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Abstract. The global existence and asymptotic behavior of smooth solutions to the
initial-boundary value problem for the 1-D Lyumkis energy transport model in semicon-
ductor science is studied. When the boundary is insulated, the smooth solution of the
problem converges to a stationary solution of the drift diffusion equations, exponentially
fast as t —> oo.

1. Introduction. The energy transport models in semiconductor science can be de-
rived directly from the Boltzmann equation in the diffusion limit [1, 2, 8, 13, 12], or
obtained formally from the hydrodynamic equations by neglecting certain terms [13].
The common form of the energy transport model is governed by the system

dm
——h divJi = 0at

+ divJ2 = W • Ji + W(u, T) in O
at

\2AV = n- C{x)
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with

* = -Uv(£)-^)-L2!v(« I),
(1.2)

, _ - — \T J
where the unknowns /i, T are the chemical potential of the electrons and the electron
temperature, respectively, V is the electrostatic potential, n is the electron density, E
is the density of the internal energy, W(^,T) is the energy relaxation term, satisfying
W(n,T)(T — To) < 0, where the positive constant To is the lattice temperature, Jx is
the carrier flux density, J? is the energy flux density, or the heat flux, L are the diffusion
matrices, A is the scaled Debye length, and C(x) is the doping profile which represents
the background of the device. The expressions for n, E, L, and W are constitutive
relations. Various forms, corresponding to different models, are found in the literature.

In a parabolic band structure, the relations for n and E derived from the Boltzmann
equation are

n = T5exp{^}, E=^nT. (1.3)

Several authors have recently studied stationary energy transport models [6, 9, 14, 4],
and have obtained useful results. For the transient case, the first results on the existence
of a weak solution and its large time behavior for a more general parabolic system were
obtained by P. Degond, S. Genieys, and A. Jiingel [7]. They employed semidiscretization
of time and used the entropy function under physically motivated Dirichlet-Neumann
boundary conditions and initial conditions. Furthermore, these authors have established
in [11] the regularity and uniqueness when the coefficient matrix L depends solely on x.
Unfortunately, however, in both [7] and [11] it is required that L be uniformly positive
definite, while the more interesting situation in physics arises when the coefficient matrix
is merely positive definite. L. Chen and L. Hsiao [5] have studied the existence and
uniqueness of solutions in (W^'l(QT))'2 xLq(0, r; Wg(Cl)), when L is not a priori uniformly
positive definite. In this paper we consider an energy transport model in which L is not
uniformly positive definite.

The Lyumkis model [3] is a typical energy transport model derived by physicists. In
one space dimension we can write it directly as

' nt + (ji)x = 0

2 (n^)t + (J2)x — Vxji + W

\*VXX = n- C(x)

2fi0 / 1 n \ (1-4)
jl~ vI?((nT5)x Ti14)

((nTi )x-nTl2Vx)4^oJ2~ A

w= 2 n(To-T)
TqT 2
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in a parabolic domain Qr = (0,1) x (0, r], where /jo is the mobility constant, and To is
the relaxation time. System (1.4) is a special case of (1.1) (1.2), with coefficient matrix

L'7lnTt(lr 6?)' (I5)

Without loss of generality, we may choose = ——— = A = 1 to get
V 7T 3V7TTO

= 0nt - (nT*)xx + \vx)
V ± 2 /a

nTt -±((nTi)xx - (nTivx) J - (T^n),

(rx--vx)((nTi)x-^vxy+
n(T0 - T)

1

(1.6)

Ti / T3

There are other models simulating semiconductor devices, namely hydrodynamic mod-
els (HD) and drift diffusion models (DD). One can find a discussion on how these are
related in [13]. In [10], L. Hsiao and T. Yang have investigated the relation between HD
and DD models by comparing their large time behavior. Since ET and DD models can
be obtained from the HD model under different scaling, one may expect that solutions
derived in the context of the ET model will exhibit similar large time behavior as those
for the HD model.

The main purpose of this paper is to study the global existence and the large time
behavior of solutions to (1.4) in one space dimension when the initial data are close
to a stationary solution of the corresponding solutions for the linear DD model. This
provides, in a certain sense, a description of the relation of these models.

We consider the following initial conditions

n(x,0) = n7(x), T{x,0) = T/(x), (1.7)

and boundary conditions of insulation,

ji(0,t) =ji(l,t) = 0, J2(0,t) =j2(M) = 0, Vx{0,t) = Vx{l,t) = 0, (1.8)

which are equivalent to the boundary conditions

n^O, t) = t%(1, t) = 0, Tx(0,t) = Tx(l,t) = 0, Vx{0,t) = Vx(l,t) = 0. (1.9)

When one considers the solutions with n > 0, T > 0, it is required for compatibility that

nix(0) = nIx(l) = 0, TIx(0) = TIx(l) = 0. (1.10)

The special stationary problem we consider here is

(AfT$)x-^rVx = 0,
Tj (1.11)

Vxx = M - C(x),

with boundary condition

Vx(0) = VT(1) = 0. (1.12)
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Equations (1.11) and (1.12) are equivalent to those governing a linear drift diffusion
model

J (TaMx - MVX)X = 0,
I vxx=ar-c{x),

with boundary conditions
{ToArx-Arvxm = o,
Vx(0) = Vx(l) = 0.

The following theorem is similar to one obtained in [10].

1.11)Theorem 1.1. Suppose 0 < C < C{x) < C and let (Af,V) be the solution of
(1.12). Then

C<Af(x)<C, x e [0,1],

\Mx(x)\ <£(C-C), *e[0,l],

Wxx{x)\ <CTo + {5 ~&P(C - C), X G [0,1],
0

\Vx{x)\,\Vxx(x)\<C-C, x e [0,1].

The main theorem we obtain in this paper is

1.13)

1.14)

1.15)

1.16)

Theorem 1.2. Assume Vx{x,0) - Vx(x) e H4({0.1)), Tr(x) £ H3((0,1)), ~ <
21 o oG

\/6. Then there exists a positive constant 5o such that when

(C-C) + \\Vx(x, 0) - Vx(x)\\H4 + ||Tj(x) - T0\\H3 < 50,

the problem (1.6)(1.7)(1.9) has a unique solution (n, T, V) in (0,1) x (0, oo) satisfying

||n(.,t) - ^(011*3 + ||Vx(;t) - Vx(-)\\H4 + \\T(;t)-T0\\Hs < Cexp {-at),
for some positive constants C and a.

Remark 1.1. In the theorem, Vx{x, 0) is determined by rii(x) and (1.6)3.
C T

Remark 1.2. The assumption —— + —— < \/6 in the theorem ensures that the system
2 To 36

is strongly parabolic. In that case, there exists a positive constant 0 < A < 1, depending
on C, C. and Tq. such that

§r + 1-V(1-A)(f-A)- (L17)
3 / ~C T \ ^

In fact, set = 4(1 — fi)( - — //) — ( —— + —--) . It is easy to show that there exists2 V 2Tq 36 /
C T

A, 0 < A < 1, such that H(A) = 0, provided —— + — < y/6. It is obvious that the set
210 36

  (j j1

of C, C, and To which satisfy —— + —— < \/6 is nonempty. This guarantees that (1.17)
210 36

is well posed. By (1.17), we have

«'-(^ + |)HW + p>^ + A
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Remark 1.3. In fact, in the problem discussed here, the asymptotic estimate can be
obtained in H1. However, an Hi estimate must be proved in order to guarantee local
existence. We will obtain these estimates in Sec. 3.

2. Local existence and uniqueness. In this section, we discuss the local existence
of the solution. Problem (1.6)(1.7)(1.9) can be written explicitly in the following form:

.1 n 1 m n m2 1
Tit T27lxx i Txx i ''~i~ 3 ^ '>■ ~f~ 1 ^x^x

2T= T 2 AT 2 T2
 -TxVx + —(n-C) = 0,

2Ti T5
^ rlm 3tit 3T5 ^ 5 ^2 , T1^ „
J-t 0 T^xx cy*-2TXx Tx7lx , Tx + Tlx*x3n 2 n 4T5 n

+-^rTxVx - + — (« - C) + r~r° = 0,
2Ts 3Ta 3 v ; T2

(2.1)

= ra - C(x),
n\t=o = ni, T|t=o = I1/,
«®(0,i) = nx(l,t) = Tx((),t) = Tx(l,t) = 14(0, i) = V^(l, t) = 0.

Local existence is established by

Theorem 2.1. Assume 0 < 2D<m< -D, 0 < 2T<Tj < -T and + —- < \/6,
2 2 27/ 3n/

n7, 7} € #3((0,1)) with ||n,T||/f3((0,i)) < M0. Then there exists a r > 0 such that the
problem (2.1) has a unique solution (n,T) which satisfies

sup (IKTll^o,!)) + \\rit, 7t||tfi((0il))) < M < oc. (2.2)
0 <t<T

Proof. We will use the Banach fixed point theorem. We consider the space

X = {(n,T) : sup (||n, r||H3((oa)) + ||nt,Tt||ffi((0il))) < M,M > M0,
L 0<t<r     ^ rJP

0 < D < n < D,0 < T<T <T, — + — < >/6 f,2T 3n J
(2.3)

where (0, r) is a time interval to be fixed later. It is easy to see that the following metric
is complete in X:

|||(n,T)|||= [ sup {||n(,i)llL + m-,t)llU+ f (IM^IlL + II^MIlU^
0<t<T J 0

Define a map F(u,v) = (n.T), for (u,v) € X, in the following way. First, for u given
above, solve the Poisson equation for V,

Vxx = u-C(x), in (0,1)
Vx(0,t) = Vx(l,t) = Q,
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and then solve the following linear system for (n,T),

(\vx - ^)nx + - ^Vx)tx + ±(n -C)= 0,
V 77 2 7J2 / \4?7 2 /?; 2 / 77 2

i u
Til V Tlxx 1 -L XX \ ± ~ i / "~ \ Id si

2f2 \^2 i;2/ Ml? 2 2^2
3

rr v2 3 i-r /"3?;2 , 5l,a: 3 t/W
-M: Q ^:cx 0 ^2 -*x:c ( ^x ~l~ i i ^cc ) x

3w z \ u 4f 2 2u 2 /

+ —Vxnx + ^-(n - C) - -^Vx2 + = 0,
U O 3^2 1)2

n|t=0 = n/, T|t=0 = T/,
nx(0, £) = nx(l, t) = Tx( 0, i) =Tx(l,t) = 0.

(2.5)
By (u,v) € X and the Sobolev embedding theorem, all the coefficients in the above
strongly parabolic system belong to Ltx(QT) and there exists Ai > 0 such that

i + (2-6)

Thus, by the classical theory for linear parabolic systems, (2.5) is solvable.
Now one has to show that F maps X into itself and F is contractive in X, provided

r is sufficiently small.
In the sequel, K will denote a generic constant which depends on M, D, T, and Ai > 0.
By (2.4), we have

\VX\,\ Vxt\<K. (2.7)

Multiplying (2.5)i by n, and integrating over [0,1], we deduce

\t I' n2+ A«^ + AnxTI)<£ [\n2x + T2) + K [\n2 + T2) + K. (2.8)
*atj o Jo 2v2 Jq Jo

Multiplying (2.5)2 by T, and integrating over [0,1], yields

1 d
2 Jt[T2 + + \vkT^ ~ e/1(n" + T*2) +K J/"12 + T2) + K- (2'9)

T A
Combining (2.8) with (2.9), using (2.6), and choosing e = =^—, we obtain

| ^(n2 + T2) + TX1 j\n2x + T2) < K j\n2 + T2) + K. (2.10)

Differentiating (2.5)i and (2.5)2 with respect to x, multiplying them by nx and Tx,
respectively, and integrating by parts, whenever necessary, we deduce

[\n2x + T2) + TX\ (\n2xx + T2x) < K [\n2x + T2 + n2 + T2) + K, (2.11)
Jo Jo Jo

d
dt

where we have used again (2.6).
Adding (2.11) to (2.10), applying Gronwall's inequality and integrating over [0, r],

sup [\n2x + Tx + n2 + T2) + f [\n2xx + T2X + n\ + T2) < rM0KeK\ (2.12)
0<t<T Jo Jo Jo
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Thus if we choose T\ sufficiently small,

SUP GMIffi((o,i)) + ll^ll/rMCo.i))) + / (Hn(''^)llH2((o,i)) + ll^(''^)lllf2((o,i))) ^ M.
0 <t<Ti Jo

(2.13)
The above inequality shows that both nx and Tx lie in V2(QTl)> which implies, by the
Sobolev embedding theorem, that both nx and Tx are in Lao(QTl), i.e.,

\nx\,\Tx\<K. (2.14)

The next step is to estimate nxx and Txx. To that end, it is not possible to follow the
earlier procedure by differentiating (2.5) twice with respect to x and multiplying by nxx
or Txx, since we don't have appropriate boundary conditions to allow for integration by
parts. Fortunately, we can estimate nt and Tt in the place of nxx and Txx with the help
of the equations (2.5)1,2 themselves. By the boundary conditions of (2.5), we have

nxt(0,t) = nxt{l,t) = Txt(0,t) = Txt(l,t) = 0. (2.15)

Differentiating (2.5) 1 with respect to t, multiplying by rij, and integrating over [0,1],
we obtain

f nt ~ f (v^nxx)tnt- [ (-^tTxx) nt = G\, (2.16)2 at J0 J0 J0 \2v2 >t
where by (u,v) S X and (2.7),(2.14),

Gi = nt
t

f1 \ ( 1 Vx \ 1 \ (uvx u ,T 1 « ,
/ ( ~VX v)nx nt- (—3- jVx)Tx nt — — (n-C)

Jq LV^2 y2 / LV4W2 2l>2 ' -1 t <-V2

< s [ (nxt + Tlt) + K [ (r& + T2XX + n2t+ Tf) + K.
Jo Jo

(2.17)
On the other hand,

I Tlxx^t^t I \ ~~ T^xx) Tit
Jo J o ' t

= / v*n2xt+ / ~Txtnxt + / (v^)tnxnxt+ / (v^)xtnxnt+ / {v^)xnxtnt
Jo Jo %V2 Jo Jo Jo

+ f GrO T*n*t+ f (r~r) TXnt+ f (—~r) Txtnt.Jo ^ 2t> 2 ' t Jo ^ 2v 2 ' xt Jq \ 2v 2 ' x
(2.18)

Combining (2.16), (2.17), and (2.18), we deduce

1 d
2 dt Jo nt+Jo (v^nxt+^rTxtrixt) -£ JQ (nlt+Txt)+K J (n^+T^+ni+Tft+K.

(2.19)
Similarly, differentiating (2.5) 1 with respect to t, multiplying by nt, and integrating

over [0,1] yields

2 dt J0 T*+J0 ̂ unxtTxt+2V2T^ ~£J0 J0 (n2xx+T2xx+n2+T2)+K.
(2.20)



344 LI CHEN, LING HSIAO, and YONG LI

TX
Again, combining (2.6), (2.19), and (2.20), and choosing e = , we obtain

\jt /1(n?+t']++T*t] - k j!{n*x++n"+Tf2)+k- (2-2i)

We can find the relation between nxx,Txx and nt,Tt by direct calculation, with the
help of (2.5)1,2,

9 3 u 9 3 u
nxx = ~ Tnt ~ ~ jTt + — ~ ~ 3""2>

8v2i 8^2 8i>2
m v2 3 1*2 3 TT
Txx = fit ~t~ —Tt — ——7-H2'

4 u 4v? 4 u 4t»2

Hi = -(\vx - ^)nx + (^| - ~VX)TX + ~{n - C),
\y2 1)2 / ^4^2 2^2 / i>2

/3i'5 5ux 3 , , \rT1 v5 2 2 T — To
H2 = — ( H j* tVx)Tx H V^nx + — (n — C) H j—•

V u 4i>2 2i>2 / u o 3u2 ?j2
(2.22)

Thus, (2.21) implies

1 d
2 dt [\n2t + T2) + [\n2xt + T2xt) < K f\n2t + Tf) + K. (2.23)

jo Jo ./o
Differentiating (2.5)1,2 with respect to x, and then with respect to t, multiplying by

nxt and Txt, respectively, we get with the help of (2.15),

1 d I 2
 / r-
2 dt

1 /. 1 ^ /. 1

^xt I (v7* Tlxxt T^xxt^xxt) I {V^^t^xx^xxt
- „ Jo v 2i; 2 / Jo

"I" I ( ~~ T ) Txx^xxt — G21
Jo ^ 2 /1 3

IT*+1 Qv"t^+^T^n"t)+1 {lvh]

10 , JO

l_d
2 dt

(2.24)
' 1 ':rt 1f -*• XX -*• xxt

rl 3

H~ I ^3^) Tlxx^xxt — G3
/o ' £

where, by virtue of (u,i>) € A', (2.7), and (2.14),

G2 = - / f(-T"i - -r)«xl + I \(~~y - ^-jvx)tx
J o LVw2 t; 2 / -i t Jo 4?7 2 2t;2 /

Tlxxt
t

rl " U

/0
— (n-C)

Ll?2
«xxt (2-25)

- £ [ nlxt + k f (nlt + ['xi. + nlx + Txx + nt + T?) + K,
Jo J 0

_ _ Z"1 r/3^i 5^ 314\t]t ^ f1 r«i
^3 — I [ ~t~ i i Mx 1 xxt ' x

Jo L V u 4y 2 2 / -I t JQ L u
r1

+ / h-(n-C) +
l i 0

-£ [ T^xt + k [ inlt + Txt + nlx+ TXX + n2+T2) + K.
J o Jo

— V*«x " A^x2
u 3v 2

1r-Toi

Txxt
t

Txxt
t

(2.26)



ON 1-D LYUMKIS ENERGY TRANSPORT MODEL 345

Thus, since (u,v) e X, and by account of (2.22),

^ (nlt + Txt) + J^ (nLt + Txxt) - K JQ + ̂  + + rt2) + A ■ (2.27)

Similar to (2.12) and (2.13), by Gronwall's inequality, we can choose t2 < T\ so that

SUP (llntll//i((0,l)) + ll//1((0,l))) + [ (Hn«('^)lll/2((0,1)) + ll^(''Olli/2((o,l))) < M-
0 <t<T2 Jo

(2.28)
By the estimates (2.14) and (2.27), we have (n, T) G C1'? {QT2). Notice that the initial

data satisfy 0 < 2D < rij < -D, 0 < 2T < Tj < —T, —-7- + —— < \/6. Hence there
2 2 211 3nj

exists t3 < t2 such that

0<D<n<D,0<T<T <T,-^- + ^-< \/6, Vt e [0,r3].
21 in

Thus we have obtained that (n, T) G X.
Now we show that the map F is contractive on a sufficiently small time interval (0, 74)

with r4 < 7-3. For the difference

(Sn,ST) = (ni,Ti) - {n2,T2) = F(ui,vi) - F(u2,v2), (2.29)

we obtain the following initial boundary problem:

(Sn)t - ^J{{6n)xx - ^= (5T)XX ^=)(Sn)* +

1 r i f ^'2x ^\F2x \ , ^lF2x\/£ ^ T2xx , c AH—-={8n) + —— - (,SV)X + — H = - —— (Ju)
y/vi 1sjv{> V ^ 4^/

— C  2'ra:  — \_)_ ^(Su) + f2{Sv) = 0,
^\/^l + \/^2 2x/fif2(-v/wi + sjv2)/

{oT)t _ (^jxa; 0 \3T)XX H~ (^^)ce
O^i Z lil

I ux lx + Ay/v{ 20JrM(<5T)a:

+^(*0 + ~^=m + h(8V)x - ^~lT2x(6u)x - ^(6v)x
3 y/vl u 1 4y^I
1 / /  . ^2 \ 3 F2xx / r \— v^i + "7=-;—F= n2xx + 7, —7= (Sv)3uj_\ sjvl+s/vi) 2v/wT+v/uiJ

n2xx(Su) + f4(611) + f5(6v) = 03uiu2
(<5n)|t=0 = (<JT)|t=0 = 0, (Sn)x(0,t) - (6n)x(l,t) = (6T)x{0,t) = (ST)x{l,t) = 0,

(2.30)
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where (SV)XX = (Su), (SV)x(0,t) = (SV)x(l,t) = 0, Vixx = u, - C(x), Vix{0,t) =
V*e(1,£) = 0, i = 1,2, and

V2x^2x VoxTox 1h = "prf - + ~j={n2 - C(x)),
4y/vf 2y/vf VVl

^ _ V2xn2x + / 1 1 1 \

2 + V^2) ^lv2(v^l + y/V2) y/vfv2 V1y/v%'
/U2V2xT2x _ U2V2xT2x \
V 4 2 )

V2xn2x u2
-(n2 ~ C(x)),VviMV^ + \M) + V^)

yjv\ri2x 3T2x 2Vix 2V2x
J 3 = I-

h =

U\ 20JT 3-^/uT 3^/tJT'
3y/v2u2xT2x y/v2V2xn2x

U\U2 U\U2

3u2xT2x . 2xT2x ^2x^2x 3V2xT2x
J 5 = , ,— , 7=T + , . , ^r~ +

"lCv^i + v/^) 4v/t;iu2(v^i + v^) WiCv^+v^) + V^)
, 2V& f n2 - C(ar) T2-T0

3>I^(^+V^) 3(^+^) (v^T + v^)'

To deal with (2.30), we need some preparation. We first note that

I/1U/2U/3U/4U/5I <K(M,D,T) (2.31)

since (u,v), (n,p) £ X. Notice that (SV)XX = (fa), (SV)x(0,t) = (<5V)x(l,t) = 0. Hence
we have ||(<5V)x|k2(QT) < K\\(Su)\\L2{Qr).

Multiplying (2.30)i by (fa) and integrating over [0,1] yields

1 d
2 dt

+

< £

+£

It then follows

I (Snf + jf (v^T(Sn)l +-~^z(6T)x(5n)x^

j0 ^=((Su)x(6n) + (Su)(6n)*)

[ ( — 2X~7= ~ o j17= 7=7) ((^v)x(Sn) + (Sv)(Sn)x)Jo + ^V^(V^+ V^)J
[\(6n)l + [5T)l) + K(M,e) /'((fa)2 + (ST)2)

Jo x JO

f ((fa)2 + (fa)2) + K(M, e) [ ((fa)2 + (fa)2 + {ml)-
J 0 Jo

< 5

+£

\U(5n)2+[^snf-+^sTusn^

[ ((Sn)2x + (ST)2x) + K(M,e) f((Sn)2 + (ST)2) (2.32)
Jo 1 JO

[ ((Su)2 + (Sv)2) + K (M, e) f ((Su)2 + (fa)2).
^0 Jo
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Multiplying (2.30)2 by (ST) and integrating over [0,1], we obtain

1 d
2 dt

+

r<<T)2+f (#<fe)*(5r>*+^(<T)-)

l + Jn+Jn)"2' ((Sv)x(ST) + (Sv)(ST)x)

3^ n2x((Su)x(5T) + (Su)(ST)x)

< s f\(Sn)l + (STfx) + K(M,e) f\(Sn)2 + (ST)2)
Jo 1 Jo

+e f ((Su)l + (Sv)l) + K(M,s) [ ((Su)2 + (Sv)2 + (SV)2X).
Jo Jo

Similar to (2.32), we have

\iiyT?+[^{sn)-{sT)'+^sT^

< e

-\-£

f((Sn)2x + (ST)l) + K(M,e) f((Sn)2 + (ST)2) (2.33)
Jo 1 Jo i

f ((Su)2x + (Sv)2x) + K(M,e) [ ((Su)2 + (Sv)2).
Jo Jo

Since (uuvi) G and < 2^(1 - Ax)(| - Ai),

V^i(Sn)2x + 0=(ST)x(Sn)x + ^±(Sn)x(ST)x + ^(ST)2X

= v^T [(6n)2x + g- + £.ySn)x(5T)x + ^-(ST)2X] {2M)

> T/TXMnft + ml).
Combining (2.34) with (2.32) and (2.33) yields

~ j\(Sn)2 + (ST)2) + j\(Sn)l + (ST)2X)

< K(M) [ ((Sn)2 + (ST)2) + e f ((Su)2x + (Sv)2x) + K(M,e) [\(Su)2 + (Sv)2).
Jo Jo Jo

(2.35)
By Gronwall's inequality,

j\(Sn)2 + (ST)2) < (■IX (Su)l+(Sv)l+K(M,e) IX (Su)2 + (Sv)2yK^T. (2.36)
Thus

d
dt

<

f\(Sn)2 + (ST)2)+ f\ (Sn)2x + (ST)2x)
Jo Jo

(eK(M)JJo (Su)2x + (Sv)2x + K(M,e) jj\su)2 + (Sv)2)eK^T (2.37)

+e f ((Su)l + (Sv)2) + K(M,e) f ((Su)2 + (Sv)2).
Jo Jo
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Integrating with respect to t, over [0, r], and choosing e and T4 < r3 sufficiently small,
we conclude

11| (Sn, (ST)]| | < y!t!(^u' fib) III• (2.38)

Thus there exists precisely one fixed point (n*,T*) with (n*,T*) = F(n*,T*) in X. This
fixed point is the unique solution to (2.1). □

3. Asymptotic behavior. In this section we obtain the asymptotic estimate that
proves Theorem 1.2. Set if) — Vx — Vx, <p = n — A/*, f = T — To-

Lemma 3.1. There exist positive constants 5 > 0 and (3 > 0 such that, if

sup (\\ip(-,t)\\H2 + \\f{-,t)\\Hi) < 6, (3.1)
0 <t<r

for all r > 0, then

Ih»>i)l|ip + ||/(')< C(||^C-,0)||«2 + H/(-,0)||ffi)exp(-/?t), (3.2)

for any t £ [0, r].

Proof. From (1.9) and (1.12) we get

VK0,t) = ^(M)=0, (3.3)

m(0,t) =#XX(M) = 0, (3.4)

/z(0,<)=/s(l,t)*=0. (3.5)

With the help of (1.14) (1.15) (1.16) and (3.1), we deduce

IJVxl, |AU> |Vx|, I^t, I^x|, l/l < 0(6). (3.6)
By using (1.6) and (1.11), we arrive at the following equations for ip and /:

,  ■;bT + M VT
ipt - v7/ + T0il>xx - f fx + , f ...WJ + vj + 1o , ,

V f + Tp VT0Afx + NVX ^ tpx + J\f . _ ^
~(f + T0)V%+ /T+nTo1 7T+%V~ '

r \fU + To)3 , Kr \ ^ / f - rp t '-Wf + T0 f (^L | Kf ̂
Jt q / I 1 a A V&xxx "I" Nxx) c\ v J -^0 Jxx 1 1 * f Jxi^xx Nx)

6{tpx+M) 2  i>x+-N

  /r + ~^ yi^xx + Nx)Up + Vx) H  fx(i/i + Vx)4-vT+To 4>x +N 2y/TTTo '
2 < 1 1 i> \2 , Vf + To t ; , > j \ , / _ n

"svTTTb^ Vl) + 3 ~
(3.8)
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Multiplying (3.7) by i/j, integrating over [0,1] and integrating by parts, we obtain,
with the help of (3.3),

-T /V + f1 v7+nip2x+ f fx wx- r ^+Af h-!'2 dt J0 J0 VJ 0Vx J0 2VT+%^ Jo 2y/T+%Jx*
/•' V, , , fl VT+%y/7bMx+NVx ,,

Jo V7+To Jo (f + T0)VT0 + y/r+T-0T0flp

L1 1pX + -A/* ,2/ ^ = o.
1 VTTToV

By using (3.6), one can show that

\jtJ0 + ^x + 7%Jo ̂  J0 (V>x+^2 + /2 + /x)- (3-9)
Differentiating (3.7) with respect to a:, multiplying by tpx, and integrating by parts, we
obtain, with the help of (3.4), (3.5) and (1.12),

2 It I ^x + Jo ̂ f + T^xx + I 2y/T+% fx^xx + L yfI+%Mx
f1 Vxx ,2 r1 vx l2 r1 J7T%sJ%nx+nvx ,

Jo \/T+To Jo 2y/(f + Tp)* x Jo (f + ̂ VTo + Vf + ToTo^
_ f1 f v^oNxfx \/(/ + To)ToAfxx + J\fxVx + J\fVxx\
Jo ^2(y/{f + To)3To + (f + To)To) (/ + Tp)^ + vT+TO )Jlpx

4- f1 ( /( f 4- T \T \r -4- A/*V  2\/(/ + To)Tpfx + T0/x 
X Zs/T+niU + T^Vn + ̂ f + ToTo)21^
f1 tpx + Af . 2 f1 ipxx + Afx f1 ipx + Af

Jo Vf+T/X J0 VT+n Jo 2y/(f + T0)3 ~
By (3.6) and C< AT < C, we get

1 d f1 ,9 r— f1 l9 f1 ibx+J\T , C r1 ,
2 dtj0 ^x + ^°Jo xx + Jo %7f+%'X + 7%Jo ^x

0(6) [\t
Jo

(3.10)
<0(8) I (^x + ^ + /2 + /x2)-

Multiplying (3.8) by /, integrating over [0,1], and using (3.5), (3.4) and (1.12), we deduce

Id f f f1 Vlf + W, r)f f1 yfT+To^+MJf ,2 dt Jo 1 + J0 3(ipx + A/") +"*»* + J0 2(^x +7V) Uf
f y/(f + T0)3(ipxx +Afx)2 f 3 / 2 | f1 3 2 rJo 3(^+^ f+JQ 2 Vf+Tofx+J0 wrmu
f1 3v7+7b„ ,, I \r \ f1 5 ,2,7o ffx^xx Jq 4^/JTTo

I ^TW^xx+Afx)^ + Vx)f + l 2^r+T0^ + Vx)ffx

t * + Vx)2 / + f1 («. + vxx)f + f1 -A-Jo 3VT+To Jo 3 7o y/qr7L

+

0.
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By (3.6), the above equation reduces to

1 d r1 r2 , r1 v/(/ + T0)3 ( , , r1 3 rT—c2 , /'* /2lf + l W7m*--!- + L l'/TT¥°f' + l2dt J0 Jo 3(</>x+A0 " J Jo 2 Jo y/f + n

<0(6) [\fx+f + iplx).
Jo

It follows from (3.6) and C < Af < C that

1 d
2s J!<2+l! wM^f-+lT-1f ̂~s jf '2 s ma.

(3.11)
Since the strong parabolicity condition (1.17) is satisfied, we have

3o J" [v4 - (^ + ̂ )l/x^xxl + /*] > T$\j\il£x + fl). (3.12)

Combining (3.10) with (3.11) and using (3.12), we conclude

£ fl
dt r^l + f) + 2Tjx [\^xx + fx)+2^ f\l + ~ f f2

Jo Jo ^ Tq Jo T02 Jo ^_13^

<0(6) [ (/2 + /2 + v2 + €J.
J 0

Now we can estimate the first derivatives with the help of (3.9) and (3.13),

jtJo + /2) + ai it 2xx + i>l+iP2 + f2x + f2) < 0, (3.14)

11 1

where ax = min{T02 A, T02 + CT0 2, T0 2, CT0 2 }.
Next we proceed to estimate the higher order derivatives.
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Differentiating (3.7) twice with respect to x, multiplying by ipxx, using (3.4) and
integrating by parts, we obtain

2 v//+T°^xxx+i 2 Jt%Mxxx+1 ^rr%hxi>xxx

, f1 i>x+m ,2, r1 vx , ,
Jo 2\ZY+~To XX Jo iy/Zf+WJo y/T+TQMxxx

I VT+To^xxx + l
f1 ^T+ToVToK+MVx

Jo (/ + Tq)VTo + vmoTo

fxlpxlpx

+

0 ^JT+% Jo 2i/(/ + To)3
1

1 ' vW«/«

XXX

0 V2(^(/ + To)3To + (/ + To)To)
V/(/ + T0)T0Afxx + A4 V, + -AAV*, \

(f + T0)VT0 + ^fTT0T0 )in)'■

[1( n f , T xT kt + a/"v ̂  hi.g + ro)r°/* + IMi 
7o (^(/ o) °"*+ *)2v/7+^((/ + T0)^ + Vf + nTo)2 f^x

f1 Tpx + A/" ( , f1 1pxx +J\fx , , , f1 i>X + .AA If, _ n
Jo y/T+%MxXX Jo VT+Tro^XXX + Jo 2^{fTW

By (3.6),

1 d
2 dt + ■/T+T»i>L, + l !>■'

<0(5) f (f% + iplxx + i/>lx) + \h\ + \h\,
Jo

(3.15)

where

\h I = I O AT—i—rji~ fX^xx^xxx < 1 [ fx(-<Plx)x\
Jo J + 1 o 2Tq Jo

f fxxtfxx < £l [ fix +  1— [ ^tx (3-16)
Jo Jo 8T02s1 Jo

^ £l J fZx+£2 [ ^Ixx + -^l(£1^2) [
Jo Jo Jo

2IS

and

I/2I = f1 Vx+AA f2_,_ ^ C f1 ,2,, [\l2 , C f1 ,4
/ ^ he m \-i fx^xxx < 3 fx^xxx <^2 4>Xxx + 3 fx

Jo 4^(/ + T0)3 2T05 •/() 8Tq£2 Jo

[ fix + K2(ex,£2) [ fl■
Jo Jo

r*l

<£2 1 tp2xxx + £ 1
VO Jo

(3.17)
In the above calculation, we have used the Gagliardo-Nirenberg inequality to control /1
and I2• The constants £1 and £2 are to be determined.
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Combining (3.15) with (3.16) and (3.17),

1 d_
2 dt Jo v'tx + Vf + Tolplxx + 2^/y + T(j fxxtpxXX

< 0(6) f (fl + flx + iplxx + iplx) + 2e2 f iplxx+2ei f flx (3.18)
Jo 1 Jo Jo

+A'i(ei,£2) f 'i%x + K2{£l,£2) [ fl-
Jo Jo

Differentiating (3.8) with respect to x, multiplying by fx, using (3.5) and integrating
by parts yields

lltj0 f* + J0 i(i++TjV) Uw • A"'/rr • I ^v7T^/;
f1 3VTTT~0e , ,, , , , f1 5 ,2/

Jo ipx+M + + j0 Ay/m\/xIxx

2
XX

1 L 2vr+n^ + Vx)fxxfx

+ [ ,, rp-^ + Vx)2fxx — [ o fyx +Vxx)fxx
Jo, JVJ +-< o Jo 6

ffxx = 0.
1

Jo Vf + To

Again by (3.6), we get

fix1 ± f1 ,2 , V(f + T0)* /•' 3 /7-7Ff2
2 dt ./o + J0 "i(ipx + AT) + J0 2 V'1 + UaJx

< 0(<5) f [4>lxx + fix + iplx + fl) + I/3I + I/4I,
Jo

where

'3 - f 3\J f + T() c 6\/To [if ,
I 1 » r JxJxxWxx -i / JxJxxW.

Jo ^x + N C Jo
3v^ f1< ^0" £

r»l

/ a; YXXX

fl
1,2

c ifDx^x

<r Z1 ,/2 3^ f1 t4_ £2 I xxx 1 / - „ I fx

3\/To r 1

fit.

- £1 / fxx+e2 / V'xzx + ^-3(^1, £2) I fl,
Jo Jo

4C_E2
fl

(3.19)
fl K - K Z'1 _ . K fl .

1^41 = [1 5 f2f /•1f2, <r I' f2 , 5 f1 ./ 1 / J- 1 T"1 J xJxx i 1 / J x J xx ^ z 1 Jx x * 1 / Ji
7o 4%// + i0 2T05 -A) -A) 8T^£lJ0 ^ 2Q^

^ 2ei / /xx + ^4(ei) / /J
Jo Jo
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are derived by the techniques used in obtaining (3.16) and (3.17). Thus we obtain

-ipxxxfxx + I flx[1f2+ f V(7±W, f 3 * f12 dt J0 + J0 3(V, + A0 + 2 J° i0

< 0(d) ( (lplxx + flx + ll>1x + fx) + 3^1 f fix +£2 f ipxxx
./0 1

+^3(^1,£2) [ fl + Ki(s 1) f fl.
Jo J 0

Combining (3.18) with (3.21), using the strong parabolicity condition, we obtain

^ (tyxx + fl) +T<? ̂ f0 ^xxx + fix)

< 0(6) f (4>ZX + fl) + 10ei [ flx + 6e2 f *Plxx + K [ tfl+^lx)>
Jo Jo Jo Jo

(3.22)
4

where if = ^ 2K{.
2=1

i i
T2 A T2 A

Choosing ei = °„ and £2 = ——, we have8 20 12

d rl

dt

<

J (i>xx + fl) H J (4>1xx + fix)

o(S) f\^xx + fl) + K f\fl + rix).
Jo Jo

(3.23)

Multiplying (3.23) by and adding to (3.14) yields

A.
dt (i^+^l + f^ + ̂ ^lx + fli) +®2 (i)2+'>Pl+'ll>lx + f2+fl + flx+'llJlxx) ^ 0

(3.24)
I

ai T02Aai
where a2 = mm{-, ^ }•

Thus, by Gronwall's inequality,

M-M* + 11/(^)11^ < cm-,0)\\h + ]|/M)|&i)-exp(-pt).
□

In order to prove Theorem 1.2, we need the following higher order estimate:

Lemma 3.2. There exist positive constants 62 > 0 and @2 > 0 such that if

sup (\\i>(-,t)\\H4 + ||/(-,f)||tf3) < 62 (3.25)
0 <t<T

for any r > 0, then

IIV>M)l|ff< + ll/(-,*)l|ff3 < CdlV'C-,0)11^4 + ||/(-,0)||h3)exp(-/32i), (3.26)
for any t £ [0, r].



354 LI CHEN, LING HSIAO, and YONG LI

Proof. By Lemma 3.1, we need to estimate \\tpXx(',Ollff2 + H/xxO, Ollff1- First we
estimate \\ipt{', t)\\h2 + \\ft(-,t)\\Hi, and then we obtain the desired estimate with the
help of (3.7) and (3.8).

From (3.3), (3.4), and (3.5), it follows that

^(0,0 = ^(1,«) = 0, (3.27)

ipxxt(0,t) = ipxxt{l,t) = 0, (3.28)

fxt(0,t) = - 0. (3.29)

By virtue of (1.14) (1.15) (1.16) and (3.25), we obtain

|A/"x|, Wxx I, IV, |,\VXX\, \lpx\, \lpxx\, \l/>xxx\, \lpt\, \lpxt\, |/|, |/x|, |/xx|, l/tl < 0(S2)-
(3.30)

Differentiating (3.7) with respect to x,

ifrxt — Vf + T01pxxx - rp-fxx + ^/f Ipx + ji + ji + J3 = 0, (3.31)
^v/ + J-o v J + 1 o

where

  fx I 'Ipxx + Nx f . ^X + N r2 _|_ ^xx ±K
Jl 2JTTT0 2 VT+To 4^/ (/ + T0)3 v7+^

ipx + J\T , ,

2a/(7Ti^F , .
Vr VTT VT 1 -1

02 = 7TTT^XX + vT+To^ ~ 2\/(f + Tq)3^x
^/T+To^/To^fx+MVx ̂  f v7+TWTOc+JVV» f

(f + T0)Vn + VT+TbT0)xS (f + T0)V%+Vm^T0fx'J 3 =

Differentiating (3.31) with respect to t,

i>x + A/* Vx + .V
Ipxtt — \J f + T01pxxxt — —J- fxxt+ rr-=='^xt+j4 + (jl)t + (j2)t + (j3)t —0, (3.33)

J + ^0 V/ + -'0

where

.   /t j Ipxtfxx . Ipx r p . I^xtlpx X ~f" N f I

U ~ ~2^T+% ~ 2^7+^ \\J(/ + T0)3 7T+%~2VW+W
(3.34)

Multiplying (3.33) by ipxt, integrating over [0,1], integrating by parts, and using (3.28)
and (3.29), we obtain

(\//+^Wi<+0^rf.•*..>)+1 = (3-35)
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where, by virtue of (3.30),

Ji = ~-I
I

J4 = -

J2

h = -

It,(ji)tV'xt = 0(S2) [ i>\xt + flt + ip\
Jo 1

(hWxt = 0(62) [ vLt + fit +
Jo 1

(j3)t*l>xt = 0(62) [ flt+i>.
Jo

0(52) [ €t,
JO

4.
.74 ̂xt =k - ,

[ /a / / f V'xx + -A4 j: i , f Ipx + -A/" . ,
70 2VT+T0Mxxt Jo 2^f + n Jo A^U + ToY

= 0(S2) f tplxt + fit + ipl
Jo

h = -

blt-

Hence

0(S2) [ iplxt + fit + iplt.
Jo

Differentiating (3.8) with respect i,

3 fTZT^F f _ V(72 V / + -LQjxxt 3(^ + ^
i=6

where

. _ V/ + ?o ,, , ,r u , \/(/ + To)3 ( ( | A(, ^ (
j6 - 2(^ + AO 3(^ + A/")2 (^xa:

_J3 f f fft
4^f+T0JxxJt 2V(/ + T0)3'

, 3^Y+T~0 c Z^JTTo, , Ar,
^7 1 1 \f Jxtyxxt 1 . /- Jxt\V^XX ~t~ -Mr)Vx+N ipx + A/  

3(Vxx + A4) ^ + + a/-x)i
2(^+A0V7+Tr " (^x+AA)2

. 10/x/xt 5flft
J& IVT+Tq 8y/(/ + Tp)3 '
• _ \// + ?o (j ^ ^ / , V/ + To , / , , ,, ^

■?9 " ^ ^ + + ^ + V-)

, (V'xx + A/x)(V; + V®) \// + To / ( t 1 \ r \ f 1 1 11 ^
+ 2/r+j^(Vx+AA)ft ^x+Af)2^^+^^+v-^

I = 3fjpt ^ 3fxtji/j + Vx) _ 3/x(^ +Vx) f
Jl° 2^f + T-0 2yT+To 4^/(/ + Tq)3
. 4(^> + Vx)xjJt , 0/> + Vx)2 f

JU 3V/ + T^ 3x/(7+W
_ x/T+To , .Ipx + Vxx

Jl2—3— ^ + ^==/t.

(3.36)

(3.37)

ftt - T^Vf + To/xxt - T77 flr'lpxxxt + / , „ ft + ̂ 2ji - 0> (3.38)

(3.39)
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Multiplying (3.38) by ft, integrating over [0,1], and integrating by parts,

Hi f'+l (I+1
(3.40)

where, by account of (3.30), we have

J& + + Ji2 = ~ f O'e +iii + ju)ft = 0(S2) f ft,
Jo Jo

J7 = - [ jjft = 0(S2) f (fit + V'xxt + ft)l
Jo Jo 1

■J8 + JlO = - f (j8 + jlo)ft = 0(52) f (fit + ft )>
j Jo 1 Jo

J9 = - [ fa ft = 0(62) ( (tplxt + ft)> (3-41)
Jo . Jo .  

Jl3 ^ 4^/f + TJx^xt^ J0 2(%/jx+J\f)^xxt^t
rl V(f + To)3
fJo

Jo
— 0(62) I {fxt + 4'xxt + ft)-

We have thus obtained

ssi ,!+l (ls/7Tir°f-,+ m:t$) *■"'■')+L vrm1'
= 0(62) f {fxt + ̂ Ixt + ft)'

J 0

Combining (3.37) with (3.42), and with the help of (1.17), we deduce

~tl [ (''Pit + ft) + 27o2 ^ / (V>xxt + fit) + ~^r f ^It"+ if ftdt Jo Jo Tq Jo Tq Jo

= 0(62) [ (fit+ £xt +ft)-
Jo

We have thus completed the first step by establishing the estimate

d_
dt

(3.42)

(3.43)

/ ('Pit + ft) + a 3 [ {fplxt + fit + iPlt + ft) ^ 0' (3-44)
Jo Jo

where CZ3 = min{T02, C/T{f , 1 /T02 }.
Differentiating (3.33) with respect to x, multiplying by ipxxt, integrating over [0,1],

and integrating by parts, we obtain, with the help of (3.28),

2 di Jo ^XXt + J (^Z + ̂ xxxt + ^J=fxxt^xxt) + jo V'L = E
'(3.45)
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where, by virtue of (3.30),

h = f {jl)fl>xxxt = 0(62) [ ip\
J 0,

H\ — I {jl)ti>xxxt — 0(S2) I VLxt + Ct + fit>
3i °i

H2 = [ (j2)ti>xxxt = 0(S2) I tplxxt + Iplxt + flu
/o, Jo,

xxxt'

H3 = f {j3)tipxxxt = 0{52) [ i>2,:xxt + fit, (3.46)
°i r

— J* j&lpxxxt = ̂ (^2) J '

H5 = - f ^±^Mxxt + f1 £=fxMxxt = 0(82) f VL-
Jo v/+-*o J0 2a/(/ + j0) jo

In the above process, it is not necessary to use high order derivatives such as ij)xxxt, fxxt,
as we can use difference quotients instead.

Differentiating (3.38) with respect to x, multiplying by fxt, integrating over [0,1],
integrating by parts, and recalling (3.29), we get

\jtlf*t+L (Iv//+To/^t + i(L++w *xxxtfxxt)+1 vr+%flt=§Hu
1 (3.47)

where we have, by virtue of (3.30),

Hq + Hs + Hio + H\\ + H12 = f (j6 + js + J10 + in + j 12)fxxt — 0(82) f flxt5
1 Jo Jo

[ {37 + j<))fxxt = 0(82) ( {flxt + 1pxxt)t
Jo Jo

-Jxftfxt = 0(82) J fit•
(3.48)

Combining (3.45) with (3.47) and (1.17), we obtain our second estimate

^ {tPxxt + fit) + 0,3 JQ xxxt + flxt + ''Pxxt + fit) ^ (3.49)

We can calculate xpXXXx, fxxx directly by (3.7) and (3.8), in terms of ipxxt, fxt and
their lower order derivatives. Thus, combining the above results with Lemma 3.1 we
complete the proof of Theorem 1.2. □
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