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1 Introduction

Axion electrodynamics has been widely investigated from particle physics and cosmology
to condensed matter physics. In particle physics, the axion has been introduced to resolve
the strong CP problem, and it is a candidate of cold dark matter [1–7] (see also refs. [8–
11] as a review). In condensed matter physics, the axion electrodynamics can describe
magneto-electric responses in topological matter [12–14] (see also ref. [15] as a review).

One of the characteristic features of the axion electrodynamics is a topological cou-
pling between the axion and photon. This coupling originates from the chiral anomaly
of massive Dirac fermions coupled with them, which modifies the electric Gauss law and
the Maxwell-Ampère law [12–14, 16, 17]. Furthermore, this topological coupling leads to
non-trivial effects on extended objects in the axion electrodynamics. There are spatially or
temporally extended objects such as magnetic monopoles, axionic domain walls, and ax-
ionic strings [18–21]. One of the characteristic effects is the Witten effect [22] for the axion
due to the modification of the electric Gauss law [16]. If an axionic domain wall encloses a
magnetic monopole, electric charges are induced on the axionic domain wall [12, 17]. This
domain wall enclosing the magnetic monopole is called a monopole bag [23, 24].

Another characteristic effect is the so-called anomalous Hall effect for the axion due
to the modification of the Maxwell-Ampère law [12–14, 17, 25–29]. If a domain wall is
placed in the electric flux background, electric currents are induced on the domain wall
whose direction is perpendicular to the electric flux. This effect also arises in the presence
of the axionic strings in the electric flux background [13, 21, 30]. There are induced electric
currents whose directions are perpendicular to both of the electric flux and the gradient of
the axion. Since the electric current flows to the axionic strings, this effect is related to the
so-called anomaly inflow mechanism of axionic strings [31, 32] (see also refs. [33–36]). By
these non-trivial phenomena of extended objects due to the topological coupling, the axion
electrodynamics has also been investigated as a simple model of string theory [37–39].
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What are the underlying structures for the above peculiar effects for the extended
objects? One of the candidates is the notion of symmetries, giving us non-perturbative,
model-independent, and universal understandings of physical phenomena. In fact, the
chiral symmetry and its anomaly in the axion electrodynamics are essential notions to
understand these effects. However, its symmetry transformation acts on only local fields
rather than extended objects. If we try to understand the effects on extended objects
by symmetries, it is plausible to consider symmetries whose transformations act on ex-
tended objects.

Recently, the notion of symmetries has been generalized to ones for extended objects,
called higher-form symmetries [40–42] (see also related topics [43–51]). For p-form symme-
tries (p = 0, 1, . . . , D), charged objects are p-dimensional, where D is the spacetime dimen-
sions. Symmetry generators acting on the charged objects are (D−p−1)-dimensional topo-
logical objects, while the conventional symmetries can be understood as 0-form symmetries,
since they act on local 0-dimensional objects, i.e., local fields. Such higher-form symme-
tries give us new aspects of modern physics. For example, we can understand photons in
the pure Maxwell theory as Nambu-Goldstone bosons [42, 52, 53]. Such an interpretation
has been generalized to non-relativistic cases as well [26, 54–56]. Here, a charged object
is a 1-dimensional Wilson loop whose vacuum expectation value is finite in the Coulomb
phase. Another application of higher-form symmetries is that Abelian topologically ordered
phases [57–60] can be regarded as broken phases of higher-form symmetries [42, 47, 49],
in which the charged object is a worldline of an anyon. One can further classify phases of
gauge theories based on those symmetries [61–73]. Thus, it becomes possible to understand
phenomena of extended objects in terms of higher-form symmetries.

A more elegant description of higher-form symmetries can be given by so-called higher-
groups [74], which are extensions of conventional groups describing ordinary (0-form) sym-
metries. Here, higher n-groups are given by a set of n groups with maps between them.
For example, a 2-group is given by a set of two groups (G,H), a map H → G, and actions
of G on G and H. The higher-groups have been recently applied to various aspects of the-
oretical physics, such as higher gauge theories where charged objects are extended [75–88],
effective theories of gapped or gapless topological matter [89–98], deformation of current
algebra for tensorial currents [99] and quantum chromodynamics [100]. Therefore, higher-
form symmetries and higher-group structures may provide us with new understandings of
the effects in the axion electrodynamics.

In the previous paper by the present authors [101], it was shown that the axion elec-
trodynamics possesses a 0-form symmetry, an electric 1-form symmetry, a magnetic 1-form
symmetry, and a 2-form symmetry. Here, the 0-form symmetry is a shift symmetry of the
axion. The electric and magnetic 1-form symmetries are related to conservation laws of
electric and magnetic fluxes, respectively. The 2-form symmetry is the conservation law
of the winding number of axionic strings. Furthermore, we found that the higher-form
symmetries can have a semistrict 3-group (or 2-crossed module) structure by analyzing the
correlation functions of the symmetry generators. We hereafter abbreviate the semistrict
3-group to the 3-group for simplicity. The 3-group is a set of three groups (G,H,L) with
maps between them [102]. One of the particular properties of the 3-group is the presence of
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actions of G on G, H, L. Another property is that there must be a map from two elements
in H to L, which is called the Peiffer lifting.

In this paper, we investigate the higher-group structure in the (3+1)-dimensional axion
electrodynamics in more detail by introducing background gauge fields corresponding to
the higher-form symmetries. The background gauging enables us to describe the ’t Hooft
anomalies, which are obstructions to dynamical gauging of global symmetries [103–105].
Since the ’t Hooft anomalies constrain possible phase structure of a given theory [61, 62, 106]
and describe anomalous phase factors in correlation functions of symmetry generators [42,
107], it is important to determine the ’t Hooft anomalies for the axion electrodynamics.

There are at least two methods to establish the background gauging. One is to es-
tablish gauged actions with couplings between background gauge fields and symmetry
generators [42, 99, 100]. We show that a naive gauging violates the invariance under the
transformations of the axion and photon, which should be avoided [99, 107]. The absence
of apparent inconsistencies requires modifications of the gauge transformation laws corre-
sponding to the 3-group structure. We should note that this gauging procedure is based
on the higher-form symmetries and the gauge invariance, but it does not a priori assume
the 3-group structure.

Next, we show that the above background gauging with the modified gauge transforma-
tions can be sufficiently described by a 3-group gauge theory formulated in refs. [79, 82, 83].
To this end, we establish the 3-group gauge theory for the axion electrodynamics. Here,
we assume the global 3-group structure in the axion electrodynamics. The gauge transfor-
mation laws of the background gauge fields are determined by the basic quantities of the
3-group rather than the gauge invariance of the axion and photon. By comparing the gauge
transformation laws and field strengths, we confirm that these two independent methods
result in the same physics.

As a consequence of the background gauging, we determine ’t Hooft anomalies of the
higher-form symmetries. We find that there are three kinds of the ’t Hooft anomalies. One
is a mixed ’t Hooft anomaly for the axion, which prevents us from a simultaneous gauging of
the 0- and 2-form symmetries. The second is for the photon, which forbids a simultaneous
gauging of the two 1-form symmetries. These two anomalies are extensions of previously
known anomalies for the axion and photon in the absence of the topological coupling [42].
The third is a cubic ’t Hooft anomaly, that is so-called 2-group anomaly [107], which implies
the obstruction to the simultaneous gauging of the 0-form and the 1-form symmetries.

This paper is organized as follows. In section 2, we review the axion electrodynamics
and higher-form symmetries in this system in detail. In section 3, we consider the back-
ground gauging of the higher-form symmetries that are consistent with the gauge invariance
for the dynamical fields. We further determine the ’t Hooft anomalies of the higher-form
symmetries. In section 4, we discuss the other gauging procedure, which is based on the
3-group gauge theory. We show that both of the gauging methods give rise to the same re-
sults in the axion electrodynamics. Finally, we summarize this paper in section 5. We give
four appendices. In appendix A, we give explicit forms of the ’t Hooft loop and worldsheet
of the axionic strings which are charged objects of the magnetic 1-form symmetry and the
2-form symmetry, respectively. We show detailed derivations of correlation functions used
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in this paper in appendix B. In appendix C, we review the notions of the 3-group, the
Lie algebra of the 3-group, and the 3-group gauge theories. We also give an intuitive and
diagrammatic expression of the 3-group in appendix D.

2 Higher-form symmetries in axion electrodynamics

In this section, we review the higher-form symmetries in (3 + 1)-dimensional axion electro-
dynamics [101] in detail. In particular, we carefully discuss the symmetry groups for the
higher-form symmetries. After giving an action of the massless axion electrodynamics, we
show the existence of the higher-form symmetries by the equations of motion (EOM) and
Bianchi identities of the axion and photon. We also present the charged objects, symmetry
generators, and symmetry groups for the higher-form symmetries.

2.1 Action

Here, we give an action of the massless electrodynamics, in which we regard the photon as
a gauge field of U(1) gauge symmetry, and the axion as a circle valued pseudo-scalar field.
The action has the form [12]

S = −
∫
M4

(
v2

2 |dφ|
2 + 1

2e2 |da|
2 − N

8π2φda ∧ da
)
. (2.1)

Here, φ is the axion, a the photon, v a decay constant of the axion, e a coupling constant
of the photon, and N an integer. |dφ|2 and |da|2 denote dφ∧ ?dφ and da∧ ?da, where ? is
the Hodge star operator. We refer to M4 as a (3+1)-dimensional spacetime manifold, e.g.,
the Minkowski spacetime. Throughout this paper, we assume that M4 is a spin manifold
such that the axion photon coupling term is well-defined. The axion has a 2π periodicity
at each point P in the spacetime:

φ(P) + 2π ∼ φ(P). (2.2)

We have assumed that the mass-dimension of the scalar field is normalized as 0. We regard
the periodicity as a redundancy of the axion. In other words, the redundancy can be
understood as a (−1)-form gauge symmetry [41, 108, 109]. An invariant operator under
the redundant transformation in eq. (2.2) is a point operator,

I(qφE ,P) := eiqφEφ(P), (2.3)

rather than φ(P) itself. Here, the invariance requires that qφE is an integer. Although
I(qφE ,P) is a single-valued function, φ(P) can be a multi-valued function on a closed loop
C with the winding number, ∫

C
dφ ∈ 2πZ. (2.4)

Physically, the nonvanishing winding number implies the existence of a string object with
a topologically quantized charge.

The photon is described by a U(1) 1-form gauge field a, which is transformed as

a→ a+ dλ. (2.5)
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Here, λ is a U(1) gauge parameter, which satisfies λ(P) + 2π ∼ λ(P). Since the gauge
parameter is circle valued rather than R valued, the gauge parameter can have a winding
number

∫
C dλ ∈ 2πZ. Such a transformation with a nonvanishing winding number is

called a large gauge transformation. An operator that is invariant under the large gauge
transformation is a Wilson loop,

W (qaE , C) := eiqaE
∫
C a, (2.6)

where a charge qaE should be an integer. When C is a boundary of a surface SC , we can
rewrite the Wilson loop by using the Stokes theorem as

W (qaE , C) = e
iqaE

∫
∂SC

a = e
iqaE

∫
SC

da = e
iqaE

∫
SC

f
, (2.7)

where f = da is the field strength. In general, the field strength is a globally well-defined
closed two-form that may not be the exact form, and it is quantized on a closed surface S as∫

S
f ∈ 2πZ. (2.8)

It physically means that there can be a magnetic monopole in the interior of S. This is
nothing but the Dirac quantization condition. Throughout this paper, we simply denote
the field strength as da and use the Dirac quantization condition on a closed surface as∫

S
da ∈ 2πZ, (2.9)

bearing in mind that a is not globally well-defined.

2.2 Higher-form symmetries

Here, we review higher-form symmetries in this system [101]. In the following, we show
that there are four kinds of the higher-form symmetries: ZN 0-form, electric ZN 1-form,
magnetic U(1) 1-form, and U(1) 2-form symmetries. They are associated with the EOM
or Bianchi identities of the axion and photon.

2.2.1 ZN 0-form symmetry

First, we consider the ZN 0-form symmetry, which is a shift symmetry of the axion. The
EOM of the axion, v2d ? dφ − N

8π2da ∧ da = 0 lead to the following closed current 3-form
and conserved charge,

jφE := −v2 ? dφ− N

8π2a ∧ da, QφE(V) :=
∫
V
jφE . (2.10)

Here, V is a 3-dimensional closed subspace. The charge QφE(V) is topological: it is invariant
under a small deformation V → V ∪ ∂Ω0 with a four-dimensional subspace Ω0, because of
the Stokes theorem. A gauge invariant observable given by the current jφE is the following
unitary object,

UφE(e2πinφ/N ,V) := e
2πinφ
N

QφE(V), (2.11)

– 5 –
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where e2πinφ/N ∈ ZN parameterizes the topological object. This object is topological
meaning that

UφE(e2πinφ/N ,V ∪ ∂Ω0) = UφE(e2πinφ/N ,V). (2.12)

Therefore, UφE is a topological unitary object.
One might think that the group parameterizing the symmetry is a continuous group

such as U(1) since there is a conserved current. However, the symmetry group is restricted
to ZN by the large gauge invariance or the Dirac quantization condition of the U(1) gauge
field. This is due to the fact that the current is not gauge invariant, and the conserved
charge is not large gauge invariant. Let us consider this problem in detail. We consider
a topological unitary object UφE(eiαφE ,V) = eiαφEQ(V) with a real parameter αφE . We

focus on the gauge variant term e−
iNαφE

8π2
∫
V a∧da in UφE(eiαφE ,V) and try to define it by

using a gauge invariant integrand [110, 111]. We define this term by using an auxiliary
4-dimensional subspace ΩV with a boundary ∂ΩV = V as

e−
iNαφE

8π2
∫
V a∧da := e

−
iNαφE

8π2
∫

ΩV
da∧da

. (2.13)

However, the integral has an ambiguity of the choice of ΩV . We can also define
e−

iNαφE

8π2
∫
V a∧da by using another 4-dimensional subspace Ω′V satisfying ∂Ω′V = V as

e−
iNαφE

8π2
∫
V a∧da := e

−
iNαφE

8π2
∫

Ω′V
da∧da

. (2.14)

The difference should be invisible, so that we require the following condition,

e−
iNαφE

8π2
∫

Ω da∧da = 1, (2.15)

where Ω = ΩV ∪(−Ω′V) is the 4-dimensional closed subspace, and −Ω′V is the 4-dimensional
subspace Ω′V with an opposite orientation. By the Dirac quantization condition, the integral
is
∫

Ω da ∧ da ∈ 2 · (2π)2Z on a spin manifold. Therefore, the parameter αφE should satisfy
eiαφE ∈ ZN .1

The charged object for the symmetry is the 0-dimensional point object in eq. (2.3),
and therefore this symmetry is a ZN 0-form symmetry. The symmetry transformation is
generated by the topological unitary object and is expressed by the correlation function,

〈UφE(e2πinφ/N ,V)I(qφE ,P)〉 = e2πinφqφE Link (V,P)/N 〈I(qφE ,P)〉. (2.16)

Here, the symbol ‘〈〉’ denotes a vacuum expectation value (VEV), and Link (V,P) ∈ Z is
a linking number of V and P. In appendix B.1, we show the derivation in detail.

2.2.2 Electric ZN 1-form symmetry

Second, we show a ZN 1-form symmetry originated from the EOM of the photon, − 1
e2d ?

da + N
4π2dφ ∧ da = 0, which would imply the conservation of electric fluxes modified by

1This requirement is the same as the quantization of the Chern-Simons term in (2 + 1) dimensions [112].
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the axion. The closed current 2-form, conserved charge, and topological unitary object are
given by

jaE = 1
e2 ? da−

N

4π2φda, QaE(S) =
∫
S
jaE , UaE(e2πina/N ,S) = e

2πina
N

QaE(S), (2.17)

respectively. The topological unitary object UaE is parameterized by a ZN group instead
of a U(1) group due to the gauge variant integrand φda. The restriction on the group can
be shown as follows. We try to define the integral of the gauge variant term e−

iαaEN

4π2
∫
S φda

in a gauge invariant way, where αaE is a real parameter that will be determined by the
large gauge invariance. We define the integral by using a 3-dimensional subspace VS as

e−
iαaEN

4π2
∫
S φda = e

− iαaEN
4π2

∫
VS

dφ∧da
. (2.18)

The condition that the integral does not depend on the auxiliary subspace VS leads to

e−
iαaEN

4π2
∫
V dφ∧da = 1, (2.19)

where V is a 3-dimensional closed subspace. Since
∫
V dφ∧ da ∈ (2π)2Z, the parameter αaE

should be chosen as eiαaE ∈ ZN .
The charged object for the symmetry is a Wilson loop in eq. (2.6). The transformation

law is given by

〈UaE(e2πina/N ,S)W (qaE , C)〉 = e2πinaqaE Link (S,C)/N 〈W (qaE , C)〉. (2.20)

The derivation is shown in appendix B.2. Since the charged object is a 1-dimensional
object, the symmetry is a ZN 1-form symmetry. We refer to this 1-form symmetry as
the electric ZN 1-form symmetry, since the symmetry is related to a conservation of the
electric fluxes.

2.2.3 Magnetic U(1) 1-form symmetry

Third, we discuss a 1-form symmetry due to the Bianchi identity of the photon, dda = 0.
The corresponding closed current 2-form, conserved charge, and symmetry generator are
given by

jaM = 1
2πda, QaM (S) =

∫
S
jaM , UaM (eiαa ,S) = eiαaQ(S), (2.21)

respectively. The charged object is an ’t Hooft loop T (qaM , C), which is a closed worldline
of a magnetic monopole. Here, qaM is an integer by the Dirac quantization condition. Note
that the explicit form of the ’t Hooft loop is shown in appendix A.

If the worldline of the monopole C is linked with a surface S of the charge QaM (S),
the charge detects the monopole charge qaM as QaM (S) = 1

2π
∫
S da = qaM Link (S, C). In

terms of the correlation function of the ’t Hooft loop and the symmetry generator, this
property can be expressed as a U(1) transformation of the ’t Hooft loop by UaM :

〈UaM (eiαa ,S)T (qaM , C)〉 = eiαaqaM Link (S,C)〈T (qaM , C)〉. (2.22)

Since the charged object is a 1-dimensional object, the symmetry is a U(1) 1-form symmetry.
Hereafter, we refer to this U(1) 1-form symmetry as the magnetic U(1) 1-form symmetry,
since it is related to the conservation law of the magnetic fluxes.
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Form Symmetry generator Charged object Group

0-form UφE e
2πinφ
N

∫
V

(−v2?dφ− N
8π2 a∧da)

eiqφEφ(P) ZN

1-form UaE e
2πina
N

∫
S

( 1
e2 ?da− N

4π2 φda)
e
iqaE

∫
C
a ZN

1-form UaM e
iαa
2π

∫
S
da

T (qaM , C) U(1)

2-form UφM e
iαφ
2π

∫
C
dφ

V (qφM ,S) U(1)

Table 1. Higher-form symmetries of the massless axion electrodynamics.

2.2.4 U(1) 2-form symmetry

Finally, we consider a U(1) 2-form symmetry originated from the Bianchi identity of the
axion, ddφ = 0. The corresponding current 1-form, conserved charge, and symmetry
generator are given by

jφM = 1
2πdφ, QφM (C) =

∫
C
jφM , UφM (eiαφ , C) = eiαφQ(C), (2.23)

respectively. Here, eiαφ ∈ U(1) parameterizes the symmetry generator. The charged object
for the symmetry generator is a worldsheet of the axionic string denoted as V (qφM ,S),
where S is a 2-dimensional closed subspace. In the presence of the axionic string, the
winding number of the axion becomes

∫
C dφ = 2πqφM Link (C,S). Note that the explicit

form of the worldsheet of the axionic string is shown in appendix A.
We can regard this as a symmetry transformation of the worldsheet of the axionic

string, since the axionic string is a source of a topological object QφM (S). In terms of the
correlation function, the transformation law is given by

〈UφM (eiαφ , C)V (qφM ,S)〉 = eiαφqφM Link (C,S)〈V (qφM ,S)〉. (2.24)

We summarize the higher-form symmetries of the massless axion electrodynamics intro-
duced in this section in table 1.

3 Background gauging and ’t Hooft anomalies

In this section, we consider the background gauging of the higher-form symmetries. We
couple the action of the axion electrodynamics with the background gauge fields corre-
sponding to the higher-form symmetries following ref. [42]. We show that the invariance of
the gauged action under the gauge transformations of the axion and photon (up to 2πZ)
leads to modifications of the gauge transformation laws of the background gauge fields.

3.1 Gauging ZN 0-form symmetry

First, we couple a background gauge field of the ZN 0-form symmetry, which is introduced
as a U(1) gauge field with a constraint [40]. Although this constraint is already known, we
here show the derivation of the constraint explicitly in our case for self-containedness. We
also note a relation between the background gauge field and the symmetry generator.

– 8 –



J
H
E
P
0
1
(
2
0
2
1
)
1
7
3

3.1.1 Constraint on background gauge field

First, let us derive the constraint on the background gauge field. The constraint is required
by the invariance under the U(1) gauge transformation of the photon, or equivalently, by the
fact that the global symmetry is not U(1) but ZN . At the linearized level, the background
gauging could be done by adding a coupling of the conserved current with a background
1-form gauge field AφE1 ,

S0,lin. = S +
∫
M4

jφE ∧AφE1 = S −
∫
M4

(
v2 ? dφ+ N

8π2a ∧ da
)
∧AφE1 (3.1)

to the action in eq. (2.1). Here, AφE1 is a U(1) gauge field that is transformed as

AφE1 → AφE1 + dΛφE0 , (3.2)

where ΛφE0 is a U(1) 0-form gauge parameter that satisfies
∫
C dΛφE0 ∈ 2πZ on a closed

one-dimensional manifold C. However, the coupling in eq. (3.1) is not invariant under the
gauge transformation of the photon a in eq. (2.5). Since the gauge transformation of a
leads to the term proportional to

∫
M4

dλ∧da∧AφE1 , the gauge invariance may be preserved
if we impose the flat condition dAφE1 = 0, in which AφE1 is locally expressed as αdAφE0 .
Here, α is a parameter that will be determined below.

The gauge transformation of the coupling
∫
M4

jφE ∧ AφE1 becomes a total deriva-
tive under the condition, but this total derivative may not vanish under a large gauge
transformation. This problem is caused by the presence of the gauge variant integrand
a ∧ da in S0,lin.. In order to discuss the large gauge invariance, we would like to define
the term N

8π2
∫
M4

a ∧ da ∧ AφE1 by using gauge invariant integrand. We define the term
N

8π2
∫
M4

a ∧ da ∧AφE1 on an auxiliary 5-dimensional manifold X5 satisfying ∂X5 = M4 as

N

8π2

∫
M4

a∧da∧AφE1 := N

8π2

∫
X5
da∧da∧AφE1 = Nα

8π2

∫
X5
da∧da∧dAφE0 mod 2π. (3.3)

Hereafter, we omit “mod 2π” when we discuss the definitions of actions by using 5-
dimensional manifolds. Note that this definition is a natural extension of the definition
of the (2 + 1)-dimensional Chern-Simons term by using (3 + 1)-dimensional integral [110],
which we have already discussed in eq. (2.13). While the integrand is manifestly invariant
under the gauge transformation of the photon a in eq. (2.5), we have chosen the auxiliary
space X5. The ambiguity of the choice of the auxiliary space does not exist if the following
condition is satisfied:

Nα

8π2

∫
Z5
da ∧ da ∧ dAφE0 ∈ 2πZ, (3.4)

where Z5 is a 5-dimensional manifold without boundaries. Under the normalization∫
C dA

φE
0 ∈ 2πZ, we have the condition α = 1/N . Therefore, the gauge field AφE1

should satisfy
NAφE1 = dAφE0 . (3.5)

As a consequence, the field strength of AφE1 vanishes:

F φE2 := dAφE1 = 0. (3.6)
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We refer to the 1-form gauge field with this condition as the ZN 1-form gauge field. This
construction is consistent with the fact that the 0-form global symmetry is a finite group
ZN , whose gauge field need to be a flat connection.

We have explained the gauging the ZN 0-form symmetry at a linearized level of AφE1 ,
and derived the condition of AφE1 in eq. (3.5). We can further gauge the ZN 0-form
symmetry at a non-linear level, which can be done as in ordinary gauge theories. We can
couple the background gauge field to the action by replacing dφ with dφ−AφE1 . Here, the
axion is shifted under a gauge transformation of AφE1 as

AφE1 → AφE1 + dΛφE0 , AφE0 → AφE0 +NΛφE0 , φ→ φ+ ΛφE0 . (3.7)

We can confirm that the action with the background gauge field is invariant under the
gauge transformations of the axion and photon. In order to make the gauge invariance
manifest, we define a gauged action by using the 5-dimensional action as

S0 = −
∫
M4

(
v2

2 |dφ−A
φE
1 |

2 + 1
2e2 |da|

2
)

+ N

8π2

∫
X5

(dφ−AφE1 ) ∧ da ∧ da mod 2π. (3.8)

The action, in particular the last term, does not depend on the choice of X5, as a conse-
quence of

N

8π2

∫
Z5
dφ ∧ da ∧ da ∈ 2πNZ, and N

8π2

∫
Z5
AφE1 ∧ da ∧ da ∈ 2πZ. (3.9)

Therefore, the gauged action is invariant under the gauge transformations of dynami-
cal fields.

3.1.2 Background gauging as insertion of symmetry generators

We can interpret the background gauging as a network of the symmetry generator in
the spacetime [42], and the configuration of the symmetry generators is expressed by
the background gauge field AφE1 . In particular, we can obtain the symmetry generator
UφE(e2πinφ/N ,V) by choosing AφE1 = 2πnφ

N δ1(V). Here, we have introduced the delta func-
tional p-form such that, in D-dimensional spacetime MD,∫

MD

J ∧ δp(VD−p) =
∫
VD−p

J (3.10)

for a (D − p)-form J and a (D − p)-dimensional manifold VD−p. In the viewpoint of
the symmetry generator, the gauge transformation AφE1 → AφE1 + dΛφE0 corresponds to a
topological deformation V → V ∪ ∂Ω0 in eq. (2.12) by choosing ΛφE0 = 2πnφ

N δ0(Ω0), since
dδ0(Ω0) = δ1(∂Ω0). Note that the condition in eq. (3.5) implies AφE0 = 2πnφδ0(ΩV), since
NAφE1 = 2πnφdδ0(ΩV). Here, ΩV is a 4-dimensional subspace whose boundary is V.

3.2 Gauging electric ZN 1-form symmetry and U(1) 2-form symmetry

Next, we gauge the ZN electric 1-form symmetry. As we see below, we need to gauge
the U(1) 2-form symmetry simultaneously in order to preserve the gauge invariance for
the axion.
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3.2.1 Gauging electric ZN 1-form symmetry

Here, we consider the gauging of the electric ZN 1-form symmetry, which can be done by
introducing a 2-form gauge field BaE

2 . Since the global symmetry is parameterized by the
ZN group, there is a similar constraint on BaE

2 . At the linearized level, the coupling would
be written as

∫
M4

jaE ∧ BaE
2 . However, this is generally not invariant under the 2π shift

of φ due to the term
∫
M4

N
4π2φda ∧BaE

2 , and the deviation is N
2π
∫
M4

da ∧BaE
2 . In order to

derive the condition for BaE
2 such that the coupling

∫
M4

jaE ∧ BaE
2 is gauge invariant, we

define the term N
4π2

∫
M4

φda ∧BaE
2 by using a 5-dimensional space as

N

4π2

∫
M4

φda ∧BaE
2 = N

4π2

∫
X5
dφ ∧ da ∧BaE

2 . (3.11)

The ambiguity of the choice of X5 is absent if NBaE
2 = dBaE

1 with the normalization∫
S dB

aE
1 ∈ 2πZ. Therefore, we require that the 2-form gauge field is constrained by the

1-form gauge field as
NBaE

2 = dBaE
1 , (3.12)

which means that the field strength vanishes,

HaE
3 := dBaE

2 = 0. (3.13)

At the nonlinear level, the gauging could be done by replacing da with da − BaE
2 . The

gauged action would be

S1E = −
∫
M4

(
v2

2 |dφ|
2 + 1

2e2 |da−B2|2
)

+ N

8π2

∫
M4

φ(da−BaE
2 ) ∧ (da−BaE

2 ). (3.14)

The gauge transformation laws of BaE
2 , BaE

1 , and a are

BaE
2 → BaE

2 + dΛaE1 , BaE
1 → BaE

1 +NΛaE1 , a→ a+ ΛaE1 . (3.15)

Here, ΛaE1 is a 1-form gauge parameter with the normalization
∫
S dΛaE1 ∈ 2πZ. This

action can lead to the coupling at the linearized level. However, the non-linear term
N

8π2
∫
M4

φBaE
2 ∧BaE

2 is not invariant under the 2π shift of φ up to 2π. In fact, the deviation
is N

4π
∫
M4

BaE
2 ∧BaE

2 = 1
4πN

∫
M4

dBaE
1 ∧ dBaE

1 ∈ 2π
N Z.

We can discuss the problem by using the 5-dimensional action whose integrand is
manifestly gauge invariant (see, e.g., recent refs. [113–115]). We can define the gauged
topological term in a 5-dimensional spacetime X5 as

N

8π2

∫
M4

φ(da−BaE
2 ) ∧ (da−BaE

2 ) = N

8π2

∫
X5
dφ ∧ (da−BaE

2 ) ∧ (da−BaE
2 ). (3.16)

This action is manifestly invariant under the 2π shift of φ, but we have chosen an auxiliary
5-dimensional spacetime X5. The gauged action suffers from the ambiguity of the choice
of the spacetime:

N

8π2

∫
Z5
dφ ∧ (da−BaE

2 ) ∧ (da−BaE
2 ) ∈ 2π

N
Z. (3.17)

Therefore, we cannot gauge the 1-form symmetry by itself.
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3.2.2 Gauging U(1) 2-form symmetry

This problem can be resolved by gauging the U(1) 2-form symmetry simultaneously. This
is because the problematic term N

8π2
∫
X5
dφ ∧ (da − BaE

2 ) ∧ (da − BaE
2 ) is associated to a

closed current 1-form jφM = 1
2πdφ of the U(1) 2-form symmetry.

Before discussing the resolution, we consider the gauging of the U(1) 2-form symmetry
independently. We introduce a 3-form gauge field CφM3 , which couples to the closed current
of the U(1) 2-form symmetry jφM as

S2 = S +
∫
M4

jφM ∧ CφM3 = S + 1
2π

∫
M4

dφ ∧ CφM3 . (3.18)

Here, the 3-form gauge field is normalized by the Dirac quantization condition∫
Ω
dC3 ∈ 2πZ, (3.19)

where Ω is a 4-dimensional closed subspace. The gauge transformation law of the 3-form
gauge field is

CφM3 → CφM3 + dΛφM2 , (3.20)

where ΛφM2 is a 2-form gauge parameter that is normalized as
∫
V dΛφM2 ∈ 2πZ. Since the

gauge transformation of the coupling
∫
M4

jφM ∧ CφM3 is a total derivative, the large gauge
invariance of the coupling is nontrivial. In order to show the large gauge invariance, we
define the coupling on a 5-dimensional manifold as

S2 = S − 1
2π

∫
X5
dφ ∧ dCφM3 . (3.21)

The gauged action does not depend on the choice of X5:

1
2π

∫
Z5
dφ ∧ dCφM3 ∈ 2πZ. (3.22)

We now resolve the problem of the gauging of the ZN 1-form symmetry. We can cancel
the problematic term N

8π2
∫
X5
dφ∧BaE

2 ∧BaE
2 in eq. (3.14) by modifying the field strength

dCφM3 in eq. (3.21) as

dCφM3 → GφMaE
4 = dCφM3 + N

4πB
aE
2 ∧BaE

2 . (3.23)

The modification requires an additional gauge transformation law of CφM3 under BaE
2 →

BaE
2 + dΛaE1 ,

CφM3 → CφM3 + dΛφM2 − N

2πΛaE1 ∧BaE
2 − N

4πΛaE1 ∧ dΛaE1 . (3.24)

Note that the additional transformation does not violate the normalization of CφM3 ,∫
Ω
d

(
dΛφM2 − N

2πΛaE1 ∧BaE
2 − N

4πΛaE1 ∧ dΛaE1

)
∈ 2πZ. (3.25)
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Eventually, the gauged action can be defined on the 5-dimensions as

S1E,2 = −
∫
M4

(
v2

2 |dφ|
2 + 1

2e2 |da−B
aE
2 |2

)
− 1

2π

∫
X5
dφ ∧GφMaE

4

+ N

8π2

∫
X5
dφ ∧ (da−BaE

2 ) ∧ (da−BaE
2 ).

(3.26)

This gauged action has no ambiguity since the problematic term N
8π2

∫
X5
dφ ∧ BaE

2 ∧ BaE
2

is canceled out as
N

8π2

∫
Z5
dφ ∧ (da−BaE

2 ) ∧ (da−BaE
2 )− 1

2π

∫
Z5
dφ ∧GφMaE

4

=
∫
Z5

(
N

8π2dφ ∧ da ∧ da−
1

4π2dφ ∧ da ∧ dB
aE
1 − 1

2πdφ ∧ dC
φM
3

)
∈ 2πZ.

(3.27)

3.3 Gauging all symmetries

We now gauge the ZN 0-form, electric ZN 1-form, and U(1) 2-form symmetries. We
show that we should simultaneously gauge the magnetic U(1) 1-form symmetry in order to
preserve the invariance under the gauge transformation of the photon. In other words, the
simultaneous gauging of the ZN 0-form and ZN 1-form symmetries requires the gauging
all of the higher-form symmetries.

Let us try to gauge the ZN 0-form, electric ZN 1-form, and U(1) 2-form symmetries.
We deform the action S1E,2 by gauging the ZN 0-form symmetry. The gauged action
would be

S0,1E,2 = −
∫
M4

(
v2

2 |dφ−A
φE
1 |

2 + 1
2e2 |da−B

aE
2 |2

)
− 1

2π

∫
X5

(dφ−AφE1 ) ∧GφMaE
4

+ N

8π2

∫
X5

(dφ−AφE1 ) ∧ (da−BaE
2 ) ∧ (da−BaE

2 ). (3.28)

However, this gauging depends on the choice of X5, or equivalently, the violation of
the gauge invariance in the 4-dimensional action. In terms of the 4-dimensional action,
the violation of the gauge invariance may be seen as follows. The problematic term is
N

4π2
∫
M4

AφE1 ∧ a ∧BaE
2 in eq. (3.28) after the partial integration. The deviation under the

large gauge transformation of the photon a→ a+ dλ with
∫
C dλ ∈ 2πZ is

N

4π2

∫
M4

AφE1 ∧ dλ ∧BaE
2 = 1

4π2N

∫
M4

dAφE0 ∧ dλ ∧ dBaE
1 ∈ 2π

N
Z. (3.29)

On the other hand, in the 5-dimensional action, the ambiguity of the choice of the
5-dimensional space can be expressed as
N

8π2

∫
Z5

(dφ−AφE1 ) ∧ (da−BaE
2 ) ∧ (da−BaE

2 )− 1
2π

∫
Z5

(dφ−AφE1 ) ∧GφMaE
4 mod 2π

=
∫
Z5

(
N

8π2 (dφ−AφE1 ) ∧ da ∧ da− 1
4π2 (dφ−AφE1 ) ∧ da ∧ dBaE

1

− 1
2π (dφ−AφE1 ) ∧ dCφM3

)
mod 2π

=
∫
Z5

( 1
2πA

φE
1 ∧ dCφM3 + 1

4π2N
da ∧ dAφE0 ∧ dBaE

1

)
mod 2π . (3.30)

– 13 –



J
H
E
P
0
1
(
2
0
2
1
)
1
7
3

The first term
∫
Z5

1
2πA

φE
1 ∧ dCφM3 ∈ 2π

N Z in the last line a mixed ’t Hooft anomaly of the
axion, which just expresses the fact that we cannot regard AφE1 and CφM3 as dynamical
variables simultaneously [42]. However, the second term,∫

Z5

1
4π2N

da ∧ dAφE0 ∧ dBaE
1 ∈ 2π

N
Z, (3.31)

is problematic since it depends on the dynamical field (q-number) a. We expect that
we can eliminate the term by gauging the magnetic U(1) 1-form symmetry, since the
problematic term is proportional to the closed 2-form current of the magnetic U(1) 1-form
symmetry jaM = 1

2πda.
Before gauging the magnetic U(1) 1-form symmetry in S0,1E,2, we gauge it in the

original action S for simplicity. We introduce a U(1) 2-form gauge field BaM
2 that is coupled

to jaM as S1M = S + 1
2π
∫
M4

da ∧BaM
2 . Here, the gauge transformation law of BaM

2 is

BaM
2 → BaM

2 + dΛaM1 , (3.32)

where ΛaM1 is a U(1) 1-form gauge parameter normalized as
∫
S dΛaM1 ∈ 2πZ. The nor-

malization of BaM
2 is

∫
V dB

aM
2 ∈ 2πZ by the Dirac quantization condition. In order to

make S1M manifestly invariant under the large gauge transformations, we again define the
coupling in the 5-dimensional space as

S1M = S + 1
2π

∫
X5
da ∧ dBaM

2 . (3.33)

Now, we gauge the magnetic U(1) 1-form symmetry in S0,1E,2 to eliminate the prob-
lematic term in eq. (3.30). Since we have already gauged the electric U(1) 1-form symmetry
in S0,1E,2, the photon a is shifted under the gauge transformation of BaE

2 . Thus, the field
strength da in eq. (3.33) should be replaced with da− BaE

2 . Including the term canceling
the problematic term in eq. (3.31), we gauge the magnetic 1-form symmetry by introducing
the following term,

S0,1E,1M,2 = S0,1E,2 + 1
2π

∫
X5

(da−BaE
2 ) ∧

(
dBaM

2 − N

2πA
φE
1 ∧BaE

2

)
= −

∫
M4

(
v2

2 |dφ−A
φE
1 |

2 + 1
2e2 |da−B

aE
2 |2

)
− 1

2π

∫
X5

(dφ−AφE1 ) ∧ dCφM3

+ N

8π2

∫
X5

(dφ−AφE1 ) ∧ da ∧ da− N

4π2

∫
X5
dφ ∧ da ∧BaE

2

+ 1
2π

∫
X5
da ∧BaM

2 − 1
2π

∫
X5
BaE

2 ∧
(
dBaM

2 − N

2πA
φE
1 ∧BaE

2

)
. (3.34)

In order to make the gauged action gauge invariant, the gauge transformation law BaM
2

should be modified as

BaM
2 → BaM

2 + dΛaM1 + N

2πΛφE0 BaE
2 − N

2π (AφE1 + dΛφE0 ) ∧ ΛaE1 (3.35)

with AφE1 → AφE1 + dΛφE0 and BaE
2 → BaE

2 + dΛaE1 . Note that the modified gauge trans-
formations of BaM

2 preserve the Dirac quantization condition of BaM
2 :∫

V
d

(
dΛaM1 + N

2πΛφE0 BaE
2 − N

2π (AφE1 + dΛφE0 ) ∧ ΛaE1

)
∈ 2πZ. (3.36)

– 14 –



J
H
E
P
0
1
(
2
0
2
1
)
1
7
3

Accordingly, the gauge invariant field strength for BaM
2 is identified as

HaM,φE
3 := dBaM

2 − N

2πA
φE
1 ∧BaE

2 . (3.37)

By adding the term, the problematic operator-valued ambiguity in eq. (3.30) is now absent,
N

8π2

∫
Z5

(dφ−AφE1 ) ∧ (da−BaE
2 ) ∧ (da−BaE

2 )− 1
2π

∫
X5

(dφ−AφE1 ) ∧GφMaE
4

+ 1
2π

∫
Z5

(da−BaE
2 ) ∧HaM,φE

3 mod 2π

= 1
2π

∫
Z5
AφE1 ∧ dCφM3 − 1

2π

∫
Z5
BaE

2 ∧ dBaM
2

+ N

(2π)2

∫
Z5
AφE1 ∧BaE

2 ∧BaE
2 mod 2π. (3.38)

The remaining ambiguity in the right-hand side represents the ’t Hooft anomalies.
In summary, we have introduced the background gauge fields (AφE1 , BaE

2 , BaM
2 , CφM3 ),

whose action is given in eq. (3.34). The gauge transformation laws are given by
eqs. (3.7), (3.15), (3.35), and (3.24), respectively. The field strengths are determined
by eqs. (3.6), (3.13), (3.37) and (3.23), respectively. In the next section, we derive the
above gauge transformation laws and field strength from the viewpoint of the 3-group
gauge theory.

Thus, we have successfully gauged the higher-form symmetries. Furthermore, we have
obtained the ’t Hooft anomalies for the higher-form symmetries. The first term in eq. (3.38)
is the mixed ’t Hooft anomalies of the axion, which has been discussed previously. The
second term is that of the photon, which prohibits the simultaneous dynamical gauging
of the pair of the electric 1-form and magnetic 1-form symmetries. The third one can be
identified as the so-called 2-group anomaly [107]. This anomaly means the obstruction to
the simultaneous gauging of the ZN 0-form symmetry and the electric ZN 1-form symmetry.

The existence of the ’t Hooft anomalies forbids a trivial gapped vacuum. In our case,
this requirement is satisfied by the existence of the massless axion and photon. The ex-
istence of the massless axion corresponds to the existence of the mixed anomaly between
the 0-form and 2-form symmetries. Likewise, the existence of the massless photon corre-
sponds to the existence of the mixed anomaly between the electric and magnetic 1-form
symmetries. If we deform the system with preserving these higher-form symmetries, any
trivial gapped vacuum is still forbidden. For example, if a gapped vacuum is realized while
preserving the symmetries, we can have topologically ordered phases, whose ground states
can be degenerated on a compact spatial manifold.

Further, the existence of the 2-group anomaly implies the existence of a fractionally
charged particle where AφE1 ∧BaE

2 is non-zero. Physically, it means that we have a fraction-
ally charged particle on the domain wall if we add the magnetic field through the domain
wall, which was proposed in ref. [17].

In order to see this effect, we consider the following partition function given by the
gauged action in eq. (3.34),

Z[AφE1 , BaE
2 , BaM

2 , CφM3 , X5] = N
∫
D[φ, a]eiS0,1E,1M,2[φ,a,AφE1 ,BaE2 ,BaM2 ,CφM3 ,X5]. (3.39)
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Here, N is a normalization factor such that 〈1〉 = 1. By setting AφE1 = 2πnφ
N δ1(V), BaE

2 =
2πna
N δ2(S), BaM

2 = 0, and CφM3 = 0, we obtain

Z

[2πnφ
N

δ1(V), 2πna
N

δ2(S), 0, 0, X5

]
= N

∫
D[φ, a]e−

inanφ
N

∫
M4

a∧δ1(V)∧δ2(S)
eiS[φ,a]

= 〈e−
inanφ
N

∫
M4

a∧δ1(V)∧δ2(S)〉,
(3.40)

where we have redefined φ− 2πnφ
N δ0(ΩV)→ φ and a+ 2πna

N δ1(VS)→ a in the path integral.

On the right-hand side, we have the term e
−
inanφ
N

∫
M4

a∧δ1(V)∧δ2(S) which is given by the
term related to the 2-group anomaly 1

2π
∫
X5

(da − BaE
2 ) ∧ (dBaM

2 − N
2πA

φE
1 ∧ BaE

2 ). Since
δ1(V)∧δ2(S) is a delta function 3-form on the closed line V ∩S, the right-hand side implies
the existence of the Wilson loop on V ∩S with the fractional charge −nanφ

N . Note that this
fractionally charged particle does not arise as long as we do not consider the intersection
of the background fields i.e., the symmetry generators.

4 Global 3-group symmetry and its gauging in axion electrodynamics

In this section, we derive the background gauging by a different approach based on the
3-group gauge theory. First, we review the global 3-group symmetry by the structure of
the correlation functions of the symmetry generators [101]. The correlation functions give
us ingredients of the 3-group. Next, we establish the 3-group gauge theory, which can be
formulated for a given 3-group. We should remark that this 3-group gauge theory is based
on a mathematical procedure, independent of the gauging based on the gauge invariance
of dynamical fields in the previous section. We confirm that the gauging of this section
coincides with the one in the previous section.

4.1 Correlation functions of symmetry generators

We review the correlation functions of the symmetry generators [101], which give us the
group structure in the higher-form symmetries. This is a natural generalization of current
algebra in ordinary quantum field theories. The details of the derivations are summarized
in appendix B.3. Note that we only consider the correlation functions of the symmetry
generators which are not intersected to each other. Therefore, we do not have to con-
sider fractionally charged objects due to the intersection of the symmetry generators in
section 3.3.

It has been shown that the correlation functions of the symmetry generators are not
independent, but related to each other. First, the correlation functions of the 0-form and
electric 1-form symmetry generators induce a magnetic 1-form symmetry generator:

〈UφE(e2πinφ/N ,V)UaE(e2πina/N ,S)〉

= 〈UaE(e2πina/N ,S)UaM (e−2πinφna/N ,ΩV ∩ S)〉, (4.1)

〈UφE(e2πinφ/N ,V)UaE(e2πina/N ,S)〉

= 〈UφE(e2πinφ/N ,V)UaM (e−2πinφna/N , (−VS) ∩ V)〉, (4.2)
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where ΩV and VS are 4- and 3-dimensional subspaces satisfying ∂ΩV = V and ∂VS = S, re-
spectively. Here, we have eliminated the 0-form and electric 1-form symmetry generators by
redefining the integral variables of the path integral in eq. (4.1) and eq. (4.2), respectively.
The minus sign in −VS in eq. (4.2) is due to the minus sign in δ2(S) = −dδ1(VS). This sign
matches the choice of the background gauge fields B2 = 2πna

N δ2(S) and B1 = −2πnaδ1(VS1)
in eq. (3.34).

A physical meaning of these relations in eqs. (4.1) and (4.2) is that the electric flux can
be induced by the axionic domain wall in the presence of the magnetic monopole inside the
axionic domain wall. Therefore, the correlation functions can be interpreted as the Witten
effect of the axion [101]: if the domain wall encloses a magnetic monopole, the domain wall
induces the electric flux [12, 17, 23, 24].

Second, we consider the correlation function of the 1-form symmetry generators, which
leads to a 2-form symmetry generator:

〈UaE(e2πina/N ,S1)UaE(e2πin′a/N ,S2)〉 = 〈UφM (e2πinan′a/N , (−VS1) ∩ S2)UaE(e2πin′a/N ,S2)〉.
(4.3)

Here, we have eliminated UaE(e2πina/N ,S1) by the same procedure. The minus sign in
−VS1 is due to the minus sign in δ2(S1) = −dδ1(VS1). This sign matches the choice of
the background gauge fields B2 = 2π

N (naδ2(S1) + n′aδ2(S2)) and B1 = −2π(naδ2(VS1) +
n′aδ1(VS2)) in eq. (3.34).

Physically, the relation in eq. (4.3) means that the magnetic field can be induced by
the electric field in the presence of the axionic string. The correlation function represents
the anomalous Hall effect for the axion [101]. In the presence of the axionic string and the
electric field, the electric current is induced [13, 21, 30]. By the Maxwell-Ampère law, the
electric current induces the magnetic field.

Other correlation functions induce no further symmetry generators. For example, one
can evaluate the correlation function of the 0-form and 2-form symmetry generators,

〈UφE(e2πinφ/N ,V)UφM (eiαφ , C)〉 = 〈UφM (eiαφ , C)〉. (4.4)

We would like to discuss a mathematical structure behind these correlation functions.
One candidate is a 2-group, which is roughly given by two groups and maps between them.
In terms of a 2-group, we may describe the correlation function of 0- and 1-form symmetry
generators. However, the correlation function of the 1-form symmetry generators that
generate a 2-form symmetry generator cannot be described by a 2-group, since there is
no such a structure in a 2-group. Fortunately, we can find an appropriate structure by
extending the 2-group to a 3-group, which we explain below.

4.2 Global 3-group symmetry for axion electrodynamics

Here, we review the global 3-group symmetry for the axion electrodynamics [101]. The
detail of the axioms of the 3-group is explained in appendix C. Here, we summarize the
ingredients of the 3-group (L ∂2→ H

∂1→ G, ., {−,−}) are as follows:

1. Three groups G, H, and L: they are not necessarily Lie groups.
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2. Maps ∂1 and ∂2 between the three groups: ∂1 : H → G, ∂2 : L → H. These maps
are group homomorphism, i.e., they are compatible with group compositions. The
composition of the maps satisfies ∂1 ◦ ∂2(l) = 1G for all l ∈ L, where 1G ∈ G is the
identity element in G.

3. Action . of G on G, H, L by automorphism: the actions are denoted as g . g′ ∈ G,
g . h ∈ H, and g . l ∈ L for g, g′ ∈ G, h ∈ H, and l ∈ L. In particular the action of
G on G is defined by conjugation: g . g′ := gg′g−1. The actions are compatible with
the group compositions.

4. Peiffer lifting {−,−} : H × H → L. In terms of the elements, the Peiffer lifting is
written as {h, h′} ∈ L for h, h′ ∈ H. The action . is compatible with the Peiffer lifting:

g . {h, h′} = {g . h, g . h′}. (4.5)

By the discussion in section 4.1, let us specify the 3-group for the axion-photon system.
First, we identify the three groups G, H, and L as the 0-, 1-, 2-form symmetry groups,
respectively:

G = ZN , H = ZN ×U(1), L = U(1). (4.6)

Next, we define the maps ∂1 and ∂2 for the axion electrodynamics. In the correlation
function, there are no maps which relate the 1-form symmetry generators to 0-form symme-
try generators, or 2-form symmetry generators to 1-form symmetry generators. Therefore,
we define these maps as follows,

∂1(e2πim/N , eiα) = 1, ∂2e
iβ = (1, 1) (4.7)

for all (e2πim/N , eiα) ∈ H and eiβ ∈ L. Note that the requirement ∂1 ◦ ∂2 = 1 is triv-
ially satisfied.

Third, we consider the action . of G on G, H, and L. Since G = ZN is Abelian, the
conjugation is trivial: gg′g−1 = g′. Therefore, the action of G on itself is defined by a
trivial one: g . g′ = g′. However, the action of G on H should be nontrivial, since the
correlation function in eq. (4.1) implies that G can act on H. We define the action of G on
H following the correlation function in eq. (4.1). For e2πin/N ∈ G = ZN , (e2πim/N , eiα) ∈
H = ZN ×U(1), the action . is given by

e2πin/N . (e2πim/N , eiα) = (e2πim/N , e−2πinm/Neiα). (4.8)

Since the action of the 0-form symmetry generator on the 2-form symmetry generator is
trivial as in eq. (4.4), we define the action of G on L as

e2πin/N . eiβ = eiβ . (4.9)

Finally, we identify the Peiffer lifting. Since the Peiffer lifting generates an element of
L from the two elements of H, we can relate the Peiffer lifting to the correlation function
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in eq. (4.3). The diagrammatic expression in eq. (D.48) and the correlation function in
eq. (4.3) suggest that we define the Peiffer lifting such that it satisfies

{(e2πim/N , eiα), (e2πim′/N , eiα
′)}{(e2πim′/N , eiα

′), (e2πim/N , eiα)} = e2πimm′/N ∈ L. (4.10)

Since L = U(1) is Abelian and the right-hand side is symmetric under m ↔ m′, we may
introduce the Peiffer lifting as2

{(e2πim/N , eiα), (e2πim′/N , eiα
′)} = e2πimm′/2N . (4.11)

Although this definition has ambiguities under the shift m → m + N and m′ → m′ + N ,
eq. (4.10) is unambiguous. As we discuss later, we can show that the gauge transformation
law and field strength of the 3-form gauge field in the 3-group gauge theory match the one
obtained by the background gauging procedure in eq. (3.23) by this definition.3

We have defined the three groups, actions, and Peiffer lifting. We should confirm that
these satisfy the axioms of the 3-group, summarized in C.1. In particular, it is nontrivial
is to confirm the compatibility between the action and Peiffer lifting in eq. (4.5). The
right-hand side of eq. (4.5) can be evaluated as

{e2πin/N . (e2πim/N , eiα), e2πin/N . (e2πim′/N , eiα
′)}

= {(e2πim/N , e−2πinm/Neiα), (e2πim′/N , e−2πinm′/Neiα
′)}

= e2πimm′/2N .

(4.12)

Meanwhile, the left-hand side of eq. (4.5) is

e2πin/N . e2πimm′/2N = e2πimm′/2N , (4.13)

where we have used eq. (4.9). Therefore, we have confirmed that the compatibility in
eq. (4.5) is satisfied.

We can understand that the correlation functions between the symmetry generators
in eqs. (4.1)–(4.4) as a 3-group generalization of the current algebra, which imply that a
conserved current can be a source of another current. Note that the correlation functions
between symmetry generators, but not between the conserved currents, are physically
meaningful in our case. This is because the conserved currents jφE and jaE are not gauge
invariant. For the detailed discussion, see appendix B.3 and the previous paper of the
present authors [101].

4.3 Gauging 3-group symmetry

Here, we consider the gauging the 3-group symmetry in terms of the 3-group gauge theory,
and show that the gauging based on the 3-group gauge theory is consistent with the gauging
which avoids the operator shifts in section 3.3.

2We choose that a different definition of the Peiffer lifting from our previous paper to be consistent with
the background gauging, although the previous definition, {(e2πim/N , eiα), (e2πim′/N , eiα

′
)} = e2πimm′/N ,

is also consistent with the axiom of the 3-group [101].
3In order to define the Peiffer lifting itself in an unambiguous way, we may need to treat the spin

structure explicitly. We leave this issue as future work.
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In order to establish the 3-group gauge theory, we need the Lie algebra of the 3-group in
the axion electrodynamics. The Lie algebra of U(1) is iR, but the Lie algebra of ZN does not
exist since ZN is a discrete group. However, we can introduce a ZN p-form gauge field ωp by
embedding ZN to U(1), in which a p-form gauge field satisfies the condition NAp = dAp−1
with the normalization

∫
Σp−1

dAp−1 ∈ 2πZ for a (p− 1)-dimensional subspace Σp−1.
By using ZN gauge fields as well as U(1) gauge fields, we now establish the back-

ground gauging of the 3-group. The 1-, 2-, 2-, and 3-form gauge fields A1, BE
2 , BM

2 ,
and C3 denote the gauge fields of ZN , ZN × U(1), and U(1) of the 3-group (U(1) →
ZN × U(1) → ZN , ., {−,−}), respectively. Here, the gauge fields A1 and BE

2 are con-
strained by NA1 = dA0 and NBE

2 = dBE
1 for the 0- and 1-form gauge fields A0 and BE

1
with proper normalization, respectively. The action . and the Peiffer lifting {−,−} de-
termine the gauge transformation laws and field strengths. For the gauge transformation
laws, they are given in eqs. (C.44)–(C.46) as

A1 → A1 + dΛ0, (4.14)(
BE

2

BM
2

)
→
(
BE

2

BM
2

)
+
(
dΛE1
dΛM1

)
− Λ0 .

(
BE

2

BM
2

)
+ (A1 + dΛ0) .

(
dΛE1
dΛM1

)

=

 BE
2 + dΛE1

BM
2 + dΛM1 + N

2πΛ0B
E
2 − N

2π (A1 + dΛ0) ∧ ΛE1

 ,
(4.15)

C3 → C3 + dΛ2 − {BE
2 + dΛE1 ,ΛE1 } − {ΛE1 , BE

2 }

= C3 + dΛ2 −
N

2πΛE1 ∧BE
2 −

N

4πΛE1 ∧ dΛE1 .
(4.16)

We note that it is necessary to treat the two-form gauge fields as a pair of gauge fields
(BE

2 , B
M
2 ) because Λ0 . (BE

2 , B
M
2 ) does not act on BE

2 and BM
2 , independently. The field

strengths are given in eqs. (C.55)–(C.57) as

F2 = dA1 = 0, (4.17)(
HE

3

HM
3

)
=
(
dBE

2

dBM
2

)
+A1 .

(
BE

2

BM
2

)
=
(

0
dBM

2 − N
2πA1 ∧BE

2

)
, (4.18)

G4 = dC3 + {BE
2 , B

E
2 } = dC3 + N

4πB
E
2 ∧BE

2 . (4.19)

By the above structure of the gauge transformation laws and field strengths, the gauge
fields coincide with the gauging that avoids operator-valued shifts.

The gauge fields (A1, B
E
2 , B

M
2 , C3) correspond to (AφE1 , BaE

2 , BaM
2 , CφM3 ) given in sec-

tion 3.3, since the gauge transformation laws and field strengths coincide with each other.
Therefore, we have confirmed that the higher-form symmetries of the axion electrodynam-
ics possess the 3-group structure in the viewpoint of the background gauging of the 3-group
symmetry. We also have the same gauged action as the one in eq. (3.34): the coupling of
A1 and BE

2 with the axion and photon are give by the combinations dφ−A1 and da−BE
2 ,

respectively. Furthermore, the coupling of BM
2 and C3 with da − B2 and da − BE

2 are

– 20 –



J
H
E
P
0
1
(
2
0
2
1
)
1
7
3

described as five dimensional actions, 1
2π
∫
X5

(da − B2) ∧ H3 and − 1
2π
∫
X5

(dφ − A1) ∧ G4,
respectively. Since this gauging procedure gives the same action, the ’t Hooft anomalies of
the higher-form symmetries is also the same.

One comment is in order. As we have seen in section 3.1.2, the gauge invariance of the
background fields corresponds to the invariance under the topological deformations, i.e., the
conservation laws of the conserved currents. The deformation of the gauge transformation
laws corresponds to the deformation of the conservation laws of the conserved currents. In
our case, the deformation of the gauge transformation laws can be understood by the cor-
relation functions of the symmetry generators in eqs. (4.1)–(4.4), which are generalizations
of the ordinary current algebra. For example, the correlation function in eq. (4.1) implies
that the conservation law of jφE in the presence of another current jaE is deformed. Note
that the conserved currents jφE and jaE themselves are not physical observable, and we
have discussed the correlation functions of the gauge invariant symmetry generators.

5 Summary and discussion

In this paper, we have studied the higher group structure of the higher-form symmetries
and ’t Hooft anomalies in the (3 + 1)-dimensional axion electrodynamics in detail by using
the background gauging. We have found that the axion electrodynamics offers a simple
model exhibiting the 3-group structure and ’t Hooft anomalies of the 3-group.

We have discussed two independent gauging procedures. One is to formulate the
gauged action where the background gauge fields are coupled with the symmetry generators.
This procedure does not rely on the existence of a 3-group structure. We have determined
the gauge transformation laws and gauge invariant field strengths by the requirement that
the gauged action preserves the gauge invariance for the dynamical fields. The other is the
gauging based on the 3-group gauge theories. This gauging can be established by using a
global 3-group structure in ref. [101] and a mathematical procedure in the 3-group gauge
theory. By comparing the gauge transformation laws and field strengths of the background
gauge fields, we have then shown that the above two independent gauging procedures
give the same result. Furthermore, we have determined the ’t Hooft anomalies of the
global 3-group symmetry. In particular, we have found a 2-group anomaly, which forbids
a simultaneous gauging of the ZN 0-form and electric ZN 1-form symmetries.

There are several avenues for future work. One is to analyze physics in the background
magnetic field, spatially varying axion field, and so on. It has been shown that in non-trivial
backgrounds, mass spectra of the axion and photon are deformed [26, 54, 55, 116]. We may
understand such deformations of the phase structure by using higher-form symmetries, 3-
group, and their ’t Hooft anomalies (see e.g., ref. [117] for recent discussion). Another
important direction is to discuss what happens for higher-form symmetries when the axion
becomes massive, while in this work we have assumed that the axion is massless. When
the axion becomes massive by non-perturbative effects, there can be axionic domain walls,
which have a topological domain wall charge. In the absence of the photon, it has been
shown that there can be a discrete 3-form symmetry whose charged object is a worldvolume
of the axionic domain wall [118]. Therefore, the higher-group structure may be deformed
in the presence of the 3-form symmetry.
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A ’t Hooft loop and worldsheet of axionic string

Here, we summarize the expressions of the ’t Hooft loop and the worldsheet of the axionic
string in terms of local fields by using dual transformations. The ’t Hooft loop and the
worldsheet of the axionic string can be expressed as line and surface integrals of a 1-form
and a 2-form gauge fields, which are dual of a and φ, respectively.

A.1 ’t Hooft loop

First, we express the ’t Hooft loop in terms of local fields. In the original formulation based
on a and φ, the configuration of the ’t Hooft loop T (qaM , C) can be expressed as a singular
part of a [119]. We decompose a into the singular part aS and the regular part aR as

a = aR + aS. (A.1)

Here, we require the configuration of the a due to the monopole is expressed by aS:∫
S
da =

∫
S
d(aR + aS) =

∫
S
daS = 2πqaM Link (S, C). (A.2)

The singular part aS can be understood as the 1-form that breaks the Bianchi identity,

dda = ddaS = 2πqaMδ3(C), (A.3)

which represents the existence of the magnetic monopole current. In the path integral
formalism, we can express the ’t Hooft loop as

〈T (qaM , C)〉 =
∫
D[φ, aR]eiS[φ,aR+aS]. (A.4)

Now, we consider the explicit form of the ’t Hooft loop in terms of a local field. This
can be done by the dual transformation of the photon a [120]. We can rewrite eq. (A.4)
by using the Fourier transformation,

〈T (qaM , C)〉 =
∫
D[φ, aR, f

′, g]eiSa,1st[φ,aR+aS,f
′,g], (A.5)

where Sa,1st[φ, aR + aS, f
′, g] is a first order derivative action for a:

Sa,1st = − 1
2e2

∫
M4

f ′ ∧ ?f ′ − v2

2

∫
M4

dφ ∧ ?dφ+ N

8π2

∫
M4

φf ′ ∧ f ′

− 1
2π

∫
M4

g ∧ (f ′ − daR − daS). (A.6)
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Here, we have introduced new dynamical valuable f ′ and g, which are 2-form fields inde-
pendent of a and φ.

We can go back to the original action in eq. (2.1) by integrating out g and f ′, where the
integral of g gives us the delta function δ[f ′ − d(aR + aS)]. Instead, we can go to the dual
action as follows. By integrating out aR, we have the delta function δ[dg], which implies
that g can be locally given by a 1-form gauge field w,

g = dw, (A.7)

with a gauge transformation by a 0-form gauge parameter λw,

w → w + dλw. (A.8)

Therefore, 〈T (qaM , C)〉 can be written as

〈T (qaM , C)〉=
∫
D[φ, v, f ′]ei(−

1
2e2
∫
M4

f ′∧?f ′− v
2
2

∫
M4

dφ∧?dφ+ N
8π2
∫
M4

φf ′∧f ′− 1
2π

∫
M4

dw∧(f ′−daS))
.

(A.9)
We find that the term given by the singular part, e−

i
2π

∫
dw∧daS , can be expressed by a line

integral of w along C:

e
− i

2π

∫
M4

dw∧daS = e
iqaM

∫
M4

w∧δ3(C) = eiqaM
∫
C w, (A.10)

where we have used eq. (A.3) and then eq. (3.10). This is the expression of the desired ’t
Hooft loop in terms of the local field.

A.2 Worldsheet of axionic string

Similarly, we can express the worldsheet of the axionic string in terms of a local field. In
the original formulation, the configuration of V (qφM ,S) can be expressed as a singular part
of φ. We again decompose φ into the singular part φS and the regular part φR as

φ = φR + φS, (A.11)

where we have assumed that φS have non-trivial winding number,∫
C
dφ =

∫
C
d(φR + φS) =

∫
C
dφS = 2πqφM Link (C,S). (A.12)

The singular part φS can be understood as the function that breaks the Bianchi identity
of the axion,

ddφ = ddφS = 2πqφMδ2(S). (A.13)

In the path integral formalism, we can express V (qφM ,S) as

〈V (qφM ,S)〉 =
∫
D[φR, a]eiS[φR+φS,a]. (A.14)

Now, we consider an alternative expression of V (qφM ,S) by the dual transformation
of the axion φ to a 2-form gauge field [121]. We can again rewrite eq. (A.14) by using the
Fourier transformation,

〈V (qφM ,S)〉 =
∫
D[φ, aR, ζ, h]eiSφ,1st[φR+φS,a,ζ,h]. (A.15)
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Here, Sφ,1st[φR + φS, a, ζ, h] is a first order derivative action for φ:

Sφ,1st = − 1
2e2

∫
M4

da ∧ ?da− v2

2

∫
M4

ζ ∧ ?ζ − N

8π2

∫
M4

ζ ∧ a ∧ f

+ 1
2π

∫
M4

h ∧ (ζ − dφR − dφS). (A.16)

We have introduced new dynamical valuable ζ and h, which are 1-form and 3-form fields
independent of a and φ. Note that the 3-form h should be shifted under the gauge trans-
formation of the 1-form field as

a→ a+ dλ, h→ h− N

4πdλ ∧ da (A.17)

in order to make the action to be gauge invariant. As in the case of Sa,1st, we can go back
to the original action in eq. (2.1) by integrating out ζ and h, where the integral of h gives
us the delta function δ[ζ − d(φR + φS)]. Instead, we can again go to the dual action. By
integrating out φR, we have the delta function δ[dh] implying that h can be locally given
by a 2-form gauge field b,

h = db, (A.18)

with a gauge transformation by a 1-form gauge parameter λb,

b→ b+ dλb, (A.19)

in addition to the one corresponding to eq. (A.17),

b→ b− N

4πλda. (A.20)

Substituting the condition h = db, 〈V (qφM ,S)〉 can be written as

〈V (qφM ,S)〉 =
∫
D[b, a, ζ]ei(−

1
2e2
∫
M4

da∧?da− v
2
2

∫
M4

ζ∧?ζ− N
8π2
∫
M4

ζ∧a∧f+ 1
2π

∫
M4

db∧(ζ−dφS))
.

(A.21)
We find that the term given by the singular part, e−

i
2π

∫
M4

db∧dφS , can be expressed by a
surface integral of b along S:

e
− i

2π

∫
M4

db∧dφS = e
iqaM

∫
M4

b∧δ2(S) = eiqaM
∫
S b, (A.22)

where we have again used eq. (A.13) and eq. (3.10). This is the expression of the worldsheet
of the axionic string.

We remark that this expression of the axionic string is not invariant under eq. (A.20).
Therefore, the gauge invariance for the photon seems to be violated on the axionic string.
The inconsistency can be resolved by taking into account the chiral mode on the axionic
string. The chiral mode charged under the U(1) gauge symmetry cancels the violation.
This mechanism is nothing but the anomaly inflow mechanism [31, 32]. Note that we do
not need to consider the contribution from the chiral modes in the discussion in this paper,
since we focus on the bulk physics around the axionic string.
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B Correlation functions

Here, we summarize detailed calculations of the correlation functions.

B.1 ZN 0-form transformation

We first evaluate the 0-form transformation law in eq. (2.16). The transformation can be
written by the following correlation function:

〈UφE(e2πinφ/N ,V)eiqφEφ(P)〉 = N
∫
D[φ, a]eiS+

2πinφ
N

∫
V jφE+iqφEφ(P). (B.1)

Here, N is the normalization factor such that 〈1〉 = 1. In order to evaluate the correlation
function, we rewrite the point operator and symmetry generator in term of spacetime
integral by using delta-function forms. The point operator eiqφEφ(P) can be rewritten as

eiqφEφ(P) = e
iqφE

∫
M4

φ∧δ4(P)
. (B.2)

Here, the delta-function form is defined in eq. (3.10). Suppose V can be expressed as the
boundary of a 4-dimensional subspace ΩV . In general, it may not be taken as a boundary,
but it is necessary for discussing the transformation law. The symmetry generator can be
rewritten as ∫

V
jφE =

∫
∂ΩV

jφE =
∫

ΩV
djφE =

∫
M4

djφEδ0(ΩV). (B.3)

We can eliminate the symmetry generator by using

S[φ, a] + 2πnφ
N

∫
M4

djφEδ0(ΩV)

= S[φ− 2πnφ
N

δ0(ΩV), a] + v2

2

(2πnφ
N

)2 ∫
M4

δ1(V) ∧ ?δ1(V),
(B.4)

and the redefinition φ− 2πnφ
N δ0(ΩV)→ φ as

〈UφE(e2πinφ/N ,V)eiqφEφ(P)〉 = e
2πiqφE nφ

N

∫
M4

δ0(ΩV )δ4(P)〈eiqφEφ(P)〉. (B.5)

Here, we have regularized the trivial divergence
∫
M4

δ1(V)∧?δ1(V) by adding a local counter
term. The integral

∫
M4

δ0(ΩV)δ4(P) in eq. (B.5) is the intersection number of ΩV and P,
which is equal to the linking number of V and P,∫

M4
δ0(ΩV)δ4(P) = Link (V,P) ∈ Z. (B.6)

Therefore we have

〈UφE(e2πinφ/N ,V)eiqφEφ(P)〉 = e
2πiqφEnφ

N
Link (V,P)〈eiqφEφ(P)〉. (B.7)
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B.2 ZN 1-form transformation

Second, we consider the correlation function, which represents the ZN electric 1-form
transformation:

〈UaE(e2πina/N ,S)eiqa
∫
C a〉 =

∫
D[φ, a]eiS+ 2πina

N

∫
S jaE+iqa

∫
C a. (B.8)

The Wilson loop eiqa
∫
C a can be rewritten as

eiqa
∫
C a = e

iqa
∫
M4

a∧δ3(C)
. (B.9)

Similarly, the symmetry generator can be rewritten as∫
S
jaE =

∫
∂VS

jaE =
∫
VS
djaE =

∫
M4

djaE ∧ δ1(VS), (B.10)

where we have assumed that S can be written as the boundary of a three dimensional
subspace VS . We can eliminate the symmetry generator by using

S[φ, a] + 2πna
N

∫
M4

djaE ∧ δ1(VS) =S

[
φ, a+ 2πna

N
δ1(VS)

]
− N

8π2

(2πna
N

)2 ∫
M4

φδ2(S) ∧ δ2(S)

+ 1
2e2

(2πna
N

)2 ∫
M4

δ2(S) ∧ ?δ2(S),

(B.11)

and the redefinition a+ 2πna
N δ1(VS)→ a as

〈UaE(e2πina/N ,V)eiqa
∫
C a〉 = e

2πiqana
N

∫
M4

δ3(C)∧δ1(VS)〈eiqa
∫
C a〉. (B.12)

Here, we have again regularized the trivial divergence 1
2e2
(

2πna
N

)2 ∫
M4

δ2(S)∧?δ2(S) by the
local counter term. Furthermore, the term

∫
M4

φδ2(S)∧ δ2(S) in eq. (B.11) is equal to zero
if we consider a closed surface without self-intersections. The integral

∫
M4

δ3(C) ∧ δ1(VS)
in eq. (B.12) is the intersection number of VS and C, which is equal to the linking number
of S and C, ∫

M4
δ3(C) ∧ δ1(VS) =

∫
VS
δ3(C) = Link (S, C) ∈ Z. (B.13)

Therefore, we have

〈UaE(e2πina/N ,S)eiqa
∫
C a〉 = e

2πiqana
N

Link (S,C)〈eiqa
∫
C a〉. (B.14)

B.3 Correlation functions of symmetry generators

We here show the derivations of the correlation functions of symmetry generators.
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B.3.1 Correlation function of 0-form and 1-form symmetry generators

First, we consider the correlation function of 0- and 1-form symmetry generators

〈UφE(e2πinφ/N ,V)UaE(e2πina/N ,S)〉 = N
∫
D[φ, a]eiS[φ,a]+

2πinφ
N

∫
V jφE+ 2πina

N

∫
S jaE , (B.15)

which corresponds to the Witten effect [101]. We first eliminate the 0-form symmetry
generator UφE(e2πinφ/N ,V). By the same procedures as eqs. (B.3) and (B.4), we obtain

〈UφE(e2πinφ/N ,V)UaE(e2πina/N ,S)〉

= 〈UaE(e2πina/N ,S)e−
inφna

N

∫
S δ0(ΩV )da〉

= 〈UaE(e2πina/N ,S)UaM (e−2πinφna/N ,ΩV ∩ S)〉.

(B.16)

Alternatively, one can eliminate the 1-form symmetry generator as follows. Here, we assume
that V and S are not intersected to each other. By using eqs. (B.10) and (B.11), we obtain

〈UφE(e2πinφ/N ,V)UaE(e2πina/N ,S)〉

= 〈UφE(e2πinφ/N ,V)e−
nφna

N

∫
da∧δ1(V)∧δ1(VS)−

iπn2
anφ

N2
∫
δ1(VS)∧dδ1(VS)∧δ1(V))〉

= 〈UφE(e2πinφ/N ,V)UaM (e−2πinφna/N ,V ∩ VS)〉e−
iπn2

anφ

N2
∫
δ1(VS)∧dδ1(VS)∧δ1(V).

(B.17)

The last term e−
iπn2

anφ

N2
∫
δ1(VS)∧dδ1(VS)∧δ1(V) is equal to zero, since we have assumed that V

and S do not intersect. Therefore, we obtain

〈UφE(e2πinφ/N ,V)UaE(e2πina/N ,S)〉 = 〈UφE(e2πinφ/N ,V)UaM (e−2πinφna/N ,V ∩ VS)〉.
(B.18)

The correlation function implies that the EOM of the photon, i.e., the conservation law
of jaE is deformed in the presence of the current jφE . Here, the EOM of the photon
corresponds to the finite redefinition which has been applied in eq. (B.22). Note that we
have discussed the deformation in terms of the gauge invariant symmetry generators, since
the currents jφE and jaE are not gauge invariant.

B.3.2 Correlation function of 1-form symmetry generators

Similarly, we can evaluate the correlation function between 1-form symmetry generators,

〈UaE(e2πina/N ,S1)UaE(e2πin′a/N ,S2)〉 = N
∫
D[φ, a]eiS[φ,a]+ 2πina

N

∫
S1
jaE+ 2πin′a

N

∫
S2
jaE
,

(B.19)
which corresponds to the anomalous Hall effect [101]. We eliminate UaE(e2πina/N ,S1) by
the same procedures as eqs. (B.10) and (B.11), and obtain

〈UaE(e2πina/N ,S1)UaE(e2πin′a/N ,S2)〉

= 〈UaE(e2πin′a/N ,S2)e−
in′ana
N

∫
S2
dφ∧δ1(VS1 )〉

= 〈UaE(e2πin′a/N ,S2)UφM (e2πinan′a/N ,−VS1 ∩ S2)〉.

(B.20)
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We can consider another property of the correlation function. Remarking the following re-
lation,

UaE(e2πina/N ,S1)UaE(e2πin′a/N ,S2) = e
2πi
N

∫
M4

jaE∧(naδ2(S1)+n′aδ2(S2))
, (B.21)

we can simply evaluate the 1-form symmetry generators by the redefinition a+2πna
N δ1(VS1)+

2πn′a
N δ1(VS2)→ a as

〈UaE(e2πina/N ,S1)UaE(e2πin′a/N ,S2)〉

= 〈UφM (e
2πinan′a

2N ,−VS1 ∩ S2)UφM (e
2πinan′a

2N ,−VS2 ∩ S1)〉

= 〈UφM (e
2πinan′a

N ,−VS1 ∩ S2)〉.

(B.22)

This result coincides with eq. (B.20) after eliminating UaE(e2πin′a/N ,S2) by a topological
deformation. The second line of eq. (B.22) shows that the correlation function of two 1-
form symmetry generators linking with each other leads to two 2-form symmetry generators,
which is consistent with the diagrammatic expression in eq. (D.48). Note that the linking
of surfaces is called a surface link [122, 123].

The correlation functions in eqs. (B.20) and (B.22) again imply that the conservation
law of jaE is deformed in the presence of another jaE . Note again that we have discussed
the deformation in terms of the gauge invariant symmetry generators.

B.3.3 Correlation function of 0-form and 2-form symmetry generators

We also show the correlation function of the 0-form and 2-form symmetry generators:

〈UφE(e2πinφ/N ,V)UφM (eiαφ , C)〉 = N
∫
D[φ, a]eiS+

2πinφ
N

∫
V jφE+

iαφ
2π

∫
C dφ. (B.23)

The redefinition φ− 2πnφ
N δ0(ΩV)→ φ leads to

〈UφE(e2πinφ/N ,V)UφM (eiαφ , C)〉 = 〈UφM (eiαφ , C)〉e−
iαφ
2π

2πnφ
N

∫
C δ1(V). (B.24)

The integral
∫
C δ1(V) in the numerical factor e−

iαφ
2π

2πnφ
N

∫
C δ1(V) is the transversally intersect-

ing number of C and V, which is equal to zero since both of C and V are closed. Therefore,
we obtain

〈UφE(e2πinφ/N ,V)UφM (eiαφ , C)〉 = 〈UφM (eiαφ , C)〉. (B.25)

Note that the resulting correlation function implies that the EOM of the axion, i.e., the
conservation of jφE is not deformed in the presence of UφM (eiαφ , C).4

4Technically, the correlation between djφE and jφM is non-zero, but the correlation between UφE and
UφM is zero due to the integration of δ1(V) over C. Since jφE is not gauge invariant, the correlation of the
symmetry generators is physically meaningful.
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C 3-group gauge theory

In this section, we review the semistrict 3-group or 2-crossed module. Hereafter, we simply
refer to the semistrict 3-group as the 3-group. We first present the axiom and a simple
example of the 3-group. Next, we show a Lie algebra of the 3-group, and the 3-group
gauge theory based on it. Since the axioms of the 3-group are complicated compared to
that of ordinary groups, we give a diagrammatic explanation of the axiom of the 3-group
in appendix D.

C.1 Axiom of 3-group

A 3-group (L ∂2→ H
∂1→ G, ., {−,−}) satisfies the following axioms [102] (see also [79, 82,

83, 88, 124]):

1. G, H, and L are groups.

2. The maps
∂1 : H → G, ∂2 : L→ H (C.1)

are group homomorphisms ∂1(h1h2) = (∂1h1)(∂1h2) and ∂2(l1l2) = (∂2l1)(∂2l2) for
h1,2 ∈ H and l1,2 ∈ L, respectively. They satisfy

∂1 ◦ ∂2(l) = 1G (C.2)

for all l ∈ L, where 1G ∈ G is the identity element in G.

3. The symbol . is an action of g ∈ G on g′ ∈ G, h ∈ H, and l ∈ L by automorphisms,
g . g′ ∈ G, g . h ∈ H, and g . l ∈ L. In particular, the action g . g′ is defined by
conjugation,

g . g′ := gg′g−1. (C.3)

4. The maps ∂1,2 are G-equivalent, that is, for all g ∈ G, h ∈ H, and l ∈ L,

g . (∂1h) = ∂1(g . h), g . (∂2l) = ∂2(g . l). (C.4)

5. The Peiffer lifting {−,−} is a map H ×H → L. In terms of the elements,

{h1, h2} ∈ L, (C.5)

for h1,2 ∈ H. The Peiffer lifting satisfies

∂2{h1, h2} = h1h2h
−1
1 (∂1h1) . h−1

2 , (C.6)
g . {h1, h2} = {g . h1, g . h2}, (C.7)
{∂2l1, ∂2l2} = l1l2l

−1
1 l−1

2 , (C.8)
{h1h2, h3} = {h1, h2h3h

−1
2 }(∂1h1) . {h2, h3}, (C.9)

{h1, h2h3} = {h1, h2}{h1, h3}{∂2{h1, h3}−1, (∂1h1) . h2}, (C.10)
{∂2l, h}{h, ∂2l} = l(∂1h) . l−1, (C.11)

for h1,2,3 ∈ H and l1,2 ∈ L.
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We note that the 3-group contains a 2-group (L ∂2→ H, .′) as the subgroup, where the
actions .′ : H → H and .′ : H → L are defined as h.′ h′ := hh′h−1 and h.′ l := l{∂2l

−1, h}
for h, h′ ∈ H and l ∈ L, respectively. The (strict) 2-group (L ∂2→ H, .′) is a set of two
groups H and L, a group homomorphism ∂2 : L → H, and an action .′ of H on H and
L. The map ∂2 is compatible with the action, h . ∂2(l) = ∂2(h . l) for h ∈ H and l ∈ L.
The action of ∂2(l) ∈ H on l′ ∈ L satisfies ∂2(l) .′ l′ = ll′l−1, which is called the Peiffer
identity. One can easily check that (L ∂2→ H, .′) satisfies these axioms. On the other hand,
(H ∂1→ G, .) is generally not a 2-group. From eq. (C.6), (∂1h) . h′ = hh′h−1∂2{h, h′−1}
follows. In this sense, the Peiffer lifting measures the failure of the Peiffer identity.

C.2 Example of 3-group

Before explaining the 3-group gauge theory, we give a simple and non-trivial example of
the 3-group. It is given by an n-dimensional Euclidean group (or isometry group) ISO(n),

ISO(n) =
{(

A a

0Tn 1

)
∈M(n+ 1,R)|A ∈ O(n),a ∈ Rn

}
, (C.12)

and we show that we can decompose the Euclidean group as a 3-group. Hereafter, we
abbreviate 0Tn to 0. Note that the product of two elements h1, h2 ∈ ISO(n),

h1 =
(
A1 a1
0 1

)
, h2 =

(
A2 a2
0 1

)
, (C.13)

is
h1h2 =

(
A1A2 A1a2 + a1

0 1

)
∈ ISO(n). (C.14)

The Euclidean group can be decomposed into the orthogonal group O(n) and transla-
tion group Rn. In other words, there are a projection map ∂1 and an embedding map ∂2,

Rn ∂2−→ ISO(n) ∂1−→ O(n). (C.15)

The actions of ∂2 and ∂1 on a1 ∈ Rn and h2 ∈ ISO(n) are

∂2(a1) :=
(

1n a1
0 1

)
, (C.16)

and
∂1(h2) := A2, (C.17)

respectively. These maps are compatible with products. In fact, the embedding map ∂2
satisfies

∂2(a1 + a2) = ∂2(a1)∂2(a2) = ∂2(a2)∂2(a1), (C.18)

and ∂1 satisfies
∂1(h1h2) = ∂1(h1)∂1(h2). (C.19)

The maps ∂1,2 satisfy
∂1 ◦ ∂2(a) = 1n. (C.20)
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Note that we would decompose ISO(n) as O(n) → ISO(n) → Rn, but this decomposition
is not compatible with the product.

The elements of Rn, ISO(n), and O(n) are transformed under an action generated by
O(n). We denote and define the action as

A1 . a2 := A1a2, (C.21)

A1 . h2 :=
(
A1 0
0 1

)
h2

(
A−1

1 0
0 1

)
=
(
A1A2A

−1
1 A1a2

0 1

)
, (C.22)

and
A1 . A2 := A1A2A

−1
1 . (C.23)

One can check that the actions are compatible with ∂1,2,

∂2(A1 . a2) = A1 . ∂2(a2), (C.24)

and
∂1(A1 . h2) = A1 . ∂1(h2). (C.25)

Finally we determine the Peiffer lifting. Since we can obtain an element of O(n) from
ISO(n) by ∂1, we can construct an action of ISO(n) itself by using ∂1 as

∂1(h1) . h2 =
(
A1 0
0 1

)
h2

(
A−1

1 0
0 1

)
=
(
A1A2A

−1
1 A1a2

0 1

)
. (C.26)

On the other hand, the element of ISO(n) can act on itself as

h1h2h
−1
1 =

(
A1 a1
0 1

)(
A2 a2
0 1

)(
A−1

1 −A−1
1 a1

0 1

)

=
(
A1A2A

−1
1 −A1A2A

−1
1 a1 +A1a2 + a1

0 1

)
.

(C.27)

Therefore, two actions h1h2h
−1
1 and ∂1(h1) . h2 are different. The difference is the lack of

a1 due to the projection ∂1. We can measure the difference by

h1h2h
−1
1 (∂1(h1) . h2)−1 =

(
1n −A1A2A

−1
1 a1 + a1

0 1

)
, (C.28)

which can be an image of ∂2. Therefore, we can define the Peiffer lifting,

{−,−} : ISO(n)× ISO(n)→ Rn (C.29)

as
{h1, h2} := −A1A2A

−1
1 a1 + a1, (C.30)

which satisfies
∂2({h1, h2}) = h1h2h

−1
1 (∂1(h1) . h2)−1. (C.31)

One can explicitly check that these definitions satisfy other axioms of the 3-group (C.7)–
(C.11).
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C.3 Lie algebra of 3-group

We consider the (background) gauging of the 3-group. In order to introduce the gauge fields
and their gauge transformation laws, we need the Lie algebra of the 3-group. We denote
the Lie algebra of G, H, and L as g, h, and l, respectively. The Lie 3-group (differential
2-crossed module) is defined by the following axioms:

1. g, h, and l are Lie algebras.

2. The maps
∂1 : h→ g, ∂2 : l→ h (C.32)

are g-equivalent homomorphisms

∂1[h1, h2] = [∂1h1, ∂1h2], ∂2[l1, l2] = [∂2l1, ∂2l2], (C.33)

for h1,2 ∈ h and l1,2 ∈ l, respectively. They satisfy

∂1 ◦ ∂2l = 0. (C.34)

3. . is an action of g ∈ g on g′ ∈ g, h ∈ h, and l ∈ l by automorphisms, g . g′ ∈ g,
g . h ∈ h, and g . l ∈ l. The action g . g′ is defined by the commutator,

g . g′ := [g, g′]. (C.35)

4. ∂1,2 are g-equivalent, that is,

g . (∂1h) = ∂1(g . h), g . (∂2l) = ∂2(g . l). (C.36)

5. The Peiffer lifting {−,−} is a map h× h→ l. In terms of the elements,

{h1, h2} ∈ l (C.37)

for h1,2 ∈ l. The Peiffer lifting satisfies

∂2{h1, h2} = [h1, h2]− (∂1h1) . h2, (C.38)
g . {h1, h2} = {g . h1, h2}+ {h1, g . h2}, (C.39)
{∂2l1, ∂2l2} = [l1, l2], (C.40)

{[h1, h2], h3} = {h1, [h2, h3]}+ (∂1h1) . {h2, h3}
− {h2, [h1, h3]} − (∂1h2) . {h1, h3},

(C.41)

{h1, [h2, h3]}, = {∂2{h1, h2}, h3} − {∂2{h1, h3}, h2}, (C.42)
{∂2l1, h2}+ {h2, ∂2l1} = −(∂1h) . l1, (C.43)

for h1,2 ∈ H and l1,2 ∈ L.
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C.4 3-group gauge theory

Now, we formulate a 3-group gauge theory [79, 82, 83]. We introduce 1-, 2-, and 3-form
gauge fields, A1, B2, and C3, which are g-, h-, and l-valued differential forms, respectively.
If we write the basis of the Lie algebras g, h, and l as {uA}, {va}, and {wα}, respectively,
the gauge fields can be written as A1 = AA1 uA, B2 = Bava, and C3 = Cα3 wα, respectively.

By the structure of the Lie algebra, the gauge transformation laws are given as follows.
Let g, h1 = ha1va, and l2 = lα2wα be the G-, h-, and l-valued 0-, 1-, and 2-form gauge
parameters, respectively. Then the gauge transformations are given by

A1 → A′1 = g . A1 + gdg−1 + ∂1h1, (C.44)
B2 → B′2 = g . B2 + dh1 − h1 ∧ h1 +A′1 . h1 + ∂2l2, (C.45)
C3 → C ′3 = g . C3 + dl2 +A′1 . l2 + {∂2l2, h1} − {B′2, h1} − {h1, g

−1 . B2}. (C.46)

Here, we have used the following notations:

g . A1 = AA1 g . uA = AA1 (guAg−1), (C.47)

g . B2 = Ba
2 (g . va), (C.48)

g . C3 = Cα3 (g . wα), (C.49)

h1 ∧ h1 = ha1 ∧ hb1vavb = 1
2h

a
1 ∧ hb1[va, vb], (C.50)

A′1 . h1 = (A′1)A ∧ ha1(uA . va), (C.51)

∂1h1 = ha1(∂1va), (C.52)

∂2l2 = lα2 (∂2wα), (C.53)

{B′2, h1} = (B′2)a ∧ hb1{va, vb}. (C.54)

The field strengths are defined by

F := dA1 +A1 ∧A1, (C.55)
H := dB2 +A1 . B2, (C.56)
G := dC3 +A1 . C3 + {B2, B2}. (C.57)

Note that the 3-group gauge theory for the axion electrodynamics can be obtained by
substituting uA = −i, va = −i, wα = −i, g = eiΛ0 , h1 = −iΛ1, and l2 = −iΛ2.

D Diagrammatic expression of 3-group

Here, we explain the 3-group diagrammatically. The definition of the 3-group based on the
axioms seems abstract, but we show that the axioms of the 3-group can be understood in
a more intuitive way. In particular, we show that all of the axioms of the 3-group can be
translated to the only one simple statement “the group elements are topological” in the
viewpoint of the higher-form symmetries.
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D.1 Elements of groups as topological objects

We identify the elements of groups G,H, and L as (D−1)-, (D−2)-, and (D−3)-dimensional
topological objects respectively. By the identification, we may relate the groups G, H, and
L as symmetry groups of 0-, 1-, and 2-form symmetries. Unlike ordinary higher-form
symmetries, the topological objects may exit as the boundaries of one-dimensional higher
topological objects. Hereafter, we take D = 3 for simplicity, which is sufficient to describe
all of their objects. In this case, the group elements of G, H, and L are expressed by
surfaces, lines, and points, respectively. Note that we can easily have the D = 4 case by
extending the objects such as worldvolumes, worldsurfaces, and worldlines along the fourth
direction, e.g., temporal direction.

The elements g ∈ G, h ∈ H, and l ∈ L can be graphically expressed as follows:

g g

=g = (D.1)

==h

h
h

(D.2)

==l
l l

(D.3)

Here, the right-hand sides of the above equations are projections of the diagrams. The
black left arrows represent the order of the products. We require that the elements of the
groups can freely move as long as they intersect with the left arrow.

By using the left arrow, the group operations can be expressed as follows:

g g

==gg0

g0 g0

=

gg0

(D.4)

==

h
h

h0

hh0

h0
hh0

= (D.5)

= =
l

ll0

l0ll0
(D.6)

The identity elements, 1G ∈ G, 1H ∈ H, and 1L ∈ L are represented as a dotted surface,
line, and point, respectively. Frequently, we abbreviate these identity elements to nothing.
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They are explicitly described as follows:

==1G

1G 1G

= (D.7)

==1H

1H
1H

= (D.8)

==1L
1L

(D.9)

Finally, we express the inverses of the elements, g−1 ∈ G, h−1 ∈ H, and l−1 ∈ L as
objects which annihilate g, h and l, respectively. One of the properties of the inverses is
that we can connect the object g and h with the inverses g−1 and h−1 as intermediate
states of the annihilation, respectively:

g

== =gg�1

g�1g g�1

(D.10)

== =hh�1

h h�1 h h�1

(D.11)

= =
l

ll�1

l�1
(D.12)

D.2 ∂1 and ∂2: taking interior of topological objects

Next, we consider diagrammatic expression of the maps ∂1,2. Since we have regarded the
elements of the groups as generally extended objects, the elements can be boundaries of the
other objects. The maps ∂1,2 give the elements of the interior from the boundary elements:

=
h

h @1h
@1h

=
l l

@2l
@2l

(D.13)
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The right-hand sides of the above equations are projected diagrams. By the expression,
the axiom ∂1 ◦ ∂2l = 1G in eq. (C.20) is manifest, since an interior of an interior is nothing
(conversely, the boundary of a boundary is nothing). The property of group homomorphism
is just saying that the product of the elements is compatible with the product of the interior
of the elements:

=

h1 h2

@1h2 (@1h1)(@1h2) = @1(h1h2)

h1h2

@1h1

(D.14)

=

@2l1 @2l2 (@2l1)(@2l2) = @2(l1l2)

l1l2l1 l2

(D.15)

While the elements should intersect with the left arrow, we allow l ∈ L to move
vertically as long as ∂2l ∈ H intersects with the left arrow:

=
l

@2l

l

@2l

(D.16)

This property implies that L and H have a 2-group structure, which we use in section D.5.
As an application, we can deform l and l−1 as follows:

=
l

@2l

=
l�1

<latexit sha1_base64="gh57kckNK5OIAcSTIg/5+phtG4w="></latexit><latexit sha1_base64="8Nw5wy/lp0yk+mv0gk4c2i0mL3w="></latexit><latexit sha1_base64="8Nw5wy/lp0yk+mv0gk4c2i0mL3w="></latexit><latexit sha1_base64="5c+x6ePyig4VAt0nsaYZS3mhJ6I="></latexit>

@2l
�1

<latexit sha1_base64="JBXJGEP6n3Z7AhI5wqSW5cRvnyU="></latexit><latexit sha1_base64="PdCFVtujwK6Txox/V/Qdn6V54zY="></latexit><latexit sha1_base64="PdCFVtujwK6Txox/V/Qdn6V54zY="></latexit><latexit sha1_base64="kcTRGOcuZXN+NPjMZWakYrbV/TI="></latexit>

l

@2l

l�1
<latexit sha1_base64="gh57kckNK5OIAcSTIg/5+phtG4w="></latexit><latexit sha1_base64="8Nw5wy/lp0yk+mv0gk4c2i0mL3w="></latexit><latexit sha1_base64="8Nw5wy/lp0yk+mv0gk4c2i0mL3w="></latexit><latexit sha1_base64="5c+x6ePyig4VAt0nsaYZS3mhJ6I="></latexit>

@2l
�1

<latexit sha1_base64="JBXJGEP6n3Z7AhI5wqSW5cRvnyU="></latexit><latexit sha1_base64="PdCFVtujwK6Txox/V/Qdn6V54zY="></latexit><latexit sha1_base64="PdCFVtujwK6Txox/V/Qdn6V54zY="></latexit><latexit sha1_base64="kcTRGOcuZXN+NPjMZWakYrbV/TI="></latexit>

@2l

(D.17)

D.3 Action of G: enclosing elements by surfaces

Third, we express the actions of G on G, H, and L, following the above diagrammatic
expressions. The action . of g ∈ G on g′ ∈ G, h ∈ H and l ∈ L can be simply described as
the enclosing by g and g−1:

= =

g g0 g�1g . g0 gg0g�1

(D.18)
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=

hg g�1g . h

(D.19)

=

g g�1

g . l l
(D.20)

In particular, the axiom g . g′ = gg′g−1 given in eq. (C.3) is manifest in our dia-
gram. Furthermore, the G-equivalence of ∂1,2 in eq. (C.4) can be simply understood as the
compatibility of ∂1,2 with the action:

=

h

g g�1@1h

g . h

g . (@1h) = @1(g . h)

(D.21)

=

g g�1

l

@2l g . (@2l) = @2(g . l)

g . l
(D.22)

D.4 Peiffer lifting: braiding of elements of H

Finally, we express the Peiffer lifting diagrammatically. We determine the expression of it
as a braid of two elements in H such that the axiom in eq. (C.6) is satisfied:

h h�1h0 (@1h) . h
0�1hh0h�1(@1h) . h

0�1

{h, h0}
= (D.23)

In the right-hand side, the line of h braids with the line of h′. Since h′ intersects with
∂1h, the surface of ∂1h acts on the line h′. Therefore, the line of h′ ends on (∂1h) . h′−1 =
((∂1h) . h′)−1. For the relation between the 3-group and braids, see, e.g., refs. [125, 126].

While we have expressed the Peiffer lifting diagrammatically, it is non-trivial whether
the other axioms are satisfied in terms of the diagram or not. We confirm that our diagram
of the Peiffer lifting satisfies all of the axioms of the Peiffer lifting as follows:
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• Equation (C.7):

h h0

=
g . {h, h0}

=

g g�1 g g�1gh h0 g g

=

g . h g . h0

=
{g . h, g . h0}

(D.24)

Here, we have used the property in eq. (D.10) for the third expression.

• Equation (C.8):

l1l2l
�1
1 l�1

2
=

l1 l2 l�1
2l�1

1
=

(@1 � @2l�1
2 ) . @2l

�1
2@2l

�1
1@2l2@2l1

1H 1H

=
{@2l1, @2l2}

(D.25)

Here, we have used ∂2l
−1
2 = (∂1 ◦ ∂2l1) . ∂2l

−1
2 , since ∂1 ◦ ∂2l1 = 1G.

• Equation (C.9):

=
{h1h2, h3}

(h1h2)h3(h1h2)
�1

⇥(@1(h1h2)) . h
�1
3

{h1h2, h3}

(h1h2)h3(h1h2)
�1 (@1(h1h2)) . h

�1
3

=
{h1h2, h3}

h1(h2h3h
�1
2 )h�1

1 (@1h1) . (@1h2) . h
�1
3

(@1h1) . h2h3h
�1
2(@1h1) . h2h

�1
3 h�1

2

=
{h1, h2h3h

�1
2 } (@1h1) . {h2, h3}

(D.26)

Here, we have used (∂1(h1h2)) . h−1
3 = ((∂1h1)(∂2h2)) . h−1

3 = (∂1h1) . (∂2h2) . h−1
3 .
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• Equation (C.10):

=

=

{h1, h2h3}

h1 h2 h3

=

h1 h2 h3h1

@1h1 . h2

{h1, h2}

@1h1 . h2

{h1, h3}
=

@1h1 . h2

{h1, h2}{h1, h3}

@2{h1, h3}�1

1H

=
{h1, h2}{h1, h3}{@2{h1, h3}�1, @1h1 . h2}

(D.27)

• Equation (C.11):

{@2l, h}{h, @2l}
=

@2l h h�1 h @2l

=

@2l h @1h . @2l
�1

=

@2l h @1h . @2l
�1

l l�1

=

@2l

l @1h . l�1

(D.28)

In order to obtain the last equation, we have used eq. (D.16).

D.5 (L, H) as 2-group

We have shown that the 3-group can be diagrammatically expressed. By using them, we
can also describe the fact that the set (L ∂2→ H, .′) is a 2-group (see appendix C.1). Here,
the action .′ of H on H and L are defined by conjugation h .′ h′ = hh′h−1 and by the
Peiffer lifting h.′ l = l{∂2l

−1, h}, respectively. In order to reproduce the 2-group structure,
we should diagrammatically show the action .′, the compatibility of ∂2 with .′, and the
Peiffer identity l1l2l−1

1 = (∂2l1) .′ l2.
One of the advantages of the diagrammatic expression is that we can straightforwardly

reproduce them, in particular the action .′, which may be complicated. Let us express the
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definition of the action .′. As in the definition of the action . for the 3-group, we can
describe the action h.′ h′ and h.′ l by enclosing h ∈ H and l ∈ L with h ∈ H, respectively.
First, we consider the action of h ∈ H on h′ ∈ H defined by conjugation h .′ h′ = hh′h−1,
which can be expressed as follows:

=

h h�1h .0 h0 h0

=

hh0h�1

(D.29)

Second, we can simply reproduce the definition h .′ l = l{∂2l
−1, h} by using the following

the deformations:

=
h .0 l l

h h�1

=
l

h h�1

l l�1

=

h

l

@2l
�1

=
l {@2l�1, h}

@2(h .0 l)

@2l (@2l
�1)h(@2l)h

�1

=
l{@2l�1, h}

h .0 (@2l)

(D.30)

Here, we have used eq. (D.17) in order to have the fourth expression. The above defor-
mations automatically show the compatibility of ∂2 with the action of H: ∂2(h .′ l) =
h .′ (∂2l) = h(∂2l)h−1.

The 2-group should satisfy the Peiffer identity l1l2l−1
1 = ∂2l1 .

′ l2, which can now be
shown as follows:

=
l1 l2 l�1

1 l2 l�1
2 l2

@2l1

=

@2l1@2l
�1
2

l2

=
l2 {@2l�1

2 , @2l1}
=

@2l1 .
0 l2

(D.31)

Here, we have used eq. (D.17) in the first line.

D.6 Global 3-group symmetry and symmetry generators

Finally, we consider how to relate the above diagrammatic expressions to the symmetry
generators of the higher-form global symmetries given by the 3-group. In the following,
we identify G, H, and L as symmetry groups which parameterize the 0-, 1-, and 2-form
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symmetries, respectively. In the following, we discuss symmetry generators for the higher-
form symmetries which do not have interiors, and are not boundaries of other objects. The
assumptions restrict the symmetry group that non-trivially parameterizes the symmetry
generators. Further, we assume that the restricted group also has a 3-group structure. As
we will show in appendix D.6.5, the assumptions require that the symmetry groups G, H,
and L are reduced to

Ggl. := G/ Im ∂1, Hgl. := HAb./ Im ∂2, Lgl. := Ker ∂2, (D.32)

respectively. Here, HAb. is the Abelian part of Ker ∂1 ⊂ H. This assumption is sufficient
to consider the symmetry generators of the axion electrodynamics.

D.6.1 Symmetry transformations

Let us recall the symmetry transformations in the higher-form symmetries. For elements
of the groups g ∈ Ggl., h ∈ Hgl. and l ∈ Lgl., the corresponding symmetry generators
are expressed by topological objects U0(g,S), U1(h, C), and U2(l, (P,P ′)), respectively.
Here, S, C, and (P,P ′) are a closed surface, a closed line and two points. The symmetry
generators can act on the 0-, 1-, and 2-dimensional charged objects Φ(PΦ), W (CW ), and
V (SV ) as unitary representations:

〈U0(g,S)Φ(PΦ)〉 = R0(g)〈Φ(PΦ)〉 if Link (S,PΦ) = 1, (D.33)
〈U1(h, C)W (CW )〉 = R1(h)〈W (CW )〉 if Link (C, CW ) = 1, (D.34)

〈U2(l, (P,P ′))V (SV )〉 = R2(l)〈V (SV )〉 if Link ((P,P ′),SV ) = 1, (D.35)

respectively. Here, PΦ, CW , and SV are a point, a closed line, and a closed surface. We
denote R0(g), R1(h), and R2(l) as unitary representation matrices (c-number) of g, h, and
l, respectively.

D.6.2 Diagrammatic expressions of symmetry transformations

We now show the diagrammatic expressions of the symmetry generators and their symmetry
transformations. The charged objects can be diagrammatically expressed as follows.

�(P�)
<latexit sha1_base64="kXGXToWnFcuFs5HERHaZ9kpTg6Q="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="Xqf2UWa9PZ0CTGQqU036Df1r5sE="></latexit>

�(P�)
<latexit sha1_base64="kXGXToWnFcuFs5HERHaZ9kpTg6Q="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="Xqf2UWa9PZ0CTGQqU036Df1r5sE="></latexit>

=
(D.36)

=

W (CW )
<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

⌦
W (CW )

<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

=W (CW )
<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

(D.37)

=

V (SV )
<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

=V (SV )
<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

V (SV )
<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

(D.38)

The right-hand sides of eqs. (D.37) and (D.38) are projected diagrams.
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As in the ordinary quantum mechanics, the symmetry generators can be unitary repre-
sentations of the symmetry groups which preserve the group structures. This implies that
we can simply replace the diagrammatic expressions of the Ggl., Hgl., and Lgl. with the 0-,
1-, and 2-form symmetry generators. For the 0-form symmetry, the unitary representation
in eq. (D.33) can be described as follows:

= =
R0(g)

U0(g,S)U0(g) U0(g
�1)

�(P�)
<latexit sha1_base64="kXGXToWnFcuFs5HERHaZ9kpTg6Q="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="Xqf2UWa9PZ0CTGQqU036Df1r5sE="></latexit>

�(P�)
<latexit sha1_base64="kXGXToWnFcuFs5HERHaZ9kpTg6Q="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="Xqf2UWa9PZ0CTGQqU036Df1r5sE="></latexit>

(D.39)

Here, we have enclosed Φ(PΦ) by surfaces U0(g) and U0(g−1) parameterized by g and g−1,
respectively. Since U0(g) are topological, we can deform U0(g) and U0(g−1) to U0(g,S)
given by a surface S. The projections of the diagram can be shown as follows:

= =
R0(g)U0(g,S)

U0(g) U0(g
�1)

�(P�)
<latexit sha1_base64="kXGXToWnFcuFs5HERHaZ9kpTg6Q="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="Xqf2UWa9PZ0CTGQqU036Df1r5sE="></latexit>

�(P�)
<latexit sha1_base64="kXGXToWnFcuFs5HERHaZ9kpTg6Q="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="exghTWNIgzmlsFVtoOZ2O+cmW4I="></latexit><latexit sha1_base64="Xqf2UWa9PZ0CTGQqU036Df1r5sE="></latexit>

(D.40)

For the 1-form symmetry, the diagram for the unitary representation in eq. (D.34) and
the projection of the diagram are respectively given as follows:

=

U1(h
�1)U1(h)

U1(h, C)
=

R1(h)

W (CW )
<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

W (CW )
<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

W (CW )
<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

(D.41)

= =

U1(h
�1)U1(h)

⌦ U1(h, C) ⌦ R1(h) ⌦
W (CW )

<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

W (CW )
<latexit sha1_base64="uLkhZVZkp/TK5TzdL7RyZHH67E0="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="frjoaDfERxOGMkzITbvatTVzuUI="></latexit><latexit sha1_base64="AHCLamxRkPVN/NXB6vVO2pP8O4Y="></latexit>

(D.42)

For the 2-form symmetry, the unitary representation in eq. (D.35) can be visualized by the
following diagram and its projection:

= =
U2(l) U2(l

�1)

U2(l, (P,P 0))

P P 0 R2(l)
V (SV )

<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

V (SV )
<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

(D.43)

= =
U2(l) U2(l

�1)

U2(l, (P,P 0))

P P 0 R2(l)
V (SV )

<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

V (SV )
<latexit sha1_base64="v8iich1mgt5NKR6dpT7SBl5/K4w="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="f3eywsHI1l13mA5sxrNwTl9tiAw="></latexit><latexit sha1_base64="Bl69GNvatsPYMIqMi5B/pb2b0Ss="></latexit>

(D.44)

Here, the P ′ has an orientation opposite to the point P.
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D.6.3 Diagrammatic expression of actions

Now we consider the diagrammatic expression of the symmetry generators parameterized
by the action .. For the 0-form symmetry, the symmetry generator U0(g . g′,S) is equal
to U0(gg′g−1,S), and the diagram is reduced to eq. (D.39). The symmetry generators
U1(g . h, C) and U2(g . l, (P,P ′)) can be respectively expressed as follows:

=

U1(h
�1)U1(h)

⌦ ⌦
=

⌦
U1(g . h) U1(g . h

�1)

U0(g) U0(g
�1) U0(g) U0(g

�1)

U1(h, C)
U0(g,S)

(D.45)

=
U0(g . l) U0(g . l

�1)

U0(g) U0(g
�1) U0(g) U0(g

�1)

U2(l) U2(l
�1)

=

U0(g,S)

U2(l, (P,P 0))

(D.46)

In the diagram in eq. (D.45), S is a set of two cylinders, and the orientation of the cylinder
inside U1(h, C) is opposite to the one outside U1(h, C). Note that this diagram can express
the Witten effect for the axionic domain walls [101], which has been discussed in eq. (4.1).

D.6.4 Diagrammatic expression of Peiffer lifting

Here, we show the diagrammatic expression of the Peiffer lifting for the symmetry gen-
erators. We can describe the symmetry generator U2({h, h′}, (P,P ′)) for the elements
h, h′ ∈ Hgl. = HAb/ Im ∂1 by using eqs. (D.43) or (D.44).

As we discussed in appendix D.4, the Peiffer lifting is related to the braiding of the
elements h, h′ ∈ Hgl.. In the case of the symmetry generators, the Peiffer lifting is related to
the linking of two 1-form symmetry generators. Before discussing the symmetry generators,
we consider the linking of group elements. For the elements h, h′ ∈ Hgl., we can construct
linking of h and h′ from the Peiffer lifting {h, h′}{h′, h}:

=

h h0 h0 hh0�1

h h0 h0�1 h�1

h h0

=

=
{h, h0} {h0, h}

h�1

(D.47)
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Now, we discuss the linking of the symmetry generators. By the diagram in eq. (D.47),
we find that the linking of the 1-form symmetry generators leads to 2-form symmetry
generators, which can act on V (SV ):

=

U1(h, C)

U1(h
0, C0) U2({h0, h}, (P3,P4))

U2({h, h0}, (P1,P2))

(D.48)

Note that the diagrammatic expression can describe the anomalous effect around the ax-
ionic strings [101], which has been discussed in eq. (4.3).

D.6.5 Symmetry groups parameterizing symmetry generators

Here, we show that the groups which parameterize the symmetry generators are not the
groups G, H, and L themselves but subgroups of them. The subgroups are specified as
G/ Im ∂1, HAb./ Im ∂2 and Ker ∂2, where HAb. is an Abelian part of Ker ∂1 ⊂ H.

We require three assumptions for the symmetry generators. One is that the non-trivial
symmetry generators are not boundaries of other objects. Another is that the non-trivial
symmetry generators do not have boundaries. The last one is that the restricted groups
also have the 3-group structure.

Let us specify the subgroups by using the assumptions. By the first assumption,
the symmetry generators are parameterized by the elements of L, H, and G satisfying
∂2l = 1H and ∂1h = 1G. Therefore, the symmetry groups are reduced to G, Ker ∂1 ⊂ H,
Ker ∂2 ⊂ L. Note that we can consistently define the actions of G on G, Ker ∂1 and
Ker ∂2, since the elements h ∈ Ker ∂1 and l ∈ Ker ∂2 satisfy ∂1(g . h) = g . ∂1h = 1G and
∂2(g . l) = g . ∂2l = 1H , and ∂2(h .′ l) = h .′ ∂2l = 1H for g ∈ G.

The axiom of the Peiffer lifting gives us some properties of the subsets. In particular,
the subset Ker ∂2 must be Abelian by the axiom in eq. (C.8). The last assumption requires
that the Peiffer lifting {h, h′} for the elements h, h′ ∈ Ker ∂1 should belong to Ker ∂2, i.e.,
∂2{h, h′} = 1H . By the axiom in eq. (C.6), we have hh′ = h′h. Therefore, the Abelian
part of Ker ∂1 contributes to the higher-form symmetries. In the following, we denote the
Abelian part of Ker ∂1 as HAb. Note that these restrictions are consistent with the fact
that the p-form symmetries (p > 0) must be Abelian (except for theories on manifolds with
non-trivial topology) [42].

The second assumption implies that the images of ∂1 and ∂2 cannot parameterize non-
trivial symmetry generators. The reason can be simply understood by using our diagrams:
the symmetry generators given by ∂1h and ∂2l can be annihilated by pair creations of h
and l. For example, the annihilation of U1(∂2l, C) can be seen as follows:

=
⌦ ⌦U1(@2l, C) U1(@2l, C0)

U2(l, (P,P 0))

=
⌦

(D.49)
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Here, C′ is a line whose boundaries are P and P ′. The groups parameterizing the sym-
metry generators are therefore G/ Im ∂1 and HAb./ Im ∂2, Ker ∂2. Note that G/ Im ∂1
and HAb./ Im ∂2 are groups, since Im ∂1 and Im ∂2 are normal subgroups of G and H,
g(∂1h)g−1 = ∂1(g . h) ∈ Im ∂1 and h(∂2l)h−1 = ∂2(h .′ l) ∈ Im ∂2 for g ∈ G and
h ∈ H, respectively.

In summary, the 0-, 1-, and 2-form symmetry generators are parameterized by
G/ Im ∂1, HAb./ Im ∂2 and Ker ∂2.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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