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Gigahertz photon density waves in a turbid medium: Theory and experiments

Joshua B. Fishkin, '* Sergio Fantini, ' Martin J. vandeVen, and Enrico Gratton'
Laboratory for Fluorescence Dynamics, Department of Physics, Uniuersity ofIllinois at Urbana Cha-mpaign,

11108'est Green Street, Urbana, Illinois 61801
ISS Inc., 2604 North Mattis AUenue, Champaign, Illinois 61821

(Received 4 August 1995)

The predictions of the frequency-domain standard diffusion equation (SDE) model for light propaga-
tion in an infinite turbid medium diverge from the more complete P& approxI'matron to the linear
Boltzmann transport equation at intensity modulation frequencies greater than several hundred MHz.
The P& approximation is based on keeping only the terms 1=0 and 1= 1 in the expansion of the angular
photon density in spherical harmonics, and the nomenclature P& approximation is used since the spheri-
cal harmonics of order 1=1 can be written in terms of the first order Legendre polynomial, which is

traditionally represented by the symbol P&. Frequency-domain data acquired in a quasi-infinite turbid
medium at modulation frequencies ranging from 0.38 to 3.2 GHz using a superheterodyning microwave
detection system were analyzed using expressions derived from both the P& aproximation equation and
the SDE. This analysis shows that the P& approximation provides a more accurate description of the
data over this range of modulation frequencies. Some researchers have claimed that the P& approxima-
tion predicts that a light pulse should propagate with an average speed of c/&3 in a thick turbid medi-

um. However, an examination of the Green's function that we obtained from the frequency-domain P,
approximation model indicates that a photon density wave phase velocity of c/&3 is only asymptotically
approached in a regime where the light intensity modulation frequency aproaches infinity. The Fourier
transform of this frequency-domain result shows that in the time domain, the P

&
approximation predicts

that only the leading edge of the pulse {i.e., the photons arriving at the detector at the earliest time) ap-
proaches a speed of c /+3.

PACS number(s): 05.60.+w

I. INTRODUCTION

Frequency-domain methods, in which the light source
intensity is modulated at radio frequency, have been suc-
cessfully applied to spectroscopy studies of turbid media
[1—4]. In macroscopically homogeneous media, simple
expressions for the absorption and reduced scattering
coefficients were obtained in the strongly scattering re-
gime, where the photon mean-free path is much shorter
than the source-detector separation [5,6]. These expres-
sions are based on the standard di6'usion equation (SDEj,
which is valid when the photon current density J is relat-
ed to the photon density Uby Fick's law [7,8]. This con-
dition is satisfied in turbid media with relatively large
scattering coefficients and at modulation frequencies up
to hundreds of MHz. The refraction and diffraction of
the diffuse photon density waves predicted by the SDE
has been experimentally studied [9,10]. At GHz modula-
tion frequencies, the SDE is expected to break down
[11,12]. In this paper we study this GHz frequency re-
gion theoretically and experimentally. Theoretically, we

*Present address: Beckman Laser Institute and Medical Clinic,
University of California at Irvine, 1002 Health Sciences Road
East, Irvine, CA 92715.

have conducted a comparison between the SDE and the
more complete P

&
approximation to the Boltzmann

transport equation. The P, approximation is based on
keeping only the terms I =0 and I = 1 in the expansion of
the angular photon density in spherical harmonics, and
the nomenclature P, approximation is used since the
spherical harmonics of order I = 1 can be written in terms
of the first order Legendre polynomial, which is tradi-
tionally represented by the symbol P&. Expansion of the
angular photon density in terms of the first I. +1 spheri-
cal harmonics is generally referred to as a PL approxima-
tion [7]. Experimentally, we have employed a frequency
down-conversion technique. This technique extends the
useful bandwidth of our microchannel plate detector to
about 4 GHz.

In the application of frequency-domain methods to the
optical study of biological tissue, there are a number of
reasons for considering the use of modulation frequencies
in the GHz region. In spectroscopy, intrinsic tissue inho-
mogeneities can affect the intensity and the phase shift
measurement to different extents. In fact, the inhuence of
the optical properties of a specific spatial region can be
substantially different in the intensity and phase measure-
ments [13]. The use of only one parameter, be it the in-
tensity, the demodulation, or the phase shift information,
might thus be preferable due to instrument configuration
considerations. To be effective in recovering the tissue
optical parameters, though, measurements in a modula-
tion frequency range extending from a few MHz up to a
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few GHz may be required. In this paper we discuss the
range of optical parameters that can be recovered from
the measurement of a single quantity, i.e., the phase of
the photon density wave in a range of modulation fre-
quencies. Another reason for doing measurements at
GHz modulation frequencies is to perform localized tis-
sue spectroscopy. The use of higher Inodulation frequen-
cies reduces the probed volume of tissue [12,14]. In im-
aging, it has been shown that measurements at higher
modulation frequencies provide better resolution than
measurements at lower modulation frequencies [14—16].

In this work, we also discuss the limiting phase veloci-
ty of the photon density wave predicted by the
frequency-domain solution of the P, approximation to
the Boltzmann transport equation. We describe how this
limiting phase velocity relates to the leading edge of pulse
propagation in a turbid medium.

II. THEORY

In the frequency domain, the source term S' '(r, t) in
Eq. (1) is given by

S' '(r, t) =6(r)S I 1+2 exp[i (cot + E) ]],
where 6(r) is a three-dimensional Dirac delta function lo-
cated at the origin, S is the source strength (in photons
per second). 3 is the modulation of the source, i =v' —1,
ru is the angular modulation frequency of the source, and
c. is an arbitrary phase. The assumption that
1 ))3p, D ))(3coD /c) reduces the I'

i approximation
equation [i.e., Eq. (1)] to the standard diffusion equation
(SDE)

aU(r, t)' —+cp, U(r, t) cDV—' U(r, t)=S' '(r, t),

with S' '(r, t) given in Eq. (4).
Using Eq. (2) and the above mentioned assumption that

1 ))3p, D (which means that p,
' ))p, ), we write

A. I'
&

approximation to the Boltzmann transport equation

A erst order spherical harmonics expansion of the an-
gular photon density (i.e., the radiance) in the Boltzmann
transport equation yields the P

&
approximation equation

[7,8]

3 d U(r, t) 2
( ) ( )

BU(r, t)
c Bt

+cp, U(r, t)=S '(r, t),
with

3D Bqo(r, t)S' '(r, t)=qo(r, t)+ —3DV' q, (r, t) .
c Bt

U(r, t) is the density of photons (with units of
photons/volume), r is position, t is time, c is the speed of
a photon in the transporting medium (i.e., water in our
experiments),

1D=—
3(p, +p,')

(2)

is the diffusion coefficient (with units of distance),

(3)

is the reduced scattering coefficient (with units of inverse
distance), g is the average of the cosine of the scattering
angle after a photon collision, and p, and p„respective-
ly, are the inverse of the mean-free path for photon ab-
sorption and the inverse of the mean-free path for elastic
scattering collisions (p, and p, have units of inverse dis-
tance). S' '(r, t) is the photon source, with qo(r, t) being
the isotropic term in a first-order spherical harmonics ex-
pansion of the source term in the Boltzmann transport
equation, and q, (r, t) is the first moment in this expansion
which describes the dipole-like anisotropy of the source.
Equation (1) reasonably approximates the Boltzmann
transport equation when r is far from sources and boun-
daries, and p, /(p, +p, ) is close to unity, i.e., p, »p,
[7,8].

c (p, +p,')

(Neglect of p, in the diffusion coefficient D in the SDE
approximation has been previously noted by Furutsu and
Yamada) [17]. We have now reached a critical point in
our discussion. In the P] approximation to the
Boltzmann transport equation as represented by Eq. (1),
the assumption is that p, »p, . Since a condition for the
validity of the SIDE is 1 &&3p,a, the further assumption
that p,

' &)p is necessary in order to reduce the I'] ap-
proximation equation to the SDE, as represented by Eq.
(5). The P, approximation equation thus involves an as-
sumption about the scattering coeKcient p„whereas the
SDE involves an additional assumption about the re-
duced scattering coe%cient p,'. p,

' is typically an order of
magnitude less than p, in biological tissue, since g is of
the order of 0.9 [18]. In these conditions of highly for-
ward scattering (g =0.9), Fig. 1(a) shows the regions of
the p,

' —p, plane where one can apply the I'] approxima-
tion and the SDE. In Fig. 1(a), the conditions of applica-
bility of I'i and SDE (p, ))p, and p.,' »p, „respectively)
are written p, & 10p, and p, & 10p„respectively. The
choice of the factor 10 is arbitrary, so that Fig. 1(a)
should not be interpreted rigorously. Nevertheless, it
gives an idea of the values of the optical coefficients p,
and p,

' for which the I'& and SI3E approximations to the
Boltzmann transport equation (BTE) are applicable. We
observe that in the case of isotropic scattering (g =0), the
regions of the p,

' —p, plane where I'] and SDE are appli-
cable coincide. The other condition for the validity of
the SDE, namely 1))3~a/c, requires that the modula-
tion frequency ~/2~ be much smaller than the eA'ective
scattering rate c(p, +p,') divided by 2' This conditio. n
is shown in Fig. 1(b), where we plot the product rp,' as a
function of r~/2~. The condition for the validity of the
SDE (i.e., 1))3coD/c) is written —, )3~D/c in Fig. 1(b).
The reason for having rp', on they axis of Fig. 1(b) is that
we can thus plot (using a single line) the condition
r ))1/p, for the validity of the I'& approximation. This
condition (written as rp, & 10 or rp,') 1 by considering
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again g =0.9) limits the applicability of the P, approxi-
mation to the region above the line rp,'= I in Fig. 1(b).
We will discuss this condition for the validity of the P,
approximation below. Here we stress again that the fac-
tor 10 used to plot the conditions ip )3~D /c aIld

rp, ) 10 is an arbitrary factor used to interpret the actual
conditions 1))3coD/c and rp, ))l, respectively. For
this reason, Fig. 1(b) should not be taken as a rigorous
representation of the limits of validity of P1 aIld the SDE.
We finally point out that one can use the SDE (P&) ap-
proximation to describe adequately the experimental data
in a given configuration only if such a configuration
satisfies the requirements of both Figs. 1(a) and 1(b) for
the SDE (P& ). In other words, given r, p„p,', and m/2~,
the corresponding points in Figs. 1(a) and 1(b) should
both be in the SDE (Pi ) region, to enable one to ade-
quately apply the SDE (P, ) approximation. For exam-
ple, Figs. 1(a) and 1(b) may give us an idea about the limit
of applicability of the SDE in biological tissue. The
values p, -0.01—0. 1 cm ' and p,

' —1 —10 cm ', which
are typical of soft tissue, are certainly in the SDE region
of Fig. 1(a). Figure l(b) tells us that the P, approxima-
tion is applicable for source-detector separations down to

about a few mm (or about 1 cm if we consider that g can
be as small as 0.6 in tissues [18]),and the SDE is applica-
ble for modulation frequencies up to about 1 G-Hz.

B. Limiting value of the phase velocity

The first two terms in Eq. (1) have the form of a wave
equation, and the first term in Eq. (1) has led to claims
that the P, approximation equation predicts that a light
pulse in a turbid medium propagates with an average
speed of c/&3, c being the speed of a photon in the medi-
um surrounding the scattering particles [19—21]. We
shall now examine the validity of this claim by studying
both the frequency and time-domain Green's function
solutions of Eq. (1).

The infinite medium frequency-domain Green's func-
tion solution to Eq. (1) is

1/2
pa

UG(r, t) = - -exp r-
4wcar

1+ —exp[ —rk cos9
4mcar

+i (rk sin9 —cot —E)], (7)

BTE, P), SDE

where k and 0 are given by

(cp, —cuba) + (m+ cp, a)2 1/4

2D 2

0. 1

0 =:—,'tan
co+ cp a
CPg COAX

0.0 1

0.00 0.05 0. 1 0 0. 1 5 0.20 C
(10)

, 00

10

0. 1

(cm ')

BTE, P), S

BTE

In the limit in which the terms containing o. are negligi-
ble, Eq. (7) reduces to the infinite medium frequency-
domain solution given by Fishkin and Gratton for the
SDE [Eq. (5)] [14]. Equation (7) yields expressions for the
frequency-domain quantities measured at r relative to the
corresponding quantities measured at ro, namely, the
steady-state photon density (dc), the amplitude of the
photon density oscillations (ac), and the phase shift of the
photon density wave (4&). The relative quantities are
given by

' 1/2
Ud'( r ) "o Pa

U'(r )
IO 100 1000 10000

Ir (~/27T)] (cm Mj—lz)

FIG. 1. Regions of applicability of the standard di6'usion

equation (SDE) and of the P& approximation to the Holtzmann
transport equation {BTE). In these figures, g is assumed to be
0.9, so that p, =10p,'. (a) p,'-p, plane. The plotted conditions
are p,') p, (for Pl ), and p,') 10p, (for SDE). (b) rp,'-res/2m
plane. The plotted conditions are rp,

' ) 1 (for P, ), and
1/10) 3coa/c (for SDE).

U;d = = exp[ —(r —ro)k cos9],U"(r) "o
URc( ) r

C&(r) &b(r)=(—r —ro—)k sin9 .

The relative demodulation of the photon density wave is
given by
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The phase velocity V of a photon density wave in the
P& approximation may be derived from Eq. (7):

V =
k sin9

The ratio V /(c/&3) is platted versus modulation fre-
quency in Fig. 2, where V is given by Eq. (15),
c =2.26 X 10' cm/s (the speed of light in water),
p,'=4.30 cm ', and p, =0.008 cm '. One can see from
Fig. 2 that the ratio V /(c/+3) asymptotically ap-
proaches 1 as the modulation frequency approaches
infinity. Since a light pulse consists of a Fourier spec-
trum of photon density waves of difFerent phase velocities
and amplitudes, this result demonstrates that all of the
Fourier components of a light pulse in this medium prop-
agate at a speed that is slower than c/&3, according to
the predictions of the I'i approximation equation [Eq.
(1)]. To further illustrate this point, we have plotted the
time-domain Green s function solution to Eq. (1) in Fig. 3
using the same optical parameters used in Fig. 2. We ob-
tained the time-domain plots of the photon density
Green's function by numerically performing a Fourier
transform of the frequency-dependent part of Eq. (7) us-
ing the commercial package MATHEMATIcA (Wolfram
Research, Inc. , Champaign, IL). The results are shown
in Fig. 3. Kaltenbach and Kaschke obtained an analyti-
cal Green's function solution in the time domain to the
I', approximation equation (i.e., they obtained an analyti-
cal solution to Eq. (1) with the source term
5' '( r, t ) =6( r )5( t ) [22]. Time-domain results obtained
when we numerically Fourier transformed the
frequency-dependent part of Eq. (7) are identical to the
results that Kaltenbach and Kaschke calculated directly
from their analytical time-domain Green s function. Ex-
amination of these time-domain results shows that at a
distance r from the light source, the earliest arriving pho-
tons arrive at a time t;„=r/(c/&3). For the distance
r =1.8 cm and c =2.26X10' cm/s used in our Fig. 3
calculations, the time given by r (/c&/3) is 138 ps. This

E 00120
Z'.
0

0.008-0
Z t

J

0.004
I

/

/

0.000
0

c/Jg

('J)

LLI
LL1

CI

G

P I APPRGX.

500

T IME (ps)

1 000

FIG. 3. Time-domain photon density Green's functions.
r =1.8 cm, c =2.26X 10' cm/s, p,

' =4.30 cm ', and p, =0.008
cm '. The plots were obtained by taking the Fourier transform
of the frequency-domain photon density Green's functions [i.e.,
the frequency-dependent part of Eq. (7)]. The SDE plot was cal-
culated with the assumption that the e terms in Eq. (7) were
negligible.

is precisely the point on the time axis of Fig. 3 that the
plot of the photon density impulse response function be-
comes nonzero.

Zaccanti et aI. performed time-domain measurements
of light pulse propagation in turbid media with optical
parameters comparable to those given in Fig. 3 of this
work [23]. They have compared their experimental re-
sults to the predictions of the SDE, and have stated in the
conclusion of their paper that "the shapes of the pulses
obtained with the difFusion approximation are similar to
the measured pulses but significantly wider" [23]. Note
that in Fig. 3 of our paper the pulse shape predicted by
the SDE is considerably broader than the pulse shape
predicted by the Pi equation. This result indicates that
the P

&
equation may provide a better description than the

SDE of the pulse propagation data presented by Zaccanti
et al.

C. Adequacy of the P
&

approximation equation

1.0

0.8

0.4

0.2

0.0
10 10' lO 10 10 10 10

MOD. FRE C3. (MHz)

FIG. 2. The ratio V~ /(c/&3) vs modulation frequency.
c =2.26X10' cm/s, i.e., c is the speed of light in water,

p,'=4. 30 cm ', and p, =0.008 cm '. V~ is calculated from Eq.
(15).

We assume that the time-domain Green's function
solution of the P& equation adequately describes the
transport of a photon in a turbid medium when the pho-
ton undergoes a sufficient number of collisions in its tran-
sit from the source to the detector. This means that the
source/detector separation r should be su%ciently large
such that r ))1/(p, +p, ) (or r ))1/p„since p, ))p, ),
i.e., r is much greater than the mean-free path of a pho-
ton collision event. In these conditions, the transmitted
light pulse is adequately described by the Pi approxima-
tion in the time domain, and should thus also be ade-
quately described by the P, approximation in the fre-
quency domain at all modulation frequencies (the
frequency-domain and time-domain expressions are relat-
ed by the Fourier transformation). Once the source-
detector separation is sufficiently large with respect to
1/p„ there is not an upper limit on the modulation fre-
quencies at which the P, approximation equation is ade-
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quate. Yoo, Liu, and Alfano have determined the
minimum value of the product rp,

' is of the order of 10
for adequate description of light pulse transport within
the SDE [24]. Further studies are required to determine
the minimum value of the product rp, for which light
transport is adequately described within the P, approxi-
mation.

D. P& approximation equation versus the SDE

Figures 4—7 compare and contrast the predictions of
the Pi equation and the SDE in the frequency domain.

10"

In Figs. 4—7, r =1.8 cm, ro=1. 1 cm, and c =2.26X10'
cm/s. Figure 4 shows plots of relative phase shifts versus
modulation frequency, calculated for three different re-
duced scattering coefficients and two different absorption
coefficients with both the SDE expression given by Fish-
kin and Gratton [14] and the I', approximation expres-
sion [Eq. (13)]. Figure 5 is derived from Fig. 4 (as well as
from one set of curves at p,'=25. 80 cm ' not shown in
Fig. 4). Figure 5 shows the difference in phase between
the P, approximation model and the SDE model at four
different reduced scattering coefficients and two different
absorption coefficients for the medium. Since typical un-
certainties in a measurement of N„& are of the order of
0.2, at modulation frequencies above 500 MHz we
should be able to distinguish between the two models
from a measurement of 4„& obtained from a medium
with p,

' and p, values within the range of values given in

LU)
I—

LLJ

K

1 02

10'

10o

10
10 10' l0 l0 10' 10 10

2. 15cm '

4.30cm '

0.4
8.60cm '

0.3

0.2

0. 1

/

i I j
/ /

//=/ /

//: j
/ /

/ j
I

I /

/ /
/

MOD. FREQ. (Mj—(z)
o.o

10' Q 2 IO

MOD, FRED. (MHz)

10'

10
0.5

0.4

0.3

2. 15cm '

4.30cm '

8.60cm '

m '

10' 0.2

10'
o.o

10' 0 2

0.08cm '

10
10

100 10' 10 10 10' 10' 10 MDD. FREE). (MHz)

MOD. FREC3. (MHz)

FICx. 4. (a) Relative phase shift vs modulation frequency.
The solid curves were calculated from the P& approximation
model IEq. (13}],and the dashed curves were calculated from
the standard diffusion equation (SDE) model. r = 1.8 cm,
r, =1.1 cm, c =2.26X10' cm/s, and p, =0.008 cm '. (b) The
same as (a), except that p, =0.08 cm

FIG. 5. (a) Phase-shift difference between the P& approxima-
tion model and the SDE model. These curves show the
difference between the dashed and solid curves in Fig. 4 (and for
one value of p,

' not shown in Fig. 4, i.e., p', =25.80 cm ').
r =1.8 cm, r0=1. 1 cm, c =2.26X10' cm/s, and p, =0.008
cm '. The horizontal line represents the typical noise level in a
phase shift measurement, i.e., 0.2'. (b) The same as (a), except
that p, =0.08 cm
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1.0
5cm '

O.B

0.7
0.6
0.5

Ocm '

Ocm '

~ ~F' 4 Smaller values of p,
'

yield larger deviations be-
tween the two models at a given modulation frequency
and, value, as indicated by the curves in Fig.

Fi ure 6 shows plots of relative demodulation versus
mo ua iond l t' frequency, calculated for three different re-
duced scattering coe%cients and two different a sorp
coefficients with both the SDE expression and I', approx-
imation expression IEqs. (11), (12), and (14)j. Figure is

6). Figure 7 shows the dift'erence in demodulation be-

tween the I'& approximation equation mode andand the SI3E
model at five different medium reduced scattering
coefficients and two different absorption coeKcients.
Since typical uncertainties in a measurement of M«& are
of the order of 0.004, again, at modulation frequencies

ve 500 MHz we should be able to distinguish between
obtainedthe two models from a measurement 0 rel

from a medium wi a p, vd' 'th ' value within the range of values
F 6 Again, smaller values of p,

'
yield larger

deviations e weenb t n the two models at a given modu ation
inFi . 7. Fi ure7f ency as indicated by the curves in Fig. 7. Figure

thealso shows that, at suKciently high values of p„
description o «) af M data given by the I'& approximation
equation an ed th SDE at any modulation frequency

case ofshould be the same. This is in contrast with the case o
hase shift. Figures 4 and 5 show that the difference

between the phases predicted by the two moddels can be
experimentally tested at any g p„piven ' rovided a high
enough modulation frequency is reached.
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FIG. 6. (a) Relative demodulation vs modu
'

qodulation frequency.
The solid curves are calculated from the I', approximation

{&2)»d {14)],and the dashed curves are cal-
culated from the SDE model. r = 1.8 cm, ro = . cm,

b) The same as (a),|." =2.26X10' cm/s and p =0 008 cm . (b&

except that p +0.08 crn

FIG. . a emG. 7. ( ) D modulation difterence between the I'
j approxt-
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demodulation measurement, s.e.,
same as (a), except that p„=0.08 cm
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To experimentally study the deviations between the I',
approximation equation and the SDE predictions, we
used a superheterodyning microwave detection system to
detect photon density waves generated in a turbid medi-
um by a mode-locked laser. The superheterodyning tech-
nique that we employ extends the useful bandwidth of
our microchannel plate detector to about 4 GHz (this fre-
quency range is determined by the mixer —rf amplifier
combination used in our instrument). We describe our
frequency-domain instrument in detail in Sec. III.

III. KXPKRIMKNTAL APPARATUS
AND METHOD

A. Description of the experimental apparatus

l. Laser system

A block diagram of the frequency-domain spectropho-
tometer is shown in Fig. 8. The light source used in our
measurements is a mode-locked neodymium-yttrium-
aluminum-garnet laser (Nd YAG, Coherent Antares 76-
S, Santa Clara, CA) which produces a train of equally
spaced light pulses with a repetition rate of 76.20 MHz
and with its output frequency doubled to a wavelength of
532 nm. Each pulse is —150 ps at full-width, half-
maximum. Fourier analysis of the 76.20-MHz light pulse

train yields a series of harmonic intensity-modulation fre-
quencies with a spacing of 76.20 MHz between each har-
monic [25]. A master oscillator is used as a reference for
the frequency synthesizer that drives the neodymiurn-
YAG laser mode locker. The same master oscillator is
also used as an external reference for the microwave syn-
thesizer (Hewlett-Packard, model 8341B), i.e., LOCAL
OSCIL 1 in Fig. 8. A personal computer controls all in-
strument operations, which includes positioning of the
ends of optical fibers F, and Fd in the turbid medium.

The 76.20-MHz light pulse train (attenuated to —50-
mW average power) is split into two parts via a beam
splitter, as shown in Fig. 8. One of the beams, which
contains the majority of the power of the original beam,
is focused via a lens onto optical fiber F„which conveys
the laser light to the turbid medium under study. The
other beam is directed onto a fast photodiode (35-ps rise
time photodiode from Antel Optronics Inc. , model AR-
S2), which serves as the reference channel for our
frequency-domain measurements [26,27]. The diameter
of optical fiber F, is 0.15 cm. The detector optical fiber
(i.e., fiber Fd ) consists of a 0.3-cm-diameter bundle of
glass optical fibers, with a 0.1-cm aperture placed on the
end of the fiber immersed in the turbid medium. The out-
put of fiber Fd is directly in front of a 6-pm microchannel
plate photomultiplier (MCP PMT) from Hamamatsu,
model R2566U-01 [28].

2. Superheterodyning electronics

Nd: YACI laser

532nrn

mode locker
driver

Ak

PHOTO-
DIODE

scattering medium:
76 I tank

MCP
PMT

MASTER
OSCIL. I.OCAL I.OCAI.

OSCIL. I OSCIL. 2

and display Sync. electronics

FIG. 8. Schematic of the superheterodyning, rnultifrequency,
cross-correlation phase and modulation spectrophotometer used
for measurements of the optical properties of turbid media.
Light source: Coherent Antares 76-S mode-locked
neodymium-yttrium-aluminum-garnet (Nd: YACC) solid state
laser. The mode locker driver is from Coherent, model 7600.
A, Hewlett-Packard 8447E Radio Frequency Amplifier. Detec-
tors: (PHOTO-DIODE, 35-ps rise time photodiode from Antel
Optronics Inc. , model AR-S2; MCP PMT, 6-pm microchannel
plate photomultiplier from Hamarnatsu, model R2566U-01.
OSCIL, radio frequency oscillators connected in a phase-locked
loop to the data processing and display portion of the instru-
ment. F„source optical fiber. I'd, detector optical fiber. A de-
tailed schematic of the superheterodyning electronics is shown
in Fig. 9.

All modern frequency-domain instruments use the
cross-correlation techniques introduced by Spencer and
Weber [29]. The basic element of a frequency-domain in-
strument is the light source, which should have a power
spectrum in the modulation frequency range of the
instrument's operation. Using a narrow-pulsed, mode-
locked laser, the power spectrum extends to about
50—100 GHz [30]. The light detector generally limits the
bandwidth of a given instrument. Obtaining the max-
imum bandwidth from a given detector is a crucial point.
For microchannel plate photomultiplier detectors (MCP
PMT), the anode bandwidth is essentially the same as the
cathode bandwidth, and the signal can be handled direct-
ly at the MCP PMT output [31].

The scheme of our electronic superheterodyning detec-
tion system is shown in Fig. 9. The output of the MCP
PMT is separated into its ac and dc components. Special
care is used in this part of the circuit. Since this is the
only microwave frequency part of the signal processing,
all components (capacitor, cables, connectors) must be
rated for up to 4-GHz operation. We have verified, using
a Hewlett-Packard spectrum analyzer (model 8569A),
that the frequency response of this part of the circuit ex-
tends to about 4 6Hz. After the Inicrowave mixer M1
(Anzac, model MDC123), a frequency component of the
signal is at low frequency (100 kHz). It can then be han-
dled using standard electronic components. It should be
noted that the average dc current from our MCP PMT
must not exceed 200 nA, i.e., approximately 2 V after the
dc current-to-voltage converter (again 10 V/A). About
the same signal intensity with respect to the dc signal is
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available at each one of the harmonic frequencies over a
spectrum which extends up to the limit imposed by the
detector. However, the ac part of the signal has a 50-0
impedance due to the mixer input characteristics, which
typically results in a 10-pV signal. These signal levels are
very low, and a direct conversion to the 40-Hz region is
difficult, since the ubiquitous 60-Hz line signal dominates.
This difficulty is one of the reasons for using the inter-
mediate conversion frequency, where amplification can be
obtained in a low noise frequency region. The mixer has
a conversion loss of about 7 dB (a factor of —5), which
reduces the signal output from the mixer to about 2 pV.
The voltage level at the rf input of the mixer was fixed at
about +10 dBm. This value was found to be optimal for
the Anzac mixer. Some harmonics are produced at this
high rf signal level, but we found that filtering of the
second harmonic of the microwave frequency carrier is
excellent and the linearity of the mixer output is also
good. The mixer output is filtered using a 42IF301
ceramic IF filter transformer (Mouser Electronics,
Mansfield, TX). This filter performs an impedance con-
version from about 500 0 to about 50 kQ, providing a
voltage gain of about a factor of 100. The output of the
filter is then amplified by about a factor of 1000 and fed
to the rf input of a second mixer (M2). The amplification
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FIG. 9. Block diagram of the superheterodyning detection
system. Detectors: MCP PMT, 6-pm microchannel plate pho-
tomultiplier from Hamamatsu, model R2566U-01; PHOTO-
DIODE, 35-ps rise time photodiode from Antel Optronics Inc. ,
model AR-S2. The radio frequency signals emitted from these
detectors are split into ac and dc components. LOCAL OSCIL.
1, Hewlett-Packard 8341B Synthesized Sweeper, with a radio
frequency output ranging over 10 MHz to 20 GHz. M1,2, dou-
ble balanced mixers with their local oscillator input signals
(RF+ 100 and 99.96 kHz, respectively), (RF, signal of a frequen-
cy matching that of the photon density wave under study).
F1,2, narrow bandpass electronic filters for cross-correlation
frequencies of 100 kHz and 40 Hz, respectively. A1, variable
amplifier for ac signal. A2, dc amplifier LOCAL OSCIL. 2,
tracking filter consisting of a phase detector, voltage controlled
oscillator, and digital phase drifter.

of the signal at 100 kHz, second stage mixing, and further
amplification and low pass filtering is obtained using a
modified PAR, model 5204, lock-in amplifier, equipped
with a tunable input filter set at 100 kHz. The low fre-
quency filtering at 40 Hz and amplification is performed
using standard electronics. The 99.96-kHz input of the
second mixer is connected to the output of the tracking
synthesizer, which provides a frequency exactly 40 Hz
below the intermediate 100-kHz frequency. After
bandpass filtering and amplification, the output of M2
contains all the information of the original high frequen-
cy signal. The reference channel operates in a similar
fashion. The reference detector is a fast p-i-n photodiode
(Antel Optronics Inc. , model AR-S2) with 35-ps rise time
[26,27]. A second, identical Anzac mixer performs the
first frequency conversion to 100 kHz. The same kind of
ceramic filter is used to isolate the 100-kHz component.
Since the signal is relatively large, it is first split and one
part is used as the reference frequency for the tracking
synthesizer (i.e., LOCAL OSCIL. 2 in Figs. 8 and 9), the
other is directly applied to the input of the second mixer
where it is converted to 40 Hz.

At this point, four signals, corresponding to the ac and
dc of the sample and reference, respectively, have been
generated. These signals are applied to the inputs of an
ISS A2D (ISS Inc. , Champaign, IL) digital interface card
for an IBM-PC computer, where the usual acquisition
and processing is performed under computer control.
The analog to digital card technology and digital process-
ing with fast Fourier transform which process these sig-
nals is the current state of the art I'32].

B. Measurement protocol in the turbid medium

The turbid medium under study was a macroscopically
uniform 68-1 mixture of a 1.3 skim milk to water ratio.
The skim milk —water mixture was held in a 76 1 glass
tank of dimensions 60X30X42 cm . The geometrical
configuration of the detector optical fiber Fd with respect
to the source optical fiber F, was such that the aperture
of fiber F, directly opposed the aperture of fiber Fd in the
turbid medium (Fig. 8). The ends of optical fibers F, and
Fd (with a maximum separation distance of 2. 1 cm) were
immersed in the multiply scattering medium as far as
possible from the medium boundaries in order to best ap-
proximate the infinite medium boundary condition.

Frequency-domain measurements of phase shift N, and
demodulation M were made at fourteen difFerent intensity
modulation frequencies (381.0, 457.2, 533.4, 762.0, 838.2,
914.4, 1143.0, 1371.6, 1524.0, 1905.0, 2057.4, 2438.4,
2819.4, and 3200.4 MHz) at source —detector separations
ranging from 1.1 to 2.1 cm in 0.1-cm increments. The
source-detector separation r was controlled by a motor-
ized scanning device (Techno XYZ Positioning Table,
New Hyde Park, NY), with the position reproducibility
in r to within 10 pm). At a given modulation frequency
cu/2m, the phase shift 4 and demodulation M quantities
measured at a distance r from the source were respective-
ly compared to the N and M quantities measured at the
r0=1. 1-cm source-detector separation. This enables us
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to obtain the relative quantities @„&and M„&, defined in
Eqs. (11)—(14). As noted by Fishkin et al. [6], the mea-
surement of the relative demodulation and phase shift
quantities (i.e., M„i and N„i) at a given value of co/2n
has the following advantage: terms which are dependent
on the source emission properties are eliminated, as are
the spectral response factors of the superheterodyning
phase-sensitive detection system. When fitting our
frequency-domain data (@„,and M„i) to Eqs. (13) and
(14), respectively, to obtain the medium absorption and
reduced scattering coefficients (p, and p,') at the light
wavelength 532 nm, we assume that n =1.33 for the mul-
tiply scattering media under investigation (which is the
index of refraction of water at the 532-nm wavelength
considered). Typical instrumental uncertainties in our
frequency-domain measurements are approximately 0.004
for M„i, and 0.2 for N„i [33].

IV. RESULTS
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FIG. 10. Measured relative phase lag vs source/detector sep-
aration r, where the source and detector are immersed in a 68-1
mixture of a 1:3 skim milk:water ratio. For clarity, we only
show data acquired at four of the 14 modulation frequencies
used in acquiring our data. The solid lines are linear fits to
these data. The modulation frequencies at which we acquired
our data ranged from 381.0 to 3200.4 MHz. The uncertainty in
the data points is smaller than the size of the symbols represent-
ing the data.

Figure 10 shows plots of the measured relative phase
shift versus source-detector separation r in the 68-1 1:3
skim milk to water medium. All phase values were mea-
sured relative to the phase at the ro=1. 1 cm source-
detector separation. For clarity, only four of the above
mentioned modulation frequencies used in our experi-
ments are shown in this plot. The solid lines are linear
fits to these data. The linearity of the measured phase
shifts with respect to r in Fig. 10 is consistent with the
predictions of Eq. (13). Figure 11 shows plots of the nat-
ural logarithm of the measured relative demodulation
versus r. As in Fig. 10, we only show four of the 14
modulation frequencies. The solid lines are linear fits to
these data. The linearity of the data with respect to r at
the three lowest modulation frequencies in Fig. 11 is con-
sistent with the predictions of Eqs. (11), (12), and (14).

0

~ 38 1 MHz

762 MHz

1 524 MHz

+ 3200 MHz

—2
1,0 1.4

FIG. 11. Natural logarithm of the measured relative demo-
dulation vs source/detector separation r, where the source and
detector are immersed in a 68-1 mixture of a 1:3skim milk:water
ratio. For clarity, we only show data acquired at four of the 14
modulation frequencies used in acquiring our data. The solid
lines are linear fits to these data. The modulation frequencies at
which we acquired our data ranged from 381.0 to 3200.4 MHz.
The uncertainty in the data points is smaller than the size of the
symbols representing the data.

The data acquired at 3200.4 MHz in Fig. 11 are not per-
fectly linear with respect to r. Rather, they show a slight
downward curvature. This result is inconsistent with the
predictions of both the P& approximation equation and
the SDE.

Figures 12 and 13 show phase shift and demodulation
data acquired in the 68-1 1:3 skim milk to water medium
at r =1.8 cm relative to ro=1. 1 cm, at the 14 modula-
tion frequencies. The solid curves in Figs. 12(a) and 13(a)
represent fits to these data using the SDE expressions and
the P, approximation equation expressions, respectively,
for N„& and M„&. We emphasize that N„& and M„& were
employed together to extract optical parameters p,

' and

p, from the plots of Figs. 12(a) and 13(a) (see Table I,
where the correlated uncertainties given in this table were
calculated using 0.98 probability limits for the confidence
interval). These fits were obtained using the commercial
package GLoBALs UNLtMITED (Laboratory for Fluores-
cence Dynamics, Dept. of Physics, University of Illinois
at Urbana-Champaign) [34]. The residues of the SDE fit
of Fig. 12(a) and the P, approximation equation fit of Fig.
13(a) are shown in Figs. 12(b) and 13(b), respectively.
The residues of the SDE fit show strong systematic
trends, and most of these residues are beyond the range
of uncertainty of our measurements (i.e., b, C&„t=+0.2'

and bM„&=+0.004). This indicates that the SDE does
not provide an accurate description of the data over the
range of modulation frequencies studied. The residues of
the P& approximation equation fit show much less of a
systematic trend, and are for the most part within the
range of uncertainty of our measurements.

To further verify the relative accuracy of the P, ap-
proximation equation as compared with the SDE, we
have also extracted the optical parameters p,

' and p,
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TABLE I. Optical parameters of the 68-l 1:3 skim milk:water solution obtained by fitting the
frequency-domain data obtained from this medium to the I'& equations and the SDE. All of the data
fits were performed using 0.98 probability limits for the confidence interval. Table I is organized in the
following manner: a row contains the optical parameters obtained from a particular combination of
phase and/or demodulation data used in the calculation of the g surface; a column contains an optical
parameter calculated from a given frequency-domain model for light transport in turbid media (i.e., ei-
ther the I'& model or the SDE).

Phase 8c

Demodulation Fit
Phase Fit Only
Demodulation Fit

Only
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0.0086+0.0027

I'& approximation fit

p,
'
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FIG. 12. (a) Phase and demodulation data acquired at r = 1.8
cm relative to ro=1. 1 cm. The solid curves represent a fit to
these data using the standard diffusion equation (SDE) expres-
sions for the relative phase shift and the relative demodulation.
Assuming that c =2.26X10' cm/s, the values for the reduced
scattering and absorption coefficients obtained from this fit are
shown in Table I. (b) Residues of the SDE fit to the data shown
in (a). The uncertainty in the data points is smaller than the
symbols representing the data.

FICx. 13. (a) Phase and demodulation data acquired at r = 1.8
cm relative to r~=1. 1 cm. The solid curves represent a fit to
these data using the I'& approximation equation expressions for
the relative phase shift and the relative demodulation. Assum-
ing that e =2.26 X 10' cm/s, the values for the reduced scatter-
ing and absorption coefficients obtained from this fit are shown
in Table I. (b) Residues of the I', approximation fit to the data
shown in (a). The uncertainty in the data points is smaller than
the symbols representing the data.
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from the phase data only and the demodulation data
only. The results of these fits using both the P& approxi-
mation equation and the SDE are shown in Table I. The
p,

' and p, values extracted from the P& approximation
equation fits to the data are more consistent than the p,

'

and p, values extracted from the SDE fits to the data (see
Table I). The fitted parameter p,

' is relatively uncorrelat-
ed with the fitted parameter p, in all of the P, approxi-
mation fits to our data. The p,

' and p, values obtained
from the SDE fits to our data are more correlated than
those obtained from the Pi approximation equation fits.
The value of p, at the optical wavelength of 532 nm ex-
tracted from the Pi approximation fits to data obtained
in our skim milk —water mixture (i.e.,

p, =0.0076+0.0034 cm ', from the relative phase shift
and demodulation data) is the same value for p, that
Fishkin et al. [6] obtained for a liposyn-water mixture at
532 nm. This coincidence may imply that only water ab-
sorbs at this wavelength.

The g surface calculated only from the P, expression
for the phase [Eq. (13)] over the frequency range of 381.0
MHz —3.2 CiHz is relatively Aat with respect to the pa-
rameter p„with the y surface at a minimum for p, =0
cm '. The values for p, which fall within the 0.98 prob-
ability limits for the confidence interval of the phase fit
range from 0 to 0.0038 cm ' (see Table I). (We have re-
quired that a fit always yield positive values for p,

' and

p, ). We have explored the y surface calculated only
from the relative phase shift [Eq. (13)] over different
modulation frequency ranges in order to determine if
there is an optimal range of modulation frequencies from
which p, can b.- determined using phase data only. By
inspection of the g surface for the P& approximation us-

ing only the phase in the range 381 MHz —10 GHz, we
concluded that when the parameter p, is of the order of
0.01 cm ', it may be scarcely determined. However, ac-
quisition of phase only data over the range 20-500 MHz
dramatically increases the accuracy with which p, may
be determined when it is of the order of 0.01 cm ' (recall
that our data set extends over the range 381 MHz —3.2
GHz). This result is not surprising if one examines Fig.
4, which shows lots of relative phase shift versus modula-
tion frequency. In Fig. 4(a), p, is of the order of 0.01
cm '. The maximum curvature in the phase shift with
respect to modulation frequency in Fig. 4(a) occurs
roughly between 20 and 500 MHz, whereas the phase
shift in this figure is relatively linear at modulation fre-
quencies greater than 500 MHz and at modulation fre-
quencies less than 20 MHz. In Fig. 4(b), p, is of the or-
der of 0.1 cm '. The maximum curvature in the phase
shift with respect to modulation frequency in Fig. 4(b)
occurs roughly between 200 MHz and 5 GHz. An order
of magnitude increase in medium absorption p, thus
seems to increase by an order of magnitude the optimal
modulation frequency range for determining p, from
phase only data. This result indicates that if one is to use
the phase shift only to determine the optical parameter
p„ the range of modulation frequencies used must be
carefully chosen so as to include the region of maximum
curvature of the phase shift with respect to modulation

frequency in the calculation of the y surface. This result
is consistent with the conclusions of Tromberg et al. [3],
who used the SDE expression for the phase to recover p,
and p,

' from phase only data.

V. CONCLUSION

We have shown that the dift'erence between the SDE
[i.e., Eq. (5)j and the more complete P, approximation to
the Boltzmann transport equation [i.e., Eq. (1)] is
significant only at modulation frequencies of several hun-
dred MHz or greater. The modulation frequency at
which the two models begin to significantly differ is
dependent on the reduced scattering coeKcient of the
medium p,'. The point of significant di6'erence is deter-
mined by the typical noise levels in a frequency-domain
measurement (see Figs. 5 and 7). Smaller values of p,

'

yield larger deviations between the two models at a given
modulation frequency. Figure 1(b) shows an rp,

' versus.
re/2m diagram of the regions of validity of the SDE and

Pi approximations. At higher modulation frequencies
and relatively small reduced scattering coefficients, the P,
approximation should be used for the description of the
propagation of light in turbid media. However, for rela-
tively large reduced scattering coefficients and/or low fre-
quencies, the SDE approximation can be adequate for the
description of light propagation in turbid media. We
note that at very small values of the scattering coefficient,
neither approximation is adequate and higher order ap-
proximations to the Boltzmann transport equation may
be required to describe photon migration in the lower
scattering regime adequately. It is also important to real-
ize, as shown in Fig. 1(b), that the distance between the
source and detector is another important factor for the
applicability of the P& approximation. The smaller the
scattering coefficient, the larger the source-detector sepa-
ration should be for the applicability of the P, approxi-
mation.

The frequency-domain P
&

approximation equation pre-
dicts that as the modulation frequency approaches,
infinity, the phase velocity of the photon density wave V
asymptotically approaches c/&3 (see Fig. 2). We have
plotted the Fourier transform of our frequency-domain
solution to the P& approximation equation in Fig. 3 using
the same optical parameters that generated Fig. 2. The
time-domain results we obtained when we Fourier
transformed our frequency-domain Green" s function [i.e. ,
the frequency-dependent part of Eq. (7)j are identical to
the results that Kaltenbach and Kaschke calculated
directly from their analytical time-domain Careen's func-
tion [22]. Examination of these time-domain calculations
shows that at a distance r from the light source, the earli-
est arriving photons generated by the pulsed source
5' '(r, t)=5(r)6(t) arrive at a time t;„=r/(c/v'3) ac-
cording to the P& approximation equation. This result
contradicts previous claims [19—21] that the Pi approxi-
mation to the Boltzmann transport equation predicts that
a light pulse propagates with an average speed of c/V'3
in a thick, turbid medium.

Examination of the P
&

approximation equation fits and
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the SDE fits to our frequency-domain data (see Figs. 12
and 13, and Table I) indicates that the Pi approximation
equation gives a more accurate and self consistent
description of our data than the SDE. However, there is
still a systematic trend in the residues obtained from the
P& approximation equation fits, which may indicate that
the Pi approximation equation does not provide a com-
plete description of our data. Boas et al. [35] have de-
rived higher order frequency-domain P3 approximation
expressions which may provide a better representation of
our observations than the P3 approximation expressions.
The conditions for the applicability of higher order ap-
proximations to the Boltzmann transport equation for
describing photon migration in turbid media is an impor-
tant problem which may be of use to the community of
researchers who use dift'using light to image turbid media.
In this paper, we have studied the physical meaning of
the P, approximation. The mathematical limit of the
higher order Pz approximations to the Boltzmann trans-
port equation has been established, but the physical pic-
ture of the process described by the addition of higher or-
der terms has not been investigated, as yet. In any case,
our studies of the g surface calculated from the phase

only indicate that choosing an appropriate modulation
frequency range is critical for extracting an accurate
value of the absorption of the medium. The range of ab-
sorption coefficients that can be well determined by a
measurement of the phase scales with the modulation fre-
quency range utilized: the larger the absorption
coefficient, the higher the optimal modulation frequency
range for determining the absorption coefticient of the
medium.
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