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Abstract. We study the initial-value problems for the Davey-Stewartson systems and the Ishi-
mori equations. Elliptic-hyperbolic and hyperbolic-elliptic cases were treated by the inverse
scattering techniques ([2—4, 10, 13-15, 32] for the Davey-Stewartson systems and [28, 29, 33]
for the Ishimori equations). Elliptic-elliptic and hyperbolic-elliptic cases were studied (in [16,
17] for the Davey-Stewartson systems and [31] for the Ishimori equations) without the use of
the inverse scattering techniques. Existence of a weak solution to the Davey-Stewartson sys-
tems for the elliptic-hyperbolic case is also obtained in [16] with a smallness condition on the
data in L? and a blow-up result was also obtained for the elliptic-elliptic case. By using the
sharp smoothing property of solutions to the linear Schrodinger equations the local existence of
a unique solution to the Davey-Stewartson systems for the elliptic-hyperbolic and hyperbolic-
hyperbolic cases was established in [30] in the usual Sobolev spaces with a smallness condition on
the data. We prove the local existence of a unique solution to the Davey-Stewartson systems for
the elliptic-hyperbolic and hyperbolic-hyperbolic cases in some analytic function spaces without
a smallness condition on the data. Furthermore we prove existence of global small solutions
of these equations for the elliptic-hyperbolic and hyperbolic-hyperbolic cases in some analytic
function spaces.

1. Introduction. In this paper we study the initial-value problems for the Davey-
Stewartson (D-S) systems
i0yu + cod2u + 3§u = ci|u®u + coudyp, t,x,y €R,
D3¢ + 3070 = Da|ul?, (1.1)
u(z,y,0) = uo(z,y)
and the Ishimori equations
i0yu + 02u + 048§u

= c5ﬁ((8xu)2 + c6(9yu)?) + c7(0xudyp + Oyudyp), t,z,y € R,

Opu)(0yu)—(0z1)(Oyu
8390 + 088590 = 09( 1 (y1+)|u|(2)2 G )a

U(ZE,y,O) = UO(xuy)v

(1.2)
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where c¢g, c3,c4,c8 € R and ¢y, ¢o, 5, cg, ¢7,c9 € C.

The (D-S) systems were first derived by Davey-Stewartson ([11]) Benney-Roskes (]7])
and Djordjevic-Redekopp ([12]) and model the evolution of weakly nonlinear water
waves that travel predominantly in one direction, but in which the wave amplitude is
modulated slowly in horizontal directions. Independently Ablowitz and Haberman ([1])
and Cornille ([10]) obtained a particular form of (1.1) as an example of a completely
integrable model which generalizes the one-dimensional Schrédinger equation. In [12]
it was shown that the parameter c3 can become negative when capillary effects are
important.

When (co,c1,c2,¢3) = (1,-1,2,-1), (—=1,-2,1,1) or (—1,2,—1,1) the system in
(1.1) is referred to in the inverse scattering literature as the DSI , DSII defocusing
and DSII focusing respectively. In these cases several results concerning the existence
of solitons or lump solutions to the Cauchy problem have been established ([2—4, 10,
13-15, 32]) by the inverse scattering techniques. Using the inverse scattering method,
Sung ([32]) has proved the global existence and uniqueness for the Cauchy problem
associated to the DSII systems (for any initial data ug such that i € L'(R?) N L>°(R?)
in the defocusing case, for small data in the same space in the focusing case). He proved
moreover many regularity or qualitative properties, for instance that u(-,¢) disperses to
0 in L>°(R?) as t — oo. Beals and Coifman ([8]) have proved the global well-posedness
of the Cauchy problem for the DSII defocusing system in the Schwartz class. The same
result has been obtained by Fokas and Sung ([15]) for the DSI system.

As a matter of fact, cases where (1.1) is of inverse scattering type are exceptional. In
[16] the IVP (initial value problem) (1.1) was studied and classified as elliptic-elliptic,
elliptic-hyperbolic, hyperbolic-elliptic and hyperbolic-hyperbolic according to the re-
spective sign of (co,c3): (+,4+),(+,—),(—,+) and (—,—). For the elliptic-elliptic and
hyperbolic-elliptic cases, local and global properties of solutions were studied in the
usual Sobolev spaces L2, H!, H?. They also established the global existence of a weak
solution of the IVP (1.1) under a smallness condition on the data in L? norm for elliptic-
hyperbolic case and a blow-up result for elliptic-elliptic case.

In [30] Linares and Ponce obtained results concerning local existence and uniqueness
of solutions for the elliptic-hyperbolic and hyperbolic-hyperbolic cases.

In these cases one has to assume that ¢(-) satisfies the radiation condition; i.e.,

o(r,y,t) -0 as z+y and x—y— +oo

(without loss of generality we have taken ¢ = —1 in (1.1) (or ¢cg = —1 in (1.2))). This
guarantees that if ' € L'(R?), K~ F is well defined, where K¢ = (85 — 9;)p = F.
Thus, the IVP (1.1) is equivalent to
i0pu + coOu + 8§u = c1|ul®u + coud? K ul?,  u(z,y,0) = uo(z,y). (1.3)

In the hyperbolic-hyperbolic case (¢o = —1) after a rotation in the xy-plane and rescal-
ing, the system (1.3) can be written as

iatu+3$8yu:cl|u|2u+02u/ 8m|u|2(x,y/)dy/+03u/ Oyul* (2, y) do’, (1.4)
Y T .

U(&T,y, O) = U0($,y),
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where c1, co, c3 are arbitrary constants.
In the elliptic-hyperbolic case (cy = 1) after a rotation in the xy-plane and rescaling,
the system (1.3) can be written as

iOu + (02 + 02)u = cx|ulu + czu/ Oplul(z,y") dy' + 03u/ Oylul? (', y) da’,

Yy x

u(x,y, 0) = Uo(xay)» (1'5)

where c1, co, c3 are arbitrary constants.
Linares and Ponce ([30]) proved local well-posedness results for the IVP (1.4) (or
(1.5)) for small data by making use of the sharp version of the Kato smoothing effect

obtained in [23] for the group {e*?:9%}> and {eit(ai+8§) 1o
We turn now to the Ishimori system. Y. Ishimori ([21]) proposed the following system:

S =S N (925 + c002S) + c1(8:00,S + 9,0,.S)
8§g0 + 028590 =35 - (0.5 N 0yS) (1.6)
S(wvyvo) - SO(%?/)a

where (cg,c1,co,c3) = (=1,¢1,1,2) or (1,¢1,—1,-2), S(-,t) : R? — R3, |S|? = 1,
S — (0,0,1) as /22 +y? — oo and A denotes the wedge product in R3. The IVP
(1.6) is considered as a two-dimensional generalization of the Heisenberg equation in
ferromagnetism. We put

1

S = (51752753) TW

(u+a, —i(u—a),1 = |uf),

where u : R?> — C. Then it is clear that S(-,t) : R?> — R3 |S|2 = 1, u = (1 +
iS2)/(1+ S3) and S — (0,0,1) as /2?2 +y? — o0 if u — 0 as \/x2+y — 00. When

co=1,c1 =0 (1.6) is reduced to the two-dimensional Heisenberg equation, which was
studied by [5]. When ¢; = 1, (1.6) was studied formally in [28] and [29] by using the
inverse scattering transform. By using the new variable u the Ishimori equations (1.6)
can be written as

iOpu + O2u + colpu = 2%((8114)2 + 0 (0yu)?) + icy (Opudyp + yudyp)

D2 + 20 = 2icy (ag”u)(a(yffaffzﬂ)(ayu) (1.7)

u(x,y,O) = U()(.T,y)

which is a special case of (1.2).

Following the classification of the Davey-Stewartson systems used in [16], we classify
the Ishimori equations (1.2) as elliptic-elliptic, elliptic-hyperbolic, hyperbolic-elliptic
and hyperbolic-hyperbolic according to the respective sign of

(c4,¢8) : (+,4), (+,—), (=, +) and (—, —).

In [31] Soyeur studied the case (c4,cs5,c,c8,¢9) = (—1,2,—1,1,4i) for (1.2) which
corresponds to a hyperbolic-elliptic case and obtained local well-posedness results and
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a global existence of small solutions. The method used in [31] can be applicable to
the cases (c4,c6,c8) = (¢,¢,b) in (1.2) with ¢ € R, ¢ # 0,b > 0 which correspond to a
hyperbolic-elliptic case (¢ < 0) and a elliptic-elliptic case (¢ > 0). However it seems that
his method does not work for the case ¢4 # cg in (1.2) because he used a multiplication
factor 1/(14 |u/?) to handle the nonlinear term @((9yu)?+cg(9yu)?)/(1+ |ul?) to which
we can not apply a classical energy method directly. More precisely a multiplication
factor 1/(1 + |u|?) translates (1.2) with ¢4 = cg,cg > 0 to another system to which we
can apply a classical energy method.

In [33] Sung used the gauge equivalence between the integrable Ishimori system and
the focusing DSII system to prove the global existence and uniqueness for the Cauchy
problem associated to the integrable Ishimori system for small initial data and show
regularity results (including existence in the Schwartz class).

In the same way as in the derivations of (1.4) and (1.5) we see that by using a rotation
in the xy-plane and rescaling, the system (1.2) can be written as

i0u + 0, 0yu = #(cl(&cu)2 + c20,udyu + c3(dyu)?)

—|—(C48$'U,8x90 + 058xuay§0 + C6ayuax80 + CYayuay90)7 (1-8)
8368%0 =g (amu)(trj’(ylii)‘;g)gﬁ)(ayu)

in the hyperbolic-hyperbolic case (¢4 = cg = —1 in (1.2)),

iOpu + (07 4 02)u = 1+‘Lu|2(cl(8xu)2 + 20, udyu + c3(9,u)?)
+(€40,u0zp + c50,u0yp + 60y udyp + c70yu0yP), (1.9)
Oz 1) (0yU)—(0z1) (Oyu
0y0yp = DI (1+)‘u?2)2 )(Oyu)
in the elliptic-hyperbolic case (¢4 = 1,¢g = —1 in (1.2)), where ¢q,... ,cg are arbitrary

constants.
Thus (1.2) is equivalent to

i+ 0,0, = F(u) + Gu), u(z,y,0) = up(z,y), (1.10)

where

u

= W(Cl (azU)Q + 20, u0yu + 03(8yu)2)

F(u)
G(u) = 046wu/ K (u, 0pu, Oyu)(x,y') dy’ + 058Iu/ K (u, 0pu, Oyu)(z',y) dz’
Yy x
+ cﬁﬁyu/ K (u, 0pu, Oyu)(z,y') dy’ + C7<9yu/ K (u, Opu, Oyu) (2, y) da’
Yy x

with
Opu) (Oyt) — (9u)(9yu)

(1 + Jul?)?

K (u, 0yu, Oyu) = (
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in the hyperbolic-hyperbolic case, and
i0pu + (07 + aj)u = F(u) + G(u), u(z,y,0)=up(x,y) (1.11)

in the case of elliptic-hyperbolic case, where ¢y, ... ,c; are arbitrary constants. We note
here that the LP-L49 estimates, energy method which are used in nonlinear Schrédinger
equations do not apply in (1.4), (1.5), (1.8), and (1.9) because these equations can be
seen as nonlinear Schrodinger equations involving derivatives and nonlocal terms in the
nonlinearity.

The purpose of this paper is to prove local existence results without a smallness
assumption on the data for the IVP (1.4) and (1.5) and global existence of small solutions
for the IVP (1.4), (1.5), (1.10), and (1.11) in some analytic function spaces.

To state our results precisely, we introduce

Notation and function spaces. Let X be a Banach space with norm | - || x and
B = (By,...,Bj) be a vector field of derivations. The generalized Sobolev space B"?
is defined by

B™P ={feLl:|fllgmr= Z | B fllor < o0},
la]<m
where B® = B --- B}, |a] = di<k<j ks ax € NU{0}. Let A > 0. We define a
generalized analytic function space as follows:

AlBI
GA(B§X) = {f € X :|flleasix) = Z FHBﬁfHX < OO}~
pe(ufo}s

In order to state the results we introduce the first-order differential operators J, =
x + 2it0y, Jy = y + 2it0y, 1 = y + it0y, Jo = x + it0y, Qyy = 20y — y0, and
ng = :Eax — y(?y.

By using these operators we define

0 =(9:,0,), R=(d,J1,J2), T =(R,Q2), R=(d,Js,J,), T = (R, Q).

These operators together with the identity form a Lie algebra. It is also useful to rewrite
Jz, Jy, J1 and Jy as follows:

s R s R
Jp = 2ite” % Ogpe” 1, J, = 2ite” %t Oye” T,

-

Jy = ite’ T Qe T Jy = ite’ T 9 et T
1 = ite € , 5 = 1ite e ,

where |Z|? = 22 + y2. By a direct calculation we have the following commutation
relations:

{ [z, i0r + A] = [Jy,i0; + A] = [Quy, 10 + A] =0, A =092+ 85
[J1,10p + 050y] = [J2, 10, + 0,0y = [Q12,10; + 0,0,] = 0.

We use the standard notation H™P instead of 0™P. With this notation we state the
main results of this paper.
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Theorem 1. We assume that ug € GA(0; H™?), where A > 0 and m > 3. Then there
exists a unique local solution u of (1.4) (or (1.5)) and a positive constant T such that

u(t,z) € C([-T,T]; G (9; H™?)),

where A1 < A.

Remark 1. Typical examples of data satisfying the condition of Theorem 1 are given
2 2

by e e

Theorem 2. We assume that ug € G*(0; H™?), |lugllgaco,gmey < 3, where A >0

and m > 4. Then the same result as in Theorem 1 holds for the IVP (1.10) (or (1.11)).

Theorem 3. We assume that ug € G*(R(0); R™2(0)), |[uollga(r(0):rm2(0)) < €, where
A >0, m >3 and e is a sufficiently small positive constant. Then there exists a unique
global solution u of (1.4) such that

u(t,z) € GY(R(t); R™(t)) for anyt,

where A1 < A.

Theorem 3'. The result of Theorem 3 holds true for the IVP (1.5) under the hypotheses
of Theorem 3 with R replaced by R .

Theorem 4. The result of Theorem 3 holds true with m > 5 for the IVP (1.10)
(respectively (1.11)), provided we replace in the hypotheses, R by T' (respectively R by

I).

Remark 2. A typical example of data satisfying the conditions of Theorems 3, 3’ and
4 is given by ce=%"=%". Thus our global results require an exponential decay condition
on the data. Our results also imply a smoothing effect of solutions in some sense. We

explain this point herein by using Theorem 3. We take the initial function as follows:

1 _x2_q2?
uo(z,y) = mﬁe Y
which satisfies the condition of Theorem 3 if € is sufficiently small and A < 1. On the

other hand the solution u constructed in Theorem 3 satisfies the estimate

le™ ¥ ut) |l groias oer2) = lle™ ™ u(®) lgas ojo.r2y < lul)lgas .22y

< JJu(®)llgar (r;r2) < oo

Hence the analyticity domain of the solution determined by |t|A; exceeds the analyticity
domain of the initial function determined by A when |t|A; > A. This type of smoothing
effect was stated in [19].
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Corollary 5. Let u be the solution constructed in Theorem 3,3" and 4. Then we have
[u(®)lgar ;L) < C(1 + 1t) " lwolleaB0):Bm2(0)
where B= R, R, T, or I'. Moreover, for any ug as above there exist u™,u" such that
hut) — U0 g o0y — 0 as £ — Foo,

. . 2 2
where U(t) = e?%9% or 0z +0,)

Remark 3. The rate of decay obtained in Corollary 5 is the same as that of solutions to
linear Schrodinger equations. Time decay of solutions for the Davey-Stewartson systems
in the elliptic-elliptic and hyperbolic-elliptic cases was obtained in [9] and [35] with the
decay rate (1 + |t|)~!. For the Ishimori equations in the hyperbolic-elliptic case, the
time decay of solutions was obtained in [31] with the decay rate (1 + |t[)~2/3. The
time decay estimates of solutions to these equations for the hyperbolic-hyperbolic and
elliptic-hyperbolic cases seem to be new.

Remark 4. For general cg or ¢4, after a rotation in zy-plane and rescaling, the linear
part of the IVP (1.1) or (1.2) can be written as, when ¢, cs < 0,

1
i0pu— (0 + 1)(92 4+ 07) +2(b— 1)0,0y)u, 90,
where b = ¢y or b = ¢4. The results mentioned above are still valid if we use
Jpz = ((b+ 1)z — (b—1)y) — 2ith0y, Jpy = ((b+ 1)y — (b — 1)x) — 2itb0,,

Qpzy = (b+1)(20y — y0y) + (b — 1)(x0y — y0y)

instead of Jg, Jy, 8y or Ji,J2,42. It is easy to check the following computation
properties:
[waaL] = [be,L] = [beva] =0

with )
L =1i0; — Z((b +1)(02 4+ 97) +2(b — 1)0,0y)

and Jy,, Jpy are rewritten as follows:

{
4t
1

4t

o(z,y)),
o(z,y)),

Jow = =2itbexp( = 6(2,))0s exp(
) 7
Joy = —tabexp(—4—t¢($ay))ay exp(

where
¢(z,y) = 0+ 1) (2% + ) — 2(b - Day.

In order to obtain the global existence of solutions to (1.4), (1.5), (1.10) and (1.11),
the form of nonlinear terms is important since they involve nonlocal nonlinear terms.
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It is worth noticing that two-dimensional nonlinear Schrédinger equations with a cubic
nonlocal nonlinear term of the form

U/ lul*(z,y') dy’
Y

is similar to one-dimensional nonlinear Schrodinger equations with a cubic nonlinear
term |u|?u. We explain this point herein by considering the nonlinear Schrédinger equa-
tions

10+ Au = u/ lulP(z,y)dy',  w(z,y,0) =up(z,y), t,x,ye€R. (1.12)
y

Global existence of solutions to (1.12) can be obtained if p > 2 since the nonlinear term
F(u,u) satisfies the condition that

F(e®u, efu) = e F(u,a) (1.13)

for any 0 € R, which allows us to use the chain rule for the operators J,, .J,, which
behave like usual derivatives. We have by Holder’s and Sobolev’s inequalities

o0
—2 — —2
HU/ ul(z,y) dy' || L2z < lullZz poe lullp< lull e < Cle| = [ Joull o ull 7o lullZ
Yy

< O oulre Y 1%l llullZs (1.14)

o <2

and

oo
1
Ju / wlP(z,5) Ayl sarz < C 3 0%ultE?,

|| <2

where we have used the notation

e A

and we also have used the following Sobolev-type inequalities:

_ 1/2 1/2 1 2 1/2
lullzzze < Ol 2 lfull 27| Joull 2 and - lullze < Cl~Hull (Y 170l 22)
|a]=2
iz|?
which are obtained by applying the usual Sobolev’s inequality to T
When p = 2 the above time decay estimate (1.14) corresponds to the estimate of the
cubic nonlinear term |u|?u in one space dimension, namely

lulullps < llullZellullzz < Ol | Toullce lullZs -
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Thus we can not expect global results for the nonlinear Schrodinger equation with
nonlinearity

> 2 / / > (8ﬂcu)(aya) / /
U/y lul*(z,y")dy"  or 8IU/y T (z,y") dy’.

The reason why we can expect the global existence of solutions to nonlinear Schrédinger
equations with nonlinear terms

u /y " Oufu(z,y)Pdy’ and oy /y - (5zu)(3yii)+— lfgzﬂ)(ﬁyw (z.y/) dy)

comes from the following identities:

S u (Jiw)a — (Jiu
u [ aulu ) dy = I
y Muf ((Jpu)u — (Jpu

u)(z,y') dy'
Ju)(z,y') dy’

and

([ 2000 000, dy,>

1+ \u|2

Hul?

o TRt 1) 1)

From these identities we see that we can get the time decay of order one by express-
ing 0,0, in terms of Ji, Ja, J;, Jy, Q12 and €. These identities remind us of the
null condition introduced by S. Klainerman ([27]) to prove a global existence theorem
to quadratic nonlinear wave equations in three space dimensions. We will use these
expressions and analytical conditions on the initial data to get our results. We note
here that analytic function spaces similar to G4(9; H™?) were used in [6], [18] and
[24] to prove the local existence of solutions to various nonlinear evolution equations
with nonlinear terms involving first-order space derivatives of unknown functions. Their
method and our method do not apply to the higher order nonlinear dispersive equations
considered in [25] and [26].

The null gauge condition for nonlinear Schrédinger equations was introduced in [34] in
the case of one space dimension. In the usual weighted Sobolev spaces, global existence
of small solutions to nonlinear Schrédinger equations with cubic power nonlinearities,

i0pu + 02u = (0z|ul®) (M + pdyu), A p € C,

was obtained in [22] in one space dimension.
The nonlocal nonlinear term appearing (1.4) or (1.5) behaves like the nonlinear term

(0z|ul?)u since (Oy]ul?*)u can be written as & (Jyu - @ — Jyu - u)u.
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The proof given by [22], [34] cannot be applied to systems of nonlinear Schrédinger
equations with cubic nonlinearities such as

i0ru; + quj = (8 E e Jug)? Z (Auk + pr0y uk)> t,x € R,

where A\j,u; € C,j =1,2,... ,n. On the other hand, our proof of Theorem 3 could be
applied to such systems.

For the Ishimori equations we have to assume a smallness condition on the initial data,
because 1/(1 + 2?) has a singularity at = i. More precisely, the analytic continuation
of the term 1/(1 + |u|?) occurring in the nonlinear terms of the Ishimori equations
(1.10) (or (1.11)), can be written as 1/(1 + U(z)U(%)) which may have a singularity.
Hence a smallness condition on the data is needed if we consider the problem in analytic
function spaces. The problem of local existence of solutions for (1.10) (or (1.11)) without
a smallness condition on the data is still open.

2. Preliminaries. In this section we prepare important estimates of the main
nonlinear terms which are needed to obtain our results.
For simplicity we use the following notation:

w=u T ol (e gy falu) = (0,0)?,

° (0zu)(0yu) — (0zu)(Oyu

1+\ |2

(x,y") dy'.

Lemma 2.1. We have for j =1,2,3

Hfj(u)”GA(B(t);Bva(t)) < CHUH2GA(B(1§);B"L72(1§))HUHGA(B(t);Berl»Q(t))
provided that
lullgaB@ymewy <1, J=2,3,
where m > 3 for j =1, m >4 for j = 2,3, B(t) is one of the operators 0, R,T,R and
T.
Proof. Since f;(u) satisfies the gauge condition (1.13), the operators J, Jy, J1 and J,
act on f;(u) like a derivative 0, or d,. By Lemma A.1 and Leibniz’s formula

If1(u)llgaBysme@wy) < C Z 1B( / Oalul® dy' )l g (pty:2)

la|<m
<o 3 () (D) e [T B 0@ dlcso
la|]<m BLa Yy
y<B

(B P / (BF10,0) (B u) dy |6 (115 ).
Yy
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In what follows we will suppress ¢ in B(t) and B™2(t) throughout the proofs of the
results. We apply Lemma A.2 to the previous inequality to get

[f1()llgas,Bm2)

<C Z Z ||Ba_/8u||GA(B;L§Lg°)||BB_731U||GA(B;L2)||BVUHGA(B;L§L30).
jal<m 5 (2.1)
S

By Sobolev’s inequality and Lemma A.1 the right-hand side of (2.1) is bounded by

C YD OB P ullgasr) (Y 1B oullgasire) (D 1B ullgasze))-

la|<m B<a |6]<1 |91<1 [6]<1
v<pB

(2.2)
If a,b,c € Nand a+b+ ¢ < m, then at least two of them are less than or equal to m/2.
Therefore we have by (2.1) and (2.2)

If1(w)lleasipmy < Cllulgap,pmeyllullgaspme. (2.3)

This implies the lemma for j = 1.
We next prove the lemma for j = 2. By the Taylor expansion we have for |a| < 1

1 oo
= —1)"a".
1+a 7;)( )l

In the same way as in the proof of (2.3) we have by Lemma A.3

- i 3
1f2(w)llgacspm2) < C;; (B 1= |u|2)(Bﬁ Y0,u)(BY0yu)||ga(B;L2)

Y<B
< u =
> CH“HGA(B;BW’Q)(HTW”GA(B;Bva)HUHGA(B;BW?)

U
+ HWHGA(B;BW_M)||uHG,4(B;Bm+1,2))

oo
< CHUHGA(B;B"%Q)(Z ||ﬂ|u|2n||GA(B;Bmv2)||u||GA(B;Bm~2)
n=0

o
+ 3 alu? g poprse lullga s

n=0
oo
< CHUHQGA(B;BmJ)HU||GA(B;B'"L+L2) Z Hu||é”A(B;Bm,z)
n=0

from which the lemma for j = 2 follows.

The lemma for j = 3 follows by combining the proof for j = 1 and the proof for
j=2.

We will need the following time decay estimates.
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Lemma 2.2. We have for j =1,2,3

Hfj(U)HGA(B(I‘/);Bmﬂ(t)) S C(]. + |t|)_2HUHQGA(B(t);Bm,Z(t))HUHGA(B(t);Bm_’»l’Q(t))
provided that
||U||GA(B(t);Bm,2(t)) <1 for j=2,3,

where m > 3 forj=1,m>5 forj=2,3, and B(t) is one of the operators R,T, R and
.

Proof. By Lemma 2.1 it is sufficient to prove that

1f5(@)llgapmay < Ct2|ullfa g pmeyllullgasmire). (2.4)
We have i T
—uJiu —uJiu),
Olul® = { o 7 (2.5)
557 (Upu — udyu).
Hence in the same way as in the proof of (2.1)
Ifi(@llaspme <CRTE DD B Pulleasizix)
o] <m BLa
v<B (2.6)
X (Z HBB?WJF&UHGA(B;LQ))||BWUHGA(B;L§L30)-
l6]<1
By Sobolev’s inequality we can see that
Toul M2 (a2,
fulige < clgv2d 1ol Tl 2.1
[ Tvall 2" lfull 2"

We apply (2.7) and Lemma A.1 to the right-hand side of (2.6) to get (2.4) for j = 1.
In the same manner as in the proof of Lemma 2.1 for j = 2 we have (2.4) for j = 2
by using
[ullgamimm—1.00) < Ol Hullgaspmsr2)

which is obtained by Sobolev’s inequality

_ ”RauHLQ’
lull e < Cl~ S {

|| <2 ||RQ'LLHL2,

The proof for j = 3 follows from the identity
7 ((Os0) (J2u) = (9yu) (J1w) + (Qu2u)7),
2 (0e0) (Tyw) — (,0) (Tow) + (L))

2it

0, u0yt — O, Udyu = {

and the same arguments as those used in the proof of (2.4) for j=1. This completes the
proof of Lemma 2.2. [

By proofs similar to that of Lemma 2.1 and Lemma 2.2 we have
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Lemma 2.3. We have for j =1,2

1F(u1) — Fj(u2)llaae):m21)
2 2

<C+t)~° ZHukHGA(B(t);BmZ(t)) (lur = w2lleaBay:zm2a) Z luklla(Bypmtrzm)
k=1 k=1
2

+ ||ur — UZHGA(B(t);BmeLQ(t)) Z HukHGA(B(t);Bmﬂ(t)))
k=1

provided that
lukllga(Bypmeayy <1 for j=2,

where

Fi(u) :cl|u]2u+02u/ ax\u|2(x,y')dy'—|—03u/ Ay lul* (@', y) da’,
Yy T

Fy(u) = F(u) + G(u) (see (1.10)),

m >3 forj=1,m>5 for j =2 and B(t) is one of the operators R,T',R,T.
Lemma 2.4. The result of Lemma 2.3 holds true for B(t) = 9, when (1 + |t|)™2 is
replaced by 1.

3. Proofs of theorems. In this section we prove the main results of this paper.
First we introduce the function spaces

Xr={f € CU0,TI;H™?) : [||flllxr < o0},

where

T
11 = sup IF O laao Bayssma@) = D /0 1B f (D)l gaw (5 ey;mm 2 A'(E) dt,
€10,

lal=1

and where B(t) = 8, R, R,T or T and A(t) is a decreasing function with respect to ¢ to
be determined later.

Proof of Theorem 1. We prove Theorem 1 by using the classical contraction mapping
principle in X7 with B(t) = 0. For any v € X1 we consider the linearized equation of

(1.4) (or (1.5))
iatu"i'amayu:Fl(v)v U(Zlf,y,O) ZUO(xay)7 t7$7y€Ra (31)

or
i0u + Au = Fy(v), wu(z,y,0) =wuo(z,y), t,z,yecR, (3.2)

where F; was defined in Lemma 2.3. We define the mapping M by v = Mv. It is
sufficient to prove that M is a contraction mapping from X7, = {f € Xr : |||f|||x, <
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p} into itself for some time 7. Applying 0% to both sides of (3.1), using the usual energy
method we obtain

d
o u®)l s < [0°F1(0) 7 (3.3)
We multiply both sides of (3.3) by A(t)l*l/a! and make a summation to get
d / o
L @) lgaco m — A0 3 10" u(Woao @uirms) < IF@)laan @y, (3.4

lo]=1

where A(t) = Aexp(—t/e) and € is a sufficiently small positive constant. Integrating in
t and using Lemma 2.4, we get

T
alllxr < luollgamme + Cp? / l®) ooz dt

(3.5)
€ T
< uollgaa;mm2y + Cp* (T + a1°° )<p
if we take . 4
p 2
HuOHGA(a;Hm’Z) < 57 CP T< 17 T<e< 4Cp2€'
In the same way as in the proof of (3.5) we get, by Lemma 2.4,
2 € T 1
llur = wzlllxz < Cp™(T + Ze)lllvr = valllxr < Flllor = vallxr, (3.6)

where u; = Mwv;. From (3.5) and (3.6) we have Theorem 1.

We omit the proof of Theorem 2 since it is similar to that of Theorem 1.
Proof of Theorem 3. As noted in the introduction, the operators R and R commute
with the linear part of (3.1) and (3.2), respectively. Hence in the same way as in the
proof of (3.4) we see that there exists a positive constant C' such that

d (6%
%Hu(t)”GA(‘>(R;R""v2(t))_CA/(t) Z [R*u(t)lgaw (rsrm2y) < 1F1(0) | gaw (ryrmo2(1))s
|a]=1
(3.7)
where A A
A(t) = Ay (14— (log(e +1)) ™)
1

and we have used Lemma A.1 to derive the second term of the left-hand side. We
integrate (3.7) with respect to ¢ and use Lemma 2.3 to get

[ul[lx.. < Clluollgar):rm2)) + 002/0 (L+ ) 2wl gaw (). pmt12(sy) dt
< C(luollga(roy:rm2(0)) + P 81%11(1 +) 2 (=A() T+ 1))
te

< C(lluollga(ry:rm20)) + 0°) < p
(3.8)
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if we take )
CHUOHGA(R(O):Rva(O)) < 2 Cp2 < >
In the same way as in the proof of (3.8) we have by Lemma 2.3
1
ljus = wzlllx.. < CPlljor = elllxe < 5lles = valllx.. (39)

where u; = Mwv;. From (3.8) and (3.9) Theorem 3 follows.
The proofs of Theorems 3’ and 4 are similar to that of Theorem 3 and will be omitted.

Proof of Corollary 5. By Sobolev’s inequality and Lemma A.1 we get

lu®llgas @iy < CA+INT D0 1T°0%u()l|gar 9,12
||+ 8] <2

< O+ [t) " Hlul®)llgar 9,522 1)),
where B = R or R. This yields the time-decay estimate in Corollary 5. Now we define
Foo
ut =y +/0 U(—7)F;(u(r))dr.
Then e
Ut)u™ = u(t) + /t U(t —7)F;(u(r)) dr

from which and Lemma 2.3 it follows that
Foo
) = VO o azmy < €1 [ (1+7) 2],
t

and the second part of Corollary 5 is proved.

Remark 5. For the sake of simplicity, we have only considered the case when ¢ satisfies
the homogeneous boundary conditions:

lim @(t,z,y) = lim ¢(t,z,y) = 0.
T—00 Y— 00

However our results except for the global result for the IVP (1.11) in Theorem 4 are
still valid for the general boundary condition on ¢. We explain this point herein. We
let v1(t,z) and @2(t,y) be such that

lim o(t,z,y) = @1(t,x),  lim o(t,z,y) = a(t,y).
y—00 T—00
Under these boundary conditions the IVP (1.4) or (1.5) can be written as
o
i0pu + Hu = c1|ul?u + czu/ Oplul*(x,y) dy
y

> 2 ) (3.10)
+ cau Oylul*(x', y) dz’ + coudyp1 + caudypa,
X

u(xaya 0) = u0($)y)a
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where H = 9,0, or 92 + 02, and the IVP (1.10) or (1.11) can be written as
i0u+ Hu = F(u) + G(u) + G1(u), u(x,y,0) = uo(z,y), (3.11)

where F(u) and G(u) are the same ones as those defined in the introduction (see (1.10)),
and
G1(u) = c40,u02p1 + c50;u0y P2 + c6O0yudLP1 + 70, udyP2.

Theorem 1 and Theorem 2 are valid for (3.10) provided
Oop1(t,x) € GO H™?),  Oya(t,y) € GH0y; H™?).
Theorem 3 and Theorem 3 are valid for (3.10) if

Ouipr(t, 1) € G(00; G (D H™?)),  Oypa(t,y) € GH(D,; G0 H™?))

satisfy

10:01(D)llGa(o,:ca1 (0, mmeyy < C(L+[E)) 7
and

10y p2(t)laaca, Ao, mmeey) < C(L4[¢)) 7
with a > 1.

Theorem 4 for (1.10) is valid for (3.11) with H = 0,0, if
8ac§01 (t7 37) € GA(ax§ GAltl (aﬂc§ GA (xa:v; Hm’z)))a

Oy pa(t,y) € G0, GM(0,; GA (yo,; H™?)))
satisfy

1001 () lGaa,;a100 (0,364 (20, Hm o))y < C(1 4 [E]) 77
and
10y p2(Dllqaa, a1t 0,64 o, Hmey)) < C(A+ L)
with a > 1 and A < 1.
Typical examples of ¢1 and 4 satisfying the previous conditions are

1 1

ta)=—— ty)=——>.
§01( >£U) 1+t2+$2’ 902( 7y) 1+t2+y2

For the IVP (1.11), we have used the operator Q, = 20, —yJ, in the proof of Theorem
4. The use of the operator €2, requires the condition

Ouipr € G (05 G0, G (y0p; H™™)))

and
Oyp2 € GA(ay? GAltl(ayE GA(xagﬁ H™>))).

This condition implies that 0,41 and 0,2 are depending only on ¢. Hence Theorem 4
for the IVP (1.11) is valid for (3.11) if Oyp1, Oy = C(1 + |t|) ™ with a > 1.
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Appendix.

Lemma A.1. There exist positive constants C1 and Cy such that

Cillulgaiassmowy < Y. 1B ullgase;r) < Collullgas:zmr ),
loe|<m
where B(t) is one of the operators 0, R, T, R andT.

Proof. We only prove the case B(t) = R = (0, J), where J = (Ji, J2). By the definition
of GA(R : R™P(t))

AlvI+6] N
lullgarpmeey = > > F 10%T%07 Joul| v
la|+[8]<m 7,6

y [20, Lemma 2.6] we see that the right—hand side is estimated by
A+ N
c D > 5 ||awéa J%u| e
la|+[8]<m 7,6
=C Z 10 T%ul|ga(r;Lry = C Z | R*ullga(r;Lr)-

lee+]B]<m lo| <m

This implies the first inequality of the lemma. The second inequality of the lemma is
obtained by [20, Lemma 2.6], similarly.

Lemma A.2. We have

||f/ gh(z,y') dy |l casayre) < Iflcasayrzre)llglleaserzre) |hllaase.r2),

y -z y -z

where B(t) is one of the operators &, R,T, R and T.
Proof. We only prove the case B = R. We have

> _ Alel+18] 0
I [ ohtas/) v lonman = 3 “om 1079 [ ghtany/) )
Y o lyoM y
Alelvlol o
<22 g @77 lf)(/ (0% (it0) (gh) (2, y) dy') || L2
B o1 <o /81 alf! ”
B1<B
(by Leibniz’ formula)
Alal+18]
<
az;a;a (v — a)/(B — B1)la! 4!
B1<pB

X H/ %1 (itd)P1 (gh) (z, y') dy'|peerz  (by Holder’s inequality)
y

Ala\+|ﬂ|

S =l [ o 0) gy o)
Yy

We again use Lelbmz formula and Hélder’s inequality to obtain the result.



1674

NAKAO HAYASHI AND JEAN-CLAUDE SAUT

Lemma A.3. We have form >3 and 1 <p < o0

Dl ullgasysrray) < Cllulleasesmrw) D 1ulEs:smeq):

n=0 n=0

Proof. In the same way as in the proof of Lemma A.2 we have

ulPullgasry < HUH%?A(B;LOO)HUHGA(B;LP)a 1 <p<oc.

By iteration of this inequality it follows that

P g oy < 0l g0y el inr)-

Hence Lemma A.1 gives for m > 3

|Hu|2nu||GA(B;Bm»p) < CHUH%:HA(B;Bm—z,oo)||U”GA(B;va)a (a.1)

where C' is a constant independent of n. We again use Lemma A.1 and Sobolev’s
inequality in the right-hand side of (a.1) to obtain the claim.

Acknowledgment. This work was partially supported by the Gunma University Foun-
dation for Science and Technology and Université de Paris-Sud.

REFERENCES

J.M. Ablowitz and R. Haberman, Nonlinear evolution equations in two and three dimensions,
Phys. Rev. Lett. 35 (1975), 1185-1188.

J.M. Ablowitz and A.S. Fokas, On the inverse scattering transform of multidimensional nonlinear
equations, J. Math. Phys. 25 (1984), 2494-2505.

J.M. Ablowitz and A. Segur, Solitons and Inverse Scattering Transform, PA: SIAM (1981).

D. Anker and N.C. Freeman, On the soliton solutions of the Davey-Stewartson equation for long
waves, Proc. R. Soc. A, 360 (1978), 529-540.

C. Bardos, C. Sulem and P.L. Sulem, On the continuous limit for a system of classical spins,
Comm. Math. Phys. 107 (1986), 431-454.

A. de Bouard, Analytic solutions to non elliptic nonlinear Schrédinger equations, J. Diff. Egs.
104 (1993), 196-213.

D.J. Benney and G.L. Roskes, Wave instabilities, Stud. Appl. Math. 48 (1969), 377-385.

R. Beals and R.R. Coifman, The spectral problem for the Davey-Stewartson and Ishimori hi-
erarchies, Proc. Conf. on Nonlinear Evolution Equations: Integrability and Spectral Methods,
Manchester, U.K. (1988).

P. Constantin, Decay estimates of Schrodinger equations, Comm. Math. Phys. 127 (1990), 101—
108.

H. Cornille, Solutions of the generalized nonlinear Schrédinger equation in two spatial dimensions,
J. Math. Phys. 20 (1979), 199-209.

A. Davey and K. Stewartson, On three-dimensional packets of surface waves, Proc. R. Soc. A.
338 (1974), 101-110.

V.D. Djordjevic and L.G. Redekopp, On two-dimendional packets of capillary-gravity waves, J.
Fluid Mech. 79 (1977), 703-714.

A.S. Fokas and P.M. Santini, Recursion operators and bi-Hamiltonian structures in multidimen-
stons I, Comm. Math. Phys. 115 (1988), 375-419.



[14]
[15]
[16]
17]
18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]

[26]

[27]
[28]

[29]

[30]

[31]
32]

[33]
[34]

[35]

GLOBAL EXISTENCE OF SMALL SOLUTIONS 1675

A.S. Fokas and P.M. Santini, Recursion operators and bi-Hamiltonian structures in multidimen-
stons II, Comm. Math. Phys. 115 (1988), 449-474.

A.S. Fokas and L.Y. Sung, On the solvability of the N-wave, Davey-Stewartson and Kadomtsev-
Petviashvili equations, Inverse Problems 8 (1992), 673-708.

J.M. Ghidaglia and J.C. Saut, On the initial value problem for the Davey-Stewartson systems,
Nonlinearity 3 (1990), 475-506.

J.M. Ghidaglia and J.C. Saut, Nonelliptic Schridinger evolution equations, Journal of Nonlinear
Science 3 (1993), 169-195.

N. Hayashi, Analyticity of solutions of the Korteweg-de Vries equation, STAM J. Math. Anal. 22
(1991), 1738-1743.

N. Hayashi, Smoothing effect of small analytic solutions to nonlinear Schrédinger equations, Ann.
Inst. Henri Poincaré, Physique Théorique 57 (1992), 385—-394.

N. Hayashi and T. Kato, Global existence of small analytic solutions to quadratic nonlinear
Schrodinger equations, preprint (1994).

Y. Ishimori, Multi vortex solutions of a two dimensional nonlinear wave equation, Progr. Theor.
Phys. 72 (1984), 33-37.

S. Katayama and Y. Tsutsumi, Global existence of solutions for nonlinear Schrédinger equations
in one space dimension, Commun. in P.D.E. 19 (1994), 1971-1997.

T. Kato, On the Cauchy problem for the (generalized) Korteweg-de Vries equation, Advances in
Mathematics Supplementary Studies, Studies in Appl. Math. 8 (1983), 93-128.

T. Kato and K. Masuda, Nonlinear evolution equations and analyticity I, Ann. Inst. Henri Poincaré,
Anal. non linéaire 3 (1986), 455-467.

C.E. Kenig, G. Ponce and L. Vega, Higher order non-linear dispersive equations, Proc. A.M.S.
122 (1994), 157-166.

C.E. Kenig, G. Ponce and L. Vega, On the hierarchy of the generalized KdV equations, Singular
limits of dispersive waves, Ercolani, Gabitov, Levermore, Serre Ed. Plenum NATO ASI Series,
1994, pp. 347-356.

S. Klainerman, The null condition and global existence to nonlinear wave equation, Lect. in Appl.
Math. 23 (1986), 293-326.

B.G. Konopelchenko and B.T. Matkarimov, On the inverse scattering transform for the Ishimori
equations, Phys. Lett. A. 135 (1989), 183-189.

B.G. Konopelchenko and B.T. Matkarimov, Inverse spectral transform for the nonlinear evolution
equation generating the Davey-Stewartson and Ishimori equations, Stud. Appl. Math. 82 (1990),
319-359.

F. Linares and G. Ponce, On the Davey-Stewartson systems, Ann. Inst. Henri Poincaré, Anal. non
linéaire 10 (1993), 523-548.

A. Soyeur, The Cauchy problem for the Ishimori equations, J. Funct. Anal. 105 (1992), 233-255.
L.Y. Sung, An inverse-scattering transform for the Davey-Stewartson II equations , Part III, J.
Math. Anal. Appl. 183 (1994), 477-494.

L.Y. Sung, The Cauchy problem for the Ishimori equation, preprint (1993).

Y. Tsutsumi, The null gauge condition and one dimensional nonlinear Schrédinger equation with
cubic nonlinearity, Indiana Univ. Math. J. 43 (1994), 241-254.

L.Y. Sung, Long time behavior of the solutions of the Davey-Stewartson II equations, preprint
(1994).



