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GLOBAL EXISTENCE FOR A 2D INCOMPRESSIBLE
VISCOELASTIC MODEL WITH SMALL STRAIN*

ZHEN LEIf, CHUN LIU%, AND YI ZHOU$

Abstract. In this paper, we continue our previous study towards understanding the two-
dimensional hydrodynamic systems describing Oldroyd type incompressible viscoelastic fluids. We
will decompose the deformation tensor into the strain and rotation components and look at their
distinct contributions and structures in the small strain (with respect to viscosity) dynamics. In par-
ticular, we prove that there exist classical solutions globally in time if the strain component of the
initial deformation is small enough, while we require no assumptions on smallness of the magnitude
of the rotation component.
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1. Introduction

Viscoelastic materials include a wide range of fluids with elastic properties, as well
as solids with fluid properties. The elastic behavior demonstrated by these materials
is attributed to the underlying microstructure or configurations of these materials.
The deformation of these structures requires exchange of kinetic energy and various
internal elastic energies. This energy exchange is realized through special coupling of
the transport of the internal elastic variables and the induced elastic stress. Hence
the interaction between these microscopic elastic properties and macroscopic fluid
motions can be viewed as a competition between the elastic energy and the kinetic
energy, which in many cases can be demonstrated through the fact that the momentum
equations can be derived from the Least Action Principle [15, 27, 29, 32, 34].

We start with the standard description of general mechanical evolutions. Any
deformation can be represented by a flow map (particle trajectory) z(¢,X), 0<t<T,
a time-dependent family of orientation-preserving diffeomorphisms. X is the original
labeling (Lagrangian coordinate) of the particles. X is also referred to as the mate-
rial /reference coordinate. z is then the observer’s (Eulerian) coordinate. In general,
the velocity field u(t,x) is defined as the time derivative of the flow map, which is a
vector field defined on the Eulerian coordinate:

u(t,x) =z (t, X (¢t,x)). (1.1)

For Newtonian fluids [13, 42] and those non-Newtonian fluids with stress tensor
(nonlinearly) determined by the strain rate only, such as the viscoplastic fluids pro-
posed in [5, 14], the dilatant fluids [12, 43] and those studied by [20, 26, 27, 35], there
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596 GLOBAL SOLUTIONS FOR SMALL STRAIN VISCOELASTICITY

is no “elastic” energy, due to the fact that the systems governing the dynamics do not
involve the deformation tensor:

F(t,z)=H(tX(t,z)), (1.2)

where H(t,X)=2%(¢,X). On the other hand, the description of any evolution of a
pattern/ conﬁguratlon including those of internal microstructures and morphologies,
requires the full information of this deformation tensor. Noticing that the density
function only depends on the determinant of F. We can distinguish the notion of
“elastic” energies by those which involve the full information of F' (or H).

The special memory effects in the non-Newtonian fluids [6, 32, 34, 37, 40] can
also be attributed to the presence of the deformation tensor.

The chain rule immediately gives the following transport equation of F(t,z) [15,
27, 29, 32, 34]:

Fi+u-VF=VuF, (1.3)

which stands for 0,F;; +u-VF;; =Viu;Fy;. This equation can also be regarded as
the compatibility condition between the velocity field u and the deformation tensor F'.
We will adopt the notation that the derivatives with respect to the spatial coordinate
xy will be denoted by Vi, for k=1, 2.

For homogeneous, hyperelastic and isotropic materials, the action functional takes
the form

x):/o /Q%|xt(t,X)|2—W(H) dXdt. (1.4)

Here the density in the undeformed configuration, po(X), has been chosen to be
1. Qg represents the original domain occupied by the material under consideration,
and ; will be deformed domain. Note that with zero velocity boundary condition,
Do=Q:=Q. W(H) is the elastic energy functional which can be decomposed into a
normal part h(p) and a tangential part W (H), namely W (H)=W (H)+ h(p). h(p)
is determined by the determinant of H. W (H) is the elastic strain energy functional.

Formally, the Least Action Principle yields the force balance equations (momen-
tum equations) by taking the first variation of A(x) with respect to the flow map
x:

0A
1.
F (1.5)
The result is in the weak form as:
_OW(H) 9y
/ /QO 0H;; 0X;

where y is the infinitesimal generator of x, which is in the tangent space of that of z.
In case of incompressible fluids, x is a volume preserving diffeomorphism and y will
be divergence free, i.e. V,-y=0.

We note the following well-known identities:

H oL _
8?}3 —H " detH, ST/;: o= —PH (1.7)
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where H~T denotes the transpose of the inverse matrix of H.
Now we can present the following momentum equation in Lagrangian coordinates
as:

oW (H)

T4+ Vx-(H Tpdet H) =V - 0 (1.8)

Here we use the notation (V-H); =V ;H;;. Moreover, the term 8Vg;IH) on the right
hand side of the equation is the Piola-Kirchhoff stress tensor [15]. This is also equiv-
alent to the following representation in Eulerian coordinates:

L OW(F)
detFF OF ’

p(ut—|—u-Vu)+Vp=V~( (1.9)

where p is the hydrostatic pressure, satisfying p(p) = p?h’(p) (In more conventional no-
tation, with internal energy being [, g(p)dz, the pressure will satisfy p'(p) = pg” (p).)

1 OW(F)
The term JtF —5F
oW (F)

Kirchhoff stress tensor =5z ). This is the Eulerian description of elasticity.

The viscosity term can either be included through the a priori postulation of
the dissipative energies as those in [11, 8] or through the additional consideration
involving the thermo-fluctuation effects [36]. The resulting momentum equation will
be:

FT is the Cauchy-Green tensor (for the corresponding Piola-

1 OW(F
p(ut—l—u-Vu)—kszu(Au—kVV-u)%—V-(M 81(7 )FT)7 (1.10)
and the corresponding incompressible case will be:
_ OW(F) 7
we+u-Vu+ Vp=pAu+V- (TF ) (1.11)

where the pressure p plays the role of the Lagrangian multiplier for the incompress-
ibility constraint V-u=0.

If we restrict ourselves to the cases of Hookean elasticity, i.e., W(F)= %|F|27 the
full system can we written as:

ug+u-Vu+Vp=pAu+V-(FFT),
Fi+u-VF=VuF, (1.12)
V-u=0.

All the results and the techniques of this paper are valid in the case of general
strain energy function W (F'). For more details, see Rem. 4.5.

In this paper, we are interested in the global existence of classical solutions for the
Cauchy problem or periodic initial-boundary value problem of the system (1.12) in
two space dimensions, with small strain conditions. More precisely, the deformation
tensor F' can be decomposed into a strain part and a rotational part; if we impose
the condition that the initial values of the strain part are small with respect to the
viscosity (see section 2), and prove that the system has global classical solutions.

The main difficulties for obtaining global existence for system (1.12) with small
data (with respect to the viscosity p) lie in the fact that the system is only partially
dissipative. In the presence of the dissipative term Awu in the momentum equation,
we need not impose the null condition on the strain energy function W (F') which is a
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necessary condition when studying elasticity or nonlinear wave equations [3, 4, 7, 22,
38]. This is because the system is not scaling-invariant anymore, in contrast to other
inviscid problems. This prevents the utilization of the hyperbolic dispersive estimate
methods which are based on Lorentz invariance. These methods, often referred to
as the generalized energy methods, were originally developed by Klainerman for the
construction of solutions to nonlinear wave equations [21] and were later modified
by Klainerman and Sideris to treat the case of elasticity with a smaller number of
generators. The work in the last part does not rely on the Lorentz invariance but only
on the scaling invariance [24, 38, 39]. It is also clear that the usual energy method is
not valid here since there is no dissipation from the deformation tensor F'.

Complex fluids have received a great deal of interest in recent years. In the
2-D incompressible case of viscoelasticity, Lin, Liu and Zhang [32] proved the global
existence of classical solutions for near-equilibrium cases. In fact, the method provided
a general framework to deal with systems with partial dissipation. Lei and Zhou [29]
showed that global solutions of (1.12) can be obtained as the limit of solutions of the
compressible viscoelastic system (1.10) as the Mach number tends to 0. The results
has been generalized to the 3-D case by Lei, Liu and Zhou [30].

The corresponding results for the 2-D inviscid cases are still open, with the most
up-to-date results being those in [3, 4]. In three-space-dimensional, compressible
cases, both Agemi [1] and Sideris [38] proved global existence of small-data classical
solutions for elastic waves under the same kind of null conditions. The former’s proof
relies on direct estimation of the fundamental solution, while the latter’s proof utilized
an additional set of weighted L? estimates. Recently, the corresponding results in the
incompressible case were given by Sideris and Thomases [39] via the incompressible
limit. However, their methods cannot be applied directly to the viscoelastic case since
scaling invariance of systems plays an important role in their proof.

The linear transport equation for deformation tensor F' cannot be treated directly
in the framework of [25]. Nonetheless, one may apply the div-curl lemma [41] to obtain
a weak solution [34] in some special cases. In general, it is more difficult to obtain the
compactness for the Cauchy-Green tensor of sequences of solutions, see [32, 33, 34].

K. O. Friedrich observed that the smallness of the strain in nonlinear elasticity
can be realized through the polar decomposition of the deformation tensor. The cor-
responding nonlinear elasticity problem was studied in the famous work of F. John
[19]. Liu and Walkington [34] considered approximating systems resulting from the
special linearization of the original system with respect to the strain. Our decompo-
sition here is motivated by those works, but with distinct advantages in the analysis
procedure. This paper provides the first such result in the dynamical cases.

In section 2, we convert the original system to the small strain case by decom-
posing the deformation tensor F' into its rotation and stretching parts. In section 3,
we study the local existence of solutions of the system (1.12). In section 4, we prove
the global existence of classical solutions of the system.

2. Rotation-strain decomposition
We start with the transport equation for the deformation tensor F. First, we
decompose F' into its strain part V and rotation part Q.

F=(I+V)Q. (2.1)

We point out that here we relax the usual symmetric constraint on V. Instead, we
require that () satisfies the equation

Qi+u-VQ=wu)Q, (2.2)
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where

~ Vu—-V%u

w(u) 5 (2.3)

is the skew-symmetric part of the strain rate tensor, i.e., the vorticity tensor. Hence
Q is a rotation matrix. In particular,

QQT =1 (2.4)

for all time if the initial data satisfies QoQZ =1. Moreover, we can write this 2 x 2

orthogonal matrix in the form:
cosf) —sinf
Q= <sin9 cosf > ' (2.5)

The equation (2.2) can then be reformulated as:

Viug —Vauy

This gives the following important equation:

1 1 —VQU'VQ o 1
hV—0+u-VV 9+< Vi Vo _iAu. (2.6)
Here we use the notation that
1, (—Val
v (o). 27)

Inserting (2.1), (2.2) and (2.3) into the second equation of system (1.12) (the
transport equation for F'), one obtains:

(T+V)i4+u-VI+V)Q+ (I +V)(Qi+u-VQ)=Vu(l+V)Q.

This equation yields the evolution of the strain component V:

Vi+u-VV =D(u)+VuV —Vw(u), (2.8)
where
T
D(u)= w (2.9)

is the symmetric part of the strain rate tensor.
In summary, the final system becomes

V-u =0,
u+u-Vu+Vp =pAu+V-(VVT)+V.V+V.VT,
Vi+u-VV  =D(u)+VuV —Vw(u), (2.10)
—VQU-VQ
HVL0+u-VVLo+ =1Au.
' B Viu-Vé 2=



600 GLOBAL SOLUTIONS FOR SMALL STRAIN VISCOELASTICITY

We remark that the first three equation on (u,V’) constitute a closed system,
without involving the variable . However, as we will see in the following sections, the
physical constraint of the original viscoelastic problem will involve this “phantom”
variable 8, through the incompressibility conditions.

We are interested in the Cauchy problem or the periodic initial-boundary value
problem of the above system (2.10). The domain © under consideration can be a
2-dimension torus or the entire space R2. The initial data is of the form:

u(0,z)=uo(z), V(0,2)=Vo(z), VO(0,2)=Vb(x). (2.11)

From now on, we will focus on the above system (2.10). Moreover, we will impose
the following additional constraints on the initial data:

V'Uo :O,
det(I+Vp) =1, (2.12)

VT =g+ | eVl onVal)
Vo11 V100 + V21 Vabg

These constraints are derived from physical consideration of the original viscoelastic
system. As explained at the end of this section, all three are consequences of the in-
compressibility. In particular, the third equation is derived from the special constraint
V-FT =0 (see [30, 32]).

The following two lemmas demonstrate some special structures under the new
system, in particular, under the constraints on the initial data.

LEMMA 2.1. Assume that the second equality of (2.12) is satisfied and (u,V,0) is the
solution of system (2.10). Then we have

det(T+V)=1 (2.13)

for all later times t > 0.

Proof. Applying the identity (1.7), together with the first and third equations of
(2.10), we have

(det(I+V))+u-V(det(I+V))

1 Vﬂlj + Vjui
2

=det(I+V)(I+V) 5 Vit (6kj + Vis) — (i + Vik ) wi]

=det(/+V)V-u=0.

=det(I+V)([+V); + Vit Vi — Vigwr

Hence the result of the lemma follows. O

From the next lemma, we can see that the unknown variable 0, i.e. ), is coupled
in the system through some special structure, despite the fact that the equations of
(u,V) are already closed.

LEMMA 2.2. Assume that the initial data satisfies the constraints (2.12), and (u,V,0)
solves the system (2.10), Then for all the time t >0, we have

(2.14)

Vi1V10+ V5, Va0
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Proof. First of all, by transposing the third equation of (2.10) and applying V-
to the resulting equation, we have

1
V-V +u-V(V- V) 4+ Viu-VVT = FAu+V- (VIVul +w)vT).  (2.15)

Combing this with the fourth equation of (2.10), we have

o, [VVT . (_vvfea)} fu-v [V~VT _ (_ijf)]
_ <—V2u~V9

_ oyT (T, T T
V1u~V9> Viu-VVE 4+ V- (VEVu' +w(u)V*).

On the other hand, by the last two equations of (2.10), we have
P ViaV10+ V32 Vo UV V12 V104 V52 Vo0
P\ V11 V10—V Vol —V11V160 = V51 Va0
_ _V12vlu -V + %V12AU2 + Vlﬁw + Vlﬁvkulvkg - V19V1kwk2
o V11V1u -V — %VHA’U,Q — V19V1u1 — Vlé)Vkulel + V10V1kwk1
~V22Vou-Vo — %‘/22AU1 +V20Vous+ Vo0V ius Vo — Vo Vorwis
V21VQ’LL' Vo + %VglAul - VQGW - v20Vku2Vk1 + V29V2kwk.1 ’

Adding these two equations together and noting that V-u=0 and w(u)13=
w(u)22 =0, we have

([~ [ ViaVi0+VayVah
O {V v ( V.6 )+ (—Vuvla—vglvge)]

-V ViaV10+ V52 Va0

V16 V11 V10 — V51V

. —Vlgvlu-VQ—s—%VlgAuz—kvlew+V19Vku1Vk2—V191/1kwk2

o Vuvlu-VH—%VnAug—VlHVlul—Vlevkulel—&-VlGVlkwkl

n —VaaVou - Vo — %V22Au1 +V20Vous + Vol ViuaVia — Vo Vorwie

Vo1Vaou-Vo+ %VglAul — VQHW — V20V ua Vi1 + Vo Vaorwit
—Vgu-Ve
V1U'V9

( Vi0¥Yeu L 7,0V 50, —Vou-Vé

T\ =V10Viuy — Vet ian Viu-Vo

n +%V12AU2 — Voo Auy
Vi1 Aug + 5 Vo1 Auy

—i—u-V{VW/T—(

) —Veu-VVT V- (VIVu? +w(u)VT)

) ~Vu-VVT V- (VIVUT +w(u)vT)

T2

I —V12aViu-VO+ V10V u1 Vi — V10Vi pwio
ViiViu- VO —=V10Viu Vi + V10Viwia

+ —Vgngu-V0+V20Vku2Vk2—Vg&ngka
Vo1Vau -V — V20V ua Vi + Va0 Varwi

=—w(u)V*o+wu)v-vT
(—V12V1U'V9+V19V1U1V12 +V10Vau Vo — V19V11w12>

* ViiViu-VO =V 10V iu1 Vi1 — V10Vau Vo1 +V10Vigwa
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+ —Vgngu-V9+V29V1u2V12+V29V2uQV22—V29V21w12
Vo1Vau- VO —V20ViuaVis — ValVaus Vor + Vol Vaswo

= W)V I+ -V + <V19V11w12V20V21w12)

V10Viswai + Va0Vaswar

_ T _ (—V=20 Vi2V10 + Vaa Voo
=w(u) [V v ( V.0 )+ <v11vlev21v29>} '

This implies the result of the lemma if we choose the corresponding initial condi-
tions. ]

From these lemmas, we can see that the constraints (2.12) on the initial data are
consistent with physical incompressibility, rather than merely mathematical techni-
cality. In particular, all three conditions are consequences of incompressibility. The
two lemmas above represent the special structures of the system induced by the in-
compressibility.

To elaborate, we look back at the macroscopic incompressibility condition:

det FF'=1.

The second assumption of (2.12) is the direct consequence of this, since @ is an
orthogonal matrix. Next, recalling the conservation law for mass pdet =1 and its
corresponding transport form,

pt+ V- (pu) =0,
we recover the incompressible constraint on w,
V-u=0.

We can view the third assumption of (2.12), hence (2.14) from another angle. Re-
call the following proposition for any incompressible mechanical deformations, which
was first derived in [34] and later extensively used in [30, 32].

PRrOPOSITION 2.3. If we set the density in the reference configuration equal to one,
then we have

(V-F)i+u-(V-F)=0.
Moreover, under suitable initial conditions, V;jF;; =0 for i=1,2.
In other words, we have
0=0Q1;(ViQi;j + Qi ViVir + Vi ViQxj)
=ViVu+Qi;ViQi; + Qi Vi ViQrj,

which is equivalent to the equation:

( ViV ) _ (Vzo) n (V12V19V22V29>

ViVja V10 V11V10+ V21 Va0 )°

For convenience, we can write the constraint (2.14) on V' in the expression:

V- VT =vito4+JvTve,

J:((l) _01).

where
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3. Local existence of classical solutions for initial value problems

The proof of the local existence of the classical solutions is standard once we note
that the first three equations of system (2.10) constitute a closed system. One can
obtain the local classical solution of the closed system by the usual Galerkin’s method,
see [32, 34, 42] for a detailed explanation. Alternatively, one can also obtain the local
classical solution via the method of the incompressible limit as in [28].

Imitating the argument in [32], we can obtain the following local existence results.

LEMMA 3.1. Let k>2 be a positive integer, ug € H*(Q), Vo € H*(Q), and assump-
tion (2.12) be satisfied. Then there exists a positive time T, which depends only
on |luo|l g2y and ||Vo|lg2(q), such that the Cauchy problem or the periodic initial-
boundary value problem for the system consisting of the first three equations of (2.10)
with initial data (2.11) possesses a unique solution in the time interval [0,T] with

0] Veue L0, T; HE=2-1el(Q)) N L2(0,T; HA =2~ 1e1+1(Q)),
VeV e L>(0,T; H*=2-lel(Q))

for all j, « satisfying 2j +|a| <k. Moreover, if T* is the mazimal time of existence,
then

.
| el oy dt =

This will in turn gives the corresponding results for the last equation of (2.10):

LEMMA 3.2. Under the assumptions of Lemma 3.1, we further assume that
0] Veue L>(0,T; H* =71l (@)nL?(0,T; HF 512141 (@),

for some positive constant T and all j, « satisfying 2j+|a| <k. Then VO can be
uniquely determined by the last equation of (2.10) with initial data V0o and

dIVOVO e L>®(0,T; HF 2 -1e=1(Q)),

for all j, a satisfying 25+ |a| <k, provided VO, € H*=1(Q).

In summary, we can state the tesult for the local existence of classical solutions
for the system (2.10)-(2.11).

THEOREM 3.3. Let k>2 be a positive integer, ug € H*(Q), Vo€ H*(Q) and Vo, €
H*=Y(Q). Then there exists a positive time T, which depends only on |lugl| p2(q),
IVolle2() and ||V0o|| g1 (q), such that the Cauchy initial value problems or the periodic
initial-boundary value problem for the system (2.10)-(2.11) possesses a unique solution
in the time interval [0,T] with

IvVeue L>(0,T; H2-1el(Q)) N L2(0,T; H+—2i-lel+1(Q))
DIV e Lo (0,T; H+—2~10l(Q))

for all j, a satisfying 25+ || <k and

BV e L>(0,T; H* %~ lel=1(q))
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for for all j, « satisfying 2j+ |a| <k—1. Moreover, if T* is the maximal time of
existence, then

T*

4. Global existence for small-strain initial conditions

In this section, we will prove the global existence of classical solutions for the
system (2.10)-(2.11), with a small initial condition satisfying the assumptions (2.12).
To avoid the complications due to the boundary conditions, we concentrate below
on the situation concerning only the entire space. In fact, the periodic and smooth
bounded domain cases can also be treated by more lengthy argument. However the
procedure only involves a more technical complications compared to the proofs below.

As in the cases that were studied in [30, 32, 34], the main difficulty lies in the
partial dissipation, as well as the loss of scaling invariance of the system. The presence
of a damping mechanism on u becomes an obstacle when one wants to utilize the
techniques involving the combination of Klainerman’s inequality with weighted L2
estimates, even in three space dimensional cases [21, 22, 38, 39].

The main achievement of the paper is to recognize the special structures of the
system which are specifically due to the incompressible mechanical deformation. Such
structures were revealed by Lemma 2.2. The specific manipulation of these structures
enables us to obtain certain dissipative estimates for the deformation tensor F', which
in turn yields the unusual higher-order energy methods to get a priori estimates of
solutions. A similar idea has been employed in [32], and later in [29, 30]. In this
paper, we refine our near-equilibrium assumptions in [32, 30] to more precise physical
considerations, that is, the smallness on the strain (not on the rotation) part of
the deformation tensor. Such consideration was used in [34] to attempt to derive a
modified system which they can prove the existence of global weak solution. Here we
study the exact transformation of the original system. Consideration of such smallness
in strain from nonlinear elasticity was also employed in the earlier work of F. John
[18].

From now on, we will denote by |- || the L?(R?) norm and (-), the inner product
of standard Euclidean space R', R2, or R*.

We start with the basic energy estimate for the momentum equation. By taking
the L? inner product of the middle two equations of (2.10) with u and V, respectively,
and using integration by parts, one obtains

1d 2 2 2
-4 d
537 . (V) dat ]V
2 2
:—/ w v VE L oy d:c+/ (V,VuV) do
R2 2 RZ

+/<%vv+vvﬂ+MDw»m
R2

T
+ /Rz<u,v-(vv ) da:—/Rz<V,Vw(u)> dx.
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On the other hand, we have

1i/ 2trV dx:—/ u-VtrV dx—i—/ trD(u) dx
2dt R2 R2 R2

+/ tr(VuV —Vw(u)) dz.
R2
By (2.3) and (2.9), it is easy to see that:

/ (V,VuV)+(u,V-(VVT)) dv=0,
R2

/ (V. Veo(u)) de=0,
R2

/ (D(u),V)+(u,V-V+V-VT)) dx
R2
+/RQtr(VuV—Vw(u)) dx =0.

Thus, we have the basic energy law:

1d

—— | (JuP+ V]2 +2trV) da+ pl| Vul? =0. (4.1)
2dt Jpe

Applying A to the middle two equations of (2.10) and then taking the L? inner
product of the resulting equations with Au and 2AV | respectively, we obtain

1d
24t e

(|Au? +2|AV|?) da + p||V Aul?
:/RZ(AV~V+AV~VT,Au>+<2AD(u),AV> dx
_ /R (A(u- V), Au)+2(A(u-VV),AV) da
+ /R (AV-(VVT), Au) +2(A(VuV),AV) da
- /R (VAp.Au) da - /R 2A(Vi(w), AV) dr. (4.2)
By integration by parts, one can easily get
/RQ<AV-V—|—AV-VT,Au>+(2AD(u),AV} dz

—/ (VAp,Au)=0. (4.3)
RZ

To estimate the rest of the terms of the right side of (4.2), we recall the following
well-known Lemma which can be found in the literature [2, 23, 31].
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LEMMA 4.1. Assume f, g€ H*(Q), s>2, Q being the entire space R* or a bounded
domain with smooth boundary 02 and periodic boundary conditions. Then there exists
a universal constant C' depending only on € such that

IAGI=CAIS | Agll+ gl 1AL,
[£le <CIAIRIVAZ, (4.4)
IV fllpa <CIAFIZ S

Using the last two interpolating inequalities in (4.4), we can estimate the second
line of the right side of (4.2) as follows:

‘_/ (A(u-Va), Au)+2(A(u-VV),AV) do
R2

_ ‘/RQ<A(u~Vu)—u-VAU7AU>

12(A(u-VV) —u-VAV,AV) d:r,‘

< (| Al Vull e Aullzs + AV [ Vall | AV
FIAVIIVV oAt ze)
1
SC(1+M)(|U||H2+||V||H2)(ug|AV||2+||VU||2+||VAU||2)- (4.5)

Here and hereafter, C' will denote a generic constant independent of the viscosity u.
The specific meaning of C' may vary according to the contex.
Similarly, we can estimate the remaining terms of the right side of (4.2) as follows:

/ (AV-(VVT), Au) +2(A(VuV),AV) dz
R2

/ —(AWVVT) VAU +2(A(VuV),AV) dx
R2

IN

CUVAUIAVIIV]lso + I Vulloo |AV][?)

A

1
C(1+M)(|U||H2+||V||H2)(Mg|AV||2+||VU||2+||VAU||2>a (4.6)

and

/ 2{A(Vw(u)),AV) dx
R2

< C(IVAU[AVIIV oo + [ Vullo | AV )

1
SC(1+M)(|U||H2+||V||H2)(ug|AV||2+||VU||2+||VAU||2>~ (4.7)

The last steps in (4.6) and (4.7) involve the following estimate:

IVullsol|AV?
[AVIAV[[[Vulloo
ClIVIa= 1AV Vull + IV Aul])

1
O+ ) (lullme + V]| 2) (MQ|AV||2+||Vu||2+||VAu||2).

IN

IN
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Finally, combining (4.1)-(4.3) and (4.5)-(4.7), one obtains

1d
5 = ([l 2 +2(VI[32) + ol Vul
2 dt
1
<+ )l + V) (g IAVIE+ [Vl ). (1)
Here we observe that the incompressible condition det FF'=1 gives trV =—detV, so

trV is a higher order term in V. This observation will be used again later in the
proof.

It is clear from (4.8) that our obstacle now is to find the dissipation of the term
[|[AV]|. We recall that a similar situation occurs in our earlier work [30, 32]. However,
the system and the unknown variable are different here.

We introduce the new variable:

1
w=u+—-A"'V.V. (4.9)
©

Our goal is to establish dissipative energy estimates for this new variable, more pre-
cisely, for ||VAw||, which can help us estimate ||AV].

By applying A and iV' to the momentum equation and the transport equation
of system (2.10) and adding the resulting equations, we have

1
Aw, + A(u-Vu)+ ;v- (u-VV)+VAp
1
=pA*w+AV-(VVT)+ AV-VT+;V-D(u)
1
+;V~(VuV—Vw(u)). (4.10)

Taking the L? inner product of the above equation (4.10) with Aw, we obtain
that

1d
2dt

:/ <AV~(VVT)+/iV~(vuVvw(u)),Aw> da
R2

1w+ ]| V A

—l—/ (lV-D(u),Aw> dx

Rz M

—/ <A(u~Vu)—|—1V-(u~VV),Aw> dx
R? 2

+/ (AV-VT Aw) dz+ [ ApAV-w da. (4.11)
R2 R?

Integrating by parts and using Lemma 4.1, the second line of (4.11) can be esti-
mated as as follows:

/ (AV-(VVT) + lv. (VuV —Vw(u)),Aw) dx
R2 o

IA

1
OV A (IIAVIIIIVllooJrMIWIIIVIOO>

IN

1 1
0 (w3 ) Wl (I 8wl 4 [0l + IAVIE). (a2)
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Next we estimate the third line of (4.11) as follows:

1
/RZ<EV-D(U),A’U}> dx

H 2, 2 2
§§||VAwH +E||Vu|| : (4.13)
Noting that V-u=0, one can estimate the fourth line of (4.11) as follows

‘—/Rz(A(qu)—l—;V-(U~VV),Aw> dx

1 1
< /<A(u-Vu)—u-VAu—i—fV-(u~VV)—fu-VV-V,Aw> dx
R2 ] H

+

/ (u-VAw,Aw) dz
R2

1
= /RZ<AUVUHFQVWVVkUZJr;V]uVVU,AwQ dx

IN

1
ClIVAw] (IIAuIIIIuIIOC + IIVUIIIVUIIOO+MIIWIIIIV||OO>

IN

1
C(1U> (allze + 1V a2 IV Al + [Vl ). (4.14)

To estimate the first term of the last line of (4.11), we recall the definition of w
in (4.9) and use (2.14) and integration by parts:

/ (AV - VT Aw) dx
R2

=—/ <VV~VT,VAu+3vva> da
R? K
1

< VY- VTIP-+ VAUl (18] + [V (VI6)])
< VY VT8V a4 o A0

+ OVl 1V A0+ | A1)+ O[TV 1| V012 [V A
<

1 1
cui) (IV L+ 1961 ) (I AulP+ s [26]?
1 2 2 2, 1 2
+ g AVIP 4 Fullha ) + 8V Aul? + 516 (4.15)

Here we used the equation (2.14) of Lemma 2.2 to bring in the variable 6 in order to
control V-V.

It remains to estimate the last term of (4.11). To do so, we apply V- to the
momentum equation and obtain the following equation for the pressure:

Ap=V-V-(VVT)42V.-V-VT -V (u-Vu).
Recalling the special structure indicated by the equation (2.14), we conclude that

V-VVT=v.V.(JVTV).
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Combining this with integration by parts, we can estimate the remaining term in
(4.11) as follows:

‘/ApAV-w dx

1
Z‘/ApV-V-VT dx
J7

l V- Tf-u.u ~~Tx
M’/[VV(VV) Ve (u-Vu)V-vV-VT d

2
+2v-v-vT)?
7

IN

c 1 1
;IIVI\OOI\AVIIQﬂLCHUIIoo </HIIAV2+|M2) +CHVU||O<>;HAVHHVUH

4 4
+ ;HVVII%LIIV@II%+;||VH§OHMH2

IN

1
c(||vH2+|u||Hz+u2Mve||V|H2+u|V|%p)

1 1
2 2 2
x (Wumwnavn + ] )

IA

1
C<1+u2>(V||Hz+|u||Hz+u||v0||)(|w%Iz+ V]2 + ||A0||2)
(4.16)

The final step is valid provided that ||[V||z2 <1, a condition that can be main-
tained, as we will show. arguments.
Substituting (4.12)-(4.16) into (4.11), we finally arrive at

Sl V8wl < [ Tul + 160V AP+ 0]
1
e (“2U) s+ 1V s+ 1901

1 1
x (nvmnﬂnwnzﬁlﬂ|AV|2+MQ||M||2) (4.17)

Since our goal is to estimate |AV]|, the next step is to compute the following
identity:

AV =VV-V+(VH 20V — VL[(I O)(v VT)} (4.18)

This identity is related to the Hodge decomposition for the A operator and can be
verified by direct computation as follows:
AV =VV- V-V xVxV
_UV.V— Va(ViVig = VaVir) —=Vi(ViViz = VaViy)
Va(V1Var = Vo V1) =V1(V1Vae — Vo Vo)

V3V —V1V2V11> B <V2V1V12 —ViVia )
—VoViVay ViV —V3Var ViVaViy
VoViVig+V3Vay —ViVip— V1V2V22>
—V3Vo1 —=V1VoViy ViVaVa +Vivi
Va(ViVig +VaVa) —Vi(ViVia+Valas)
—V2(VaVo1 +ViVii) Vi(VaVar +ViVi)

—vvv+(
:VV-V+(VL)2trV—<
:vv-v+(vl)2trv—(

=VV-V+(VH)2teV — vl[<1 . )(v VT)}
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From (2.13), we notice again that
trV =—detV.
Recalling (2.14), (4.9) and the third inequality of (4.4), we have

lavip<e (199 viE o+ [(§ 73 ) v e pavie)

<CPP (VAU + |[VAw|?) +ClIV |7 < |[AV?
+ ClAY|*+CIV(VVE)|?

<Cp*(IVAU|® + VAW |?) +ClIV |13 | AV |2
+ CllAGI* +CVV |74 1IVO]17 4

<CpP(IVAU|? + | VAw|?) 4+ C||AG|

+ CuVV IOl (S IAVIE+ A0,
Thus, if we can have the estimate
VI3 + V6l < &, (119)
we will arrive at
JAV2 < O3V Aul + 62|V Aw|? + | A6]2). (4.20)

It is clear now that we must estimate ||A8]||. For this purpose, we will introduce
another auxiliary function:

O=u+ a1y, (4.21)
7

We will try to find the dissipation for this new function ©. Before doing that, we
combine (4.20) with (4.21) to get the estimates

1AV <Cu?(|VAu|* +[[VAw|* + | AVO?) (4.22)
and
1A0]1* < 26|V Au[* +[|VAB?). (4.23)
These two inequalities (4.22) and (4.23) will let us improve (4.8) and (4.17) as:
li 2 Vv 2 \V4 2
Ol + V1) + sVl
< COA+p)(lullaz + 1V Ia2)
(IAVw] +[[VullF2 +[IVAS|?) (4.24)

and

d
Al +pl [V Aw]?

2 1%
< EIIVUIIZ+16uIIVAUIl2+T6(IIVA®Il2+IIVAUIIQ)

1
e (mﬂ) (allas + V2 + 1 A0])

x (|[VAw|? + | Vul%: + | VAO|?). (4.25)
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Our next step is to establish the energy estimates for [|A©|. Recalling (2.14) and
the definition of O (see equation (4.21)), we can rewrite the momentum equation as

U +u-Vu+Vp=pAO+V-(VVT)+VVO+V-V.

Applying A to the above equation, multiplying (2.15) by i, and then adding the
two resulting equations, we have the following equation:

1 — 1 /- .
A@t+A(U'VU)+Mu~V( Vg@) ( Vou-V4

vi0 )T vlu-ve)JrAVp

1
:MA2@+AV.(VVT)+A(VV9)+AV~V+ﬂ @Z;) (4.26)

Taking the L? inner product of the above equation (4.26) with A©, we can get

1d ) )
§£/|A®| de+ || VAO)|
+/<u~VA@,A@)+<VAp,A®) dx
:—/(A(u-Vu)—u-VAu,A@> dx
1 —VQ’U,'VG
-G (it ) ae) o
+/(AV-(VVT)+A(VV6),A®> da
1 Aul
“f (i (5 ) 20)
+ / (AV-V,A®) dz. (4.27)

We estimate the terms in the above estimate one by one. First, by using integra-
tion by parts, it is easy to get

/ (u-VAO,AB) +(VAp,AO) dx =0. (4.28)

By Lemma 4.1, the third and fourth lines of the equation (4.27) can be estimated as
follows

)—/(A(u-Vu)—u-VAu,A@) da

< G(Sites )20

1
< O(HUHOOHAUH+||VUH<X>HV“H)HAV@H+;||Vu||||V9||L4HA@”L4

A

IN

1 1 1 1 1
Cllullg=([IVull 32 + |AVO|?) + ;HVUHHVHH 2| A8z |A]|Z|AVE| 2

IN

C(llullzz= +IAGID (I Vullz2 + [AVO]?). (4.29)
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Next, by using Lemma 4.1, the fifth line in (4.27) can be estimated as follows

’/(AV-(VVT)+A(VV9),A®> dx

IN

1 1
CullVeo [ 1AV +[VAB|? +— [ A2
I I

+ CIVV][La[[ VO]l s [ VAB]|
CA+m)([ullzz + 1V + [ AOIN(IVulF + [ VA + [V Awl[?). (4.30)

IN

In the estimates, we have used the definition of © (see (4.21)), and the estimates
(4.22) and (4.23). It is easy to estimate the sixth line in (4.27):

(o (A 20)

Now by the definition of w (see (4.9)), we can estimate the last term of (4.27).

H VAO 2 1 \v4 2 A

‘/(AV-V,A@) da

:‘/<vv.v,vm> do

2
<5IVAeP+ vy V?

W
< IVABIP +4u((|VAu[® +[|VAw]?). (4.32)
Combining all these estimates (4.27)-(4.32), we arrive at

d
1281 +u|vAae|®

C
< Ll Vull+ Cull V| + 4y A
O+ ) (s + 1V L2 + 126
% ([ Vull3 + [V AO| + [V Aw]?). (4.33)

Multiplying (4.25) by an appropriately big constant, say 8, and then adding the
resulting inequality with (4.33), we arrive at

d %
@(SHAwII%r |AB|%) +§(HVAUJ|I2+ [VA®S|?)
1
< c(u2+u)<||u|Hz+|V|Hz+A@n)
X ([IVAw[]?+[|Vul 32 + [ VAO| )
C
+ Enwuhcunvmu? (4.34)

Multiplying (4.24) by 2C, and adding the resulting inequality with (4.34), we
obtain that



Z. LEIL, C. LIU AND Y. ZHOU 613

d
Z[CUlullzz +VIIZ=) + [ AO] +8|| Aw||?]

i
+ L(Vallye +IVAul +[TABIR)
< (4 + 1) (ulls +1V 1+ 1201)

< (IVAW|? + (Va7 + [ VAO|) + IIVUII2 (4.35)

Now we impose the smallness assumption on the initial data
o
M(1+p8)’
where M >0 is sufficiently large. We point out here that we have no smallness as-
sumption on 6 itself. By (4.36) and the definition of ©, it is easy to see that

l[uoll 2+ [[Voll 2 + [ AO0 |

1
<2 (Hu) (luoll = + Vol = + 1 VOoll)

luollZr= + 1 Voll 2 + [V 60]* < (4.36)

1 /~L6 1 /1*2
<41 14— <- .
- ( u) M(1+p3) ~ 44C (12 +1)
Note that the above computation is valid independent of the magnitude of the viscosity

1 provided that M >C3. By continuity, there exists a positive time T such that

2
7
AB| < ——~A—r. 4.
i+ VL2 18001 < gl (437
for all 0 <t <T™.
Now obviously (4.19) is true for 0<t<T™* due to (4.37). Then (4.35) is valid for
0<t<T*. Using (4.37), we improve (4.35) as

d
d*[C(Hullfgz HIVIE2) + 1A% + 8[| Awl?]
(HWHHz+HVAw||2+IIVA@H) 3HVUH2

Consequently, using the definition of ® and w, and integrating the above equation
with respect to ¢ gives

[ullre + 1V 17 + [ AB]* + | Aw]?

.
I
+ Z/o (IVAw|* + [ VulZ2 +[VAS?) dt

<Cllullze +ClIVIE: + 1 AO]° +8] Aw]?

™
1
+ 1/0 (IVAw|? + [ Vull 32+ VAS?) dt

C oo
< C(Jluoll +IIVollprIIA@o|I2+8IIAon2+E/O IVl dt

1 C
< (1 ) Quolfe + 1+ I9600) + S5 (ol + 6e). (439
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where in the last inequality, we used the energy law (4.1) and trV = —det V. Recalling
our smallness assumption on the initial data (4.36), we have

2
(lullzr2 + 1V Il22 + |20 )
<2(Jlullyz + 11V 3 + 1 A0]2 + | A

i
I
+ 5 [ (VAR + 19l +1Va0)P) at)

Clu?+p°) _ w )r. (4.39)

1
- M(1+pu8) _5{40(/13—1—1

Estimate (4.39) implies that (4.37) remains true for all the latter time with a uniform
constant C' independent of y and t.

In conclusion, we have the following theorem, which states that if the initial state
has small strain V' (and V), then the viscoelastic system does posses a global classical
solution.

THEOREM 4.2. Let Q€ R? be cither a bounded domain with smooth boundary or
the entire space R%. Suppose that ug € H*(Q), Vo€ H*(Q) and Vo€ H*=1(Q), for
some integer k>2. Suppose further that assumptions (2.12) on the initial data are
satisfied. Then there exists a unique global classical solution for the Cauchy problem
(2.10)-(2.11) or the initial boundary value problem (2.10)-(2.11) such that

oo 4
g Vi [ I+ Vulfe) < s, (@)
provided the initial data satisfies
16
HUOH%W+HV0||§{2+HVQOH§{1Sm (4.41)

for some sufficiently large constant M (M >C?) independent of 1 and t.

We will finish the paper by making several remarks concerning the results of the
theorem.
REMARK 4.3. It is very interesting to study whether in the limit as the viscosity p
tends to zero, the solutions of system (1.12) or (2.10) converge to those of the following
inviscid system:

u+u-Vu+Vp =V-(FFT),
Fi+u-VF =VuF,
V-u=0.

Unfortunately, our theorem cannot give any information for that since the bound in
(4.40) tends to zero as u tends to zero.

REMARK 4.4. The above theorem only gives results for small strain. It cannot be
generalized to the large viscosity cases, e.g., the Navier-Stokes equations.

REMARK 4.5. The results in Theorem 4.1 are still true for a general isotropic elastic
energy function W (F) if the usual Legendre-Hadamard ellipticity condition is imposed
upon the linearized elasticity tensor. For this part of the argument, we refer to our
recent work in [30].
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REMARK 4.6. In the case of 2=T?, the two dimensional torus, we can also derive
the small data global existence results from the results in [30]. To see this, we set

- 1
Op= — Oodzx.
TR )
By Poincaré’s inequality, we have
160 — 00|l <C|| V0ol 1. (4.42)

Thus, if we define

Qo= <00590 —sin90>
0— n ’

sinfy cosfy
then

(I+V)Q|_ =Qo+Eo

where Ej is a small disturbance. In [30], we considered the general viscoelastic models
and proved global existence near constant equilibrium. However, our proof here still
provides a different and perhaps better understanding of the physical background.

REMARK 4.7. By defining the rotation conjugate of V' as
Vi=Q"VQ, (4.43)

we see that F'=Q(I+V}), which is the decomposition in [34]. However, the analysis
will be exactly the same in this case.
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Fanghua Lin and Noel Walkington for many helpful discussions.

REFERENCES

[1] R. Agemi, Global existence of nonlinear elastic waves, Invent. Math. 142, 2, 225-250, 2000.
[2] S. Alinhac, Blowup for Nonlinear Hyperbolic Equations, Birkhduser, 1995.
[3] S. Alinhac, The null condition for quasilinear wave equations in two space dimensions. I,
Invent. Math., 145(3), 597-618, 2001.
[4] S. Alinhac, The null condition for quasilinear wave equations in two space dimensions. II,
Amer. J. Math., 123(6), 1071-1101, 2001.
[5] T.J. Burns, Similarity and bifurcation in unstable viscoplastic shear, SIAM J. Appl. Math., 49,
(1), 314-329, 1989.
[6] J.Y. Chemin and N. Masmoudi, About lifespan of regular solutions of equations related to
viscoelastic fluids, SIAM J. Math. Anal., 33(1), 84-112, 2001.
[7] D. Christodoulou, Global existence of nonlinear hyperbolic equations for small data, Comm.
Pure. Appl. Math., 39, 267-286, 1986.
[8] M. Doi and S.F. Edwards, The Theory of Polymer Dynamics, Oxford Science Publication,
1986.
[9] D. Ebin, Global solutions of the equations of elastodynamics of incompressible neo-Hookean
materials, Proc. Nat. Acad. Sci. U.S.A., 90, 3802—-3805, 1993.
[10] D. Ebin, Global solutions of the equations of elastodynamics of incompressible materials, Elec-
tron. Res. Announc. Amer. Math. Soc., 2, 50-59, 1996.
[11] J. Ericksen, Conservation laws for liquid crystals, Trans. Soc. Rheol., 5, 22-34, 1961.
[12] E. Ferndndez-Cara, F. Guillén and R.R. Ortega, Some theoretical results for viscoplastic and
dilatant fluids with variable density, Nonlinear Anal., 28(6), 1079-1100, 1997.
[13] C. Foias, Navier-Stokes Equations, Texas A & M Lecture Notes, 2002.



616

[14]

[15]

GLOBAL SOLUTIONS FOR SMALL STRAIN VISCOELASTICITY

J.M. Greenberg and A. Nouri, Antiplane shearing motions of a viscoplastic solid, STAM J.
Math. Anal., 24, 4, 943-967, 1993.

M.E. Gurtin, An Introduction to Continuum Mechanics. Mathematics in Science and Engi-
neering, Academic Press, New York, London, 158, 1981.

L. Hérmander, The lifespan of classical solutions of non-linear equations, Mittag-Leffler Insti-
tute reports, 5, 1985.

J. Hron, J. Mélek, J. Necas and K.R. Rajagopal, Numerical simulations and global existence of
solutions of two-dimensional flows of fluids with pressure- and shear- dependent viscosities,
Math. Comut. Simulation, 61(3-6), 297-315, 2003.

F. John, Rotation and strain, Comm. Pure. Appl. Math., 14, 391-413, 1961.

F. John, Formation of singularities in one-dimensional nonlinear wave propagation, Comm.
Pure. Appl. Math., 27, 377405, 1974.

D.D. Joseph, Instability of the rest state of fluids of arbitrary grade greater than one, Arch.
Rational Mech. Anal., 75(3), 251-256, 1980/81.

S. Klainerman, Uniform decay estimates and the Lorentz invariance of the classical wave equa-
tion, Comm. Pure Appl. Math., 38, 321-332, 1985.

S. Klainerman, The null condition and global existence to nonlinear wave equations. Nonlinear
Systems of Partial Differential Equations in Applied Mathematics, Santa Fe, N. M., 1,
293-326, 1984. Lectures in Appl. Math. 23 Amer. Math. Soc., Providence, RI, 1986.

S. Klainerman and A. Majda, Singular limits of quastilinear hyperbolic system with large pa-
rameters and the incompressible limit of compressible fluids, Comm. Pure Appl. Math.,
34, 481-524, 1981.

S. Klainerman and T.C. Sideris, On almost global existence for nonrelativistic wave equations
in 3D, Comm. Pure Appl. Math., 49, 307-322, 1996.

S.N. Kruzkov, First order quasilinear equations in several independent variables, Math. USSR
Sbornik, 10(2), 217-243, 1970.

O.A. Ladyzhenskaya and G.A. Seregin, On the regularity of solutions of two-dimensional equa-
tions of the dynamics of fluids with nonlinear viscosity, Zapiski Nauchn Seminar. POMI.,
259, 145-166, 1999.

R.G. Larson, The structure and rheology of complex fluids, Oxford, 1995.

Z. Lei, Global existence of classical solutions for some Oldroyd-B model via the incompressible
limgt, Chin. Ann. Math. Ser.B, 27(5), 565-580, 2006.

Z. Lei and Y. Zhou, Global existence of classical solutions for 2D Oldroyd model via the in-
compressible limit, SIAM J. Math. Anal., 37(3), 797-814, 2005.

Z. Lei, C. Liu and Y. Zhou, Global solutions for incompressible viscoelastic fluids, Arch. Ration.
Mech. Anal., to appear, 2007.

T.T. Li and Y.M. Chen, Global classical solutions for nonlinear evolution equations, Pitman
Monographs and Surveys in Pure and Appl. Math., 45. Longman Scientific and Technical,
Harlow; copublished in the United States with John Wiley and Sons, Inc., New York, 1992.

F.H. Lin, C. Liu and P. Zhang, On hydrodynamics of viscoelastic fluids, Comm. Pure Appl.
Math., 58(11), 1437-1471, 2005.

P.L. Lions and N. Masmoudi, Global solutions for some Oldroyd models of non-Newtonian
flows, Chinese Ann. Math. Ser. B, 21(2), 131-146, 2000.

C. Liu and N.J. Walkington, An Eulerian description of fluids containing visco-hyperelastic
particles, Arch. Rat. Mech Ana., 159, 229-252, 2001.

J. Malek, J. Necas and K.R. Rajagopal, Global analysis of solutions of the flows of fluids with
pressure-dependent viscosities, Arch. Ration. Mech. Anal., 3(165), 243-269, 2002.

C. Peskin, A random-walk interpretation of the incompressible Navier-Stokes equations, Comm.
Pure Appl. Math., 38, 845-852, 1985.

W.R. Schowalter, Mechanics of Non-Newtonian Fluids, Pergamon Press, 1978.

T.C. Sideris, Nonresonance and global existence of prestressed nonlinear elastic waves, Ann.
of Math., 151, 849-874, 2000.

T.C. Sideris and B. Thomases, Global existence for 3D incompressible isotropic elastodynamics
via the incompressible limit, Comm. Pure Appl. Math., 57, 1-39, 2004.

M. Slemrod, Constitutive relations for Rivlin-Erichsen fluids based on generalized rational
approximation, Arch. Ration. Mech. Anal., 1, 146, 73-93, 1999.

L. Tartar, Compensated compactness and applications to partial differential equations, R. K.
Knops, editor, Research Notes in Mathematics, Nonlinear Analysis and Mechanics, Neriot
Watt Symposium, Pitman Press, volume 4, 1979.

R. Teman, Navier-Stokes Equations, North Holland, Amsterdam, 1977.

A. Tordesillas and J. Shi, Indentation of a double shearing dilatant granular material by a
smooth rigid wedge, Quart. J. Mech. Appl. Math., 51(4), 633—646, 1998.



