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Abstract. We discuss the global existence of small solutions to the Cauchy

problem for systems of quasilinear wave equations in three space dimensions,

when their nonlinear terms have quadratic nonlinearity. A global existence

theorem is established on the null condition which is extended to the condition

for systems of wave equations with di¨erent propagation speeds.

1. Introduction.

We consider the Cauchy problem for systems of quasilinear wave equations

aiu
i � F i�qu; q2u� in �0;y� � R

3; �1:1�

u i�0; �� � e f i; qtu
i�0; �� � eg i in R

3; i � 1; . . . ;m; �1:2�

where ai � q20 ÿ c2i
P3

j�1 q
2
j , ci > 0, qa � q=qxa, t � x0, x � �x1; x2; x3�. u i � u i�t; x� are

real-valued unknown functions, and F i; f i; g i are given functions. We denote by q the

space-time derivatives, i.e.

qu � �qau
i�a; i; q2u � �qaqbu

i�a;b; i;

where a; b range over 0; 1; 2; 3 and i over 1; . . . ;m. Assume that f i and g i belong to

Cy

0 �R3� and e is a positive small parameter. We also assume that each F i�qu; q2u� takes

the form

F i�qu; q2u� �
Xm

j�1

X3

a;b�0

C
ij
ab�qu�qaqbu

j �D i�qu�; �1:3�

C
ij
ab�qu� � C

ij
ba�qu�; �1:4�
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C
ij
ab�0� � 0; D i�0� �

qD i

q�qau j�
�0� � 0; �1:5�

where C
ij
ab and D i are Cy-functions near qu � 0.

We give a condition to assure global existence for the Cauchy problem (1.1)±(1.2) in

three space dimensions. Small solutions exist globally when F i�qu; q2u� do not have

quadratic parts. But in general we cannot expect global solutions when they have

quadratic parts even if e is small (see, e.g., [5]). However, S. Klainerman [8] introduced

the null condition to deal with the quadratic parts of single wave equations (or systems

of wave equations with the same propagation speeds) and proved a global existence

theorem on that condition. We extend the Klainerman's null condition to the case

where the propagation speeds are di¨erent. In two space dimensions, it was shown in [1]

that the null condition for the systems with di¨erent propagation speeds could be

derived by applying John-Shatah observation, provided D i�qu� � 0. We can derive the

following null condition to our case, by applying the similar argument. That is,

X3

a;b; g�0

C iii
abgX

i
aX

i
bX

i
g � 0;

X3

a;b�0

D iii
abX

i
aX

i
b � 0 �i � 1; . . . ;m�

for all real vectors X i � �X i
0 ;X

i
1 ;X

i
2 ;X

i
3� satisfying

�X i
0�

2 ÿ c2i

X3

j�1

�X i
j �

2 � 0:

�1:6�

Here we have set

C
ijk
abg �

qC
ij
ab

q�qguk�
�0�; D

ijk
ab �

q2D i

q�qau j�q�qbuk�
�0�:

We remark that the null condition for the systems with di¨erent propagation speeds is

partly suggested in [2]. The aim of this paper is to prove a global existence theorem

under the null condition (1.6).

Theorem 1.1. Let propagation speeds ci be di¨erent from each other. Assume that

the nonlinear terms F i�qu; q2u� given by (1.3)±(1.5) satisfy the null condition (1.6) and

C
ij
ab�qu� � C

ji
ab�qu�: �1:7�

Then there exits a positive constant e0 such that the Cauchy problem (1.1)±(1.2) has a

unique Cy-solution in �0;y� � R
3 for e with 0U e < e0.

In order to prove the theorem, we use the invariant Sobolev norms. Unlike one-

speed cases where we can fully use generators of the PoincareÂ group, the boost operators
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are unavailable for systems with di¨erent propagation speeds, since they do not have

good commutation relations with ai. To avoid this di½culty, some estimates with the

use of only generators of translations, rotations and dilations are proved ([3], [9]).

Especially in [3], A. Hoshiga and H. Kubo proved a global existence theorem cor-

responding to Theorem 1.1 in two space dimensions. However, comparing with the two

spatial dimensions, we have more trouble with time decay estimates. In fact, even in the

simple case where C iii
abg � D iii

ab � 0, our weighted Ly-estimates involve log t (Proposition

3.1; see also [3], Proposition 4.3). We show that the null condition enables us to remove

log t from our estimates (section 3.2). Further, by virtue of the null condition, we can

prove L2-boundedness of the derivatives of the solution (section 4), which leads to the

global existence theorem.

2. Notation.

Set

qa � q=qxa; x0 � t;

q � �q0; q1; q2; q3�;

` � �q1; q2; q3�;

r � jxj for x A R
3:

We denote by G � �G0; . . . ;G7� the collection of di¨erential operators q;W;S where

W � x5 ;̀ �2:1�

G7 � S � tqt � rqr; �2:2�

qr �
x

r
� :̀ �2:3�

Then we ®nd that the bracket �Ga;Gb� of any Ga and Gb is written by another Gg.

Moreover, we have

�Ga;ai� � 0 for 0U aU 6 and �G7;ai� � ÿ2ai: �2:4�

We also note that

` �
x

r
qr ÿ

x

r2
5W: �2:5�

For a � �a1; . . . ; ak� �ai A f0; . . . ; 7g; 1U iU k� we de®ne

G a � Ga1 � � �Gak and jaj � k: �2:6�
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Let u � t�u1; . . . ; um� be a vector and set

wi�t; r� � �1� r��1� jcitÿ rj� �i � 1; . . . ;m�: �2:7�

Then we de®ne

�qu�k; t �
X

jajUk

X

m

i�1

X

3

a�0

sup
0UsUt

sup
x AR3

jwi�s; jxj�G
aqau

i�s; x�j; �2:8�

kqu�t�kk �
X

jajUk

X

m

i�1

X

3

a�0

kG aqau
i�t; ��kL2�R3�; �2:9�

kqukk; t � sup
0UsUt

kqu�s�kk: �2:10�

3. Weighted Ly-estimates.

3.1. Estimates for solutions of scalar wave equations.

Let v � v�t; x� be the smooth solution of the Cauchy problem

q2t vÿ c20Dv � F in �0;T� � R
3
; �3:1�

v�0; �� � qtv�0; �� � 0 in R
3
; �3:2�

where F A Cy��0;T� � R
3� and F�t; �� A Cy

0 �R3� for each t. In this subsection we

present the decay estimates for v that we will use later on.

Proposition 3.1. Let v be the solution of (3.1)±(3.2). For 1U m, 0 < n and 0U c,

we set

zm; n�s; l� � �1� jcsÿ lj�m�1� s� l�n;

Fy�t� �
log�2� t� �y � 0�

1 �y > 0�,

�

�3:3�

Mm; n;k�F � �
X

jajUk

sup
0UsUt

sup
y AR3

jyjzm; n�s; jyj�jG
aF�s; y�j: �3:4�

Then we have

�i� jv�t; x�jUC�1� t� jxj�ÿ1
Fmÿ1�t�Fnÿ1�t�Mm; n;0�F � �3:5�

for 1U m; 1U n;

�ii� jqv�t; x�jUC�1� jxj�ÿ1�1� jc0tÿ jxj j�ÿn
Fmÿ1�t�Mm; n;1�F� �3:6�

for 1U m; 0 < n; c0 c0; and
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�iii� jqv�t; x�jUC�1� jxj�ÿ1f�1� jc0tÿ jxj j�ÿn
Fmÿ1�t�

� �1� jc0tÿ jxj j�ÿm
Fnÿ1�t�gMm; n;1�F � �3:7�

for 1U m; 1U n; c � c0:

Here, the constant C depends on c0; c; m and n.

Proof. By a change of coodinates, the proof can be reduced to the case where

c0 � 1. So we let c0 � 1. Set jxj � r. In appendix in [4], F. John showed that the

solution of (3.1)±(3.2) could be expressed in the form

v�t; x� � �4pr�ÿ1

� t

0

ds

� r�tÿs

jrÿt�sj

l dl

�2p

0

F �s; lY� dj; �3:8�

where

Y � Y�s; l; j� � R�sinc cos j; sinc sin j; cosc�;

R is an orthogonal transformation with R�0; 0; r� � x;

cosc � �2rl�ÿ1�r2 � l2 ÿ �tÿ s�2�; sinc � �1ÿ cos2 c�1=2:

�3:9�

Thus, v can be written as

v�t; x� � �4pr�ÿ1

�
D

l dl ds

�2p

0

F �s; lY� dj; �3:10�

where

D � f�s; l�j0 < s < t; l1 < l < l2g;

l1 � jrÿ t� sj; l2 � r� tÿ s:
�3:11�

We ®rst prove (3.5). By (3.10),

jv�t; x�jUCI0Mm; n;0�F �

where

I0 � rÿ1

�
D

zm; n�s; l�
ÿ1

dlds: �3:12�

We obtain (3.5) from

I0 UC�1� t� r�ÿ1
Fmÿ1�t�Fnÿ1�t�; �3:13�

which we will prove now. In order to prove (3.13), four cases
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1. rU 1,

2. 1U r and �2� c�tU r,

3. 1U r and 2ÿ1tU rU �2� c�t,

4. 1U r and rU 2ÿ1t

are considered separately.

In the ®rst case, we have

l2 ÿ l1 U 2r �U2�;

and hence

I0 UCr
ÿ1

�

t

0

ds

� l2

l1

zm; n�s; l2�
ÿ1

dl

UC

�

t

0

�1� jcsÿ l2j�
ÿm�1� s� l2�

ÿn
ds

UC�1� t� r�ÿn
Fmÿ1�t�:

Therefore, (3.13) is proved for the case 1.

In the second case, the inequalities

lÿ csVminfrÿ t; rÿ ctgV �2� c�ÿ1�1�minf1; cg�r �3:14�

hold for �s; l� A D. Hence it follows from

zm; n�s; l�
ÿ1

UC�1� r�ÿmÿn �3:15�

that

I0 UCr
ÿ1

�

D

�1� r�ÿmÿn
dlds

UC�1� t� r�1ÿmÿn
:

Consequently, we have (3.13) for the case 2.

In the third and the fourth case, we introduce the new variables of integration

a

b

� �

�
1 1

ÿc 1

� �

s

l

� �

: �3:16�

Set

a0 � 2ÿ1f�1ÿ c�a� �1� c��rÿ t�g: �3:17�
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If jtÿ rj < a < t� r, then ÿca < a0 < a. Hence,

�
D

zm; n�s; l�
ÿ1

dldsU

�
D

�1� jcsÿ lj�ÿm�1� s� l�ÿn
dlds

U

� r�t

jrÿtj

�1� a�ÿn
da

� a

a0

�1� jbj�ÿm
db

U

� r�t

jrÿtj

�1� a�ÿn
Fmÿ1�a� da:

Therefore in the third case, it follows that

I0 UC�1� r�ÿ1
Fmÿ1�t�

� r�t

jrÿtj

�1� a�ÿn
da

UC�1� t� r�ÿ1
Fmÿ1�t�Fnÿ1�t�;

and in the fourth case, it follows that

I0 UCrÿ1�1� tÿ r�ÿn
Fmÿ1�t�

� t�r

tÿr

da

UC�1� t� r�ÿn
Fmÿ1�t�:

Hence we have proved (3.13) in all cases.

We next prove (3.6) and (3.7). In order to prove (3.6) and (3.7), we give rep-

resentation formulae for qav.

Let �s; l� A D and 0U jU 2p. By (2.5),

�`F ��s; lY� � Y�qrF ��s; lY� ÿ lÿ1Y5 �WF ��s; lY�: �3:18�

Since qlY �Y � 0, it follows that

�qrF��s; lY� � qlfF �s; lY�g ÿ lqlY � �`F ��s; lY�

� qlfF �s; lY�g ÿ lqlY � fY�qrF��s; lY� ÿ lÿ1Y5 �WF��s; lY�g

� qlfF �s; lY�g � qlY � �Y5 �WF��s; lY��: �3:19�

In a similar manner,

�qtF ��s; lY� � qsfF�s; lY�g � qsY � �Y5 �WF��s; lY��: �3:20�

If we substitute (3.19) into (3.18), we have
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�`F ��s; lY� � YqlfF�s; lY�g �YfqlY � �Y5 �WF��s; lY��g

ÿ lÿ1Y5 �WF��s; lY�: �3:21�

We use these expressions in

qav�t; x� � �4pr�ÿ1

�
D

l dlds

�2p

0

�qaF ��s; lY� dj;

which are obtained from (3.10). We split the domain of integration D into D1 and D2,

where

D1 � f�s; l� A D j l1 < l < l1 � d or l2 ÿ d < l < l2g;

D2 � DnD1; �3:22�

d � minf1; rg:

Using (3.20), (3.21) and integrating by parts on the domain D2, we obtain the following

representation formulae.

4prqtv�t; x� �

�
D1

l dlds

�2p

0

�qtF��s; lY� dj�

�
qD2

ns ds

�2p

0

lF�s; lY� dj

�

�
D2

l dlds

�2p

0

qsY � �Y5 �WF��s; lY�� dj �3:23�

4pr`v�t; x� �

�
D1

l dlds

�2p

0

�`F��s; lY� dj�

�
qD2

nl ds

�2p

0

lYF�s; lY� dj

ÿ

�
D2

dlds

�2p

0

fYF�s; lY� �Y5 �WF ��s; lY�g dj

�

�
D2

l dlds

�2p

0

�ÿqlYF�s; lY� �YfqlY � �Y5 �WF ��s; lY��g� dj �3:24�

Here, �ns; nl� is the unit outer normal vector ®eld on qD2, and ds is the line element on

qD2.

Note that D2 � q if r < 1. Therefore it follows from (3.23) and (3.24) that

jqv�t; x�jUC

X4

i�1

IiMm; n;1�F � �3:25�
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where

I1 � rÿ1

�
D1

zm; n�s; l�
ÿ1

dlds; �3:26�

I2 � �1� r�ÿ1

�
qD2

zm; n�s; l�
ÿ1

ds; �3:27�

I3 � �1� r�ÿ1

�
D2

�1� l�ÿ1
zm; n�s; l�

ÿ1
dlds; �3:28�

I4 � �1� r�ÿ1

�
D2

sup
0UjU2p

jqYjzm; n�s; l�
ÿ1

dlds: �3:29�

By the de®nition of the domain D1, we can easily see

I1 UCI2: �3:30�

Concerning I2; I3 and I4, we will prove

I2 UC�1� r�ÿ1�1� jtÿ rj�ÿn
Fmÿ1�t� �3:31�

for 1U m, 0 < n, c0 1,

I2 UC�1� r�ÿ1f�1� jtÿ rj�ÿn
Fmÿ1�t� � �1� jtÿ rj�ÿm

Fnÿ1�t�g �3:32�

for 1U m, 1U n, c � 1,

I3 UC�1� r�ÿ1�1� jtÿ rj�ÿn
Fmÿ1�t� �3:33�

for 1U m, 0 < n, and

I4 UC�1� r�ÿ1�1� jtÿ rj�ÿn
Fmÿ1�t� �3:34�

for 1U m, 0 < n, c0 1 or 1U m, 1=2 < n, c � 1. If we have proved (3.31)±(3.34), then

(3.6) and (3.7) are obtained through (3.25), (3.30) and these estimates.

(a) Proof of (3.31) and (3.32).

If rV �2� c�t, (3.31) and (3.32) are easily obtained from (3.14). So we let

rU �2� c�t.

By the de®nition of I2, we have

�1� r�I2 UC�I 02 � I 002 � I 0002 �;

where
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I
0
2 �

�
t

0

zm; n�s; l1�
ÿ1

ds;

I
00
2 �

�
t

0

zm; n�s; l2�
ÿ1

ds;

I
000
2 �

�
t�r

jtÿrj

zm; n�0; l�
ÿ1

dl:

If c0 1, it follows that

I
0
2 U

�
t

0

�1� jcsÿ l1j�
ÿm�1� s� l1�

ÿn
ds

UC�1� jtÿ rj�ÿn
Fmÿ1�t�;

because s� l1 V jtÿ rj. However, if c � 1,

I
0
2 U

�
t

0

�1� jsÿ l1j�
ÿm�1� s� l1�

ÿn
ds

�

��tÿr��

0

�1� jsÿ l1j�
ÿm�1� tÿ r�ÿn

ds

�

�
t

�tÿr��

�1� jtÿ rj�ÿm�1� s� l1�
ÿn

ds

UC�1� jtÿ rj�ÿn
Fmÿ1�t� � C�1� jtÿ rj�ÿm

Fnÿ1�t�:

As for I 002 and I 0002 , we obtain, straightforwardly,

I
00
2 UC�1� t� r�ÿn

Fmÿ1�t�;

I
000
2 UC�1� jtÿ rj�1ÿmÿn

for 1U m and 0 < n. Thus we have proved (3.31) and (3.32).

(b) Proof of (3.33).

In case rV �2� c�t, (3.33) results from (3.14).

Let rU �2� c�t. If c � 0, by the change of variables (3.16),

�1� r�I3 U

�
t�r

jtÿrj

�1� a�ÿn
da

� a

a0

�1� b�ÿ1ÿm
db

UC

�
t�r

jtÿrj

�1� jtÿ rj�ÿn�1� a0�
ÿm

da

UC�1� jtÿ rj�ÿn
Fmÿ1�t�:
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If c > 0, set

L0 � f�s; l� j 0U lU 2ÿ1csg;

L1 � f�s; l� j 0U 2ÿ1csU lg:

�3:35�

Since

�s; l� A L0 ) �1� l�ÿ1
zm; n�s; l�

ÿ1
UC�1� l�ÿ1�1� s� l�ÿmÿn; �3:36�

�s; l� A L1 ) �1� l�ÿ1
zm; n�s; l�

ÿ1
UC�1� jcsÿ lj�ÿm�1� s� l�ÿ1ÿn; �3:37�

the inequality

�1� l�ÿ1
zm; n�s; l�

ÿ1
UCf�1� l�ÿm � �1� jcsÿ lj�ÿmg�1� s� l�ÿ1ÿn �3:38�

holds. Hence, adapting (3.16) for each term of (3.38), we obtain (3.33).

(c) Proof of (3.34).

We ®rst need estimates of jqYj. By the de®nition (3.9) of Y, we have

jqlYj � jl2 � l1l2jl
ÿ1f�l2 ÿ l21��l

2
2 ÿ l2�gÿ1=2;

jqsYj � �l1 � l2�f�l
2 ÿ l21��l

2
2 ÿ l2�gÿ1=2;

where l1 � tÿ sÿ r. Noting

l1 �
ÿl1 for �tÿ r�� < s < t

l1 for 0 < s < tÿ r,

�

it follows from

l2 � l1l2 � l�l� l1� � l1�l2 ÿ l�;

l1 � l2 � �l� l1� � �l2 ÿ l�

that

�tÿ r�� < s < t ) jqYjU �l2 ÿ l21�
ÿ1=2 � �l22 ÿ l2�ÿ1=2; �3:39�

0 < s < tÿ r ) jqYjU �l2 ÿ l21�
ÿ1=2 � f�lÿ l1��l2 ÿ l�gÿ1=2: �3:40�

As before, the case rV �2� c�t is easy. So we consider rU �2� c�t. Set

D
�1�
2 � f�s; l� A D2 j �tÿ r�� < s < tg;

D
�2�
2 � f�s; l� A D2 j 0 < s < tÿ rg:

�3:41�
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Then from (3.39) and (3.40),

�s; l� A D
�1�
2 ) jqYjUCf�1� lÿ l1�

ÿ1=2 � �1� l2 ÿ l�ÿ1=2g�1� l�ÿ1=2;

�s; l� A D
�2�
2 ) jqYjUCf�1� l�ÿ1=2 � �1� l2 ÿ l�ÿ1=2g�1� lÿ l1�

ÿ1=2:

Hence, noting (3.36) and (3.37), we obtain the following estimates:

�s; l� A D
�i�
2 ) jqYjzm; n�s; l�

ÿ1
UCfp�i�m; n�s; l� � q�i�m; n�s; l�g; i � 1; 2 �3:42�

where

p�i�m; n�s; l� � x�i�;1m; n �s; l� � x�i�;2m; n �s; l�; i � 1; 2; �3:43�

q�i�m; n�s; l� � h�i�;1m; n �s; l� � h�i�;2m; n �s; l�; i � 1; 2; �3:44�

x�1�;1m; n �s; l� � �1� lÿ l1�
ÿ1=2�1� l�ÿ1=2ÿm�1� s� l�ÿn;

x�1�;2m; n �s; l� � �1� l2 ÿ l�ÿ1=2�1� l�ÿ1=2ÿm�1� s� l�ÿn;

h�1�;1m; n �s; l� � �1� lÿ l1�
ÿ1=2�1� jcsÿ lj�ÿm�1� s� l�ÿ1=2ÿn;

h�1�;2m; n �s; l� � �1� l2 ÿ l�ÿ1=2�1� jcsÿ lj�ÿm�1� s� l�ÿ1=2ÿn;

x�2�;1m; n �s; l� � �1� l�ÿ1=2ÿm�1� lÿ l1�
ÿ1=2�1� s� l�ÿn;

x�2�;2m; n �s; l� � �1� l2 ÿ l�ÿ1=2�1� lÿ l1�
ÿ1=2�1� l�ÿm�1� s� l�ÿn;

h�2�;1m; n �s; l� � h�1�;1m; n �s; l�;

h�2�;2m; n �s; l� � �1� l2 ÿ l�ÿ1=2�1� lÿ l1�
ÿ1=2�1� jcsÿ lj�ÿm�1� s� l�ÿn:

We change the variables of integration by (3.16). Here, we let c � 0 to adapt (3.16) for

p
�1�
m; n�s; l� and p

�2�
m; n�s; l�. Then we can prove

�
D

�i�

2

x�i�; jm; n �s; l� dldsUC�1� jtÿ rj�ÿn
Fmÿ1�t� �3:45�

for 1U m, 0 < n,

�
D

�i�

2

h�i�; jm; n �s; l� dldsUC�1� jtÿ rj�ÿn
Fmÿ1�t� �3:46�

K. Yokoyama620



for 1U m, 0 < n, �i; j�0 �1; 1�, and

�
D

�1�

2

h�1�;1m; n �s; l� dldsUC�1� jtÿ rj�ÿn
Fmÿ1�t� �3:47�

for 1U m, 0 < n, c0 1 or 1U m, 1=2 < n, c � 1. We show the estimate of the integral of

x�1�;1m; n �s; l� and h
�1�;1
m; n �s; l� here. The others are easy to treat.

We ®rst prove

� a

a0

�1� b ÿ a0�
ÿ1=2�1� jbj�ÿt

db

UCf�1� ja0j�
1=2ÿt � w�a0��1� ja0j�

ÿ1=2
Ftÿ1�a�g; �3:48�

for tV 1 and jtÿ rj < a < t� r, where w is the characteristic function of the interval

�ÿy; 0�. Let �a; b�H �a0; a� to be the interval where 1� b ÿ a0 < 1� jbj. If a0 V 0,

then �a; b� � �a0; a�, and if a0 < 0, then �a; b� � �a0; a0=2�. Integrating by parts,

� b

a

�1� b ÿ a0�
ÿ1=2�1� jbj�ÿt

db

�

� b

a

qbf2�1� b ÿ a0�
1=2g�1� jbj�ÿt

db

U 2�1� jbj�1=2ÿt � 2t

� b

a

�1� jbj�ÿ1=2ÿt
db

UCf�1� jaj�1=2ÿt � �1� jbj�1=2ÿtg

UC�1� ja0j�
1=2ÿt:

Hence,

� a

a0

�1� b ÿ a0�
ÿ1=2�1� jbj�ÿt

db

�

� b

a

�

� a

b

UC�1� ja0j�
1=2ÿt � Cw�a0�

� a

b

�1� ja0j�
ÿ1=2�1� jbj�ÿt

db;

and we obtain (3.48).

Systems of wave equations with critical nonlinearity 621



Since lÿ l1 � 2�1� c�ÿ1�b ÿ a0� in D
�1�
2 , it follows from (3.48) that

�

D
�1�

2

x�1�;1m; n �s; l� dlds

UC

� t�r

jtÿrj

�1� a�ÿn
da

� a

a0

�1� b ÿ a0�
ÿ1=2�1� b�ÿ1=2ÿm

db

UC

� t�r

jtÿrj

�1� a�ÿn�1� a0�
ÿm

da

UC�1� jtÿ rj�ÿn
Fmÿ1�t�;

which proves (3.45) for i � j � 1. Concerning h
�1�;1
m; n �s; l�, we have

�

D
�1�

2

h�1�;1m; n �s; l� dlds

UC

� t�r

jtÿrj

�1� a�ÿ1=2ÿn
da

� a

a0

�1� b ÿ a0�
ÿ1=2�1� jbj�ÿm

db

UC

� t�r

jtÿrj

�1� a�ÿ1=2ÿn�1� ja0j�
ÿ1=2

daFmÿ1�t�: �3:49�

If c � 1, we note that a0 � rÿ t. If c0 1, let h�a� be a primitive of �1� ja0j�
ÿ1=2.

Integrating by parts, it follows that

� t�r

jtÿrj

�1� a�ÿ1=2ÿn�1� ja0j�
ÿ1=2

da

U �1� a�ÿ1=2ÿnjh�a�j

�

�

�

�

a�jtÿrj; t�r

� �1=2� n�

� t�r

jtÿrj

�1� a�ÿ3=2jh�a�j da

UC�1� jtÿ rj�ÿn;

since jh�a�jUC�1� a�1=2. Hence we obtain (3.47).

3.2. An estimate for the quasilinear system with the null condition.

Proposition 3.2. Let u � �u1; . . . ; um� be the smooth solution of

aiu
i � F i�qu; q2u� in �0;T� � R

3; �3:50�

u i�0; �� � e f i; qtu
i�0; �� � eg i in R

3; �3:51�

i � 1; . . . ;m:
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Assume that F i satisfy (1.6) and ci are di¨erent from each other. If e < 1 and

�qu���N�6�=2�; t < 1, then there exists a constant C 0
N , depending on N; ci �1U iUm� and

given functions, such that

�qu�N; t UC 0
N�e� kquk6N�8; t�: �3:52�

Proof. Let u i
0 be the solutions of the homogeneous equations

aiu
i
0 � 0 in �0;y� � R

3; �3:53�

u i
0�0; �� � e f i; qtu

i
0�0; �� � eg i in R

3; �3:54�

i � 1; . . . ;m:

From (2.4), each G au i
0 satis®es (3.53). Hence by the proof of Theorem 1 in [7] we have

jG au i
0�t; x�jUCNe�1� r�ÿ1�1� jcitÿ rj�ÿ1

UCNe�1� t� r�ÿ1; �3:55�

jqG au i
0�t; x�jUCNe�1� r�ÿ1�1� jcitÿ rj�ÿ1; �3:56�

for jajUN. Here and hereafter, we denote by CN a various constant depending on N; ci

and given functions.

Set

u1 � uÿ u0: �3:57�

Then, each G au i
1 satis®es the equation of the form

aiG
au i

1 �
X

jbjUjaj

CabG
bF i�qu; q2u� in �0;T� � R

3; �3:58�

G au i
1�0; �� � qtG

au i
1�0; �� � 0 in R

3: �3:59�

We apply Proposition 3.1 to a solution of (3.58)±(3.59) by replacing the weight zm; n�s; l�

with

z�s; l� �
X

m�1

i�1

z
�i�
1;1�s; l�

ÿ1

( )ÿ1

;

where

z�i�m; n�s; l� � �1� jcisÿ lj�m�1� s� l�n; cm�1 � 0: �3:60�
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If we replace the weight zm; n�s; l� in (3.4) with z�s; l�, then each zm; n�s; l�
ÿ1 in (3.12),

(3.26)±(3.29) is also changed for z�s; l�ÿ1 �
Pm�1

i�1 z
�i�
1;1�s; l�

ÿ1. Hence we have

jG au i
1�t; x�jUCN�1� t� r�ÿ1flog�2� t�g2MN�F

i�; �3:61�

jqG au i
1�t; x�jUCN�1� r�ÿ1�1� jcitÿ rj�ÿ1 log�2� t�MN�1�F

i�; �3:62�

for jajUN, where

Mk�F
i� �

X

jajUk

sup
0UsUt

sup
y AR3

jyjz�s; jyj�jG aF i�qu; q2u��s; y�j:

In order to estimate Mk�F
i�, we use the Sobolev inequality (Lemma 4.2 in [9]):

jyj j f �y�jUC
X

jajU2

kWa f kL2�R3� �
X

jajU1

kqrW
a f kL2�R3�

8

<

:

9

=

;

: �3:63�

If jbj � jcjU k and 0U sU t, we have

jyjz�s; jyj�jqG bu j�s; y�j jqG cu l�s; y�jUCk�qu��k=2�; tkqukk�2; t;

since z�s; jyj�UCwi�s; jyj� �i � 1; . . . ;m�. Therefore,

Mk�F
i�UCk�qu���k�1�=2�; tkqukk�3; t; �3:64�

provided jquj; jq2uj < 1. Therefore, it follows from (3.55), (3.56), (3.61), (3.62) and (3.64)

that

jG au i�t; x�jUCN�1� t� r�ÿ1flog�2� t�g2�e� �qu���N�1�=2�; tkqukN�3; t�; �3:65�

jqG au i�t; x�jUCN�1� r�ÿ1�1� jcitÿ rj�ÿ1 log�2� t��e� �qu���N�2�=2�; tkqukN�4; t� �3:66�

for jajUN.

Next, we estimate the nonlinear terms by making use of (3.65), (3.66). We separate

F i into three parts:

F i�qu; q2u� � N i�qu; q2u� � R i�qu; q2u� � G i�qu; q2u�; �3:67�

where

N i�qu; q2u� �
X

0Ua;b; gU3

C iii
abgqgu

iqaqbu
i �

X

0Ua;bU3

D iii
abqau

iqbu
i; �3:68�

R i�qu; q2u� �
X

� j;k�0�i; i�

X

0Ua;b; gU3

C
ijk
abgqgu

kqaqbu
j �

X

0Ua;bU3

D
ijk
ab qau

jqbu
k

 !

; �3:69�
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and G i�qu; q2u� are higher order terms. Moreover, by the null condition (1.6),

N i�qu; q2u� can be expressed in the form

N i�qu; q2u� �
X

0UaU3

T i
aQ

i�u i; qau
i� �

X

0Ua;b; gU3

T i
abgQab�u

i; qgu
i�

�
X

0UaU3

T i
aqau

i
aiu

i � T iQ i�u i; u i�; �3:70�

where

Q i�u; v� � qtuqtvÿ c2i `u � `v; �3:71�

Qab�u; v� � qauqbvÿ qbuqav: �3:72�

These forms gain good decay near citÿ r � 0 �1U iUm�. Indeed, the following es-

timates hold for jcitÿ rj < cit=2:

jQ i�u; v�jUCjcitÿ rj�1� t� r�ÿ1jquj jqvj � C�1� t� r�ÿ1�jGuj jqvj � jquj jGvj�; �3:73�

jQab�u; v�jUC�1� t� r�ÿ1�jquj jGvj � jGuj jqvj�; �3:74�

jaiujUCjcitÿ rj�1� t� r�ÿ1jq2uj � C�1� t� r�ÿ1�jquj � jqGuj�: �3:75�

Let us give a proof of (3.73)±(3.75). They trivially hold for rU 1, so we suppose

rV 1. Following [3], we de®ne

SG

i � qt G ciqr: �3:76�

Noting

S�
i u � tÿ1�citÿ r�qru� tÿ1Su;

jrÿ1WujUCj`uj;

(3.73) follows from the identity

Q i�u; v� � 2ÿ1�S�
i uS

ÿ
i v� Sÿ

i uS
�
i v� ÿ c2i r

ÿ2�x̂5Wu� � �x̂5Wv�; x̂ � x=r;

which is derived from (2.5). If we rewrite Qab�u; v� by using (2.5) and

qtu � ÿrtÿ1qru� tÿ1Su;

we can prove (3.74). Finally, (3.75) is the consequence of

aiu � S�
i S

ÿ
i uÿ c2i �2r

ÿ1qru� rÿ2Wu �Wu�:

Hence, it follows from (3.70), (3.73)±(3.75) that
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jG aN i�qu; q2u�jUCjcitÿ rj�1� t� r�ÿ1
X

jbj�jcjUjaj�1

jqG bu ij jqG cu ij

� C�1� t� r�ÿ1
X

jbj�jcjUjaj�2
jbj00

jG bu ij jqG cu ij �3:77�

for jcitÿ rj < cit=2. Here we have used Lemma 1.2 in [8]. Therefore, if jcitÿ rj < cit=2,

the estimates (3.65), (3.66) and (3.77) yield

jG aN i�qu; q2u�jUCN�1� t� r�ÿ3�1� jcitÿ rj�ÿ1flog�2� t�g3�e� �qu���N�3�=2�; tkquk
2
N�5; t�

�3:78�

for jajUN, since e < 1 and �qu���N�3�=2�; t < 1. In case jcitÿ rjV cit=2, we ®nd from

(3.66) that

jG aN i�qu; q2u�jUCN

X

jbj�jcjUN�1

jqG bu ij jqG cu ij

UCN�1� r�ÿ2�1� t� r�ÿ2flog�2� t�g2�e� �qu���N�3�=2�; tkquk
2
N�5; t�:

�3:79�

Similarly, by (3.66)

jG aR i�qu; q2u�jUCN

X

� j;k�0�i; i�

X

jbj�jcjUN�1

jqG bu jj jqG cukj

UCNf�1� r�ÿ2�1� t� r�ÿ2

�
X

j0i

�1� t� r�ÿ2�1� jcjtÿ rj�ÿ2gflog�2� t�g2 �

�e� �qu���N�3�=2�; tkquk
2
N�5; t�; �3:80�

jG aG i�qu; q2u�jUCN

X

1Uj;k; lUm

X

jbj�jcj�jdjUN�1

jqG bu jj jqG cukj jqG du l j

UCNf�1� r�ÿ3�1� t� r�ÿ3

�
X

1UjUm

�1� t� r�ÿ3�1� jcjtÿ rj�ÿ3gflog�2� t�g3 �

�e� �qu���N�3�=2�; tkquk
3
N�5; t�; �3:81�

for jajUN.
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Therefore, it follows from (3.78)±(3.81) that

jG aF i�qu; q2u�jUCNf�1� t� r�ÿ1
z
�i�
1�g;1�k�t; r�

ÿ1

� �1� t� r�ÿ1
X

j0i

z
� j�
2;1ÿr�t; r�

ÿ1

� �1� r�ÿ1
z
�m�1�
1�g;1�k�t; r�

ÿ1g�e� �qu���N�3�=2�; tkquk
3
N�5; t� �3:82�

for 0 < g < 1, 0 < k < 1ÿ g, 0 < r < 1 and jajUN. (3.82) gives estimates of the right-

hand side of the equations (3.58), and hence by Proposition 3.1 and (3.56),

jqG au i�t; x�jUCN�1� r�ÿ1�1� jcitÿ rj�ÿ1�r�e� �qu���N�4�=2�; tkquk
3
N�6; t�: �3:83�

Using (3.83), we estimate G aR i�qu; q2u� again. Then

jG aR i�qu; q2u�jUCNf�1� r�ÿ2�1� t� r�ÿ2�2r

�
X

j0i

�1� t� r�ÿ2�1� jcjtÿ rj�ÿ2�2rg�e� �qu���N�5�=2�; tkquk
6
N�7; t�;

�3:84�

for jajUN. We take r < 1=2 and replace the estimate (3.80) with (3.84). Then we have

jG aF i�qu; q2u�jUCNf�1� t� r�ÿ1
z
�i�
1�g;1�k�t; r�

ÿ1

� �1� t� r�ÿ1
X

j0i

z
� j�
1�g;1�t; r�

ÿ1

� �1� r�ÿ1
z
�m�1�
1�g;1�k�t; r�

ÿ1g�e� �qu���N�5�=2�; tkquk
6
N�7; t� �3:85�

for some 0 < g, k < 1. Then, applying Proposition 3.1 again, we have

jqG au i�t; x�jUCN�1� r�ÿ1�1� jcitÿ rj�ÿ1�e� �qu���N�6�=2�; tkquk
6
N�8; t�: �3:86�

Consequently we have ®nished the proof.

4. Energy estimates.

Proposition 4.1. Let u be the solution of (3.50)±(3.51). Assume that F i�qu; q2u�

satisfy (1.6) and ci are di¨erent from each other. Assume moreover that C
ij
ab�qu� satisfy

(1.7) and �qu���N�9�=2�; t UoN , where oN U 1 is a small number depending on N; ci and

given functions. Then there exists a constant C 00
N , depending on N; ci and given functions,
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such that

kqukN; t UC 00
Ne: �4:1�

The proof of Theorem 1.1 is now easy. Since the Cauchy problem (1.1)±(1.2) can

be converted to a Cauchy problem for a symmetric hyperbolic system, we know the

local existence of the smooth solution to (1.1)±(1.2) (See Kato [6 ], Majda [11] Chapter

2). Uniqueness is proved by the application of the method in John [5], Appendix.

Moreover, u�t; �� has compact support.

Take CVmaxfC 0
17;C

00
25g large enough, so that �qu�17; tjt�0 UCe. Then there exists

T > 0 such that the solution to (1.1)±(1.2) in �0;T � � R
3 satis®es �qu�17;T U 2Ce (Kato

[6 ], Majda [11] Chapter 2). Set e0 � o25=2C
6. Suppose that T�, the maximal of T

above, is ®nite for 0U e < e0. Then �qu�17; t " 2Ce as t " T�. However, since �qu�17; t U

o25 for t < T�, it follows from Proposition 3.2 and Proposition 4.1 that

�qu�17; t UCe� C7e6

UCe� CeC6e0

U �3=2�Ce

for t < T�. This is contradiction, and hence T� cannot be ®nite. Therefore, by the

corollaries to Theorem 2.2 in [11], the proof is complete.

Proof of Proposition 4.1. If v � �v1; . . . ; vm� satis®es

X

0Ua;bU3

X

1UjUm

a
ij
abqaqbv

j � b i; i � 1; . . . ;m �4:2�

with

a
ij
ab � a

ij
ba � a

ji
ab; �4:3�

then we have the energy identity

X

0Ua;bU3

X

1Ui; jUm

fqa�a
ij
abq0v

iqbv
j� ÿ qaa

ij
abq0v

iqbv
j

ÿ 2ÿ1q0�a
ij
abqav

iqbv
j� � 2ÿ1q0a

ij
abqav

iqbv
jg

�
X

1UiUm

b iq0v
i; �4:4�

by multiplying both side of (4.2) by q0v
i. Integrating (4.4) on �0; t� � R

3, we obtain
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2ÿ1

�

R
3
hqv�t�; qv�t�i dxÿ 2ÿ1

�

R
3
hqv�0�; qv�0�i dx

�

� t

0

ds

�

R
3

(

X

0Ua;bU3

X

1Ui; jUm

�qaa
ij
abq0v

iqbv
j ÿ 2ÿ1q0a

ij
abqav

iqbv
j� �

X

1UiUm

b iq0v
i

)

dx;

�4:5�

where

hqv; qwi �
X

1Ui; jUm

a
ij
00q0v

iq0w
j ÿ

X

1Uk; lU3

a
ij
klqkv

iqlw
j

 !

: �4:6�

We ®rst set

a
ij
ab � h i

abd
ij ÿ C

ij
ab�qu�; �4:7�

b i �
X

1UjUm

X

0Ua;bU3

fa ij
abqaqbG

au j ÿ G a�a ij
abqaqbu

j�g � G aD i�qu�; �4:8�

where

�h i
ab�0Ua;bU3 �

1 0 0 0

0 ÿc2i 0 0

0 0 ÿc2i 0

0 0 0 ÿc2i

0

B

B

B

@

1

C

C

C

A

: �4:9�

Then each a
ij
ab satis®es (4.3), and G au is a solution of (4.2). Therefore, it follows from

(4.5) that

2ÿ1

�

R
3
hqG au�t�; qG au�t�i dxÿ 2ÿ1

�

R
3
hqG au�0�; qG au�0�i dx

�

� t

0

ds

�

R
3

�

X

0Ua;bU3

X

1Ui; jUm

�qaa
ij
abq0G

au iqbG
au j ÿ 2ÿ1q0a

ij
abqaG

au iqbG
au j�

�
X

1UiUm

b iq0G
au i

�

dx:

Noting

X

1UjUm

X

0Ua;bU3

fa ij
abqaqbG

au j ÿ G a�a ij
abqaqbu

j�g

� �ai;G
a �u i ÿ

X

1Uj;kUm

X

0Ua;bU3

fC ij
ab�qu�qaqbG

au j ÿ G a�C ij
ab�qu�qaqbG

au j�g;
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we obtain

2ÿ1

�

R
3
hqG au�t�; qG au�t�i dxÿ 2ÿ1

�

R
3
hqG au�0�; qG au�0�i dx

UCN

X

jbj�jcjUN�1
jbj; jcj00

X

1Ui; j;kUm

� t

0

ds

�

R
3
jG aqu ij jG bqu jj jG cqukj dx

UCN �qu���N�1�=2�; t

� t

0

�1� s�ÿ1kqu�s�k2N ds

for jajUN. Since

X

jajUN

�

R
3
hqG au�t�; qG au�t�i dxVCNkqu�t�k

2
N

if �qu�0; t is small, it follows that

kqu�t�k2N UCN e2 � �qu���N�1�=2�; t

� t

0

�1� s�ÿ1kqu�s�k2N ds

� �

:

Hence, by Gronwall's lemma,

kqu�t�k2N UCNe
2�1� t�CN �qu���N�1�=2�; t : �4:10�

Next, we set

a
ij
ab � h i

ab d
ij; �4:11�

b i � �ai;G
a�u i � G aF i�qu; q2u�: �4:12�

Then by (4.5), we have

kqu�t�k2N UCN e2 �
X

jaj; jbjUN

X

1UiUm

� t

0

ds

�

R
3
jG bF i�qu; q2u�j jq0G

au ij dx

0

@

1

A: �4:13�

Using (3.85) and (3.86), we have

jG bF i�qu; q2u�j jq0G
au ij

UCNf�1� s� r�ÿ1
z
�i�
1�g;1�k�s; r�

ÿ1 � �1� s� r�ÿ1
X

j0i

z
� j�
1�g;1�s; r�

ÿ1

� �1� r�ÿ1
z
�m�1�
1�g;1�k�s; r�

ÿ1g�1� r�ÿ1�1� jcisÿ rj�ÿ1�e2 � �qu���N�6�=2�; skquk
12
N�8; s�
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UCNf�1� s� r�ÿ3ÿk�1� jcisÿ rj�ÿ2ÿg � �1� s� r�ÿ4
X

j0i

�1� jcjsÿ rj�ÿ1ÿg

� �1� r�ÿ3ÿg�1� s� r�ÿ2ÿkg�e2 � �qu���N�6�=2�; skquk
12
N�8; s�

UCN�1� s�ÿ1ÿk
Xm�1

j�1

�1� jcjsÿ rj�ÿ1ÿg
rÿ2�e2 � �qu���N�6�=2�; skquk

12
N�8; s�: �4:14�

Moreover, by (4.10) and (4.14) it follows that

jG bF i�qu; q2u�j jq0G
au ij

UCN�1� s�ÿ1ÿk
Xm�1

j�1

�1� jcjsÿ rj�ÿ1ÿg
rÿ2�e2 � �qu���N�6�=2�; se

12�1� s�CN �qu���N�9�=2�; s�

UCNe
2�1� �qu���N�6�=2�; s��1� s�ÿ1ÿk�CN �qu���N�9�=2�; s

Xm�1

j�1

�1� jcjsÿ rj�ÿ1ÿg
rÿ2: �4:15�

Therefore, if �qu���N�9�=2�; t U 2ÿ1Cÿ1
N k, we obtain (4.1) from (4.13) and (4.15).
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