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Abstract. We present the global existence and stability of mild solutions to the
Boltzmann system with inverse power molecular interactions for a binary gas mixture,
when initial data are sufficiently small and decay exponentially in phase space. For the
existence and stability of mild solutions, we employ a modified Kaniel-Shinbrot’s scheme
and a weighted nonlinear functional approach. Time-asymptotic convergence toward the
free molecular motion is established using a weighted collision potential, and we show
that the weighted L1-distance between two mild solutions is uniformly controlled by that
of initial data.

1. Introduction. This paper is devoted to the global existence and stability of mild
solutions to the Boltzmann system for a binary gas mixture in a near free molecular
regime, which is a perturbation of a background vacuum state. Consider the dynamics
of a dilute binary gas mixture consisting of two neutral species A and B. In kinetic
theory, the dynamics of dilute gases are effectively described by velocity moments of
the velocity distribution function. We denote by FA and FB the velocity distribution
functions of species A and B respectively. Then the spatial-temporal evolution of these
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velocity distribution functions is described by the Boltzmann system [5]:

∂tFA + ξ · ∇xFA = QAA(FA, FA) + QAB(FA, FB), x, v ∈ R
3, t > 0,

∂tFB + ξ · ∇xFB = QBB(FB, FB) + QBA(FB, FA),

(FA, FB)(x, ξ, 0) = (FA0, FB0)(x, ξ),

(1.1)

where Qαβ(Fα, Fβ) is the binary collision operator between two species α and β:

Qαβ(Fα, Fβ)(ξ) ≡
∫

R3×S2
+

qαβ(ξ − ξ∗, ω)(Fα(ξ′)Fβ(ξ′∗) − Fα(ξ)Fβ(ξ∗))dωdξ∗, (1.2)

where we used standard abbreviated notation F (ξ) = F (x, ξ, t), and the pre-collisional
velocities (ξ, ξ∗) and post-collisional velocities (ξ′, ξ′∗) satisfy the conservations of mo-
mentum and energy: α, β ∈ {A, B},

mαξ′ + mβξ′∗ = mαξ + mβξ∗,

mα|ξ′|2 + mβ|ξ′∗|2 = mα|ξ|2 + mβ |ξ∗|2,
(1.3)

where mα and mβ are the masses of gas particles in species A and B respectively. These
conservation laws result in the collision transformation: ω ∈ S2

+,

ξ′ = ξ +
2mβ

mα + mβ
[(ξ∗ − ξ) · ω]ω, ξ′∗ = ξ∗ −

2mα

mα + mβ
[(ξ∗ − ξ) · ω]ω. (1.4)

Since our framework is near a vacuum, we employ the notation in [13]:

F �
α(x, ξ, t) ≡ Fα(x + tξ, ξ, t), Qαβ�(Fα, Fβ)(x, ξ, t) ≡ Qαβ(Fα, Fβ)(x + tξ, ξ, t).

We integrate (1.1) along the particle path to find the mild form:

F �
A(x, ξ, t) = FA0(x, ξ) +

∫ t

0

[QAA�(FA, FA) + QAB�(FA, FB)](x, ξ, s)ds,

F �
B(x, ξ, t) = FB0(x, ξ) +

∫ t

0

[QBB�(FB, FB) + QBA�(FB, FA)](x, ξ, s)ds.

(1.5)

Definition 1.1. Let T be a given positive number, and let FA, FB ∈ C([0, T ) be
nonnegative functions. Then L1

+(R3×R
3) are the mild solutions of (1.1) with nonnegative

initial data FA0, FB0 respectively if and only if for all t ∈ [0, T ) and a.e. (x, ξ) ∈ R
3×R

3,
FA, FB satisfy the system of integral equations (1.5) in the pointwise sense.

For a single-component gas in a near free molecular regime, there are a lot of works
available on the global existence of solutions [3, 4, 7, 12, 13, 14, 21, 22] and uniform
stability with respect to initial data [6, 9, 10], while the corresponding issues for multi-
component gases have not been much addressed in the previous literature (see [18]).
The mathematical analysis of (1.1) with suitable boundary and initial conditions is a
very formidable job; hence several simplified kinetic models [8, 11, 15] similar in spirit
to the BGK model for the Boltzmann equation have been studied. Recently K. Aoki
and S. Takata and their group have systematically studied multi-component gases on
the evaporation, condensation problem, hydrodynamic limit and gas separations using
asymptotic analysis and numerical experiments in a series of papers [1, 2, 16, 17, 19, 20,
23, 24].
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THE BOLTZMANN SYSTEM FOR GAS MIXTURES 759

The purpose of this paper is to establish the global existence and uniform stability
of mild solutions to (1.1) in the framework of [9, 12]. First we modify Illner-Shinbrot’s
scheme for a single-component gas to a binary gas mixture. Secondly, we introduce
nonlinear collision potentials which incorporate the multi-component nature of gases.
Throughout the paper, we use the following notation: for α ∈ {A, B},

ϕα,r(ξ) ≡ (1 + mα|ξ|2)
r
2 , r ≥ 0, ‖Fα(t)‖L1

α,r
≡ ‖Fα(·, ·, t)‖L1(ϕα,rdxdξ),

Mα(x, ξ) ≡ e−mα(p|x|2+q|ξ|2), p, q > 0,

Sα ≡ {F ∈ C(R+; L1(R3 × R
3)) | |F �(x, ξ, t)| ≤ δαMα(x, ξ) for some δα > 0},

‖F‖α ≡ sup
0≤t<∞

sup
x,ξ∈R3

[ emα(p|x|2+q|ξ|2)|F �(x, ξ, t)| ].

We next list the main assumptions A employed in this paper.
• A1: The collision kernel satisfies the inverse power law potential law between gas

particles and the angular cut-off assumption:

qαβ(ξ − ξ∗, ω) = bγ(θ)|ξ − ξ∗|γ ,
bγ(θ)
| cos θ| ≤ q∗ < ∞, γ ∈ (−2, 1],

θ ≡ cos−1
( (ξ − ξ∗) · ω

|ξ − ξ∗|

)
,

where q∗ is a positive constant independent of α and β.
• A2: The initial data satisfy the regularity assumption and are sufficiently small:

Fα0 ∈ C(R3 × R
3) ∩ Sα, 0 < δα 	 1, α ∈ {A, B}.

The main results of this paper are as follows.

Theorem 1.1. Suppose the main assumptions A hold. Then the Boltzmann system
(1.1) has nonnegative mild solutions FA, FB ∈ C(R+; L1(R3 × R

3)) such that

0 ≤ F �
α ≤ 2δαMα, α ∈ {A, B}.

Remark 1.1. For a single-component gas system, the global existences of mild and
classical solutions have been established in [12, 13, 14].

Theorem 1.2. Suppose the main assumptions A hold, and let Fα and F̄α be the mild
solutions of (1.1) corresponding to the initial data Fα0 and F̄α0 respectively. Then we
have

sup
t≥0

∑
α∈{A,B}

‖Fα(t) − F̄α(t)‖L1
α,r

≤ G
∑

α∈{A,B}
‖Fα0 − F̄α0‖L1

α,r
,

where G is a positive constant independent of t.

Remark 1.2. For ϕα,0 ≡ 1, we recover the well-known uniform L1-stability estimate
(see [6, 9, 10]).

The rest of this paper is organized as follows. In Section 2, we study several basic
estimates. In Section 3, we present the global existence of mild solutions using a modified
Kaniel-Shinbrot iteration scheme. In Section 4, we study a mollifying procedure and
approximate Boltzmann equations. In Section 5, we study a large-time asymptotics of
mild solutions using a generalized collision potential. Finally Section 6 is devoted to the
uniform L1

α,r-stability of mild solutions.
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2. Preliminaries. In this section, we provide basic properties of the collision opera-
tor Qαβ(Fα, Fβ) and several basic estimates which will be crucial to the global existence
and stability analysis of mild solutions.

2.1. Properties of collision operator. Recall the collision operator for a binary gas
mixture:

Qαβ(Fα, Fβ)(ξ) ≡
∫

R3×S2
+

qαβ(ξ − ξ∗, ω)(Fα(ξ′)Fβ(ξ′∗) − Fα(ξ)Fβ(ξ∗))dωdξ∗.

Note that Qαα(Fα, Fα) and Qαβ(Fα, Fβ), α 
= β denote the self and cross collisions
between component molecules in a gas mixture. The structure of the self and cross
collision operators yields the following identities.

Lemma 2.1. Let Fα and Fβ be measurable functions decaying at infinity in phase space.
Then for any measurable function ψ = ψ(ξ) and α 
= β ∈ {A, B}, we have

(1)
∫

R3
ψ(ξ)Qαα(Fα, Fα)(ξ)dξ =

1
4

∫
R3×R3×S2

+

qαα(ξ − ξ∗, ω)[ψ(ξ) + ψ(ξ∗)

−ψ(ξ′) − ψ(ξ′∗)] × (Fα(ξ′)Fα(ξ′∗) − Fα(ξ)Fα(ξ∗))dωdξ∗dξ;

(2)
∫

R3
ψ(ξ)Qαβ(Fα, Fβ)(ξ)dξ =

1
2

∫
R3×R3×S2

+

qαβ(ξ − ξ∗, ω)[ψ(ξ) − ψ(ξ′)]

× (Fα(ξ′)Fβ(ξ′∗) − Fα(ξ)Fβ(ξ∗))dωdξ∗dξ.

Proof. (1) Since qαα(ξ − ξ∗, ω) = |ξ − ξ∗|γbγ(θ), we have

qαα(ξ − ξ∗, ω) = qαα(ξ∗ − ξ, ω) = qαα(ξ′ − ξ′∗, ω) = qαα(ξ′∗ − ξ′, ω).

The change of variables

(ξ, ξ∗) ↔ (ξ∗, ξ), (ξ, ξ∗) ↔ (ξ′, ξ′∗)

yields∫
R3

ψ(ξ)Qαα(Fα, Fα)(ξ)dξ

=
∫

R3×R3×S2
+

qαα(ξ − ξ∗, ω)ψ(ξ)(Fα(ξ′)Fα(ξ′∗) − Fα(ξ)Fα(ξ∗))dωdξ∗dξ

=
∫

R3×R3×S2
+

qαα(ξ − ξ∗, ω)ψ(ξ∗)(Fα(ξ′)Fα(ξ′∗) − Fα(ξ)Fα(ξ∗))dωdξ∗dξ

=
∫

R3×R3×S2
+

qαα(ξ − ξ∗, ω)(−ψ(ξ′))(Fα(ξ′)Fα(ξ′∗) − Fα(ξ)Fα(ξ∗))dωdξ∗dξ

=
∫

R3×R3×S2
+

qαα(ξ − ξ∗, ω)(−ψ(ξ′∗))(Fα(ξ′)Fα(ξ′∗) − Fα(ξ)Fα(ξ∗))dωdξ∗dξ.

We now add the above four equalities to get the desired result.
(2) We use the relation

qαβ(ξ − ξ∗, ω) = qαβ(ξ′ − ξ′∗, ω)

and the change of variables (ξ, ξ∗) ↔ (ξ′, ξ′∗) to obtain∫
R3

ψ(ξ)Qαβ(Fα, Fα)(ξ)dξ
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=
∫

R3×R3×S2
+

qαβ(ξ − ξ∗, ω)ψ(ξ)(Fα(ξ′)Fβ(ξ′∗) − Fα(ξ)Fβ(ξ∗))dωdξ∗dξ

=
∫

R3×R3×S2
+

qαβ(ξ − ξ∗, ω)(−ψ(ξ′))(Fα(ξ′)Fβ(ξ′∗) − Fα(ξ)Fβ(ξ∗))dωdξ∗dξ.

�
The collision operators satisfy the following collision-invariant properties.

Proposition 2.1. Let Fα and Fβ be measurable functions decaying sufficiently fast at
infinity in phase space. For α 
= β ∈ {A, B}, we have

(1)
∫

R3
(1, mαξ, mα|ξ|2)Qαα(Fα, Fα)dξ = 0,

(2)
∫

R3
Qαβ(Fα, Fβ)dξ = 0,

(3)
∫

R3
mαξQαβ(Fα, Fβ)dξ +

∫
R3

mβξQβα(Fβ, Fα)dξ = 0,

(4)
∫

R3
mα|ξ|2Qαβ(Fα, Fβ)dξ +

∫
R3

mβ|ξ|2Qβα(Fβ, Fα)dξ = 0.

Proof. The proof follows from Lemma 2.1 and (1.3) directly. �
We next briefly discuss the macroscopic observables, which are the moments of the

velocity distribution functions FA and FB: for α ∈ {A, B},

nα ≡
∫

R3
Fα(x, ξ)dξ, ρα = mαnα, ρ =

∑
α∈{A,B}

ρα,

ραvα ≡
∫

R3
mαξFαdξ, ρv =

∑
α∈{A,B}

ραvα,

3
2
nκBT +

1
2
ρ|v|2 =

∑
α∈{A,B}

∫
R3

mα

2
|ξ|2Fαdξ,

where ρα = mαnα is the mass density of the species α, ρ =
∑

α∈{A,B}
ρα is the total mass

density, and n =
∑

α∈{A,B}
nα is the total number density.

Note that for the special case of all species being mechanically identical, the total distri-
bution function F =

∑
α∈{A,B}

Fα satisfies the Boltzmann equation for a single-component

gas:

∂tF + ξ · ∇xF = Q(F, F ), x, ξ ∈ R
3, t > 0,

Q(F, F )(ξ) ≡
∫

R3×S2
+

q(ξ − ξ∗, ω)(F (ξ′)F (ξ′∗) − F (ξ)F (ξ∗))dωdξ∗,
(2.1)

where q(ξ − ξ∗, ω) = qαα(ξ − ξ∗, ω).
2.2. Basic estimates. In this part, we present several estimates that are needed in

Section 3.
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Lemma 2.2 ([9]). Let x ∈ R
3 and V 
= 0. Then we have∫ ∞

0

e−p|x+τV |2dτ ≤
√

π

p

1
|V | for p > 0.

Lemma 2.3. For α, β ∈ {A, B}, we have

Mα(x + t(ξ − ξ′), ξ′)Mβ(x + t(ξ − ξ′∗), ξ
′
∗) = Mα(x, ξ)Mβ(x + t(ξ − ξ∗), ξ∗).

Proof. We use (1.3) to obtain

mα|x + t(ξ − ξ′)|2 + mβ|x + t(ξ − ξ′∗)|2
= (mα + mβ)|x + tξ|2 − 2t(x + tξ) · (mαξ′ + mβξ′∗) + t2(mα|ξ′|2 + mβ|ξ′∗|2)
= (mα + mβ)|x + tξ|2 − 2t(x + tξ) · (mαξ + mβξ∗) + t2(mα|ξ|2 + mβ |ξ∗|2)
= mα|(x + tξ) − tξ|2 + mβ|(x + tξ) − tξ∗|2
= mα|x|2 + mβ|x + t(ξ − ξ∗)|2.

This yields the desired result. �
We set gain and loss parts of the collision operator:

Qαβ
+ (Fα, Fβ)(ξ) ≡

∫
R3×S2

+

qαβ(ξ − ξ∗, ω)Fα(ξ′)Fβ(ξ′∗)dωdξ∗,

Qαβ
− (Fα, Fβ)(ξ) ≡ Fα(ξ)

∫
R3×S2

+

qαβ(ξ − ξ∗, ω)Fβ(ξ∗)dωdξ∗︸ ︷︷ ︸
≡Rαβ(Fβ)

.

Lemma 2.4. Let F ∈ Sα, G ∈ Sβ. Then we have the following estimate:∫ t

0

|Qαβ�
+ (F, G)(x, ξ, τ)|dτ ≤ C0‖F‖α‖G‖βMα(x, ξ),

where C0 is a positive constant given by

C0 ≡ πq∗

√
π

pmβ

[ 4π

γ + 2
+

√( π

qmβ

)3
]
.

Proof. We use Lemma 2.3 to get∫ t

0

|Qαβ�
+ (F, G)(x, ξ, τ)|dτ

=
∫ t

0

∣∣∣ ∫
R3×S2

+

qαβ(ξ − ξ∗, ω)F �(x + τ (ξ − ξ′), ξ′, τ )G�(x + τ (ξ − ξ′∗), ξ
′
∗, τ )dωdξ∗

∣∣∣dτ

≤ πq∗‖F‖α‖G‖β

∫ t

0

∫
R3

|ξ − ξ∗|γMα(x + τ (ξ − ξ′), ξ′)Mβ(x + τ (ξ − ξ′∗), ξ
′
∗)dξ∗dτ

≤ πq∗‖F‖α‖G‖βMα(x, ξ)
∫ t

0

∫
R3

|ξ − ξ∗|γMβ(x + τ (ξ − ξ∗), ξ∗)dξ∗dτ.

We use Lemma 2.2 and Fubini’s theorem to obtain∫ t

0

∫
R3

|ξ − ξ∗|γMβ(x + τ (ξ − ξ∗), ξ∗)dξ∗dτ
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≤
∫

R3
|ξ − ξ∗|γe−qmβ |ξ∗|2

[ ∫ ∞

0

epmβ |x+τ(ξ−ξ∗)|2dτ
]
dξ∗

≤
√

π

pmβ

∫
R3

|ξ − ξ∗|γ−1e−qmβ |ξ∗|2dξ∗

≤
√

π

pmβ

[ ∫
|ξ−ξ∗|≤1

|ξ − ξ∗|γ−1dξ∗ +
∫
|ξ−ξ∗|>1

e−qmβ |ξ∗|2dξ∗

]
=

√
π

pmβ

[ 4π

γ + 2
+

√( π

qmβ

)3
]
.

�

3. Global existence of mild solutions. In this section, we will present a slightly
modified Kaniel-Shinbrot type iteration scheme originally introduced in [13] for (2.1).
The details can be found in [12, 13]. We first rewrite (1.1) as

∂tFA + ξ · ∇xFA + FA

[
RAA(FA) + RAB(FB)

]
= QAA

+ (FA, FA) + QAB
+ (FA, FB),

∂tFB + ξ · ∇xFB + FB

[
RBB(FB) + RBA(FA)

]
= QBB

+ (FB, FB) + QBA
+ (FB, FA).

(3.1)

Define four sequences {uk
A}, {lkA}, {uk

B}, {lkB} as the solutions of the following linear
ODE system:

d

dt
l
(k+1)�
A + l

(k+1)�
A

[
RAA�(uk

A) + RAB�(uk
B)

]
= QAA�

+ (lkA, lkA) + QAB�
+ (lkA, lkB),

d

dt
u

(k+1)�
A + u

(k+1)�
A

[
RAA�(lkA) + RAB�(lkB)

]
= QAA�

+ (uk
A, uk

A) + QAB�
+ (uk

A, uk
B),

d

dt
l
(k+1)�
B + l

(k+1)�
B

[
RBB�(uk

B) + RBA�(uk
A)

]
= QBB�

+ (lkB, lkB) + QBA�
+ (lkB, lkA),

d

dt
u

(k+1)�
B + u

(k+1)�
B

[
RBB�(lkB) + RBA�(lkA)

]
= QBB�

+ (uk
B, uk

B) + QBA�
+ (uk

B, uk
A),

uk+1
A (0) = FA0, lk+1

A (0) = FA0, uk+1
B (0) = FB0, lk+1

B (0) = FB0.

(3.2)

Definition 3.1. Let T be a positive constant. Four functions (l0α, l1α, u0
α, u1

α) satisfy
“Beginning condition (BC)” if and only if for t ∈ [0, T )

0 ≤ l0α(t) ≤ l1α(t) ≤ u1
α(t) ≤ u0

α(t).

For a positive number T , we set

Sα,T ≡ {F ∈ C0(R3 × R
3 × [0, T ]) | ‖F‖α ≤ δα, for some δα}.

Lemma 3.1. Let T be a given positive number and FA0 and FB0 be initial data such
that

FA0 ∈ SA and FB0 ∈ SB,

and assume that (BC) holds:

0 ≤ l0A(t) ≤ l1A(t) ≤ u1
A(t) ≤ u0

A(t),
0 ≤ l0B(t) ≤ l1B(t) ≤ u1

B(t) ≤ u0
B(t), 0 ≤ t < T,

and that
u0

A(t) ∈ SA,T , u0
B(t) ∈ SB,T .
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Then the linear system (3.2) has the unique solutions

lk�
A , uk�

A ∈ SA,T and lk�
B , uk�

B ∈ SB,T , for all k ≥ 1

satisfying

0 ≤ lk−1
A (t) ≤ uk

A(t) ≤ uk
A(t) ≤ uk−1

A (t),
0 ≤ lk−1

B (t) ≤ lkB(t) ≤ uk
B(t) ≤ uk−1

B (t), 0 ≤ t < T.

Proof. We integrate (3.2) along the particle path (x + sξ, s) to get

lk�
A = FA0e

−
∫ t
0 [RAA�(uk−1

A )+RAB�(uk−1
B )]dτ

+
∫ t

0

e−
∫ t
τ
[RAA�(uk−1

A )+RAB�(uk−1
B )]ds

[
QAA�

+ (lk−1
A , lk−1

A ) + QAB�
+ (lk−1

A , lk−1
B )

]
dτ,

(3.3)

lk+1�
A = FA0e

−
∫ t
0 [RAA�(uk

A)+RAB�(uk
B)]dτ

+
∫ t

0

e−
∫ t
τ
[RAA�(uk

A)+RAB�(uk
B)]ds

[
QAA�

+ (lkA, lkA) + QAB�
+ (lkA, lkB)

]
dτ. (3.4)

Suppose that
uk

A ≤ uk−1
A and lk−1

A ≤ lkA.

Then it follows from the monotonicity properties of Rαβ� and Qαβ�
+ that∫ t

0

[RAA�(uk
A) + RAB�(uk

B)]dτ ≤
∫ t

0

[RAA�(uk−1
A ) + RAB�(uk−1

B )]dτ, (3.5)

QAA�
+ (lkA, lkA) + QAB�

+ (lkA, lkB) ≥ QAA�
+ (lk−1

A , lk−1
A ) + QAB�

+ (lk−1
A , lk−1

B ). (3.6)

We combine (3.5) and (3.6) to conclude

lk�
A (t) ≤ lk+1�

A (t).

Other inequalities can be treated similarly. For existence, once {uk−1
A }, {lk−1

A }, {uk−1
B },

{lk−1
B } exist for 0 ≤ t < T , then (3.3) and (3.4) imply the unique existence of {uk

A},
{lkA}, {uk

B}, {lkB}. Hence Lemma 2.4 yields

uk�
A , lk�

A ∈ SA,T and uk�
B , lk�

B ∈ SB,T .

�
Now if we can find suitable functions u0

A(t), u0
B(t), l0A(t), l0B(t) satisfying (BC), then the

four sequences are monotone and will converge to uA(t), uB(t), lA(t), lB(t) respectively.
Integrate system (3.2) over t and apply Lebesgue’s Dominated Convergence Theorem (in
short LDCT). Then we obtain the following system of separated Boltzmann equations:

u�
α = Fα0 +

∫ t

0

(
Qαα�

+ (uα, uα) + Qαβ�
+ (uα, uβ) − uαRαα�(lα) − uαRαβ�(lβ)

)
ds,

l�α = Fα0 +
∫ t

0

(
Qαα�

+ (lα, lα) + Qαβ�
+ (lα, lβ) − lαRαα�(uα) − lαRαβ�(uβ)

)
ds.

So if we can show furthermore that uA(t) = lA(t), uB(t) = lB(t) in a suitable norm, our
job is done.
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The proof of Theorem 1.1. We set

l0A = 0, l0B = 0, u0
A = 2δAe−mA(p|x|2+q|ξ|2) and u0

B = 2δBe−mB(p|x|2+q|ξ|2).

In (3.2), we have

l1�
α = Fα0e

−
∫ t
0 [Rαα�(u0

α)+Rαβ�(u0
β)]ds,

u1�
α = Fα0 +

∫ t

0

[
Qαα�

+ (u0
α, u0

α) + Qαβ�
+ (u0

α, u0
β)

]
ds.

These imply

l0α = 0 ≤ l1α ≤ u1
α.

On the other hand, it follows from Lemma 2.4 that

u1�
α = Fα0 +

∫ t

0

[
Qαα�

+ (u0
α, u0

α) + Qαβ�
+ (u0

α, u0
β)

]
ds

≤ δα(1 + 4δα + 4δβ)e−mα(p|x|2+q|ξ|2),

Since δα, δβ 	 1, we have

u1�
α ≤ 2δαe−mα(p|x|2+q|ξ|2) = u0�

α .

Hence we have shown that (BC) holds. We next show that

uα = lα.

Consider the equation for uα − lα, α ∈ {A, B}:

u�
α − l�α =

∫ t

0

[
Qαα�

+ (uα − lα, lα) + Qαα�
+ (uα, uα − lα)

+ Qαβ�
+ (uα, uβ − lβ) + Qαβ�

+ (uα − lα, lβ) − (uα − lα)Rαα�(lα)

+ lαRαα�(uα − lα) − (uα − lα)Rαβ�(lβ) + lαRαβ�(uβ − lβ)
]
ds.

It follows from Lemma 2.3 that

|u�
α − l�α| ≤ O(1)

[
‖uα − lα‖‖uβ‖

+ ‖uα‖‖uβ − lβ‖ + ‖uα − lα‖‖uα‖ + ‖lα‖‖uβ − lβ‖
]
Mα

≤ O(1)(δα + δβ)
[
‖uα − lα‖ + ‖uβ − lβ‖

]
Mα.

Hence we have

‖uα − lα‖ ≤ O(1)(δα + δβ)
[
‖uα − lα‖ + ‖uβ − lβ‖

]
.

This yields

‖uA − lA‖ + ‖uB − lB‖ ≤ O(1)(δA + δB)
[
‖uA − lA‖ + ‖uB − lB‖

]
.

Hence for sufficiently small δA, δB, we have uA = lA, uB = lB. �
Remark 3.1. The uniqueness of the mild solution can be shown by the uniform L1-

stability estimate in Theorem 1.2.
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In the next section, we study the mollification of continuous mild solutions constructed
in this section. Since the nonlinear functional approach proposed in [9] can be applied for
classical solutions, we cannot employ the nonlinear functional approach directly; hence
we first apply the nonlinear functional approach for mollified solutions, and then passing
the mollification parameter to zero, we obtain estimates for the original continuous mild
solutions.

4. Mollification procedure and approximate Boltzmann system. In this sec-
tion, we present a mollification procedure and several estimates of the mild solutions
following [6, 10]. The detailed explanation can be found in [6, 10], and for the simplicity
of presentation, we suppress the t-dependence in Fα and Qαβ(Fα, Fβ):

Fα(x, ξ) ≡ Fα(x, ξ, t) and Qαβ(Fα, Fβ)(x, ξ) ≡ Qαβ(Fα, Fβ)(x, ξ, t).

Let φ ∈ C∞
c (R3) and φε be the standard mollifier and a corresponding rescaled mol-

lifier, respectively; i.e.,

0 ≤ φ ≤ 1, supp(φ) ⊂ B1(0),
∫

R3
φ(x)dx = 1,

φε(x) ≡ 1
ε3

φ
(x

ε

)
, supp(φε) ⊂ Bε(0), x ∈ R

3, ε > 0,

where Bε(0) is the ball with radius ε centered at the origin. We denote the mollifications
of Fα and Qαβ(Fα, Fβ) as

Fαε ≡ Fα ∗x φε and Qαβ
ε (Fα, Fβ) ≡ Qαβ(Fα, Fβ) ∗x φε,

where ∗x denotes a convolution with respect to the x-variable.
Consider the mollified Boltzmann system:⎧⎪⎪⎨⎪⎪⎩

∂tFAε + ξ · ∇xFAε = QAA(FAε, FAε) + QAB(FAε, FBε) + PAA
ε + PAB

ε ,

∂tFBε + ξ · ∇xFBε = QBB(FBε, FBε) + QBA(FBε, FAε) + PBB
ε + PBA

ε ,

FAε(x, ξ, 0) = FA0 ∗x φε, FBε(x, ξ, 0) = FB0 ∗x φε.

Here Pαβ
ε denotes the perturbation given by

Pαβ
ε ≡ Qαβ

ε (Fα, Fβ) − Qαβ(Fαε, Fβε), α, β ∈ {A, B};

moreover, we also define a notation:

P (x, ξ, ε) ≡
∑

α,β∈{A,B}
|Pαβ

ε |.

Below we list a series of lemmata given in [10] without proof.

Lemma 4.1 ([10]). Let (FA, FB) be mild solutions in Theorem 1. Then we have

F �
αε(x, ξ) ≤ δαMαε(x, ξ) and Mαε(x, ξ) ≤ e−mα( p

2 |x|
2+q|ξ|2), α ∈ {A, B}.

Lemma 4.2 ([10]). Suppose the main assumptions A hold. Then we have∫
R3×S2

+

qαβ(ξ − ξ∗, ω)Mαε(x + t(ξ − ξ∗), ξ∗)dωdξ∗
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≤ O(1)

⎧⎪⎨⎪⎩
1

(t + 1)γ+3
, if − 2 < γ ≤ 0,

(1 + |x|γ + |ξ|γ)
(t + 1)γ+3

, if 0 < γ ≤ 1,

where O(1) does not depend on the mollification parameter ε or on t.

Lemma 4.3 ([10]). For γ ∈ (−2, 1], we have∫
R3×R+

|ξ − ξ∗|γ−1Mαε(x + t(ξ − ξ∗) + τn(ξ, ξ∗), ξ∗)dτdξ∗ ≤ O(1).

Lemma 4.4. Suppose the main assumptions A hold, and (Fα, Fβ) ∈ Sα × Sβ. Then we
have (

Qαβ�
+ε (Fα, Fβ) + Qαβ�

−ε (Fα, Fβ)
)
(x, ξ) ≤ O(1)δαδβ

e−mα( p
3 |x|

2+ q
2 |ξ|

2)

(t + 1)γ+3
.

Proof. Since the pointwise estimate for the loss operator can be treated as that for
the gain operator, we only consider the gain operator. Recall that

F �
αε(x, ξ) ≤ δαMαε(x, ξ).

Then we use Lemmas 2.3, 4.1, and 4.2 to find

Qαβ�
+ (Fαε, Fβε)(x, ξ)

=
∫

R3×S2
+

qαβ(ξ − ξ∗, ω)F �
αε(x + t(ξ − ξ′), ξ′)F �

βε(x + t(ξ − ξ′∗), ξ
′
∗)dωdξ∗

≤ O(1)δαδβ

∫
R3×S2

+

qαβ(ξ − ξ∗, ω)Mαε(x + t(ξ − ξ′), ξ′)

×Mβε(x + t(ξ − ξ′∗), ξ
′
∗)dωdξ∗

≤ O(1)δαδβ

∫
R3×S2

+

qαβ(ξ − ξ∗, ω)Mαε(x, ξ)Mβε(x + t(ξ − ξ∗), ξ∗)dωdξ∗

≤ O(1)δαδβe−mα( p
2 |x|

2+q|ξ|2)

∫
R3×S2

+

qαβ(ξ − ξ∗, ω)e−mβ( p
2 |x+t(ξ−ξ∗)|2+q|ξ∗|2)dωdξ∗

= O(1)δαδβe−mα( p
2 |x|

2+q|ξ|2)

∫
R3

|ξ − ξ∗|γe−mβ( p
2 |x+t(ξ−ξ∗)|2+q|ξ∗|2)dξ∗

≤ O(1)δαδβ
e−mα( p

3 |x|
2+ q

2 |ξ|
2)

(t + 1)γ+3
.

�
For convenience of notation, we define

Pαβ
+ ≡ Qαβ

+ε(Fα, Fβ) − Qαβ
+ (Fαε, Fβε),

Pαβ
− ≡ Qαβ

−ε(Fα, Fβ) − Qαβ
− (Fαε, Fβε).

Then it is easy to see that Pαβ
ε = Pαβ

+ − Pαβ
− .

Lemma 4.5. Suppose the main assumptions A in Section 1 hold. Then we have

(1) lim
ε→0

∫ t

0

∫
R3×R3

|Pαβ�
ε |dξdxds = 0,

(2) lim
ε→0

∫ t

0

∫
R3×R3

P �(x, ξ, ε)dξdxds = 0.
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Proof. Since the estimate (2) follows from (1), we only prove the estimate (1). Con-
sider ∫ t

0

∫
R3×R3

|Pαβ�
− |dξdxds

=
∫ t

0

∫
R3×R3

∣∣∣Qαβ�
−ε (Fα, Fβ) − Qαβ�

− (Fαε, Fβε)
∣∣∣dξdxds.

Below we show that the right-hand side of the above inequality goes to zero as ε → 0.
From the elementary property of the mollification,

qαβ(ξ − ξ∗, ω)F �
αεF

�
β∗ε → qαβ(ξ − ξ∗, ω)F �

αF �
β∗ a.e. (x, ξ) as ε → 0,

and it follows from Lemma 4.1 that

qαβ(ξ − ξ∗, ω)F �
αεF

�
β∗ε ≤ O(1)δαδβe−

mαq
2 |ξ|2e−

mβq

2 |ξ∗|2 ∈ L1(R3 × S2).

Hence by LDCT,

Qαβ�
− (Fαε, Fβε) → Qαβ�

− (Fα, Fβ) a.e. (x, ξ) as ε → 0.

On the other hand, it follows from the elementary property of the mollification that we
also have

Qαβ�
−ε (Fα, Fβ) → Qαβ�

− (Fα, Fβ) a.e. (x, ξ) as ε → 0.

We combine the above estimate to yield

Pαβ
− = Qαβ

−ε(Fα, Fβ) − Qαβ
− (Fαε, Fβε) → 0 a.e. (x, ξ) as ε → 0.

or equivalently,
Pαβ
− → 0 a.e. (x, ξ) as ε → 0.

Note that

|Pαβ�
− | ≤ |Qαβ�

−ε (Fα, Fα)| + |Qαβ�
− (Fαε, Fαε)|

≤ O(1)
(e−mα( p

2 |x|
2+ q

2 |ξ|
2)

(t + 1)γ+3

)
ε
+ O(1)

e−mα( p
3 |x|

2+ q
2 |ξ|

2)

(t + 1)γ+3

≤ O(1)
e−mα( p

3 |x|
2+ q

2 |ξ|
2)

(t + 1)γ+3
∈ L1(R3 × R

3 × R+).

We apply LDCT again to obtain

lim
ε→0

∫ t

0

∫
R3×R3

|Pαβ�
− |dξdxds = 0.

Similarly, we have

lim
ε→0

∫ t

0

∫
R3×R3

|Pαβ�
+ |dξdxds = 0.

Hence we obtain∫ t

0

∫
R3×R3

|Pαβ�|dξdxds

≤
∫ t

0

∫
R3×R3

|Pαβ�
− |dξdxds +

∫ t

0

∫
R3×R3

|Pαβ�
+ |dξdxds → 0
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as ε → 0. �
For later use, we define

Eαβ
ε (x, ξ, t) ≡

∫ ∞

0

∫
R3

|ξ − ξ∗|γQαβ�
+ (Fαε, Fβε)(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ,

Gαβ
ε (x, ξ, t) ≡

∫ ∞

0

∫
R3

|ξ − ξ∗|γPαβ�
ε (x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ,

Eε(t) ≡
∑

α,β∈{A,B}
Eαβ

ε (t), Gε(t) ≡
∑

α,β∈{A,B}
Gαβ

ε (t).

Lemma 4.6. Suppose that the main assumptions A in Section 1 hold, and let (Fα, Fβ) ∈
(Sα × Sβ) be the mild solutions constructed in Section 3. Then we have

(Eε + Gε)(x, ξ, t) ≤ O(1)
(t + 1)γ+3

, x, ξ ∈ R
3, t ≥ 0,

where O(1) is a bounded function independent of x, ξ, t.

Proof. (1) Estimate of Eαβ
ε (t): For fixed x, ξ ∈ R

3, we have

Qαβ�
+ (Fαε, Fβε)(x + (t + τ )(ξ − ξ∗), ξ∗)

≤ O(1)δαδβ

(t + 1)γ+3
e−mα( p

3 |x+(t+τ)(ξ−ξ∗)|2+ q
2 |ξ∗|

2).

This yields

Eαβ
ε (x, ξ, t)

≤ O(1)
(t + 1)γ+3

∫
R3

|ξ − ξ∗|γe−mα
q
3 |ξ∗|

2
( ∫ ∞

0

e−mα
p
2 |x+(t+τ)(ξ−ξ∗)|2dτ

)
dξ∗

≤ O(1)
(t + 1)γ+3

∫
R3

|ξ − ξ∗|γ−1e−mα
q
3 |ξ∗|

2
dξ∗

≤ O(1)
(t + 1)γ+3

,

where we used Lemma 2.2. We add Eαβ over all α, β to get

Eε(x, ξ, t) ≤ O(1)
(t + 1)γ+3

.

(2) The estimate for Gαβ
ε (t): Note that

|Pαβ
± (x, ξ, t)| ≤ |Qαβ�

±ε (Fα, Fβ)(x, ξ, t)| + |Qαβ�
± (Fαε, Fβε)(x, ξ, t)|

≤ O(1)
(e−mα( p

2 |x|
2+ q

2 |ξ|
2)

(t + 1)γ+3

)
ε
+ O(1)

e−mα( p
3 |x|

2+ q
2 |ξ|

2)

(t + 1)γ+3

≤ O(1)
e−mα( p

3 |x|
2+ q

2 |ξ|
2)

(t + 1)γ+3
.

Then by the same analysis as in (1), we obtain the desired result. �

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



770 SEUNG-YEAL HA, SE EUN NOH, AND SEOK BAE YUN

5. Large-time asymptotics of mild solutions. In this section, we study the large-
time behavior of mild solutions constructed in Section 3 using the collision potential
approach. We slightly generalize the collision potential for a single-component Boltzmann
equation in [9, 10] using the weight ϕα,r in the velocity space. Recall that mild solutions
FA, FB satisfy

∂tFA + ξ · ∇xFA = QAA(FA, FA) + QAB(FA, FB), x, v ∈ R
3, t > 0,

∂tFB + ξ · ∇xFB = QBB(FB, FB) + QBA(FB, FA),

(FA, FB)(x, ξ, 0) = (FA0, FB0)(x, ξ),

and set
fA ≡ ϕα,rFA, fB ≡ ϕα,rFB.

Then it is easy to see that the L1
α,r-distance of FA, FB is equal to the L1-distance of

fA, fB, and fA, fB satisfy

∂tfA + ξ · ∇xfA = Q̂AA(fA, fA) + Q̂AB(fA, fB), x, v ∈ R
3, t > 0,

∂tfB + ξ · ∇xfB = Q̂BB(fB, fB) + Q̂BA(fB, fA),

(fA, fB)(x, ξ, 0) = (fA0, fB0)(x, ξ),

(5.1)

where Q̂αβ(fα, fβ) has the following form:

Q̂αβ(fα, fβ)(ξ) ≡
∫

R3×S2
+

qαβ(ξ − ξ∗, ω)
( ϕα,r(ξ)

ϕα,r(ξ′)ϕβ,r(ξ′∗)
fα(ξ′)fβ(ξ′∗)

− 1
ϕβ,r(ξ∗)

fα(ξ)fβ(ξ∗)
)
dωdξ∗.

Consider the mollified system of (5.1):

∂tfAε + ξ · ∇xfAε = Q̂AA(fAε, fAε) + Q̂AB(fAε, fBε) + P̂AA
ε + P̂AB

ε ,

∂tfBε + ξ · ∇xfBε = Q̂BB(fBε, fBε) + Q̂BA(fBε, fAε) + P̂BB
ε + P̂BA

ε ,

fAε(x, ξ, 0) = fA0 ∗x φε, fBε(x, ξ, 0) = fB0 ∗x φε.

(5.2)

Here P̂αβ
ε denotes the perturbation given by

P̂αβ
± ≡ Q̂αβ

±ε(fα, fβ) − Q̂αβ
± (fαε, fβε), P̂αβ

ε ≡ P̂αβ
+ − P̂αβ

− , α, β ∈ {A, B}.

Lemma 5.1. The modified collision kernels Q̂αβ
± , P̂αβ

± are majorized by Qαβ
± .

(1) |Q̂αβ
± (fα, fβ)(x, ξ)| ≤ |Qαβ

± (fα, fβ)(ξ)|.
(2) |P̂αβ

± (x, ξ)| ≤ |Qαβ
±ε(fα, fβ)(x, ξ)|+ |Q̂αβ

± (fαε, fβε)(x, ξ)|.

Proof. The proof follows directly from the fact that

ϕα,r(ξ)
ϕα,r(ξ′)ϕβ,r(ξ′∗)

≤
( 1 + mα|ξ|2

(1 + mα|ξ′|2)(1 + mβ|ξ′∗|2)

) r
2

≤
(1 + mα|ξ|2 + mβ |ξ∗|2 + mαmβ|ξ′|2|ξ′∗|2

(1 + mα|ξ′|2)(1 + mβ|ξ′∗|2)

) r
2 ≤ 1,

where we used the conservation of energy:

mα|ξ′|2 + mβ|ξ′∗|2 = mα|ξ|2 + mβ|ξ∗|2.
�
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We now define the collision potentials for fε = (fAε, fBε) corresponding to the mollified
mild solutions FAε, FBε:

Dαβ(fε(t)) ≡
∫

R3×R3
f �

αε(x, ξ)
[ ∫

R3

∫ ∞

0

|ξ − ξ∗|γ

×f �
βε(x + (t + τ )(ξ − ξ∗), ξ∗)dτdξ∗

]
dξdx,

Λαβ(fε(t)) ≡
∫

R3×R3×R3
|ξ − ξ∗|γf �

αε(x, ξ)f �
βε(x + t(ξ − ξ∗), ξ∗)dξ∗dξdx,

D(fε(t)) ≡
∑

α,β∈{A,B}
Dαβ(fε(t)), Λ(fε(t)) ≡

∑
α,β∈{A,B}

Λαβ(fε(t)).

Before we study the main result of this section, we need some technical lemmata.

Lemma 5.2. Suppose the main assumptions A in Section 1 hold, and let (Fα, Fβ) ∈
Sα × Sβ be mild solutions of (1.1). Then we have the following estimates:

(1)
∫ ∞

0

∫
R3

|ξ − ξ∗|γf �
αε(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ ≤ O(1),

(2)
∫

R3×R3
(Q̂αβ

+ε + Q̂αβ
−ε)(fα, fβ)dξdx ≤ O(1)Λαβ(fε(t)).

Proof. (1) Note that

f �
αε(x + (t + τ )(ξ − ξ∗), ξ∗)

≤ ϕα,r(ξ)F
�
Aε(x + (t + τ )(ξ − ξ∗), ξ∗)

≤ ϕα,rδαe−mα( p
2 |x+(t+τ)(ξ−ξ∗)|2+q|ξ∗|2)

≤ O(1)δαe−mα( p
2 |x+(t+τ)(ξ−ξ∗)|2+ q

2 |ξ∗|
2).

Then the first estimate follows by the same estimate as in Lemma 4.5.
(2) We use Fubini’s theorem to get

(LHS) ≤ O(1)
∫

R3×R3×R3×S2
+

|ξ − ξ∗|γ(f ′
αεf

′
β∗ε + fαεfβ∗ε)dωdξ∗dξdx

≤ O(1)
∫

R3×R3×R3
|ξ − ξ∗|γfαεfβ∗εdξ∗dξdx

≤ O(1)Λαβ(fε(t)).

�
We now set

D(f(t)) ≡ lim
ε→0

D(fε(t)), Λ(f(t)) ≡ lim
ε→0

Λ(fε(t)).

Lemma 5.3. Let f = (fA, fB) be the mild solution of (5.1) corresponding to the initial
data f0 = (fA0, fB0). Then D(f(t)) satisfies

D(f(t)) + C

∫ t

0

Λ(f(s))ds ≤ D(f0), t ≥ 0,

where C is a positive constant independent of time t.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



772 SEUNG-YEAL HA, SE EUN NOH, AND SEOK BAE YUN

Proof. For α, β ∈ {A, B}, we first estimate the integrand in Dαβ
ε (t):

∂tf
�
αε(x, ξ) = [Q̂αα�(fαε, fαε) + Q̂αβ�(fαε, fβε)](x, ξ) (5.3)

+ [P̂αα�
ε + P̂αβ�

ε ](x, ξ),

∂t[f
�
βε(x + (t + τ )(ξ − ξ∗), ξ∗)] (5.4)

= ∂τ [f �
βε(x + (t + τ )(ξ − ξ∗), ξ∗)]

+ [Q̂ββ�(fβε, fβε) + Q̂βα�(fβε, fαε)](x + (t + τ )(ξ − ξ∗), ξ∗)

+ [P̂ ββ�
ε + P̂ βα�

ε ](x + (t + τ )(ξ − ξ∗), ξ∗).

We now combine (5.3) and (5.4) to obtain

∂t

[
|ξ − ξ∗|γf �

αε(x, ξ)f �
βε(x + (t + τ)(ξ − ξ∗), ξ∗)

]
= ∂τ

[
|ξ − ξ∗|γf �

αε(x, ξ)f �
βε(x + (t + τ)(ξ − ξ∗), ξ∗)

]
+ |ξ − ξ∗|γf �

αε(x, ξ)
(
Q̂ββ�

ε (fβ, fβ)+Q̂βα�
ε (fβ, fα)+P̂ αα�

ε +P̂ αβ�
ε

)
(x + (t + τ)(ξ − ξ∗), ξ∗)

+ |ξ − ξ∗|γf �
βε(x + (t + τ)(ξ − ξ∗), ξ∗)

×
(
Q̂αα�

ε (fα, fα) + Q̂αβ�
ε (fα, fβ)(x, ξ) + P̂ αα�

ε + P̂ αβ�
ε

)
(x, ξ).

(5.5)

We integrate (5.5) over R
3 × R

3 × R
3 × R+ with respect to (x, ξ, ξ∗, τ ) to get

d

dt
Dαβ(fε(t))

= −
∫

R3×R3×R3
|ξ − ξ∗|γf �

αε(x, ξ)f �
βε(x + t(ξ − ξ∗), ξ∗)dξdξ∗dx

+

∫
R3×R3×R3×R+

|ξ − ξ∗|γf �
βε(x + (t + τ)(ξ − ξ∗), ξ∗)

×
[
Q̂αα�

ε (fα, fα) + Q̂αβ�
ε (fα, fβ) + P̂ αα�

ε + P̂ αβ�
ε

]
(x, ξ)dτdξ∗dξdx

+

∫
R3×R3×R3×R+

|ξ − ξ∗|γf �
αε(x, ξ)

×
[
Q̂ββ�

ε (fβ, fβ) + Q̂βα�
ε (fβ, fα) + P̂ ββ�

ε + P̂ βα�
ε

]
(x + (t + τ)(ξ − ξ∗), ξ∗)dτdξ∗dξdx

≡ −Λαβ(fε(t)) + Kαβ
1ε (f(t)) + Kαβ

2ε (f(t)).

Next we estimate Kαβ
1ε (t) and Kαβ

2ε (t) separately. First, by Lemma 5.1 we have

Kαβ
1ε (f(t))

=

∫
R3×R3

[
(Q̂αα�

ε (fα, fα) + Q̂αβ�
ε (fα, fβ))(x, ξ, t) + P̂ αα

ε + P̂ αβ
ε

]
×

( ∫
R3×R+

|ξ − ξ∗|γf �
βε(x + (t + τ)(ξ − ξ∗), ξ∗, t)dτdξ∗

)
dξdx

≤ O(1)δβ

∫
R3×R3

[
(Qαα�

+ε + Qαα�
−ε )(fα, fα) + (Qαβ�

+ε + Qαβ�
−ε )(fα, fβ) + |P αα�

ε + P αβ�
ε |

]
dξdx

≤ O(1)δβ [Λαα(fε(t)) + Λαβ(fε(t))] + O(1)δβ

( ∫
R3×R3

|P αα
ε + P αβ

ε |dxdξ
)
.

Similarly we obtain

Kαβ
2ε (f(t)) ≤ O(1)δα

[
Λββ(fε(t)) + Λβα(fε(t))

]
+ O(1)δα

( ∫
R3×R3

|P ββ�
ε + P βα�

ε |dxdξ
)
.
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We combine the above estimates to get

d

dt
Dαβ(fε(t)) ≤ −Λαβ(fε(t)) + O(1)δβ

[
Λαα(fε(t)) + Λαβ(fε(t))

]
+ O(1)δα

[
Λββ(fε(t)) + Λαβ(fε(t))

]
+ O(1)

∑
αβ∈{A,B}

∫
R3×R3

|Pαβ�
±ε |dxdξ.

Summing up over α, β ∈ {A, B} we find

d

dt
D(fε(t)) =

∑
α,β∈{A,B}

d

dt
Dαβ(fε(t))

≤
(
− 1 + O(1)(δA + δB)

)
Λ(fε(t))

≤ −CΛ(fε(t)) + O(1)
∫

R3×R3

∑
α,β∈{A,B}

|Pαβ�
±ε |dxdξ.

We integrate the above inequality from s = 0 to s = t to obtain

D(fε(t)) + C

∫ t

0

Λ(fε(s))ds ≤ D(fε(0)) + O(1)
∫ t

0

∫
R3×R3

∑
α,β∈{A,B}

|Pαβ�
±ε |dxdξds.

Let ε → 0. Then by Lemma 4.5 and the LDCT we obtain

D(f(t)) + C

∫ t

0

Λ(f(s))ds ≤ D(f0), t ≥ 0.

�

Proposition 5.1. Let (FA, FB) be the mild solution of (1.1) corresponding to the initial
data (FA0, FB0). Then there exist the unique time-asymptotic states F∞ = (F∞

A , F∞
B )

such that

lim
t→∞

∑
α∈{A,B}

‖F �
α(t) − F∞

α ‖L1
α,r

= 0.

Proof. Note that∫ ∞

0

∫
R3×R3

∑
α,β∈{A,B}

|Q̂αβ�(fα, fβ)|(x, ξ)dξdxdt

≤ O(1)
∑

α,β∈{A,B}

∫ ∞

0

∫
R3×R3

(Qαβ�
+ + Qαβ�

− )(fα, fβ)(x, ξ)dξdxdt

≤ O(1)
∑

α,β∈{A,B}

∫ ∞

0

Λαβ�(f(t))dt

= O(1)
∫ ∞

0

Λ(f(t))dt ≤ O(1)D(f0).

This yields

lim
t→∞

∑
α,β∈{A,B}

∫ ∞

t

∫
R3×R3

|Q̂αβ�(fα, fβ)|(x, ξ)dξdxds = 0.
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On the other hand, we set

f∞
α (x, ξ) ≡ fα0(x, ξ) +

∫ ∞

0

[Q̂αα�(fα, fα) + Q̂αβ�(fα, fβ)](x, ξ, s)ds,

F∞
α (x, ξ) ≡ φ−1

α,r(ξ)f
∞
α (x, ξ).

Then we can see that F∞
α ∈ L1(R3 × R

3) and∑
α∈{A,B}

‖Fα(x + tξ, ξ, t) − F∞
α (x, ξ)‖L1

α,r

≤
∑

α∈{A,B}
‖fα(x + tξ, ξ, t)− f∞

α (x, ξ)‖L1
α,r

≤
∫ ∞

t

∫
R3×R3

∑
α,β∈{A,B}

|Q̂αβ�(fα, fβ)|(x, ξ, s)dξdxds → 0 as t → ∞.

�

6. Uniform L1
α,r-stability estimate. In this section, we study the uniform stability

estimate with respect to initial data. For the stability analysis, we use the weight ϕα,r.
As in [9, 10], we employ the modified nonlinear functional which incorporates the cross
collisions between the A and B species. Define nonlinear functionals as follows:

Dαβ
dε (t) ≡

∫
R3×R3

|fαε − f̄αε|�(x, ξ)
[ ∫ ∞

0

∫
R3

|ξ − ξ∗|γ

×(f �
βε + f̄ �

βε)(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ
]
dξdx,

Ddε(t) ≡
∑

α,β∈{A,B}
Dαβ

dε (t),

Hε(t) ≡
∑

α∈{A,B}
‖fαε(t) − f̄αε(t)‖L1 + KDdε(t),

where K is a positive constant to be determined later. Then it is easy to see that Hε(t)
is equivalent to L1

ϕ-distance:

‖fαε(t) − f̄αε(t)‖L1 ≤ ‖fαε(t) − f̄αε(t)‖L1 + K(Dαα
dε (t) + Dαβ

dε (t))

=

∫
R3×R3

|fαε − f̄αε|�(x, ξ)
[
1 + K

∑
η∈{α,β}

∫ ∞

0

∫
R3

|ξ − ξ∗|γ

×(f �
ηε + f̄ �

ηε)(x + (t + τ)(ξ − ξ∗), ξ∗)dξ∗dτ
]
dξdx

≤ (1 + K(Cα + Cβ))‖fαε(t) − f̄αε(t)‖L1 ,

where

Cβ = 2q∗π
2

√
2π

pmβ

[ 4π

γ + 2
+

√( 4π

qmβ

)3
]
.

We next derive differential inequalities for the difference |fα − f̄α|. Recall that fαε

and f̄αε satisfy

∂tfαε + ξ · ∇xfαε = Q̂αα(fαε, fαε) + Q̂αβ(fαε, fβε) + P̂αα
ε + P̂αβ

ε ,

∂tf̄αε + ξ · ∇xf̄αε = Q̂αα(f̄αε, f̄αε) + Q̂αβ(f̄αε, f̄βε) + ̂̄Pαα

ε + ̂̄Pαβ

ε .

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



THE BOLTZMANN SYSTEM FOR GAS MIXTURES 775

Then we subtract the above equations and multiply by sgn(fαε − f̄αε) to find

∂t|fαε − f̄αε| + ξ · ∇x|fαε − f̄αε| ≤ Rαα
ε + Rαβ

ε + [[Pαα
ε ]] + [[Pαβ

ε ]], (6.1)

where

Rαβ
ε ≡ 1

2

∫
R3×S2

+

qαβ(ξ − ξ∗, ω)
(
|f ′

αε − f̄ ′
αε|(f ′

β∗ε + f̄ ′
β∗ε) + |f ′

β∗ε − f̄ ′
β∗ε|

× (f ′
αε + f̄ ′

αε) + |fαε − f̄αε|(fβ∗ε + f̄β∗ε) + |fβ∗ε − f̄β∗ε|(fαε + f̄αε)
)
dωdξ∗,

[[Pαβ
ε ]] ≡ |P̂αβ

ε − ̂̄Pαβ

ε |, Pd(x, ξ, ε) ≡
∑

α,β∈{A,B}
[[Pαβ

ε ]].

We define collision production rates as

Λdε(t) ≡
∑

α,β∈{A,B}
Λαβ

dε (t),

Λαβ
dε (t) ≡

∫
R3×R3×R3

|ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)(f �
βε + f̄ �

βε)(x + t(ξ − ξ∗), ξ∗)dξ∗dξdx.

Lemma 6.1. Suppose the main assumptions A in Section 1 hold, and let fα, f̄α be mild
solutions of (5.1) corresponding to the initial data fα0, f̄α0 respectively. Then we have∫

R3×R3
Rαβ�

ε dξdx ≤ 4πq∗Λ
αβ
dε (t).

Proof. It follows from Fubini’s theorem and symmetry of Rαβ
ε that we have∫

R3×R3
Rαβ�

ε dξdx

=
1
2

∫
R3×R3×R3×S2

+

qαβ(ξ − ξ∗, ω)
(
|f ′

αε − f̄ ′
αε|(f ′

β∗ε + f̄ ′
β∗ε) + |f ′

β∗ε − f̄ ′
β∗ε|(f ′

αε + f̄ ′
αε)

+ |fαε − f̄αε|(fβ∗ε + f̄β∗ε) + |fβ∗ε − f̄β∗ε|(fαε + f̄αε)
)
dωdξ∗dξdx

= 2
∫

R3×R3×R3×S2
+

qαβ(ξ − ξ∗, ω)|fαε − f̄αε|(fβ∗ε + f̄β∗ε)dωdξ∗dξdx

≤ 4πq∗

∫
R3×R3×R3

|ξ − ξ∗|γ |fαε − f̄αε|(fβ∗ε + f̄β∗ε)dξ∗dξdx.

Hence we get the desired result. �

Lemma 6.2. Suppose that the main assumptions A hold, and let (fA, fB) and (f̄A, f̄B)
be two mild solutions of (5.1) corresponding to the initial data (fA0, fB0) and (f̄A0, f̄B0)
respectively. Then we have

(1)
d

dt

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1 ≤ C1Λdε(t) + O(1)
∫

R3×R3
P �

d(x, ξ, ε)dξdx,

(2)
d

dt
Ddε(t) ≤ −C2Λdε(t) +

O(1)
(t + 1)γ+3

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1

+ O(1)
∫

R3×R3
P �

d(x, ξ, ε)dξdx.
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Proof. (1) We integrate (6.1) over R
3 × R

3 to find
d

dt

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1

≤
∑

α,β∈{A,B}

(∫
R3×R3

Rαβ�
ε dξdx +

∫
R3×R3

[[Pαβ
ε ]]�dξdx

)
≤ 4πq∗Λdε(t) +

∑
α,β∈{A,B}

∫
R3×R3

[[Pαβ
ε ]]�dξdx.

≤ 4πq∗Λdε(t) +
∫

R3×R3
P �

d(x, ξ, ε)dξdx.

Now we set C1 = 4πq∗ to get the desired result.
(2) Before we estimate the time-variation of the collision potential, we note that

∂t|fαε − f̄αε|�(x, ξ) ≤
(
Rαα�

ε + Rαβ�
ε + [[Pαα

ε ]]� + [[Pαβ
ε ]]�

)
(x, ξ),

∂tf
�
βε(x + (t + τ )(ξ − ξ∗), ξ∗)

= ∂τ

(
f �

βε(x + (t + τ )(ξ − ξ∗), ξ∗)
)

+
(
Q̂ββ�(fβε, fβε) + Q̂βα�(fβε, fαε) + P̂ ββ�

ε + P̂ βα�
ε

)
(x + (t + τ )(ξ − ξ∗), ξ∗),

∂tf̄
�
βε(x + (t + τ )(ξ − ξ∗), ξ∗)

= ∂τ

(
f̄ �

βε(x + (t + τ )(ξ − ξ∗), ξ∗)
)

+
(
Q̂ββ�(f̄βε, f̄βε) + Q̂βα�(f̄βε, f̄αε) + ̂̄P ββ�

ε + ̂̄Pβα�

ε

)
(x + (t + τ )(ξ − ξ∗), ξ∗).

We use the above relations to obtain

∂t

(
|ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)(f �

βε + f̄ �
βε)(x + (t + τ )(ξ − ξ∗), ξ∗)

)
≤ ∂τ

(
|ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)(fβ�

ε + f̄β�
ε )(x + (t + τ )(ξ − ξ∗), ξ∗)

)
+ |ξ − ξ∗|γ

(
Rαα�

ε +Rαβ�
ε +[[Pαα

ε ]]�+[[Pαβ
ε ]]�

)
(x, ξ)(fβ�

ε + f̄β�
ε )(x + (t + τ )(ξ − ξ∗), ξ∗)

+ |ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)
(
Q̂ββ�(fβε, fβε) + Q̂βα�(fβε, fαε)

+Q̂ββ�(f̄βε, f̄βε) + Q̂βα�(f̄βε, f̄αε)
)
(x + (t + τ )(ξ − ξ∗), ξ∗)

+ |ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)(P̂ ββ�
ε + P̂ βα�

ε + ̂̄Pββ�

ε + ̂̄P βα�

ε )(x + (t + τ )(ξ − ξ∗), ξ∗).

We integrate the above inequality over R
3 ×R

3 ×R
3 ×R+ with respect to (x, ξ, ξ∗, τ ) to

get

dDαβ
dε (t)
dt

≤ −
∫

R3×R3×R3
|ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)(f �

βε + f̄ �
βε)(x + t(ξ − ξ∗), ξ∗)dξdξ∗dx

+
∫ ∞

0

∫
R3×R3×R3

|ξ − ξ∗|γ
(
Rαα�

ε + Rαβ�
ε + [[Pαα�

ε ]] + [[Pαβ�
ε ]]

)
(x, ξ)

× (f �
βε + f̄ �

βε)(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dξdxdτ

+
∫ ∞

0

∫
R3×R3×R3

|ξ − ξ∗|γ
(
Q̂ββ�(fβε, fβε) + Q̂βα�(fβε, fαε)
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+ Q̂ββ�(f̄βε, f̄βε) + Q̂βα�(f̄βε, f̄αε)
)
(x + (t + τ )(ξ − ξ∗), ξ∗), ξ∗, t)

× |fαε − f̄αε|�(x, ξ)dξ∗dξdxdτ

+
∫ ∞

0

∫
R3×R3×R3

|ξ − ξ∗|γ |fαε − f̄αε|�(x, ξ)

× (P̂ ββ�
ε + P̂ βα�

ε + P̂ ββ�
ε + P̂ βα�

ε )(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dξdxdτ

≡ −Λαβ
dε (t) + N1(t) + N2(t) + N3(t).

Next we estimates Ni as follows.
Case 1 (N1): We use Lemma 6.1 to obtain

N1(t) =
∫

R3×R3

(
Rαα� + Rαβ� + [[Pαα�]] + [[Pαβ�]]

)
(x, ξ)

×
[ ∫ ∞

0

∫
R3

|ξ − ξ∗|γ(f �
βε + f̄ �

βε)(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ
]
dξdx

≤ δβCβ

(
Λαα

ε (t) + Λαβ
ε (t)

)
+ O(1)

∫
R3×R3

([[Pαα
ε ]]� + [[Pαβ

ε ]]�)dξdx

≤ (δα + δβ)(Cα + Cβ)Λdε(t) + O(1)
∑

α,β∈{A,B}

∫
R3×R3

[[Pαβ
ε ]]�dξdx

= (δα + δβ)(Cα + Cβ)Λdε(t) + O(1)
∫

R3×R3
P �

d(x, ξ, ε)dξdx,

where Cβ ≡ 4q∗π
2
√

2π
pmβ

[
4π

γ+2 +
√(

4π
qmβ

)3
]
.

Case 2 (N2): By Lemma 4.6, we have

N2(t) ≤
∫

R3×R3
|fαε − f̄αε|�(x, ξ)

[ ∫ ∞

0

∫
R3

|ξ − ξ∗|γ
(

Qββ�
+ (fβε, fβε) + Qβα�

+ (fβε, fαε)

+ Qββ�
+ (f̄βε, f̄βε) + Qβα�

+ (f̄βε, f̄αε)
)
(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ

]
dξdx

≤
(
Eαα

ε (t) + Eαβ
ε (t) + Ēββ

ε (t) + Ēβα
ε (t)

) ∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1

≤ O(1)
(t + 1)γ+3

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1 .

Case 3 (N3): Similar to Case 2, we have

N3(t) ≤
∫

R3×R3
|fαε − f̄αε|�(x, ξ)

(∫ ∞

0

∫
R3

|ξ − ξ∗|γ

× (P̂αα�
ε + P̂αβ�

ε + ̂̄P ββ�

ε + ̂̄P βα�

ε )(x + (t + τ )(ξ − ξ∗), ξ∗)dξ∗dτ
)
dξdx

≤ O(1)
(
Gαα

ε (t) + Gαβ
ε (t) + Ḡββ

ε (t) + Ḡβα
ε (t)

) ∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1

≤ O(1)
(t + 1)γ+3

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1 .

We combine Cases 1–3 to obtain
d

dt
Ddε(t) =

∑
α,β∈{A,B}

d

dt
Dαβ

dε (t)
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≤
[

− 1 + (δα + δβ)(Cα + Cβ)
]
Λdε(t) + O(1)

∫
R3×R3

P �
d(x, ξ, ϕ)dξdx

+
O(1)

(t + 1)γ+3

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1 .

Take δα and δβ small enough so that −1 + (δα + δβ)(Cα + Cβ) ≤ −C2 for some positive
constant C2. Then we have the desired result. �

The proof of Theorem 1.2. By definition of Hε(t) and Lemma 6.2, we have
d

dt
Hε(t) =

d

dt

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1 + K
d

dt
Ddε(t)

≤
(
C1 − KC2

)
Λdε(t) +

O(1)
(t + 1)γ+3

∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1

+ K

∫
R3×R3

P �
d(x, ξ, ε)dξdx.

We now choose K large enough so that C1 −KC2 ≤ −C3 for some positive constant C3

and use ∑
α∈{A,B}

‖fαε(t) − f̄αε(t)‖L1 ≤ Hε(t)

to get
dHε(t)

dt
+ C3 Λdε(t) ≤

O(1)
(t + 1)γ+3

Hε(t) + K

∫
R3×R3

P �
d(x, ξ, ε)dξdx.

We use Gronwall’s Lemma to find

Hε(t) + C3

∫ t

0

Λdε(s)ds ≤
∫ t

0

∫
R3×R3

P �
d(x, ξ, ε)dξdxds + C4Hε(0).

We let ε → 0 and apply Lemma 4.5 to find

H(t) + C3

∫ t

0

Λd(s)ds ≤ C4H(0).

The L1
a-stability of mild solutions follows from the equivalence between H(t) and ‖ · ‖L1 :∑

α∈{A,B}
‖fα(t) − f̄α(t)‖L1 ≤ H(t) ≤ C4H(0) ≤ C0C4

∑
α∈{A,B}

‖fα0 − f̄α0‖L1 .

Finally we set
G ≡ C0C4,

and use the fact that
∑

α∈{A,B}
‖Fα(t)− F̄α(t)‖L1

α,r
=

∑
α∈{A,B}

‖fα(t)− f̄α(t)‖L1 to obtain

the desired result. �
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