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a b s t r a c t

A within-host viral infection model with both virus-to-cell and cell-to-cell transmissions and three dis-

tributed delays is investigated, in which the first distributed delay describes the intracellular latency for the

virus-to-cell infection, the second delay represents the intracellular latency for the cell-to-cell infection, and

the third delay describes the time period that viruses penetrated into cells and infected cells release new

virions. The global stability analysis of the model is carried out in terms of the basic reproduction number

R0. If R0 ≤ 1, the infection-free (semi-trivial) equilibrium is the unique equilibrium and is globally stable; if

R0 > 1, the chronic infection (positive) equilibrium exists and is globally stable under certain assumptions.

Examples and numerical simulations for several special cases are presented, including various within-host

dynamics models with discrete or distributed delays that have been well-studied in the literature. It is found

that the global stability of the chronic infection equilibrium might change in some special cases when the as-

sumptions do not hold. The results show that the model can be applied to describe the within-host dynamics

of HBV, HIV, or HTLV-1 infection.

© 2015 Elsevier Inc. All rights reserved.
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. Introduction

When a virus enters the human body, it targets cells with specific

eceptors. The viral capsid protein binds to the specific receptors on

he host cellular surface and injects its core. For example, human im-

unodeficiency virus (HIV) infects vital cells in the human immune

ystem such as helper T cells (specifically CD4+ T-cells). Its surface

rotein, gp120, specifically interacts with the chemokine receptors

n the surface of CD4+ T-cells. Once bound to the target cell, the HIV

NA and various enzymes are injected into the cell. The hepatitis B

irus (HBV) gains entry into the cell by binding to the surface recep-

or NTCP on the surface. Because HBV multiplies via RNA made by a

ost enzyme, the viral genomic DNA is transferred to the cell nucleus

y host proteins called chaperones. After an intracellular period as-

ociated with transcription, integration, and the production of capsid

roteins, the infected cell releases hundreds of virions that can infect

ther cells.

Mathematical models have been developed to describe the

ithin-host dynamics of various viral infections, mostly focusing on
� Research was partially supported by Zhejiang Provincial Natural Science Founda-

ion (No. LQ14A010004), NSFC (No.11201321), and NSF (DMS-1412454).
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irus-to-cell spread in the bloodstream, such as human immunodefi-

iency virus (HIV) (Kirschner and Webb [23], Müller et al. [30], Nowak

nd Bangham [34], Nowak and May [35], Perelson et al. [37], Perelson

nd Nelson [38], Wodarz et al. [48]), hepatitis C virus (HCV) (Dixit

t al. [12], Neumann et al. [33], Dahari et al. [8], DebRoy et al. [9]), hu-

an T-cell lymphotropic virus I (HTLV-1) (Stilianakis and Seydel [45],

odarz et al. [49]), etc. The basic within-host viral infection model

onsists of three components: uninfected target cells, infected target

ells and free virus (Bonhoeffer et al. [5], Nowak and May [35]).

On the other hand, great attention has also been paid to the study

f in vitro cell-to-cell spread of virus since many features are easier to

etermine experimentally in tissue cultures than in the bloodstream.

or example, HIV is thought to be active in areas such as the lymph

odes and the brain where cell-to-cell spread would be a much more

mportant mode of infection than virus-to-cell spread (Dimitrov et al.

11], Sturdevant et al. [47]). The data of Gummuluru et al. [18] demon-

trate that cell-to-cell spread of HIV is the predominant route of vi-

al spread since viral replication in a system with rapid cell turnover

inetics depends on cell-to-cell transfer of virus. Sigal et al. [43] ex-

mined replication from cell-to-cell spread of HIV in the presence of

linical drug concentrations using a stochastic infection model and

ound that replication is intermittent without substantial accumu-

ation of mutations. Also, Bangham [2] reported that HTLV-I infec-

ion is achieved primarily through cell-to-cell contact. Cell-to-cell

http://dx.doi.org/10.1016/j.mbs.2015.05.001
http://www.ScienceDirect.com
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Fig. 1. Transfer diagram of the within-host viral infection.
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spread not only facilitates rapid viral dissemination but may also pro-

mote immune evasion and influence disease (Sattentau [41]). Based

on these observations, researchers have constructed within-host vi-

ral infection models for the dynamics of cell-to-cell transmission of

HIV (Culshaw et al. [7]).

Upon infection with viruses, there is a short intracellular “eclipse

phase”, during which the cell is infected but has not yet begun pro-

ducing virus. For HIV infection, Spouge et al. [44] pointed out that

there are two methods to model this eclipse phase, by a time de-

lay or by an explicit class of latently infected cells, but did not con-

sider it in their models. Perelson et al. [37] studied a system with an

explicit class of latently infected cells. Herz et al. [21] assumed that

cells become productively infected τ time units after initial infection

and found that including an intracellular delay did change the esti-

mates of the viral clearance rate but did not change the productively

infected T cell loss rate. Culshaw and Ruan [6] showed that such an

intracellular delay did not change the stability of the infected steady

state for clinically reported parameter values. Mittler et al. [29] as-

sumed that the intracellular delay was continuous and varied accord-

ing to a gamma distribution and observed dramatic changes in the

estimates of viral clearance. See also Banks et al. [3], Dixit et al. [13],

Grossman et al. [15–17], Lloyd [28], Nelson et al. [31,32], Lai and Zou

[25], Li and Shu [26], Pawelek et al. [36], Shu et al. [42], Wang et al.

[46], and Zhu and Zou [50] for HIV infection model with delay; Katri

and Ruan [22] for HTLV-1 infection models with delay; and Eiken-

berry et al. [14] for HBV infection models with delay.

Culshaw et al. [7] proposed a two-dimensional model of cell-to-

cell spread of HIV in tissue cultures, in which the intracellular in-

cubation period is modeled by a gamma distribution, and found out

that, differing from the cell-to-free virus spread models, the cell-to-

cell spread models can produce infective oscillations in typical tissue

culture parameter regimes and the latently infected cells are instru-

mental in sustaining the infection.

To have a better and complete understanding of the within-

host infection dynamics inside the whole body, it is necessary to

take both virus-to-cell and cell-to-cell transmissions into consid-

eration in modeling viral infections. In fact, recently Lai and Zou

[25] proposed a delay differential equations model to include both

infection modes of viral infection and spread, in which infection

ages via viruses and infected cells are described by two distributed

delays. They observed that the basic reproduction number of their

model might be underevaluated if either cell-to-cell spread or

virus-to-cell infection is neglected. Pourbashash et al. [39] used

ordinary differential equations to model the two mechanisms

of viral infection and conducted the local and global stability

analysis of the model. In general, there are very few studies con-

sidering both virus-to-cell and cell-to-cell transmissions on viral

infections.

In this paper we consider a within-host viral infection model with

both virus-to-cell and cell-to-cell transmissions and three distributed

delays, in which the first distributed delay describes the intracellular

latency for the virus-to-cell infection (Mittler et al. [29]), the second

delay represents the intracellular latency for the cell-to-cell infection

(Culshaw et al. [7]), and the third delay describes the time period that

viruses penetrated into cells and infected cells release new virions

(Nelson and Perelson [32]). The mathematical model is constructed

in Section 2. In Section 3, preliminaries are introduced, including the

positivity and boundedness of solutions, as well as the existence of an

infection-free equilibrium and a chronic infection equilibrium. The

global stability of equilibria is obtained in Section 4. Finally, exam-

ples and numerical simulations for several special cases of the main

model are presented, including various within-host dynamics mod-

els with discrete or distributed delays that have been well-studied

in the literature. Besides the stability of equilibria under some

conditions, it is also shown that periodic oscillations occur via Hopf

bifurcations.
 p
. Mathematical model

The compartmental model includes the concentrations of healthy

arget cells T(t) which are susceptible to infection, infected cells T∗(t)

hat produces viruses, and viruses V(t). As assumed in De Leenheer

nd Smith [10], if there is no infection in the healthy target cells, the

ynamics of T satisfy the equation

dT (t)

dt
= n(T (t)), (2.1)

here n(T) is a function describing the natural change (including both

roduction and turnover) of healthy target cells. Furthermore, the

unction n(T) is assumed to satisfy the following properties:

(H1) n(T) is continuously differentiable and there exists T0 > 0 such

that n(T 0) = 0 and n(T )(T − T 0) < 0, ∀T �= T 0;
(H2) n′(T) < 0, ∀T ∈ [0, T0].

There are two typical functions for n(T): n(T ) = h − dT T and

(T ) = h − dT T + rT (1 − T
K ) with h, dT, r, K > 0, see Culshaw and Ruan

6], Li and Shu [26], Nowak and Bangham [34], Perelson and Nelson

38], Shu et al. [42], Wang et al. [46], for example.

Let β1 be the virus-to-cell infection rate, β2 be the cell-to-cell

nfection rate, μ1 and c be death rates of actively infected cells

nd viruses, respectively. e−μ1s1 is the survival rate of cells that

re infected by viruses at time t and become activated infected s1

ime later with a probability distribution f1(s1). Then
∫ ∞

0 β1T (t −
1)V (t − s1) f1(s1)e−μ1s1 ds1 describes the newly activated infected

arget cells which are infected by free viruses s1 time ago (Mittler

t al. [29]). Similarly,
∫ ∞

0 β2T (t − s2)T ∗(t − s2) f2(s2)e−μ1s2 ds2 repre-

ents the newly activated infected target cells which are infected by

nfected cells s2 time ago (Culshaw et al. [7]). Let s3 be the random

ariable that is the time between viral RNA transcription and viral

elease and maturation with a probability distribution f3(s3). The in-

egral
∫ ∞

0 e−μ2s3 f3(s3)T ∗(t − s3)ds3 describes the mature viral parti-

les produced at time t (Nelson and Perelson [32]). b is the average

umber of viruses that bud out from an infected cell, and e−μ2s3 is

he survival rates of cells that start budding from activated infected

ells at time t and become free mature viruses s3 time later. Note that

1, s2, and s3 are all integration variables, without loss of generality,

hey all will be represented by s.

A transfer diagram for the vivo infection of viruses is shown in

ig. 1. The model is given as follows:

dT (t)

dt
= n(T (t)) − β1T (t)V (t) − β2T (t)T ∗(t),

dT ∗(t)

dt
=

∫ ∞

0

β1T (t − s)V (t − s) f1(s)e−μ1sds

+
∫ ∞

0

β2T (t − s)T ∗(t − s) f2(s)e−μ1sds − μ1T ∗(t),

dV (t)

dt
= b

∫ ∞

0

e−μ2s f3(s)T ∗(t − s)ds − cV (t). (2.2)

i(s) : [0, ∞) → [0, ∞) are probability distributions with compact sup-

ort, fi(s) ≥ 0, and
∫ ∞

fi(s)ds = 1, i = 1, 2, 3. The distribution was
0
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hosen as a gamma distribution in Mittler et al. [29]:

sn−1

(n − 1)!bn
e−s/b, (2.3)

nd the model was converted into a set of ordinary differential equa-

ions. The distributions can also be delta functions as in Zhu and Zou

50], in such a case the model reduces to differential equations with

iscrete delays.

. Preliminaries

Define the Banach space of fading memory type (see Atkinson and

addock [1], Hale and Kato [19], Kuang [24])

C =
{
φ ∈ C((−∞, 0], R)

∣∣∣φ(θ )eαθ is uniformly continuous

for θ ∈ (−∞, 0] and ‖φ‖ < ∞},
here α is a positive constant and the norm ‖φ‖ = sup

θ≤0

|φ(θ )|eαθ .

he nonnegative cone of C is defined by C+ = C((−∞, 0], R+). For φ ∈
, let φt ∈ C as φt (θ ) = φ(t + θ ), θ ∈ (−∞, 0]. We consider solutions

T(t), T∗(t), V(t)) of system (2.2) with initial conditions

(T0, T ∗
0 ,V0) ∈ C3

+ := C+ × C+ × C+. (3.1)

y the standard theory of functional differential equations (Hale and

erduyn Lunel [20], Kuang [24]), we can obtain the existence of solu-

ions for t > 0. Let

ηi =
∫ ∞

0

e−μ1s fi(s)ds i = 1, 2,

3 =
∫ ∞

0

e−μ2s f3(s)ds.

heorem 3.1. Solutions of system (2.2) with initial conditions (3.1) are

ositive and ultimately uniformly bounded for t > 0.

roof. First, we prove that T(t) > 0 for all t ≥ 0. Assume the con-

rary and let t1 > 0 such that T (t1) = 0. Then from the first equa-

ion of system (2.2), we have Ṫ (t1) = n(0) > 0. Therefore T(t) < 0 for

∈ (t1 − ε, t1) and ε > 0 is sufficiently small. This contradicts with

he fact of T(t) > 0 for t ∈ [0, t1). It follows that T(t) > 0 for t ≥ 0.

et r(t) be the sum of the two integral terms in the second equation

f system (2.2). From the second and the third equations in (2.2), we

ave

∗(t) =
[

T ∗(0) +
∫ t

0

r(ξ )eμ1ξ dξ

]
e−μ1t ,

V (t) =
[

V (0) +
∫ t

0

becξ

∫ ∞

0

f3(s)e−μ2sT ∗(ξ − s)dsdξ

]
e−ct ,

hich yield that T∗(t) > 0, V(t) > 0 for small t > 0. Now we prove that
∗(t) > 0 and V(t) > 0 for all t > 0. In fact, assume the contrary and let

2 > 0 be the first time such that min{T ∗(t2),V (t2)} = 0. If T ∗(t2) = 0,
∗(t) > 0 for 0 ≤ t < t2, and V(t) > 0 for 0 ≤ t ≤ t2, then we have

dT ∗(t2)

dt
=

∫ ∞

0

[β1T (t2 − s)V (t2 − s) f1(s)

+β2T (t2 − s)T ∗(t2 − s) f2(s)]e−μ1sds > 0.

his contradicts T ∗(t2) = 0 and T∗(t) > 0 for 0 ≤ t < t2. If V (t2) = 0,

(t) > 0 for 0 ≤ t < t2, and T∗(t) > 0 for 0 ≤ t ≤ t2, then we obtain

dV (t2)

dt
= b

∫ ∞

0

e−μ2s f3(s)T ∗(t2 − s)ds > 0,

hich is also a contradiction. Hence, T∗(t) > 0 and V(t) > 0 for all

> 0.

Assumptions (H1) and (H2) and the first equation of (2.2) imply

hat

im sup
t→∞

T (t) ≤ T 0.
et

(t)=
∫ ∞

0

f1(s)e−μ1sT (t−s)ds+
∫ ∞

0

f2(s)e−μ1sT (t−s)ds+T ∗(t).

hoose μ̄1 ≤ μ1 sufficiently small such that T 0μ̄1 < λ0, where λ0 =
sup
∈[0,T 0]

n(T ). Then

˙ (t) =
∫ ∞

0

( f1(s) + f2(s))e−μ1sn(T (t − s))ds

−
∫ ∞

0

β1T (t − s)V (t − s) f2(s)e−μ1sds

−
∫ ∞

0

β2T (t − s)T ∗(t − s) f1(s)e−μ1sds − μ1T ∗(t)

≤ λ0(η1 + η2) − μ1T ∗(t)

< 2λ0(η1 + η2) − μ̄1W (t).

t is obvious that

im sup
t→∞

W (t) ≤ 2λ0(η1 + η2)

μ̄1

,

hich implies that lim sup
t→∞

T ∗(t) ≤ 2λ0(η1+η2)
μ̄1

. Then, from the third

quation of system (2.2), we have

˙ (t) = b

∫ ∞

0

f3(s)e−μ2sT ∗(t − s)ds − cV (t)

≤ 2bλ0(η1 + η2)η3

μ̄1

− cV (t).

hus, lim sup
t→∞

V (t) ≤ 2bλ0(η1+η2)η3
cμ̄1

. Therefore, T(t), T∗(t) and V(t) are

ltimately uniformly bounded. �

Theorem 3.1 implies that omega limit sets of system (2.2) are con-

ained in the following bounded feasible region:

=
{

(T, T ∗,V ) ∈ C3
+ : ‖T‖ ≤ T 0, ‖T ∗‖ ≤ 2λ0(η1 + η2)

μ̄1

,

‖V‖ ≤ 2bλ0(η1 + η2)η3

cμ̄1

}
.

t can be verified that the region � is positively invariant with respect

o system (2.2) and the system is well posed.

System (2.2) has an infection-free equilibrium E0 = (T 0, 0, 0). We

efine the basic reproduction number as follows:

0 = bβ1T 0η1η3

cμ1

+ β2T 0η2

μ1

,

hich represents the average number of secondary infections. In fact,
bβ1T 0η1η3

cμ1
is the average number of secondary viruses caused by a

irus, that is the basic reproduction number corresponding to virus-

o-cell infection mode, while
β2T 0η2

μ1
is the average number of sec-

ndary infected cells that caused by an infected cell, that is the basic

eproduction number corresponding to cell-to-cell infection mode.

he factors have the biological interpretations as follows:

• β1T0η1 is the number of new infections caused by a virus in target

susceptible cells;
• 1

μ1
is the average time that an infectious cell survives;

• bη3 is the rate at which infected cells bud into viruses;
• 1

c gives the average life-span of a virus;
• β2T0η2 represents the number of new infections caused by an in-

fected cell in target susceptible cells.

Then we have the following result.

heorem 3.2. If R0 < 1, then the infection-free equilibrium E0 =
(T 0, 0, 0) is the only equilibrium of system (2.2). If R > 1, then E is
0 0
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unstable and system (2.2) has a unique chronic infection equilibrium

Ē = (T̄ , T̄ ∗, V̄ ), where

T̄ = T 0

R0

, T̄ ∗ = cn(T̄ )

(bβ1η3 + cβ2)T̄
, V̄ = bη3T̄ ∗

c
.

Proof. The characteristic equation of system (2.2) at the equilibrium

E0 is

(λ − n′(T 0))[λ2 − (β2T 0η̄2 − c − μ1)λ

− (cβ2T 0η̄2 + bβ1T 0η̄1η̄3 − cμ1)] = 0,

where η̄i = ∫ ∞
0 e−(μ1+λ)s fi(s)ds, i = 1, 2, and η̄3 =∫ ∞

0 e−(μ2+λ)s f3(s)ds. Since n′(T0) < 0, we only need to consider

the following equation

λ2 − (β2T 0η̄2 − c − μ1)λ − (cβ2T 0η̄2 + bβ1T 0η̄1η̄3 − cμ1) = 0,

which is equivalent to(
λ

μ1

+1

)
(λ+c)−R0

(
η̄2

η2

R02

R0

λ + c

(
η̄2

η2

R02

R0

+R01

R0

η̄1

η1

η̄3

η3

))
= 0,

(3.2)

where

R01 = bβ1T 0η1η3

cμ1

, R02 = β2T 0η2

μ1

.

Let

ψ(λ) =
(

λ

μ1

+ 1

)
(λ + c)

−R0

(
η̄2

η2

R02

R0

λ + c

(
η̄2

η2

R02

R0

+ R01

R0

η̄1

η1

η̄3

η3

))
.

Thus, ψ(0) = c(1 − R0) < 0 when R0 > 1. Note that

η̄i ≤
∫ ∞

0

fi(s)ds = 1, i = 1, 2, 3.

Then, we have

ψ(λ) ≥
(

λ

μ1

+ 1

)
(λ + c)

−R0

(
1

η2

R02

R0

λ + c

(
1

η2

R02

R0

+ R01

R0

1

η1

1

η3

))
→ +∞

as λ → +∞. This yields that equation (3.2) has at least one posi-

tive root. Therefore, the infection-free equilibrium E0 is unstable if

R0 > 1.

The chronic infection equilibrium Ē = (T̄ , T̄ ∗, V̄ ) satisfies

n(T̄ ) − β1T̄V̄ − β2T̄ T̄ ∗ = 0,

η1β1T̄V̄ + η2β2T̄ T̄ ∗ − μ1T̄ ∗ = 0, (3.3)

bη3T̄ ∗ − cV̄ = 0.

From the third equation of (3.3), we have V̄ = bη3T̄ ∗/c. Substituting

it into the first equation, we have T̄ ∗ = cn(T̄ )

(bβ1η3+cβ2)T̄
. Substituting T̄ ∗

and V̄ into the second equation, we obtain that

T̄ = cμ1

bβ1η1η3 + cη2β2

= T 0

R0

.

Thus, Ē exists if and only if n(T̄ ) > 0. Since n(T 0) = 0 and 0 < T̄ < T 0

when R0 > 1, we conclude that n(T̄ ) > 0 and Ē is the unique chronic

infection equilibrium. �

Using a similar argument as in the proof of Theorem 6.1 of Róst

and Wu [40], Theorem 2 of Liu et al. [27] and Theorem 4.2 of Lai and

Zou [25], we can prove the following theorem.

Theorem 3.3. If R0 > 1, then system (2.2) is uniformly persistent, that

is, there exists a constant σ 0 > 0 such that

lim inf
t→∞

T (t) ≥ σ0, lim inf
t→∞

T ∗(t) ≥ σ0, lim inf
t→∞

V (t) ≥ σ0.
. Global stability of equilibria

In this section, we construct a suitable Lyapunov function to in-

estigate the global stability of the infection-free equilibrium and

hronic infection equilibrium for system (2.2).

heorem 4.1. If R0 < 1 and f1(s) = f2(s), then the infection-free equi-

ibrium E0(T0, 0, 0) of system (2.2) is globally asymptotically stable in �.

roof. We define a Lyapunov function as follows:

(t) = T (t) − T 0 ln
T (t)

T 0
+ 1

η1

T ∗(t) + β1T 0

c
V (t)

+ 1

η1

∫ ∞

0

f1(s)e−μ1s

∫ 0

−s

[β1Tt (τ )Vt (τ )+β2Tt (τ )T ∗
t (τ )]dτds

+ bβ1T 0

c

∫ ∞

0

f3(s)e−μ2s

∫ 0

−s

T ∗
t (τ )dτds.

hen the time derivative of L(t) along solutions of system (2.2)

atisfies

dL(t)

dt

∣∣∣
(2.2)(

1 − T 0

T

)
(n(T ) − β1TV − β2TT ∗) − μ1

η1

T ∗ − β1T 0V

+ 1

η1

∫ ∞

0

[β1T (t−s)V (t−s)+β2T (t − s)T ∗(t − s)] f1(s)e−μ1sds

+ bβ1T 0

c

∫ ∞

0

f3(s)e−μ2sT ∗(t − s)ds + β1TV + β2TT ∗

− 1

η1

∫ ∞

0

[β1T (t−s)V (t−s)+β2T (t−s)T ∗(t − s)] f1(s)e−μ1sds

+ bβ1T 0

c

∫ ∞

0

f3(s)e−μ2s(T ∗ − T ∗(t − s))ds(
1 − T 0

T

)
n(T ) +

(
β2T 0 + bβ1T 0η3

c
− μ1

η1

)
T ∗

(
1 − T 0

T

)
n(T ) + μ1

η1

(R0 − 1)T ∗.

f R0 < 1, then from (H1), dL(t)
dt

|(2.2) = 0 implies that T = T 0 and
∗ = 0. It is clear that the largest invariant set M0 ⊆ M = {(T, T ∗,V ) :

dL(t)
dt

|(2.2) = 0} is the singleton {E0}. By the Lyapunov–LaSalle in-

ariance principle (see Kuang [24]), E0 is globally asymptotically

table. �

Next, we investigate the global stability of the chronic infection

quilibrium Ē for system (2.2) when R0 > 1. Let

(x) := x − 1 − ln x.

hus, the function g has a global minimum at 1 and satisfies g(1) = 0.

heorem 4.2. If R0 > 1 and f1(s) = f2(s), then the unique chronic in-

ection equilibrium Ē(T̄ , T̄ ∗, V̄ ) of system (2.2) is globally asymptotically

table in the interior
◦
� of �.

roof. We define a Lyapunov function as follows:

(t) = U1(t) + U2(t) + U3(t),

here

1(t) = T (t) − T̄ ln
T (t)

T̄
+ 1

η1

(
T ∗(t) − T̄ ∗ ln

T ∗(t)

T̄ ∗

)

+ β1T̄V̄

bη3T̄ ∗

(
V (t) − V̄ ln

V (t)

V̄

)
,
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2(t) = β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1s

∫ 0

−s

g

(
Tt (τ )Vt (τ )

T̄V̄

)
dτds

+β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1s

∫ 0

−s

g

(
Tt (τ )T ∗

t (τ )

T̄ T̄ ∗

)
dτds,

nd

3(t) = β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2s

∫ 0

−s

g

(
T ∗

t (τ )

T̄ ∗

)
dτds.

alculating the time derivative of U1, U2 and U3 along solutions of

ystem (2.2), we have

dU1(t)

dt

∣∣∣
(2.2)(

1 − T̄

T

)
(n(T ) − n(T̄ ) + β1T̄V̄ + β2T̄ T̄ ∗ − β1TV − β2TT ∗)

+ 1

η1

(
1 − T̄ ∗

T ∗

)(∫ ∞

0

[β1T (t − s)V (t − s)

+β2T (t − s)T ∗(t − s)] f1(s)e−μ1sds − μ1T ∗)
+ β1T̄V̄

bη3T̄ ∗

(
1 − V̄

V

)(
b

∫ ∞

0

f3(s)e−μ2sT ∗(t − s)ds − cV

)
(

1 − T̄

T

)
(n(T ) − n(T̄ )) + β1T̄V̄ + β2T̄ T̄ ∗ − β1TV − β2TT ∗

−β1T̄V̄
T̄

T
−β2T̄ T̄ ∗ T̄

T
+β1T̄V +β2T̄ T ∗+ 1

η1

∫ ∞

0

[β1T (t−s)V (t−s)

+β2T (t − s)T ∗(t − s)] f1(s)e−μ1sds − μ1

η1

T ∗

− 1

η1

T̄ ∗

T ∗

∫ ∞

0

[β1T (t−s)V (t−s)+β2T (t−s)T ∗(t−s)] f1(s)e−μ1sds

+μ1

η1

T̄ ∗ + β1T̄V̄

η3T̄ ∗

∫ ∞

0

f3(s)e−μ2sT ∗(t − s)ds − cβ1T̄V̄

bη3T̄ ∗ V

− β1T̄V̄

η3T̄ ∗
V̄

V

∫ ∞

0

f3(s)e−μ2sT ∗(t − s)ds + cβ1T̄V̄

bη3T̄ ∗ V̄ ,

dU2(t)

dt

∣∣∣
(2.2)

β1TV − 1

η1

∫ ∞

0

f1(s)e−μ1sβ1T (t − s)V (t − s)ds

+ β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1s ln
T (t − s)V (t − s)

TV
ds

+β2TT ∗ − 1

η1

∫ ∞

0

f1(s)e−μ1sβ2T (t − s)T ∗(t − s)ds

+ β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1s ln
T (t − s)T ∗(t − s)

TT ∗ ds,

nd

dU3(t)

dt

∣∣∣
(2.2)

= β1T̄V̄
T ∗

T̄ ∗ − β1T̄V̄

η3T̄ ∗

∫ ∞

0

f3(s)e−μ2sT ∗(t − s)ds

+β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2s ln
T ∗(t − s)

T ∗ ds.

y using

(T̄ ) = β1T̄V̄ + β2T̄ T̄ ∗ = μ1

η1

T̄ ∗ = cμ1

bη1η3

V̄ ,
e obtain that

dU(t)

dt

∣∣∣
(2.2)

=
(

1 − T̄

T

)
(n(T ) − n(T̄ )) + β1T̄V̄ − β1T̄V̄

T̄

T

+ β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1s

[
2 − T (t − s)V (t − s)T̄ ∗

T̄V̄ T ∗

+ ln
T (t − s)V (t − s)

TV

]
ds

+ β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1s

[
2 − T̄

T
− T (t − s)T ∗(t − s)

T̄ T ∗

+ ln
T (t − s)T ∗(t − s)

TT ∗

]
ds

− β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2s V̄ T ∗(t − s)

V T̄ ∗ ds

+ β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2s ln
T ∗(t − s)

T ∗ ds

=
(

1 − T̄

T

)
(n(T ) − n(T̄ )) − β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1sg

(
T̄

T

)
ds

− β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1sg

(
T (t − s)V (t − s)T̄ ∗

T̄V̄ T ∗

)
ds

− β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1sg

(
T̄

T

)
ds

− β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1sg

(
T (t − s)T ∗(t − s)

T̄ T ∗

)
ds + β1T̄V̄

+β1T̄V̄ ln
V̄ T ∗

V T̄ ∗ − β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2s V̄ T ∗(t − s)

V T̄ ∗ ds

+ β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2s ln
T ∗(t − s)

T ∗ ds

=
(

1 − T̄

T

)
(n(T ) − n(T̄ )) − β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1sg

(
T̄

T

)
ds

− β1T̄V̄

η1

∫ ∞

0

f1(s)e−μ1sg

(
T (t − s)V (t − s)T̄ ∗

T̄V̄ T ∗

)
ds

− β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1sg

(
T̄

T

)
ds

− β2T̄ T̄ ∗

η1

∫ ∞

0

f1(s)e−μ1sg

(
T (t − s)T ∗(t − s)

T̄ T ∗

)
ds

− β1T̄V̄

η3

∫ ∞

0

f3(s)e−μ2sg

(
V̄ T ∗(t − s)

V T̄ ∗

)
ds.

rom (H1) and (H2), we know that

1 − T̄

T

)
(n(T ) − n(T̄ )) ≤ 0.

ccording to the property of g(x), we obtain that dU(t)
dt

|(2.2) ≤ 0. It can

e verified that dU(t)
dt

|(2.2) = 0 if and only if

T̄

T
= T (t − s)V (t − s)T̄ ∗

T̄V̄ T ∗ = T (t − s)T ∗(t − s)

T̄ T ∗ = V̄ T ∗(t − s)

V T̄ ∗ = 1.

t means that the largest invariant set

0 ⊆ M =
{

(T, T ∗,V ) :
dU(t)

dt

∣∣∣
(2.2)

= 0

}
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Fig. 2. Parameter values are h = 1, dT = 0.02, r = 0.018, K = 1500, β1 = 0.0002, β2 =
0.0003, μ1 = 0.03, b = 3, c = 2.4 and τ = 22, then R0 = 2.0574 > 1 and the chronic

infection equilibrium Ē of system (5.3) is globally asymptotically stable.
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is the singleton {Ē}. Again by the Lyapunov–LaSalle invariance prin-

ciple, the chronic infection equilibrium Ē of system (2.2) is globally

asymptotically stable. �

Remark 4.3. If Assumption (H2) does not hold, the chronic infection

equilibrium Ē may lose its stability and periodic oscillations can oc-

cur because of Hopf bifurcation. We will give an example in the next

section.

5. Some special cases

System (2.2) was set up as a general model to describe the virus-

to-cell and cell-to-cell transmissions of certain viruses within the

host. There are three distributed delay terms. By choosing some spe-

cific kernels, the model reduces to various viral infection models

(with discrete or distributed delays) studied in the literature. In this

section, we present some such examples.

Example 5.1. Consider the special forms f1(s) = f2(s) = δ(s − τ1)

and f3(s) = δ(s − τ2), where δ(·) is the Dirac delta function. Then sys-

tem (2.2) reduces to

dT (t)

dt
= n(T (t)) − β1T (t)V (t) − β2T (t)T ∗(t),

dT ∗(t)

dt
= e−μ1τ1 [β1T (t − τ1)V (t − τ1) + β2T (t − τ1)T ∗(t − τ1)]

−μ1T ∗(t),

dV (t)

dt
= be−μ2τ2 T ∗(t − τ2) − cV (t) (5.1)

with τ 1, τ 2 ≥ 0. Applying Theorems 4.1 and 4.2 to system (5.1) yields

the following result.

Theorem 5.2. If R0 = bβ1T 0e−(μ1τ1+μ2τ2 )

cμ1
+ β2T 0e−μ1τ1

μ1
< 1, then the

infection-free equilibrium E0 of system (5.1) is globally asymptotically

stable; if R0 > 1, then the chronic infection equilibrium Ē of system (5.1)

is globally asymptotically stable.

Remark 5.3. If τ1 = τ2 = 0, then system (5.1) reduces to an ODE

model for HIV infection considered in Pourbashash et al. [39] and the

global dynamics are completely determined by R0.

Example 5.4. Consider n(T (t)) = h − dT T (t), f1(s) = f2(s) and

f3(s) = δ(s − τ1), system (2.2) becomes to

dT (t)

dt
= h − dT T (t) − β1T (t)V (t) − β2T (t)T ∗(t),

dT ∗(t)

dt
=

∫ ∞

0

[β1T (t−s)V (t−s)+β2T (t−s)T ∗(t−s)]e−μ1s f1(s)ds

−μ1T ∗(t),

dV (t)

dt
= be−μ2τ1 T ∗(t − τ1) − cV (t), (5.2)

where h, dT > 0 and τ 1 ≥ 0. It is obvious that n(T) satisfies Assump-

tions (H1) and (H2). By Theorems 4.1 and 4.2, we have the following

result.

Theorem 5.5. If R0 = bβ1T 0η1e−μ2τ1

cμ1
+ β2T 0η1

μ1
< 1, then the infection-

free equilibrium E0 of system (5.2) is globally asymptotically stable; if

R0 > 1, then the chronic infection equilibrium Ē of system (5.2) is glob-

ally asymptotically stable.

Remark 5.6. If τ1 = 0, then system (5.2) reduces to the system

describing the virus-to-cell and cell-to-cell transmissions of HIV

studied in Lai and Zou [25]. It is shown in [25] that E0 is globally

asymptotically stable if R0 < 1 while Ē is globally asymptotically sta-

ble if R > 1.
0
xample 5.7. Consider n(T (t)) = h − dT T (t) + rT (t)(1 − T (t)
K ),

f1(s) = f2(s) = δ(s − τ ) and f3(s) = δ(s), system (2.2) becomes

dT (t)

dt
= h − dT T (t) + rT (t)

(
1 − T (t)

K

)
− β1T (t)V (t)

−β2T (t)T ∗(t),

dT ∗(t)

dt
= e−μ1τ [β1T (t − τ )V (t − τ ) + β2T (t − τ )T ∗(t − τ )]

−μ1T ∗(t),

dV (t)

dt
= bT ∗(t) − cV (t), (5.3)

here h, dT, r, K, μ1 > 0 and τ ≥ 0. Clearly, n(T) satisfies the As-

umption (H1). Further, n(T) satisfies Assumption (H2) if dT ≥ r. From

heorem 4.1 and Theorem 4.2, we have the following result.

heorem 5.8. If R0 = bβ1T 0e−μ1τ

cμ1
+ β2T 0e−μ1τ

μ1
< 1, then the infection-

ree equilibrium E0 of system (5.3) is globally asymptotically stable; If

0 > 1, then the chronic infection equilibrium Ē of system (5.3) is glob-

lly asymptotically stable.

Fig. 2 presents the numerical simulations of system (5.3) following

he above theorem. In fact, the characteristic equation of system (5.3)

t Ē is

3 + a2λ
2 + a1λ + a0 + (b2(τ )λ2 + b1(τ )λ + b0(τ ))e−λτ = 0,

(5.4)

here

a2 = c + μ1 + dT + 2r

K
T̄ + β1V̄ + β2T̄ ∗ − r,

a1 = cμ1 + (c + μ1)
(

dT + 2r

K
T̄ + β1V̄ + β2T̄ ∗ − r

)
,

a0 = cμ1

(
dT + 2r

K
T̄ + β1V̄ + β2T̄ ∗ − r

)
,

2(τ ) = −β2T̄ e−μ1τ ,

1(τ ) = −
(
β2

(
dT + 2r

K
T̄ − r

)
+ bβ1 + cβ2

)
T̄ e−μ1τ ,

b0(τ ) = −(bβ1 + cβ2)
(

dT + 2r

K
T̄ − r

)
T̄ e−μ1τ .

hen τ = 0, equation (5.4) becomes

3 + (a2 + b2(0))λ2 + (a1 + b1(0))λ + a0 + b0(0) = 0.
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ince dT ≥ r, we have

2 + b2(0) > 0, a1 + b1(0) > 0, a0 + b0(0) > 0. (5.5)

y calculation, we obtain

(a1 + b1(0))(a2 + b2(0)) − (a0 + b0(0)) > 0. (5.6)

sing the Routh–Hurwitz criterion, all roots of equation (5.4) have

egative real parts when τ = 0. Let λ = iω(ω > 0) be a purely imag-

nary root of equation (5.4). Substituting it into (5.4) and separating

he real and imaginary parts, we have

(b0(τ ) − b2(τ )ω2) cos ωτ + b1(τ )ω sin ωτ = a2ω
2 − a0,

− (b0(τ ) − b2(τ )ω2) sin ωτ + b1(τ )ω cos ωτ = ω3 − a1ω.

(5.7)

quaring and adding both equations of (5.7) gives

(ω, τ ) := ω6 + p2(τ )ω4 + p1(τ )ω2 + p0(τ ) = 0, (5.8)

here

p2(τ ) = a2
2 − 2a1 − b2

2(τ ),

p1(τ ) = a2
1 − 2a0a2 − b2

1(τ ) + 2b0(τ )b2(τ ),

p0(τ ) = a2
0 − b2

0(τ ).

fter some computations we obtain that

p2(τ ) = a2
2 − 2a1 − b2

2(τ )

= c2 + μ2
1 +

(
h

T̄
+ r

K
T̄

)2

− (β2T̄ e−μ1τ )2

> c2 + μ2
1 +

(
h

T̄
+ r

K
T̄

)2

− μ2
1

= c2 +
(

h

T̄
+ r

K
T̄

)2

> 0,

p1(τ ) = a2
1 − 2a0a2 − b2

1(τ ) + 2b0(τ )b2(τ )

= (c2 + μ2
1)

(
h

T̄
+ r

K
T̄

)2

−
(
β2T̄ e−μ1τ

(
dT + 2r

K
T̄ − r

))2

> (c2 + μ2
1)

(
h

T̄
+ r

K
T̄

)2

− μ2
1

(
h

T̄
+ r

K
T̄

)2

= c2

(
h

T̄
+ r

K
T̄

)2

> 0,

nd

p0(τ ) = a2
0 − b2

0(τ )

= c2μ2
1(β1V̄ + β2T̄ ∗)

(
2

(
h

T̄
+ r

K
T̄

)
− β1V̄ − β2T̄ ∗

)
.

t is easy to obtain that p0(τ ) > 0 if dT ≥ r. Thus, if dT ≥ r, the chronic

nfection equilibrium is locally asymptotically stable.

However, the stability may change when dT < r. If both (5.5) and

5.6) hold, then all roots of equation (5.4) have negative real parts

hen τ = 0. From the above discussion, it follows that F (ω, τ ) = 0

as positive roots if and only if p0(τ ) < 0, which is equivalent to

(H3) h
T̄

+ dT − r

(
1 − 3T̄

K

)
< 0.

f (H3) holds, then F (0, τ ) = p0(τ ) < 0. Since lim
ω→+∞ F (ω, τ ) = +∞

nd

∂F (ω, τ )

∂ω
= 6ω5 + 4p2(τ )ω3 + 2p1(τ )ω2 > 0, for ω > 0,

he Implicit Function Theorem implies that there exists a unique C1

unction ω = ω(τ ) > 0 such that F (ω(τ ), τ ) = 0 for τ > 0.
Let ω = ω(τ ) > 0 be the unique positive root of F (ω(τ ), τ ) = 0.

rom equation (5.7), it follows that

sin ω(τ )τ = b1(τ )ω(τ )(a2ω
2(τ )−a0)−(ω3(τ )−a1ω(τ ))(b0(τ )−b2(τ )ω2(τ ))

b2
1
(τ )ω2(τ )+(b0(τ )−b2(τ )ω2(τ ))2 ,

cos ω(τ )τ = (a2ω
2(τ )−a0)(b0(τ )−b2(τ )ω2(τ ))+b1(τ )ω(τ )(ω3(τ )−a1ω(τ ))

b2
1
(τ )ω2(τ )+(b0(τ )−b2(τ )ω2(τ ))2 .

(5.9)

efine θ (τ ) ∈ [0, 2π ] such that sin θ (τ ) and cos θ (τ ) are given by the

ight-hand sides of equation (5.9), respectively. Following Beretta and

uang [4], we define

n(τ ) = τ − θ (τ ) + 2nπ

ω(τ )
, n ∈ N, τ ∈ (0, τmax), (5.10)

here τmax = 1
μ1

ln
(bβ1+cβ2)T 0

cμ1
. Clearly, iω(τ ∗) is a purely imaginary

oot of equation (5.4) if and only if τ ∗ is a root of function Sn for some

∈ N.

The following result is due to Beretta and Kuang [4].

heorem 5.9. The characteristic equation (5.4) admits a pair of simple

nd conjugate roots λ+(τ ∗) = iω(τ ∗) and λ−(τ ∗) = −iω(τ ∗), ω(τ ∗)

0 at τ ∗ ∈ (0, τmax) if Sn(τ ∗) = 0 for some n ∈ N. This pair of simple

onjugate pure imaginary roots crosses the imaginary axis from left to

ight if κ(τ ∗) > 0 and crosses the imaginary axis from right to left if

(τ ∗) < 0, where

(τ ∗) = sign

{
dReλ

dτ

∣∣∣
λ=iω(τ ∗)

}
= sign

{
dSn(τ )

dτ

∣∣∣
τ=τ ∗

}
.

Based on the above analysis, we obtain the following results by

heorem 5.9 and the Hopf bifurcation theorem in Hale and Verduyn

unel [20].

heorem 5.10. Assume that R0 > 1 and (H3) holds, we have the follow-

ng conclusions.

(i) If the function S0(τ ) has no positive zeros in τ ∈ (0, τmax), then

the chronic infection equilibrium Ē of system (5.3) is asymptoti-

cally stable for all 0 ≤ τ < τmax;

(ii) If the function Sn(τ ) has positive simple zeros such that τ 1 < τ 2 <

��� < τm and S′
n j

(τ j) �= 0, then the chronic infection equilibrium

Ē of system (5.3) is asymptotically stable for τ ∈ [0, τ 1) ∪ (τm,

τmax) and unstable when τ ∈ (τ 1, τm), with a Hopf bifurcation

occurring when τ = τ j, j = 1, 2, · · · , m.

In the following, we choose a set of parameters h = 1, dT = 0.02,

= 0.06, K = 1500, β1 = 0.0002, β2 = 0.0003, b = 3, c = 2.4, and

1 = 0.03. Then we have τmax ≈ 97.761 and (H3) holds when τ ∈
0, τ 2), here τ 2 ≈ 57.497. We draw the graphs of S0 and S1 versus τ on

0, τ 2), see Fig. 3. It is clear that there is a critical value of the delay

, denoted by τ 1, and τ 1 ≈ 20.526. From Theorem 5.10, we conclude

hat the equilibrium Ē is asymptotically stable for τ ∈ [0, τ 1) ∪ (τ 2,

max) and unstable for τ ∈ (τ 1, τ 2), which are shown in Figs. 4–6.

xample 5.11. Assume β2 = 0. Then system (2.2) becomes

dT (t)

dt
= n(T (t)) − β1T (t)V (t),

dT ∗(t)

dt
=

∫ ∞

0

β1T (t − s)V (t − s)e−μ1s f1(s)ds − μ1T ∗(t), (5.11)

dV (t)

dt
= b

∫ ∞

0

e−μ3s f3(s)T ∗(t − s)ds − cV (t).

pplying Theorems 4.1 and 4.2 to system (5.11) yields the following

esult.

heorem 5.12. If R0 = b1βT 0η1η3
cμ1

< 1, then the infection-free equilib-

ium E0 of system (5.11) is globally asymptotically stable; if R0 > 1, then

he chronic infection equilibrium Ē of system (5.11) is globally asymptot-

cally stable.
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Fig. 3. Graphs of functions S0(τ ) and S1(τ ) for τ ∈ [0, τ 2).
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Fig. 4. The chronic infection equilibrium Ē of system (5.3) is asymptotically stable

when τ ∈ [0, τ 1). Here τ = 19.
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Fig. 5. There are periodic solutions bifurcated from the chronic infection equilibrium

Ē of system (5.3) when τ = 23.
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Fig. 6. The chronic infection equilibrium Ē of system (5.3) becomes asymptotically

stable again when τ ∈ (τ 2, τ max). Here τ = 66.
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emark 5.13. Let h(x, v) = β1xv, then the system studied in Li and

hu [26] is the same as system (5.11). The stabilities of equilibria of

ystem (5.11) obtained in Theorem 5.12 are the same as Theorem 3.1

nd 3.2 in [26].

. Discussion

When a virus (HBV, HIV, HTLV-1, etc.) enters the human body, it

rst targets specific cells in the bloodstream. After an intracellular

eriod associated with transcription, integration, and the production

f capsid proteins, the infected cell releases hundreds of virions that

an infect other cells. At the same time, in lymph nodes and the brain

he infected cells can spread the virus to other healthy cells directly.

n this article we considered a within-host viral infection model with

oth virus-to-cell and cell-to-cell transmissions and three distributed

elays, in which the first distributed delay describes the intracel-

ular latency for the virus-to-cell infection, the second delay repre-

ents the intracellular latency for the cell-to-cell infection, and the

hird delay describes the time period that viruses penetrated into

ells and infected cells release new virions. After giving some pre-

iminary results on the positivity and boundedness of solutions, we

resented some sufficient conditions to ensure the global stability

f the infection-free equilibrium and the chronic infection equilib-

ium. Since our model is a general system describing the virus-to-cell

nd cell-to-cell transmissions of certain viruses within the host with

hree distributed delay terms, it can be reduced to various viral in-

ection models (with discrete or distributed delays) studied in the lit-

rature by selecting some specific kernels, some such examples and

umerical simulations were given.

The global dynamics of the general model indicate that, under cer-

ain conditions, the chronic infection equilibrium is globally asymp-

otically stable. This shows that the model can be applied to describe

he within-host dynamics of HBV, HIV, or HTLV-1 infection, since

he main character of these viruses is that there is no specific treat-

ent for such infections which are lifetime. Note that when the in-

racellular periods for the virus-to-cell and cell-to-cell spreads are de-

cribed by discrete delays (see model (5.3)), Hopf bifurcation may oc-

ur, which could induce oscillations in the cell and virus populations

see Theorem 5.10). However, as pointed out in Culshow and Ruan

6] and Culshaw et al. [7], an intracellular delay for the virus-to-cell

ransmission does not change the stability of the infected steady state

or clinically reported parameter values in the bloodstream whereas
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he cell-to-cell spread models can produce infective oscillations in

ypical tissue culture parameter regimes and the latently infected

ells are instrumental in sustaining the infection. This shows that the

scillations in our general model are caused by the cell-to-cell trans-

ission, which further demonstrates that it is necessary to consider

oth virus-to-cell and cell-to-cell transmissions in order to better un-

erstand the within-host dynamics of these viral infections.

Our results also indicate that the target-cell dynamics, i.e., the

unction n(T) in the model, is important to determine dynamics of the

odel. If the function n(T) satisfies Assumption (H1) and Assumption

H2), no Hopf bifurcations occur. If Assumption (H2) does not hold,

he dynamics of the model will be more complicated. Moreover, if

ssumption (H1) does not hold, the uniqueness of the infection-free

quilibrium is not guaranteed, the dynamics of the model are not

lear and deserve further consideration.
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