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ABSTRACT. This paper is concerned with a system of nonlinear wave equations with
supercritical interior and boundary sources, and subject to interior and boundary
damping terms. It is well-known that the presence of a nonlinear boundary source
causes significant difficulties since the linear Neumann problem for the single wave
equation is not, in general, well-posed in the finite-energy space H'(2) x L?(9Q)
with boundary data from L?(99) (due to the failure of the uniform Lopatinskii
condition). Additional challenges stem from the fact that the sources considered in
this article are non-dissipative and are not locally Lipschitz from H'(£2) into L?(£2)
or L2(9€2). With some restrictions on the parameters in the system and with careful
analysis involving the Nehari Manifold, we obtain global existence of a unique weak
solution, and establish (depending on the behavior of the dissipation in the system)
exponential and algebraic uniform decay rates of energy. Moreover, we prove a blow
up result for weak solutions with nonnegative initial energy.

1. INTRODUCTION

1.1. Preliminaries. Over the recent years, wave equations under the influence of
nonlinear damping and nonlinear sources have generated considerable interest. Of
central interest is the analysis of how two competing forces (nonlinear damping and
source terms) influence the behavior of solutions. Many results [1, 2, 3, 14, 26, 27, 28,
29] have been established when the sources in the system are subcritical or critical.
In this case, the sources are locally Lipschitz continuous from H'() into L?(Q)
and into L?(99), and thus, obtaining existence of local solutions can achieved via
Galerkin approximations or standard fixed point theorems. However, very few articles
([8,9, 10, 11] and most recently in [13, 15, 16, 30]) addressed wave equations influenced
by supercritical sources.

For the sake of clarity, we restrict our analysis to the physically more relevant case
when  C R3. Our results extend easily to bounded domains in R™, by accounting for
the corresponding Sobolev imbeddings, and accordingly adjusting the conditions im-
posed on the parameters. Thus, throughout the paper we assume that €2 is bounded,
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open, and connected non-empty set in R? with a smooth boundary I' = 9. In this
paper, we study the following system of wave equations:

(uy — Au+ g1(u) = fi(u,v) in 2 x (0, 00),
vy — Av + go(vy) = fo(u,v) in 2 x (0, 00),
Ou+u+ g(uy) = h(u) on I' x (0, 00), (1.1)
v=0 onI" x (0,00), '
U(O) =Ug € HI(Q>,Ut(O) =Uu € LQ(Q),

L U(O) =19 € H&(Q),Ut(()) =V € LZ(Q),

where the nonlinearities fi(u,v), f2(u,v) and h(u) are supercritical interior and
boundary sources, and the damping functions g;, g» and ¢ are arbitrary continuous
monotone increasing graphs vanishing at the origin.

Some special cases of (1.1) arise in quantum field theory. In particular, Segal [33]
introduced the system

Uy — Au = —adu — BEv*u, vy — Av = —adv — fru’v,

as a model to describe the interaction of scalar fields u, v of masses a1, as respectively,
subject to interaction constants 81 and 5. This system defines the motion of charged
mesons in an electromagnetic field. Later, Makhankov [23] pointed out some essen-
tial properties of such interacting relativistic fields. On the other hand, coupled wave
equations arise naturally in investigating longitudinal dynamical effects in classical
semiconductor lasers and nonlinear optics [4, 35, 37]. Moreover, nonlinear systems
of coupled wave equations have been derived from Maxwell’s equations for an elec-
tromagnetic field in a periodically modulated waveguide under the assumption that
transversal and longitudinal effects can be separated [4]. Thus, the source-damping
interaction in (1.1) encompasses a broad class of problems in quantum field theory
and certain mechanical applications [17, 24, 34]. For instance, a relevant model to
(1.1) is the Reissner-Mindlin plate equations (see for instance, Ch. 3 in [18]), which
consist of three coupled PDE’s: a wave equations and two wave-like equations, where
each equation is influenced by nonlinear damping and source terms. It is worth not-
ing that non-dissipative “energy-building” sources, especially those on the boundary,
arise when one considers a wave equation being coupled with other types of dynam-
ics, such as structure-acoustic or fluid-structure interaction models (Lasiecka [20]). In
light of these applications we are mainly interested in higher-order nonlinearities, as
described in following assumption.

Assumption 1.1.
e Interior sources: fi(u,v) € C'(R?) such that

IVFi(u,v)] < C(luff™t 4+ w]Pt +1), j=1,2, where 1 <p<6.
e Boundary source: h € C'(R) such that
W (s)| < C(Js|*' +1), where 1 <k < 4.
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e Damping: g1, g2 and g are continuous and monotone increasing functions on
R with g1(0) = ¢g2(0) = g(0) = 0. In addition, the following growth conditions
hold: there exist positive constants a; and b;, j =1,2,3, such that, for|s| > 1,

ay|s|™ < gi(s)s < by|s|™, where m > 1,
as|s|"™ < ga(s)s < bo|s|"T, where v > 1,
as|s|T < g(s)s < bs|s|9tt, where ¢ > 1.

e Parameters: max{p™* p™tl} < 6; k% < 4.

We note here that in Assumption 1.1 and throughout the paper all generic constants
will be denoted by C', and they may change from line-to-line.

1.2. Literature overview. Wellposedness and asymptotic behavior of wave equa-
tions with at most critical semilinear nonlinearities have been extensively studied, and
by now, the established results forms a comprehensive theory. More recent research
efforts aim at the more challenging class of models with higher-order nonlinearities,
such as supercritical and super-supercritical sources.

In the presence of such strong nonlinearities, the local solvability becomes much
harder to establish. For a single wave equation substantial advancements have been
made by Bociu and Lasiecka in a series of papers [8, 9, 10, 11]. Indeed, the recent
results by Bociu and Lasiecka included local and global existence, uniqueness, con-
tinuous dependence on initial data, and some blow up results for wave equations on
bounded domains subject to super-supercritical sources and damping terms (acting
both on the boundary and in the interior of the domain). These techniques have
been also used to establish similar results for the Cauchy problem of a single wave
equation [12]. Subsequently, relying on this well-posedness theory the authors of [7]
have investigated the long-term behavior and uniform decay rates for solutions con-
fined to a potential well. For other related results on potential well solutions see
2, 22, 25, 38, 39| and the references therein.

A well-known system, which is a special case of (1.1), is the following polynomially
damped system which has been studied extensively in the literature [1, 2, 27, 28]:

g — Au + |ug ™y = fi(u,v) in Q x (0,7T),
v — Av+ o "oy = fo(u,v)  in Q x (0,7), (1.2)
u=v=0 onI'x (0,7,
where the sources f1, fo are very specific functions. Namely, f;(u,v) = 9, F(u,v) and
f2(u,v) = 9, F (u,v), where F : R* — R is a homogeneous C'-function given by:
F(u,v) = alu + o™ + 2bun| ", (1.3)

where p > 3, a > 1 and b > 0.
Systems of nonlinear wave equations such as (1.2) go back to Reed [31] who pro-
posed a similar system in three space dimensions but without the presence of damping.
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Indeed, recently in [1] and later in [2] the authors studied system (1.2) with Dirichlét
boundary conditions on both v and v where the exponent of the source was restricted
to be critical (p = 3 in 3D). More recently, the authors of [15, 16] (following the strat-
egy developed in [8, 9, 10, 11]) studied the more general system (1.1) and obtained
several results on the existence of local and global weak solutions, uniqueness, con-
tinuous dependence on initial data, and blow up in finite time for the larger range of
the exponent p: supercritical sources (3 < p < 5) and super-supercritical (5 < p < 6).
The main tools for proving local existence in [16] were nonlinear semigroups and
monotone operator theory. Another crucial ingredient to the local solvability in [16]
is the recent results in [5], where the authors of [5] resolved the question of identi-
fication of the subdifferential of a sum of two convex functionals (one is originating
from the interior and the other from the boundary damping) without imposing any
growth restrictions on the defining convex functions.

1.3. New goals and challenges. The main goal of the present paper is to comple-
ment the results of [15, 16] by establishing global existence of potential well solutions,
uniform decay rates of energy, and blow up of solutions with non-negative initial en-
ergy. Comparing with the results of [2] for system (1.2) with p = 3, our results extend
and refine the results of [2] in the following sense: (i) System (1.1) is more general
than (1.2) with supercritical sources and subject to a nonlinear Robin boundary con-
dition. However, we note here that the mixture of Robin and Dirichlét boundary
conditions in system (1.1) is not essential to the methods used in this paper nor to
our results. Indeed, all of our results in this paper can be easily obtained if instead
one imposes Robin boundary conditions on both w and v. (ii) The global existence
and energy decay results in [2] are obtained only when the exponents of the damping
functions are restricted to the case m, r < 5. Here, we allow m, r to be larger than 5,
provided we impose additional assumptions on the regularity of weak solutions. (iii)
In addition to the standard case p > max{m,r} and k > ¢ for our blow up result, we
consider another scenario in which the interior source is more dominant than both
feedback mappings in the interior and on the boundary. Specifically, we prove a blow
up result in the case p > max{m,r,2¢ — 1}, and without the additional assumption
k > q. Although this kind of blow up result has been established for solutions with
negative initial energy [9, 15], to our knowledge, our result is new for wave equations
with non-negative initial energy.

Our strategy for the blow up results in this paper follows the general framework
of [2] and [7]. However, our proofs had to be significantly adjusted to accommodate
the coupling in the system (1.1) and the new case p > max{m,r,2q — 1}. For the
decay of energy, we follow the roadmap paper by Lasiecka and Tataru [19] and its
refined versions in [2, 7, 21, 36] which involve comparing the energy of the system
to a suitable ordinary differential equation. It is worth mentioning that the effect
of quasilinear damping terms in (1.1) leads to highly non-trivial long-time behavior
of solutions. It is known that super-linear stabilizing feedbacks may slow down the
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energy decay to algebraic or logarithmic rates [21]. On the another hand, there are
no known uniform decay results for some problems with degenerate damping, such as
the one in [6].

1.4. Outline. The paper is organized as follows. In Section 2 we begin by citing the
local-wellposedness results established in [16]. Subsequently, we revisit the potential
well theory and the strong connection of (1.1) with the elliptic theory. The statements
of the main results: global existence of potential well solutions, uniform energy decay
rates, and blow up of solutions with non-negative initial energy are summarized in
Section 2. Global existence is then proved in Section 3. In Section 4 we prove the
uniform energy decay rates of energy, where the analysis is divided into several parts.
Finally, Section 5 is devoted to the proof of our blow up result.

2. PRELIMINARIES AND MAIN RESULTS

We begin by introducing the following notations which will be used throughout the
paper:

lully = Null oy Tuls = Tl oy s Nl o = lull g s

(u,v)q = (u,v)r2(0), (u,v)r = (u,v)r2r), (U,0)1,0 = (U, V)H1 ().

We also use the notation yu to denote the trace of u on I' and we write 4 (yu(t)) as

yuy. In addition, we note that (||Vul|3 + |[yu|3)"/? is equivalent to the standard HY(Q)
norm. This fact follows from a Poincaré-Wirtinger type of inequality:

lull; < co([Vulls + [yul), for all w e H'(Q). (2.1)
Thus, throughout the paper we put
[ull} = IVull; + lyuls and (u,v)10 = (Vu, Vo)g + (yu, y0)r,

for u,v € H(Q).

For the reader’s convenience we begin by citing some of the main results in [16]
which are essential to the results of this paper. To do so, we first introduce the
definition of a weak solution.

Definition 2.1. A pair of functions (u,v) is said to be a weak solution of (1.1) on
0, 7] if
o uecC([0,T]; HY()), v € C([0,T]; H (), us € C([0,T]; L*(2)) N L™ (O x
(0,7)), yus € LI x (0,T)), v, € C([0,T]; L*(2)) N L™ x (0,T));
o Ifg((g(zjg,v(O)) = (ug,vo) € HY(Q) x H} (), (u(0),v:(0)) = (ug,v1) € L*() x
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e For all t € [0,T], u and v verify the following identities:

(ue(t), (t))a — (w(0), ¢(0))Q+/[ (us(7), (7))o + (u(7), ¢(7))1.0)dT

l//mm @m+// (vuug (7)) yo(r)dTdr
//ﬁ (mm+// (vu(r))yé(r)dldr,  (2.2)

(ve(t), ¥ (t))a — (vt(O),w(O))QJr/t[ (0:(7), (7))o + (0(7), (7)1, ldT

+£A@mm wm_//ﬁ Vo(r)dedr,  (2.3)

for all test functions satisfying:

¢ € C([0,T]; H(2)) n L™ (Q x (0,T)) such that y¢ € LT x (0,7)) with
¢¢ € LY[0,T); L*(Q)) and v € C([0,T]; Hy(Q)) N L™ x (0,T)) such that v €
LY([0, T]; L*(2)).-

As mentioned earlier, our work in this paper is based on the existence results which
was established in [16].

Theorem 2.2 (Local and global weak solutions [16]). Assume the validity of
the Assumption 1.1. Then there exists a local weak solution (u,v) to (1.1) defined on
0,71, for some T > 0. Moreover, we have:

o (u,v) satisfies the following energy identity for all t € [0,T]:

/ / g1(ug)uy + go(vy)vy dxd7'+/ / g(yug)yudldr

n /O /Q [f1(u, v)ue + folu, v)v]dedr + /0 /F h(yu)ywdldr, (2.4)

where the quadratic energy is given by

£(t) = 2 (I + NI + Nl + 1@ ). (2.5

o If, in addition, we assume p < min{m,r}, k < q and ug,vy € LPT(Q),

yug € LT, then the said solution (u,v) is a global weak solution and T
can be taken arbitrarily large.

Remark 2.3. Under additional assumptions on the sources and the boundary damping,
uniqueness of weak solutions for (1.1) has been established in [16]. Moreover, the
results of [15] show that every weak solution of (1.1) with negative initial energy blows
up in finite time; provided either: p > max{m,r} and k > ¢, or p > max{m,r,2¢—1}.
We refer the reader to [15, 16] for complete statements of these results.
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2.1. Potential Well. In this section we begin by briefly pointing out the connection
of problem (1.1) to some important aspects of the theory of elliptic equations. In
order to do so, we need to impose additional assumptions on the interior sources fi,
f2 and boundary source h.

Assumption 2.4.
e There exists a nonnegative function F(u,v) € C*(R?) such that 0,F (u,v) =
filu,v), 0,F(u,v) = fo(u,v), and F is homogeneous of order p + 1, i.e.,
F(u, \v) = Nl EF(u,v), for all A > 0, (u,v) € R
e There exists a nonnegative function H(s) € C*(R) such that H'(s) = h(s),
and H is homogeneous of order k + 1, i.e., H(As) = N¥t1H(s), for all X > 0,
s € R.

Remark 2.5. We note that the special function F'(u,v) defined in (1.3) satisfies As-
sumption 2.4, provided p > 3. However, there is a large class of functions that satisfies
Assumption 2.4. For instance, functions of the form (with an appropriate range of
values for p, s and o):

%1

Fu,v) = alul" + o + aful o[ + B(jul” + [v]7)

satisfy Assumption 2.4. Moreover, since F' and H are homogeneous, then the Euler
homogeneous function theorem gives the following useful identities:

fi(u,v)u+ folu,v)v = (p+ 1)F(u,v) and h(s)s = (k+ 1)H(s). (2.6)

Finally, we note that the assumptions |V f;(u,v)| < C(JuP~t + o7t +1), j = 1,2
and |A'(s)] < C(]s|*~1+1) (as required by Assumption 1.1), imply that there exists a
constant M > 0 such that F(u,v) < M(|ulPT +|v[P*1+1) and H(s) < M(|s|*1+1),
for all u,v,s € R. Therefore, by the homogeneity of F' and H, we must have

F(u,v) < M(Ju[P™ + [v[P™) and H(s) < M|s|*™. (2.7)
We start by defining the total energy of the system (1.1) as follows:
E(t) iZ%(Hut(t)Hg + o @)ll3 + lu@)l o + @)1} o)
— /Q F(u(t),v(t))dz — /FH(yu(t))dI’. (2.8)
Put X := H'(Q) x H}(Q), and define the functional J : X — R by:
Huo) = (lella + lolie) = [ Fluodde— [ Heuar, — (29)

Q
where J(u, v) represents the potential energy of the system. Therefore the total energy
can be written as:

E(t) = %(Hut(t)l\i + llee(15) + I (u(t), v(1))- (2.10)
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In addition, simple calculations shows that the Fréchet derivative of J at (u,v) € X
is given by:

(J' (u,v), (9, 1)) = /Q Vu - Vodr + /F7u7</§df + /Q Vo - Vipdx
—1ﬁﬁ%®¢+ﬁ@mwww—/WWWWMR (2.11)

r

for all (¢,v) € X.

Associated to the functional J is the well-known Nehari manifold, namely
N = {(u,v) € X\{(0,0)} : {(J'(u,v), (u,v)) = 0}. (2.12)
It follows from (2.11) and (2.6) that the Nehari manifold can be put as:

N = {(u,v) e X\{(0,0)} :

Jull o+ 0l = @+ 1) | Pluode+ e+ 1) [ Heuar}. @1

In order to introduce the potential well, we first prove the following lemma.

Lemma 2.6. In addition to Assumptions 1.1 and 2.4, further assume that 1 < p <5
and 1 < k < 3. Then

d:= inf J > 0. 2.14
Wt ) (2.14)
Proof. Fix (u,v) € N. Then, it follows from (2.9) and (2.13) that
1 1
S0 2 (=1 ) (i + ol ) (2.15)

where ¢ := min{p + 1,k + 1} > 2. Since (u,v) € N, then the bounds (2.7) yield
o+l = G [+t
Q r

< O Jullts + Mol + ul i ). (2.16)
Thus,
(s 0) 1% < CICu, 0)IE + (o) 1K),
and since (u,v) # (0,0), we have
1< O(I(w, o)l5 " + (w0l

It follows that [|(u,v)|y > s1 > 0 where s; is the unique positive solution of the
equation C(sP~! + s*~1) = 1, where p, k > 1. Then, by (2.15), we arrive at

1 1
J(u,v) > (§_E> 51
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for all (u,v) € N. Thus, (2.14) follows. O
As in [2], we introduce the following sets:
u,v) € X : J(u,v) < d},

W= {(

Wi = {(w0) €W Bl + ol > 4 1) [ Fluopde+ e 1) [ Houary
U{(0,0)},

Wy = {(w,0) €W Jul2q + 0] 2q < (p+1)/QF(u,v)da:+(k+1)/FH(7u)dF}.

Clearly, Wi N\ W, = (), and W; UW, = W. In addition, we refer to W as the potential
well and d as the depth of the well. The set W, is regarded as the “good” part of
the well, as we will show that every weak solution exists globally in time, provided
the initial data are taken from W, and the initial energy is under the level d. On
the other hand, if the initial data are taken from W, and the sources dominate the
damping, we will prove a blow up result for weak solutions with nonnegative initial
energy.

The following lemma will be needed in the sequel.

Lemma 2.7. Under the assumptions of Lemma 2.6, the depth of the potential well d
coincides with the mountain pass level. Specifically,

d= inf sup J(A(u,v)). 2.17
(u,v)€X\{(0,0)} /\218 (Aw, ) ( )

Proof. Recall X = H'(Q) x H}(Q). Let (u,v) € X\{(0,0)} be fixed. By recalling
Assumption 2.4, it follows that,
1
IO 0) = g2l + ol ) = ¥ [ Fluode =341 [ Heuar, (219
Q r

for A > 0. Then,

d

IO 0) = Al + ol a) = (p+ 02" [ Pluv)da

(ke 1))\’“‘1/FH(7u)dF]. (2.19)

Hence, the only critical point in (0, 00) for the mapping A — J(A(u,v)) is A\g which
satisfies the equation:

(o + 01 ) = o+ DX [
Moreover, it is easy to see that
sup J(A(u,v)) = J(Ao(u,v)). (2.21)

A>0

F(u,v)dz + (k + 1)A§—1/H(w)dr. (2.20)
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By the definition of A/ and noting (2.20), we conclude that A\g(u,v) € N. As a result,
J(Ao(u,v)) > inf J(y,z) =d. (2.22)
(y,2)eN

By combining (2.21) and (2.22), one has

inf sup J(A(u,v)) > d. 2.23

(u,0)€X\{(0,0)} )\2% (Alw, ) ( )

On the other hand, for each fixed (y,z) € N, we find that (using (2.13) and (2.20))

the only critical point in (0, 00) of the mapping A — J(A(y, 2)) is A\g = 1. Therefore,
supyso J(A(y, 2)) = J(y, 2) for each (y,z) € N. Hence

inf sup J(A(u,v)) < inf supJ(A(y,z)) = inf J(y,z)=d. 2.24
(u,0)€X\{(0,0)} ,\2% (A, v) (y,Z)ENAEIS (A 2)) (y,2)EN v:2) (2:24)

Combining (2.23) and (2.24) gives the desired result (2.17). O

2.2. Main Results. Our first result establishes the existence of a global weak solu-
tion to (1.1), provided the initial data come from W), and the initial energy is less
than d, and without imposing the conditions p < min{m,r}, k < ¢, as required by
Theorem 2.2.

In order to state our first result, we recall the quadratic energy &(t) and the total
energy E(t) as defined in (2.5) and (2.8), respectively.

Theorem 2.8 (Global Solutions). In addition to Assumptions 1.1 and 2.4, further
assume (ug,v9) € Wy and E(0) < d. If 1 <p <5 and 1l < k < 3, then the weak
solution (u,v) of (1.1) is a global solution. Furthermore, we have:

e (u(t),v(t)) € Wi,
o £(t) < d (L?) , (2.25)

2
o (1—;) E(t) < E(t) < &(t), (2.26)
for allt >0, where ¢ = min{p+ 1,k + 1} > 2.

Since the weak solution furnished by Theorem 2.8 is a global solution and the total
energy F/(t) remains positive for all £ > 0, we may study the uniform decay rates of the
energy. Specifically, we will show that if the initial data come from a closed subset
of Wy, then the energy F(t) decays either exponentially or algebraically, depending
on the behaviors of the functions ¢y, go and g near the origin.

In order to state our result on the energy decay, we need some preparations. Define
the function

1
G(s) = 552 — MRysP™ — M Rys*t, (2.27)
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where the constant M > 0 is as given in (2.7) and

u p+1 u k+1
Ry:=  sup %, Ry :=  sup % (2.28)
weH @\{0} [[ull{ g ueHY@\{0} [[ullf g

Since p < 5 and k < 3, by Sobolev Imbedding Theorem, we know 0 < Ry, Ry < o0.
A straightforward calculation shows that G’(s) has a unique positive zero, say at
so > 0, and

sup G(s) = G(so)-

s€[0,00)
Thus, we define the set

Wi = {(u,v) € X : ||(u,v)|| < S0, J(u,v) < G(50)} (2.29)

We will show in Proposition 4.2 that G(so) < d and W, C W,. )
Furthermore, for each fixed small value 6 > 0, we define a closed subset of Wy,
namely

W2 = {(u,v) € X« ||[(u,0)||x < 50— 9, J(u,v) < G(so— )} (2.30)

Indeed, we will show in Proposition 4.3 that Wf is invariant under the dynamics, if
the initial energy satisfies £(0) < G(sg — 9).

The following theorem addresses the uniform decay rates of energy. In the standard
case m, r < b, ¢ < 3, we don’t impose any additional assumptions on the weak
solutions furnished by Theorem 2.8. However, if any of the exponents of damping is
large, then we need additional assumptions on the regularity of weak solutions. More
precisely, we have the following result.

Theorem 2.9 (Uniform Decay Rates). In addition to Assumptions 1.1 and 2.4,
further assume: 1 < p < 5, 1 < k < 3, uyg € L™(Q), vg € L™(Q), yuy €
LT, (ug,v0) € WY, and E(0) < G(so — 6) for some § > 0. In addition, assume
uw e LR L2mD(Q) if m > 5, v € LR L:D(Q)) if r > 5, and yu €
L>®(R*; L2@=(T) if ¢ > 3, where (u,v) is the global solution of (1.1) furnished by
Theorem 2.8.

e If g1, g2, and g are linearly bounded near the origin, then the total energy E(t)

decays exponentially:

E(t) < CE(0)e™™, for all t >0, (2.31)
where C and w are positive constants.

e [f at least one of the feedback mappings g1, g2 and g is not linearly bounded
near the origin, then E(t) decays algebraically:

Et) < C(E0)(1+t)78, forall t >0, (2.32)

where > 0 (specified in (4.11)) depends on the growth rates of g1, g2 and g
near the origin.
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Our final result addresses the blow up of potential well solutions with non-negative
initial energy. It is important to note that the blow up result in [15] deals with the
case of nmegative initial energy for general weak solutions (not necessarily potential
well solutions).

Theorem 2.10 (Blow-up of Solutions). In addition to Assumptions 1.1 and 2.4,
further assume for all s € R,

ay|s|™ < gi(s)s < by|s|™, where m > 1,

as|s|"™ < ga(s)s < bo|s|"T, where v > 1,

as|s|?tt < g(s)s < bs|s|?™, where g > 1. (2.33)
In addition, we suppose F(u,v) > ap(Ju[P +|v|PTh), for some ag > 0, and H(s) > 0,
foralls #0. If 1 <p <5, 1<k <3, (ug,v9) € Wa, 0 < E(0) < pd, where

o ptl k41
min {p_—l T }

<1, (2.34)

ptl k+1} -

p:
max{— ]

p—17 k=1
then, the weak solution (u,v) of (1.1) (as furnished by Theorem 2.2) blows up in finite
time; provided either
e p>max{m,r} and k > q,
or
e p > max{m,r, 2q— 1}.

Remark 2.11. The blow up result in Theorem 2.10 relies on the blow up result in [15]
for negative initial energy. Therefore, as in [15], we conclude from Theorem 2.10 that

[u(@)]ly 0 + llo@),q = o0,

ast — T, for some 0 < T < o0.

3. GLOBAL SOLUTIONS

This section is devoted to the proof of Theorem 2.8.

Proof. The argument will be carried out in two steps.

Step 1. We first show the invariance of W, under the dynamics, i.e., (u(t),v(t)) €
W for all t € [0,T), where [0,7) is the maximal interval of existence.

Notice the energy identity (2.4) is equivalent to

E(t) + /0 t /Q (g1 (we)ue + go(v,)v ] dadr + /O t /F g(yu)yudldr = E(0).  (3.1)
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Since g1, g» and g are all monotone increasing, then it follows from the regularity of
the solutions (u,v) that

E'(t) = — /Q[gl(ut)ut + g2(vy)vy]d — /Fg(’yut)”yutdf <0. (3.2)
Thus,
J(u(t),v(t)) < E(t) < E(0) <d, forallt € [0,T). (3.3)

It follows that (u(t),v(t)) € W for all t € [0,T).

To show that (u(t),v(t)) € Wy on [0,T), we proceed by contradiction. Assume
that there exists ¢; € (0,7) such that (u(ty),v(t1)) ¢ Wi. Since W = W; U W, and
Wi N W, = (), then it must be the case that (u(t1),v(t1)) € W.

Let us show now that the function t — [, F'(u(t),v(t))dx is continuous on [0,T).
Indeed, since |V f;(u,v)| < C(lulP~t + |v[P~t + 1), it follows that | f;(u,v)| < C(|ulP +
lvlP+1),7=1,2. By recalling that F' is homogeneous of order p+ 1, one has f;(u,v)
are homogeneous of order p, 7 = 1,2. Therefore,

|f5(w, )] < C(juf” + [of"), j=1,2. (3-4)
Fix an arbitrary to € [0,7). By the Mean Value Theorem and (3.4), we have

| IP®),00) = Platto). ot ds
< [ (juOF + POP +lu(t)P + o)) (Ju(®) = u(to) + [o(0) = v(to)])da
< (O, + 0@, + e, + o2, )

(Ilu(t) = utto)llg + o) = v(to)ll ). (3.5)

Since p < 5, we know & p < 6, so by the imbedding H'(2) — L5(£2) and the regularity
of the weak solution ( )€ C([0,T); HY(Q2) x H}(€)), we obtain from (3.5) that

Jim / Fluft), o8) ~ Flulto).v(to)ldz =0,
that is, [, F(u(t),v(t))dx is continuous on [0, 7).

Likewise, the function ¢ — [, H(yu(t))dI is also continuous on [0,T’). Therefore,
since (u(0),v(0)) € Wy and (u(t1),v(t1)) € Ws, then it follows from the definition of
W; and W, that there exists s € (0,¢;) such that

Juls)ia+ o) = 0+ 1) [

[ Fluts). oo + (1) /F H(yu(s))dl. (3.6)

As a result, we may define ¢* as the supremum of all s € (0,¢;) satisfying (3.6).
Clearly, t* € (0,t,), t* satisfies (3.6), and (u(t),v(t)) € Ws for all t € (t*, t1].
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We have two cases to consider:

Case 1: (u(t*),v(t*)) # (0,0). In this case, since t* satisfies (3.6), we see that
(u(t*),v(t*)) € N, the Nehari manifold given in (2.13). Thus, by Lemma 2.6, it
follows that J(u(t*),v(t*)) > d. Since E(t) > J(u(t),v(t)) for all ¢ € [0,T), one has
E(t*) > d, which contradicts (3.3).

Case 2: (u(t*),v(t*)) = (0,0). Since (u(t),v(t)) € Wy for all t € (t*, 1], then by (2.7)
and the definition of W,, we obtain

lu@®li o + o0 < Clllu ()IIQIHH (t)l\iiiﬂv ®l)
< O(lu®)llfg + @)l + lu®)ig), forall t € (¢, t].

Therefore,

(u(t), w5 < CUIu(®), vO)ET + ll(ut), v @)K, for all t € (t*, 1],
which yields,

1< O(I(u(), )5 + I (u(t), o)k ), for all t € (¢, 1].

It follows that ||(u(t),v(t))|lx > s1, for all ¢ € (t*,¢;], where s; > 0 is the unique
positive solution of the equation C(sP~! + s*~!) = 1, where p, k > 1. Employing the
continuity of the weak solution (u(t),v(t)), we obtain that

(@), v(E)llx = 51 >0,

which contradicts the assumption (u(t*),v(¢t*)) = (0,0). Hence, (u(t),v(t)) € W for
all t € [0, 7).

Step 2. We show the weak solution (u(t),v(t)) is global solution. By (3.3), we
know J(u(t),v(t)) < d for all t € [0,T), that is,

SO o+ 10010 — [ Flu),o(0)de — [ Heu@)r <d, on 0.7). (37
Since (u(t),v(t)) € Wy for all t € [0,T), one has
Ol + 10l > ([ Fuo.o0)ds+ [ Houw)r), o b1, 6
where ¢ = min{p + 1,k + 1} > 2. Combining (3.7) and (3.8) yields

/ F(u(t),v(t))dx + / H(yu(t))dl < 2—d2, for all t € [0, 7). (3.9)
Q r ¢
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By using the energy identity (3.1) and (3.9), we deduce

/ / g1 (up)ug + go(ve)ve]dzdr +/ / g(yug)yudldr

— B(0) + /QF(U() o(t) dx+/H7u ))dr

2d c
<d+c_2—dc_2, for all t €[0,7). (3.10)
By virtue of the monotonicity of g1, go and g, inequality (2.25) follows. Consequently,
by a standard continuation argument we conclude that the weak solution (u(t),v(t))
is indeed a global solutions and it can be extended to [0, 00).
It remains to show inequality (2.26). Obviously E(t) < &(t) since F'(u,v) and H(s)
are non-negative functions. On the other hand, by (3.8) and the definition of E(t),
one has

1 1 1 2
B0 2 0l + @l + (5 - +) (WOl + 100l = (1-2) 50
Thus, the proof of Theorem 2.8 is now complete. O

4. UNIFORM DECAY RATES OF ENERGY

In this section we study the uniform decay rate of the energy for the global solution
furnished by Theorem 2.8. More precisely, we shall prove Theorem 2.9.

We begin by introducing several functions. Let ¢;, ¢ : [0,00) — [0, 00) be contin-
uous, increasing, concave functions, vanishing at the origin, and such that

pi(g;(s)s) = |g;(s)* + s” for |s| <1, j =1,2; (4.1)
and
p(g(s)s) > lg(s)|* for [s| < 1. (42)
We also define the function & : [0, 00) — [0, 00) by
D(s) := p1(s) + pa(s) + @(s) +5, s 2 0. (4.3)

We note here that the concave functions ¢y, 2 and ¢ mentioned in (4.1)-(4.2) can
always be constructed. To see this, recall the damping ¢;, g» and g are monotone
increasing functions passing through the origin. If g;, g» and g are bounded above
and below by linear or superlinear functions near the origin, i.e., for all |s| < 1,

cals|™ < lgi(s)] < eals|™, esls|” < lga(s)] < ealsl”s esls|” <lg(s)] < colsl’,  (44)

where m, r, ¢ > 1 and ¢; >0, j =1, ...,6, then we can select

__2 __2
o1(8) = € T (14 )57, als) = 3T (L4 2)s7H, o=y ST, (45)
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It is straightforward to see the functions in (4.5) verify (4.1)-(4.2). To see this,
consider ¢ for example:

2
p1(31(8)5) = &, T (14 ) a()s) T 2 ¢, (1 + E)eals|™ )R
= (14 c3)s* > 5%+ (ca]s|™)? > s* + |gi(s)]?, for all |s| < 1.

In particular, we note that, if g, go and ¢ are all linearly bounded near the origin,
then (4.5) shows @1, @9 and ¢ are all linear functions.

However, if the damping are bounded by sublinear functions near the origin, namely,
for all |s| < 1,

cls|™ < [gi(s)] < eals™, esls|™ < ga(s)] < cals|™, csls|” < lg(s)] < esls|”,  (4.6)
where 0 < 01, 65,0 <1 and ¢; >0, j =1,...,6, then instead we can select

20, _ 203 265 20 20

r(s) = ¢, L+ B)sTT, als) = ¢ P (L4 )5, o= st (47)

In sum, by (4.5) and (4.7), there exist constants Cy, Cy, C3 > 0 such that

01(8) = C15™, @a(s) = Cas™, p(s) = (357, (4.8)

where

2 260, 2 20, 2 20
m+1 o 0, +1° 2 ::7’—1—1 o 0y +1° Z::q+1 o 0+1
depending on the growth rates of g;, go and ¢ near the origin, which are specified in
(4.4) and (4.6).

Now, we define

(4.9)

Z1 =

1 11
Ji= max{—,—,—}. (4.10)
21 R2 %
It is important to note that j > 1 if at least one of g1, g and g are not linearly
bounded near the origin, and in this case we put
1
B = —1 > 0. (4.11)

For the sake of simplifying the notations, we define

/ / g1 (up)ug + go(ve)ve]dzdr +/ / g(yuy)yudldr.

We note here that D(t) > 0, by the monotonicity of g;, g2 and g, and the energy
identity (3.1) can be ertten as

E(t) + D(t) = E(0). (4.12)

For the remainder of the proof of Theorem 2.9, we define

1 1 c
T := 1, —. — - 4.1
° max{ ’|ﬂ|’|r|’8c°<c—2>} (4.13)
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where ¢ is the constant in the Poincaré-Wirtinger type of inequality (2.1), and ¢ =
min{p+ 1,k + 1} > 2.

4.1. Perturbed Stabilization Estimate.

Proposition 4.1. In addition to Assumptions 1.1 and 2.4, assume that 1 < p < 5,
1<k<3,up€ L™ (Q), vy € L"H(Q), yug € LTHT), (ug, vo) € Wi, and E(0) < d.
We further assume that u € L®(R*; L:™D(Q)) if m > 5, v € L=®(RT; L2D(Q))
if r > 5, and yu € L®(RT; L*~)(T")) if ¢ > 3, where (u,v) is the global solution of
(1.1) furnished by Theorem 2.8. Then

~

T
E(T) <C [‘P(D(T))JF/O (lullz + llo(®)2)dt |, (4.14)
for all T > Ty, where Ty is defined in (4.13), ® is given in (4.3), and C' > 0 is
independent of T'.

Proof. Let T > Ty be fixed. We begin by verifying v € L™ (Q x (0,T)) for all
T € [0,00). Since both u and u, € C([0,T]; L*(Q)), we can write

i)

1 1
< 2m(rmt ||Ut||zlwf+l(nx(o,7’)) + T [luollyty) < oo,

m—+1

u(T)dT + ug dxdt

where we have used the regularity enjoyed by u, namely, u; € L™(Q x (0,T)), and
the assumption uy € L™ (). Note, if m < 5, then ug € L™"() is not an extra
assumption since ug € H' () — L%(Q).

Similarly, we can show v € L™™(Q x (0,T)) and yu € L9 x (0,7T)). It follows
that v and v enjoy, respectively, the regularity restrictions imposed on the test func-
tion ¢ and 1, as stated in Definition 2.1. Consequently, we can replace ¢ by u in
(2.2) and ¥ by v in (2.3), and then the sum of two equations gives

[t vanas] = [tz + e+ [ Qulzg + 1o e

/ / g (w)u + go(vy)v)dadt + / / g(yu)yudldt
= /O /Q [f1(u, v)u + folu, v)v)dadt + /0 /F h(yu)yudT dt. (4.15)
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After a rearrangement of (4.15) and employing the identity (2.6), we obtain

/5 Dt = /(HutH;—i—HUtHQ) —[/mtuﬂtv)dxr
/ /91 ug)u + go(vg)v d:z:dt—/ / g(yuy)yudl'dt
+(p+1) /0 /Q F(u, v)dadt + (k + 1) /0 /F H(yu)dldt.  (4.16)

By recalling (2.7), one has
T
/ E(t)dt </ (el + l|vel|3)dt + [/ (um%—vw)dx}
Q

[/ /|91 up)u + ga(vy)v |d$dt+/ /|g Yy 7u|dth]

1 1
+cA<wwL+wwﬁwa&ﬁ> (4.17)

Now we start with estimating each term on the right-hand side of (4.17).

T
‘ [/ (ugu + vtv)dx} .
Q 0
Notice

]/ﬁu £) + v(o(®)de| < @)l [u®)l, + o ®)l; [0

1. Estimate for

(Hut( Mz + ()2 + oz + o(®)]2) < coé'(2), for all ¢ >0,

where ¢y > 0 is the constant in the Poincaré-Wirtinger type of inequality (2.1). Thus,
by (2.26) and (4.12), it follows that

c
c—2

H/Q(u,su + vtv)da:]j‘ < co(&(T) + &£(0)) < o ( ) (E(T) + E(0))

< ¢ (C ‘ 2> <2E(T) v D(T)). (4.18)

2. Estimate for

T
1 1
léomma+wmz+wmﬁb
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Since p < 5, then by the Sobolev Imbedding Theorem, H'~%(Q) — LP+1(Q), for
sufficiently small § > 0, and by using a standard interpolation, we obtain

llly < Cllullg-siay < Cllullig llulls-

p+1
Applying Young’s inequality yields

2(1=%)(p+1)

1— 6 1 p+1
lullpt < € llullia”™ ™ ully™ < eo H ha™ + Ca llull (4.19)
for all €9 > 0, and where we have required § < _7. By (2.26) and (3.3), one has
2 2
lull <2600 < (25 ) B0 < ( ) EO. (4.20)
? p— C —_—
Since p > 1 and § < m, then % > 2, and thus combining (4.19) and (4.20)
implies
lully iy < eoC(E0)) [lully g + Ce llull;- (4.21)
For each € > 0, if we choose € = 7y, then (4.21) gives
lullyiy < €llullyq + Cle, £(0)) [full; - (4.22)
Replacing u by v in (4.19)-(4.22) yields
lollp21 < ellvlliq + Cle, E0)) lvll5.- (4.23)

Also, since k < 3, then by the Sobolev Imbedding Theorem |yulir1 < C'||ul| g1-5q),
for sufficiently small 6 > 0. By employing similar estimates as in (4.19)-(4.22), we
deduce

yulitt < ellullig + Cle, E(0)) [full;. (4.24)
A combination of the estimates (4.22)-(4.24) yields

T
/ Ul + ol + Pyl
0
T T
§46/ é”(t)dt—kC’(e,E(O))/ (||u||§+||v||§)dt (4.25)
0 0

3. Estimate for

T
2 2
|l +
0
We introduce the sets:

A:={(z,t) € A x (0,T) : Jug(z,t)| < 1}
B :={(z,t) € 2 x (0,T) : |u(z,t)| > 1}.
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By Assumption 1.1, we know g;(s)s > ay|s|™™ > ay|s|? for |s| > 1. Therefore,
applying (4.1) and the fact ¢, is concave and increasing implies,

T
/ HutHgdt—/|ut|2dxdt—|—/ |ug|*dadt
0 A B

S/Wl(gl(ut)ut)dfdt‘f“/91(ut)utdl‘dt
A B

T T
< T|Qp1 </ /gl(ut)utdxdt> +/ /gl(ut)utdxdt» (4.26)
0 Ja 0o Ja

where we have used Jensen’s inequality and our choice of T', namely T|Q| > 1.
Likewise, one has

T T T
/ Hthgdt < T2 (/ /gg(vt)vtdwdt) +/ /QQ(Ut)Utd$dt. (4.27)
0 0o Ja 0 Jo

4. Estimate for

T T
/ / g1 ()t + galon)oldndt + / / l9(yueyyuldrdt.
0 Q 0 T

Case 1: m,r <5 and ¢ < 3.
We will concentrate on evaluating fOT Joy 191 (w)u|dzdt. Notice

T
/ / g1 )l ddt — / g1 )l dedt + / g1 g | e
0 Q A B

(/OTHqudt); (/A Igl(ut)|2da:dt)é+/B|g1(ut)u|dxdt

T
< e/ é"(t)dt—i—C’e/ |gl(ut)|2dmdt—|—/ |g1 (ue)u|dzdt (4.28)
0 A B

IN

where we have used Holder’s and Young’s inequalities. By (4.1), Jensen’s inequality
and the fact T|Q| > 1, we have

/A (g2 () 2t < /A o1 (g1 (un)uy)dzdt < T|Q gy ( /O ' /Q gl(ut)utdmdt>. (4.29)

Next, we estimate the last term on the right-hand side of (4.28). Since m < 5, then
by Assumption 1.1, we know |gi(s)] < by|s|™ < by|s|® for |s| > 1. Therefore, by
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1 5
& G
/ |u|6da:dt) (/ |g1(ut)|gdxdt>
B B

(
(/OTHuII‘gdt)é (/B |gl(ut)‘|gl<ut)’édxdt>g

<of ( /OTnuuSdt)é( [ latwlluldsar) " (a0

By recalling inequality (2.25) which states &(t) < d (355), for all t > 0, we have

C
c—

T T T T
/ all® dt < 0/ ul® o dt < c/ £t dt < o/ (1)t (4.31)
0 0 0 0
Combining (4.30) and (4.31) yields

[ nguiasar <0 ([ s0a)’ ([ [ o)

T T
< e/ E(t)dt + C’e/ /gl(ut)utdxdt (4.32)
0 0o Jo

where we have used Young’s inequality.
By applying the estimates (4.29) and (4.32), we obtain from (4.28) that

T T
/ / |g1 (wg)uldxdt < 26/ E(t)dt
0 Q 0

T T
+ C.T|Q ¢y (/ /gl(ut)utdxdt) + Ce/ /gl(ut)utd:ﬁdt, if m <5. (4.33)
0 Ja 0 Ja

Similarly,

T T
/ /Igz(vt)vldwdt < 26/ & (t)dt
0 Q 0

T T
+ C.T|Qps (/ /gg(vt)vtdxdt) + C’e/ /gg(vt)vtdxdt, if »<5. (4.34)
o Ja o Jo

Likewise, since T|I'| > 1, we similarly derive

T T
/ /|g(7ut)7u|dfdt < 26/ E(t)dt
o Jr 0

T T
+ C.T|l|p </ /g(vut)vutdfdt> + C’e/ /g(vut)vutdfdt, if ¢ <3. (4.35)
o Jr o Jr

Holder’s inequality, we deduce

/ lgn Yl drdt <
B

5
6

Case 2: max{m,r} > 5 or g > 3.
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In this case, we impose the additional assumption v € L®(R*; L2m=D(Q)) if
m > 5, ve LPRY; L2-D(Q)) if r > 5, and yu € L®(RY; L2e~(T)) if ¢ > 3.

We evaluate the last term on the right-hand side of (4.28) for the case m > 5. By
Holder’s inequality, we have

1

. T =
/B g1 (wg )u|dzdt < { /B g1 (ue)| dzdt] { / |u|m+1dmdt} . (4.36)

Since |g1(s)| < by|s|™ for all |s| > 1, one has

/ g0 )| 5 et = / 191 llgn () [t < b7 / gr ()l dedr.  (4.37)
B B B

We evaluate the last term in (4.36) using Holder’s inequality:

- T
/’u\m“dxdtS/ /\u!Q\ulmldﬂcdtﬁ/ HquHqu”(;j_n dt
B 0 Ja 0 2

T
< Cllu HLOO . 1)(9))/0 E(t)dt. (4.38)

Now, combining (4.36)-(4.38) yields

/ g1 g et
B

_1
m—+1 m+41
m—+1
<Pl (/ swie) " ([ lntwolludoat)

T
<ellu ||LOO R T ))/0 é"(t)dt—l—Ce/o /ﬂgl(ut)utda:dt (4.39)

where we have used Young’s inequality.
By (4.28), (4.29) and (4.39), one has

T
/ /|91 up)uldzdt < e(1+\|u||m ST Q)))/O E(t
T
+ C. Ty </ /gl(ut)utd:cdt> + C. /g1 up)ugdxdt, if m > 5. (4.40)
0 Jo 0 Ja

Similarly, we can deduce

T T
r—1
| [mteoetdzar < e (141072 i) | €6

T
+ C.T |2 </ /gg(vt)vtdazdt) + C, /gg vp)vgdadt, if r>5; (4.41)
o Ja 0o Ja



SYSTEMS OF WAVE EQUATIONS 23

and

T
[ [zt < e (14 i g ) [ S0
0

+ C.T || (/ /g(’yut)”yutdfdt) —i—C’e/ /g(’yut)fyutdfdt, if ¢ >3. (4.42)
o Jr o Jr

Now, if we combine the estimates (4.17), (4.18), (4.25)-(4.27), (4.33)-(4.35), (4.40)-
(4.42), then by selecting e sufficiently small and since T' > Ty > 1, we conclude

3 [ €0t <a(55) B+ D) + e BO) [ (ull+ lolfa

0

+ 1 C(e, |9, [T))2(D(T)). (4.43)
Since &(t) > E(t) for all t > 0 and E(t) is non-increasing, one has

/ st Bt > TE(T). (4.44)

Appealing to the fact T > Ty > 8¢ (=5 ) then (4.43) and (4.44) yield

1 c
1B < (55) D)+ 0l EO) [ (i + ol
LT Cfe. | T)(D(T)). (4.45)
Since T > 1, dividing both sides of (4.45) by T yields
1 c T
1B < a0 (55 D)+ e EO) [ (lulf + olja

c_
Cle, [2f, [T))@(D(T)). (4.46)
Finally, if we put C' := 4[c, (=5) + C(e, |9, 1) + C(e, E(0))], then (4.46) shows

B(T) < € [@(D(T)) + [z + ||v<t>u§>dt] (4.47)
for all T'> Ty = max{1, %I ﬁ,8co (c_%)} O

4.2. Explicit Approximation of the “Good” Part VW, of the Potential Well.
In order to estimate the lower order terms fOT(Hu(t)Hg + [Jo(t)||2)dt in (4.14), we shall

construct an explicit subset W; C W, which approximates the “good” part of the
well W;. By the definition of J(u,v) in (2.9) and the bounds in (2.7), it follows that

1 2 2 1 1
T(w,0) = S(lulli o + [0l o) = Ml + Il5T + [vulity).
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By recalling the constants defined in (2.28), we have

1 ket 1
T,0) 2 Sl + Nollf ) = MB (el + 1wl7) = MR, ullh
1
> (w3 — MBy (o)l = MB, |, 0)]5 (4.48)

where X = H'(Q) x H}(Q).
By recalling the function G(s) defined in (2.27), namely

1
G(s) = 532 — MRys"™" — M Rys™,

then inequality (4.48) is equivalent to
J(u,v) = G([[(u, 0)] x)- (4.49)
Since p, k > 1, then
G'(s)=s(1—MRi(p+1)s"" — MRy(k + 1)s* )
has only one positive zero at, say at sog > 0, where s, satisfies:
MRy (p+1)s8™" + MRy(k 4 1)sh7! = 1. (4.50)

It is easy to verify that sup,c(p o) G(5) = G(s0) > 0. Thus, we can define the following
set as in (2.29):

Wi = {(u,v) € X : ||(u,0)||x < s0, J(u,v) < G(s0)}.

It is important to note W is not a trivial set. In fact, for any (u,v) € X, there exists
a scalar € > 0 such that e(u,v) € W;. Moreover, we have the following result.

Proposition 4.2. Wl 1s a subset of W;.

Proof. We first show G(s¢) < d. Fix (u,v) € X\{(0,0)}, then (4.49) yields J(A(u,v)) >
G(A|[(u,v)|y) for all A > 0. It follows that

sup J(A(u,v)) > G(s0)-

A>0

Therefore, by Lemma 2.7, one has

d= inf sup J(A(u,v)) > G(sg). 4.51
(w)EXN (00} roh (Aw,v)) 2 G(s0) (4.51)
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Moreover, for all ||(u,v)||y < so, by employing (2.7) and (2.28), we argue

(p+1) /Q F(u,v)dz + (k+ 1) /F H(vyu)dll

< (p+ MRl + [vIT5) + (k + DM R, Jullf )

< N o) [0+ DM R )5 + (k + DM By | (u,v) 5

< (w0) % [0+ MRS + ( + 1)MRysh ]

= l(w,0)l% = lull}q + ol (452)

where we have used (4.50). Therefore, by the definition of W, it follows that W, C
Wi. O

For each fixed sufficiently small § > 0, we can define a closed subset of W as in
(2.30), namely,

WE = {(u,0) € X ¢ |[(u,0)lx < 500, J(u,v) < G(so— )},
and we show WY is invariant under the dynamics.

Proposition 4.3. Assume 6 > 0 is sufficiently small and E(0) < G(so —6). If
(u,v) is the global solution of (1.1) furnished by Theorem 2.8 and (ug,vo) € W2, then
(u(t),v(t)) € WP for all t > 0.

Proof. By the fact J(u(t),v(t)) < E(t) < E(0) and by assumption £(0) < G(sg —9),
we obtain J(u(t),v(t)) < G(so—6) forallt > 0. To show ||(u(t),v(t))| x < so—0 for all
t > 0, we argue by contradiction. Since ||(uo, vo)||x < so—0 and (u,v) € C(RT; X), we
can assume in contrary that there exists t; > 0 such that ||(u(t1), v(t1))]|y = so—d+e€
for some € € (0,0). Therefore, by (4.49) we obtain that J((u(t1),v(t1))) > G(sg—0 +
€) > G(so — 0) since G(t) is strictly increasing on (0, sp). However, this contradicts
the fact that J(u(t),v(t)) < G(sg —0) for all t > 0. O

4.3. Absorption of the Lower Order Terms.

]Firoposition 4.4. In addition to Assumptions 1.1 and 2.4, further assume (ug,vg) €
W? and E(0) < G(sg—0) for somed > 0. If1 <p <5 and1 < k < 3, then the global
solution (u,v) of the system (1.1) furnished by Theorem 2.8 satisfies the inequality

/0 (lu@)ll; + llo@®)]l)dt < Cr@(D(T)) (4.53)

for all T > Ty, where Ty is specified in (4.13).

Proof. We follow the standard compactness-uniqueness approach and argue by con-
tradiction.
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Step 1: Limit problem from the contradiction hypothesis. Let us fix
T > Tjy. Suppose there is a sequence of initial data

{ug, v, u, op} © WY X (L2(Q))?
such that the corresponding weak solutions (u™,v") verify
(D, (T
D)
e Jo (lum @l + o (@)ll)dt

T T
:/ /[gl(u]?)uf+92(vf)vf]da:dt—l—/ /g(vu?)vu?dfdt.
0 Q 0

By the energy estimate (2.25), we have fOT(Hu”(t)H; + | (1)|3)dt < 2Td (-5) for
all n € N. Therefore, it follows from (4.54) that

lim ®(D,(T)) = 0. (4.55)

n—o0

By recalling (4.26)-(4.27) and (4.55), one has

T
T [l + o e = o (4.56)

By Assumption 1.1, we know a1\3|m+1 < gl(s)s < by|s|™*! for all |s| > 1, and so

— 0, (4.54)

where

1]
91 (5)| 5 < b s < b —gl( )s, for all |s| > 1. (4.57)
In addition, since g; is increasing and vanishing at the origin, we know

lg1(s)| < by, for all |s| < 1. (4.58)
If we define the sets

A, ={(x,t) € Qx (0,7T) : |uf(x,t)] <1}
B, = {(x,t) € Qx (0,T) : |uf(x,t)] > 1}, (4.59)

then (4.57) and (4.58) imply

T
/ /|91(U?)’Td9ﬁdt:/ ’91(“?)’wadt+/ \gl(ut)\mTdedt
0o Jo A,

<b m \Q\T+b " —/ /g1 uy Juy dxdt. (4.60)

Since fo Jo g1 (u)updadt — 0, as n — oo, (implied by (4.55)), then (4.60) shows

Sup/ /|g1(uf)|m4:1dmdt < 0. (4.61)
Q

neN Jo
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Note (4.56) implies, on a subsequence, uy — 0 a.e. in Q2 x (0,7). Thus, ¢g1(u}) — 0
a.e. in © x (0,7). Consequently, by (4.61) and the fact mT“ > 1, we conclude,

gi(ul') = 0 weakly in L™ (Q x (0,7)). (4.62)
Similarly, by following (4.57)-(4.61) step by step, we may deduce
sup/ /|g )| + dldt < co. (4.63)
neN

Notice (4.55) shows fOT Jr g(yup)yupdldt — 0 as n — oco. So on a subsequence
g(yup)yup — 0 a.e. in I" x (0,7), and since g is increasing and vanishing at the
origin, we see g(yuy) — 0 a.e. in I' x (0,T"). Therefore, by (4.63), it follows that

g(yuy) — 0 weakly in L (F x (0,7)). (4.64)

Now, notice (2.25) implies that the sequence of quadratic energy &, (t) := %(Hu"”fﬂ +
||v”||?Q+||u?||§+||vf||§) is uniformly bounded on [0, T]. Therefore, {u", v"™, u}, v]'} is a
bounded sequence in L (0, T; H* () x H3 () x L*(Q) x L*(©)). So, on a subsequence,

we have
u" — u weakly” in L™®(0,T; H'(Q2)),
V" — v weakly” in L(0,T; Hy(€2)). (4.65)

We note here that for any 0 < ¢ < 1, the imbedding H'(Q) — H'~¢(Q) is compact,
and H'™¢(Q) < L*(Q). Thus, by Aubin’s Compactness Theorem, for any o > 1,
there exists a subsequence such that

u" — u strongly in L*(0,T; H'™¢(Q)),
v™ — v strongly in L*(0,T; Hy “(2)). (4.66)

In addition, for any fixed 1 < s < 6, we know H'7¢(Q) — L*(Q) for sufficiently small
e > 0. Hence, it follows from (4.66) that

u" — u and v" — v strongly in L*(Q2 x (0,7)), (4.67)
for any 1 < s < 6. Similarly, by (4.66), one also has
yu" — yu strongly in L*°(T" x (0,7)), (4.68)
for any sg < 4. Consequently, on a subsequence,
u" — u and " — v ae. in Q x (0,7),
yu" — yu a.e. in ' x (0,7). (4.69)
Now let ¢ € (0,T) be fixed. If ¢ € C(Q x (0,1)), then by (3.4), we have
|fi(w™, ") < C(Ju"P + [v"|P) in Q x (0,t), j=1,2. (4.70)
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Since p < 5, using (4.67), (4.69)-(4.70) and the Generalized Dominated Convergence
Theorem, we arrive at

T}i_)rrolo/ot/ngj(u”,v”)gbda:dT:/Ot/ij(u,v)qﬁda:dT, j=1,2. (4.71)

Similarly, applying (4.68)-(4.69), the assumption k& < 4 and |h(s)| < C|s|*, we may

deduce
t t
lim / /h(vu”M(bdFdT:/ /h(vu)vgbdFdT. (4.72)
n=eeJo Jr 0 Jr

If we select a test function ¢ € C(Q2 x (0,t)) N C([0,t]; H'(2)) such that ¢(t) =
#(0) = 0 and ¢; € L*(2 x (0,t)), then (2.2) gives

/t[ (uy, de)a + (u de+/ /gl ur ¢dmd7+/ / g(yul)yodldr
/ / Fi(u” v pdzdr + / / (yu™)ypdldr. (4.73)

By employing (4.56), (4.62), (4.64), (4.65), (4.71)-(4.72), we can pass to the limit in
(4.73) to obtain

/0 t(u, $)radr = /0 t /Q fi(u, v)pdrdr + /O t /F h(~yu)y¢ddr. (4.74)

Now we fix ¢ € H'(Q) N C(Q) and substitute ¢(x, 7) := 7(t — 7)¢(z) into (4.74).
Differentiating the result twice with respect to ¢ yields

}da= [ At ¢dx+3[}wwuu»v&dr. (4.75)

If we select a sequence ¢, € H'(Q) N C(Q) such that ¢, — u(t) in H(Q), for a
fixed ¢, then ¢, — u(t) in L5(2). Now, since |f1(u,v)| < C(|ul? + [v[?) with p < 5,
|h(s)] < C|s|* with k < 3, then by Hélder’s inequality, we can pass to the limit as
n — oo in (4.75) (where ¢ is replaced by ¢,), to obtain

HUHm—/ﬁ UM+£MMWWWW~ (4.76)

In addition, by repeating (4.73)-(4.76) for (2.3), we can derive

IWHm—/h Jo(t)dz. (4.77)
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Adding (4.76) and (4.77) gives
lu@)l: o + ()] :/Q(fl(u(t),v(t))u(t) + fa(ult), v(t))v(t))dx
+/h(7u(t))7u(t)df, for any t € (0,7). (4.78)

Next, we show (u(t),v(t)) € W? ae. on [0,T]. Indeed, by (4.65)-(4.66) and
referring to Proposition 2.9 in [27], we obtain, on a subsequence

u"(t) — u(t) weakly in H*(Q) a.e. t € [0,T];
v"(t) — v(t) weakly in Hy(Q) a.e. t€[0,T]. (4.79)
It follows that
[u(@)]l, o < liminf{lu®()], o and [jo(®)]l; q < Tminf 0" ()], o, (4.80)

for a.e. t € [0,T]. Since the initial data {u?,v3} € W? and E(0) < G(so — §), then
Proposition 4.3 shows the corresponding global solutions {u"(t),v"(t)} € WY for all
t > 0. Then, by the definition of WY one knows ||(u"(t),v"(t))|x < so — 9, and
J(u"(t),v"(t)) < G(so—6) for all ¢ > 0. Thus, (4.80) implies ||(u(t),v(t))|lx < so—9
a.e. on [0,T]. In order to show J(u(t),v(t)) < G(sy — 0) a.e. on [0,T], we note that
G(so —0) = J(u"(t),v"(t))
1
= 5 Olho + 10" @he) = [ Fae®.0@)ds = [ Hewr @), @8

Since the imbedding H*(2) — H'~¢(Q) is compact and p < 5, k < 3, we obtain from
(4.79) that

u"(t) — u(t), v"(t) — v(t) strongly in LP**(Q), a.e. on [0,T]
yu"(t) — yu(t) strongly in L*™(T), a.e. on [0,7). (4.82)

By (2.7), (4.82) and the Generalized Dominated Convergence Theorem, one has, on
a subsequence

lim F(u"(t),v"(t))dx—/QF(u(t),v(t))d:r;, a.e. on [0,7],

n—oo Q

lim [ H(yu"(t))dl = /FH(yu(t))dF, a.e. on [0,7]. (4.83)

n—oo T

Applying (4.80) and (4.83), we can take the limit inferior on both side of the inequality
(4.81) to obtain

G(so—9) > J(u(t),v(t)), a.e. on [0,T].
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Hence (u(t),v(t)) € W? € Wy a.e. on [0,T]. Therefore, by the definition of W and
(4.78), necessarily we have (u(t),v(t)) = (0,0) a.e. on [0,T]. Therefore, (4.67) implies

u" — 0 and v" — 0 strongly in L*(Q2 x (0,7")), for any s < 6. (4.84)

Step 2: Re-normalize the sequence {u",v"}. We define

1
T 2
N, = ( [ g+ Hv"Hé)dt)

By (4.84), one has v — 0 and v — 0 in L*(Q2 x (0,7T)), and so, N, — 0 as
n — oo. If we set

y" :Xf—nandz" :K[—n,
then clearly
g 2 2
|13+ 1) = 1. (1.85)
0
By the contradiction hypothesis (4.54), namely
. 2(D,(T))
nll_)fglo Tﬁ =0, (4.86)

and along with (4.26)-(4.27), we obtain

T n2 n2
fo (lug |5 + llof'll5)de _

ik N2 -
which is equivalent to
g 2 2
tim [l + =712t = o (487)
We next show
% — 0 strongly in LmTH(Q x (0,7)). (4.88)

Recall the definition of the sets A, and B,, in (4.59). Since N,, — 0 as n — 0o, we
can let n be sufficiently large such that N,, < 1, then by using (4.1), (4.57), Holder’s
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and Jensen’s inequalities we deduce

/ / 9| gy — / 91]\2‘: dxdt+/n glj\;:t dadt
m+1
( am 1 N ==
C(T,|9]) An N, d dt +m ]gl(ut)] m drdt
m+1 bL‘H
2m m
C(T, 1)) ( (¢ ut)ut)da:dt) + aiNQ/ g1 (uy )uy' dedt
o(D T b (D, (T
< C(T,|9]) 2D (1)) ( + 2 (Da ))—>O, as n — oo,
N ar N}
where we have used (4.86) and the fact T'> Ty > ﬁ Thus, our desired result (4.88)
follows.
Likewise, we can prove
gtvur) — 0 strongly in L (F x (0,7)). (4.89)

n

Let E, be the total energy corresponding to the solution (u",v™). So (2.26) shows

)
E,(t) >0 for all t > 0. Also by (4.14) and (4.85)-(4.86), we obtain lim,,_, ., 222

N2
En T)} is umformly bounded The energy identity (4.12) shows

IN

C, which implies {
E.(T)+ D,(T) = E,(0), and thus
since E!(t) < 0 for all ¢ > 0, one has E”(t)} is uniformly bounded on [O T], and
along with the energy inequality (2.26), we conclude that the sequence

gn@) 1 n||2 n||2 n| 2 nn2
{2 = S0 o+ 1271 0+ Il + 12215) }

is uniformly bounded on [0,7], where &, is the quadratic energy corresponding
to (u™,v"). Therefore, {y", 2", 4", 2"} is a bounded sequence in L>(0,T; H'(2) x
Hi(Q) x L*(2) x L*(Q)). Therefore, on a subsequence,

y" — y weakly® in L>(0,T; H'(Q)),
2" — 2 weakly” in L°(0,T; Hy(12)). (4.90)
As in (4.66)-(4.69), we may deduce that, on subsequences
y" — y and 2" — 2z strongly in L*(2 x (0,7))), (4.91)
for any s < 6, and
vy" — vy strongly in L*°(I" x (0,7))), (4.92)
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for any sg < 4. Note (4.85) and (4.91) show that

T T
B [l 10t = [l + =12 = 1 (193)

However, by Holder’s inequality,

T T 3 T . H
/ / [y ||u™ P dadt < (/ / ]y"!%xdt) (/ / \u"\4(p_1)d3:dt>
0 Ja o Jo 0 Ja

— [l zs@x oy -0 =0 (4.94)
where we have used (4.91), (4.84) and the fact 2(p — 1) < 5.
Similarly,
T T
lim / / |2"|[v" P dzdt =0 and lim / / vy | |yu"*tdldt = 0. (4.95)
Since | f;(u™,v™)| < C(Ju"P + |v™P), j = 1,2, it follows that,

—f](u’v)wmgc/ Lyt e dedr — 0, (496)

Iy

forany t € (0,7), ¢ € C(Q x (0,t)), and where we have used (4.94)-(4.95). Likewise,

7“ ¢‘d1“dr < C/ /|fyy l|lyu™[F~1dTdr — 0. (4.97)

Dividing both 81des of (4.73) by N, yields

/t[ v 0o+ (v 1ﬂdT+//g1 ¢dwdr +// 90U, garar
//flu ) bt +// U s garar. (4.98)

where ¢ € C(Qx (0,t)) N C([0,1]; Hl(Q)) such that ¢(t) = ¢(0) = 0 and ¢, €
L2(Q x (0,1)).

By using (4.87), (4.88)-(4.89), (4.90), and (4.96)-(4.97), we can pass to the limit in
(4.98) to find

t
/ (y", @)1 0dr =0, forall t € (0,T). (4.99)
0
Now, fix an arbitrary ¢ € H'(Q) N C(Q) and substitute ¢(z,7) = 7(t — 7)¢(z) into
(4.99). Differentiating the result twice yields
(y(t), d)r.o =0, for all t e (0,T), (4.100)

which implies y(t) = 0 in H'(Q) for all ¢ € (0,7T'). Similarly, we can show z(¢) = 0 in
Hy(Q2) for all t € (0,T). However, this contradicts the fact (4.93). Hence, the proof
of Proposition 4.4 is complete. O
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Remark 4.5. We can iterate the estimate (4.53) on time intervals [mT, (m + 1)T7,
m =0,1,2, ..., and obtain

(m+1)T
/ (lu(®)|3 + [o®)]2)dt < Cr®(D(T)), m =0,1,2,... (4.101)

mT
It is important to note, by the contradiction hypothesis made in the proof of Propo-
sition 4.4, the constant C7 in (4.101) does not depend on m.

4.4. Proof of Theorem 2.9. We are now ready to prove Theorem 2.9: the uniform
decay rates of energy.

Proof. Combining Propositions 4.1 and 4.4 yields E(T) < C(1 4 C7)®(D(T)) for all

N

T > To. If we set &p = C(1 + Cr)®, where Cr is as given in (4.53), then the energy
identity (4.12) shows that

E(T) < ©7(D(T)) = r(E(0) — E(T)),
which implies
E(T) + ;' (E(T)) < E(0).
By iterating the estimate on intervals [mT, (m + 1)T], m = 0,1,2, ..., we have
E((m+1)T) + &' (E((m+ 1)T)) < E(mT), m=0,1,2,...
Therefore, by Lemma 3.3 in [19], one has

E(mT) < S(m) for all m=0,1,2, ... (4.102)
where S is the solution the ODE:
S'+ 1[I —(I+ @;1)*1}(5) =0, S(0)=E(0), (4.103)

where [ denotes the identity mapping. However, we note that
[—(IT+0) = +27)o(I+27" ) = (I+ 7)) =07 o (I +@71) 7"
=0 o (Prod it + ) = odro (I +Op) = (1 +dp)7
It follows that the ODE (4.103) can be reduced to:
S+ (I+®7)'(S)=0, S(0)=E(0), (4.104)

where (4.104) has a unique solutions defined on [0, c0). Since @7 is increasing passing
through the origin, we have (I + ®7)~! is also increasing and vanishing at zero. So
if we write (4.104) in the form S’ = —(I + ®7)7!(S), then it follows that S(¢) is
decreasing and S(t) — 0 as t — oo.

For any ¢t > T, there exists m € N such that t = mT + § with 0 < § < T, and so
m = > £+ —1. By (4.102) and the fact E(t) and S(t) are decreasing, we obtain

t_ 0
T T

E(t)=E(mT +0) < E(mT)<S(m)<S (% — 1) , forany t >7.  (4.105)
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If g1, g2, g are linearly bounded near the origin, then (4.5) shows that ¢1, ¢a, ¢
are linear, and it follows that ®7 is linear, which implies (I + ®7)~! is also linear.
Therefore, the ODE (4.104) is of the form S’ 4+ wyS = 0, S(0) = E(0) (for some
positive constant wg), whose solution is given by: S(t) = E(0)e **. Thus, from
(4.105) we know

E(t) < B(0)e (771 = (¢w0 B(0))e~ 7

for £ > T'. Consequently, if we set w := 7¢ and choose C sufficiently large, then we
conclude

E(t) < CE(0)e ™, t >0,

which provides the exponential decay estimate (2.31).

If at least one of g1, g2 and g are not linearly bounded near the origin, then we can
show the decay of E(t) is algebraic. Indeed, by (4.8) we may choose ¢1(s) = Cys™,
©a(s) = Ca5%2, p(s) = C3s7, where 0 < 21, 29, 2 < 1 are given in (4.9). Also recall that
jr=max{X, L 1} > 1 as defined in (4.10). Now, we study the function (I + ®7)!.

217 297 2

Notice, if y = (I + ®7)"!(s) for s > 0, then y > 0. In addition,
s=(I+®r)y=y+CL+Cr)(pi(y) + p2(y) + oly) +9)
< Clpr(y) + e2(y) + o(y) +y) < Cy™™ =22k forall 0 <y < 1.
It follows that there exists Cy > 0 such that y > Cps? for all 0 <y < 1, i.e.,
(I +®7)(s) > Cys’ provided 0 < (I + ®7)7'(s) < 1. (4.106)

Recall we have pointed out that S(t) is decreasing to zero as t — oo, so (I +
dr)~1(S(t)) is also decreasing to zero as t — co. Hence, there exists ¢5 > 0 such that
(I +®7)71(S(t)) <1, whenever t > ty. Therefore, (4.106) implies

S'(t) = —(I + 7)1 (S(t)) < —CoS(t) if t > t.
So, S(t) < S(t) for all t > t, where S is the solution of the ODE
S'(t) = —CoS(t), S(to) = S(to). (4.107)
Since the solution of (4.107) is
S(t) = [Co(j — 1)(t — to) + S(ty) ] 77 for all t > t,,
and along with (4.105), it follows that

=41 535 ) - oo (101 0]

for all t > T'(to + 1). Since S(ty) depends on the initial energy F(0), there exists a
positive constant C'(E(0)) depending on E(0) such that

E(t) < C(BE(0))(1+¢t)"77, forall t>0,
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where j > 1. Thus, the proof of Theorem 2.9 is complete. O

5. BLOW-UP OF POTENTIAL WELL SOLUTIONS

This section is devoted to prove the blow up result: Theorem 2.10. We begin by
showing W is invariant under the dynamics of (1.1). More precisely, we have the
following lemma.

Lemma 5.1. In addition to Assumptions 1.1 and 2.4, further assume that (ug,vy) €
Wy and E(0) <d. If 1 <p <5 and 1l < k < 3, then the weak solution (u(t),v(t)) €
Wy for allt € [0,T), and
1 k+1
a2 g + Ilo(®)]% ¢ > 2min {% k—fl} d, for all t € [0,T), (5.1)
where [0,T) is the mazimal interval of existence.

Proof. Since E(0) < d, we have shown in the proof of Theorem 2.8 that (u(t),v(t)) €
W for all t € [0,T). To show that (u(t),v(t)) € W for all t € [0,T"), we proceed by
contradiction. Assume there exists t; € (0,7) such that (u(t1),v(t1)) & Wha, then it
must be (u(t1),v(t;)) € Wy. Recall that the weak solution (u,v) € C([0,T); H' () x
Hi(€2)), and in the proof of Theorem 2.8 we have shown the continuity of the function

Fs (p+1)/F(u(t),v(t))dt+(k+1)/H(7u(t))dF.

Q r

Since (u(0),v(0)) € Ws and (u(t1),v(t1)) € Wi, it follows that there exists s € (0, ¢4]
such that

Juls)ia+ Io(e)lEa =0+ 1) [

F(u(s), v(s))dz + (k +1) / H(yu(s))dl.  (5.2)
Q r

Now we define t* as the infinimum of all s € (0, ] satisfying (5.2). By continuity,
one has t* € (0, ;] satisfying (5.2), and (u(t),v(t)) € Ws for all ¢ € [0,¢*). Thus, we
have two cases to consider.

Case 1: (u(t*),v(t*)) # (0,0). Since t* satisfies (5.2), it follows (u(t*),v(t*)) € N,
and by Lemma 2.6, we know J(u(t*),v(t*)) > d. Thus E(t*) > d, contradicting
E(t) < E(0) <dforallt €[0,7T).

Case 2: (u(t*),v(t*)) = (0,0). Since (u(t),v(t)) € Wy for all t € [0,t*), by utilizing
a similar argument as in the proof of Theorem 2.8, we obtain ||(u(t),v(t))|x > s1,
for all t € [0,¢*), where s; > 0. By the continuity of the weak solution (u(t),v(t)), we
obtain that ||(u(t*),v(t*))]|x > s1 > 0, contradicting the assumption (u(t*),v(t*)) =
(0,0). It follows that (u(t),v(t)) € Wy for all t € [0,T).

It remains to show inequality (5.1). Let (u,v) € Ws be fixed. By recalling (2.20)
in Lemma 2.7 which states that the only critical point in (0,00) for the function
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A= J(A(u,v)) is A\g > 0, where \q satisfies the equation

(Iulfiq -+ ollie) = o+ 137"

F(u,v)dx + (k+ 1A / H(yu)dl'.  (5.3)

Since (u,v) € Wh, then Ay < 1. In addition, we recall the function A\ — J(A(u,v))
attains its absolute maximum over the positive axis at its critical point A = Ag. Thus,
by Lemma 2.7 and (5.3), it follows that

4. sup J(\(w,)) = Tl 0))
A>0
1
= 3Rl + ol ) = 47 [ Flawoids 287 [ s
1 1
e} e+ )
b(lull o + ol )

1 2 2 .
<% |5 lulq + ol q) ~ min {

1

-1 k-1
zﬁAgmax{p

p+1k+1
Since A\g < 1, one has
2d . [p+1 k+1 . [p+1 E+1
2 2
lully o + llvllq = 3z nin {pTr m} > 2min {m’ m} d,
completing the proof of Lemma 5.1. 0

Now, we prove Theorem 2.10: the blow up of potential well solutions.

Proof. In order to show the maximal existence time T is finite, we argue by con-
tradiction. Assume the weak solution (u(t),v(t)) can be extended to [0,00), then
Lemma 5.1 says (u(t),v(t)) € Wy for all ¢t € [0,00). Moreover, by the assumption
0 < E(0) < pd, the energy E(t) remains nonnegative:

0 < E(t) < E(0) < pd for all t € 0,00). (5.4)

To see this, assume that E(ty) < 0 for some t; € (0,00). Then, the blow up results
in [15] assert that
lu@ll1 0 + l0@)]ly,q = oo,

as t — T, for some 0 < T < o0, i.e., the weak solution (u(t),v(¢)) must blow up in
finite time, which contradicts our assumption.
Now, define

N(t) = [[u(®)ll5 + @5,

S(t) ::/QF(u(t),v(t))dx+/FH(7u(t))dF > 0.
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Since ug, v; € C([0,00); L2(9)), it follows that

N'(t) =2 /Q[u(t)ut(t) + v(t)vy(t)]dx. (5.5)

Recall in the proof of Proposition 4.1, we have verified v and v enjoy, respectively, the
regularity restrictions imposed on the test function ¢ and v, as stated in Definition
2.1. Consequently, we can replace ¢ by w in (2.2) and ¢ by v in (2.3), and sum the
two equations to obtain:

3V O = [ ot vt [ [ (ol +Padr = [ ol + 1ol g)ar

//g1 ug)u + go(vg)v da:dr—// g(yu)yudl'dr
p+1// (u,v)drdr + (k+1 //Hvudl“dr a.e. [0,00), (5.6)

where we have used (2.6). Since p < 5 and k < 3, then by Assumption 1.1, one can
check that the RHS of (5.6) is absolutely continuous, and thus we can dlfferentlate
both sides of (5.6) to obtain

N0 = (el + Tee)2) — (T g+ o, )

2
—1A@mmm+gxwme—/gwmwmw

r

+(p+ 1)/9F(u,v)dx+ (k+ 1)£H(7u)df‘, a.e. [0,00). (5.7)

The assumption |g1(s)| < by|s|™ for all s € R implies

/le(ut(t))U(t)de Sbllllut(t)IWIU(t)ldﬂf

< Cllu g ()l
< Clullp el (5:8)

where we have used Holder’s inequality and the assumption p > m. In addition, the
assumption F'(u,v) > ag(|u[PT! + |[v|P™) for some ap > 0 yields

@2+ OIS < o [ P —se. 69

It follows from (5.8)-(5.9) that

Amwwmw

where we have used Young’s inequality.

< CS)T Ju(t)||m, < eS(E) 7 + Clu (D)L, (5.10)

Hm+1
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Since p > r, we may similarly deduce

/Q gol0n(®))o(t)dz| < eSH)FF 1 C, ()| F: (5.11)

r+1-°

In order to estimate | [, g(yu(t))yu(t)dl'|, depending on different assumptions on
parameters, there are two cases to consider: either £ > q or p > 2q — 1.

Case 1: k > q. In this case, the estimate is straightforward. As in (5.8), we have

< Clyu(t) | pea|yue(t)] 54 - (5.12)

/F 9 (yu(t))yu(t)dz

Since H(s) is homogeneous of order k£ + 1 and H(s) > 0 for all s € R, then H(s) >
min{H (1), H(—1)}|s|*", where H(1), H(—1) > 0. Thus,

/ Iyu(t)|*dl < C / H(yu(t))dl < CS(t). (5.13)
r r
It follows from (5.12)-(5.13), Young’s inequality, and the assumption k > ¢ that

/g(vut(t))W(t)dl“ < CS()F yu ()i, < eSOFT + Clyw (i1 (5.14)
r

Case 2: p > 2q — 1. We shall employ a useful inequality which was shown in [15],
namely,

2TB1 (p-i;ll)ﬁ
s < € (Jali -+ 1l 7)), (5.15)
where 2(";;}(1) < f < 1. Indeed, the proof of (5.15) requires careful analysis involving

the following trace and interpolation theorems:

e Trace theorem:

[yulgp < C HUHWS,q-H(Q)7 where s > m

e Interpolation theorem (see [32]):
W(Q) = [HY(Q), L (Q)ls,

where 7 = - 2p+l) 0 € [0,1], and as usual [+, ]y denotes the interpolation

1-0)(p+1)+26°
bracket.

The reader may refer to [15] for the details of the proof of (5.15).
In addition, since (u(t),v(t)) € Wy for all t > 0, one has

lu(t)]} o + [0(®)][ o < max{p+1,k+1}S(t), forall t>0.  (5.16)
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Now we apply (5.15) and the assumption |g(s)| < bs|s|? to obtain

| [ atru@na(odr| < b [ pu@luorr < bl

28 (pt1)B

28
scowm5+wmﬂl)mmmal
B
< CSOF (b0, < eSE) + Clru@.  (5.07)

where we have used (5.16), (5.9) and Young’s inequality.
Combining (5.7), (5.10)-(5.11), (5.14) and (5.17) yields

1 m .
SN0 + Ce (@) 15753 + e 174 + () 555)

> ()3 + @13 ) = (Il o + @) o)
— (S + 8@ + s(1)”)
+(p+ 1)/QF(U,U)dJI + (k + 1)/FH(7u)dF, a.e. t € [0,00), (5.18)

where

e e if k>,
OB, if p>2g— 1.

Since § < 1, it follows jo < 1.
Rearranging the terms in the definition (2.8) of the total energy E(t) gives

— (IO + 1R ) = (e + T@I) 2 [ Flute) ofo)s
-2 / H(yu(t))dl — 2E(t). (5.19)
It follows from (5.18)-(5.19) that

1 m+1 r—+1
§N”(t) + C. (”ut(t)”mil + ||Ut(t)||ril + [y () Zi})

> (p— 1)/QF(u(t),v<t))dx bk — 1)/FH(7u(t))dF

_2B(t) —¢ (S(t)’é‘%f +S(t)r + S(ty'o) . ae. te0,00). (5.20)
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Since (u(t),v(t)) € Wy for all t € [0, 00), then by Lemma 5.1, we deduce

-1 / Fu(t), v(t))dz + (k - 1) / H(7u(t))dT
> min {F E} (@) q + () 20)

Y1 k1
1 k-1 1 k41

somind 2 Pl P P L9, (5.21)
p+1 k+1 p—l k—1

for all t € [0, 00), where p < 1 is defined in (2.34).
Note (5.4) implies there exists § > 0 such that

0<E(t) <E0)<(1-0)pd for all te€[0,00). (5.22)

Combining (5.20)-(5.22) yields

N” )+ Co (Jue 7+ o + [rue(8)]25])

5

p—1)

\2

))dz + (k — 1) /H yu( ))dl“} +2(1 - 8)pd
—2B(t) - (s<t> SR+ S(P)
> 5[@ 1) /Q Flu(t),v(t))dz + (k — 1)/FH(w(t))dr}

—e (S(t)m + S+ S(t)j°> . ae. te0,00). (5.23)

Now, we consider two cases: S(t) > 1 and S(t) <1

If S(t) > 1, then since p > max{m,r} and j, < 1, one has S(t )% + S(t) ZEg
S(t)o < 35(t). In this case, we choose 0 < € < ¢dmin{p — 1,k — 1}, and thus, (5.23)
and the definition of S(t) imply

SN+ C (T + I + o))
> 5o —1) | Flut).o(0)de + k1) / H(u(t))dr| - 3¢S(1)
Q T
> %5[@— ) /Q F(u(t), v(t))dz + (k — 1) /F H(yu(mdr} > dpd, (5.24)

for a.e. t € [0,00), where the inequality (5.21) has been used.
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If S(t) <1, then S(zﬁ)rz’;T+11 + S(t)z%i + S(t)’0 < 3. In this case, we choose 0 < € <
30pd. Thus, it follows from (5.23) and (5.21) that

]- m+1 r+1
§N”(t) + C. (Hut(t)Hmil + Hvt<t)||r——::1 + |yue(t) ZE)

> (5[(1) —1) /Q F(u(t),v(t))dx + (k — 1)/FH(’yu(t))dF} — 3¢
> 20pd — 3e > dpd, a.e. t € [0,00). (5.25)

Therefore, if we choose € < 6 min{p—1,k—1, 2pd}, then it follows from (5.24)-(5.25)
that

N"(t) +2C, (Jlue() |0} + o115 + [ywe(t)|951) > 20pd, ae. t € [0,00). (5.26)

m+1 r+1

Integrating (5.26) yields

t
N’(t)—N’(O)+2Ce/ (e (D) Iky + () + Iyue()[gin)dr = (20pd)t, (5.27)
0

for all ¢ € [0, 00).
By the restrictions on damping in (2.33), one has

t
[ O 28+ Bl + g2 o

<C (/ / g1 (ug)ug + go(ve)vy dxd7+/ / g(yuy vutdFdT)

E(t)) < Cpd < Cd, for all t € [0,00), (5.28)

where we have used the energy identity (3.1) and the energy estimate (5.4).
A combination of (5.27) and (5.28) yields

N'(t) > (20pd)t + N'(0) — C(e)d, for all t € [0,00). (5.29)
Integrating (5.29) yields
N(t) > (6pd)t* + [N'(0) — C(e)d]t + N(0), for all t € [0,00). (5.30)

It is important to note here (5.30) asserts N (t¢) has a quadratic growth rate as t — oo.
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On the other hand, we can estimate N (t) directly as follows. Note,

w0 = [ fuo+ [ wrrar

t
< 2 ||uolf3 + 2t </ / ]ut(T)Idech')
0 Jo

m— t +1
< 2|ug|? + Ct* e (/ / |ut(7)|m+1dxd7)
0 JQ

< 2|ug)? + Cdmittmit, for all t € [0, 00)

2

dx

where we have used (5.28). Likewise,
[o()]12 < 2 ||vo|l? + Cdrit=i1, for all t € [0, 00).
It follows that
N(t) < 2(|[uol2 + [Jvo]|2) + C(dmrrtmit + dritevin), forall ¢ € [0,00).  (5.31)

Since 2% < 2 and T,% < 2, then (5.31) contradicts the quadratic growth of N(t), as
t — oo. Therefore, we conclude that weak solution (u(t), v(t)) cannot be extended to
[0,00), and thus it must be the case that there exists ty € (0, 00) such that E(ty) < 0.
Hence, the proof of Theorem 2.10 is complete. 0
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