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An instance of a random constraint satisfaction problem defi
arandom subset S (the set of solutions) of a large product space
XN (the set of assignments). We consider two prototypical prob -
lem ensembles (random k-satisfiability and g-coloring of random

nes

regular graphs), and study the uniform measure with support on
S. As the number of constraints per variable increases, this m ea-
sure first decomposes into an exponential number of pure stat es

(‘clusters’), and subsequently condensates over the large st such

states. Above the condensation point, the mass carried by th en
largest states follows a Poisson-Dirichlet process.

For typical large instances, the two transitions are sharp. We de-
termine for the first time their precise location. Further, w e provide
a formal definition of each phase transition in terms of diffe rent
notions of correlation between distinct variables in the pr oblem.
The degree of correlation naturally affects the performanc es of
many search/sampling algorithms. Empirical evidence sugg ests
that local Monte Carlo Markov Chain strategies are effectiv eupto
the clustering phase transition, and belief propagation up to the
condensation point. Finally, refined message passing techn iques

(such as survey propagation) may beat also this threshold.

Phase transitions
Message passing algorithms

| Random graphs | Constraint satisfaction problems |

C onstraint satisfaction problems (CSPs) arise in a largetspa
of scientific disciplines. Aninstance ofa CSP is said to bisfa

able if there exists an assignmentéfvariables(x1, 2, ...,zn) =

Fig. 1. The factor graph of a small CSP allows to define the distance d(3, j)
between variables x; and x; (filled squares are constraints and empty circles
variables). Here, for instance, d(6,1) = 2 and d(3,5) = 1.

anda € [M] if and only if thei-th variable is involved in the-th
constraint, cf. FigJL. This representation allows to defiaturally a
distanced(s, j) between variable nodes.

Ensembles of random CSP’s (rCSP) were introduced (se€3})g.
with the hope of discovering generic mathematical phenantbat
could be exploited in the design of efficient algorithms.ded several
search heuristics, such as Walk-SAT [4] and ‘myopic’ altioris [5]
have been successfully analyzed and optimized over rC &Pinhss.
The most spectacular advance in this direction has protis#y the
introduction of a new and powerful message passing algor{tbur-
vey propagation’, SP)[6]. The original justification for $@8s based
on the (non-rigorous) cavity method from spin glass the@ybse-
guent work proved that standard message passing algor{tucis as

—_—

z, z; € X (X being a finite alphabet) which satisfies all the con-belief propagation, BP) can indeed be useful for some CERE& L.

straints within a given collection. The problem consistsfiimd-
ing such an assignment or show that the constraints areisfirsat
able. More precisely, one is given a set of functiahs : X* —
{0,1}, witha € {1,...,M} = [M] and of k-tuples of indices
{ia(1),. .,
z € XV suchthatya (2, (1), - - ., i () = 1foralla’s. Inthis arti-
cle we shall consider two well known families of CSP’s (botiokn
to be NP-completé [1]):

(i) k-satisfiability ¢-SAT) with & > 3. In this case
X = {0,1}. The constraints are defined by fix-
ing a k-tuple (z4(1),...,2q(k)) for each a, and set-
ting va (@i, 1), - Tigy) = 01F (@iy1), -5 Tigy) =
(za(1),...,2a(k)) and= 1 otherwise.

(it) g-coloring (g-COL) with ¢ > 3. Given a graptG with N ver-
tices andM edges, one is asked to assign colerse X =

...

same color at both ends.

The optimization (maximize the number of satisfied constgi
and counting (count the number of satisfying assignmerggyions
of this problems are defined straightforwardly. It is alsovamient
to represent CSP instances as factor graphs [2], i.e. tggraphs
with vertex set§N], [M] including an edge between nodes [N]
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Nevertheless, the fundamental reason for the (empiricgigrsority
of SP in this context remains to be understood and a major jomdmn
lem in the field. Building on a refined picture of the solutia ef
rCSP, this paper provides a possible (and testable) expanaNe

ia(k)} C [N], and has to establish whether there existsconsider two ensembles that have attracted the majoritpdt im the

field: () randomk-SAT: eachk-SAT instance withV variables and
M = Naclausesis considered with the same probabilit); g-COL
on random graphs: the graghis uniformly random among the ones
over N vertices, with uniform degrek(the number of constraints is
thereforeM = N1/2).

Phase transitions in random CSP. Itis well known that rCSP’s
may undergo phase transitions as the number of constrantsap-
able « is variel. The best known of such phase transitions is the
SAT-UNSAT one: asx crosses a critical values(k) (that can, in
principle, depend oiV), the instances pass from being satisfiable to

,q} to the vertices in such a way that no edge has theonfict of interest footnote placeholder

Abbreviations: rCSP, random constraint satisfaction problem; 1RSB, one-step replica symme-
try breaking
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IFor coloring I-regular graphs, we can use | = 2« as a parameter. When considering a
phase transition defined through some property P increasing in I, we adopt the convention of
denoting its location through the smallest integer such that 7 holds.

2The term ‘with high probability’ (whp) means with probability approaching one as N — oo.
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Table 1. Critical connectivities for the dynamical, con-
densation and satisfiability transitions in k-SAT and g-COL

SAT oa ac  oo[ll] COL [14[16] Il I.[id]
k=4 938 9547 993 q=4 9 10 10
k=5 19.16 20.80 21.12 ¢=5 14 14 15
k=6 3653 4308 434 q=6 18 19 20

unsatisfiable with high probabilﬁ){lo]. For k-SAT, it is known that

a{a .

d 4 Qq (679 Qg

Fig. 2. Pictorial representation of the different phase transitions in the set of
solutions of arCSP. At g some clusters appear, butfor ag + < a < agq they

s (2) =1. A conjectUre based on the ca\/ity method was put forwardgomprise only an exponentially smjz\i]llzfraction of solutions.]\l;or ag < a < acthe
in[6] forall k > 3thatimplied in particular the values presented in Ta-Solutions are split among about e =~ clusters of size e °*. If ae < a < as

bleld andws (k) = 2% log 2— 1 (1+1og 2)+O(2) for largek [11].

Subsequently it was proved that(k) > 2% log 2 — O(k) confirming

this asymptotic behavidr[12]. Ananalogous conjecturgfooloring

was proposed in[13] yielding, for regular random graph#,[the val-

ues reported in Tab[é 1 andg) = 2qlog g—log g—1+0(1) forlarge

¢q (according to our convention, random graphs are whp unableiif

1 > Is(q)). Itwas proved in[15,712] thdt (¢) = 2glog g— O(log q).
Even more interesting and challenging are phase transiticthe

structure of the se® C X' of solutions of rCSP’s (‘structural’ phase

transitions). Assuming the existence of solutions, a coierd way

of describingS is to introduce the uniform measure over solutions

w(z):

M
1
p(z) = Vi ali[ll/fa(xia(l), T (k) s [1]

whereZ > 1 is the number of solutions. Let us stress that, sifice
depends on the rCSP instangg, ) is itself random.

We shall now introduce a few possible ‘global’ characteitrs
of the measure.( - ).
part in the theory of Gibbs measures and we shall partiathpathat
terminology here [1/7].

In order to define the first of such characterizations, wedefN]
be a uniformly random variable index, denoterashe vector of vari-
ables whose distance frois at least, and byu(z;|z,) the marginal
distribution ofz; givenz,. Then we say that the meastiff satisfies
the uniqueness condition if, for any givere [V],

E sup Z |u(xi|§[) — u(m@;)! —0. [2]

ZpZp g, eX

as?! — oo (here and belowthe limi¥ — oo is understood to be taken

Each one of these properties has its counter

the set of solutions is dominated by a few large clusters (with strongly fluctuating
weights), and above o the problem does not admit solutions any more.

corresponding to two distinct intuitions. According to tfirst one,
aboveaq (k) the variablegz1, . .., zn) become globally correlated
undery( - ). The criterion in[2] is replaced by one in which far apart
variablest, are themselves sampled fronf‘extremality’ condition):

EY ulz) Y |ulwilz,) — p(z:)| — 0. [3]

as!{ — oo. The infimum value ofa (respectivelyl) such that
this condition is no longer fulfilled is the threshotd; (k) (la(k)).
Of course this criterion is weaker than the uniqueness oaecgh
aq(k) > au(k)).

According to the second intuition, above;(k), the measure
[@] decomposes into a large number of disconnected ‘clusters’.
This means that there exists a partitipa,, },—1.. of XV (de-
pending on the instance) such thati) One cannot find» such
that u(A») — 1; (ii) Denoting byd.A the set of configurations
z € XM\ A whose Hamming distance frorhis at mostVe, we have
(0 An) /11(An)(1 — u(Arn)) — 0 exponentially fast inV for all n
ande small enough. Notice that the measurean be decomposed as

N
p() = wapn(:), [4]
n=1
wherew, = p(Ayn) andun(-) = u(-|An). We shall always refer
to {A,} as the ‘finer’ partition with these properties.
The above ideas are obviously related to the performandgof a
rithms. For instance, the correlation decay conditioffhis likely to
be sufficient for approximate correctness of BP on randommditeie.

before/ — oo). This expresses a ‘worst case’ correlation decay cona|so, the existence of partitions as above implies expaaksibwing

dition. Roughly speaking: the variahte is (almost) independent of
the far apart variables, irrespectiveis the instance realization and the
variables distribution outside the horizon of radiug he threshold for
uniqueness (above which uniqueness ceases to hold) wastesdi
in [9] for randomk-SAT, yielding aw (k) = (2logk)/k[1 + o(1)]
(which is asymptotically close to the threshold for the pliteral
heuristics) and in[[18] for coloring implying.(q) = ¢ for ¢ large
enough (a ‘numerical’ proof of the same statement existsrfallg).
Below such thresholds BP can be proved to return good estinwdt
the local marginals of the distributidfl].

Notice that the uniqueness threshold is far below the SABAN
threshold. Furthermore, several empirical studies [Ipp@hted out
that BP (as well as many other heuristics [4, 5]) is effeatipéo much
larger values of the clause density. In a remarkable sefipapers
[21,[€], statistical physicists argued that a second sirat{phase
transition is more relevant than the uniqueness one. Fiolpthis
literature, we shall refer to this as the ‘dynamic phasesitaom’ (DPT)
and denote the corresponding threshold.a§c) (or 4 (g)). In order
to precise this notion, we provide here two alternative faations
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down in a large class of MCMC sampling algoritlﬁns

Recently, some important rigorous results were obtainpdat-
ing this picture[[22, 23]. However, even at the heuristi@leseveral
crucial questions remain open. The most important condermis-
tribution of the weights{w, }: are they tightly concentrated (on an
appropriate scale) or not? A (somewhat surprisingly) eelajues-
tion is: can the absence of decorrelation abayék) be detected by
probing a subset of variables bounded\if?

SP [€] can be thought as an inference algorithm for a modified
graphical model that gives unit weight to each cluster [D}, thus
tilting the original measure towards small clusters. Ttsailttng per-
formances will strongly depend on the distribution of thestér sizes
wy. Further, under the tilted measue; (k) is underestimated be-
cause small clusters have a largerimpact. The correct vaa@ever
determined (but se2[16] for coloring). The authors of [2&dertook

30ne possible approach to the definition of a MCMC algorithm is to relax the constraints by
setting ¢ (- - - ) = e instead of 0 whenever the a-th constraintis violated. Glauber dynamics
can then be used to sample from the relaxed measure e ( - ).

Footline Author



a(k) ag(k)
Fig. 3. The Parisi RSB parameter m(a) as a function of the constraint den-
sity a.. In the inset, the complexity X(s) as a function of the cluster entropy for
a = as(k) — 0.1 (the slope at X(s) = 0is —m(«)). Both curves have been
computed from the large & expansion.

the technically challenging task of determining the clustee distri-
bution, without however clarifying several of its propesi

In this paper we address these issues, and unveil at leasttwo
expected phenomena. Our results are described in the netiorse
with a summary just below. Finally we will discuss the cortiac
with the performances of SP. Some technical details of tleailzdion
are collected in the last Section.

Results and discussion

The formulation in terms of extremality condition, cf. H&], allows
for an heuristic calculation of the dynamic threshald k). Previous
attempts were based instead on the cavity method, that iswaistic
implementation of the definition in terms of pure state degosition,

correlations of finite subsets of the variables. In the neat$ections
we discuss the calculation ef; anda.
Dynamic phase transition and Gibbs measure extremality.
A rigorous calculation oév4 (k) along any of the two definitions pro-
vided above, cf. Eq4[3] and[[4]] remains an open problem. Each of
the two approaches has however an heuristic implementthtadwe
shall now describe. It can be proved that the two calculatigald
equal results as further discussed in the last Section gfdper.

The approach based on the extremality conditioff@hrelies on
an easy-to-state assumption, and typically provides a maeise
estimate. We begin by observing that, due to the Markov straof
w(+), itis sufficient for Eq.[3] to hold that the same condition is ver-
ified by the correlation betweery and the set of variables at distance
exactly/ from ¢, that we shall keep denoting as. The idea is then to
consider a large yet finite neighborhoodiofGiven? > ¢, the factor
graph neighborhood of radidsaround: converges in distribution to
the radius£ neighborhood of the root in a well defined random tree
factor grapHhr'.

For coloring of random regular graphs, the correct limitireg
modelT is coloring on the infinité-regular tree. For randoi+SAT,
T is defined by the following construction. Start from the roati-
able node and connect it tamew function nodes (clauses)being a
Poisson random variable of mean. Connect each of these function
nodes withk — 1 new variables and repeat. The resulting tree is infi-
nite with non-vanishing probability ifr > 1/k(k — 1). Associate a
formula to this graph in the usual way, with each variableuo@nce
being negated independently with probability2.

The basic assumption within the first approach is that the ex-
tremality condition in[3] can be checked on the correlation between

cf. Eq.[[4]. Generalizing the results ¢f[L6], itis possible to showt tha the root and generatiofivariables in the tree model. On the tree,

the two calculations provide identical results. Howewveg, first one
is technically simpler and under much better control. As tioaed
above we obtain, for alt > 4 a value ofaq (k) larger than the one
quoted in[[6/11].

Further we determined the distribution of cluster sizes thus
unveiling a third ‘condensation’ phase transitioroa{k) > aq(k)
(strict inequality holds fok > 4 in SAT andg > 4 in coloring, see
below). Fora < ac(k) the weightsw,, concentrate on a logarith-
mic scale (namely- log w,, is ©(N) with ©(N'/?) fluctuations).
Roughly speaking the measure is evenly split among an exgpiahe
number of clusters.

Fora > ac(k) (and< as(k)) the measure is carried by a subex-
ponential number of clusters. More precisely, the ordesggience
{wnr } convergesto awell known Poisson-Dirichlet procss }, first
recognized in the spin glass context by Ruglle [26]. Thiefaed by

u( - ) is defined to be a translation invariant Gibbs measure [1s§-as
ciated to the infinite factor graii” (which provides a specification).
The correlation between the root and generafioariables can be
computed through a recursive procedure (defining a sequents-
tributions P,, see Eq.[[I5] below). The recursion can be efficiently
implemented numerically yielding the values presentechinld] for
k (resp. q)= 4,5,6. For largek (resp. ¢) one can formally expand
the equations o, and obtain

(k) )]tel

la(q) [7]

with v4 = 1 (under a technical assumption on the structur@gf
The second approach to the determinatiom@fk) is based on

ok
- log k + loglogk + ~va4 + O

log log k
log k

q [log g + loglog q 4+ va + o(1)]

Wi = 2,/ Sz, wherez,, > 0 are the points of a Poisson processthe ‘cavity method’[[6, 25]. It begins by assuming a deconitmsin

with ratez ~1~"(®) andm(«) € (0, 1). This picture is known in spin
glass theory as ‘one step replica symmetry breaking’ (1R®8)has
been proven in Ref[[27] for some special models. The ‘PaRSB
parameter'm(«) is monotonically decreasing frohto 0 whena
increases from. (k), to as(k), cf. Fig.[3.
Remarkably the condensation phase transition is alsodinke

an appropriate notion of correlation decay.i(f), ...,i(n) € [N]
are uniformly random variable indices, then, fo< a. (k) and any
fixed n:

E Y |p@iay - mim) = pl@iy) - plwi)| = 0 [5]
{zi(}

asN — oco. Conversely, the quantity on the left hand side remains

positive fora > a.(k). Itis easy to understand that this condition is
even weaker than the extremality one, cf. B8], in that we probe

Footline Author

pure states of the forifil] with two crucial properties(s) If we denote
by W, the size of then-th cluster (and hence,, = W,/ W,),
then the number of clusters of si¥E, = ¢™V* grows approximately
aseV*=(); (ii) For each single-cluster measurg( - ), a correlation
decay condition of the forrfi3] holds.

The approach aims at determining the rate funcigs), ‘com-
plexity’: the result is expressed in terms of the solutioradfistri-
butional fixed point equation. For the sake of simplicity vescribe
here the simplest possible scendriesulting from such a calcula-
tion, cf. Fig.[4. Fora < aq,—« (k) the cavity fixed point equation
does not admit any solution: no clusters are presentidAt (k) a
solution appears, eventually yielding, far> «aq4,+ a non-negative

“More precisely 11 ( - ) is obtained as a limit of free boundary measures (further details in [28]).

5The precise picture depends on the value of k (resp. ¢) and can be somewhat more compli-
cated.
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Fig. 4. The complexity function (the number of clusters with entropy density
sis eNE(5)) for the 6-colorings of I-regular graphs with [ € {17, 18,19, 20}.
Circles indicate the dominating states with entropy s«; the dashed lines have
slopes ¥/(s4) = —1forl = 18 and ¥/(sx) = —0.92 for I = 19. The
dynamic phase transition is {4 (6) = 18, the condensation one [4(6) = 19, and
the SAT-UNSAT one I5(6) = 20.
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Fig. 5. Correlation function [[3]] between the root and generation £ variables in
a random k-SAT tree formula. Here k = 4 and (from bottom to top) o = 9.30,
9.33,9.35, 9.40 (recall that g (4) ~ 9.38). In the inset, the complexity 3(s+)
of dominant clusters as a function of « for 4-SAT.

complexity X(s) for some values of € R;.. The maximum and
minimum such values will be denoted By,.x andsmin. At a strictly

larger valueaq,o(k), X(s) develops a stationary point (local max-
imum). It turns out thatvy o(k) coincides with the threshold com-

puted in[6[11], T4]. In particulatq,o(4) ~ 8.297, aq,0(5) ~ 16.12,
ad,0(6) =~ 30.50 andla,0(4) = 9, la,0(5) = 13, la,0(6) = 17. For
largek (resp. q), aa,0(k) admits the same expansion as in Eg],
[[Z] with v4,0 = 1 —log 2. However, up to the larger valug, (k), the
appearance of clusters is irrelevant from the point of viéyw( ). In
fact, within the cavity method it can be shown th&{*+>)! remains
exponentially smaller than the total number of solutiGhsmost of
the solutions are in a single “cluster”. The valug(k) is determined
by the appearance of a point with ¥’ (s.) = —1 on the complexity
curve. Correspondingly, one has~ ¢V[=(s*)+s<]: most of the so-
lutions are comprised in clusters of size abelit*. The entropy per
variableg = limy . N~ ' log Z remains analytic aiq (k).

Condensation phase transition.  Asaincreasesabovey, X(s«)
decreases: clusters of highly correlated solutions mayngdr sat-

isfy the newly added constraints. In the inset of Fig. 5 wewnsho

the a dependency obi(s.) for 4-SAT. In the largek limit, with
a = p2* we getS(s*) = log2 — p — log2e™"" + O(27%), and
5. =log2e ™ 4+ O(27F).

The condensation poini. (k) is the value ofx such thats(s.)

0.08

0.06

0.04

0.02

0 0.2 04 0.6 0.8 1
fraction of fixed variables

Fig. 6. Performance of BP heuristics on random 4-SAT formulae. The residual
entropy per spin N~ log Z (here we estimate it within Bethe approximation) as
a function of the fraction of fixed variables. tmax = 20 in these experiments.

exponential number of large clusfrsOur estimates forv. (k) are
presented in Tabld 1 (see also Hiyj. 4¥) in the6-coloring) while
in the largek limit we obtaina. (k) = 2*log 2 — £ log 2 + O(27)
[recall that the SAT-UNSAT transition is ats(k) = 2"log2 —
L;gQ +0(27")]andl.(q) = 2qlog g—log g—2log 2+0(1) [with
the COL-UNCOL transition ak(q) = 2qlog ¢ — log g — 1 + o(1)].
Technically the size of dominating clusters is found by max#
ing 3(s) + s over thes interval on which¥x(s) > 0. Fora €
[ac(k), as(k)], the maximum is reached &t.ax, With (smax) = 0
yielding ¢ = smax. It turns out that the solutions are comprised
within a finite number of clusters, with entrogy’ *m>x*2 where
A = ©(1). The shiftsA are asymptotically distributed according to
a Poisson point process of rate™(®)2 with m(a) = —%(Smax)-
This leads to the Poisson Dirichlet distribution of weigtiscussed
above. Finally, the entropy per varialilds non-analytic atv. (k).

Let us conclude by stressing two points. First, we avoided th
3-SAT and3-coloring cases. These cases (as well as3theloring
on Erdds-Rényi graphs [25]) are particular in that theadyit tran-
sition pointay is determined by a local instability (a Kesten-Stigum
[29] condition, see alsd [21]), yieldingq(3) ~ 3.86 andlq(3) = 6
(the casé = 5, ¢ = 3 being marginal). Related to this is the fact that
ac. = aq: throughout the clustered phase, the measure is dominated
by a few large clusters (technically(s.) < 0 forall « > aq). Sec-
ond, we did not check the ‘local stability’ of the 1RSB cabttitn.
By analogy with [30], we expect that an instability can mygdifie
curveX(s) but not the values akq anda..

Algorithmic implications.  Two message passing algorithms were
studied extensively on randokSAT: belief propagation (BP) and
survey propagation (SP) (mixed strategies were also cerexdin
[19,[20]). A BP message.—.(x) between nodes andv on the
factor graph is usually interpreted as the marginal distiim of z,,
(or x,) in a modified graphical model. An SP message is instead a
distribution over such marginal3,_.., (v). The empirical superiority
of SP is usually attributed to the existence of clusters {6é distri-
bution P, (v) is a ‘survey’ of the marginal distribution af,, over
the clusters. As a consequence, according to the standsddmw SP
should outperform BP fotv > aq(k).

This picture has however several problems. Let us list two of
them. First, it seems that essentially local algorithmslisas mes-
sage passing ones) should be sensitive only to correlatioreng

SNotice that for g-coloring, since I is an integer, the ‘condensated’ regime [tc(q), ls(g)] may be
empty: Thisis the case for g=4. Onthe contrary, g=>5 is always condensatedforiy < I < ls.

vanishes: above.(k), most of the measure is contained in & SUb-7This paradox was noticed independently by Dimitris Achlioptas (personal communication).
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finite subsets of the variabﬂasand these remain bounded up to thewheredu is the set of nodes adjacent @0 \ denotes the set sub-

condensation transition. Recall in fact that the extretyaldbndition
in [[3] involves a number of variables unboundedNi while the
weaker in[B] is satisfied up tev. (k).

Secondly, it would be meaningful to weight uniformly thesol
tions when computing the surveys,_.,(v). In the cavity method
jargon, this corresponds to using a 1RSB Parisi parameter 1
instead ofr = 0 as is done in[[6].

statistics used by SP to find a solution, BP should perfornghiyu
as SP. Both arguments suggest that BP should perform wedl tine t
condensation poini.(k). We tested this conclusion chSAT at

a=9.5 € (aa(4), ac(4)), through the following numerical experi-
ment, cf. Fig[®6.(¢) Run BP fortmax iterations. (i) Compute the BP

estimates; (z) for the single bit marginals and choose the one with

largest bias. (ii7) Fix z; = 0 or 1 with probabilitiesv;(0), v;(1).
(7v) Reduce the formula accordingly (i.e. eliminate the comstsa

satisfied by the assignment of and reduce the ones violated). This

cycle is repeated until a solution is found or a contradicti® en-
countered. If the marginals (- ) were correct, this procedure Would
provide a satisfying assignment sampled uniformly fron ). |

fact we found a solution with finite probability (roughty4), despite
the fact thaty > aq(4). The experiment was repeatechat= 9 with

a similar fraction of successes (more data on the succebalgifity
will be reported in[[31]).

Above the condensation transition, correlations becomsttong
and the BP fixed point no longer describes the measutadeed the
same algorithm proved unsuccessfubat 9.7 € (ac(4), as(4)).
As mentioned above, SP can be regarded as an inferencetlahgani
a modified graphical model that weights preferentially siciakters.
More precisely, it selects clusters of siz&° with 5 maximizing the

It is a simple algebraic fact of
the cavity formalism that for = 1 the means of the SP surveys
satisfy the BP equations. Since the means are the most iamport

traction operation, and , = {z; : j € A}. These are just the BP
equations for the mod¢fl]. The constants;_.,, z,—. are uniquely
determined from the normalization conditiops 7, _,,(z:) =

> s, Va—i(zi) = 1. In the following we refer to these equations
by introducing functiong;—.( - ), fa—:i(-) such that

fa—»i({ﬁjg,a}jeaa\i) ’
[10]
The marginals of: are then computed from the solution of these equa-
tions. For instance(x;) is a function of the messag@s—.; from
neighboring function nodes.
The log-number of solutiondpg Z, can be expressed as a sum
of contributions which are local functions of the messages $olve

Egs. 8], [3]
log Z =Y log ({T,.a}) + Y log 5 ({Famsi )+

= fima({To—itbeoina) » Pa—i =

i—a

— > 10g 24i(T— gy Va—i) [11]
(ai)

where the last sum is over undirected edges in the factohgrag

Za :Zl/}a iaa H 77,'_,(1 x’i )

Zoa i€da
zi = Z H Vaoi(®i),  2zai = Zﬁiﬁa(xi)ﬂa_,i(xi) )
r; a€di x;

Each tern: gives the change in the number of solutions when merging
different subtrees (for instandeg z; is the change in entropy when
the subtrees aroundare glued together). This expression coincides
with the Bethe free-energy [34] as expressed in terms of agess

In order to move from trees to loopy graphs, we first consider a
intermediate step in which the factor graph is still a treestsubset of

complexity X(s). With respect to the new measure, the weak correthe variablesz, = {x; : j € B} isfixed. We are therefore replacing
lation condition in[[] still holds and allows to perform inference by the measure(-), cf. Eq. [[I], with the conditional ong.( - |z;). In

message passing.
Within the cavity formalism, the optimal choice would be &éxé
r=m(a) €

physics terms, the variablesin specify a boundary condition.
Notice that the measure( - |z,) still factorizes according to (a

[0,1). Any parameter corresponding to a non-negativesubgraph of) the original factor graph. As a consequeneecdndi-

complexityr € [0, m(c)] should however give good results. SP cor-tional marginalsu(x:|z,) can be computed along the same lines as

responds to the choice = 0 that has some definite computational above. The messages® ,

advantages, since messages have a compact represemtétisrcase
(they are real numbers).

Cavity formalism, tree reconstruction and SP

This Section provides some technical elements of our coatiput
The reader not familiar with this topic is invited to furtheonsult
Refs. [6/11] 25, 32] for a more extensive introduction. Thpest
reader will find a new derivation, and some hints of how we casre
technical difficulties. A detailed account shall be giverf3f,33].

On atree factor graph, the marginals«f ), Eq. [[l] can be com-
puted recursively. The edge of the factor graph from vagiatnde:
to constraint node (respectively fromu to ) carries “messagej,_, ,
(a—1), @ probability measure o’ defined as the marginal of; in
the modified graphical model obtained by deleting constraidea
(resp. all constraint nodes arounicapart froma). The messages are
determined by the equations

n_.(xi) = Up—i(Ti), 8

i a( ) Zi—a {ngn bela—z[\a b [ ]

ﬁa_,i(mi) = z { Z'(/)a xaa H 77]~>a x] [9]
a—i nJ—'a Toa\i j€da\t

Footline Author

andv.® ; obey Egs|[I0], with an appro-
priate boundary condition for messages frBmAlso, the number of
solutions that take valuas onj € B (callit Z(z,)) can be computed
using Eq.[[I].

Next, we want to consider the boundary variables themselses
random variables. More precisely, givere R, we let the boundary

to bez, with probability

~ Z(zg)"
= =8 12
pi(zs) Z0r) [12]
where Z(r) enforces the normalizatioh . i(zg) = 1. Define

P;_.o(n) as the probability density of® , whengz, is drawn from
&, and similarly@.—.;(v). One can show that Eq8] implies the
following relation between messages distributions

[ TT Qi) Bl fimea Q) 21 (01"

bedi\a

Pi—»a(n Zi
[13]

where f;_, is the function defined in Eq[IQ], z;—. is determined

by Eq. [8], and Z;_., is a normalization. A similar equation holds

for Qa—i(v). These coincide with the “1RSB equations” with Parisi

parameter. Survey propagation (SP) corresponds to a particular pa-

rameterization of Eq[[I3] (and the analogous one expressipg-.;

in terms of theP’s) valid for r = 0.
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The log-partition functiorp(r) = log Z(r) admits an expression Eg. [[I3] takes the form
that is analogous to EqIT]],

Piesgn) o [ TL aPiCm) $ 10— FEa) =(Em)’

log Z(r) = log Za({Pima}) + Y _log Z:({Qa—i})+ 101\
‘ ' where f is defined byn(z) = z~'[[, 1 — mi(z) andz by normal-
= D108 Zai(Piva; Qa—i) [14] ization. The distribution o,_.; is then assumed to satisfy a distri-

ai

butional version of the last equation. In the special casaafiom
regular graphs, a solution is obtained by assumingfhat; is indeed
independent of the graph realization andigf. One has therefore
simply to setP;_.; = P in the above and solve it fap.

In general, finding messages distributidhs Q that satisfy the
distributional version of Eq[[I3] is an extremely challenging task,
even numerically. We adopted the population dynamics nae[B2)
which consists in representing the distributions by samteis is
closely related to particle filters in statistics). For arste, one rep-
resentsP by a sample ofP’s, each encoded as a list §5. Since
computer memory drastically limits the samples size, and the pre-
cision of the results, we worked in two directior{g;) We analytically
solved the distributional equations for largén the case ok-SAT) or
q (¢g-coloring); (2) We identified and exploited simplifications arising
for special values of.

Let us briefly discuss poir{). Simplifications emerge for = 0
andr = 1. The first case correspond to SP: Refsl. [[6, 11] showed
how to compute efficiently=(r = 0) through population dynamics.
Building on this, we could show that the clusters internatapy
s(r = 0) can be computed at a small supplementary cost (sée [31]).

The valuer = 1 corresponds instead to the ‘tree reconstruction’
problem [35]: In this cas@(z,), cf. Eq. [[I2], coincides with the
marginal of.. Averaging Eq[[I3] (and the analogous one fQx, ;)
one obtains the BP equatiofi], [@], e.9. [ dPi—a(n) n = T;_q-
ghese remark can be used to show that the constrained aserage

where the ‘shifts’Z(- - - ) are defined through moments of order
of the 2’s, and sums run over vertices notlh For instancez,; is
the expectation of.;(n, )" whenn, v are independent random vari-
ables with distribution (respectively) ., andQ.—.. The (Shannon)
entropy of the distributiof is given byX(r) = ®(r) — r®’(r).

As mentioned, the above derivation holds for tree factoplgsa
Nevertheless, the local recursion equatifii8], [[I3] can be used
as an heuristics on loopy factor graphs as well. Furthdrpalih we
justified Eq. [[I3] through the introduction of a random boundary
conditionz,, we can takeB = () and still look for non-degenerate
solutions of such equations.

Starting from an arbitrary initialization of the messagi® re-
cursions are iterated until an approximate fixed point islied. After
convergence, the distributios_.,, Q.— can be used to evaluate the
potential®(r), cf. Eq. [[I4]. From this we compute the complexity
functionX(r) = ®(r) — r®'(r), that gives access to the decompo-
sition of u( - ) in pure states. More preciselyr) is the exponential
growth rate of the number of states with internal entrepy &'(r).
This is how curves such as in Flg. 4 are traced.

In practice it can be convenient to consider the distrimgiof
messaged’;—.., Q.—i With respect to the graph realization. This
approach is sometimes referred to as ‘density evolutiorcdading
theory. If one consider a uniformly random directed edge> a
(ora — %) in a rCSP instance, the corresponding message will b
a random variable. Aftet parallel updates according to E¢I3], - _ o
the message distribution converges (in fiie— oo limit) to a well P(n,m) = /dP[P] P(n)é (77 - /dP(Vl )77) )
defined lawP; (for variable to constraint messages)@y (for con-
straint to variable). A$ — oo, these converge to a fixed poiRt ©  andQ(v, 7) (defined analogously) satisfy closed equations which are
that satisfy the distributional equivalent of HL3]. much easier to solve numerically.

To be definite, let us consider the case of graph coloringceSin We are grateful to J. Kurchan and M. Mézard for stimulatirigcdssions.

the compatibility functions are pairwise in this case (ile= 2 in  This work has been partially supported by the European Cssioti under
Eq. [d]), the constraint-to-variable messages can be eliminatdd a contracts EVERGROW and STIPCO.
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