter encountered along their trajectory (Nagamine 2003). The
very first studies relevant to muon imaging were motivated by the
need to characterise the geological burden overlying underground
laboratories hosting particles detectors (George 1955). Later, inter-
est for applications other than those directly related to underground
laboratories emerged when lighter and mobile detectors became
available for field experiments. Early examples are the archacolog-
ical investigations performed in the Egyptian Chephren pyramid
by Alvarez et al. (1970) and the theoretical study of Malmqvist
et al. (1979), concerning the utility of muon imaging in mining
geophysics.

More recently, the interest for muon imaging has been renewed,
following significant improvements in particle detectors and minia-
turised electronics, which allowed experiments in out-of-the-lab
conditions. In particular, a Japanese team demonstrated the feasi-
bility of the method to detect both spatial and temporal changes of
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density inside volcanoes (Nagamine 1995; Nagamine et al. 1995;
Tanaka et al. 2001, 2003, 2005, 2007a,b,c, 2008, 2009a,b; Tanaka
& Yokoyama 2008).

Muon imaging relies on the well-known radiography concept and
the attenuation of the flux of muons crossing the body of interest
is used to derive the amount of matter encountered along the muon
trajectories. Depending on both its density and size, the target object
will interact more or less with the flux of muons crossing it. In this
paper, we define the opacity, o, as (see Table 1 for a definition of
symbols):

o(l) = / p(€) de. )

where @ is expressed in gcm™2, p is the density and & is the co-
ordinate measured along the trajectory L of the muon crossing the
volume of rock.

The attenuation, from which the opacity ¢ is deduced, is de-
termined by comparing the flux, ®, measured after crossing the
geological target to the incident flux, ®y, measured in open sky
condition. Obviously, a very precise estimate of @ is of a critical
importance for it directly influences the determination of the attenu-
ation of the flux produced by the geological body. Some @, models,
proposed by different authors, are discussed in Section 2, but, due
to their yet strong uncertainty, the experimental flux measured in
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Table 1. Meaning and physical unit of the principal symbols used in the present study.

Symbol  Unit Meaning
L m length of ray path
D m distance between matrices of telescope
d m size of matrix pixels
AT S duration of measurement period
[4 rad or degrees zenith angle
o* rad or degrees zenith angle corrected for Earth’s sphericity
Q st total angular coverage of telescope
1Y) sr angular resolution of a telescope
Ny Ny eN size of telescope matrix
T cm? sr telescope acceptance
P gem™3 density
0 gem™2 opacity of rock layer (eq. 1)
1 -« probability level of confidence interval
N eN number muons detected
AN eN discrepancy between the number muons detected for two different rock volumes
SN eN half-width of confidence interval of N
)4 GeVe! momentum
Ey GeV energy of muon at sea level
Eq GeV energy of muon on top of atmosphere
AEy GeV energy loss of muon across the atmosphere
E min GeV minimum muon energy to cross a given opacity
0] em2sr1s71 GeV~!  differential flux of muons
y eR power-law exponent of differential spectrum
A scale factor (i.e. amplitude) of differential spectrum
1 em2sr~ 17! integrated flux

open sky condition for each experiment should instead be used to
derive the attenuation.

Muon imaging generally deals with weak signals (i.e. low fluxes),
with a low signal-to-noise ratio, which implies large errors bars
on opacity and hence on density. As discussed in more details
below, if the time sequence of muons arrivals follows a Poisson
distribution, a given signal-to-noise ratio is reached when a given
number of muons are detected. Consequently, the measurement
period must be longer then a given threshold, to resolve a given
density contrast. This constrain also limits the time resolution at
which geophysical phenomena can be observed. In practice, this
could lead to a situation of infeasibility for temporal imaging, if
the characteristic time constant of the studied phenomena is shorter
than the needed measurement duration.

Section 2 presents some models for the ®, flux and the influ-
ence of static or dynamic effects on the flux are addressed. Sec-
tion 3 briefly summarizes the rules governing the attenuation of
muons by rocks and simple formulas are derived to quickly com-
pute the attenuation and the flux ® as a function of rock thickness
(egs 19-17). Section 4 presents an example of field telescope, to-
gether with its detection characteristics. The latter are used in the
feasibility eq. (32), derived in Section 5. Finally, in Section 6,
we use eq. (32) to determine the feasibility domain of the method,
under different geological conditions.

2 SPECTRUM OF INCIDENT COSMIC
MUONS ¢,

2.1 The muon spectrum

Excepted in very particular situations where artificial sources of
muons could be used to perform imaging of geological objects (see
Nagamine 2003, for a discussion about such a possibility), all exper-
iments performed to date used muons of cosmic origin, belonging
to the so-called secondary cosmic rays. The latter are produced high
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in the atmosphere (typically 15 km) through interactions between
primary cosmic rays, coming from outer space (mainly protons—
82.4 per cent—and « particles—11.5 per cent when normalized in
number of nucleons per GeV per nucleon, see Table 1.1 in Gaisser
1990) and atmospheric molecules (Gaisser 1990; Crozon 2005).
When measured at the sea level, charged cosmic rays are mainly
(63 per cent) composed of muons with a mean energy (E,) =~
4 GeV near the zenith (Gaisser 1990). However, the muon spectrum
at sea level has a complex form, due to the competition between the
interaction and decay of pions and kaons parents and the power-law
behaviour inherited from the spectrum of primary cosmic rays and
observed for energy £, > 2 TeV.

The flux of incident cosmic muons is of critical importance for
geophysical imaging since it is used to determine the attenuation
produced by the geological target. Consequently, any bias in the
incident flux of muons will be converted into a bias in the density
distribution inside the target. As will be seen in Section 3, muons
with energy as low as several tens of GeV are able to cross several
tens of meters of rock, making necessary to know the low-energy
part of the muon spectrum. A huge amount of data is available to
determine the surface flux of muons for energies up to 1 TeV and
for different zenith angles 0 < 6 < 7 /2. Despite the large data set
available, significant discrepancies still exist among models recently
published by several authors and we present some of them to give the
reader a reasonable uncertainty concerning the muon source. These
models are useful to simulate and design field experiments by either
computing synthetic radiographies or estimating the duration of an
experiment through the feasibility formula (32) discussed below.
However, given the large number of published models, our review
cannot be exhaustive and we invite the interested reader to refer to
the paper of Gaisser & Stanev T. (2008) and to the data available on
the web site of the Particle Data Group (http://pdg.1bl.gov).

There are two ways to derive the differential flux of muons
&) = dN(E,, 6)/dE, (given in cm™2sr~!'s™! GeV~'). The first
approach consists in performing a full Monte Carlo simulation,
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Table 2. Values of the parameters of model (2) determined by several authors.

Model Ag Bg y EF. )  EGe0) re E( range (GeV) Reference

MSI1 0.1258 0.0588 2.65 100 650 0 100 — 10° Volkova et al. (1979)
MS2 0.14 0.054 2.70 115/1.1  850/1.1 0 100 — 10° and 6 < 70°  Gaisser (1990)

MS3 0.175 0.037 2.72 103 810 0 300 — 2.5 x 10° Klimushin et al. (2001)
MS4 0.2576 0.054 2.77 115/1.1  850/1.1 0 2 x 10° —4 x 10* Aglietta et al. (1999)
MS5  0.26+001 0054 278+0.01 115/1.1 850/1.1 0 500 —2 x 10* Ambrioso et al. (1997)

through which a large number of air showers, induced by primary
nuclei, are generated. The computed muon production is then prop-
agated and attenuated through the atmosphere, to obtain the flux at
a given altitude. These computations can be accomplished through
simulation codes like CORSIKA (Heck et al. 1998), which also allow
to take into account the geomagnetic and altitude dependence. A
second class of flux models is obtained by fitting more or less com-
plicated empirical parametric curves to muon flux data measured
at the sea level. The choice of a particular parametrization of the
fitting curves may either be inspired by the physics involved in the
production of muons from their parents (e.g. Gaisser 1990; Bugaev
et al. 1998) or be guessed to provide a tight fit, regardless of the
physical meaning of the parameters.

Some models of the above second class only consider the pro-
duction of muons from the two-body decays of pions and kaons
and assume a primary proton flux of the form PoE ", with Py ~
1.8cm™2sr™!' s7! GeV”~! and y ~2.7. This approach yields the an-
alytical form of the muon spectrum initially proposed by (Bugaev
et al. 1970) and popularised by Gaisser (1990), which reads:

+rc> SENG)

where the adjustable parameters are the scale factor 45, the power
index y, the balance factor B, which depends on the ratio of muons
produced by the kaons and the pions and the ratio 7. of the prompt
muons to pions.

E, represents the energy of muons on top of the atmosphere. The
energies £y and Eg, may be interpreted as critical energies of
pions and kaons for the vertical incidence (i.e. & = 0). These phys-
ical quantities should be non-adjustable parameters and should be
determined through quantum mechanical calculus. However, most
authors consider E( , and E x as adjustable parameters when fit-
ting model (2) to data sets. Table 2 recalls the best estimates of
these parameters published by several authors.

The 6 dependence in eq. (2) accounts for the larger thickness of
the atmospheric layer crossed by the muons when the zenith angle
increases. However, for large angles 8 > 70°, a modified version
0* is often used in (2) to account for the spherical geometry of
the Earth. In fact, the curvature of Earth significantly reduces the
thickness of atmospheric layer to be crossed by muons. We have,

DG(Ey, 0) =

. 1 Bg
AgEO = + =
1+ EqcosO/Eg, 1+ EgcosO/Ef .

1 — cos2
cos@t = [1— 1= 3)
(1 + ]-[atm/REarth)2

where Rg,., = 6370 km is the Earth radius and H 4, = 32 km is the
altitude of production for muons with a trajectory at large angles.
The empirical spectrum model given by eq. (2) strongly overes-
timates the incident flux for £y < 100/cos 6 GeV and Tang et al.
(2006) proposed a modified version of the original Gaisser’s model.
A version of this modified spectrum is used in the MUSIC Monte

Table 3. Parameters of the fitting formula (7) for the vertical energy
spectrum of conventional muons at sea level (data taken from Bugaev ez al.
1998).

p range (GeV) Ap o) o o o3
GeVe! (cm? srsGeV)~!

1-930 2950 x 1073 03061 12743 —0.263 0.0252
930 — 1590 1.781 x 1072 1.791 0.304

1590 — 4.2 x 10° 1.435 x 10! 3.672
> 4.2 x 10° 103 4

Carlo simulation code (Kudryavtsev 2009) with . = 10~ and

Eg = Eq+ AE,, “)
120 0%\ EoTAEy/2cos6% AE%) 7
cos 6%\ (Eot+AEq/2)cosf*
Ar = Ag | ——— , 5
= < 1030 ) ®)
where
1030
AEy = 0.00206 <7 — 120) . (6)
cos 6*

Other empirical models departing from the Gaisser’s formula (2)
and accounting for the low-energy range of the spectrum have been
proposed by several authors. For instance, Bugaev et al. (1998)
derived the following model equation:

Pp(p) = ABp—(a3y3+azy2+a1y+ao)7 7
with y = log;o p and where the momentum p verifies
p’c =E; - E, (8)

with £, = 0.10566 GeV. When the momentum is expressed in
GeV/c, as is usually the case in the particle physics literature, ¢ =
1 in the formula above. Table 3 recalls both the numerical values
of the s and the E ranges, derived by Bugaev et al. (1998).

The class of empirical spectrum models of Bugaev et al. (1998)
is valid for a wide range of energy and was used as a reference
by Hebbeker & Timmermans (2002), who fitted it to experimental
data sets and found new normalisations for each set, through an
iterative procedure. They obtained a new flux shape, independent
of the starting Bugaev ef al. flux and described by

Pu(p) = Anl0"Y, ©

where the function

352 4+6 —2y*4+9y2 — 10y +3
HG) =222 220, 2T 2
2 3
333242 P62+ 11y —6
Y z + Y 4 s,? Y ;r y-6 (10)

with 4y = 0.144, h, = —2.51, h; = —5.76 and 5, = 2.22.

A major limitation of the models proposed by Bugaev et al.
(1998) and by Hebbeker & Timmermans (2002) is that they account
only for the vertical incidence, & = 0. To overcome this limitation,
the empirical parametrization proposed by Reyna (2006) can be
utilised, which allows to calculate the differential muon intensity

© 2010 The Authors, GJI, 183, 1348-1361
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Figure 1. Left: differential spectra discussed in the present paper plotted for different zenith angles (see text for details). Right: spectra normalized with respect

to the modified Gaisser spectrum (eqs 4—6).

for all zenith angles and for a wide range of sea level energy 1 GeV
< Ey <2000 GeV:

Dr(p, ) = cos’(8)Dg(p cosh), (11)

where ®g is the Bugaev et al. (1998) spectrum given by eq. (7) but
with 4g = 0.00253, oy = 0.2455, o} = 1.288, o, = —0.2555 and
a3 = 0.0209. @3 in (11) may be replaced by the &y spectrum of
Hebbeker & Timmermans (2002) in eq. (9).

Fig. 1 shows the different spectra discussed in the present sec-
tion for a range of energy E, and for zenith angle, 6, equal to
0°,50° and 85°. For & = 0° the Bugaev spectrum strongly de-
parts with unrealistic low-energy flux values up to three orders of
magnitude larger than those predicted by the other four spectra.
The Gaisser spectrum also predicts significantly larger values than
the Gaisser—Music, Reyna—Bugaev and Reyna—Hebbeker spectra.
These latter three spectra are remarkably grouped at low energy

© 2010 The Authors, GJI, 183, 1348-1361
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while the Gaisser—Music spectrum gives a lower flux in the high-
energy domain. This behaviour remains for 6 = 50° but is no more
observed for 6 = 85° where the three spectra give flux differing by
a factor of 2 in the low-energy domain. For this high zenith angle,
the Reyna—Hebbeker spectrum displays a spurious appearance at
low energies.

In spite of the significant differences that can arise between each
other, models of the second class are more suitable for a quick
assessment of the muon imaging feasibility. Later in this paper
(Section 6), we will show how the differences between the flux
models in Fig. 1 affect the determination of the imaging conditions,
through the proposed feasibility eq. (32).

2.2 Effects that may influence the muon flux

Some factors can induce either static (time-independent, locational)
or dynamic (time dependent) effects on the observed muon flux.
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Possible causes of static effects are altitude and geomagnetic lati-
tude, while solar modulation and atmospheric variations may induce
temporal fluctuations.

2.2.1 Altitude

The dependence of the muon flux on the altitude, driven by the
changing distance between air shower cores and observation point,
has been mainly investigated by comparing numerical results of
simulation codes with data from balloon-borne experiments (Liu
et al. 2003). In the latter, atmospheric muon spectra at different
altitudes were measured through high-resolution superconducting
spectrometers on board of balloons (e.g. Sanuki ef al. 2002). Bel-
lotti et al. (1996) and Hebbeker & Timmermans (2002) found that,
for momenta above 10 GeV and altitudes within 1000 m a.s.l., a sat-
isfactory interpolation of both numerical values and measured data
is given by a relation of the form:

D(h)

Dh=0) exp(—h/ ho), (12)

where /4 is the altitude (in m), while /¢ is an empirical character-
istic length. According to Hebbeker & Timmermans (2002), hy =
4900 + 750p, with p being the muon momentum in GeV. Relying
on (12), it results that, if the observation point is moved from the
sea level to an altitude of 1000m, a 5 (3) per cent increase in the
flux will be observed, for a muon momentum of 20 (40) GeV.

2.2.2 Geomagnetic latitude

The geomagnetic field acts as a filter against low energy primary
cosmic rays, when they propagate through the magnetosphere, down
to Earth’s atmosphere. Allowed primaries reach the atmosphere and
produce secondary muons and neutrinos, while forbidden ones do
not contribute to secondary fluxes. Thus, at any geomagnetic lati-
tude, a cut-off rigidity (threshold) can be defined. The cut-off values
are negligible at high geomagnetic latitudes (near the geomagnetic
poles), while, at low latitudes, primary particles need to have a
minimum rigidity to reach the atmosphere and this minimum value
is higher for positive particles from the East than from the West.
According to Cecchini & Sioli (2000), in the equator region the
geomagnetic cut-off is about 15 GV and it causes an effect on the
muon spectrum at sea level over momenta up to about 5 GeV.

2.2.3 Solar modulation

Variations in the solar wind velocity modulate the low energy spec-
trum of cosmic ray particles in the Earth’s atmosphere. The depen-
dence of the primary proton spectrum on solar activity follows the
form (Bhattacharyya 1978):

Pyo(E, +Cp)7, (13)

where Py ~1.8cm™2sr!'s7' GeV?~!, y = 2.7 and C, varies from
1.8 during solar minimum to 3 for solar maximum. On the grounds
of this parametrization, it results a 3 (1.6) per cent decrease in the
primary proton flux at 50 (100) GeV, when passing from maximum
to minimum solar activity. According to Bhattacharyya (1978) and
Hebbeker & Timmermans (2002), this effect in the primary flux
causes an uncertainty in the muon flux of 1 (10) per cent at a
momentum of 10 (1) GeV. The uncertainty is proportionally lower
at higher momenta.

2.2.4 Atmospheric variations

Variations in atmospheric conditions induce changes in the charac-
teristics of the cosmic ray interactions and thus changes in muon
intensity observed at the Earth’s surface. In particular, changes in the
temperature of the upper layers of atmosphere and hence changes
in the air density, imply that a varying fraction of 7 — mesons
is captured by nuclei and thus a different number of pions decays
into muons. The coupling between muon intensity variations and
atmospheric temperature can be described by introducing the effec-
tive temperature, 7 s, that is, the weighted average of temperatures
from the Earth’s surface to the top of the atmosphere (Barrett ef al.
1952, 1954; Ambrosio et al. 1997),

AL ar Aler (14)

Iy Terr

where /, is the muon intensity obtained by integrating the flux
@ between the detector threshold and infinity and assuming an
isothermal atmosphere. A/ represents the fluctuations about 7, and
ar is the depth-weighted temperature coefficient.

Through underground detectors (MACRO detector, in the Gran
Sasso laboratory, Italy and IceCube observatory, deep in the Antarc-
tic ice), Ambrosio et al. (1997) and Tilav et al. (2009) found, re-
spectively, a =5 per cent and a £10 per cent seasonal fluctuation
in the high energy muon rate. In both cases, the fluctuation in the
muon rate was shown to be highly correlated with temperature vari-
ations in the stratosphere above the two observation points (+5 and
+10K) and ar was experimentally found to be equal to 0.9. Ac-
cording to Ambrosio et al. (1997), for zenith angles 6 ~0, o7 scales
as,

70\ !
or = (1 + —) , (15)
Pth

where py, is the minimum momentum of the muon flux, /,. Ac-
cordingly, the effect of atmospheric temperature is important only
for muons with high energy.

The barometric effect on the muon flux is a consequence of the
mass absorption of muons in the Earth’s atmosphere: an increase of
barometric pressure above the detector causes a greater absorption
and thus a lower detection rate. While the temperature effect is
determined by the temperature profile along the Earth’s atmosphere,
from its top to the detection level, the barometric effect is determined
only by the pressure at the observation level.

The pressure coefficient, «p, which relates changes in muon in-
tensity to atmospheric pressure changes, depends on geomagnetic
latitude (the coefficient is greater for detectors located at high lat-
itudes), altitude of the observation point (it is greater at higher
altitudes) and average energy of the particles (inverse proportion-
ality). Values of «p reported in the literature are of the order of
—0.5 per cent mbar~! for energies around 10 GeV. That implies
negligible muon intensity fluctuations for standard atmospheric
pressure changes (a few tens of mbar), even at low energies.

2.2.5 Relevance for geophysical muon imaging

Among the factors that induce time-independent effects on the muon
flux, the altitude of the observation point may become relevant for
geophysical muon imaging. In fact, over the lower energy part of
the spectrum, a significant discrepancy might be found between
measured and modelled flux, if the latter is referred to the sea level,
while the experiment is carried out at high elevations (e.g. the
summit zone of a large volcano, usually a few km a.s.1.). Conversely,

© 2010 The Authors, GJI, 183, 1348-1361
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the geomagnetic cut-off can be disregarded since the effect it induces
is small and influences only the lower energy part of the muon
spectrum, likely below the threshold energy needed to cross even
the smallest opacity of rock (see Section 3.1).

Among the factors that may induce time-dependent effects, the
solar modulation can be disregarded because of (i) the relatively
low amplitude of the fluctuations that it can cause on the muon
flux and (ii) the period of its main component (11 yr), much longer
than the return time of the geophysical phenomena that could be
investigated through muon experiments. On the other hand, the
seasonal fluctuation that the atmospheric temperature induces on
the higher energy part of the muon spectrum may become important
and thus it is to be taken into account, if muon radiographies are
repeated at different times to identify time changes in the internal
density distribution of the target object.

3 ATTENUATION OF THE MUON FLUX
BY ROCK

3.1 Energy loss in matter

High-energies muons are relativistic particles which weakly inter-
act with matter, mainly through ionisation (Adair & Kasha 1976).
BremfBtrahlung, nuclear interactions and direct e~ e™ pair produc-
tion are the other physical processes by which muons loose energy.
The loss of energy may be summarised by,

_dE a(E)+ b(E)E, (16)
de

where a and b are functions depending on the material properties
through which muons propagate. o(L) is the density integrated
along the trajectory of the muons (see eq. 1) and the energy loss
given by (16) is expressed in MeV g~! cm?.

The a function represents the energy loss due to ionisation, while
b is for Bremftrahlung, nuclear interactions and e~ e pair pro-
duction. The determination of these functions requires the compu-
tation of cross-sections and Monte Carlo modelling of interactions
(Bugaev et al. 1998) and the main parameters influencing a and b
are the average (Z/A4) ratio and the bulk density of the material. In
practice, computations may either be done with the general purpose
software GEANT-4 or with computer programs dedicated to muon
propagation through matter, like MUSIC (Kudryavtsev 2009), MMC
or MUM (Sokalski ef al. 2001).

Numerical values for @ and b are provided by the Particle Data
Group (http://pdg.Ibl.gov), for a variety of materials and a wide
range of energy. Fig. 2 shows the energy loss corresponding to
the so-called standard rock ((Z/A4) = 0.5 and py = 2650kgm™3).
When drawn in the log —log domain, the dE/do curve varies
smoothly and may be accurately fitted with a polynomial in a wide
range of energy. Fig. 2 shows such a fit performed for £, < E <
1000 GeV with a fourth-order polynomial and with a relative error
never exceeding 2 per cent. This fit gives:

dE sr
do

where y = log £, with £ in GeV and /4 = 0.0154, /3 = —0.0461,
1, =0.0368, 1, = 0.0801, /, = 0.2549.

Excepted for rare instances, almost all types of rocks share the
same (Z/A) ratio and the only varying quantity is the density.
Consequently, the curves ag and by, computed for the standard
rock may safely be used to determine the attenuation of the flux of
muons across all common rock types. Accordingly, in the remaining

4 3 2
— _1014y +3y°+hy +11y+lo’ (17)
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Figure 2. Top: energy loss for standard rock provided by the Particle
Data Group (symbols) and fourth-order polynomial fit (solid line). Bot-
tom: relative error between Particle Data Group values and polynomial
approximation.
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Figure 3. Minimum energy Emin [0(L)] obtained by solving eq. (18) as a
function of the standard rock thickness L.

of'the present paper, we shall use eq. (17) to compute the attenuation
of the muon flux regardless of the kind of rock considered.

By knowing the energy loss of muons across rock, it is possible to
determine the minimum initial energy, £ ;,, necessary for a muon
to cross a given opacity, o,, of rock before hitting the telescope.
Practically, E i, is found by solving

¢ dE
Erio— [ Gode = . (8)
where E , is the rest energy, whose value is given after eq. (8). Fig. 3
shows E i, as a function of the standard rock thickness. It can be
observed that muons with energy as low as 30 GeV can be detected
for rock thickness of about 50 m, as encountered on some geological
situations (e.g. the Roselend site, discussed in Section 6). Under
such conditions, ¥, models extending to the low-energy range are
necessary.

The minimum energy, E;,, may then be used to compute the
integrated flux,

I[o,0] = / D(Ey, 0)dEy (em™2sr7ts™h). (19)
Emin(0)
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Figure 4. Left: integrated flux /[o(L), 6 = 0°, 50°, 85°] (19) as a function of the standard rock thickness L expressed in standard rock equivalent metres (m
s.r.e.). Right: integrated flux normalized with respect to the modified Gaisser spectrum (eqs 4—6).

Eq. (19) gives the time-average number of muons emerging from
the geological body as a function of the opacity, 0.

Because of the power-law nature of the differential spectrum,
D(E, 6), the cut-off represented by the E;, limit results in a
dramatic reduction of the output flux, /[o(L)]. That is shown in
Fig. 4, which represents the integrated flux computed for sev-
eral zenith angles and for the Gaisser—Music, Reyna—Bugaev and
Reyna—Hebbeker spectra. The similarities and differences observed
in the spectra shown in Fig. 1 are retrieved in Fig. 4 and while both
the Gaisser—Music and the Reyna—Bugaev flux appear very similar,
the Reyna—Hebbeker significantly departs, especially at high zenith
angles.

3.2 Scattering of muons

Despite their low cross-section, muons are continuously scattered
along their travel-path across matter through Coulomb scattering

with electrons. Indeed, this property is the one exploited in tomog-
raphy of high-Z material (i.e. with many electrons) for nuclear waste
detection (e.g. Jenneson et al. 2007; Stanley et al. 2008). An exper-
imental study of muon scattering has been performed in the Fréjus
experiment (Berger et al. 1989). Accounting for the random nature
of scattering, the trajectories of the muons are deviated by an angle
86 from their original direction 6, with a probability given by a
Rayleigh distribution:

P(86) %0 [ 592] (20)
= — €X] —_—— .
o} P 20}
The Rayleigh parameter, o, is given by,
o [o 4
oy = —.|— 1+l<ln—i|, (21)
"TEV& [ &

where o = 13.6 MeV, « = 0.038. &, is the radiation length for

standard rock, equal to 26.54 gcm™2.
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