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ABSTRACT
In analytical models of structure formation, protohalos are routinely assumed to be peaks of the smoothed initial density field,
with the smoothing filter being spherically symmetric. This works reasonably well for identifying a protohalo’s center of mass,
but not its shape. To provide a more realistic description of protohalo boundaries, one must go beyond the spherical picture. We
suggest that this can be done by looking for regions of fixed volume, but arbitrary shape, that minimize the enclosed energy.
Such regions are surrounded by surfaces over which (a slightly modified version of) the gravitational potential is constant. We
show that these equipotential surfaces provide an excellent description of protohalo shapes, orientations and associated torques.

Key words: large-scale structure of Universe

1 INTRODUCTION

The key ingredient of most analytical models of structure formation
is the initial (over-)density field 𝛿 smoothed with a suitable spherical
filter. The spherical collapse model (Gunn & Gott 1972) establishes
a mapping between the initial enclosed density and the collapse time,
leading to a critical initial mean density 𝛿𝑐 that a regionmust have for
it to collapse at the present time.Motivated by this, the earliestmodels
tried to characterize protohalo regions as spheres of a prescribed
initial mean density (Press & Schechter 1974). Subsequent work
noticed that if a sphere of critical mean density is enclosed within a
larger one of the same density, then the protohalo should be identified
with the larger volume. Hence, to avoid double counting, a protohalo
should be assigned themass contained in the largest sphere of critical
mean density centered on that location (the so-called cloud-in-cloud
problem of Bond et al. 1991).
Other models, focusing more on the locations of protohalos rather

than their formation times, emphasized that collapse does not take
place around random locations (Sheth et al. 2001). For instance,
spheres that are denser than their neighbors collapse faster, so it is rea-
sonable to identify protohalo centers with the centers of spheres that
are local maxima of the mean density (the peaks theory of Bardeen
et al. 1986). The two approaches have been combined together, lead-
ing to the description of protohalos as peaks of the smoothed density
field that have critical height, and are not contained within other
peaks of the same height but larger smoothing scale (the excursion
set peaks approach: Bond 1989; Appel & Jones 1990; Paranjape &
Sheth 2012; Paranjape et al. 2013).
Considerable attention has also been devoted to the precise value

of the critical value for collapse and the functional form of the fil-
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ter. The former, leading to more realistic thresholds that are both
stochastic (i.e. dependent on variables other than the mean over-
density) and scale dependent, and can include the anisotropy of the
environment (Bond & Myers 1996; Sheth et al. 2001; Chiueh & Lee
2001). The latter, in order to avoid the mathematical drawback of
divergences arising with the usual top-hat filter (e.g. the CUSP ap-
proach of Salvador-Solé & Manrique 2021, and references therein),
but also to deal with more physically motivated quantities such as the
protohalo’s energy, rather than mass density (Musso & Sheth 2021).

Although halos in simulations are not usually spherically symmet-
ric (Bonamigo et al. 2015, and references therein), and the protohalo
patches from which they formed are not either (Despali et al. 2013;
Ludlow et al. 2014; Nikakhtar et al. 2022), to the best of our knowl-
edge, most analytical studies to date have used a spherical volume to
model protohalos (but see Betancort-Rĳo&López-Corredoira 2002;
Lam&Sheth 2008; Borzyszkowski et al. 2017, for initially nonspher-
ical regions that evolve to become spheres). Because protohalos are
not spherical, this can, at best, identify the center of mass. Although
suitable averages with this filter can offer clues to the actual proto-
halo shape (Bond & Myers 1996; Monaco 1997) and its subsequent
evolution (Rossi et al. 2011; Salvador-Solé & Manrique 2021), their
accuracy is limited (Ludlow et al. 2014), in part because they do not
provide a physical handle to describe the protohalo boundary.

In this Letter, we assume no a priori shape, but suggest that both
the location and the shape of a protohalo are associated with a region
of minimal initial energy, whose boundary is asurface on which (a
slightly modified form of) the gravitational potential perturbation
remains constant. This equipotential surface is the locus of points
where the initial infall velocity (the component of the velocity di-
rected towards the center of mass) is constant. Section 2 describes the
minimumenergy principle in detail. Section 3 tests this ansatz against
protohaloes in an N-body simulation. A final section summarizes.
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2 CONCEPTUAL FOUNDATION

This section makes two conceptual points: (i) the shape that best
describes a protohalo of a givenmass is the one that, while preserving
the volume, minimises the enclosed energy, and (ii) the boundary of
this special region is an ‘equipotential’ surface.

2.1 The miniumum energy principle

In an earlier paper on this subject, Musso & Sheth (2021) showed
that the center of mass of a protohalo typically coincides with the
center of a sphere which contains the same mass 𝑀 and maximises
the potential energy overdensity

𝜖 ≡ 5
𝑀𝑅2

𝐼

∫
𝑉
dr 𝜌(r) (r − rcm) · [∇𝜙(r) − ∇𝜙cm] (1)

where 𝜙 is the potential perturbation, normalized so that ∇2𝜙 = 𝛿,
rcm and −∇𝜙cm are the center of mass position and acceleration of
the volume 𝑉 , and 𝑅𝐼 is its inertial radius, defined as

𝑅2𝐼 ≡ 5
3𝑀

∫
𝑉
dr 𝜌(r) |r − rcm |2 . (2)

Although the definitions above are general, they simplify in the initial
conditions, when 𝜌(r) ' �̄�, 𝑀 ' �̄�𝑉 and ∇𝜙 ' −v/ 𝑓 𝐷𝐻, where
v is the initial velocity and 𝑓 𝐻𝐷 ≡ (𝑑 ln𝐷/𝑑 ln 𝑎) (𝑑 ln 𝑎/𝑑𝑡)𝐷 =

𝑑𝐷/𝑑𝑡, where 𝐷 is the linear theory growth rate. Furthermore, either
∇𝜙cm or rcm in equation (1) may be omitted, since the mass averages
of both r − rcm and of ∇𝜙 − ∇𝜙cm vanish by definition.
For a homogeneous sphere, 𝑅𝐼 coincides with the sphere’s geo-

metrical radius 𝑅 (defined by 𝑉 = 4𝜋𝑅3/3), and 𝜖 with its mean
matter overdensity 𝛿𝑅 . In general, however, they are different. For
spheres centered on protohalos, which tend to be more centrally over-
dense, usually 𝑅𝐼 < 𝑅 (with the difference starting at first order in
perturbations) and 𝜖 > 𝛿𝑅 . At early times, the potential energy over-
density is related to the total energy 𝐸 (kinetic plus potential) within
𝑉 as

𝐸 = −4𝜋𝐺
3

�̄� 𝑀𝑅2𝐼 𝜖 = −𝐺𝑀2

𝑅

𝑅2
𝐼

𝑅2
𝜖 , (3)

This is (5𝜖/3) (𝑅𝐼 /𝑅)2 times the potential energy of a homogeneous
sphere containing the same mass as 𝑉 , that is −(3/5) (𝐺𝑀2/𝑅).
The dynamical role of 𝜖 is twofold. First, it represents for 𝑅𝐼 what

𝛿𝑅 represents for 𝑅, that is, it determines the time at which 𝑅𝐼 turns
around, according to the spherical collapse model: 𝑅𝐼 of a patch
with larger 𝜖 shrinks faster, and that patch collapses sooner. Thus,
the inertial radius of a volume 𝑉 that is a local maximum in 𝜖 has
a smaller collapse time than all neighbouring volumes of the same
mass. Secondly, for a sphere, the spatial gradient ∇𝜖 is (proportional
to) the sphere’s dipole moment. If this gradient vanishes, then so does
the dipole term of the gravitational potential at the surface. Hence,
if higher order multipoles are neglected, the initial velocities of the
particles at the surface all approximately converge to the center. For
these reasons, local maxima of the smoothed energy overdensity field
are excellent candidates for the centers of mass of initial patches that
will evolve dynamically into high density regions: i.e., protohaloes.
So far, like most of the literature to date, we have implicitly as-

sumed𝑉 to be a sphere. However, different shapes of the same𝑉 will
generically have different values of 𝜖 . In particular, if one deforms a
sphere’s boundary so as to include larger values of (r−rcm) ·∇𝜙 and
exclude smaller ones, while keeping the total mass fixed, then the new
value of 𝜖 will be larger. Thus, if one allows for such non-spherical
deformations around an initially spherical peak, one can always find

0                 0.5                  1                   1.5                  2

Figure 1. Isosurfaces of the infall potential V/𝑅2
𝐼
, defined in equation (6),

centered on a protohalo patch. The values of 𝜖 , rcm and ∇𝜙cm are the same
(the ones of the protohalo) for all surfaces.

a value of 𝜖 that exceeds that of the spherical peak. However, any
such deformation also changes 𝑅2

𝐼
; sufficiently large deformations

may increase the denominator of 𝜖 more than the numerator. There
is therefore a well defined, non-spherical surface that maximises the
value of 𝜖 . As the inertial radius 𝑅𝐼 of the region within this sur-
face shrinks even faster than the sphere’s, it is tempting to take this
(non-spherical) region as the best candidate for the protohalo patch.

2.2 Equipotential surfaces

We now want to characterize the surface that maximises 𝜖 . Since
we just argued that there is always such a surface surrounding a
spherical peak, it should be sufficient to find that surface for which
the infinitesimal variation 𝛿𝜖 vanishes for any further infinitesimal
deformation that preserves the mass.
The variation of the mass 𝑀 under infinitesimal deformations of

the volume 𝑉 is given by the surface integral

𝛿𝑀 =

∫
𝑆
dS · 𝛿λ 𝜌(r) (4)

where 𝑆 is the boundary surface of 𝑉 , dS = d𝑆 n̂ is the normal to
the surface element, and 𝛿λ is the infinitesimal deformation vector
mapping each point on 𝑆 to its image. One must have 𝛿𝑀 = 0 for the
deformation to preserve the mass.
To compute the total variation of 𝜖 , one must not only vary the

integral over 𝑉 appearing in equation (1) explicitly, but also the one
in 𝑅2

𝐼
(varying those in rcm and ∇𝜙cm gives a null net contribution).

Using Leibnitz’s rule, one gets

𝛿𝜖 = − 5
𝑀𝑅2

𝐼

∫
𝑆
dS · 𝛿λ 𝜌(r)V(r) , (5)

where

V(r) ≡ (r − rcm) ·
[
− (∇𝜙 − ∇𝜙cm) +

𝜖

3
(r − rcm)

]
(6)

MNRAS 000, 1–5 (2022)
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Figure 2. Comparison of protohalo patches (blue) with their equipotential
regions (orange; i.e., the region enclosed by isocontours of V). In all cases,
particles are shown in the 𝑥-𝑦 plane, projected in the 𝑧 direction. Top right
corner of each panel gives the protohalo mass (in ℎ−1𝑀�).

is the radial component of the acceleration relative to the center of
mass, minus its mass weighed average over 𝑉 . It has the dimensions
of, and for the monopole term it actually equals, the potential relative
to the center of mass minus its average1. With a slightly stretched
terminology, we dubV(r) the infall potential.
To make 𝜖 stationary as per our original aim, we need to find the

surface 𝑆 such that 𝛿𝜖 = 0 under any deformation that preserves the
mass. By comparing equations (4) and (5), it follows immediately
that this must be the surface over which V(r) is constant, since in
this case one has 𝛿𝜖 ∝ 𝛿𝑀 = 0. That is, 𝑆 is an iso-surface of V;
and, to the extent thatV can be related to the gravitational potential,
an equipotential surface.
There will be of course many of these surfaces, usually nested

in one another, with different values of V. Only one of them will
contain exactly the mass 𝑀 . Increasing (or decreasing) 𝑀 will select
a different surface, usually enclosing (or enclosed by) the previous
one. Each surface will also have its own value of 𝜖 , which is maximal
at fixed𝑀 but not necessarily as𝑀 varies. Just like in plain excursion
sets, this value can be associated to the time at which the mass 𝑀 is
assembled. The set of these nested iso-surfaces will thus provide a
description of the halo’s mass accretion history.
If (∇𝜙−∇𝜙cm) had only the monopole term, thenV(r) would be

spherically symmetric, and all its iso-surfaces would be spheres cen-
tered on rcm. In general, the presence of higher multipoles deforms
them. Since −(r − rcm) · (∇𝜙 − ∇𝜙cm) is proportional to the infall
velocity, and normally becomes more negative as the distance grows,
the boundary is pushed farther where the infall velocity is larger than
its spherically symmetric value. Particles that are infalling faster will
make it into the halo from further away. Thus, the minimum energy
principle describes the asphericity of protohalos as a response to the
anisotropy of the gravitational infall.

1 Near the protohalo boundary ∇𝜙−∇𝜙cm ∼ 𝛿𝑅 (r−rcm)/3 and |r−rcm | ∼
𝑅 ∼ 𝑅𝐼 , so we expect V/𝑅2

𝐼
∼ 𝜖 − 𝛿𝑅 to be of order unity (e.g Musso &

Sheth 2021).
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Figure 3. Top: Fraction of actual protohalo particles included in the equipo-
tential region. Bottom: Alignment between the inertia tensor of the protohalo
and of the equipotential region (equation (9)). Both are shown as a function
of 𝜎02 (largest masses on the left)

3 MEASUREMENTS IN SIMULATIONS

We now test our minimum energy ansatz using protohaloes from the
Flora simulation, the largest box in the SBARBINE suite (Despali
et al. 2016). The simulation evolved 10243 dark matter particles
each of mass 6.35 × 1011ℎ−1𝑀� in a periodic cube of side 𝐿box =
2ℎ−1Gpc with a Planck13 background cosmology: Ω𝑚 = 0.307,
ΩΛ = 0.693, 𝜎8 = 0.829 and ℎ = 0.677.
Our halo set contains 5378 haloes identified at 𝑧 = 0 using a

Spherical Overdensity (SO) halo finder with threshold of 319× the
background density. The set includes all the 1378 haloes more mas-
sive than 1015ℎ−1𝑀� , 2000 randomly chosen haloes with masses
between 1014 and 1015ℎ−1𝑀� , and 2000 randomly chosen haloes
with masses between 4×1013 and 1014ℎ−1𝑀� . We refer to the patch
defined by each halo’s particles in the initial conditions as the ‘proto-
halo’. For a subset of haloes (the 1387 most massive halos, and 1372
in the intermediate mass bin) we also have counterparts identified
with an Ellipsoidal Overdensity (EO) halo finder (typically slightly
less round, and about 10 percent more massive). We used this control
set to check that our results do not depend strongly on the halo finder.
To emphasize the connection to energy peaks, we present results us-
ing 𝜎202 (𝑅) ≡

∫
𝑑𝑘 𝑘2𝑃Lin (𝑘)𝑊22 (𝑘𝑅), where 𝑅 ≡ (3𝑀/4𝜋�̄�)1/3

and𝑊2 (𝑥) ≡ 15 𝑗2 (𝑥)/𝑥2; increasing 𝑀 decreases 𝜎02.
We measure each protohalo’s center of mass position and velocity,

rcm and vcm, by averaging over all its particles. We then estimate its
potential energy overdensity tensor as

𝜖𝑖 𝑗 ≡ −3
∑

𝑛 [(r − rcm)𝑖 (v − vcm) 𝑗/ 𝑓 𝐷𝐻]𝑛∑
𝑛 [(r − rcm) · (r − rcm)]𝑛

, (7)

where 𝐷 is the ΛCDM density perturbation growth factor, 𝑓 =

d ln𝐷/d ln 𝑎 so that ¤𝐷 = 𝑓 𝐷𝐻, and 𝑛 runs over all 𝑁 particles
in the protohalo. Next, with these values of rcm, vcm and 𝜖 = tr(𝝐),
we construct

V̂ (r) ≡ (r − rcm) ·
[
(v − vcm)

𝑓 𝐷𝐻
+ 𝜖

3
(r − rcm)

]
(8)

for each particle in a cube of side 3𝑅 centered on rcm, and select the

MNRAS 000, 1–5 (2022)
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Figure 4. Top panel: ellipticity of protohaloes (blue dots) vs. equipotential
regions (orange). Bottom: ratio of the two ellipticities. The agreement is
excellent, although equipotential surfaces are slightly more elliptical.

𝑁 particles having the lowest values. This singles out a region that
has the same mass as the protohalo, and is bound by an iso-surface
ofV, which we call the protohalo’s equipotential region.
Fig. 1 shows, for illustration, a few iso-surfaces of V (scaled by

𝑅2
𝐼
to make it dimensionless) for a protohalo in the largest mass

bin, all relative to the same values of rcm, vcm and 𝜖 (the ones of
the protohalo). We refer to the one that encloses the same number of
particles (hence, the samemass) as the protohalo as the ‘boundary’ of
its equipotential region. As argued in the previous section, this region
hasV/𝑅2

𝐼
∼ 1 and the maximal value of 𝜖 for the given mass, and is

the most natural prediction for the protohalo boundary. Deep inside
the region, the equipotential surfaces break up into disconnected
regions (not shown), which we believe encodes the assembly history.
To make this connection stronger, however, one should not use the
same rcm, vcm and 𝜖 for the whole set, but recompute them for each
surface at every step.
Figure 2 compares the protohalo and equipotential regions for a few

randomly selected haloes in the three mass bins. Smaller blue dots
represent protohalo particles, and larger orange circles the ones of
the equipotential region, plotted in the 𝑥-𝑦 plane and projected along
the 𝑧 direction. By visual inspection one can appreciate the excellent
agreement between the two. It is remarkable how our approach has
captured strongly non-spherical features like the lobes and protruding
arms of most protohaloes.
For a more quantitative comparison, we quantify the overlap of the

two regions in four different ways:
(i) the fraction of protohalo particles in the equipotential region
(shown in the top panel of Figure 3);
(ii) the matrix cosine between the inertia tensors TH and TEQ of each
protohalo and equipotential region,

cos(𝜓) ≡ Tr(TH · TEQ)/
[
Tr
(
T2H

)
Tr
(
T2EQ

) ]1/2 (9)

(shown in Figure 3, bottom), where

𝑇𝑖 𝑗 =
∑︁
𝑛

[(r − rcm)𝑖 (r − rcm) 𝑗 ]𝑛 ; (10)

(iii) comparison of ellipticities 𝑒H and 𝑒EQ, where 𝑒 ≡
√︁
1 − 𝑎3/𝑎1
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Figure 5. Reduced torque magnitudes (equation (11)) of actual protohaloes
vs. equipotential surfaces as a function of 𝜎02 (largest masses on the left).
Top panel: torque of protohaloes (blue dots) and of equiptotential surfaces
(orange dots). Bottom: Logarithm of the ratio of the two magnitudes.

and 𝑎3 and 𝑎1 are the smallest and largest eigenvalues of each inertia
tensor (Figure 4); and
(iv) comparison of the reduced torques τ̃H and τ̃EQ, defined as

𝜏𝑘 ≡ 𝜏𝑘

tr(T) = −1
3
Y𝑘𝑖 𝑗 𝜖𝑖 𝑗 (11)

with 𝜖𝑖 𝑗 given in equation (7) (Figure 5). For (i-iii), the differences
between the SO and EO halo sets were hardly noticeable, so we only
show the (larger) SO sample. However, the net torque on a sphere
vanishes, so the estimated torque is quite sensitive to small changes
in the halo (and hence protohalo) boundary. So, for (iv), we show
results for the EO sample.
Overall, protohalos tend to be slightly less elliptical than equipo-

tential surfaces (𝑒H < 𝑒EQ in bottom panel of Figure 4) but there is
otherwise excellent agreement between the two. As a result, equipo-
tential regions are more torqued (ratios in bottom panel of Figure 5
are slightly greater than unity; these ratios are slightly less than 1 for
SO haloes). This small discrepancy is nearly mass independent.
To explore this further, Figure 6 shows a few of the objects with the

smallest values (less than 0.4) in the top panel of Figure 3. Whereas
protohalo particles (blue) define a single blob, the equipotential re-
gions are sometimes split into two or more components. Clearly, our
approach fails to describe these objects, suggesting that corrections
beyond linear order in perturbations, which our approach ignores,
can be important. While it is certainly interesting to identify these
corrections, they really onlymatter for a small fraction of the full halo
sample, so we believe it is fair to conclude that, for the vast majority
of halos, our approach identifies not just the protohalo center of mass
but also its shape.

4 CONCLUSIONS

We have demonstrated that protohaloes are very well described as
regions that maximize the energy overdensity 𝜖 , bounded by surfaces
of a suitably defined (equation 6) infall potential (Figure 1). This

MNRAS 000, 1–5 (2022)
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Figure 6. Same as Figure 2, but for lowmass objects that are outliers (≤ 40%
of overlap) in the top panel of Figure 3. Clearly, equipotential regions (orange
symbols) do not identify the actual protohalo patches (blue).

approach captures both the centers of mass of protohaloes and their
boundaries (Figures 2–5).
By connecting protohalo shapes to the infall pattern, our approach

provides a framework not just for modeling halo shapes, but the
anisotropy of infall velocity around clusters and the cross-correlation
between dynamical andweak gravitational lensingmass estimates for
clusters as well (e.g.White et al. 2010), as well as how these correlate
with the larger scale environment.
Going beyond a spherical model is crucial for predicting the initial

torque. Our minimum energy principle is therefore also suitable for
making analytical predictions of the angular momentum of a proto-
halo patch. This prediction uses the energy tensor 𝜖𝑖 𝑗 (equations 7
and 11). In future work, we will compare and contrast this with
the predictions of Tidal Torque Theory (Doroshkevich 1970; White
1984; Lee & Pen 2001; Porciani et al. 2002; Cadiou et al. 2021).
Although our approach proved to be robust to changes in how

exactly halos are identified in the evolved field (e.g. SO vs EO halo
finders), we believe that it can be most naturally compared with the
objects found by the ‘boosted potential’ halo finder recently proposed
by Stücker et al. (2021). The two approaches are in fact very simi-
lar, with the important difference that ours (i) derives equipotential
surfaces from the energy minimisation principle, and (ii) holds in
the initial conditions, and therefore provides a natural framework
for making analytical predictions of halo statistics. Moreover, as we
noted, our equipotential approach encodes information about the as-
sembly history of each object (Figure 1 and associated discussion);
since it is similar in spirit to how halo substructures are identified in
the boosted potential approach, a comparison of our predictions with
such measurements should lead to interesting results, to be compared
for instance with Cadiou et al. (2020).
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