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Chapter 1

Introduction

A stochastic process is a collection of random variables {X; : i € V'}. For our
purposes, a stochastic process on a graph G is a collection of random variables
indexed by the vertices of the graph, whose distribution is ‘structured’” according
to the the graph itself.

This is of course vague, but we shall provide a more precise definition below.
We shall start with the simplest possible example, the Curie-Weiss model and use
it to illustrate the point of view we will take on stochastic processes on graphs.
Then we shall move on to a list of more interesting (and motivating) examples.

1.1 The Curie-Weiss model

The Curie-Weiss model is deceivingly simple, but is a good pretext for explaining
what are we talking about.

1.1.1 A story about opinion formation

At time 0, each of N individuals takes one of two opinions x; € {+1,—1} in-
dependently and uniformly at random for i € {1,..., N}. At each subsequent
time, one individual ¢ chosen uniformly at random considers whether changing
its opinion. If the majority of the other individuals disagree with her, then she
changes her opinion. This is just conformism.

In the other case, she takes an anti-conformist behavior with probability that
becomes larger when the aggregate opinion is close to neutral. To be definite,
she computes the opinion imbalance

Mzixj. (1.1)

and M® = M — z;. Then she changes her opinion with probability
Paip(T) = exp {—25|M(i)|/N} ) (1.2)
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Her choice depends on the history so far only through the current value of M®.
Let M (t) be the opinion imbalance after ¢ steps. Despite its simplicity, this

model raises several interesting questions.

(a) How long does is take for the process to become approximately stationary?

(b) How often do individuals change opinion in stationary state?

(c) Is the typical opinion pattern strongly polarized (herding)?

(d) If this is the case, how often does the popular opinion change?

These lectures are not concerned with question 1, but with (some version of)
questions 2 to 4.

To be more precise, notice that the above dynamics is an aperiodic irreducible
Markov chain whose (unique) stationary state is

1
o) = 5o exp %(Z)w . (1.3)

To prove this it is sufficient to check that the above dynamics is reversible with
respect to the measure py g, i.e. that uyg(z)P(x — 2') = png(@)P(2’ — )
for any two configurations x, ' (where P(z — 2’) is the one-step transition
probability).

In writing iy, we emphasized the dependence of this distribution on N
(population size) and [ (interaction strength). We will be particularly interested
in the large-N behavior, and its dependence on (3.

Then we can ask the following ‘static’ version of the above questions

2’. What is the distribution of pg;,(z) when x has distribution puy ().

3’. What is the distribution of the opinion imbalance M. Is it concentrated
near 0 (evenly spread opinions), or far from 0 (herding)?

4’. In the herding case: how unlikely are balanced (M =~ 0) configurations?

Exercise 1: Which measures replaces puy g( - ) of (1.3) if the flipping proba-
bility is a general function of A/¥ and possibly z; but nothing else?

[You are not required to solve all the exercises in these notes. Some of them
are pretty difficult and represent suggestions for those students who are interested
in a deeper understanding of the material.]



1.1.2 Stochastic processes on graphs

Recall that a graph G = (V, E) is defined by a set of vertices V' and of edges F
(an edge being an unordered pair of vertices.) We shall always assume G to be
finite with |V| = N and often make the identification V' = [N].

In these lectures a stochastic process on graph G is a process, i.e. a
collection of random variables, indexed by the vertices of G, X = {X; : i € V}.
We shall further assume that the joint distribution p(z) = P{X = x} of such
variables factorizes according to G. By this we mean that there exist non-negative
weights 1);; such that

pe) =TT vueoy). (14)

(i,7)EE

Finally we shall restrict our attention to the case of variables X; taking value in
a finite alphabet X. It is not hard to see that the distribution (1.3) takes this
form (with G being the complete graph over N vertices.)

Rather than studying stochastic processes on graphs in this generality, we
shall mostly focus on a few concepts/tools that have been object of recent research
effort.

Coexistence. Roughly speaking, we will say that a odel shows chexistence if
the measure p decomposes into the convex combination of well separated lumps.
In order to formalize this notion, we consider sequences of measures py on graphs
Gy = ([N], Ey), and say that a coexistence occurs if, for each N, there exists
a partition of the configuration space into subsets €2y v, ..., {2,y such that the
following happens

(a) The measure of any of the subsets in the partition is bounded away from 1:
max{,uN(Ql,N),...,uN(QnN)} S 1 —5 (]_5)

(b) The subsets are separated by ‘bottlenecks.” More precisely, for Q C X%,
define its e-boundary as

00 ={recxV . 1<d(0) < Net. (1.6)
where d is the Hamming distance!. Then we require

[’LN(aEQSJV) - O
v (Q2s,8) (1 = o (Qs,v)) ’

(1.7)

!The Hamming distance d(z,2") between configurations x and 2’ is the number of positions
in which the two configurations differ. Given Q@ C XV, d(z,Q) = min{d(z,2') : 2’ € Q}.



for some € > 0 and all s € {1,...,7}. The normalization by py (s n)
is introduced to avoid false bottlenecks due to small €} y. The term 1 —
un (825 ) is there just for the sake of symmetry.

Depending on the circumstances, one can require the above limit to be
approached at some specific rate.

Often we shall consider phamilies of models indexed by one (or more) continuous
parameters, such as the inverse temperature (3 in the Curie-Weiss model. A phase
transition will generically be a sharp threshold in some property of the measure
w(-) as one of these parameters changes. In particular a phase transitio can
separate values of the parameter such that coexistence does occur from values
such that it does not.

Mean field models. Again roughly speaking, mean field models are models
that lack any (finite-dimensional) geometrical structure. For instance, models on
the complete graphs or on standard random graphs are mean field. On the other
hand, models on (finite portions) of finite dimensional grids are not.

A particular class of mean field models is defined by the requirement that
w(zy, ..., xy) is exchangeable.

A wider class is obtained by considering random distributions® pu. Given p,
consider k iid configurations XM, ... X®*) each having distribution p. These
are called ‘replicas’ in statistical physics. The unconditional, joint distribution of
these k-copies is

M(k)(ﬂf(l), o ’x(k)) . ) {M(Jf(l)) . ~,u(:c(k))} : (1.8)

which we view as a distribution over (X*)N. For the model to be mean field
we require ) to be exchangeable with respect to permutations of the vertices
indexes in [N].

While such requirement is sufficient in ‘natural” examples, there are examples
of models that intuitively are not mean-field and yet meet the requirement. For
instance, given a non-random measure y, and a uniformly random permutation
7, define jir(21,...,2N) = pr(Tr1)s - - - Tr(vy). Then g meets the requirement.
A satisfactory formalization of the intuitive notion of ‘mean field model,” is an
open problem.

Mean field models are a pretty restrictive class, but a rich array of phenomena
can be studied in detail.

Mean field equations. The problem with the model (1.4) is that distinct
variables can be correlated in very subtle ways. Nevertheless, mean field models

2A random distribution over XV is just a random variable taking values on the (|X|V —1)-
dimensional standard simplex.



are often tractable because an effective ‘reduction’ to local marginals® takes place
asymptotically for large sizes (i.e. as N — 00).

Thanks to this reduction it is often possible to write a close system of equations
for the local marginals that hold in the large size limit. Such equations allow to
determine the local marginals up to (eventually) a finite multiplicity. Finding a
good formalization of this notion is an open problem. We shall instead provide
specific examples throughout the course.

1.1.3 The Curie-Weiss model: Phase transition

The model (1.3) appeared for the first time in the physics literature as a model
for ferromagnets?. In this context, the variables x; are called spins and their
value represents the direction in which a localized magnetic moment (think of a
tiny compass needle) is pointing. In some materials different magnetic moments
like to point in the same direction (as people like to have similar opinions). Phy-
sicists want to understand whether this interaction might lead to a macroscopic
magnetization (imbalance), or not.

In order to study the model, it is convenient to generalize it slightly by intro-
ducing a linear term in the exponent (‘magnetic field’)

N

1 g

pun () = Zn(0) exp \ (z:)%% + hz;xi . (1.9)
1,7 1=

In this context 1/ is referred to as the ‘temperature.” We shall always assume
B > 0 (positive interaction) and (without loss of generality) h > 0.

The good question to ask for understanding the Curie-Weiss model (1.9) is:
what is the distribution of the magnetization?

Lemma 1.1.1. Form € [—1,+1], define

1+m

Ys(m) = hm + %ﬁmQ +H (T) : (1.10)

where H(x) = —zlogx — (1 — ) log(1l — z) is the binary entropy function.
Let M € {—N,—N +2,....N =2 N}, and X = (Xy,...,Xy) be a random
configuration from the Curie-Weiss model. Then,
e P21
N+ 1 Zn(5)

N

1

Nipg(M/N) < IP{§ X = M} < ——— N (M/N) o (111)

€ = i < e . .
P Zn(P)

3In particular, single variable marginals, or joint distributions of two variables connected by
an edge.

4A ferromagnet is a material that acquires a macroscopic spontaneous magnetization at low
temperature.



Proof. 1t is immediate to see that

P{ﬁ;xi :M} = #(ﬁ) ((N +NM)/2) exp{hMJrﬁz—]\]{; - %ﬁ} . (1.12)

Our thesis then follows by Stirling approximation of thre binomial coefficient, cf.
[1], Theorem 12.1.3. O

A major role in this course is played by the free-entropy density (the term
‘density’ refers here to the fact that we are dividing by the number of variables),

6(5) = < 1o Zn(5) (1.13)

Lemma 1.1.2. Let

¢+(08) = sup {hp(m) : m € [-1, 1]}, (1.14)

and ¢n(B) be the free entropy density of the Curie-Weiss model. Then, for all N
large enough

3 1 1
N —— — —log{N(N+1)} < < o, —log(N+1). (1.1
5.(8) — 1~ 10B{N(N + 1)} < 6(8) € 6.(8) + ~log(N +1). (115)
Proof. The upper bound follows upon summing the upper bound in Eq. (1.11)

over M. From the lower bound in the same equation, we get

1
on () > max {wﬁ(m) tm e SN} — % N log(N +1). (1.16)
where Sy = {—-1,—-1+2/N,...;1 —2/N,1}. A little calculus shows that maxi-
mum of 3(m) over the finite set Sy is not smaller that the maximum over the
interval [—1, +1] minus (log N)/N, for all N large enough. O

Consider the optimization problem in Eq. (1.14). Since tz(m) is continuous
in the interval [~1,1] and differentiable in its interior, with ¢j4(m) — +oo as
m — F1, the maximum is achieved at points m € (—1,1) such that i5(m) = 0.
A direct calculation shows that this condition is equivalent to

m = tanh(6m + h) . (1.17)

It is not hard to study the solutions of this equation. Here we limit ourself to
presenting the results.

For < 1, the equation admits a unique solution m. (3, h) increasing in h
with m.(3,h) | 0 as h | 0. Obviously m.(8, h) maximizes ¢z(m).

For # > 1 there exists h. (/) > 0 continuously increasing in § with limg_ h.(3) =
0 such that the following happens. For 0 < h < h.(3), Eq. (1.17) admits three
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distinct solutions m_(5,h) < mo(B,h) < 0 < my(B,h). For h = h.(5) two of
these solutions coincide m_ (8, h) = mqy(5, k) and for h > h, () only the positive
one m4 (3, h) survives.

Further, for any A > 0, m (8, h) correspond to local maxima of 13(m), while
mo(B, h) is a local minimum. The global maximum coincides with m (3, h), that
we shall henceforth denote as m, (3, h).

At h = 0 (and always 8 > 1), ¢g(m) is an even function of m. As a con-
sequence mo(3,0) = 0 and m4(3,0) = £m.(5,0).

The theorem below answers question 3’ in Section 1.1.1 of these notes.

Theorem 1.1.3. Let m.(0, h)_be defined as above, X be a random configuration
of the Curie-Weiss model and X = N~* Zf\il X;. Forh>0o0rh=0andp <1,
and for any € > 0, there exists C'(e) > 0 such that, for all N large enough

P{X —m.(3,h)|<e}>1—e N0, (1.18)

For h =0 and 8 > 1, and for any € > 0, there exists C'(¢) > 0 such that, for all
N large enough

P{|X —m.(8,0)] <e} =P {|X +m.(8,0)] <e} > % — e NCE T (1.19)

Proof. Consider first the case § <1 or h > 0. Under this assumption, ¢)3(m) has
a non-degenerate maximum at m = m. (3, h). Then, by Lemma 1.1.1

P{|X —m.(8,h)| > e} < 70

Using Lemma 1.1.2 we get

(N+1) exp {Nmax[wg(m) | m—m. (G, h)| > z—:]} .

P{X —m.(0,0)] > €} < (N+17% " exp { N max{hs(m)—6.(8) : lm—m.(8,1)] > ]}

whence Eq. (1.18) follows.
Equation (1.19) is proved analogously, using the symmetry of the model for
h = 0. O

We just encountered our first example of phase transition.

Theorem 1.1.4. The Curie-Weiss model shows coezistence if and only if h =0
and 3 > 1.

Proof. We will limit ourselves to the ‘if’ part of this statement: for A = 0,
B > 1, the Curie-Weiss model shows coexistence. Consider the partition of the
configuration space given by {+1, -1}V = Q. UQ_, whereby Q, = {z: >, 2; >
0} and Q_ = {z: >, x; <0}. We have to check that such partition satisfies the
conditions in Section 1.1.2.



It follows immediately from Eq. (1.19) that, choosing € < m.(/3,0)/2, we have

1
pon(Qe) 2 5 — e pgn(00) < e N, (1.20)
for some C' > 0 and all N large enough, which is the thesis. O

1.1.4 The Curie-Weiss model: Mean field equations

We have just encountered the first example of a mean field model, the first
example of phase transition, and also the first example of mean field equation,
namely Eq. (1.17). In the present Section, we will rederive this equation, using a
somewhat more general type of argument.

Before doing this, it is worth trying to ‘interpret’ Eq. (1.17) and verify that
indeed it matches the general definition of a mean field equation in Section 1.1.2.
Throughout this section we will assume not to be on the coexistence line h = 0,
> 1. It then follows from Theorem 1.1.3 that EX; = E X ~ m,(3,h) (we will
use ~ whenever we do not want to get into a precise mathematical definition.)
Therefore, Eq. (1.17) can be rewritten as

IEXi%tanh{th%Z]EXj} : (1.21)
JEV

In agreement with our general description of mean field equations, this is a closed
form relation between the local marginals under the measure pu.

In fact, (1.21) follows just from the fact that X concentrated in probability,
and does not require such a fine control as in Theorem 1.1.3. This is interesting
because in more complicate models, some bound on fluctuations of X might
be available without the analogous of Theorem 1.1.3. We start by proving an
auxiliary result.

Lemma 1.1.5. Denote by Ey g expectation with respect to the Curie- Weiss model
with N wvariables at inverse temperature 3 (and magnetic field h). Let X =
N'SN X, and 3' = (14 1/N). Then, for anyi € [N]:

|EN+1,,6”X7L — EN,BX1| S ﬁsmh(ﬁ -+ h)vaI'N”g(X) (122)
Proof. By direct computation, for any function F : {+1, -1} — R,
Ens{F(X)cosh(h + 3X
EN+1,B’{F(X)} _ Nﬁ{ ( ) ( _ﬁ )} . (1.23)
En g{cosh(h + 5X)}

Therefore

[Ex,o{F(X)} = Ens{F(X)}| < ||F||oo\/Var(COSh(h +0X))
< ||F||soBsinh(h + 3)y/ Var(X).
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Here the first inequality follows from cosha > 1 and Cauchy-Schwarz, and the
second from the Lipschitz behavior of x — cosh(h + Bz) together with | X| < 1.
O

The following Theorem implies (a formal version of) Eq. (1.21) for § < 1 or
h > 0.

Theorem 1.1.6. There exists a constant C(3, h) such that

3
EX, —tanh{h+ NZEXj

JEV

< C(B,h)y\/ Var(X). (1.24)

Proof. Let En g, and Ex,; g be defined as in Lemma 5 and X =N Ziil X;.
By direct computation

EN,,B smh(h + 57)

E X = — .
X} En 5 cosh(h + 8X)

(1.25)

Notice that (by Lipschitz property of cosh(h + Sx) and sinh(h + Sz) together
with | X| < 1)

|En g cosh(h + X) — cosh(h + BEN 3X)| < sinh(3 + h)y/Var(X), (1.26)
|Ey gsinh(h + 8X) — sinh(h + BEx 3X)| < cosh(8 + h)y/Var(X). (1.27)

Using the inequality lay /by —as/bs| < |ay —as|/by +as|by —by| /b1y (for a;, b; > 0),
the bound | X| < 1, and the fact that Ey X, is independent of ¢, this implies

< OB, h)\/Var(X).  (1.28)

5
En;1,6{Xi} — tanh {h + N Z Eng X;

JjeV

The thesis then follows by applying Lemma 1.1.5. D

Exercise 2: Repeat the derivations in this lecture for the model

N
1 g
px) = 7 exXp NP Z)%‘u) T Tip) T h;xi , (1.29)

—1
(i1...7p

where p > 2 is a fixed integer and the first sum runs over all the p-uples of distinct
indices (we solved the case p = 2).

11



Exercise 3: Consider the model
1 3 al
o (x) = - eXP N;xlx] +h2ziazi , (1.30)
7.7 Z:

where z;’s are iid standard gaussian random variables. What is the value of Z
for a ‘typical’ realization of the z;’s? What about the the expectations E{x;} for
a typical realization of the z;’s?

1.2 Models

In this Section we’ll list a number of examples of stochastic processes on graphs,
coming from different domains. In all of these examples G = (V, F) is a graph.

1.2.1 Statistical physics

Ferromagnetic Ising model. The ferromagnetic Ising model is arguably the
most studied model in statistical physics. It is defined by x; € {+1,—1} and

(L) = ! g Z Ty +hZ!Ei : (1.31)

exp
ZN(ﬁ) (i,7)EF eV

with 3 > 0. Interaction between vertices ¢, 7 connected by an edge pushes the
variable x;, x; towards taking the same value. It is expected that this leads to
a global alignment the variables (spins) at low temperature, for a large family of
graphs. This transition should be analogous to the one of the Curie-Weiss model,
but remarkably little is known about Ising models on general graphs. In the next
chapter we’ll consider the case of random sparse graphs.

Antiferromagnetic Ising model. The model takes the same form (1.31),
but with § < 0 (although normaly one introduces explicitly a minus sign to keep /3
positive). If the graph is bipartite, and A = 0, the model is completely equivalent
to the ferromagnetic one. On non-bipartite graphs the antiferromagnetic model is
much more complicate than the ferromagnetic one, and indeed even determining
the most likely (lowest energy) configuration is a difficult matter. For h = 0, the
latter is indeed the celebrated max-cut problem.

Spin glasses. An instance of the Ising spin glass is defined by a graph G,
together with edge weights J;; € R, for (i,j) € E. Again variables are binary
x; € {+1, -1}, and

,uN”g(i) = ZNI(B) exXp ﬁ Z Jijxi:cj -+ hZSL’Z . (132)

(i.j)ek iV

12



Figure 1.1: Factor graph representation of the satisfiability formula (z; V Zs V
Ty N (21 VIE) N (2 Vg Vas) A(x1 Vg Vas) A(x1 VI Vaes). Edges are continuous
or dashed depending whether the corresponding variable is directed or negated
in the clause.

In a spin glass model the ‘coupling constants’ .J;; are random with even distri-
bution (the canonical examples being J;; € {41, —1} uniformly and J;; centered
Gaussian variables). One is interested in determining the asymptotic properties
as N — oo of ugn(-) for typical realizations of the couplings.

1.2.2 Random constraint satisfaction problems

A constraint satisfaction problem (CSP) is defined by a finite variable domain X,
and by a class C of constraints over variables in X'. An instance of this problem
is defined by an integer N (number of variables) and a set of M constraints from
the class C over variables x1,...,xy € X. A solution of this instances is an
assignment of the variables that satisfies all constraints.

Several questions are of interest within computer science:

(a) Decision problem. Does the system have a solution?
(b) Optimization problem. Maximize the number of satisfied constraints?
(¢) Counting problem. Count the number of solutions.

There are many ways of associating a stochastic process on a graph to an
instance of constraint satisfaction problem. If the instance admits a solution, a
very simple idea is to consider the uniform measure over all such solutions. Let
us see how does this work in specific examples.

Coloring. A proper g-coloring of a graph G is an assignment of colors in
{1,...,q} to the vertices of G in such a way that no edges has both endpoints of
the same color. This defines a CSP, where the variable domain is X = {1,...,q}
and the possible constraints are indexed by pair of indices (i,7) € V x V and

13



include the two variables x; and x;. The constraint (i, j) isv satisfied if and only
Assuming that graph GG admits a proper coloring, the uniform measure reads

— I Wai#). (1.33)

( i,j)eE
Notice that Zg is the number of proper colorings of G.

k-Satisfiability. In this case variables are binary x; € {0,1}, and possi-
ble constraints are indexed by k-uples of indices in {1,..., N}, (i(1),...,i(k)).
Each constraint takes the form (ziq), ..., iw)) # (%}, - -, Tjy)) for some k-uple
(x;‘(l), o ,:L’;k(k)). In this context constraints are often referred to as ‘clauses’ and
can be written as the disjuncton (logical OR) of k variables or their negations.
The uniform measure over solutions is

M
1 a a
=7 1T ]I((xia(l)a s T y) F (T, - - ,%a(k))) : (1.34)
a=1

An instance can be associated to a factor graph, cf. Fig. 1.1. This is a bipartite
graph including two types of nodes: variable nodes V' = {1,..., N} for variables
and function (or factor) nodes F' = {1,..., M} for constraints. Variable node i
and function node a are connected by an edge if and only if variable x; appears
in the a-th clause.

It is not hard to realize that the last construction can be generalized to arbi-
trary CSPs: one can represent an arbitrary CSP instance using a factor graph.

1.2.3 Communications, estimation, detection

A number of problems from mathematical engineering can be phrased in terms
models on graphs. We will describe a canonical model for these systems: several
specific applications can in fact be phrased in terms of this model.

Let X;,..., X, be a collection of ‘hidden’ random variables that we shall as-
sume iid with a common distribution py( - ) over a finite alphabet X'. We are inte-
rested in estimating these variables from a collection of observations Y7, ..., Y),.
The a-th observation (for a € {1,..., M}) is a random function of the X;’s with
i€ 0a = {iu(1),...,7,(k)}. By this we mean that Y is conditionally independent
of all the other variables given {X; : i € da}. We'll write

P {Ya € A‘Xaa = £8(1} = QG<A‘£BG) : (135)

for some probability kernel Q,(-|-).
The a posteriori distribution of the hidden variables given the observations
reads

| M N
x|y = Z— H a(YalZs,) Epo(xi). (1.36)
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Exercise 4: Describe the (factor) graph associated with the distribution
(1.36).

Exercise 5: Write the explicit form of the distribution (1.36) when the a
priori distribution py of X; is uniform in {+1, —1} and the observatios are defined

by
Y=AX+W, (1.37)

with A a sparse N x M matrix (i.e. with few non-vanishing entries) and W =
(W1,...,Wy) a vector of N iid centered Gaussian variables.

1.2.4 Graph and graph ensembles

The properties of the models introduced so far depend on the strcture of the
underlying graph G = (V, E). Let us first summarize a few general notations.
We shall denote vertices as i, j, k,--- € V, and edges as (i, j) with 7,5 € V. Given
avertex i € V, welet 9i = {j € V: (i,j) € E} be the set of its neighbors.

These lectures focus on (random) graph models without euclidean structure.
Here are a few ensemble of such graphs.

1. Random-regular graphs of degree k. This is the ensemble of graph over N
vertices with homogeneous degree k. The ensemble is endowed with the
uniform measure.

2. Random graphs. This is the ensemble of graph with N vertices and N~y
edges, again endowed with the uniform measure. A slightly modified en-

semble is he one in which each edge (i,7) is present independently with
probability N~/ (];[ )

3. Radom graphs with given degree distribution. Given N € IN and a distri-
bution over the non-negative integers { P, };>0, one considers graphs with NV
vertices of which N P, have degree 0, N P, degree 1, N P, have degree 2, etc
(assuming N P, to be an integer for each [). A graph from this ensemble is
again drawn uniformly at random.

Exercise 6: What is expected fraction of vertices of degree k in the random
graph model? How does it behave for large k7 What can you say about the
actual fraction of vertices of degree k7 Is it close to its expectation?

Among the important properties of these graphs, is that they converge locally
to trees. Namely, for any integer ¢, let B(7, /) denote the depth-£ neighborhood of
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a uniformly random vertex i. Then B(7, £) converges in distribution to a random
tree of depth /.
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Chapter 2

Ising models on locally tree-like
graphs

In this Chapter we study ferromagnetic Ising models on graph sequences that
converge locally to trees. The last section is a technical appendix. It contains a
brief exposition of Griffiths inequalities which are an important tool in the study
of ferromagnetic Ising models.

2.1 Introduction

An Ising model on the finite graph G (with vertex set V', and edge set E') has the
Boltzmann distribution

u(z) = Z(;’B) exp {8 Y wa,+BY w}, (2.1)

(i4)EE iev

over x = {z; : i € V}, with x; € {+1, —1}, parametrized by the ‘magnetic field’
B and ‘inverse temperature’ § > 0, where the partition function Z (3, B) is fixed
by the normalization condition ) u(z) = 1.

For sequences of graphs G,, = (V,,, E,) of diverging size n, non-rigorous sta-
tistical mechanics techniques, such as the ‘replica’ and ‘cavity methods,” make
a number of predictions on this model when the graph G ‘lacks any finite-
dimensional structure.” The most basic quantity in this context is the asymptotic

free entropy density (also called free energy or pressure)

5(6,B) = lim log Z,(5, B) . (22)

It is characterized in great detail [3] for the complete graph G,, = K, (scaling 3 by
1/n to get a non-trivial limit). Predictions exist for a much wider class of graphs.
Most notably, sparse random graphs with bounded average degree that arise
in a number of problems from combinatorics and theoretical computer science
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Examples include random satisfiability, coloring of random graphs, and graph
partitioning [2], where the uniform measure over solutions can be regarded as
the Boltzmann distribution for multi-spin interactions. Such problems have been
successfully attacked using non rigorous statistical mechanics techniques whose
mathematical foundation is still lacking and of much interest. In sparse graphs,
with the distance between vertices as the length of shortest path connecting them,
one also has a new characterization of the measure (2.1) in terms of correlation
decay, related to Gibbs measures on infinite trees [59].

The asymptotic free entropy density (2.2) was determined rigorously only in
a few cases of sparse graphs. In [17], this was accomplished for random regular
graphs and in [66] for random graphs with independent edges, but only at high
or zero temperature (and with vanishing magnetic field). We generalize these
results by considering generic graph sequences that converge locally to trees and
control the free entropy density by proving that the Boltzmann measure (2.1)
converges locally to the Boltzmann measure of a model on the appropriate in-
finite random tree (a philosophy related to that of [49]). Our results also have
algorithmic interpretations, providing an efficient procedure for approximating
the local marginals of the Boltzmann measure. The essence of this procedure
consists in solving by iteration certain mean field (cavity) equations. Such an
algorithm is known in artificial intelligence and computer science under the name
of belief propagation.

Our emphasis is on the low-temperature regime where although uniform decor-
relation does not hold, we show that belief propagation converges exponentially
fast on any graph, and that the resulting estimates are asymptotically exact for
large locally tree-like graphs. The main idea is to introduce a magnetic field to
break explicitly the +/— symmetry, and to carefully exploit the monotonicity
properties of the model.

2.2 Locally tree-like graphs and free entropy

Let P = {P; : k > 0} be a probability distribution over the non-negative inte-
gers, with finite, positive first moment P, and set p, = (k + 1)Py11/P of mean
p. We use P,{ -} for the law of the random rooted Galton-Watson tree T(p,t) of
t > 0 generations where independently of each other each node has offspring dist-
ribution {py} and denote by T(P, p,t) the modified ensemble where the offspring
distribution at the root is changed to P.

Definition 2.2.1. Let P, denote the law of the ball B;(t) (i.e. the subgraph
induced by wvertices of G, whose distance from i is at most t), centered al a
uniformly chosen random vertex i € V,,. We say that {G,} converges locally to
the random tree T(P, p,00) if, for any t, and any rooted tree T' with t generations

Tim P, {By(t) ~ T} = P,{T() ~ T} (2.3)
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(where Ty ~ Ty if two trees Ty and Ty of same fize are identical upon labeling their
vertices in a breadth first fashion following lexicographic order among siblings).
We also say that {G,} is uniformly sparse if

> loil1(|oi] > 1) =0, (2.4)

ieVy

li
i Slrllp |V |

where Oi denotes the set neighbors of i € V,, and |0i| its size (i.e. the degree of

The model (2.1) has a line of first order phase transitions for B = 0 and § > .
(that is, where the continuous function B +— ¢(f3, B) exhibits a discontinuous
derivative). The critical temperature is determined by the condition p (tanh 3.) =
1. The asymptotic free-entropy density is given in terms of the following fixed
point distribution.

Lemma 2.2.2. Consider the random variables {h®)} where h® = 0 and for
t >0,

K
pi) L p oy Z atanh[tanh(8) tanh(h\")] , (2.5)
i=1
with hgt) i.i.d. copies of h\®) that are independent of the variable K of distribution

p. If B> 0 and p < oo then t — h® is stochastically monotone and converges
in law to the unique fized point h* of (2.5) that is supported on [0, c0).

Our main result confirms the statistical physics prediction for the free entropy
density.

Theorem 2.2.3. If p is finite then for any B € R, > 0 and sequence {G,, }nen
of uniformly sparse graphs that converges locally to T(P, p, o),

lim = log Z,(8, B) = 6(6, B) (2.6)

n—oo N,

where taking L of distribution P independently of the ‘cavity fields’ h; that are
i.i.d. copies of the fized point h* of Lemma 2.2.2, ¢(5,B) = ¢(5,—B) is given
for B> 0 by

o(B,B) = g log cosh () — gElog[l + tanh(() tanh(hy ) tanh(hs)] (2.7)
L
+1E log{ H + tanh(3) tanh(h e B H [1 — tanh(/3 tanh(hi)]} )
1=1

and ¢(3,0) is the limit of ¢(5,B) as B — 0.

The proof of Theorem 2.2.3 is based on two steps
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(a) Reduce the computation of ¢, (8, B) = L log Z,(, B) to computing expecta-
tions of local (in G,) quantities with respect to the Boltzmann measure
(2.1). This is achieved by noticing that the derivative of ¢, (3, B) with

respect to 3 is a sum of such expectations.

(b) Show that expectations of local quantities on G,, are well approximated by
the same expectations with respect to an Ising model on the associated tree
T(P, p,t) (for t and n large.) This is proved by showing that, on such a tree,
local expectations are insensitive to boundary conditions that dominate
stochastically free boundaries. The thesis then follows by monotonicity
arguments.

The key step is of course the last one with the challenge to carry it out above £,
when we no longer have uniqueness of the Gibbs measure on T(P, p,00). Indeed,
insensitivity to positive boundary conditions is proved for a large family of ‘con-
ditionally independent’ trees. Beyond the random tree T(P, p, 00), these include
deterministic trees with bounded degrees and multi-type branching processes (so
it allows for generalizing Theorem 2.2.3 to other graph sequences, that converge
locally to random trees different from T(P, p, 00)).

2.3 Algorithmic implications

The free entropy density is not the only quantity that can be characterized for
Ising models on locally tree-like graphs. Indeed, local marginals can be efficiently
computed with good accuracy. The basic idea is to solve a set of mean field
equations iteratively. These are known as Bethe-Peierls or cavity equations and
the corresponding algorithm is referred to as ‘belief propagation’ (BP).

More precisely, associate to each directed edge in the graph i — j, with
(i,7) € G, a distribution (or ‘message’) v;_;(z;) over z; € {+1, —1}, using then
the following update rule

t+1 1 ; xixzy . (T
I/Z(_J;)(IZ) = TeB : H Zeﬁ ‘ ’ul(_),i(xl) (2.8)

Zisj N

starting at a positive initial condition, namely where l/gj(+1) > I/Z@j(—l) at
each directed edge.

We establish uniform exponential convergence of the BP iteration to the same
fixed point of (2.8), irrespective of its positive initial condition.

Theorem 2.3.1. Assume > 0, B > 0 and G is a graph of finite maximal
degree A. Then, there exists A = A(f, B,A) and ¢ = (8, B,A) finite, A =
A, B,A) > 0 and a fized point {v} .} of the BP iteration (2.8) such that for

—J
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any positive initial condition {Vl@k} and all t >0,

sup Hl/l_,j — Vv < Aexp(=At). (2.9)
(i,5)eE

Further, for any i, € V, if B, (t) is a tree then for U = B, (1)

liw = volley < exp{ett = At =)}, (2.10)

where py () is the law of x; = {x; : i € U} under the Ising model (2.1) and vy
the probability distribution

VU(QU)——eXp{ Z rx; + B Z xl} H visim(@i), (2.11)

(i,j)€Eu icU\OU i€ouU

with Ey the edge set of U whose border is OU (i.e. the set of its vertices at
distance v from i, ), and j(i) is any fized neighbor in U of i.

2.3.1 Examples

Many common random graph ensembles naturally fit our framework.

Random regular graphs. Let G, be a uniformly random graph with degree
k. As n — oo, the sequence {G,} is obviously uniformly sparse, and converges
locally almost surely to the random rooted Cayley tree of degree k. Therefore, in
this case Theorem 2.2.3 applies with P, = 1. The distributional recursion (2.5)
then evolves with a deterministic sequence h® recovering the result of [17].

Erdos-Renyi graphs. Let G, be a uniformly random graph with m = nvy edges
over n vertices. The sequence {G,} converges locally almost surely to a Galton-
Watson tree with Poisson offspring distribution of mean 2. This corresponds
to taking P, = (27)ke?'/k!. The same happens to classical variants of this
ensemble. For instance, one can add an edge independently for each pair (i, j)
with probability 2v/n, or consider a multi-graph with Poisson(2vy/n) edges be-
tween each pair (7,7). In all these cases {G,} is almost surely uniformly sparse.
In particular, Theorem 2.2.3 extends the results of [66] to arbitrary non-zero
temperature and magnetic field.

Arbitrary degree distribution. Let P be a distribution with finite second mo-
ment and G, a uniformly random graph with degree distribution P (the number
of vertices of degree k is obtained by rounding nFy). Then {G,} is almost surely
uniformly sparse and converges locally to T(P, p,c0). The same happens if G,, is
drawn according to the so-called configuration model.
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2.4 Ising models on trees

We extend (2.1) by allowing for vertex-dependent magnetic fields B;, namely, we
consider

pu(z) = Z(ﬁ exp{ Z x:EJJrZBxZ} (2.12)

(i,4)eE eV

and derive correlation decay results for Ising models on trees, which are of in-
dependent interest. More precisely, let T denote a conditionally independent
infinite tree rooted at the vertex ¢. That is, for each integer k£ > 0, conditional
on the subtree T(k) of the first k generations of T, the number of offspring A;
for j € OT(k) are independent of each other, where OT(k) denotes the set of
vertices at generation k. We further assume that the (conditional on T(k)) first
moments of A; are uniformly bounded by a given non-random finite constant A.
In addition to T = T(P, p, 00) this flexible framework accommodates for example
random bipartite trees, deterministic trees of bounded degree and percolation
clusters on them.

For each ¢ > 1, we denote by 1 the Ising model (2.12) on T(¢) with magnetic
fields {B;} (also called free boundary conditions), and by p“" the modified Ising
model corresponding to the limit B; T +oc for all i € 9T(¢) (also called plus
boudary conditions), using u’ for statements that apply to both free and plus
boundary conditions.

Theorem 2.4.1. Suppose T is a conditionally independent infinite tree of average
offspring numbers bounded by A. Let <->§r) denote the expectation with respect
to the Ising distribution on the subtree of i and all its descendants in T(r) and
(x;y) = (ry) — (x)(y) denotes the centered two point correlation function. There
exist A finite and X\ positive, depending only on 0 < Bupin < Buax, Bmax and A
finite, such that if B; < Buax for alli € T(r —1) and B; > By, for alli € T((),
then for any r < ¢ and < Puax,

E{ S <x¢;xi>g)} < Ae, (2.13)

1€0T(r)

If in addition B; < Buax for all i € T({ — 1) then for some C' = C(Bmax, Bmax)
finite

E |17y = 7yl < AT E{CTONY (2.14)

In deriving this theorem we rely on monotonicity properties of the Ising me-
asure, such as Griffiths inequality (see [41, Theorem IV.1.21]), and the GHS
inequality (see [18]) about the effect of the magnetic field B on the local mag-
netizations at various vertices. We also extend Simon’s inequality about the
(centered) two point correlation functions in ferromagnetic Ising models with
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zero magnetic field (see [67, Theorem 2.1]), to arbitrary magnetic field, in the
case of Ising models on trees. That is, we show that if edge (i, 7) is on the unique
path from ¢ to k € T(¢), with j a descendant of i € 9T(t), ¢t > 0, then

(o300 < cosh® (26 + By) {wg; i) (a5 ) . (2.15)

2.5 From trees to graphs: proof of Theorem
2.2.3.

We have the following consequence of the local convergence of the graph sequence

{Gn}.

Lemma 2.5.1. Suppose a uniformly sparse graph sequence {G,,} converges locally
to the random tree T(P, p,00). Fizing a non-negative integer t, for each (i,j) €
E,, denote the subgraph of G,, induced by vertices at distance at mostt from (i, 7)
by Bi;(t). Let F'(-) be a fived, bounded function on the collection of all possible
subgraphs that may occur as B;;(t), such that F (1) = F (1) whenever T ~ Tj.
Then,

lim > F(By(t) =

n—oo M,
(4,7)EEn

E{F(T(p,1))} . (2.16)

for the random tree T(p,t) obtained by ‘gluing’ two independent copies of T(p,t)
through an extra edge e between their roots which we match to the center (i,j) of

Let h — ¢}, denotes the functional that, given a random variable h, evaluates
the right side of (2.7). Since ¢,,(8, B) = +log Z,(3, B) is invariant under B —
—B and is uniformly (in n) Lipschitz continuous in B with Lipschitz constant
one, it suffices to fix B > 0 and show that ¢, (3, B) converges as n — oo to the
predicted ¢p,(8, B) of (2.7), whereby h* = hj is the unique fixed point of the
recursion (2.5) that is supported on [0, 00) (see Lemma 2.2.2).

This is obviously true for 5 = 0 since ¢, (0, B) = log(2cosh B) = ¢,(0, B).
Next, denoting by (-),, the expectation with respect to the Ising measure on G,
(at parameters 3 and B), it is easy to see that

0s0n(8.B) =+ D (i (217)

(4,7)EFEn

As |00, (8, B)| < |E,|/n is bounded by the assumed uniform sparsity, it is
enough to show that the expression in (2.17) converges to the partial derivative
of O (8, B) with respect to #. Turning to compute the latter derivative, a bit
of real analysis shows that we can ignore the dependence of hj on (. That
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is, we simply compute the partial derivative in ( of the expression (2.7) while
considering the law of h; to be fixed. Indeed, by the exchangeability of tanh(h;)
whose law has the fixed point property for (2.5), a direct computation leads to
P
95 28, B) = SE|(wiay)r] (2.18)

where ()7 denotes the expectation with respect to the Ising model

p(xi, x) = i exp {ﬁxixj + H;z; + Hjxj} ,
ij
on one edge (ij) and random magnetic fields H; and H; that are independent
copies of I
In comparison, fixing a positive integer ¢, by Griffiths inequality the correla-
tion (x;z;), lies between the correlations F(B;;(t)) = <$ixj>(|]3ij(t) and F (B;;(t)) =
(:UZ-:UJ-}JBFU () for the Ising model on the subgraph Bj;(¢) with free and plus, respec-
tively, boundary conditions at dB;;(¢). Thus, in view of (2.17)

1 > FO(Bij(t))Sﬁggbn(ﬁ,B)S% > Fi(By(),

and taking n — oo we get by Lemma 2.5.1 that

CEIR(T(p,1)] < liminf 9 6,8, B) < limsup 95 6u(0, B) <

n—oo

E[F(T(p,1))]-

o | ol

To compute Fy (T(p,t)) we first sum over the values of z;, for k € T(p, )\ {4, j}.
This has the effect of reducing Fy/.(T(p,t)) to a form of (x,z;). Further, as in
the proof of Lemma 2.2.2, we get Fy/4 (T(p,t)) by setting for H; and H; two
independent copies of the variables A and hgf), respectively, which converge in
law to hjy when t — oo. Since E[(z;x;)7] is continuous with respect to convergence

in law of H;, by (2.18)

lim £ B[Ry (T(p,1)] = 85 0(5, B),

t—o00

which completes the proof of the theorem.

Appendix: Griffiths inequalities and the case of
regular trees

Griffiths inequalities allow us to compare certain marginals of ferromagnetic Ising
measures for one graph G and non-negative parameters 3, h with certain other
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choices for GG, # and h. To this end, we consider the extended ferromagnetic Ising
measure

(e) = 5 ew {7} = 5 e { > Jnwa}. (2.19)

for a finite set V' and parameters Jp > 0, where hereafter vz = [],.5 7, and
x = (xy,u € V) for spin variables z,, € X = {—1,1}. We note in passing that the
Ising measure g g of (2.1) is merely 1y in case Jy; = hfor alli € V., J; 50 =
for all (7,7) € E and Jgr = 0 for all other subsets of V.

In this context Griffiths inequalities are *

Proposition 2.5.2 (Griffiths inequalities). For A, B CV and any J = (Jg, R C
V) with JR Z 0,

E x4 = ﬁ ZxA exp {]/-\IJ(x)} >0, (2.20)
d
EEJ[SUA] Covy(za,zp) > 0. (2.21)

Proof. Fixing A C V we start with (2.20), where for V finite,

Zerxp{ﬁIJ(x)} = Z z%i' n:Z%ZI’A(§JRl’R)n

xT

- Zn, 2. HJRszAHxRZ

Ry,..., Ry £=1

Since z2 = 1 for all u we have that x4 [[,_, xr, = 2¢ for C = {u € V : u in an
odd number of sets among A, Ry, ..., R,}. Further, with > xz, = 0 it follows
that Y zc = 0 if C is non-empty (and > 2c = 2V > 0 for C = ). Thus
So.xallyyzr > 0 for all A, Ry,...,R,, and with Jg > 0 for all R, we have
established (2.20). Turning to deal with (2.21) we fix A, B C V and check that

d g o] = d Y, xaexp{d g Jrrp}
dJg "’ dJp Y ,exp{d_p JrTr}
= Z(J)? Z(xAxB — TAYB) exp{z Jr(Tr +Yr)}
R

:B7y

which is precisely the covariance of x4 and xp under pus(x). We shall use (2.20)
to verify that this quantity is non-negative. To this end, let 2z, = z,y, € X

LOur source for both statement and proof is [41, Theorem IV.1.21], see also [47] for more
general results in this direction.
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noting that yr = xpzg for any R C V (as 2% = 1), and as before x5 = z¢ for
the symmetric difference C' between A and B. Consequently,

Y (wazp —wayp)exp{d_ Jnlwr+yr)} =Y (1—-25) Y wcexp{)  Jr(2)r}

m7y

where Jg(z) = Jr(1 + zg) > 0. From (2.20) we thus have that
Zxc eXp{Z Jr(z)zr} >0
x R

for each z € XV, and with 1 — zp > 0 we complete the proof of (2.21). O

Fixing # > 0 and h > 0, for any finite graph G let m,(G) = pgsn(z, = 1) —
ta.pn(r, = —1) denote the magnetization at v € V' induced by the corresponding
(ferromagnetic) Ising measure. For S C V we similarly define m,(S;b) as the
magnetization at v induced by the same Ising measure subject to fixed boundary
conditions z, = b, for u ¢ S. Of particular interest to us are m,(S5;+) and
m,(S; f) corresponding to b, = 1, respectively b, = 0, for all u ¢ S. The
latter are called free boundary conditions since subject to b, = 0, u ¢ S, the
restriction of the Ising measure pg g to (x,,u € S) coincides with the Ising
measure [l 3, for the restriction G |g of G to S (i.e. with S as its vertices and
{(i,j) € E:i€ 8,5 €S} asits edges). We then get by Griffiths inequalities the
following comparison results

Lemma 2.5.3. I[fv € S C V then m,(S; f) < my(G) < my(S;+). Further,
S +— m,(S; f) is monotone non-decreasing and S — m,(S;+) is monotone non-
increasing, both with respect to set inclusion (among sets S that contain v).

Proof. From Griffiths inequalities we know that J — E;[z,] is monotone non-
decreasing (where J > J if and only if Jg > Jg for all R C V).

Recall further that m,(G) = E jo[z,] where J?Z.} = h, J{Om} = B when (i,j) € E
and all other values of J° are zero. Considering

J%5 = J% 4+ nlrcse ri=1 ,

with  + J™ non-decreasing, so is  +— Ejns[z,]. In addition, pyms (z; =
—1) < ce™ when i ¢ S, hence as 7 T oo the measure ji s converges to jiy
subject to the fixed boundary conditions x, = 1 for u ¢ S. Consequently,
my(G) < Ejns|x,] T m,(S;+).

Similarly, let J g = J)1pcs noting that under p ;s the random vector (x,,u €
S) is distributed according to the Ising measure pg . With v € S we thus
deduce that m,(S; f) = Eys|z,] < Ejo[z,] = m,(G).

Finally, the stated monotonicity of S — m,(S; f) and S — m,(S;+) are in
view of Griffiths inequalities the direct consequence of the monotonicity (with
respect to set inclusions) of S+ J° and S + J"9 respectively. U
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Chapter 3

XORSAT on random regular
graphs

XORSAT is arguably the simplest constraint satisfaction problem. It was intro-
duced by Nadia Creignou and Herve Daude in 1999, and studied in a number of
papers since then.

3.0.1 Ek-XORSAT

A E-XORSAT instance is described by a factor graph G = (V, F, E') where |V| =
N, |F| = M and the factor nodes have degree k. We will denote the set of
variable nodes adjacent to factor node a as da = {i1(a),...,ix(a)}. Further, for
any a € F, we need to specify J, € {+1,—1}.

We will consider the following distribution over x € {+1, —1}¥

1
Ha(w) = g5 o {B;Jaw ) (3.1)

In the following we shall be mostly interested in the case in which there exists at
least one solution x* with Jyx} @ Ty (@) = 1 for all @ € F'. In this case, it can
be shows that (under a change of variable) the above distribution is ‘essentially
equivalent’ to

pua(z) = ZNl(ﬁ) exp {BZ Tiy(a) " - '%‘k(a)} . (3.2)

acF

When it will be necessary to specify, we will refer to this as to the unfrustrated

XORSAT model.

Exercise: What does it mean ‘essentially equivalent’ the above statement?
Describe the change of variables we are referring to.
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Basic information on XORSAT, focusing on the zero-temperature case is pro-
vided by the Chapter 17 of the book with Marc Mézard, posted online.

In this note we shall focus on ensembles of random (I, k)-reqular graphs. Such
an ensemble is defined whenever NI = Mk as follows. Attach [ half-edges to
each variable node ¢ € V', and k half-edges to each function node a € F. Draw a
uniformly random permutation over NI elements, and connect edges on the two
sides accordingly.

Throughout, the adjacency matriz H of G will be the binary matrix whose
rows correspond to function nodes in F' and columns to variable nodes in V. Its
entry Hg;, a € F, i € V is just the parity of the multiplicity of edge (a,7) in G.

3.0.2 Free energy

Theorem 3.0.4. Let G be a random regular (1, k) factor graph, with k > 1> 2.
Then, with high probability

Zn(3) = 2V (cosh B)V/k (3.3)
In particular, the number of solutions is, with high probability 2N1=1/k).

For proving this Theorem, it is convenient to first derive an exact expression
for the free energy. In order to do this, we introduce the notion of hyperloop.
Given a factor graph G = (V, F, E), an hyperloop is a subset F”’ of the factor
node, such that the induced subgraph G’ has even degree.

Lemma 3.0.5. Let G = (V, F, E) be a factor graph, Zn((3) the partition function
of the associated unfrustrated XORSAT model, and ng(¢) denote the number of
hyperloops of size £ in G. Then, for any [3,

M
Zy(B) =2V (cosh B)M Y " ne(C) (tanh B)" . (3.4)

=0
Proof. By high-temperature expansion. 4

We also need a result on the solutions of of random regular linear systems.

Theorem 3.0.6. Let G be a random regular (I, k) factor graph, with | > k > 2,
and H denote the corresponding adjacency matrix. Then the linear system Hx =
0, mod 2 has, with high probability, the unique solution x = 0.

Proof. Let Zy(w) denote the number of solutions of Hz = 0 with w non-zero
entries. Compute E Zp(w) and show that

N
NliE;OZlEZ[H(w) =0. (3.5)
Some details of the computation are in Chapter 11 of the book online. 0
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Theorem 3.0.4. In view of the previous lemma, it is sufficient to show that, with
high probability, ng(¢) = 0 for all £ > 1, since ng(0) = 1. Let H be the adjacency
matrix of G (with rows corresponding to nodes in F' and columns to nodes in
V). Then our claim is equivalent to the following: The linear system H'z = 0
mod 2 admits the unique solution x = 0. This follows from Theorem 3.0.6 once
we notice that H” is the adjacency matrix of a (k,[) regular factor graph. O
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Chapter 4

Bethe-Peierls approximation

Bethe-Peierls approximation reduces the problem of computing partition func-
tions and expectation values to the one of solving a set of non-linear equations.
In general, this ‘reduction’ involves an uncontrolled error. We are interested here
in mean-field models, for which Bethe-Peierls is expected to be asymptotically
exact in the large system limit. In fact we already saw an example of this type,
namely the ferromagnetic Ising model on random regular graphs.

In the context of mean field spin glasses, the method was further refined
by Mézard, Parisi and Virasoro to include ‘replica symmetry breaking’ effects.
In such applications, this is referred to as the ‘cavity method.” A closely re-
lated approach is provided by the so-called TAP (Thouless-Anderson-Palmer)
equations [6].

Section 4.1 provides a syntethic non-rigorous presentation of the basic ideas.
A formalization of these ideas is developed in Section 4.2.

4.1 An informal introduction

4.1.1 Bethe equations

Consider a general model on the graph G = (V| F) with variables z; € X', and a
distribution

p(x) = % H Vij (i, ;) - (4.1)

(ij)ekE

Given (i,7) € E, define u(-) to be the modified distribution whereby the
contribution of edge (7, j) has been ‘taken out.” Explicitly

P (x) = T vuee ). (4.2)

Z()
(kDEE\ (i)
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Further, for i € V we let 4 (-) be the modified measure in which all the edges
incident on ¢ have been removed:

(kl)EE, i¢ (k)

Given U C V, I shall denote by py (respectively, by ,u(}] ), uU ) the marginal dist-

ribution of xy = {x; : i € U} when z is distributed according to p (respectively
) | @),

The first step consists in deriving a set of exact equations relating the margi-
nals of 1 to the ones of x(¥). In order to write such equations, it is convenient
to adopt the following notation. Whenever f and g are two non-negative func-
tions on the same domain, we shall write f(x) = g(z) if they differ by an overall
normalization. We then have

/~LZ] .T}Z,.TJ Z Naz Jfaz H 1/121 .I’Z,SL’[ (44)

Loi\i,j 1682\]

Of course this does not solve the problem because we have more variables
than unknowns. The Bethe-Peierls method consists in writing a set of mean field
equations for the ‘modified marginals’

vinj(i) = () . (4.5)
The crucial approximation consists in assuming that

i (@i, wy) = vinj(2i)vji(w;) + ERR, (4.6)

,u(l) H vi—i(x;) + ERR. (4.7)
l€di

where ERR is an error term that is assumed to be small.
Bethe-Peierls equations are obtained by plugging the last expressions in Eq. (4.4)
and neglecting the error term. If v;_;(x;) > 0, we get

Vz—>](xz - H szl Tiy Ty Vl—n(xl) (48)

1682\] T EX

Bethe-Peierls method consists in solving these equations for the ‘messages’ (or
‘cavity fields’) {v;_;} and then using them for estimating the marginals of p. For
instance

pi(;) = HAZ%J‘(%’%)VP@'(%)- (4.9)

Exercise 1: Assume G to be a tree. Prove that the error terms in Eqs. (4.6),
(4.7) vanish in this case, and that Bethe-Peierls equations have a unique solution
corresponding to the actual marginals of u.
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4.1.2 Bethe free entropy

Since within Bethe approximation all marginals can be expressed in terms of the
messages {v;_;} that solve Bethe equations (4.8), it is perhaps not surprising
that the free entropy can be expressed in terms of the same messages as well. It
is more surprising that a simple expression exists

P{r} = Z log{ Z Yij (T, 75) V,_U(xl)l/]_,l(xj)}

(ij)eG T,
+ log { DD vt Vjﬂ'(fb’j)} : (4.10)
eV z; jEOi Tj

In general we shall regard this as a function from the set of possible messages to
reals © : {v;_;} — ¢{v,—;} € R. This function is called the Bethe free entropy.

It is easy to prove that this expression is exact if G is a tree. More precisely,
if G is a tree and v* is the unique solution of the Bethe equations (4.8), then
log Z = ®{v*}. There are many ways of proving this fact. A simple one consists
in progressively disconnecting G in a recursive fashion.

We start form a simple remark. If f,(z) = p(x), for a € {1,2,3} and some
probability distribution p, then

log{zf1f3f2) } log{Zfl }+log{;f2(a:)} 1og{2f3 }411

Let us then describe the first step of the recursion. Let (ij) € E be an edge in
G. Denote by Z;_,;(z;) the constrained partition function for the subtree rooted
at ¢ and not including j, whereby we force x; to take the value in argument. Then
we obviously have

Z = Z Ziwj (@) ij (@i, x5) Zj—i(;5) (4.12)
_ Z {ZZH] X l% xl7x_]>y_7*>l X }{VZH] xl)wlj(x27x])zj*>l< )}

(4.13
Vz~>]<xz)’l/}zj (xux])yjﬂl(xJ) )

Tq,Tj

It is easy to see that, if G is a tree, Z;_;(z;)¢ij(xs, xj)vj—i(z;) = piji(z, z;),
Vi (@) i (3, 05) Zj i) == pi (i, 5), vies (@0) 035 (w3, 25)vmi () = i (i, ;).
By the remark (4.11)

logZ = log{ Z Zij(i)hij (24, xj)l/j_,i(xj)} + log{ Z Vi ()i (4, xj)Zjﬁi(xj)}

Ti,Tj T, T

- log{ D vimg ()i (i, l‘j)’/j—n(%)} : (4.14)

i,
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At this point we can interpret the first two terms as log partition functions for
models of reduced size. The associated graphs are subtrees rooted at ¢ and j.

If we repeat recursively this operation, we end up with a term of the form
—log{}>_,. . Vij()ij(wi, x5)v;—i(x;)} for each edge. The residual system is
composed of disconnected ‘stars’ centered at the vertices of G. The corresponding
log-partition function is given by the second sum in Eq. (4.10).

One important property of the Bethe free entropy is that its stationary points
are solutions of the Bethe equations (4.8). This is proved by simple calculus

oe{vy D, Vi (@) 35 (2, )
Ovji(Ts) Doy ar Vieg (@)Vji(25) 003 (2], 25)
>y VWinj(@i)hij (@i, )
2ty VWi () Vi ()80 (5, 25)

+

where we defined

Tvini(z) = L H Z%l(ffz‘,ffl)’/l—»i(xl)- (4.15)

T eoiN;

Exercise 2: Prove that this implies that Bethe equations have at least one
solution.

4.1.3 Example: Ising models

As an illustration, we consider again the Ising model, that gives a distribution
over x € {+1,—1}V, of the form

1
p(x) = — ©Xp {ﬁ Z Jijxixj} : (4.16)
(ij)eE
Here we don’t assume any more ferromagnetic interactions. The ‘couplings’ {J;; }

are generic real numbers. The messages v;_,; can then be encoded effectively
through the following log-likelihood ratios (‘cavity fields’)

vioj(+1)

1
hi;==1 . 4.17
J 2 Og VZ*,]<—1) ( )
The Bethe equations then reduce to the ones below
hij = Z atanh {tanh $.J;; tanh h;_;} . (4.18)

1€0i\j

In terms of the cavity fields {h;_;}, we can compute the local magnetizations
m; = E{x;} using Eq. (4.9):

m; = tanh {Z atanh {tanh 3.J; tanh hl_,i}} ) (4.19)

leoi
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As a particular case, let us reconsider a regular graph with J;; = +1 for each
edge (ij) € E. Then these equations admit a solution of the form h,.; = h,
where h solves

h = (k — 1)atanh {tanh G tanh h} . (4.20)

For the ferromagnetic Ising model on a random regular graph, we indeed proved
that the marginals can be computed by solving this equation.

Exercise 3: Write the Bethe free entropy (4.10) in the case of Ising models.
Show that, in the case of regular graphs, under the assumption h;_; = h, it
reduces to the form we proved a in Chapter 2.

[Indeed this is true for general graph sequences that converge locally to trees.]

Exercise 4: Exhibit an example of regular graph G, with degree k > 2, such
that the associated ferromagnetic Ising model does not have phase transitions.
What happens within Bethe-Peierls approximation?

4.1.4 Fully connected limit
When G is the complete graph, Bethe equations can often be simplified. Here we’ll

consider two such examples: the Curie-Weiss model (that we already considered
at the beginning of the course) and the Sherrington-Kirkpatrick model.

Curie-Weiss model

We already encountered the Curie-Weiss model. This is defined by the general
form (4.16) whereby G is the complete graph and J;; = 1/N for all (i,7). It
follows from Eq. (4.18) that

hi_.;j :% > tanhh; + O(1/N). (4.21)
1eV\i,j

Therefore h;_.; = h+ O(1/N) where h solves

h = Btanhh. (4.22)

By Eq. (4.9), the local magnetization is given by m = tanh h and thus solves the
equation

m = tanh fm (4.23)

which we proved at the beginning of the course.
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Sherrington-Kirkpatrick model

In the Sherrington-Kirkpatrick model, G is the complete graph and the couplings
are Jy; = Jj;/ VN with Ji; iid normal random variables of mean 0 and variance
1. Hereafter I’ll drop the prime.

By expanding again Eq. (4.18), we get

ﬁjil —1/2
hing= ) tanh hy_; + O(N~Y?). (4.24)
1€V \i,j \/N

The relation to local magnetizations is not as simple as for the Curie-Weiss model.
Expanding Eq. (4.9), we get

ﬁjil —1/2
atanhm,; = tanh h_; + O(N~V/?) = 4.25
3 tanh e+ OGN (1.25)
eV\i,j
= hi_;+ By m; +O(N~?). (4.26)

VN

Substituting in (both sides of!) Eq. (4.24), and neglecting terms of order N~%/2,
we get the so-called TAP equations

3 BT >
atanhm,; = ﬁ Z Jaymy — m; Z T(l —mj). (4.27)

leV\i lev\i

4.2 Bethe-Peierls approximation: a formal tre-
atment

This is a first attempt at formalizing the ideas of the previous section in a general
setting. We define Bethe states as distributions that are well approximated within
Bethe-Peierls scheme. These play the same role as pure Gibbs states on infinite
lattices [16]. It is conjectured by physicists that a large class of models, including
for instance the examples in Chapter 1, decompose into convex combinations
of Bethe states. As a running example it is convenent to keep in mind the
independent set model, whose configurations are of the form z = (xy,...,xy)
with x; € {0,1}. The model is defined by the joint distribution

1
_ |z| ‘ ,
pa(z) = Za A (I)IGE I(z; # 2;), (4.28)
Zh]

where |z| denotes the number of non-zero entries in the vector .
We shall further define a notion of correlation decay (weaker than uniqueness)
that generalizes extremality in trees, and show that it implies Bethe property. A
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slightly stronger condition allows us to validate the Bethe-Peierls approximation
for the log partition function.

While in general extremality on the graph G does not coincide with extrema-
lity on the associated tree model, in Chapter 6 provides a sufficient condition for
this to happen.

4.2.1 Notations

We consider models defined on simple finite graphs G = (V, E'), without double
edges or self loops, and denote by E = {i = j: (i,j) € E} the induced set of
directed edges. The distance d(i, j) between two vertices i, j € V is the number of
edges traversed in the shortest path on G from i to j with d(A, B) = min{d(i, j) :
i € A,j € B} the corresponding distance between A C V and B C V. The set
of neighbors of i € V is denoted by 0i (so 0i = {j € V : (i,j) € E}), with
A = max; |0i| the maximal degree of G (which we assume hereafter to be at
least two). To each subset U C V of vertices corresponds a diameter diam(U) =
max{d(i,j) : i,j7 € U}, the ‘internal’ boundary oU = {i € U : 9i € U} and
induced subgraph Gy = (U, Ey) such that Ey = {(i,j) € E :4,j € U}. Given
a vertex ¢ € V and a non-negative integer r, the ball of radius r centered at 1,
B(i,7) is the subgraph induced by the vertices j € V such that d(i, j) < r and for
i — j € E the directed neighborhood (or ball) B(i — j,r) of radius r around i is
the ball of radius r centered at i in Gy ;3 (so in particular, B(i — j,r) C B(i,7)).

Definition 4.2.1. Given an integer R > 0 we say that G is R-tree like if its
girth exceeds 2R + 1, i.e. B(i, R) is a tree for everyi € V.

With X a finite set, we associate to each vertex ¢ € V a variable x; € X,
denoting by z € XV the complete assignment of these variables and by z;, =
{z;: i € U} its restriction to U C V.

Definition 4.2.2. A bounded specification ¢ = {¢; : (ij) € E} for G is a
family of functionals 1;; : X X X — [0, max| indexed by the edges of G with Pmax
a given finite, positive constant (where for consistency ;j(x,x") = (2, ) for
all x,2" € X and (ij) € E). A specification for G is permissive if there erists a
positive constant k and a ‘permitted state’ ¥ € X for each i € V, such that

. P / . / P —
min s, ) = min S, xr) > K = e
(ij)EE 2’ €X 1%( 79 ) (i)CB\al € X wm( 9 J) - wmax wmm

It is not hard to realize that the example (4.28) of independent sets is indeed
of this type with z = 0 where one defines the specification in this case by letting

Wi, 25) = (w1, 25) # (1,1)) AT,
Error terms and correlation properties will be often phrased in terms of valid
rate functions, namely,
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Definition 4.2.3. A valid rate function is a monotonically non-increasing func-
tion § : IN — [0, 1] that decay to zero as r — oco. By (eventually) increasing §(r),
we can and will assume, without loss of generality, that §(r + 1) > 0.(r) for
some positive o, and all r € IN.

Whenever we mention ‘constants’ we refer in fact to quantities that might
depend on |X|, A, k and J,, but neither on the graph G nor on the permissive
bounded specification ¢). We shall generically denote such constants as v, C' (and,
if necessary, C1, Cy, .. .), and agree that redefinitions are not explicitly mentioned.

4.2.2 Measures, messages and correlation decay

Let M(X') denote the space of probability measures over X'. The canonical pro-
bability measure associated to the graph-specification pair (G, ) is

M@):% I vt (4.29)

(ij)eE

Given a probability measure p(-) on XV, we denote by py( - ) the marginal distri-
bution of z;; under p. The Bethe-Peierls approximation as defined below provides
a way to express local marginals in terms of a set of messages.

Definition 4.2.4. A set of messages is a collection {v;_;(-): i — j € E} of
probability distributions over X, indexed by the directed edges in G such that if
0i ={j} then v;_;(-) is the uniform measure on X.

Let U denote the collection of U C V' for which Gy = (U, Ey) is a tree and
for any i € U, either i C U or |0t NU| =1, so each vertex i € U 1is a leaf of
Gy (i.e. i € U and |0iNU| = 1). The probability measure on XY induced by the
messages {v;_.;} on each U € U is then

1
vy(xy) = 7 H Vi—»u(z‘)(l’z') H Vij(xi, 25) (4.30)
U icou (ij)€Ey
where {u(i)} = 0iNU fori a leaf of Gy.
We say that a probability measure p(z) on XV is (e,7) Bethe approximated
by a set of messages {v;_;} if

sup |y —volley <€, (4.31)
Ueld ,diam(U)<2r

and call such p(-) an (g,7) Bethe state for the graph-specification pair (G, ).

Remark 4.2.5. Note that if i ¢ OU is a leaf of an induced tree Gy then 0i =
{u(i)} and v,y must be the uniform measure on X. Consequently, in (4.50)
we may and shall not distinguish between OU and the collection of all leaves of

Gy.
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We shall prove that Bethe approximation holds under the following correlation
decay hypotheses on pu.

Definition 4.2.6. A probability measure p on XV is strongly extremal for G
with valid rate function §(-) if for any A, B,C C'V

> rela)llpasic(-, - lze) = pae(- |ze)psic(- lzc)lle < 8(d(4, B)) . (4.32)

Zc

It is extremal for G with valid rate function §(-) as soon as the preceding applies
for C =0, namely, for any A,B CV,

pas(-, ) = pa(-)ps()llev < 6(d(A, B)). (4.33)

The standard message set which we define next, is the natural candidate for
Bethe approximation of a canonical probability measure.

Definition 4.2.7. The standard message set for the canonical measure ji as-
sociated to a graph-specification pair (G,v) is vij(x;) = ,uz(”)(:pi), that is, the
marginal on i of the probability measure on XV

M(in@):; 1w, (4.34)

Y (k)EE\ (i)
obtained from Eq. (4.29) upon omitting the factor ;;(-,-). Indeed, note that the
marginal on i of 149 (-) is a uniform measure on X whenever di = {j}.

A special role is played in our analysis by the Bethe free energy and the Bethe
(or belief propagation) equations. Both are functions on the space of possible

messages sets M(X)E, where M(X) denotes the space of probability measures
over X.

Definition 4.2.8. Given a graph-specification pair (G,1), the Bethe free energy
of a message set v = {v;_;} is

) =— Y log{ > @Z)z‘j(xial‘j)yi—v‘(xi)’/j—n'(l‘j)}

()EE woms
+ log { ST v, xj)”jﬂi(xj)} ;
% T jEoi zj

and the value at v of the Bethe (or belief propagation, BP ) mapping T of M(X)E
to itself s

(T)ise) = —— [T [ vatwnamatw)] (1.35)

Z. .
" 1eoi\j  aeXx

where z;_,; is determined by the normalization condition ) . (Tv)i—;(x) = 1.
It is easy to check that T is well defined for any permissive specification 1. That
is, in this case there exists for each i — j € E a positive constant z_,; > w\au—l

for which (Tv),_; € M(X).
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4.2.3 Main results

We defined the notions of Bethe measure and extremality for general probability
distributions over XV, and not only for the canonical measure u(-). The key
(unproven) assumption of statistical physics approaches is that the canonical
measure (which is ultimately, the object of interest), can be decomposed into a
unique convex combination of extremal measure, up to small error terms. This
motivates the name ‘extremal.” Further, each element of this decomposition can
be treated accurately within Bethe approximation.

Here we can prove the simplest case of this broad conjecture, namely when
the canonical measure p( -) is itself extremal.

Theorem 4.2.9. Let G be an R-tree like graph, 1 a permissive bounded specifi-
cation, and 0( ) a valid rate function. Suppose that the corresponding canonical
measure (i -) is extremal with rate 6( ).

Then, u(-) is (e,r) Bethe approzimated by its standard message set for ¢ =
exp(CH)0(R —r) and all r < R — 1. In particular, any such p(-) is an (e,7)
Bethe state for (G,1)).

Further in this case we get a sharp approximation of the log partition function.

Theorem 4.2.10. If v is the standard message set corresponding to a canonical
measure u(-) for a graph-specification pair (G,1) that is strongly extremal for
R-tree like graph G with valid rate function &(-), then |V|™'|logZ — ®(v)| — 0
as R — oo.

4.2.4 Groundwork

Lemma 4.2.11. For any probability measures p, on a discrete set Z and positive
constants B,, a = 1,2,

1 .
[|B1p1 — Bapallry > 3 min(S3y, B2)|[p1 — p2||v - (4.36)

Given a bounded function f: Z +— [0, fumax) such that {pa, [) = ,cz pa(2)f(2) is
positive for a = 1,2 consider the probability measures po(z) = pa(2)f(2)/{pa, f)
on Z. Then,

17 = Fllrs < 52255 o1 = pallo 4.37)

soif f(+) is also bounded below by fimin > 0, then ||p1—pa||tv < (3 fmax/ (2 fmin))||p1—
p2||rv-
Similarly, if f(-) is bounded below by fumin > 0, then

3(p1, [)
2 fmin
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and if it is also bounded above by fimax, then ||p1 — pallrv < (3 fmax/ (2fmin))||P1 —

Pallrv-
Finally, in case p, are two product measures on Z = X x ) we further have

that for ally € Y,

nly) ﬁz(y)‘ P 7

o)~ pal)| = Tor P pm iy 1 Pl

Proof. Starting with (4.36) we can assume that A = 5/ > 1. Setting A =
Ay ={z€ Z: pi(2) > A\pa2(z)} note that

(4.39)

p
1B1p1 = Bapal|rv = El[Pl(A) — Ap2(A) + p1(A) = p2(A) + (A = 1)(1 = p2(A))].
Since A; is the disjoint union of A = Ay and B = {z € Z : A\pa(2) > p1(2) >
p2(z)}, we further have

2 llor — palle = Zpr(4) — pa(A) + (B) ~ pa(B)].

The difference between the right side of these two identities is

2 pr(A) — Ao A) + (A= 11— () ~ pa(B)) + Aa(B) — p(B)].
We thus get (4.36) upon noting that the preceding expression is non-negative
(since A > 1 and pa(A)+pa(B) = p2(A1) < 1, while by definition p;(A) > Ap2(A)
and \p(B) > p1(B).

The bound (4.37) is proved in [19, Lemma 3.3]. The inequality (4.38) follows
upon noting that p,(z) = pa(2)9(2)/{pa,g) for g(z) = 1/f(z) bounded above
by Gmax = 1/ fmin and that (p1,9) = 1/{p1, f). Finally note that for p,(z,y) =
Pa()pa(y) the left side of (4.39) is merely

> flzy) 3, pz(x)f(w,y)‘
<p17 f) <p27 f>

(o1, [) = {pa2; /)] 1
o e ) 2O @ 0+ o

r%ax”pl - /)2||TV n fmaxupl - p2HTV

(o1, f) (P2, f) {1, [)
and we arrive at (4.39) upon noting that fiax/(pe, f) > 1. O

> (@) fa,y) =D pa(a) f(x,y)

Here are some useful consequences of having a permissive bounded specifica-
tion.
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Lemma 4.2.12. Suppose u is the canonical measure associated with a permissive
bounded specification ¢ for G. Then, for any partial assignment x;, any i ¢ U
and (i,7) € E,
pao(aflzy) > | XS, (4.40)
P tey) > R (4.41)

Further, for any message set {v,_.;} and any i — j € E
(Tw)imj(z}) > | X[ THR57 (4.42)

Proof. Let p®(-) denote the canonical measure for the graph G without the
vertex i, that is, the measure obtained upon removing the factors ¢ (-, -) for
k € 0i. Since i ¢ U we have that

>y, keor Yar (@i, o) p® (25| 2yy)
Zw’@m eraz‘ Vi (1‘,7 xk) N(i) (£6i|£U) .

With ¢ bounded and permissive, the inequality (4.40) follows upon using the up-
per bound ¥y, (2, ;) < max in the denominator and the lower bound vy, (27, xy) >
Kmayx in the numerator Further, with j removed from 0i the same representation
applies for ,uZ‘U (xl|xU) and from (4.35) we deduce that such representation app-

#iIU(xi@U) =

lies also for (Tv);_;(z;) apart from replacing p¥(z,,|z;;) with [Ticon, ve—i(zn).
Consequently, we get both (4.41) and (4.42) by the preceding argument. O

The bound (4.39) allows us to control the partial derivatives of the Bethe free
energy for a permissive bounded specification in terms of the difference between
the message set and its image under the Bethe mapping T.

Proposition 4.2.13. Suppose ¥ is a permissive bounded specification for G and
recall the mapping v — ®(v) of a set of messages to its Bethe free energy. If
max(v;;(z}), vj—i(z})] > K > 0, then for the constant C' = 2|X |k~ (3D and
any y € X,

0P (v) C
) < (T = i 4.43
)| < 2 Ty = ] (4.43
Proof. By direct computation we find that
00(v) Dy Vi (2) Vi (2, y) 2o (TV)ini ()05 (2, y)

Wimi(y) Doy Vi (@i (y )i (2, y) Exfy/(TV)HJ( 2 )i—i(Y )i (@, Y

which is precisely the term in the left side of (4.39) for J = X, the function
f(x,y) = ¥i;j(z,y) and the product measures p(z,y) = (Tv),—;(x)v;—;(y) and
pg(l‘, y) = Vi (l‘)l/]_,l(y)
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With 1 permissive and bounded we have that fi.x < ¥max and by (4.42) also

(o1, f) = (Tr)iey( Z% 2} Y)ji(y) 2 A (TV)i () 2 Y™ | X7

Similarly, (p2, f) > YminVi—;(z}) and further

(po, f) > ZVHJ )i (2, 25 )i (05) > Yminvj—i(2)

so by our assumption (ps, f) > ¥min K. Plugging these bounds in the right side
of (4.39) results with our thesis (since ||p1 — p2|rv = ||(TV)imj — Viejl|rv). O

Our next lemma provides a uniform bound on the total variation between
the message set at a directed edge ¢+ — j and its corresponding image under the
Bethe mapping T.

Lemma 4.2.14. Suppose a message set {v,_.;} is an (¢,2) Bethe approximation
of some probability measure p(-) for a permissive bounded specification 1 and a
2-tree like graph G. Then, for any directed edge i — j € F,

||<TV)1~>] — yi"jHTv < 3‘X‘/€7A E. (444)

Proof. Fixing i — j € E it is easy to check that if 9i = {j} then (Tv),—; = vi;
(is the uniform measure on X). Thus, we assume hereafter that |0i| > 1 and
note that since G has girth exceeding five, Gy is a subtree of the tree Gy for
U' = B(j,1) and U = 9i U 9] of diameter at most three with leaves U’ = 9
and OU = U \ {i,j} (in case |0j| = 1 we ignore the leaf j of Gy and Gy since
v;_; is then the uniform measure on X’). Since the message set v is a (¢, 2) Bethe
approximation of p(-) we have by (4.31) that

[l — vurllev + [lpr — vullev < 26

Further, since ¢« € U’ and py/, py are marginals of same probability measure, it
follows that ||(vy); — (Vv )il|rv < 2¢ for the marginals (vy); and (vy/); on @ of vy
and vy, respectively. Recall (4.30) that here

VU(£U> - Q/ng .T}Z,SL’] H wzl xzaxl Vlﬂz xl H wjk x]?'rk)ykﬂj(xk)
l€di\j keaj\i
1
vo(zy) = (@i, )i (@) IT winta an)vn;(an) .
v kedj\i

Summing the first expression over {z; : [ € U,l # i} and the second over {z; :
1 €Ul #i} we get in terms of the Bethe mapping T of (4.35) that

(vo)i(zi) = (Tv)imj(@a) f(2:) /((TV)imys £)
(vr)i(w:) = viej(z) f(w:) [ Vi, [)
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for the function f(x) = >_ (i, y)(Tv)j—i(y) on X. With ¢ bounded and
permissive, f(z) is bounded above by fuax = Ymax and bounded below by
Umin(TV) jﬂ-(x?) which by (4.42) is further bounded below by fuin = Ymaxk™/|X| >
0. Thus, by (4.38) the bound ||(vy); — (vy)il|rv < 2¢ translates to

||(TV)Z—’] - Vi—’jHTV S 3€fmax/fmin

which is precisely the thesis of the lemma. O

Combining Proposition 4.2.13 and Lemma 4.2.14 we obtain the following.

Corollary 4.2.15. Suppose a message set {v;_.;} is an (¢,2) Bethe approzima-
tion of some probability measure for a permissive bounded specification 1, a 2-tree
like graph G and ¢ < 1/c (where ¢ = 18| X |3k =32 is a finite constant). Then, for

any directed edge 1 — j € E and ye X,
0 (v

< ce.
ov—i(y ’

Proof. Recall (4.42) that (Tv),_;(2?) > ¢, for the positive constant ¢; = | x| 1x2~1
so in view of (4.44) we have that v, ;(z}) > (Tv),—;(2}) — 2cae > ¢ — 2¢9¢ for
the finite constant ¢ = 3|X|x~2. Thus, with C of Proposition 4.2.13 bounded
below by one, if ¢ < 1/¢ = ¢1/(3¢2C) then v, ;(2}) > K = ¢;/3 in which case
combining the bounds of Prop081t10n 4.2.13 and Lemma 4.2.14 we deduce that

81/ ’ = TV Z—>] Vi—>j||TV S ce,
J_’Z

as stated. O

Lemma 4.2.16. Suppose p is the canonical measure for a permissive bounded
specification. If i,7 & OU' and the edge (i,7) is in the tree Gy, then for any
configurations z', x*> € XV

||NZ\3U/( |£éU/> - NE\@(}’( |5U3U')HTV < 2[X |k 8 ||Nzg|aU’( |_aU/) /~Lz‘j|aU’( : |£§U’)||TV'

Proof. Since Gy is a tree, it is the disjoint union of the edge (i,7) and the
two disjoint subtrees formed when removing this edge from Gy. Denoting the
intersections of U’ with these two subtrees by AU (i) and U (j) the structure of
(+) is such that for a = 1,2,

a 1 ij o
Hijlov (T, y|zgy) = Z—¢ij($,y)ﬂf|a)u (x|x8U(z))ME‘\QU(]‘)(mgaU(j))7

with normalizing constants z, = >, (2, y)u z\ab (f‘f\xazj(z>)M%’U(j)(y@%U(j))-
Since 1 is a permissive specification, it follows that

||:uij|8U/('|£}9U’)_:uij|6U’( IxaU’)||TVZ/’{'wmaxuﬁlﬂ”aU (- |_8U(z) 52MZ|5U (- |_8U(z)||TV7
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where 3, = NﬁQU(j)(x?@gU(j)) /7, for a = 1,2. Clearly z, is bounded above by
VYmax and as j & OU(j) we get from (4.41) that 3, > L |X|71k®~1. The thesis

thus follows by applying the bound (4.36). O

Lemma 4.2.17. Suppose the canonical measure p for 2-tree like graph and a
permissive bounded specification is extremal of valid rate function 6(-). Then,
some finite constant K and any A CV

Proof. Let B = 0i U 07 \ {i,j}, and assume, without loss of generality, that
AN B =10. Then

144 — palley = Z)Zuf&”(%)mm(%l%)—ZMB@B)MA|B(£A|£B)
ZA B

Lp
< sup [[pas( - |zp) = pas(-12p) [y -
Tp,rh
We claim that there exists a constant C' such that pup(zg) > C for any z5. This
implies the thesis since

1 1
lrap(-lzs) = pap(-12p)llw < ZEllrap(-|zp) — pas(-l2s) v < 750(d(A, B))

In order to prove our claim notice that the vertices in B are not joined by any
edge (the induced subgraph has empty vertex set). Let C' be the set of vertices
k such that d(k, B) = 1. Then

pp(zp) = Y ppc(@plzo)nc(ze) > po(@l)usc(@plzl) (4.45)

Lo

P [Licon Y (@i, zy) by A2
> o) ] (sz Lo W(mwi)) > pe(ze) K7

leB

Finally puc(zP) > 21 by the same argument as in the proof of Lemma 4.2.12.
O

4.2.5 Proof of Theorem 4.2.9

Proof. Fixing r < R — 1, the permissive bounded graph-specification pair (G, 1))
that is extremal for R-tree like graph i with valid rate function 6(-) and U € U
with diam(U) < 2r,let Ugp = {k € V : d(k,U) > R'} for R" = R —r > 1. Note
that

N () = vo (Ol S Ellpo(-) = pyw,, (- lzg )y

+Ellpyw, (g, ) = v ()l (4.46)
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where vy corresponds to the standard message set and the expectation is with
respect to the random configuration x* of distribution p. The first term on the
right side is precisely ||y, (-, ) —po (- )pg,, ()]|rv which for 4(-) extremal of
valid rate function §(+) is bounded by §(d(U, Ug)) = 6(R —r). Turning to bound
the second term, for each directed edge i — 7 € E let
vi(wi) = ’LLE\%)(LR’ (x2|x8(z R’))

where B(i, R') is the collection of vertices of distance R’ from i and p(¥)(z) is the
measure of (4.34). Since diam(U) < 2r there exists i, € V such that U C B(i,, )
and as B(i,, R) is a tree, the canonical measure for B(i,, R) \ Gy is the product

of the corresponding measures for the subtrees rooted at i € QU. Consequently,
it is not hard to verify that we have the representation

. 1
now, @olzy,) = 11 vatez) [T vicue! (4.47)

U (ij)eEy i€dU

where u(i) = 0i N U for each ¢ € OU. The expression on the right side of (4.47)

is of the same form as vy except for using yl_)u(z) in the former and v;_,;) =

,uz(]) in the latter. With this in mind, we apply the bound of (4.37) for the
function f(zy) = [lij)ep, ¥ij(2i, z;) that is bounded above by frax = i
and measures p, that are uniform on X\ with p1(z9y) = [Ticop Vieuti)(%:)
and pa(2o0) = [Licov Viu@(®:). In doing so, recall that since ¢ is a permissive

specification, by (4.41),

o, £ 2 1270 TT w2 TT 1 vieuy (29)] 2 funaxe 1,

(ij)€Ey 1€0U

for the finite constant ¢ = |X|x~2, so we get from (4.37) that

HMU‘UR( ) |£*UR) —vu( v = o1 = Pallry < 20‘U|le — p2||rv
S 20|U‘ Z ||V2—>U(l - lﬂu(z ||TV (448)
€U

(i)

Let v]_; = g, R/)(-|§’§(l.7 R,)) and 2’ of distribution (%), independent of z*. Then,

IE| |V1HU(Z - z—>u(z) | |TV - EH Eyz—m(z Z—»u 1) ||TV < EH —>u(z z—>u(z) ‘ |TV<4 49)

Now, by Lemma 4.2.16 and the fact that G is R-tree like, we have that
||/~LZ\3U/( (o) — e (- |2hp0) | e
< 2|X|"€ ||Nij|8U/( ’ |£/8U’) - Nz‘j\aU'( ’ |£§U')||TV- (4-50)

Hyz(—m’ _yz?k—>jHTV =
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for j = u(i), i € U, U' = B(i, R') and oU" = B(i, R'). Further, taking the
expectation with respect to the independent random configurations 2’ and z*
leads to

B ps( - |£/§(¢7R/))_Mij< ‘xB(Z R’ ) lrv < QHN{”} B(i,R") ~ M{ij} HB(i,R") HTVWLHM(BZ?Z R ME(i,R/)||TV7
which for p extremal of valid rate function §(-) is, due to Lemma 4.2.17, bounded
by (24+K)§(R'—1) < ¢16(R—r) with ¢; = (2+K)/J, a finite constant. Combining
this with (4.49) and (4.50) we have that for any ¢ € OU,
Bl|Vieu(i) = Vi lrv < 20| X[6720(R 1),
and consequently, by (4.48) also
Bl (- lzg,) = vo(llee < der] X s 210U |76(R 7).
Since |OU| < |U| < |B(i,,7)| < A we have that 4¢,|X |k ~2|0U |V < exp(CF)—
1 for some constant Cy = Cy(|X|, A, k,0,) and all U such that diam(U) < 2r,
which by (4.46) thus yields the bound
o = vullev < exp(Cp) 0(R — 1),

for every U € U of diam(U) < 2r and r < R — 1, as claimed. O
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Chapter 5

g-Colorings of Random Graphs

In this chapter we shall consider the uniform measure pug(-) over proper g¢-
colorings of a graph G = (V| FE), with ¢ > 3. Deciding whether a graph is
g-colorable is a classical NP-complete constraint satisfaction problem. Here we
study pe(+) when G is sparse and random. Despite many efforts, and some fas-
cinating conjectures from statistical physics, very little is known rigorously on
the behavior of this random measure.

5.0.6 Definitions and broad picture

Given a graph G = (V, E), recall that a proper g-coloring of G is an assignment
of colors to the vertices of G such that no edge has both end-points of the same
color. We shall consider the uniform distribution over proper g-colorings. If
x ={z; : in € V} denotes a g-coloring (here z; € {1,...,¢}), this takes the form

1

o) = 5 T1 Mo #). (5.1)
(ij)er

The graph will be random over the vertex set V' = [N]. We have two examples

in mind (and will switch between them):

(a) G is uniformly random with M = Na edges (and therefore has average
degree 2a).

(b) G is a random regular graph with degree (k + 1).

Heuristic statistical mechanics studies suggest a rich phase transition structure
for the measure pg(-). For any! ¢ > 4, different regimes are separated by three
distinct critical values of the average degree: 0 < aq(q) < ac(q) < as(q). Such
regimes can be characterized as follows (all the statements below are understood
to hold with high probability with respect to the graph choice):

!The case ¢ = 3 is special in that aq(q) = ac(g). The reader is invited to discuss the case
q=2.
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[. @ < aq(q). The model does not undergo a phase transition. Roughly spe-
aking, the set of proper ¢ colorings forms a unique compact lump.

II. ag(q) < a < ac(g). The model is undergoes a phase transition. More

precisely, there exists a partition of the space of configurations {1,...,q}"
into N sets {Q,}, such that for any «
0e82q

Further N = V>

III. ac(q) < a < as(g). The situation is analogous to the previous one, but
N is sub-exponential. More precisely, for any § > 0, a fraction 1 — ¢ of
the measure p is comprised in N (0) ‘lumps’, whereby N (§) converges to a
finite random variable.

IV. a4(q) < a. A random graph is, with high probability, uncolorable.

Statistical mechanics methods provide semi-explicit expressions for the values
aq(q), ac(q), as(q). Such expressions involve solving an equation for a probability
distribution over the (¢—1)-dimensional simplex. The thresholds values are given
in terms of the solution of this an equation.

5.0.7 The COL-UNCOL transition: A few simple results

Although the existence of a colorable-uncolorable transition is not established,
Friedgut theory allows to make a first step in this direction.

Theorem 5.0.18. Denote by G a uniformly random graph with N vertices
and Na edges. For any q > 3 there exists as(q; N) such that

A}lm P{G N a.(q:N)(1-0) 15 g-colorable} =1, (5.3)
A}lm P{G N a.(q:N)(1+0) 15 g-colorable} =0, (5.4)

In the following we shall drop the N dependence from ag(q; N).
Proposition 5.0.19. The COL-UNCOL threshold is upper bounded as

log g
@ log(1—1/q)

Proof. The expected number of proper g-colorings is

as(q) <@ (5.5)

B{Z6} = ¢ (1 - ;)M | (5.6)
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and E{Zs} — 0 for a > @5(q). The thesis follows from Markov inequality. [

Notice that @s(q) = qlogq[l + o(1)] as ¢ — oo. This asymptotic behavior is
known to be tight.

Recall that the k-core of a graph G is the maximal induced subgraph with
minimal degree not smaller than k. A simple ‘algorithmic’ lower bound follows
from the next remark.

Proposition 5.0.20. If G does not contain a q-core, then it is q-colorable.

Proof. Given a graph G and a vertex 7, denote by G \ {i} the graph obtained by
removing vertex ¢ and all of the adjacent edges. If G does not contain a g-core,
then there exists an ordering i(1),4(2), ..., i(N) of the vertices, such the following
is true. If we define G; by Go = G and Gy = G;_1 \ i(t), then, for any ¢t < N, i(t)
has degree smaller than ¢ in G;_;.

The thesis follows from the observation that if G \ {i} is g-colorable, and ¢
has degree smaller than ¢, then G is g-colorable as well. U

The ordinary differential equations method can be used to establish a thres-
hold for the appearance of a g-core in a random graph G.

Proposition 5.0.21. Let F(p;a) = P{Poisson(2ap) > q — 1}, and define (for
q=3)

eore(q) = sup{a : F(p;a) < pVp €[0,1]}. (5.7)

Then, with high probability, a uniformly random graph G with M = Na edges
over N wvertices has a q-core if & > Qeore(q), and does not have one if @ < Qeore(q).

We omit the proof of this statement (due to Wormald, Spencer and Pittel)
since it loosely follows the one we explained for the 2-core of a random hypergraph.
The value of aore(q) can be derived by a simple heuristic argument. For a vertex
1 € V we call ‘g-core induced by ¢’ the largest induced subgraph that has minimum
degree not smaller than g except (possibly) at i. Given a random edge (i, ), we
denote by p the probability that ¢ belongs to the g-core induced by j. It is then
natural to write the following equation for p:

p = P{Poisson(2ap) > q — 1}. (5.8)

The threshold agee(gq) corresponds to the appearance of a positive solution of
this equation.

5.0.8 The clustering transition: The conjecture

The conjectured value for aq(q) has a particularly elegant interpretation in terms
of phase transition on a tree. Let T be a Galton-Watson tree with Poisson
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offspring distribution of mean 2ce. With an abuse of notation, let ; denote the
free boundary measure over proper colorings of T. More explicitly, a proper
coloring © = {x; : ¢ € V'} is sampled from pu as follows. First sample the root
color uniformly are random. Then recursively, for each colored node 7, sample
the colors of its direct descendants uniformly at random among the ones different
from x;.

We denote by r the root of T, and by B(r,¢) the set of vertices of T whose
distance form the root is at least ¢. finally for any subset of vertices U, we let
py(+) be the marginal distribution of the corresponding color assignments.

At small « the color at the root decorrelates from the far away ones in B(r, t).
At large a they remain correlated at any distance ¢. The ‘reconstruction thres-
hold” separates these two regimes.

Definition 5.0.22. The reconstruction threshold o.(q) is the supremum value of
a such that

tlg]oflo EHMT,E(r,t)( ) = (- )ME(r,t)( v =0. (5.9)

It is conjectured that a4(q) (the clustering threshold on random graphs) and
a;(q) (the reconstruction threshold on random trees), do indeed coincide. We
shall try to argue in favor of this conjecture in the following.

5.0.9 The clustering transition: A physicist’s approach

We now present a statistical physics argument to derive the location of the clus-
tering threshold. There are various versions of this argument and not all of them
are necessarily equivalent. However, they all predict the same location for the
threshold.

In trying to identify the existence of ‘lumps,” the major difficulty is that we
do not know, a priori, where the lumps are. However if z* is a configuration
sampled from p(-), it will fall inside one such lumps. The idea is to study how
a second configuration x behaves when tilted towards the first one.

In practice we fix " = {2z} : i € V} and study the tilted measure pu(-) =
pe o e+ ) defined by

p@) = TI ot ) [ oot w0, (5.10)

(i,j)ek iV

Here 7). is a tilting function depending on the continuous parameter e. We assume
o(z,y) = 1identically (therefore u reduces to the uniform measure over colorings
in this case) and € > 0 to favor z = y. For instance we might take

Ve(x,y) = exp {e]l(:p :y)} (5.11)
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Studying the above distribution is not an easy task, but we can hope Bethe
approximation to work in this case. Messages will depend on the graph but also
on z* and €. Bethe equations read

viej(w) = (el z) [ D2 veilw). (5.12)

l€di\j m1#x;

Introducing a shorthand for the right-hand side, we will write this equation as
Vi =FA{vi: leoi\ j}. (5.13)

Let us now assume that G is a regular graph of degree k+1 and x* a uniformly
random proper coloring of G'. Then the message v;_,; is itself a random variable,
taking values in the (¢— 1)-dimensional simplex. For z € {1,..., ¢}, let us denote
by @, the conditional distribution of v;_.; given that ] = x. In formulae, for a
subset A of the simplex, we have

Qu(A) =P {viy(-) € Alz} =} . (5.14)

It is then easy to write a recursion for (), namely

k
T1...T) i=1
If w no consider a random regular graph, we might hope that p(zy, ..., zx|x)

converge to the analogous conditional distribution on a tree. If this is the case
we obtain a fixed point equation for @)

Qu(A) = —— > /]I(Fg(yl,...,yk)eA)HQxi(dyi). (5.16)

It is generally believed (at least by physicists!) that the measure p undergoes a
phase transition if and only if this equation admits a non-degenerate solution.

5.0.10 Complexity

We will now introduce the statistical physics formula for the complexity of the
uniform measure over clusters. We will finish discussing the relation between
tree reconstruction and phase transitions in g-colorings of random graphs. Sub-
sequently we show that proper colorings on a random regular graph with k < ¢
does not undergo a phase transition.

For the sake of simplicity we shall restrict ourselves to regular graphs of degree
(k+1).
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Recall that, within Bethe-Peierls approximation, the free entropy of proper
colorings is given by

P{v;;} = — Z log Z Viej(xi)vimi(xg) p + Zlog Z H Z vii(xj)

(i,§)eE TiFT; eV x jEOi xjFw

where the messages {v;_.;} must solve (within some accuracy) the Bethe-Peierls
equations. Let 7 is the uniform distribution over {1,...,¢q}.

Consider the e-tilted model in the limit € | 0. One solution of the BP equations
is given by v;_,; = 7. This corresponds the system being completely uncorrelated
with the reference configuration. The corresponding free-entropy on a regular
graph of degree (k+ 1) is

d(v)=N K ; L log{ Z ﬁ(azl)?(:cg)} + log ZH Z v(x;)
T1#£T2 z j=luz;#x

17 ®+D/2
= Nlog< q [1 — —} :
q

However there is another ‘non-trivial’ solution that corresponds to the free
entropy of a single partition 2,. The exponential growth rate of the number of
pure states X is obtained by taking the difference of these two free entropies and
dividing by the number of nodes

Y= A}nn NHo®®) - ®{vi;}} . (5.17)
When the reference configuration is random, the messages appearing in each
term of ®{v;_,;} are themselves random, with distribution that can be expressed
in terms of (),. By taking expectation of the above, we get

v k;_lqu_ 1 Z /W 1/1’1/2) Qm(dVl) ng(dy2> (518)
:vl;témg
k+1
q_1k+1z Z /W Vi Vkgl) HQmZdVZ,
T T1,..., TRFT
where
_ 23317512 g (l’l)lj2<,]]2)
We(vr, 1) = 10g{ Zmém v(x1)v(x9) } ' (5.19)
Z Hk—H Z$ #x Vj (l‘]) }

W, ..., = lo J . 590

(Vl Vk+1) {E Hk+1 Zxﬂém (:L’]) ( )
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5.0.11 Reconstruction on trees and clustering threshold

Consider a random regular graph of degree (k+ 1). We argued heuristically that
a phase transition occurs if there exists a family of non-degenerate distributions
{Q.} over the (¢ — 1)-dimensional simplex that satisfy the equation

a- ¥ /]I(F(yl,...,uk)eA)HQxi(dui). (5.21)

_ 1)k
<q 1) Tl TRAT
The relation with the reconstruction problem on regular trees is shown in the

following Proposition.

Proposition 5.0.23. The reconstruction problem is solvable on k-regular trees
if and only if Eq. (5.21) admits a non-degenerate solution.

Proof. Consider a random (according to the free boundary Gibbs measure) proper
coloring of the regular tree. Let v® be the marginal distribution of the root color
given the colors at generation ¢. In formulae, for z € {1,..., ¢}, we define

y (z) = Hor B(r,t) (55|X§(r,t)) =P{X, = 55|X§(r,t)} : (5.22)

Denote by Q;(,;t) the distribution of v® given the root value X, = x. It is immediate
to show that this sequence of distributions satisfies the recursion

QU (A) = ! Z /]I(F(yl, ) €A HQ(t)(dyi). (5.23)

The initial condition is Qio) = 0,,, where v, is the singleton over the color x.
The sequence of distributions {Q®} converges weakly to a limit Q> because
{v®1} is a backward martingale. Further we have

1 q
it g (- ) = 1 (g ()l lov = 5Z/|IV—PIITV Qo(dv).  (5.24)
r=1

Finally, it follows from Bayes theorem that Q;(,f)(dl/) = qu(z)QW(dv), where Q¥
is the unconditional distribution of v, As a consequence of these remarks,
the reconstruction problem is solvable if and only if the distributions Q;‘x” are
non-degenerate.

Therefore solvability implies the existence of a non-trivial solution of Eq. (5.21),
namely Q(moo).

To prove the converse, first notice that a sufficient condition of reconstructi-
bility is that

vy @y (- ) = pa (v ()llev 720 (5.25)
for some random variable Y(¢) that is conditionally independent of X, given
Xg(py- We then take Y(¢) = .... O
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Chapter 6

Reconstruction and extremality

Extremality was introduced in Chapter 4 as a sufficient condition (together with
a large girth condition) for the Bethe-Peierls approximation to be accurate. Un-
happily it s a difficult conditon to check. In the present Chapter we discuss a
relation between extremality on random graphs and extremality on associated
models trees. This is a first step towards understanding extremality on random
graphs.

This paper is largely based on [17] which we refer to for further details.

6.1 Introduction and outline

Let G = (V, F) be a graph, and X = {X, : i € V} a proper coloring of its vertices
sampled uniformly at random. The reconstruction problem amounts to estimating
the color of a distinguished (root) vertex r € V, when the colors {X; = z; :
j € U} of subset of vertices are revealed. In particular, we want to understand
whether the revealed values induce a substantial bias on the distribution of Xj.

As in the previous chapters, we shall consider the more general setting of
graphical models. Such a model is defined by a graph G = (V, E), and a set of
weights ¢ = {¢y; © (ij) € E}, ¢y : X x X — Ry. Given a graph-weights pair
(G, ), we let

P{X=a(G.0)} =u@) =5 ] vulonsy), (61

(ij)eE

where we assume ¢;;(z,y) = 9;;(y, x). The example of proper colorings is reco-
vered by letting X = {1,...,q} (¢ being the number of colors) and v;;(x,y) =1
if ¥ # y and = 0 otherwise. Ising models from statistical mechanics provide
another interesting class, whereby X = {+1,—1}. In the ‘ferromagnetic’ case
the weights are ;;(+, +) = ¥;;(—, —) =1 — € and ¥;;(+, —) = ¥y (—, +) = € for
some € € [0,1/2].
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For economy of notation, we shall often write P{-|G} as a shorthand for
P{-|[(G,%)}, and ‘the graph G’ for ‘the graph-weights pair (G, ).” It is unders-
tood that, whenever GG is given, the weights v are given as well. Further, for
UCVy, welet Xy ={X;: jeU} and Py{zy|G} = P{X, = |G} be its
marginal distribution that can be obtained by marginalizing Eq. (6.1).

For i,j € V, let d(i,7) be their graph theoretic distance. Further for any
t >0, we let B(i,t) be the set of vertices j such that d(i, j) > ¢, (and, by abuse
of notation, the induced subgraph). The reconstructibility question asks whether
the ‘far away’ variables Xg, ,) provide significant information about X,.. This is
captured by the following definition (recall that, given two distributions p, ¢ on
the same space S, their total variation distance is ||p — q[|wv = (1/2) >, o5 [Pe —

Gzl).

Definition 6.1.1. The reconstruction problem is (t,e)-solvable (reconstructible)
for the graphical model (G, 1) rooted at r € V if

1P, 5t 1GY = Pr{ - |G} Py i - [GHlay > €

In the following we will consider graphs GG that are themselves random. By
this we mean that we will specify a joint distribution of the graph Gy = (Vy =
[N], Ey), of the weights {1;}, and of the root vertex r whose variable we are
interested in reconstructing. Equation (6.1) then specifies the conditional distri-
bution of X, given the random structure (G, ) (again, we’ll drop reference to

).

Definition 6.1.2. The reconstruction problem is solvable (reconstructible) for
the sequence of random graphical models {G y} if there exists € > 0 such that, for
all t > 0 it is (t,e)-solvable with positive probability, i.e. if

1P gl 1Gn} = Pl GNP { - Gty 2 €. (6.2)
with positive probability".

To be specific, we shall assume Gy to be a sparse random graph. In this case,
any finite neighborhood of r converges in distribution to a tree [49]. Further,
imagine to mark the boundary vertices of such a neighborhood, and then take
the neighborhood out of Gx (thus obtaining the subgraph denoted above as
B(r,t)). The marked vertices will be (with high probability) ‘far apart’ from each
other in B(r,t). This suggests that the corresponding random variables {X;}
will be approximately independent when the tree-like neighborhood is taken out.

'Here and below, we say that the sequence of events {Ax} holds with positive probability
(wpp) if there exists 4 > 0 and an infinite sequence N/ C IN, such that P{Ax} > ¢ for any
N € N. Notice that, in a random graph, r might be in a small connected component. Therefore
Eq. (6.2) cannot be required to hold with high probability.
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Hence, approximating G'n by its local tree structure might be a good way to
determine correlations between X, and the boundary variables { X : d(r, j) = t}.
In other words, one would expect reconstructibility on Gy to be determined by
reconstructibility on the associated random tree.

Of course the above conclusion does not hold in general, as it is based on a
circular argument. We assumed that ‘far apart’ variables (with respect to the
residual graph B(r,t)) are weakly correlated, to understand whether ‘far apart’
variable (in Gy ) are. In fact, we will prove that tree and graph reconstruc-
tion do not coincide in the simplest example one can think of, namely the Ising
ferromagnet (binary variables with attractive interactions).

On the positive side, we prove a general sufficient condition for the tree and
graph behaviors to coincide. The condition has a suggestive geometrical inter-
pretation, as it requires two independent random configurations X and X® to
be, with high probability, at an approximately fixed ‘distance’ from each other.
In the example of coloring, we require two uniformly random independent co-
lorings of the same graph to take the same value on about 1/¢ of the vertices.
The set of ‘typical configurations’ looks like a sphere when regarded from any
typical configuration. Under such a condition, the above argument can be put
on firmer basis. We show that, once the the neighborhood of the root r is taken
out, boundary variables become roughly independent. This in turns implies that
graph and tree reconstruction do coincide.

We apply this sufficient condition to the Ising spin glass (where the condition
can be shown to hold as a consequence of a recent result by Guerra and Toni-
nelli [50]), and to antiferromagnetic colorings of random graphs (building on the
work of Achlioptas and Naor [51]). In both cases we will introduce a family of
graphical models parametrized by their average degree. It is natural to expect
reconstructibility to hold at large degrees (as the graph is ‘more connected’) and
not to hold at small average degrees (since the graph ‘falls’ apart into discon-
nected components). In the spin glass case we are indeed able to estabilish a
threshold behavior (i.e. a critical degree value above which reconstruction is sol-
vable). While we didn’t achieve the same for colorings, we essentially reduced
the problem to establishing a threshold for the tree model.

6.1.1 Applications and related work

Let us discuss a selection of related problems that are relevant to our work.
Markov Chain Monte Carlo (MCMC) algorithms provide a well estab-
lished way of approximating marginals of the distribution (6.1). If the chain is
reversible and has local updates, the mixing time is known to be related to the
correlation decay properties of the stationary distribution P{- |Gy} [52, 53]. In
this context, correlations between X, and Xg, , are usually characterized by
measures of the type A(t) = sup, [P, 5.1 2544, Gn} — Pr{ - [GN}|ry. The
‘uniqueness ’ condition requires A(t) to decay at large ¢, and is easily shown to
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imply non-reconstructibility. On graphs with sub-exponential growth, a fast eno-
ugh decay is a necessary and sufficient condition for fast mixing. On the other
hand, in more general cases this is too strong a criterion, and one might want to
replace it with the non-reconstructibility one.

In [54] it was proved that non-reconstructibility is equivalent to polynomial
spectral gap for a class of models on trees. The equivalence was sharpened in
[55], showing that non-reconstructibility is equivalent to fast mixing in the same
models. Further, [54] proved that non-reconstructibility is a necessary condition
for fast mixing on general graphs. While a converse does not hold in general, non-
reconstructibility is sufficient for rapid decay of the variance of local functions
(which is often regarded as the criterion for fast dynamics in physics) [56].

Random constraint satisfaction problems. Given an instance of a const-
raint satisfaction problem (CSP), consider the uniform distribution over its so-
lutions. This takes the form (6.1), where 1;; is the indicator function over the
constraint involving variables x;, x; being satisfied (Eq. (6.1) is trivially gene-
ralized to k-variables constraints). For instance, in coloring it is the indicator
function on z; # z;.

Computing the marginal P.{-|Gx} can be useful both for finding and for
counting the solutions of such a CSP. Assume to be able to generate one uniformly
random solution X. In general, this is not sufficient to approximate the marginal
of X; in any meaningful way. However one can try the following: fix all the
variables ‘far from r’ to take the same value as in the sampled configuration,
namely X8t and compute the conditional distribution at the root. If the graph
is locally tree-like, the conditional distribution of X, can be computed through an
efficient dynamic programming procedure. The result of this computation needs
not to be near the actual marginal. However, non-reconstructibility implies the
result to be with high probability within e (in total variation distance) from the
marginal.

As a consequence, a single sample (a single random solution z) is sufficient
to approximate the marginal P,.{ - |Gx}. The situation is even simpler under the
sufficient condition in our main theorem (Theorem 6.1.4). In fact this implies
that the boundary condition zg, ,) can be replaced by an iid uniform boundary.

For random CSP’s, GGy becomes a sparse random graph. Statistical mechanics
studies [8] suggest that, for typical instances the set of solutions decomposes
into ‘clusters’ at sufficiently large constraint density [57, 58]. This leads to the
speculation that sampling from the uniform measure P{ - |Gy} becomes harder
in this regime.

The decomposition in clusters is related to reconstructibility, as per the follo-
wing heuristic argument. Assume the set of solutions to be splitted into clusters,
and that two solutions whose Hamming distance is smaller than Ne belong to the
same cluster. Then knowing the far away variables zg, , (i.e. all but a bounded
number of variables) does determine the cluster. This in turns provides some
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information on X,.

In fact, it was conjectured in [2] that tree and graph reconstruction thresholds
should coincide for ‘frustrated” models on random graphs. Both should coincide
with the clustering phase transition in the set of solutions [59].

Statistical inference and message passing. Graphical models of the
form (6.1) are used in a number of contexts, from image processing to artificial
intelligence, etc. Statistical inference requires to compute marginals of such a
distribution and message passing algorithms (in particular, belief propagation,
BP) are the methods of choice for accomplishing this task.

The (unproven) assumption in such algorithms is that, if a tree neighborhood
of vertex i is cut away from G, then the variables {X;} on the boundary of this
tree are approximately independent. Assuming the marginals of the boundary
variables to be known, the marginal of X; can be computed through dynamic
programming. Of course the marginals to start from are unknown. However,
the dynamic programming procedure defines an mapping on the marginals them-
selves. In BP this mapping is iterated recursively over all the nodes, without
convergence guarantees.

Lemma 6.3.2 shows that, under the stated conditions, the required indepen-
dence condition does indeed hold. As stressed above, this is instrumental in
proving equivalence of graph and tree reconstructibility in Theorem 6.1.4.

Reconstruction problems also emerge in a variety of other contexts: (i) Phy-
logeny [39] (given some evolved genomes, one aims at reconstructing the genome
of their common ancestor); (i7) Network tomography [40] (given end-to-end de-
lays in a computer network, infer the link delays in its interior); (ii7) Statistical
mechanics [16, 60] (reconstruction being related to the extremality of Gibbs me-
asures).

6.1.2 Previous results

If the graph Gy is a tree, the reconstruction problem is relatively well understood
[11]. The fundamental reason is that the distribution P{X = z|Gy} admits a
simple description. First sample the root variable X, from its marginal P{X, =
x,|Gn}. Then recursively for each node j, sample its children {X;} independently
conditional on their parent value.

Because of this Markov structure, one can prove a recursive distributional
equation for the conditional marginal at the root P, g5, »{ | X5, Gn} = ()
given the variable values at generation t. Notice that this is a random quantity
even for a deterministic graph Gy, because Xg, ;) is itself drawn randomly from
the distribution P{-|Gx}. Further, it contains all the information (it is a ‘suffi-
cient statistic’) in the boundary about the root variable X,. In fact asymptotic
behavior of 7,(-) as t — oo then determines the solvability of the reconstruction
problem. Studying the asymptotic behavior of the sequence n;( - ) (which satisfies
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a recursive distributional equation) is the standard approach to tree reconstruc-
tion.

Among the other results, reconstructibility has been thoroughly characterized
for Ising models on generic trees [60, 61, 62]. For an infinite tree T the reconst-
ruction problem is solvable if and only if br(T)(1 — 2¢)? > 1, whereby (for the
cases treated below) br(T) coincides with the mean descendant number of any
vertex. This result establishes a sharp threshold in the tree average degree (or in
the parameter €), that we shall generalize to random graphs below. However, as
we will see, the behavior is richer than in the tree case.

Reconstruction on general graphs poses new challenges, since the above re-
cursive description of the measure P{-|Gx} is lacking. The result of [54] allows
to deduce non-reconstructibility from fast mixing of reversible MCMC with local
updates. However, proving fast mixing is far from an easy task. Further, the con-
verse does not usually hold (one can have slow mixing and non-reconstructibility).

An exception is provided by the recent paper by Mossel, Weitz and Wormald
[63] that establishes a threshold for fast mixing for weighted independent sets
on random bipartite graphs (the threshold being in the weight parameter \).
Arguing as in Section [17], it can be shown that this is also the graph reconst-
ruction threshold. This result is analogous to ours for the ferromagnetic Ising
model: it provides an example in which the graph reconstruction threshold does
not coincide with the tree reconstruction threshold. In both cases the graph re-
construction threshold coincides instead with the tree ‘uniqueness threshold’ (i.e.
the critical parameter for the uniqueness condition mentioned above to hold).

6.1.3 Basic definitions

We consider two families of random graphical models: regular and Poisson mo-
dels. In both cases the root r € V' is uniformly random and independent of G .
A regular ensemble is specified by assigning an alphabet X' (the variable range),
a degree (k+1) and and edge weight ¢ : X x X — R,. For any N > 0, a random
model is defined by letting GG be a uniformly random regular graph of degree
(k+1) over vertex set V' = [N]. The joint distribution of (X1, ..., Xy) is given by
Eq. (6.1), with v;;(-, -) = ¢(-, ). A variation of this ensemble is obtained by
letting G’ be a random regular multi-graph according to the configuration model
[64] (notice that our definitions make sense for multigraphs as well). Indeed in
the following we assume this model when working with regular graphs.

As an example, the random reqular Ising ferromagnet is obtained by letting
X = {+1, -1} and, for some € < 1/2, ¢ (x1,29) = 1 —€if 21 = x5 and Y(z1, x9) =
€ otherwise.

Specifying a Poisson ensemble requires an alphabet X, a density v € R,
a finite collection of weights {¢,(-,-) : a € C}, and a probability distribution
{p(a) : a € C} over the weights. In this case G is a multigraph where the number
edges among any pair of vertices ¢ and j is an independent Poisson random
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variable of parameter 2v/n. Each loop (i,%) is present with multiplicity which
is Poisson of mean? /n. Finally, for each edge in the multi-graph, we draw
an independent random variable a with distribution p(-) and set (-, -) =
%( Tt )

Two examples of Poisson ensembles to be treated below are the Ising spin
glass, and antiferromagnetic colorings (aka ‘antiferromagnetic Potts model’). In
the first case X = {+1, —1} and two type of weights appear with equal probability
(iie. C = {+,—} and p(+) = p(—) = 1/2): Yy(x1,22) = 1 — € for 1 = x,
Wy (21, x9) = € for x1 # xo, while Y_(x1,29) = € for x1 = 9, VY_(x1,29) =1 — ¢
for x1 # x5. For proper colorings X = {1,...,q}, and |C| = 1 with ¢(x1,25) =1
if o1 # w9, and (21, x2) = € < 1 otherwise (for € = 0 one recovers the uniform
measure over proper colorings of 7).

Both graphical model ensembles defined above converge locally to trees. In
the case of regular models, the corresponding tree model is an infinite rooted tree
of uniform degree (k + 1), each edge being associated the same weight ¥( -, -).
For Poisson models, the relevant tree is a rooted Galton-Watson tree with Poisson
distributed degrees of mean 2. Each edge carries the weight ,( -, -) indepen-
dently with probability p(a).

Given such infinite weighted trees, let T,, ¢ > 0 be the weighted subgraph
obtained by truncating it at depth ¢. One can introduce random variables X =
{X; : j € T,}, by defining P{X = z|T,} as in Eq. (6.1) (with G replaced by
T,). With an abuse of notation we shall call r the root of T,. It is natural to ask
whether reconstruction on the original graphical models and on the corresponding
trees are related.

Definition 6.1.3. Consider a sequence of random graphical models {Gy} (dist-
ributed according either to the regular or to the Poisson ensemble), and let {T,}
be the corresponding sequence of tree graphical models. We say that the reconst-
ruction problem is tree-solvable for the sequence {Gy} if there exists € > 0 such
that, for anyt > 0

1P gt - [Teh = Prd - [T P { - [Tedllov > €, (6.3)
with positive probability (as { — o)

Notice that tree-reconstruction is actually a question on the sequence of tree
graphical models {T,} indexed by ¢. The only role of the original random graphs
sequence {Gy} is to determine the distribution of T,.

Despite the similarity of Eqs. (6.3) and (6.2), passing from the original graph
to the tree is a huge simplification because P{-|T,} has a simple description as
mentioned above. For instance, in the case of a ferromagnetic Ising model, one
can sample the variables X; on the tree through a ‘broadcast’ process. First,

2Notice that in a typical realization there will be only a few loops and non-simple edges.
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generate the root value X, uniformly at random in {41, —1}. Then recursively,
for each node j, generate the values of its children {l/} conditional on X; = z; by
letting X; = z; independently with probability 1 — €, and X; = —x; otherwise.
Analogous descriptions exist for the spin-glass and colorings models.

6.1.4 Main results

Our first result is a sufficient condition for graph-reconstruction to be equiva-
lent to tree reconstruction. In order to phrase it, we need to define the ‘two-
replicas type.” Consider a graphical model Gy and two two iid assignments of
the variables X X® with common distribution P{- |Gy} (we will call them
replicas following the spin glass terminology). The two replica type is a matrix
{v(z,y) : z,y € X} where v(z,y) counts the fraction of vertices j such that
X;l) = x and XJ@) = 7. (Conversely, the set of distributions v on X x X such
that Nv(xz,y) € IN will be called the set of valid two-replicas types Ry. When
we drop the constraint Nv(z,y) € IN, we shall use R.)

The matrix v is random. If P{-|Gx} were the uniform distribution, then v
would concentrate around 7(z,y) = 1/|X|?. Our sufficient condition requires this
to be approximately true.

Theorem 6.1.4. Consider a sequence of random Poisson graphical models {Gx},
and let v( -, -) be the type of two iid replicas XV, X, and Av(x,y) = v(z,y) —
v(x,y). Assume that, for any x € X,

N

EQ |Av(z,z) = 2[X[1)  Av(z,2))| p =0, (6.4)

Then the reconstruction problem for {Gy} is solvable if and only if it is tree-
solvable.

Remark 1: Notice that the expectation in Eq. (6.4) is both over the two
replicas XM, X® (which the type v(-, -) is a function of) conditional on G,
and over G. Explicitly E{---} = E{E[- - - |Gy]}. Remark 2: In fact, as is hinted
by the proof, the condition (6.4) can be weakened, e.g. 7(- -) can be chosen more
generally than the uniform matrix. This will be treated in a longer publication.

The condition (6.4) emerges naturally in a variety of contexts, a notable one
being second moment method applied to random constraint satisfaction problems
[65]. As an example, consider proper colorings of random graphs. In bounding
on the colorability threshold, one computes the second moment of the number of
colorings, and, as an intermediate step, an upper bound on the large deviations
of the type v. Oversimplifying, one might interpret Theorem 6.1.4 by saying
that, when second moment method works, then tree and graph reconstruction
are equivalent. Building on [51] we can thus establish the following.
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Theorem 6.1.5. Consider antiferromagnetic q-colorings of a Poisson random
graph and let v, = (¢ — 1)log(q — 1). If v € [0,7,) and € € [0,1], then the
reconstruction problem is solvable if and only if it is tree solvable.

A proof for € > 0 and v € [0,7,] \ I with I" countable was provided in [17].
The complete proof was obtained only recently (A. M., R. Restrepo and P. Tetali,
in preparation).

The above theorems might suggests that graph and tree reconstruction do
generally coincide. This expectation is falsified by the simplest possible example:
the Ising model. This has been studied in depth for trees [60, 61, 62]. If the tree
is regular with degree (k+ 1), the problem is solvable if and only if k(1 —2¢)* > 1.
The situation changes dramatically for graphs.

Theorem 6.1.6. Reconstruction is solvable for random regular Ising ferromag-
nets if and only if k(1 — 2¢) > 1.

This result possibly generalizes to Ising ferromagnets on other graphs that
converge locally to trees. The proof of reconstructibility for k(1 — 2¢) > 1 essen-
tially amounts to finding a bottleneck in Glauber dynamics. As a consequence
it immediately implies that the mixing time is exponential in this regime. We
expect this to be a tight estimate of the threshold for fast mixing.

On the other hand, for an Ising spin-glass, the tree and graph thresholds do
coincide. In fact, for an Ising model on a Galton-Watson tree with Poisson(2+)
offspring distribution, reconstruction is solvable if and only if 2y(1 — 2¢)* > 1
[61]. The corresponding graph result is established below.

Theorem 6.1.7. Reconstruction is solvable for Poisson Ising spin-glasses if
2v(1 = 2¢)? > 1, and it is unsolvable if 2v(1 — 2¢)* < 1.

6.2 Random graph preliminaries

Let us start with a few more notations. Given i € V', and t € IN, B(i,t) is the
set of vertices j such that d(i,j) < ¢ (as well as the subgraph formed by those
vertices and by edges that are not in B(i,t)). Further we introduce the set of
vertices D(i,t) = B(i,t) N B(i, ).

The proof of Theorem 6.1.4 relies on two remarkable properties of Poisson
graphical models: the local convergence of B(r,t) to the corresponding Galton-
Watson tree of depth ¢ (whose straightforward proof we omit), and a form of
independence of B(r, t) relatively to B(r,¢). Notice that, because of the symmetry
of the graph distribution under permutation of the vertices, we can fix r to be a
deterministic vertex (say, r = 1).

Proposition 6.2.1. Let B(r,t) be the depth-t neighborhood of the root in a Pois-
son random graph Gy, and T; a Galton-Watson tree of depth t and offspring
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distribution Poisson(2vy). Given any (labeled) tree T., we write B(r,t) ~ T, if
T, is obtained by the depth-first relabeling of B(r,t) following a pre-established
convention®. Then P{B(r,t) ~ T,} converges to P{T; ~ T,} as N — oc.

Proposition 6.2.2. Let B(r,t) be the depth-t neighborhood of the root in a Pois-
son random graph Gy. Then, for any X > 0 there ezists C(\,t) such that, for
any N, M >0

P{|B(r,t)| > M} < C(\, ) \™M. (6.5)

Proof. Imagine to explore B(r,t) in breadth-first fashion. For each ¢, |B(r,t +
1)| — |B(r,t)| is upper bounded by the sum of |D(r, )| iid binomial random va-
riables with parameters N — |B(r,t)| and 1 — e=2/N < 24/N (the number of
neighbors of each node in D(r,t)). Therefore |B(r,t)| is stochastically domi-
nated by >>'_ Zn(s), where {Zx(t)} is a Galton-Watson process with offsp-
ring distribution Binom(XN,2v/N). By Markov inequality P{|B(r,t)] > M} <
E{\Z:=0 2N ()} \=M By elementary branching processes theory gV (\) = E{\Z:=0 Zn ()}
satisfies the recursion gf};(A) = AXn(gi' (V). g5’ (A) = A, with En(A) = A1+
2y(A — 1)/N)¥. The thesis follows by ¢¥(\) < g¢()\), the latter being obtained
by replacing &x (M) with () = e A=) > ¢y(N). O

Proposition 6.2.3. Let Gy be a Poisson random graph on verter set [N] and

edge probability p = 2v/N. Then, conditional on B(r,t), B(r,t) is a Poisson
random graph on vertex set [N]\ B(r,t — 1) and same edge probability.

Proof. Condition on B(r,t) = G(t), and let G(t —1) = B(r,t—1) (notice that this
is uniquely determined from G(t)). This is equivalent to conditioning on a given
edge realization for any two vertices k, [ such that k € G(t — 1) and [ € G(¢) (or
viceversa).

On the other hand, B(r,t) is the graph with vertices set [N]\ G(t) and edge
set (k,1) € Gy such that k,1 ¢ G(t — 1). Since this set of vertices couples is
disjoint from the one we are conditioning upon, and by independence of edges in
Gy, the claim follows. O

6.3 Proof of Theorem 6.1.4

We start from a simple technical result.

Lemma 6.3.1. Let p, q be probability distribution over a finite set S, and denote
by qo(x) = 1/|S| the uniform distribution over the same set. Define p(x) =

p(x)q(x)/z, where z =" p(x)q(z). Then ||p— pllowv < 3[S1|lg — qol v

3For instance one might agree to preserve the original lexicographic order among siblings
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Proof. Since ||p — pllrv < 1 we can assume, without loss of generality, that
g — dollew < (IS 1 we write p(z) = p(x)ao(z)/z0, with 2 = 1/|S], then
|2 — 20| <[22, [p(x)a(x) — p(x)qo(2)]] < [lg — qol|lrv and in particular z > z/2.
From triangular inequality we have on the other hand

. 1, _ _ 1
5= pllee < 5127 = 2" + 5 2 pl@la(a) - ()]

Using |z ' —y~!| < |z —y|/ min(x,y)?, the first term is bounded by 2|z — 2| /28 <

2|S)%|lg — qo|rv- The second is at most |S|||¢ — qo||+v which proves the thesis. [J

In order to prove Theorem 6.1.4 we first establish that, under the condition
(6.4), any (fixed) subset of the variables {Xi,..., Xy} is (approximately) uni-
formly distributed.

Proposition 6.3.2. Let i(1),...,i(k) C [N] be any (fized) set of vertices, and
&1,..., & € X. Then, under the hypotheses of Theorem 6.1.4, for any & > 0

1
‘Pi(l) ..... it &lGN} — 7| <€, (6.6)

| X[

with high probability.

Proof. Given two replicas XM, X® define, for € € X (with I.. the indicator
function)

1 & 1 1
@ =5 X {re - {ne-mf

Notice that Q(&) = Av(&, &) — (2/|X]) >, Av(€, z) is the quantity in Eq. (6.4).

Therefore, under the hypothesis of Theorem 6.1.4, E{Q(£)*} 2 0. Further, since
|Q(&)| <1 and using Cauchy-Schwarz, for any &;,...,& € X

IE{Q(&) - Q(&)} < ElQ(&1)] = 0.

If we denote by Q;(§) the quantity on the right hand side of the sum in
Eq. (6.7) then Q(&) is the uniform average of Q;(£) over a uniformly random
i € [N]. By symmetry of the graph distribution with respect to permutation of
the vertices in [IV], and since |Q(&)| < 1 we get

E{Q(&) - Q(&)} = E {Qz‘(l)(fl) o ‘Qz‘(k)(fk)} + €k,N

k
= E{B{[[(x e — 1X1DICN I} + i
a=1

64



where |e; x| is upper bounded by the probability that & random variable uniform
in [N] are not distinct (which is O(1/N)). Therefore the expectation on right
hand side vanishes as N — oo as well, which implies (since the quantity below
is, again, bounded by 1)

GN}

k

E { [ @@=, — 1217
a=1

with high probability for any € > 0. The proof is completed by noting that the

left hand side of Eq. (6.6) can be written as

Z I { H(HXi(aFéi(a) - |X|71)
(K]

0£UC aclU

<e (6.7)

GN} §2k87

where the last bound holds whp thanks to Eq. (6.7) and e can eventually be
rescaled. g

In order to write the proof Theorem 6.1.4 we need to introduce a few short-
hands. Given a graphical model Gy, and U C [N}, we let uy(zy) = P{X, = 2y|Gn}
(omitting subscripts if U = V). If r is its root, £ € N and U C B(r, /),
we define pug5(z,) = P{X, =z,|B(r,0)} (ie. p< is the distribution obtai-
ned by restricting the product in (6.1) to edges (i,7) € B(r,¢)). Analogously
pi(zy) = P{X, = 2y [B(r, 0) }. Finally for U C [N], we let py(z,) = 1/|X |1V
be the uniform distribution on X'V.

Lemma 6.3.3. Let G be a graphical model rooted at v, and ¢ € IN. Then for
anyt </,

100yt e = WSy — b | <
<X |150, 0) = PGy - (6.8)
Proof. First notice that, by elementary properties of the total variation distance,
= 15 llev < llbge,e — Hgpgllry for any U € B(r,€). Applying this remark

and triangular inequality, the left hand side of Eq. (6.8) can be upper bounded
by 3|[18(0) — H(rpllrv- Next notice that, as a consequence of Eq. (6.1) and of

the fact that B(r,¢) and B(r, () are edge disjoint (and using the shorthands B()
and D(¢) for B(r,¢) and D(r,?))

HE(@) (EB(Z) )HS(@ @D(Z))

150 (Zg o) Mo (Zp))

HB(¢) (QB(Z)) = S

2‘3({)

We can therefore apply Lemma 6.3.1 whereby p is ,ué(z), P is pe), ¢ is NS(@)? and
S = XBO_ This proves the thesis. O
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Proof of Theorem 6.1.4. Let Ay denote the left hand side of Eq. (6.8). We claim
that its expectation (with respect to a random graph G ) vanishes as N — oo.
Since the probability that B(r,¢) > M can be made arbitrarily small by letting
M large enough, cf. Lemma 6.2.2, and using the fact that the left hand side of
Eq. (6.8) is bounded by 1, it is sufficient to prove that

> P{B(r,{) = G}E{Ay[B(r,() = G} <

IGI<M

< KMy B{I1g.0 — powollv|B(r ) = G}
Gl<M

vanishes as N — oco. Each term in the sum is the expectation, with respect to a
random graph over N — |G| > N — M vertices of the total variation distance be-
tween the joint distribution of a fixed set of vertices, and the uniform distribution

(for D = D(r,¢)):

1 _ )
116 = pollev = 5 > [Po{zo[B(i. )} — x| .

Zp

This vanishes by Lemma 6.3.2, thus proving the above claim.
This implies that there exists ¢ > 0 such that [[u, 5, — Hritgepllev = €

with positive probability, if and only if there exists € > 0 such that || M:E(r .

Nf,ug(r,t)“w > ¢’ with positive probability. In other words, since u(-) =P{--- |Gy},
reconstruction is solvable if and only if Hufﬁ(nt) — s Mg(m)HTv > ¢’ with positive
probability.

Finally, recall that p<(-) = P{-|B(r,¢)} and that B(r, ¢) converges in distri-
bution to T(¢), by Lemma 6.2.1. Since H”i@(i,t) — ,ufug(m) ||zv is a bounded func-
tion of B(r, t) (and using as above Lemma 6.2.2 to reduce to a finite set of graphs),
it converges in distribution to [P, 5, »{ -, - [Te} =Pr{ - [Te}Pgi - [T} lxv. We
conclude that || ufﬁ(z}t) — s Mg(r,t)HTV > ¢’ with positive probability if and only if
reconstruction is tree solvable, thus proving the thesis. O
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Chapter 7

Peeling algorithms and finite-size
scaling

7.1 Random hypergraphs, their core and a pe-
eling algorithm

A hyper-graph G, with n hyper-edges, each of whom is a collection of vertices, is
identified with a bipartite, factor graph, having two types of nodes: v-nodes, cor-
responding to hyper-edges, and c-nodes to vertices. For example, a hyper-graph
in the ensemble G;(n, m) consists of a set V' = [n] of v-nodes, each corresponding
to an [-tuple of vertices from the set C' = [m] of c-nodes, and an ordered list of
edges, i.e. couples (i,a) with i € V and a € C

E=[1,a1),(1,a2),..., (1, a); (2, a151), - - -5 (N, @n1yi41)5 - - -5 (0, @1)]

where a couple (i,a) appears before (j,b) whenever i < j and each v-node ¢
appears ezactly [ times in the list, with [ > 3 a fixed integer parameter. In this
configuration model the degree of a v-node ¢ (or c-node a), refers to the number
of edges (i, b) (respectively (j,a)) in E to which it belongs (which corresponds to
counting hyper-edges and vertices with their multiplicity).

Definition 7.1.1. The k-core of a non-directed graph G is the unique subgraph
obtained by recursively removing all vertices of degree less than k. In particular,
the 2-core, hereafter called the core of G, is the maximal collection of edges having
no vertezx appearing in only one of them (and we use the same term for the induced
subgraph). Similarly, the core of an hyper-graph is the mazimal collection of
hyper-edges (i.e. v-nodes) within which no vertez (i.e. c-node) appears only once
(when counting their multiplicities).

The core of a hyper-graph plays an important role in the analysis of many
combinatorial problems.
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For example, Karp and Sipser [36] consider the problem of finding the largest
possible matching (i.e. vertex disjoint set of edges) in a graph GG. They propose a
simple peeling algorithm that recursively selects an edge e = (i, j) € G for which
the vertex ¢ has degree one, as long as such an edge exists, and upon including e in
the matching, the algorithm removes it from G together with all edges incident
on j (that can no longer belong to the matching). Whenever the algorithm
successfully matches all vertices, the resulting matching can be shown to have
maximal size. Note that this happens if an only if the core of the hyper-graph
G is empty, where G has a c-node € per edge e of G and a v-node i per vertex ¢
of degree two or more in G that is incident on € in G if and only if e is incident
on ¢ in GG. Consequently, the performance of the Karp-Sipser algorithm for a
randomly selected graph has to do with the probability of non-empty core in the
corresponding graph ensemble. For example, [36] analyze the asymptotics of this
probability for a uniformly chosen random graph of N vertices and M = | N¢/2|
edges, as N — oo (c.f. [21, 27] for recent contributions).

A second example deals with the decoding of a noisy message when commu-
nicating over the binary erasure channel with a low-density parity-check code
ensemble. This amounts to finding the unique solution of a linear system over
GF[2] (the solution exists by construction, but is not necessarily unique, in which
case decoding fails). If the linear system includes an equation with only one va-
riable, we thus determine the value of this variable, and substitute it throughout
the system. Repeated recursively, this procedure either determines all the variab-
les, thus yielding the unique solution of the system, or halt on a linear sub-system
each of whose equations involves at least two variables. While such an algorithm
is not optimal (when it halts, the resulting linear sub-system might still have a
unique solution), it is the simplest instance of the widely used belief propagation
decoding strategy, that has proved extremely successful. For example, on pro-
perly optimized code ensembles, this algorithm has been shown to achieve the
theoretical limits for reliable communication, i.e., Shannon’s channel capacity
(see [38]). Here a hyper-edge of G is associated to each variable and a vertex to
each equation, so the successful decoding finds the unique solution if and only if
the core of GG is empty.

The ’dual’ problem is XOR-SAT, where given a linear system over m binary
variables, composed of n equations modulo 2, each involving exactly | > 3 va-
riables, the ‘leaf removal’ algorithm of [26, 44] recursively selects a variable that
appears in a single equation, and eliminates the corresponding equation from the
system (since this equation can always be satisfied by properly setting the selec-
ted variable). If all the equations are removed by this procedure, a solution can
be constructed by running the process backward and fixing along the way the
selected variables. Associate a hyper-graph G of m vertices and n hyper-edges
to the linear system, where hyper-edge e is incident on vertex ¢ if and only if
the corresponding equation involves the i-th variable with a non-zero coefficient,
noting that the leaf removal algorithm is successful if and only if the core of the
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corresponding hyper-graph G is empty.

We focus hereafter on the relevant ensemble G = G;(n, m) and uniformly select
a hyper-graph G from among the m™ hyper-graphs in G. Indeed, one samples
from this distribution by considering the v-nodes in order, ¢ = 1, ..., n, choosing
for each v-node and 7 = 1,...,[, independently and uniformly at random a c-
node a = a(;—1y4+; € C and adding the couple (7, a) to the list £. Alternatively, to
sample from this distribution first attribute sockets (i — 1)l + 1,. ..l to the i-th
v-node, © = 1,...,n, then attribute k, sockets to each c-node a, where k,’s are
mutually independent Poisson(¢) random variables, conditioned upon their sum
being nl (these sockets are ordered using any pre-established convention). Finally,
connect the v-node sockets to the c-node sockets according to a permutation o of
{1,...,nl} that is chosen uniformly at random and independently of the choice
of k,’s.

In this context, setting m = |np| for p = [/v > 0 fixed, we are thus interested
in the large n asymptotics of the probability P,(n, p) that a hyper-graph G of this
distribution has a non-empty core.

7.2 Smooth Markov kernel on a reduced state
space

Reducing the state space to Z7. Consider the inhomogeneous Markov chain
of graphs {G(7), 7 > 0}, where G(0) is a uniformly random element of G;(n, m)
and for each 7 = 0,1,..., if there is a non-empty set of c-nodes of degree 1,
choose one of them (let’s say a) uniformly at random, deleting the corresponding
edge (i,a) together with all the edges incident to the v-node i. The graph thus
obtained is G(7 + 1). In the opposite case, where there are no c-nodes of degree
1in G(7), we set G(1+ 1) = G(7).

We define furthermore the process {Z(7) = (z1(7), 22(7)), 7 > 0} on Z2,
where z;(7) and z9(7) are, respectively, the number of c-nodes in G(7), having
degree one or larger than one. Necessarily, (n—7)l > z1(7)+225(7), with equality
if 29(7) = 0, where 7 = min(7,inf{7' > 0: 2;(7') = 0}), i.e. T = 7 till the first 7/
such that z1(7') = 0, after which 7 is frozen (as the algorithm stops).

Fixing [ > 3, m and n, set Z = (21, 22) € Z% and G(Z,7) denote the ensemble
of possible bipartite graphs with z; c-nodes of degree one and 2z c-nodes of
degree at least two, after exactly 7 removal steps of this process. Then, G(Z, )
is non-empty only if z; 4+ 229 < (n — 7)1 with equality whenever z; = 0. Indeed,
each element of G(Z, 7) is a bipartite graph G = (U, V; R, S, T; E) where U,V are
disjoint subsets of [n] with UUV = [n] and R, S, T are disjoint subsets of [m] with
RU SUT = [m], having the cardinalities |U| = 7, |V| =n—71, |R| = m— 2z — 2,
|S| = 21, |T| = 2z and the ordered list F of (n — )l edges (i, a) with i a v-node
and a a c-node such that each ¢ € V appears as the first coordinate of exactly
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[ edges in E, while each 7 € U does not appear in any of the couples in F.
Similarly, each ¢ € R does not appear in E, each b € S appears as the second
coordinate of exactly one edge in F, and each a € T" appears in some k, > 2 such
edges.

The following observation allows us to focus on the much simpler process Z(7)
on Z2 instead of the graph process G(7) € G(Z,7).

Lemma 7.2.1. Conditional on {Z(7'),0 < 7' < 7}, the graph G(1) is uniformly
distributed over G(Z,7). Consequently, the process {Z(7) T > 0} is an inhomoge-
neous Markov process.

Proof. Fixing 7, Z = Z(7) such that z; > 0, 2 = Z(v+ 1) and G’ € G(Z', 7 + 1),
let N(G'|Z,7) count the pairs of graphs G € G(Z, 7) and choices of the deleted c-
node from S that result with G’ upon applying a single step of our algorithm. We
start at 7 = 0 with a uniform distribution of G(0) within each possible ensemble
G(Z(0),0). If N(G'|&,7) depends on G’ only via ' it follows by induction on
7 =1,2,... that conditional on {Z(7'),0 < 7’ < 7}, the graph G(7) is uniformly
distributed over G(Z,7) as long as 7 = 7, since if z;(7) > 0, then with h(Z, )
denoting the number of graphs in G(2 7),

PIG(r+1) = C{HF),0< 7 <71} = iN(G;()T)T)T)

/|Z
21 h(g(’?'
is the same for all G' € G(Z,7 + 1) and moreover noting that G(7) = G(7T)
and Z(1) = Z(7) we deduce that this property extends to the case of 7 < 7 (i.e.
21(7) = 0).
Obviously, G and G’ must be such that RC R', SC RUS and T" C T. So,
let gy > 0 denote the size of R'N S, pg > 0 the size of R'NT, and ¢; > 0 the size
of S'NT. We have qg +po <m — 2| — 2z, ¢ < 2] and

20 = Z(’)—C_Io—po,
o= 2+t q@-—aq, (7.1)
29 = Zy+po+aqi,

where zp = m — 2, — 22 and z[ = m — 2] — 2}. Let T denote the set of c-nodes
a € T" for which k, > k!, and denote the size of T by ¢ < 2. Observe that of
the [ edges of the v-node ¢ deleted by the algorithm in the move from G to G’,
exactly one edge hits each of the nodes in R' N S, at least one edge hits each of
the nodes in S N'T, and each of the nodes in T*, while at least two edges hit
each of the notes in R’ NT. Consequently, 2pg + qo + ¢1 + ¢2 < [. Since z; > 0
we know that 7 = 7 and further, (n — 7 — 1)l > 2] + 2z}, which in view of (7.1)
is equivalent to (n — 7)l — (21 + 229) > 1 — (2po + qo + ¢1) > Go-

To recap, we see that (po, qo, q1, g2) belongs to the subset D of Zi for which
both the relations (7.1) and the inequalities (n — 7) — (21 + 225) > | — (2py +
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Qo+ q1) = G2, o +po < 2, @ < 21 (equivalently, gy < 21), g2 < 25 (equivalently,
Po+q1 + q2 < 29) hold (and in particular |D| < (I + 1)%).

To count N(G'|Z,7) we first select the v-node i to add to G’ from among the
7 4 1 elements of U’, and the order (permutation) of the [ sockets of i that we
use when connecting it to the c-nodes for creating G € G(Z, 7). Summing over

the set D of allowed values of pg, qo, ¢1, g2, for each such value we have (mqfozg(;_zé)

ways to subdivide the nodes of R among S, T and R, then (;i) ways to select

the nodes of S’ that are assigned to 7" and (;é) ways to select those of T” that
are assigned to T*. We further have coeff[(eX — 1 — x)P0(e* — 1)01+42 xI=90] ways
to select the precise number of edges (> 2) from i that we are to connect to each
of the py nodes in R’ NT, and the precise number of edges (> 1) from ¢ that we
are to connect to each of the ¢; nodes in S’ N'T and to each of the ¢ nodes in
T*, while allocating in this manner exactly [ — gy edges out of ¢ (the remaining ¢
are then used to connect to nodes in R’ N.S). Noting that for each of the graphs
G thus created we have exactly gy ways to choose the deleted node from S while

still resulting with the graph G’, we conclude that
N(G'|Z,7) = (7.2)

A / /
(r+1 Z (m a ZZ) (Zl) (22) qocoeff[(eX — 1 — x)Po(eX — 1)0+e xl=a]

D qo, Po, - q1 q2

depends on G’ only via Z’, as claimed.

Finally, since there are exactly h(z’, 7+ 1) graphs in the ensemble G(Z', 7+ 1)
the preceding implies that {Z(7), 7 > 0} is an inhomogeneous Markov process
whose transition probabilities

WH(AZIZ) = P{2(r +1) = 2+ AZ| Z(7) = 2},

for AZ = (Az, Azy) and 2] = 21+ Az, 25 = 25+ Az are such that W (AZ]2) =
I(AZ = 0) in case z; = 0, whereas W (AZ|2) = h(Z, 7+ 1)N(G'|Z,7)/(z21h(Z, T))
when z; > 0. O

To sample from the uniform distribution on G(Z, 7) first partition [n] into U
and V' uniformly at random under the constraints |U| = 7 and |V| = (n — 7)
(there are (") ways of doing this), and independently partition [m] to RUSUT
uniformly at random under the constraints |R| = m—z;—zs, |S| = 21 and |T'| = 29
(of which there are (217227_) possibilities). Then, attribute  v-sockets to each i € V/
and number them from 1 to (n—7)l according to some pre-established convention.
Attribute one c-socket to each a € S and k, c-sockets to each a € T, where k,
are mutually independent Poisson(¢) random variables conditioned upon k, > 2,
and further conditioned upon ), k, being (n — 7)l — z,. Finally, connect the
v-sockets and c-sockets according to a uniformly random permutation on (n —7)l
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objects, chosen independently of the k,’s. Consequently,

Maﬂ:< " )(?wéﬁ&—l—@?ﬂ”ﬁzﬂ@—rm!.(T@
21,29, T

Approximation by a smooth Markov transition kernel. Though the tran-
sition kernel W*(-|Z) of the process Z(-) is given explicitly via (7.2) and (7.3), it
is hard to get any insight from these formulas, or to use them directly for finding
the probability of this process hitting the line z;(7) = 0 at some 7 < n (i.e. of the
graph G(0) having a non-empty core). Instead, we analyze the simpler transition
probability kernel

-1

Wy(AZ|7) = (
0( ‘ ) 9% —1,q1,q

)p?;%?p?, (7.4)
with gg = —Az1 — Az > 1, g1 = —Azy > 0and ¢ = + Az + 2Az, > 0, where

T ToXZe A

1-0) "7 Ii0—g—er—re)’

po = po=1—po—p1, (7.5)
for each 6 € [0,1) and & € R? such that 27 + 225 < (1 —6). In case x5 > 0 we
set A = A(Z,0) as the unique positive solution of

M1 —e™?) (1—-0)—x,

= 7.6
1 —e = Xe?) To (7.6)

while for 2, = 0 we set by continuity p; = 0 (corresponding to A — 00).
Intuitively, (po,p1,p2) are the probabilities that each of the remaining | — 1
edges emanating from the v-node to be deleted at the 7 = n# step of the algorithm
is connected to a c-node of degree 1, 2 and at least 3, respectively. Indeed, of
the nl(1 — 6) v-sockets at that time, precisely z; = nx; are connected to c-
nodes of degree one, hence the formula for py. Our formula for p; corresponds
to postulating that the zo = nxy c-nodes of degree at least two in the collection
T follow a Poisson(\) degree distribution, conditioned on having degree at least
two, setting A > 0 to match the expected number of c-sockets per c-node in T’
which is given by the right side of (7.6). To justify this assumption, note that

t
coeff[(e* — 1 —x)!, x*|\*(e* =1 = \) ' = [P(Z N; = s),
i=1

for i.i.d. random variables N;, each having the law of a Poisson(A) random variable
conditioned to be at least two. We thus get from (7.2) and (7.3), upon applying
the local CLT for such partial sums, that the tight approximation

C(l,e)

n

W;r(AZLZ) - Wr/n<AZ|nilz> <
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applies for (2,7) € Q(€), Azy € {—1,..., 1 =2}, Azo e {—(I —1),...,0}, with
Qi(e)={(Z,7) : 1 <z;ne<2;0<7<n(l—¢;ne<(n—7)l —2z — 22},

approaching (as € | 0) the set Q,(0) C Z3 in which the trajectory (z(7),7)
evolves till hitting one of its absorbing states {(2,7) : z1(7) = 0,7 < n} (c.f.
[30, Lemma 4.5] for the proof, where the restriction to Q, (€) guarantees that the
relevant values of ¢ are of order n).

The initial distribution. Considering m = |np|, for p = /v € [¢,1/€] and
large n, recall that

h(z,0) P, {gm = (21,z2,nl)}
o P, {S,(fi):nl}

where S, = Zj’;)?; for X, = (Iny=1, In;>2, N;) € Z% and N; that are ii.d.
Poisson () random variables (so ESY = nl up to the quantization error of at
most 7). Hence, using sharp local CLT estimates for S, we find that the law
of Z(0) is well approximated by the multivariate Gaussian law Ga(-|n7(0); nQ(0))
whose mean ng(0) = ngj(0; p) consists of the first two coordinates of npEX;, that
is,

y(0;p) = plye " L —e 7 —ye7), (7.7)

and its positive definite covariance matrix nQ(0; p) equals np times the conditional
covariance of the first two coordinates of X given its third coordinates. That is,

Qu(0) = Lye (e —1+7-197),
Qu(0) = —fye (e =17, (7.5)
Q22(0) = %e—% (&7 —1) +~v(e” —2) — 72<1 +9)].

More precisely, as shown for example in [30, Lemma 4.4], for all n, r and p €
[e,1/€],

sup sup |P{@i - 7 < z} — Gy(i - Z < 2[ngf(0); nQ(0))| < w(e)n~2. (7.9)
ueR? z€R
Absence of small cores. A considerable simplification comes from the obser-
vation that a typical large random hyper-graph does not have a non-empty core
of size below a certain threshold. Indeed, adapting a result of [45] (and its proof)
to the context of our graph ensemble, one finds that

Lemma 7.2.2. Forl > 3 and any € > 0 there exist k(l,e) > 0 and C(l,€) finite
such that for any m > en the probability that a random hyper-graph from the
ensemble G,(n,m) has a non-empty core of less than mr(l, €) v-nodes is at most
C(l,€) m'=Y2 (alternatively, the probability of having a non-empty core with less
than nk v-nodes is at most Cn'=1/?2).
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Proof. A subset of v-nodes of a hyper-graph is called a stopping set if the restric-
tion of the hyper-graph to this subset has no c-node of degree one. Since the core
is the stopping set including the maximal number of v-nodes, it suffices to bound
well the number N (s, r) of stopping sets in our random hyper-graph which involve
exactly s v-nodes and 7 c-nodes. To this end, note that necessarily r < [ls/2]
and

EN(s,r) = (Z) (7:) % coeff[(* — 1 — x)", x!](s1)!
(multiply the number of sets of s v-nodes and r c-nodes by the probability that
such a set forms a stopping set, with coeff[(eX — 1 — x)",x*!|(sl)! counting the
number of ways of connecting the s v-nodes to these r c-nodes so as to form a
stopping set, while m* is the total number of ways of connecting the s v-nodes
in our graph ensemble). It is easy to see that for any integers r, ¢ > 1,

coeff[(e* — 1 —x)",x'] < (X —1—-%x)" [x=1< 1.

Hence, for some ( = ((l, €) finite, any m > en, sl < m and r < [ls/2],

n\ (m\ (sl n® ml2 (st ps /st s\U/2-17°
EN(s,7) < < <2 (= < (_> ,
(s,7) < (5) <'r) mst = sl [st/2] mst T sl \m =6 m
Thus, fixing 0 < k < 1/ (so sl < m whenever s < km), for | > 3, the probability

that a random hyper-graph from the ensemble G;(n, m) has a stopping set of size
at most mk is bounded above by

me |ls/2] -
L85 ] £ e <
s=1 r=1 1
provided (x'/*71 < 1/2. 0

7.3 The ODE method and the critical value

In view of the approximations of Section 7.2 the asymptotics of P;(n, p) reduces
to determining the probability P, ,(21(7) = 0 for some 7 < n) that the inhomo-

geneous Markov chain on Z2 with the transition kernel W, n(AZIn~1Z) of (7.4)
and the initial distribution Ga(-|ny(0); nQ(0)), hits the line z;(7) = 0 for some
T <n.

The functions (7, 0) — p.(Z,6), a = 0,1, 2 are of Lipschitz continuous partial
derivatives on each of the compact subsets

g(e) = {(#Z0): 0<21; 0<my; 0€[0,1—¢; 0<(1=0)l —x1 — 2125},
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of R? x R where the rescaled (macroscopic) state and time variables © = n~'7

and 6 = 7/n are whenever (2,7) € Q. (€). As a result, the transition kernels of
(7.4) can be extended to any ¥ € R? such that for some L = L(l,€) finite, any
0,0 €[0,1 —¢| and Z, 7’ € R?

[Wor(-12") = Wl |2)

<L (|2 -7 0 —0
o S Ll =]+ )

(with || - ||rv denoting the total variation norm and || - || the Euclidean norm in
R?).

So, with the approximating chain of kernel /WQ(AZ@’) having bounded incre-
ments (= AZ), and its transition probabilities depending smoothly on (Z, ), the
scaled process n~!1Z(6n) concentrates around the solution of the ODE

dy =

starting at 7(0) of (7.7), where F(Z,0) = (=14 (I — 1)(py — po), —(I — 1)py) is
the mean of Az under the transitions of (7.4). This is shown for instance in
(38, 44, 26].

We note in passing that this approach of using a deterministic ODE as an
asymptotic approximation for slowly varying random processes goes back at least
to [37], and such degenerate (or zero-one) fluid-limits have been established for
many other problems. For example, this was done in [36] for the largest possible
matching and in [46] for the size of k-core of random graphs (c.f. [43] for a general
approach for deriving such results without recourse to ODE approximations).

Setting h,(u) = u — 1 + exp(—yu'~!), with a bit of real analysis one verifies
that for v = [/p finite, the ODE (7.10) admits a unique solution 7(; p) subject
to the initial condition (7.7) such that y,(6; p) = lu!"th,(u) for u(f) = (1 —0)Y/",
as long as h,(u(f)) > 0. Thus, if p exceeds the finite and positive critical density

pe =inf{p >0: hy(u) >0 Vue (0,1]},

then y,(0; p) is strictly positive for all § € [0, 1), while for any p < p. the solution
y(0; p) first hits the line y; = 0 at some 6,(p) < 1.

Returning to the XOR-SAT problem, [26, 44] prove that for a uniformly chosen
linear system with n equations and m = pn variables the leaf removal algorithm is
successful with high probability if p > p. and fails with high probability if p < p..
See Fig. 7.1 for an illustration of this phenomenon. Similarly, in the context of
decoding of a noisy message over the binary erasure channel (i.e. uniqueness
of the solution for a given linear system over GF[2]), [38] show that with high
probability this algorithm successfully decimates the whole hyper-graph without
ever running out of degree one vertices if p > p.. Vice versa, for p < p., the
solution ¢(0; p) crosses the y; = 0 plane near which point the algorithm stops
with high probability and returns a core of size O(n). The value of p translates
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Figure 7.1: Probability that a random [ = 3-hyper-graph with m vertices and
n = m/p hyper-edges has a non-empty 2-core estimated numerically for m = 100,
...,600. The vertical line corresponds to the asymptotic threshold p. ~ 1.2218.

into noise level in this communication application, so [38] in essence explicitly
characterize the critical noise value, for a variety of codes (i.e. random hyper-
graph ensembles). Though this result has been successfully used for code design,
it is often a poor approximation for the moderate code block-length (say, n = 102
to 10°) that are relevant in practice.

The first order phase transition in the size of the core at p = p. where it
abruptly changes from an empty core for p > p. to a core whose size is a positive
fraction of n for p < p., has other important implications. For example, as
shown in [26, 44] the structure of the set of solutions of the linear system changes
dramatically at p., exhibiting a ‘clustering effect” when p < p.. More precisely, a
typical instance of our ensemble has a core that corresponds to n(1—6.(p))+o(n)
equations in nys(0.(p)) + o(n) variables. The approximately 2™~ solutions of
the original linear system partition to about 27¢() clusters according to their
projection on the core, such that the distance between each pair of clusters is
O(n). Aslong as &(p) = y2(0.(p))—(1—6.(p)) is positive, with high probability the
original system is solvable (i.e the problem is satisfiable), whereas when &£(p) < 0
it is non-solvable with high probability.

Such ‘solution clustering” phenomenon has been conjectured for a variety of
random combinatorial decision problems, on the basis of non-rigorous statistical
mechanics calculations. The most studied among these problems is the random
K-satisfiability, for which some indication of clustering is rigorously proved in [42,
23]. Several authors suggest that the solution clustering phenomenon is related
to the poor performance of search algorithms on properly chosen ensembles of
random instances. Still within random K-satisfiability, the performance of certain
standard solution heuristics (such as the ‘pure-literal’ rule), is also related to the
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appearance of properly defined cores (see [43]).

We conclude this subsection with a ‘cavity type’ direct prediction of the value
of p. without reference to a peeling algorithm (or any other stochastic dynamic).
To this end, we set u to denote the probability that a typical c-node of G;(n, m),
say a, is part of the core. If this is the case, then an hyper-edge i incident to a is
also part of the core iff all other [—1 sockets of 7 are connected to c-nodes from the
core. Using the Bethe ansatz we consider the latter to be the intersection of [ —1
independent events, each of probability w. So, with probability u'~! an hyper-
edge ¢ incident to a from the core, is also in the core. As already seen, a typical
c-node in our graph ensemble has Poisson(y) hyper-edges incident to it, hence
Poisson(yu'~!) of them shall be from the core. Recall that a c-node belongs to
the core iff at least one hyper-edge incident to it is in the core. By self-consistency,
this yields the identity u = 1 — exp(—yu'™!), or alternatively, h,(u) = 0. As we
have already seen, the existence of u € (0, 1] for which h,(u) = 0 is equivalent to
P = Pe-

7.4 Diffusion approximation and scaling window
size

As mentioned before, the ODE asymptotics as in [38] is of limited value for
decoding with code block-length that are relevant in practice. For this reason, [22]
go one step further and using a diffusion approximation, provide the probability of
successful decoding in the double limit of large size n and noise level approaching
the critical value (i.e. taking p, — pe).

Indeed, fixing p > 0 the fluctuations of Z(nf#) around ny(f) are accumulated
in nf stochastic steps, hence are of order y/n. Further, applying the classical
Stroock-Varadhan martingale characterization technique, one finds that the res-
caled variable (Z(nf) — ny(#))/+/n converges in law as n — oo to a Gaussian
random variable whose covariance matrix Q(0;p) = {Quw(0;p);1 < a,b < 2} is
the symmetric positive definite solution of the ODE:

dQ(6)

de
(c.f. [22]). Here A(7,0) = {Aw(Z,0) = 05, Fo(Z,0); 1 < a,b < 2} is the matrix of
derivatives of the drift term for the mean ODE (7.10) and G(Z, 6) = {Gu (7, 0) :

a,b € {1,2}} is the covariance of AZ at (Z,6) under the transition kernel (7.4).
That is, the non-negative definite symmetric matrix with entries

= G(7(0),0) + AF(0), 0)Q(0) + QOA((0), 0)' (7.11)

Gu(Z,0) = (I—1)[po+p1— (po—p1)7],
Gio(Z,0) = —(—1)[pops +ps(1 —p1)], (7.12)
Gp(@,0) = (I—1)pi(1—p1)
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The dependence of Q(#) = Q(0; p) on p is via the positive definite initial condition
Q(0; p) of (7.8) for the ODE (7.11) as well as the terms y(0) = y(6; p) that appear
in its right side.

Focusing hereafter on the critical case p = p., there exists then a unique
critical time 0. = 0.(p.) in (0,1) with y;(0.) = y;(0.) = 0 and y;(6.) > 0, while
the smooth solution 6 — 1 (0; p.) is positive when 6 # 0. and 6 # 1 (for more on
y(+;-) see [30, Proposition 4.2]).

For p, = p. + rn~Y2 the leading contribution to P(n, p,) is the probability
ﬁlsn,pn(zl (nf.) < 0) for the inhomogeneous Markov chain Z(7) on Z2 with transi-
tion kernel WT/H(AZM*IZ) of (7.4) and the initial distribution Go(-|n7(0); nQ(0))
at p = p,. To estimate this contribution, note that y;(6.; p.) = 0, hence

0
yl(ec; pn) = Tn_l/Q[alpl(eC; pC) + 0(1)] :

Thus, setting o = \/Qn/%—ypl, both evaluated at § = 6, and p = p., by the
preceding Gaussian approximation

By, pa) = P, (z1(n8) < 0) + o(1) = Gy(—r/cy) + (1), (7.13)

as shown in [22]. In particular, the phase transition scaling window around p = p,
is of size O(n~1/2).

In a related work, [29] determine the asymptotic core size for a random hyper-
graph from an ensemble which is the ‘dual’ of G;(n, m). In their model the hyper-
edges (i.e. v-nodes) are of random, Poisson distributed sizes, which allows for
a particularly simple Markovian description of the peeling algorithm that const-
ructs the core. Dealing with random hyper-graphs at the critical point, where
the asymptotic core size exhibits a discontinuity, they describe the fluctuations
around the deterministic limit via a certain linear SDE. In doing so, they heavily
rely on the powerful theory of weak convergence, in particular in the context of
convergence of Markov processes. For further results that are derived along this
line of reasoning, see [28, 32, 33].

7.5 Finite size scaling: corrections to p.

Finite size scaling has been the object of several investigations in statistical phy-
sics and in combinatorics. Most of these studies estimate the size of the cor-
responding scaling window. That is, fixing a small value of ¢ > 0, they find
the amount of change in some control parameter which moves the probability
of a relevant event from € to 1 — . A remarkably general result in this direc-
tion is the rigorous formulation of a ‘Harris criterion’ in [25, 48]. Under mild
assumptions, this implies that the scaling window has to be at least Q(n~1/2) for
a properly defined control parameter (for instance, the ratio p of the number of
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Figure 7.2: The numerical estimates for the core probabilities in Fig. 7.1, plotted
versus scaling variables 71, 7. On the left: 7 = /n(p — p.)/ay. On the right:
Py = /n(p — pe — on=2/3) Ja; where § = ;3. According to Theorem 7.5.3,
corrections to the asymptotic curve G,(—7) (dashed) are ©(n~'/%) on the left,
and O(n~%/2%¢) on the right.

nodes to hyper-edges in our problem). A more precise result has recently been
obtained for the satisfiable-unsatisfiable phase transition for the random 2-SAT
problem, yielding a window of size ©(n~'/3) [24]. Note however that statistical
physics arguments suggest that the phase transition we consider here is not from
the same universality class as the satisfiable-unsatisfiable transition for random
2-SAT problem.

In contrast with the preceding and closer in level of precision to that for the
scaling behavior in the emergence of the giant component in Erdos-Rényi random
graphs (see [35] and references therein), for G;(n,m) and p, = p. +rn~"/? inside
the scaling window, it is conjectured in [22] and proved in [30] that the leading
correction to the diffusion approximation for Py(n, p,) is of order ©(n=/%) (and
admits a sharp characterization in terms of the distribution of a Brownian motion
with quadratic shift, from which it inherits the scaling with n). Comparing this
finite size scaling expression with numerical simulations, as illustrated in Figure
7.2, we see that it is very accurate even at n ~ 100.

Such finite size scaling result is beyond the scope of weak convergence theory,
and while its proof involve delicate coupling arguments, expanding and keeping
track of the rate of decay of approximation errors (in terms of n), similar results
are expected for other phase transitions within the same class, such as k-core
percolation on random graphs (with & > 3), or the pure literal rule threshold in
random k-SAT (with & > 3, c.f. [31]). In a different direction, the same approach
provides rates of convergence (in the sup-norm) as n grows, for distributions of
many inhomogeneous Markov chains on R? whose transition kernels Win (@1 —
xy = ylry = z) are approximately (in n) linear in z, and “strongly-elliptic” of
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uniformly bounded support with respect to y.
As a first step in proving the finite size scaling, the following refinement of
the left-side of (7.13) is provided in [30, Section 5].

Proposition 7.5.1. Let 3 € (3/4,1), J, = [n0.—n® nb.+n’] and |p—p.| < n !
with 3 < 23 — 1. Then, for e, = Alogn and &, = Dn="/?(logn)?,

@nm{ ian 21(7) < —5n} — 0, < P(n,p) < [/P5n7p{ ian 2(7) < z—:n} + 9, . (7.14)
TEJn TEJn

At the critical point (i.e. for p = p. and 6 = 6.) the solution of the ODE
(7.10) is tangent to the y; = 0 plane and fluctuations in the y; direction de-
termine whether a non-empty (hence, large), core exists or not. Further, in a
neighborhood of 6. we have y;(0) ~ %F(Q —0.)?, for the positive constant

dFy

= d2y1 aly (
do

. oF, OF,
0.:p).0) = —L ¢ 21
y(0c; pe), 0c) 50 T 00

B (7.15)
(omitting hereafter arguments that refer to the critical point). In the same neigh-
borhood, the contribution of fluctuations to z;(n#) — z;(nf.) is approximately

\/én\e — 0.|, with G = G11(y(0c; pe),0.) > 0. Comparing these two contribu-
tions we see that the relevant scaling is X,,(t) = n="/3[z;(nf. + n?/3t) — 2 (nb.)],
which as shown in [30, Section 6] converges for large n, by strong approximation,

to X (t) %fﬂ + \/EW(t), for a standard two-sided Brownian motion W ()
(with W(0) = 0). That is,

Proposition 7.5.2. Let &£(r) be a normal random variable of mean (%) r and
o

variance Q11 (both evaluated at 0 = 0. and p = p. ), which is independent of W (t).
For some 8 € (3/4,1), anyn < 5/26, all A >0, r € R and n large enough, if
pn = pe+rn"Y? and e, = Alogn, then

Prpn{ Tlenjfn 21(7) < £e,} — I]D{nl/Gf + iItle(t) < O}’ <n". (7.16)

We note in passing that within the scope of weak convergence [20] pioneered
the use of Brownian motion with quadratic drift (ala X (¢) of Proposition 7.5.2), to
examine the near-critical behavior of the giant component in Erdos-Rényi random
graphs, and his method was extended in [33] to the giant set of identifiable vertices
in Poisson random hyper-graph models.

Combining Propositions 7.5.1 and 7.5.2 we estimate Pj(n, p,) in terms of the
distribution of the global minimum of the process {X(¢)}. The latter has been
determined already in [34], yielding the following conclusion.
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Theorem 7.5.3. Forl > 3 set oy = \/Qll/%—zﬁ, B = ﬁGz/‘g’ F=13 and p, =
pe +rn~Y2. Then, for anyn < 5/26

P(n, pn) = Gi(=r/a;) + BiQ G (=r/oy) n~ Y5 + O(n™"), (7.17)
for Q= [T11-K(2)?] dz and an explicit function K(-) (see [30, equation (2.17)]).

Remark 7.5.4. The simulations in Figure 7.2 suggest that the approrimation
of P/(n,p,) we provide in (7.17) is more accurate than the O(n~°/26%<)
rection term suggests. Qur proof shows that one cannot hope for a better er-
ror estimate than ©(n='/?) as we neglect the second order term in expanding
O(—r/ay + Cn=Y%), see (7.18). We believe this is indeed the order of the next
term in the expansion (7.17). Determining its form is an open problem.

cor-

Proof. Putting together Propositions 7.5.1 and 7.5.2, we get that
Pi(n, py) = P {nl/ﬁg +inf X () < o} +O(n™).

By Brownian scaling, X (t) = F~/3G2/3X (F2/3G1/3t), where X () = L2+ W ()

2
and W (t) is also a two sided standard Brownian motion. With Z = inf; X (¢), and

Y a standard normal random variable which is independent of X (t), we clearly
have that

9 I
P(n,p,) = P {n1/6 (aipl) +nl8\/QuY + F713G?3 7 < O} +O0(n™")

_ [E{Gl( _ o% - ﬁln’l/GZ)} L Oom™. (7.18)

The proof of the theorem is thus completed by a first order Taylor expansion of
Gy(-) around —r/qy, as soon as we show that EZ = —Q, and E|Z|? is finite.
To this end, from [34, Theorem 3.1], we easily deduce that Z has the continuous
distribution function Fz(z) =1 — K(—z)?, for z < 0, while F(z) =1 for z > 0,
resulting after integration by parts with the explicit formula (2.16) of [30] for Q.
We note in passing that taking ¢ = 1/2 and s = 0 in [34, (5.2)] provides the
explicit expression of [30, formula (2.17)] for K(x), en-route to which [34] also
proves the the finiteness of the relevant integral. Further, [34, Corollary 3.4] shows
that the probability that the minimum of X (¢) is achieved as some ¢ & [T, T
is at most Ay ' exp(—AyT?) for a positive constant Ag. With X(t) > W(t) we
therefore have that

Fyp(z)=P{Z <z} <P { inf  X(t) < z} FAG e T < BT L gt e T

te[-T,T)|

Taking T = /2 we deduce that if z < 0, then Fz(z) < C~texp(—C|z|3?) for
some C' > 0, which yields the stated finiteness of each moment of Z (and in
particular, of £|Z|* and ). O
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Consider the (time) evolution of the core for the hyper-graph process in which
one hyper-edge is added uniformly at random at each time step. In other words,
n increases with time, while the number of vertices m is kept fixed. Let S(n)
be the corresponding (random) number of hyper-edges in the core of the hyper-
graph at time n and n. = min{n : S(n) > 1} the onset of a non-empty core.
From Lemma 7.2.2 we have that for any p > 0 there exist £ > 0 and C' < oo such
that {S(n) : 0 <n < m/p} intersects [1,mx] with probability at most Cm!'~/2.
Further, fixing p < p., the probability of an empty core, i.e. S(m/p) = 0, decays
(exponentially) in m. We thus deduce that for large m most of the trajectories
{S(n)} jump from having no core to a linear (at least mx) core size at the well
defined (random) critical edge number n.. By the monotonicity of S(n) we also
know that P,,{n. < m/p} = P(p,m/p). Therefore, Theorem 7.5.3 allows us to
determine the asymptotic distribution of n.. Indeed, expressing n in terms of m
in Eq. (7.17) we get that for each fixed x € R,

P {n. <mp; "+ m2p 3 z} = ®(z) + B (2) m~ Y6 4 O(m™"),

whence we read off that n. = (n. — m/pc)/(\/mpc_gpozl) + B m=1/5 converge
in distribution to the standard normal law (and the corresponding distribution
functions converge point-wise faster than m=" for any n < 5/26).

Remark 7.5.5. Our techniques are applicable to many other properties of the
core in the ‘scaling regime’ p, = pe +rn~'2. For example, the distribution of
the number of hyper-edges S in the core can be derived from the approximation of
the trajectory of the decimation algorithm. Namely, as shown in [30, Section 6]
for such p,, near the critical time z1(t) >~ /n&(r) + X, (t) for £(r) and X, (t) =
n'3X(n723(t — nb.)) as in Proposition 7.5.2. With EX,(t) = £(t — nb,)?,
upon noting that n — S = min{t : z,(t) = 0}, we obtain that, conditional to the
existence of a non-empty core, (S — n(1 — 6.))/n** converges in distribution to
(4Q11 /F?)V4 Z with Z a non-degenerate random variable. Indeed, at the relevant
time window nd. £ O(n3/*) the contribution of X, (-) — EX,(-) to the fluctuations
of S is negligible in comparison with that of v/n&(r). So, more precisely, based

on the explicit distribution of £(r) we have that Z L VU =7b forb = 1_11/2%—?’;
and U a standard normal random variable conditioned to U > rb. In formulae,
Z is supported on R and admits there the probability density

2z 67%(7’b+22)2

PR = = e

Naively one expects the core size to have ©(n'/?) fluctuations. This is indeed
the asymptotic behavior for a fived p < p., but as usual in phase transitions,
fluctuations are enhanced near the critical point.
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Appendix A

A combinatorial calculation

The objective of this lecture is to spell out a single calculation from the course in
all of its painful details. The choice of which calculation was made on the basis
of its level of complication (moderate) rather than on it intrinsic interest.

We shall deal with the ferromagnetic Ising model on random regular graphs,
which we treated a couple of weeks ago. Recall that this is a model over variables
x; € {+1,—-1}, 1€ {1,..., N} with distribution

() _ L exp | 3 Z TiT; P (A.1)

ZG (i,7)€EF

Here E is the edge set of a random graph G = (V' = [N], E) that we shall take
to be a random graph with degree k. More precisely G is generated as follows
(configuration model). Associate to each vertex i € V k ‘half edges,” sample a
uniformly random pairing over kN objects, and pair all the half-edges accordingly.
Two distinct pairings are considered as distinct graphs.

We will be interested in the restricted partition function defined by constrai-
ning the usual sum to configurations of vanishing magnetization:

Z5 = Z exp ¢ (3 Z T o (A.2)
(

@y, x;=0 1,J)EE
A few lectures ago, we made the following claim, that we will now prove.

Lemma A.0.6. Assume N to be even. Then the expectation of the restricted
partition function Z¢, is, to the leading exponential order,

E{Z;} = 2N (cosh B)FN/2. (A.3)

Proof. Throughout the proof M = Nk/2 will denote the number of edges in G,
and Gy the graph ensemble. Finally, for a set S, we shall denote by |S| its
cardinality.
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Let Ag(z) denote the number of edges (i,7) € E such that x; # x;, and
ZE(A) be the number of configurations  such that Ag(xz) = A. Then we clearly
have 3 yep®iw; = M — 2A¢(x). As a consequence

M
Zg =™ Z5(A) e (A.4)

A=0

By linearity of expectation, and since the graph distribution is invariant under
vertices permutations, we have

EZ5(A) = ) P{Agla)=A}= (N%) P{Ag(z,) = A} = (A.5)
22 =0
N\ {G € Gy st Ag(z,) = A}
(N /2) i | GN,;:|; . (A.6)

Here x, denote the configuration consisting in N/2 +1’s followed by N/2 —1’s.
The number of graph in the ensembles is just the number of pairings of Nk
objects

(NE)!

k227 A

[Cn k| = PB(NE) =

On the other hand it is not too hard to compute the number of such pairings for
which the number edges with unequal end-points is A:

M

A) AUB(M — A)? (A.8)

{G € Gy st Ag(r.) = A}| = (

Putting everything together we get

E{Z:} = &M ( N%) L i (AZ )2 AlB(M — A)2e24 (A.9)

P2M) &~
= M N)# su (M)2 — A)2e 28
<N/2 T aci?yy (o) ARG = A7)

Let us recall the exponential behaviors (for ¢ € [0, 1])

(]]\;]q) = NI P(N) = (g)m : (A.11)

where H(z) = —zlogx — (1 — x)log(1l — ) is the binary entropy function.
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Substituting in the expression for E{Z}.} we get

-M Mo M(1-6)
E{Z;} = eBMoN <ﬂ) sup {ezMH(é) (@) <M) €2M55}
e

5€[0,1] € €

= N PM 9= M oxp {M sup [H(0) — 255]}

6€[0,1]

The sup is achieved when H'(§) = 23, which implies 6 = 6,(58) = (1 + )7L At
this point we have H(,) — 239, = log(1 + e=27), which yields

E{zZ5} = 2N MM exp {Mlog(1+ 6_26)} = 2N¥(cosh )M . (A.12)

t
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