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GLOBAL EXISTENCE OF STRONG SOLUTIONS TO THE
ONE-DIMENSIONAL FULL MODEL FOR PHASE TRANSITIONS
IN THERMOVISCOELASTIC MATERIALS

ELISABETTA RoccA, Milano, RICCARDA ROSSI, Brescia

Dedicated to Jirgen Sprekels on the occasion of his 60th birthday

Abstract. This paper is devoted to the analysis of a one-dimensional model for phase tran-
sition phenomena in thermoviscoelastic materials. The corresponding parabolic-hyperbolic
PDE system features a strongly nonlinear internal energy balance equation, governing the
evolution of the absolute temperature 1, an evolution equation for the phase change param-
eter x, including constraints on the phase variable, and a hyperbolic stress-strain relation
for the displacement variable u. The main novelty of the model is that the equations for x
and u are coupled in such a way as to take into account the fact that the properties of
the viscous and of the elastic parts influence the phase transition phenomenon in different
ways. However, this brings about an elliptic degeneracy in the equation for u which needs
to be carefully handled.

First, we prove a global well-posedness result for the related initial-boundary value prob-
lem. Secondly, we address the long-time behavior of the solutions in a simplified situation.
We prove that the w-limit set of the solution trajectories is nonempty, connected and com-
pact in a suitable topology, and that its elements solve the steady state system associated
with the evolution problem.

Keywords: nonlinear and degenerating PDE system, global existence, uniqueness, long-
time behavior of solutions, w-limit, phase transitions, thermoviscoelastic materials
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1. INTRODUCTION

In this paper we study the initial boundary-value problem for the following
PDE system

(1.1) it xid — AV = Pal® + xle()] +¢ i 2 x (0,7),
(1.2) Xt — Ax+W'(x) =9 =V + Le(u)]* in Qx(0,T),
(1.3) uy — div((1 — x)e(u) + xe(uy)) = £ in Qx(0,T),
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which has been recently introduced by Michel Frémond in [15] in order to model
phase transition phenomena in a viscoelastic material occupying a bounded domain
Q C RN, N =1,2,3, subject to thermal fluctuations during a time interval [0, 7T].
The state variables are the absolute temperature ¥ of the system (9. being the
equilibrium temperature), and the order parameter x (see [14, p. 5]), standing for
the local proportion of one of the two phases, which have different viscous/elastic
features. For example, in a melting-solidification process one has xy = 0 in the
(elastic) solid phase, and xy = 1 in the (viscous) liquid phase. The symbol u denotes
the vector of the small displacements.

We refer to [15] and [26, Sect. 2] for the derivation of the system (1.1-1.3) ac-
cording to Frémond’s modelling approach to phase change phenomena in mechanics.
Without going into details, here we just point out that (1.1) is the internal en-
ergy balance equation, g being a known heat source. Likewise, the equation (1.3)
is the classical balance equation for macroscopic movements (also known as stress-
strain relation), and accounts for accelerations as well. As usual, by £(u) we de-
note the linearized symmetric strain tensor, given by e;;(u) = (us, o, + uj,2,)/2,
i,7 = 1,2,3 (here (), stands for the space derivative of (-)), while the symbol div
denotes the vectorial divergence operator. Further, the term f on the right-hand
side may be interpreted as an exterior volume force applied to the body. Follow-
ing Frémond’s perspective, (1.1) and (1.3) are coupled with (1.2), the equation of
microscopic movements for the phase variable y, in which W’ is the derivative of
a generally nonconvex energy potential, and |¢(u)|? is a short-hand for the colon
product e(u): e(u).

The latter term, on the one hand, and the terms in y occurring in the stress-strain
relation, on the other hand, give the coupling between (1.2) and (1.3). What is more,
they highlight what we believe is the most peculiar feature of the system (1.1)—(1.3)
in comparison with other phase change models: namely, that the viscous and elastic
properties of the physical system are given distinguished role, in order to account
for their influence on the phase transition. From the analytical point of view, one of
the elliptic operators in (1.3) becomes degenerate when either the viscous or elastic
effects prevail and, accordingly, x = 1 or x = 0. This, as we shall see later, is one of
the main mathematical difficulties attached to the analysis of (1.1)—(1.3).

Indeed, in most models for phase change phenomena the equation for macro-
scopic movements is neglected, even within the modelling approach developed by
Frémond (see [9], [29], [23])). Instead, in the papers [4], [5] the focus is on the
analysis of a model for thermoviscoelastic systems not subject to phase transi-
tions: the related (highly nonlinear) PDE system couples a linear viscoelastic
equation for the displacement u and an internal energy balance equation for 1,
while the equation of microscopic movements is not considered. The model is
analyzed in [20] and in [21] pertains to nonlinear thermoviscoplasticity: in the
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one-dimensional (in space) case, the authors prove the global well-posedness of a
PDE system, incorporating both hysteresis effects and modelling phase change,
which however does not display a degenerating character. Degenerating phase
parameters appear in models for damaging phenomena, see [6], [7], [8]. In this
case, the phase variable x is related to the local proportion of damaged material.
Hence, x is forced to take values in [0, 1], with the convention that y = 0 when
the body is completely damaged, and y = 1 in the damage-free case. Hence,
in [7], [8] the equation for macroscopic movements has a degenerating charac-
ter related to the parameter x, which is however different from the one in (1.3).
For, in their case the coefficients of the elliptic operators in the stress-strain re-
lation vanish only as x \, 0, contrary to the twofold degeneracy of the equa-
tion (1.6c¢), which we shall further comment later on. Within this framework,
in [7], [8] local in time well-posedness results are proved for the resulting PDE sys-
tem.

In the very recent paper [26], we proved a local in time well-posedness result
for the initial-boundary value problem associated with (1.1)—(1.3), in the three-
dimensional case, but neglecting the quadratic dissipative contributions on the right-
hand side in (1.1). Hence, the internal energy balance equation we considered in [26]
reads

(1.4) P+ xed—AY =g in Qx(0,7).

Let us note that this simplification is completely justified in the framework of the
so-called small perturbations assumption, see [16]. Further, in [26] we also proved
a global in time well-posedness result for system (1.2)—(1.4) in the one-dimensional
case.

In this paper, we carry on the investigation initiated in [26]: again, we restrict our
analysis to the 1D case, thus assuming that

(1.5) 0=(0,0), ¢>0,

but we consider the full system (1.1)—(1.3) and prove a global in time well-posedness
result for the related initial-boundary value problem, in a suitable functional frame-
work. Next, we investigate the long-time behavior of the solutions to the simplified
PDE system ((1.2), (1.3), (1.4)).

In the framework of (1.5), we shall hereafter suppose that the displacement vari-
able u is scalar, just for the sake of simplifying the notation throughout the paper.
Indeed, as the calculations carried out in [26] (where we kept the variable u vectorial
in the one-dimensional case as well) show, in the analysis of the stress-strain relation
there is no significant difference between the vectorial and the scalar case. Hence,
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we end up with the following PDE system

(1.6a) Oy 4 xe9 — 92,9 = g+ |xe|* + x|0we|*  ace. in (0,€) x (0,7),

X

3 ?

(0,7),

(L6D)  xe— 02+ W' (x) = 0 + %|agcu|2 ac. in (0,0)
(1.6¢) ugr — Op (xOptir + (1 — x)0pu) = f a.e. in (0,¢)

X

which we complement with the boundary conditions

u(0) =u(f) =0 on (0,7),

and the initial conditions

(1.10) 9(0) =99 in (0,4),
(1.11) x(0) =xo in (0,0),
(1.12) u(0) = ug, ut(0) =vo in (0,¥),

Y0, X0, Ug, and vy being suitable known initial data for the problem.

As we mentioned before, the main challenges in the analysis of the system (1.6a)—
(1.6¢) are related to the twofold degenerating character of the equation (1.6c¢) and
to the nonlinear features of the equations (1.6a)—(1.6b), given by the quadratic
terms | |2, x|0ruel?, Xt 9, %|8xu|2, and by the nonmonotone, possibly nonsmooth
term W'(x). In particular, throughout the paper we shall suppose that the po-
tential W is given by the sum of a smooth nonconvex function 7 and of a convex
function (3, with domain contained in [0,1] and differentiable in (0,1). Note that,
in this way, the values outside [0, 1] (which indeed are not physically meaningful
for the order parameter x, denoting a phase proportion), are excluded. A crucial
assumption for our analysis shall be that 3 is “sufficiently” coercive at the barriers 0

and 1, namely

(1.13) lim 3(r) = —o0, lim 3'(r) = +oc.

r—0+ r—1-—

Typical examples of functionals which we can include in our analysis are the loga-
rithmic potential

(1.14) W(r):=rin(r)+ (1 —r)In(l —r) —c17* —cor — 3, V7 € (0,1),
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where ¢; and ¢y are positive constants. Exploiting (1.13) and suitable comparison
and maximum principle techniques (see [24] and Lemma 3.1 later on), we shall prove
that, if the initial datum xq of the phase parameter is separated from both potential
barriers, namely
i >0, <1,
o) > 0y

then there exist constants d,(r € (0,1) (¢r also depending on the final time T > 0)
such that

(1.15) x(z,t) 20, x(z,t) <¢r V(x,t) €[0,4 x[0,T7],

i.e. the solution component x stays globally away from the potential barriers. Sepa-
ration inequalities of this kind have been obtained in other papers on the analysis of
phase transition models, see [17], [18], [24]. In fact, (1.15) rules out the degeneracy
of both elliptic operators in (1.6 ¢) and allows us to prove our global existence and
uniqueness Theorem 1 by carefully combining (1.15) with an extension procedure for
local solutions to (1.6a)—(1.6¢).

Due to the troublesome nonlinearities on the right-hand side of (1.6a), we are
able to perform the long-time analysis of the simplified system (1.6b), (1.6 ¢), (1.16),
where the internal energy balance is

(1.16) 9y + x4 — 02,9 =g ae. in (0,£) x (0,7).

In Theorem 2, we shall prove that the w-limit set (i.e., the set of the cluster points
in some suitable topology) of the solution trajectories (J(t), x(t), u(t))ie(0,400) iS
nonempty, connected and compact, and that its elements solve the stationary system
corresponding to (1.6b), (1.6¢), (1.16). A crucial step for showing this consists in
observing that the first inequality in (1.15) extends to (0, +00), namely that

(1.17) x(z,t) =6 V(z,t) €0,€] x [0,400),

see Proposition 4.1 later on. On the contrary, the second part of (1.15) does not
hold globally on (0, 4+00), see Remark 4.2. This is the main technical point prevent-
ing us from improving our long-time results for (1.6b), (1.6¢), (1.16). Indeed, in
order to prove the existence of the global attractor for bundle of trajectories, rather
than for a single trajectory, of the system (1.6b), (1.6¢), (1.16), we would need to
strengthen our large-time a priori estimates on the solution component u (cf. Propo-
sition 4.1). However, it seems to us that better large-time estimates on u cannot
be obtained, if one relies solely on (1.7). The same technical drawback makes it
difficult to implement Lojasiewicz-Simon procedures (cf. [28] and [13]) in order to
prove the convergence as ¢ — +oo of the whole trajectories (9(t), x(t), u(t))te(0,400)
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to the elements of their w-limit. Note that such techniques have been successfully
exploited in the study of the convergence to equilibrium of some phase field sys-
tems, see e.g. [1], [12], [17]. In fact, we believe that the study of the long-time
behavior of (1.6b), (1.6¢), (1.16), both in the direction of global attractors and of
Lojasiewicz-Simon-type results, is an interesting open problem.

Plan of the paper. In Section 2, we set up some notation and introduce a
suitable variational formulation of the initial boundary-value problem for the full
PDE system (1.6 a)—(1.12) (cf. Problem 1). Hence, we state our main results, regard-
ing the global well-posedness (in finite time) of the latter problem (which we prove
in Section 3), and the analysis of the w-limit associated with the solution trajectories
of the simplified system (1.6b), (1.6¢), (1.16), which we perform in Section 4.

2. MAIN RESULTS
Notation. Given k € {1,2}, we shall consider the Sobolev spaces

HE(0,0) := {v e W"2(0,£): v(0) = v(¢) = 0},
HEY(0,0) := {v e WF2(0,£): 9,v(0) = dv(f) = 0},

both endowed with the norms of W*:2(0,¢). Furthermore, we shall identify L2(0,¢)
with its dual space L?(0, ¢)’, so that H*(0,¢) — L?(0,¢) — H*(0,¢)" with dense and
continuous embeddings. We shall use the symbols || - || and (-,-) for the norm and
the scalar product on L2(0,¢), while (-,-) shall stand both for the duality pairing
between H'(0,¢)" and H'(0,¢) and for the duality between H~1(0,¢) and H (0, ¢).
Given v € H'(0,/)’, we shall use the notation m(v) := (v,1) for its mean value.
Finally, we recall that

(2.1) H(0,¢) € L>(0,¢) with a compact embedding,
(2.2) H?(0,¢) € Wh°(0,¢) with a compact embedding.

Combining this with the continuous embeddings
L>=(0,¢) € L*(0,£) and W'(0,¢) c H'(0,¢)
and recalling [22, Lemma 5.1, p. 58], one has

(23) Ve > 03C. > 0: Vo e HY0,0) [vllz=(0.0 < ellollzrso.0) + Celloll
(24) Ve>0 HCE >0: Vwe H2(0,£) ||w||W1,oo(O,[) < E||w||H2(0,g) -+ CE||w||H1(07g).
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In order to state the variational formulation of the Cauchy problem for (1.6a)-
(1.9), we need to introduce the following operators:
1. for a given measurable function n: (0,£) — [0, 1], we define H(n-): H(0,¢) —
H=1(0,¢) by

L
(Mo w) = [ wdwdew o, e Ho(0,0)
0

2. A: HY(0,¢) — H'(0,¢), realizing the Laplace operator —92, with homogeneous
Neumann boundary conditions, defined by

(Au,v) := (Opu, 0pv) Yu,v € H(0,0);

3. the duality operator J := A+ I: H'(0,f) — H'(0,¢)" (I being the identity
operator): in the sequel, we shall make use of the relations

(2.5) (Ju,u) = lullfp o YueHY(0,0),
(J7,0) = [olli ey Vv e HN(0,0).

2.1. A global well-posedness result in [0, 7] for the full system
We now list our assumptions on the problem data:

(2.6) g € L*(0,T; L*(0,£)) N L>(0,T; H'(0,£)"),
g(xz,t) =20 for ae. (z,t) € (0,£) x (0,T),

(2.7) f e L?0,T;L%0,0)),

(2.8) Yo € H'(0,¢) and xrgn{%){lﬂ Jo(x) > 0,

(2.9) Xo € H%(0,0),

(2.10) ug € HZ(0,€), v € H}(0,4).

As for the potential W, we require that

(W1) W=5+7,
where
(W2) 7 € C*([0,1]), with derivative v := 7/,

= ~

(W3) dom(3) = [0,1], and 3: dom(3) — R Ls.c., conve, differentiable in (0,1).
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Henceforth, we shall denote by § the derivative 3’ , and further assume the “coerciv-
ity” conditions

(W4) lim B(z) = —co, lim fB(z) = 400,
z—0+ z—1-
and that
(W5) for all p > 0, [ is a Lipschitz continuous function on [g, 1 — g].

Note that (W4) (which corresponds to the strong coercivity condition of [17]) in fact
rules out the case in which B is the indicator function of [0, 1], but is fulfilled in the
case of the logarithmic potential (1.14).

Our next assumption then ensures that the initial datum yg is “separated from
the potential barriers”:

2.11 i >0, < 1.
(2.11) o, Xo(z) nax, Xo(z)

We are now in a position to state the variational formulation of the initial-
boundary value problem for (1.6a)-(1.6c¢).

Problem 1. Find (9, x, u) with

(2.12) ¥ € L*(0,T; H%(0,0)) N L>=(0,T; H*(0,£)) N H*(0,T; L*(0, ¢))

NWwhe>(0,T; H(0,¢)")
(2.13)  x € L>=(0,T; H3(0,0)) N H*(0,T; H*(0,£)) n W' (0,T; L*(0,¢)),
(2.14)  we€ HY(0,T; H3(0,0)) nWh(0,T; HE(0,£)) N H*(0,T; L*(0,¢)),

Y

complying with the initial conditions (1.10)—(1.12), with the equations

(2.15) Oy +xe¥ + A9 = g+ |xe)® + x|0pue|>  ae. in (0,6) x (0,7),
1

(216) e+ Ax+ 800 +7(x) =0+ 5[0ul* ae in (0

(2.17) ure + H((1 — x)u) + H(xu) = f a.e. in (0,¢) x (0,7,

and such that
(2.18)

min Iz, t) >0 mi
0,6

, (z,t) < 1.
(z,t)€[0,£] % [0,T (z,t)€]

(x,t) >0, n&zz

n X
1%x[0,T) X (z,t)€[0,€]x[0,T] X

The following result, stating the global well-posedness of Problem 1 on the interval
[0, T, extends [26, Thm. 2].
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Theorem 1. Assume (2.6)—(2.10), (W1)—-(W5), and (2.11). Then, there exist
constants

1. 6 € (0,1), depending on the potential W and on the initial datum ¥,

2. ¢r € (0,1), depending on W, on xo, and on the final time T,

3. 67 > 0, depending T' and on the problem data,
and a triple (¥, x, u) solving Problem 1, such that the ¥ and x components fulfil

(2.19) X(z,t)=>6>0 V(z,t) €0, x[0,T],
(2.20) x(x,t) <¢r <1 V(x,t) €][0,¢ x[0,T],
(2.21) Iz, t) =07 >0 Y(x,t) €0, x[0,T].

Moreover, the triple (¢, x, u) is the unique solution to Problem 1 and depends contin-
uously on the initial data, on g, and on f, in the sense specified by Proposition 3.8.
Finally, x has the further regularity

(2.22) x € H*(0,T; H*(0,£)").

2.2. Results on the long-time behavior of solutions

We now state our main result on the long-time behavior of the solutions to (the
initial-boundary value problem for) the system (1.6b), (1.6¢), (1.16), whose varia-
tional formulation reads

Problem 2. Find (9, x,u), with the regularity (2.12)—(2.14), fulfilling (2.18),
the initial conditions (1.10)—(1.12), the equations (2.16)—(2.17), and
(2.23) Y+ x9+ A9 =g ae. in (0,€) x (0,7T).
Henceforth, we shall further require that
(2.24) g € L*(0,400; L*(0,0)), g(z,t) =0 for a.e. (z,t) € (0,£) x (0, +00),
(2.25) f € L*(0,+o0; L*(0,0)).
Remark 2.1. Theorem 1 and (2.24)—(2.25) guarantee that for every triple

(P0, X0, uo) fulfilling (2.8)—(2.10) and (2.11) there exists a unique solution (¥, x,u):
[0, +00) — H'(0,€) x H(0,¢) x H(0,¢) to Problem 2 starting from (9o, X0, o).

Given an initial triple (99, xo, uo) fulfilling (2.8)-(2.10) and (2.11), we recall the
definition of the w-limit of the associated solution trajectory (¢(t), x(t),u(t)) in the
space H1(0,¢) x H(0,¢) x H}(0,0):

(226) w(ﬁo, X0, uO) = {(1900, Xoos uOO) € Hl(oa [) X Hl(ov Z) x H(% (07 f) :
Jtn / 00: (V(tn), x(tn), u(tn)) — (Voos Xoos Uso)
in H'77(0,4) x H™"(0,0) x H}77(0,£) Vv € (0,1)}.
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Our next results concerns the structure of the set (2.26).

Theorem 2. Assume (W1)—(W5) and (2.24)—(2.25). Let (Yo, xo0, uo) be an initial
triple fulfilling (2.8)—(2.10) and (2.11). Then,
1. w(Vo, x0,uo) is a nonempty, compact, and connected subset of the following
product space

H'™(0,0) x H'77(0,¢) x Hy~"(0,¢)

for all v € (0,1). Moreover, there exists a constant (- € (0,1) such that every
(Fo0s Xoos Uoo) € w(Po, X0, Up) Solves the stationary problem

(2.27) AYse =0 a.e. in (0,¢),
(2'28) AXoo + B(Xoo) + V(Xoo) =¥ a.e in (O,ﬁ),
(2.29) Uoo =0 a.e. in (0,¢),
and fulfils
2.30 in Y >0, i 00 > 6, 00 < (oo-
(2.30) oo, (z) oo, X (z) Jnax X (z) < ¢

In particular,
(2.31) s € [0,+00) such that Voo (z) = Vo for all x € [0,4)].
2. In addition, if
(2.32) W' = 3+~ is strictly increasing in (0, 1),
for every (Yoo, Xoo0,0) € w(o,Xx0,u0), the component X~ Is also constant
on (0,¢) and
(2.33) Xoo() = (B+7) ' (Veo) Vaz€]0,4].

Remark 2.2 (Further regularity of solutions). If, besides (2.8) and (2.24), we
further supposed that

(2.34) 9o € H%(0,£), g€ L>(0,+00; L*(0,0)), g: € L*(0,+o0; L*(0,)),

arguing in the same way as in the proof of [26, Lemma 5.6] we could obtain an
estimate for ||| Lo (0, +o0;m2 (0,0)) and [|U¢][12(0,400;71(0,¢))- In this case, we would
conclude that the projection on the first component of the set w(dy, xo,uo) is in fact
in H%(0,¢), and that the elements of w (g, X0, uo) are cluster points for the trajectory
w.r.t. the topology of H2~¥(0,£)x H'~¥(0,£)x Hy~*(0,¢) for all v € (0, 1). Moreover,
let us note that it is possible to prove (by means of a bootstrap argument) that the
solutions ¥ and X« to the stationary problem (2.27)—(2.28) are of class C*°([0, £]),
and so the equations (2.27) and (2.28) hold true for all = € [0, ¢].
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3. PROOF OF WELL-POSEDNESS FOR PROBLEM 1 ON [0, 7]

3.1. Strategy of the proof of Theorem 1

In order to prove the existence of a global solution to Problem 1, we shall combine
a Schauder fixed point argument (yielding the existence of a local solution) with a
careful extension procedure.

First step: existence of a local solution. Using (2.11) and (W4), we fix a
constant 6 > 0 such that

(3.1) xo(x) 28>0 and W'(5) <0,

and we consider the truncated PDE system

(3.2a) %+ 0+ AY =g+ |Xt|2 + X|8mut|2 a.e. in (0,¢) x (0,7),
1

(32b)  xi+Ax+B(x) +v(x) =9+ §|5‘xu|2 a.e. in (0,£) x (0,7T),

(3.2¢) ue + H((1 — x)u) + H(Ts(x)ue) = f  a.e. in (0,£) x (0,7T),

where T is the truncation operator defined by
(3.3) Ts(r) == max{r,6} VreR.

Note that here the degeneracy of the main part of the elliptic operator is ruled out.
Using the Schauder fixed point theorem, we shall prove the existence of a local

solution (@, X, @) to the Cauchy problem for the system (3.2) on some interval [0, Tp],

enjoying the regularity (2.12)—(2.14), the positivity properties (2.18), and fulfilling

(3.4) X(z,t) =6 >0 V(x,t) €0, x[0,To],

ma X(x,t) < 1.
(x,t)E[O,E]};[QTO] X(@1)

As we shall see (cf. Remark 3.2 later on), the two separation inequalities have a
different character. In particular, the second one depends on the L°°(0,¢) norm of
the right-hand side of (3.2b), hence it forces an appropriate choice of the functional
setting for the fixed point argument, see (3.7).

Thanks to (3.4), we shall conclude that the triple (1/97, X, ) is in particular a local
solution to Problem 1.

Second step: extension procedure. After finding a local solution (3, X, U) to
Problem 1, we shall prove the existence of a global solution by a technique which is
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essentially tailored to extending to the whole interval [0, T'] the local solution (3, X, W)
along with the separation inequalities (2.19)—(3.5) (see the notion of §-separated
solution later on). This procedure shall be developed at length in Section 3.3 and
substantially relies on some global estimates, proved in Lemma 3.7.

3.2. The Schauder fixed point argument

We construct the Schauder operator associated with system (3.2) in three phases:
we start by solving (3.2b) with ¢ and u fixed, then proceed to solving (3.2¢) with
X fixed, and finally tackle (3.2a) with data x and u from the previous steps.

We fix ¢ € (0,7] and R > 0, with

(3.6) R > 290l L= (0,0
and consider the balls

(3.7) Op := {9 € L™=(0,£; L>°(0,£)) N H*(0,; H'(0,£)"):
9] Lo (0,8 Lo (0,0))n 1 (0,51 (0,0)) < R,
9 >0 ae. in (0,€) x (0,8)},
iy 1,00
Us == {u e H' (0, Wy>(0,0)): lll g1 0, 5w (0,0 < BY-
Henceforth, we shall denote most of the positive constants, occurring in the cal-
culations and depending on the problem data but not on ¢, by the same symbol C

(whose meaning may vary even within the same line).
First, we have the following result.

Lemma 3.1. Assume (2.9), (W1)-(W5), and (2.11). Then, there exist constants
M > 0 and (g € (0,1), depending on R and on the problem data but independent
of t € (0,T), such that for all (J,7) € Of x Uz there exists a unique x with

(3.8)  x € C([0,; H(0,€)) N H' (0, H' (0,£)) nW">(0, L*(0, £))
N H?(0,t; H*(0,0)),

fulfilling the initial condition (1.11), the equation
- 1
(3.9) Xt +Ax + B(x) +v(x) =9+ 5|5‘xﬂ|2 a.e. in (0,¢) x (0,1),

the separation inequalities

(3.10) x(x,t) =
(3.11) x(@,1) <
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and the estimate
(3:12) XNz 0,582 (0.0))nE (0.8:H1 (0,0) W (0,5L2(0,6)NH2 (0,581 (0,0)) < M.

Proof. In view of our choice (3.7) of the fixed point setup, for every (9,%) €
Oz x Uz the term on the right-hand side of (3.9) (which shall be denoted as w through-
out this proof) is in L°(0,%; L>°(0,¢)). Hence, we may for instance apply [11,
Lemma 3.3] (based on the theory of maximal monotone operators in Hilbert and
Banach spaces, see [10], [3]) and conclude that the Cauchy problem for (3.9) has a
unique solution

(3.13) x € L*(0,%; H3%(0,£)) N C°([0,%]); H*(0,£)) n H*(0,%; L*(0,£)).

Our argument for proving (3.11) is the same as in the proof of [24, Corollary 2.1],
nonetheless we shall detail it here for the sake of readability. We set

* 9 1 —
H*(t) := [[9(t) + 510.7()* | =0,y € (0,7)

and consider the first order ODE associated with (3.9), having H* on the right-hand
side,

(3.14) y'(t) + By) +(y(t) = H*(t), te(0,%),
which we supplement with the condition

3.15 0) = .
(3.15) y(0) xrg[%ﬁ]x()(x)

We fix a constant (g € (0,1) such that

(3.16) max xo(r) < (g,
z€[0,4)
1
(3.17) W'(Cr) = 3 lluolliys (0,0 + B + R

(note that such a constant exists thanks to (W4) and the second part of (2.11)),
and multiply (3.14) by (y(¢) — Cg)". Upon integrating in time, we find that for all
t € (0,7)
1 t
(3.18) SIw® = )7+ /0 (By(s)) = BCr))(y(s) — Cr) " ds
= 510 = ) I = [ ((s) = cR)w(s) ~ ) s
t
4 [ (6) = W) () ) .
0
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Note that the second term on the left-hand side of (3.18) is nonnegative by the
monotonicity of 8. On the other hand, for all ¢ € [0, ] we have

H*(t) = Hﬁ(t) + %|3xﬂ(t)|2HLw(o7€)

_ 1
< IOz~ 0.0 + 3O nm o
L, o !
< R+ ghuoll oo+ [ Tlwssoolalw=oo
1
SR+ §||u0||%/[/1v°°(0,€) + R < W'(Cr),

due to (3.17), so that the last term on the right-hand side of (3.18) is nonpositive.
Finally, by (3.15) and (3.16) we find (y(0) — (g)*™ = 0. Hence, using v € C([0,1])
we deduce from (3.18) that

B19) 100 =) I < e [ 166 =) IPds e 0.8,

and the Gronwall Lemma leads to (y(t) —Cr)™ =0, i.e. y(t) < (g for all t € [0,%]. On
the other hand, by the comparison principle for second-order parabolic equations,
we conclude

Cr2y(t) 2 x(z,1) V(z,t) €[04 x[0,],

and (3.11) ensues.

Although all calculations are developed in [26, Lemma 5.6], we shall sketch the
proof of (3.10), in order to highlight the differences against the argument for (3.11).
First of all, it does not rely on the comparison with an auxiliary ODE: we just directly
test (3.9) by —(x — 0)~ and integrate in time, concluding

1 B t 3 t l 3
3:20) I =971+ [ Iec=071 = [ [ (500 - @6
t pl
= 5l00 =01+ [ [ 600 —2@)ec—o

[ [ poar-we)a-o-

Again, the third term on the left-hand side of (3.20) is nonnegative due to the
monotonicity of 3, whereas the first summand on the right-hand side is zero thanks
to the first part of (3.1), and the second term can be estimated in the same way as
in (3.19). Finally, now the last term in (3.20) is nonpositive simply thanks to the
second part of (3.1) and the positivity of J + 1(/0,%||?. By the Gronwall Lemma, we
likewise infer |(x(t) — d)~| = 0 for all ¢ € [0, ], whence (3.10).
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In order to conclude (3.12), we differentiate (3.9), add x; to both sides of (3.9),,
test it by J~!(x), and integrate in time. Taking into account (2.5), by standard
calculations we obtain

t
1
62 [ Il + 3Ol

< 1th<0>||2 " } / t / {00 + 7 00T )
/ 19t Xtt

Xt Xtt

/ amﬂaxﬂp]il(xtt) .
0 Jo

Now, the first summand on the right-hand side of (3.21) is estimated via

Ixe(0)11* < C(llAxoll + 18(x0) +v(xo) | + [9(0) ]| + [@(0)]]) < C

thanks to (2.9) and (3.7); the second term is estimated by (3.13), while, in order
to deal with the third term, we exploit (3.10)—(3.11), which, joint with (W5), yield
an estimate for 3'(x) + 7'(x) in L*(0,%; L>(0,£)). The last two summands are
estimated via ||¥¢|| 20,511 (0,0)) and ||EHH1(O7{;W01,4(07€)). For all details, we refer the
reader to the proof of [26, Proposition 4.5]. Hence, we infer

X1 72 0,2 1 (0,0) ) w100 (0,522 (0,0)) < C.

Arguing by comparison in (3.9);, we also obtain an estimate for Ay, in L?(0,;
H(0,¢)"), hence for x; in L?(0,# H*(0,¢)). Finally, a comparison in (3.9) yields
that Ay + B(x) € L*(0,%; L?(0,¢)). The monotonicity of 3 entails an estimate
for Ax in L>(0,; L*(0,¢)), hence, by elliptic regularity, x is in L>(0,%; HZ(0,£)).
0

Remark 3.2. As we have already mentioned, the inequalities (3.10) and (3.11)
have a different character. The first one is a direct consequence of the weak maximum
principle for parabolic equations and essentially relies on the positivity of the right-
hand side of (3.9). The second one has a quantitative nature, i.e. it holds with a
constant (g depending on the L°°(0,#; L>°(0, £))-norm of the right-hand side of (3.9),
and thus, ultimately, on the time interval in which (3.9) is considered. Instead, the
constant (3.10) is fixed right from the beginning and, as we shall see, invariant in
time: in this sense, we may say that (3.10) is a global in time separation inequality.
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Thanks to Lemma 3.1, for all £ € (0,7 the solution operator 7; associated with
the Cauchy problem for (3.9) is well-defined on Oz x Uz, and takes values in the set

Xy = {x € L>(0,4 HX(0,0)) N H' (0,4 H'(0,£))
NWe(0,%; L?(0,0)) N H?*(0,% H*(0,¢)") such that
X1 2o (0,852, (0,0)) 0 EHT (0,8 (0,6))n W 122 (0,:L2(0,0))nEH2 (0,51 (0,0)) < M1}

We now solve (the Cauchy problem for) (3.2¢c), with fixed datum ¥ € X; (see [8,
Lemma 3.4] and [26, Lemma 5.3] for the proof).

Lemma 3.3. Assume (2.7) and (2.10). Then, there exists a constant My > 0,
only depending on R, on the constant ¢ specified by (3.1), and on the problem data,
but independent of t € (0,T], such that for all X € X; there exists a unique u with
the regularity (2.14), fulfilling (1.2),

(3.22) up + H((1 —x)u) + H(T5(X)u) = f  a.e. in (0,£) x (0,1),
and the estimate

(3.23) lwll z1 (0,522 0,0) W2 (0,5 H2 (0,6))nH2(0,:22(0,0)) < Mo

Thus, also in view of (2.1), it is possible to associate with the Cauchy problem
for (3.22) a solution operator

Tp: Xy — UL = {u € H(0, H3(0,0)) N W>(0,% H}(0,£)) N H?(0, £ L*(0,)):
HUHHl(o,E;Hg(o,Z))mWLx(o,E;Hg(o,Z))mH2(o,E;L2(0,4)) < Mo}

Our last auxiliary result concerns (the Cauchy problem for) (3.2a), with fixed
Y€ X;and @ € UL

Lemma 3.4. Assume (2.6) and (2.8). Then, there exist constants Ms,0p > 0,
only depending on R, on My, M, and on the problem data, but independent of
t € (0,T)], such that for all (x,u) € X; X Z/{%j there exists a unique function 9, with
the regularity (2.12), fulfilling (1.10) and

(3.24) Uy + X0 + AV = g + [X,|* + X|0xt|*  a.e. in (0,£) x (0,7),

(3.25) I(x,t) > 0r >0 ¥ (z,t)€[0,6x 0,1,

(3.26) |91 L2(0,5: 12 (0,6)) N Lo (0,8: H (0,€)) N H (0,52 (0,6))nW oo (0,511 (0,0)) S M.
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Proof. Since
(3.27) X € L(0,8 H'(0,0)) N L>(0,7; L*(0,£)),

one has [x,|?> € LY(0,% L>(0,£)) N L>=(0,; L'(0,¢)), so that, by an interpolation
argument and trivial estimates,

(3.28) x> € L*(0,% L*(0,£)) N L>(0, H'(0,£)").

In the same way, @; € L2(0,%; H2(0,£)) N L®(0,%; H}(0,¢)) implies that
|0, 0:|> € LY(0,%; L>°(0, £)) N L>°(0,%; L*(0, ),

whence, using that || X|| 2 (0,51 (0,0)) < C, we easily deduce

(3.29) X|0.1:|* € L2(0,%; L*(0,£)) N L>(0, H (0, £)").

In view of (3.27)—(3.29) and (2.6)—(2.8), the assumptions of [2, Theorem 3.2] are
satisfied, hence there exists a unique

(3.30) 0 € L*(0,8 H'(0,0)) N C°([0,); L*(0,0)) N H' (0,5 H'(0,£)")
satisfying (a suitably weak formulation of) the equation (3.24), supplemented with
the initial condition (1.10). To infer the further regularity (2.12), we test (3.24) by ¥,

integrate on (0,¢), and add the term %|[9(t)||? to both sides. By straightforward
calculations, we get

t 1 1 1
(3.31) /O 191 + §||19(t)||12r{1(o,4) < 5”190”?{1(0,@) + §|\19||2Loo(o,t‘;m(o,e))
2 ]' ¢ 2
+ 2/l 20,75020,0)) T 1], (91" + I + L2 + I,
where, exploiting (2.1), (3.28), and (3.29), we get
t t ) ) 1 t )
630 1= [ IR0t <C [ IR0 00+ [ 1007
t 1 t
— 2 2 ~ 12112
L= / IR P < 5 / 19212 + CHIRL P 002200
t 1 t
h= [ ImeaPliod <o+ g [ 1o
0 4 0

Collecting (3.31)—(3.32) and applying the Gronwall Lemma, we arrive at an es-
timate for ¥ € L°(0,¢; H'(0,¢)) N H(0,%;L?(0,¢)). With an easy comparison
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argument (taking into account (3.28)—(3.29) and (2.6)) we first find an estimate
for A9 in L2(0,%; L?(0,¢)) (hence for ¥ in L?(0,%; H3(0,¢))), and secondly for ¥, in
L>(0,%; H1(0,¢)"). Therefore, (3.26) ensues.

We conclude (3.25) by invoking a refined version of the maximum principle for
parabolic equations proved in [19, Proposition 3.6, p. 10], which yields

i
(3.33) z,) > min %(m)exp(— JRCAC P ds).
z€10,4] 0

Therefore, we may introduce the associated solution operator

T3: Xr % L{tg — (’)tg
= {0 € L*0,t H%(0,£))
N L0, H*(0,0)) N H(0, L?(0,¢))
AW (0, H'(0,£)): ¥ >0 a.e. in (0,£) x (0,7)

1901 22 (0,8: 12, (0,6)) Lo (0,51 (0,0)) N H (0,512 (0,6)nW 22 (0,11 (0,0)) < M3}
The solution operator for the system (3.2) is hence
T : O x Uy — OF x U,
defined by
T(W,u) = (T3(T1(9,u), Ta(T1 (9, u))), To(T1 (Y, u))) for all (IJ,u) € OF x Us.

Proposition 3.5. Assume (2.6)—(2.10), (W1)~(W5), and (2.11). Then, there
exists 0 < Ty < T such that

(3.34) the operator T maps Orp, x Ur, into itself.

Further, T: Or, x Ur, — Or, X Ur, is compact and continuous with respect to the
topology of (L>°(0, To; L>(0,£)) N H(0, To; H(0,£)")) x H(0, To; Wy (0, £)).

Proof. TForall € (0,7] and (J,7) € Of x Uz, we set (9,u) := T(9,7). It
follows from (2.4) and (3.23) that

Ve >03C: > 0: lull grozwp= (0,0 < Ellullmo,5m200,0) + Cellullmr 0,513 0,0))
<eMs+ Cet_l/QHUHWLx(o,t‘;Hg(o,Z))
< eM + CEY2M,.
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Thus, choosing ¢ < R/(4Mz) and, setting, accordingly, Tq = R2?/(4M2C?), we
conclude that

v(57 H) S OT()l X uTol ||u||H1(O,T01;W01'OO(O,[)) S R.
In the same way, by (3.26) we have
(3.35) 191l 1 0,211 0,09y < B2 (19Nl wrnos 0,712 (0,0)) < £/ M,
and, in view of (2.3), for every € > 0 there exists C. such that

(3.36)

[19() = Yol L<(0,0) < €l[F(t) = ol a1 (0,e) + Cell9(t) — Jol|
< e(||9)| pos 0.1 0.0)) + 90| 2 (0,0) + CE 219 10 2:22 0.0
<

e(Ms + |90l 1 (0,0)) + CoT/*Ms,

the last inequality ensuing from (3.36). Arguing as in the above lines and exploit-
ing (3.6), in view of (3.35)—(3.36) we find T¢ € (0, 7] such that

V(9,7) € Orz X Ugz  ||9][ Lo (0,12:(0,0))n 81 (0, 72:H1 (0.)) < -

Therefore, (3.34) ensues upon taking Tp := min{7T},T¢}.

In order to prove that 7 is compact, we fix a bounded sequence {(¥,,7,)} C
Or, X Ur,. Using the Ascoli theorem and other standard compactness results (see,
e.g., [27]), we find a subsequence and a limit pair (,7) such that the following
convergences hold as k " oo

(3.37) —*9 in L*(0,Tp; L>(0,4)) N H(0, To; H(0,£)"),

O,

Op, — 0 in C°(0,To; H(0,0)),

Tp, =" in H'(0,Ty; WH*(0,¢)),

Tp, — T in CY(0,Ty; W'2°°(0,¢)) for all o € (0,1].

On the other hand, setting X,,, := 71(¥y,,%Un,) for every k € N, due to (3.12) we
find that {X,,, } is bounded in L>(0, Ty; H3 (0, £)) N H*(0, To; H(0,£)) "W (0, Tp;
L2(0,€)) N H?(0,To; H*(0,¢)"). Therefore, there exists X such that, up to a further
subsequence,

(3.38) X, =X in L™(0,To; H3(0,€)) N H'(0, Ty; H'(0,0))
NWL°(0, To; L*(0,£)) N H2(0, Ty; H(0,£)"),
Xn, — X in C%(0,To; H*72(0,€)) N WHP(0, To; L*(0, )
N CY0, To; H(0,0)")
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for all p € (0,2] and 1 < p < co. Combining (3.37) and (3.38) it is not difficult to
infer that (see the proof of [26, Proposition. 5.4] for details) ¥ = 77(¥,%), so that
(3.38) holds along the whole sequence {X,,, }

In the same way, we set u,, := T2(X,,) for all & € N: taking into account
(3.38) as well as (3.23), we find that the sequence {i,, } is bounded in H'(0,Tp;
HZ(0,0)) N WL°(0,Ty; HE(0,€)) N H?(0,Ty; L?(0,¢)). Hence, again by the Ascoli
theorem and [27] there exists @ such that

(3.39) iy, —* U
in H%(0,To; L*(0,£)) N W>°(0, Ty; H(0,£)) N H(0, To; H2(0,£)),

Up,, — U

in H(0,To; H*2(0,£)) N WYP(0, Ty; H(0,£)) N C*(0, To; H~¢/%(0,¢)),
for all g € (0,2], 1 < p < co. In particular,
(3.40) lip, — @ in HY(0,To; WH(0,0)).
Arguing as in [26, Proposition 5.4], we conclude that @ = T5(X) = Z2(7: (9, 7).

Finally, we set ¥, := 73(X,,,Un,) for all k € N and ¥ = T3(X,%): we are now
going to show that, up to a further subsequence,

(3.41) Op,, — 9 in L>=(0,Tp; L>°(0,4)),
(3.42) Op, — 9 in H0,To; H*(0,£)").

To this aim, we subtract the equation (3.24) from (3.24), written for the triple (9, ,
Ynk ) ﬂ'nk ), thus gettlng

(3'43) (ﬂnk - ﬁ)t + Ynk,t('ﬂnk - 19) + ﬁ(%nk,t - Yt) + A(ank - 79)
= Xy t)® = X + Ky — X100 tinyt]” + X100 Tin, i — |02 ]?).

We then add (¢, — ¥) to both sides of (3.43) and test it by J~((9p, — 9);). We
obtain

t
1
(3.44) /0 1T7H(Wne = Do)l 0,00 + 319 () = IO = La+Is + I + Ir + I,
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where, also exploiting (2.1),
t l
a://x%mm—WFWwam
0 JO
1 t B t _
<5 [ 17 O = 00000+ € [ IR alP10 =012
t v
Azéﬂﬁ@%fw»FWwam
<1tJ_119—19 2 Ct192_ — .|
<5 [ I @ = D0l 00 + € [ 191 R =l
t l
%<u£[;Wm¢+YMYm¢—EWJ4«%W—ﬁMH
1 t B t _ _ _ _
<§AHJ%ww—mm@W@+CAHMM+MWmm¢—MM
t l
b::/ /<zw—xm@ﬁm¢FJ*aﬁm——mn
0 Jo
< N (@ - 012 [ s = X2 sin ol
<5 [ @ = 0000+ € [ I = TR0 a0
t ¥
@zééxwm%ﬁ—mmﬁerfwm
1 K —1 2
<3 | [T (Ony = D)) 0,00

t
+C [ IR 0,00+ Ostal PO« — 0sin -
0

Using now the convergences (3.38) and (3.39), it is easy to deduce from (3.44)
that (3.42) holds, as well as ¥,,, — o in L?(0,Tp; L?(0,£)). On the other hand, taking
into account (3.26) we find that {1, } is bounded in L?(0, To; H%(0,¢)) N L (0, To;
HY(0,0)) N HY(0,Ty; L2(0,£)) N W1°(0,Ty; H'(0,£)’). Hence, again due to (2.1)
and [27] we find that {9, } is compact in L>°(0, To; L*°(0, £)), so that (3.41) ensues.

Collecting (3.40) and (3.41)—(3.42), we conclude that 7: Or, x Ur, — O, X Ur,
is compact. In fact, the very same arguments we have developed yield that 7 is
continuous, too. (I

3.3. Global estimates

The notion of d-separated solution. It follows from Proposition 3.5 that the
Cauchy problem for the system (3.2) admits a solution (3, X W), in fact fulfilling (3.4)—
(3.5). Therefore, (@, X, ) is in fact a solution of Problem 1 in (0, Tp).

We now introduce a notion of local solution to Problem 1 which generalizes the
properties of (3, X, U), in particular retaining (3.4)—(3.5).
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Definition 3.6. We say that a triple (¢, x,u) is a §-separated solution of Prob-
lem 1 on some interval (0,7), 0 <& < T, if

(9, x, u) solves Problem 1 on (0,¢) x (0,1),
X satisfies (3.4)-(3.5) on (0,t), and (x,t)er[%g}lx[o,ﬂ (x,t) > 0.

Global estimates for /-separated solutions

Lemma 3.7 (Global estimates). Under the assumptions of Theorem 1, there
exist a constant My > 0 only depending on the problem data but independent
of t € (0,T], and a constant M5(T) > 0, depending on the problem data and on T,
but not on t € (0,T), such that for any §-separated solution (¥, x,u) of Problem 1
on the interval (0,t) there holds

(3-45) |Ixllzo (0,501 (0,)) + IXtl L2 (0.5:L2(0,0)) + 9] Lo (0,51 (0,0)) + [l Lo (0,2 H2 (0,0))
+ llwell Lo 0,522 0,0)) L2 (0,512 (0,0))
+ (1 = %) 200 ull L2(0,5.L2(0,0))n L= (0,:L2(0,0))
< Ma(1+ [Ixoll 1 (0,) + 190l 21 (0,0) + w0l £12.0,0) + 0ol
+ gl 0,1 0,00) + I fllz20,7:22(0,0)))

(3.46)  [IXll Los (0,512 (0,0))nH (0. :H (0,0) W22 (0,:L2(0,6))
+ 191l 20,52 (0,0)) "L (0571 (0,0) N H (0,:L2(0,6))
+ Nl m 0,152 (0,0)) AW 100 (0,552 (0,0)N 2 (0,5:L2(0,6))
< Ms(T)(X+ [[xoll 2 0,0 + 1P0ll 1. (0,6) + 1wl 20,00 + V0]l 12 0,0

+19ll20,7522(0,0))n Lo (0,73 51 (0,0)) + | .f | 220,522 (0,0)))-

Proof. Throughout this proof, we shall denote by C' and by S;, i = 1,..., some
positive constants only depending on § and on the quantities ||X0HH12\,(O,€)7 190l] &1 (0,¢)
lwoll 20,0y lvoll z2 0,05 191l 22(0,7;22(0,0)) Lo (0,7;11 (0,0)), @nd || flL2(0,7;12(0,0)), but
independent of 7. We will explicitly denote their dependence on T by the sym-
bol C(T) and S;(T), i = 1,..., whenever it occurs.

First estimate. We test (2.17) by uy, (2.16) by x¢, and (2.15) by 1. We add them
up and integrate the resulting equation in time. Some terms cancel out and, recalling
the positivity of ¥ (according to Definition 3.6), by elementary computations we find
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that

1 1 1
Sl @I + S 10 = x)20:u®)]* + 19#) | L1 0.0) + S 10x (DI

¥
+ / BOt) +3A0(0)
0
1 1
< §||U0||?{1(o,z) + §||UO||2 + 190/l 22 0,0y + Cllixoll 3 0.0

~ 1
+18(xo) 10,00 + 91l L1 0,7521 (0,0)) + §||f||%2(O,T;L2(O,Z))'

On the other hand, by the convexity of B and due to (W2)—(W3), there exists a
positive constant C' such that

e o~
/0 Blx()) + A1) > —C.

Since, by (W5) and (2.11), [|B(x0)llz10.9 < Clixoll(0,6), we ultimately find a
positive constant S7 such that

(3.47) lugl| poo0.5.02(0.0)) + 11 = X) 20l Lo 0.£:22(0,0)) + 9] L= (0.8:L1.(0,0))

+ Il Lo (0,:11(0,0)) < S

Second estimate. We test (2.17) by u; + u, integrate in time. Integrating the
first integral on the right-hand side by parts in time, using Poincaré inequality, and
exploiting the previous estimate (3.47), we get

1 t 4 t 4
sl + [ [ = vloal + Cluyon + [ [ dosul
0J0 0 J0
<

C([lvol? + ||u0||%11(0 o T 1 fllz20,m;22(0,00))

<+/|ut o [ [

C(|lvol* + HuOHHl(O o T 1 fllz20,m;22(0,00))

1
eI + o+ [ [

Applying the Gronwall Lemma and taking into account (3.47) and the fact that
x = 0, we deduce that for some positive constant S5,

(3.48) luell 20,600 (0,0)) + 1l e 0,52 0,00 + 111 = %) ?Orttl| L2(0,5:L2(0,8) < S2-
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Hence, by comparison in (2.17), we get
(3.49) el 220,21 0,0)7) < S3-

Third estimate. Following the outline of [29, Section 5|, we multiply equa-

tion (2.15) by —9~! (note that this is admissible as o ani% ]19 > 0) and integrate it
L)X [0,t

over (0,¢) x (0,t). Using (2.8), (2.6) and (3.47), we get

2 2 2
)
1 €|Xt|2
_ 10g19+//x_//_<c+_/ .
/0 R Y 200 0

Since, due to (3.47), the first term on the left-hand side in (3.50) is bounded from
below, we get

2 2 2

Using now (2.1), (3.47), and (3.50), we obtain

t t
/0 1]l 0. = / 10212 < .0

t
<) [ (10:0") s+ 1P200)

<em(i= [ ([15)

<om)(1+ A ( %MWH)Q) <),

(3.52) 1911 21 (0,.1. (0,0)) < C(T),

Hence, we have

and so, interpolating between (3.47) and (3.52), we get

(3.53) 191 £2(0,5:22(0,0)) < Sa(T).

Fourth estimate. We test now equation (2.16) by x:. With standard computa-
tions, also relying on (3.47)—(3.48), (3.53), and integrating by parts in time the term
t ol 2
1/2 fo fo Xt|Ozul?, we get

(3.54) XNl oo 0,81 0,0))nE (0,5:22(0,0)) < S5(T).
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Arguing exactly in the same way as in the proof of [26, Lemma 5.9], we find by
comparison with (2.16) that

(3.55) X1l z20,5w21(0,0)) < Se(T),

which, via the Gagliardo-Nirenberg inequality [25, p. 125], leads to

(3.56) X! 20,6wr4(0,0)) < S7(T).

Fifth estimate. We test (2.17) by —92,u; and integrate in time. Referring to
the proof of [26, Lemma 5.3, Lemma 5.9] for all the detailed computations (which
rely on (3.47), (3.48), (3.49), and (3.56)), we get

(3.57) l[wll 271 (0,852 (0,0))AW o (0,517 (0,0))nE2(0,5:L2(0,0)) < S8(T).

Sixth estimate. We take the time derivative of (2.16) (note that this procedure
is justified by (W5) and (3.4)—(3.5)) and multiply it by x+/4. We test equation (2.15)
by J 19, (cf. (2.5)). We sum up the two resulting equations and integrate over (0, ).
Using (W3) and (2.8), (2.9), we get

14
1 1 1
(3.58) HﬂtH%?(O,t;Hl(O,é)’)_'_a||79(t)|‘2+§”Xt(t)H2+ZHaﬁCXt||2L2(O,t;L2(O,€)) < C+Zfia
1=9

where, using (2.1), (W2), and (3.54), we have

t pl t
_ 1
359 fyi= = [ [ a0 < 10 gumoan + [ 1Pl

bt 2 1 1 2 ¢ 2 2
Boi= [ [ T 00 < {00 a0 + | IalPlhal?,

0 J0 0

bt 1 1 2 ¢ 2 2
fwo= [ [ X0l 00 < 100300+ [ I 100l

t pl

Lip = —1/4/0/0 Y 0)XE < ClixellZ20,.22(0,00) < C(T),

t
1 1
Iis = 1/4/0 (P, xe) < §||19t||2L2(o,t;H1(o,zy) + §|\Xt||2L2(o,t;H1(o,Z))v
t e t
fa=1/4 [ [ ouduns < Clowulig oy + [ 10l
Using Gronwall lemma along with estimates (3.53)—(3.54) and (3.57), we get

(3.60) (9] oo (0,52 (0,00)nE (0,821 (0,0)") T X E1 (0,8 1 (0,0)) Wt (0,5:220,0)) < So(T)-
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Seventh estimate. We multiply (2.15) by ¥; and integrate in time. In view of
the estimates (3.57) and (3.60), we may argue exactly in the same way as in the
proof of Lemma 3.4, and thus we find

(3.61) 19l 220,552 (0.0)NL> (0,5 (0,6)NH (0,5:L2(0,6) Wt (0,511 (0,6)) < S10(T).

Eighth estimate. We test (2.16) by (Ax + 8(x)): and integrate in time. Hence,
we develop the very same computations as in the proof of [26, Lemma 4.2]: us-
ing (3.57) and (3.61), we get

(3.62) X[ 2o (0,552 (0,00 1 (0,851 (0,0)) AW (0,5:22(0,0)) < S11(T).

3.4. Conclusion of the proof of global existence for Problem 1
We now introduce the set (cf. with Definition 3.6)

(3.63) T :={t € (0,T)]: there exists a d-separated solution on (0,%)}.

Of course, .7 # 0, as Ty € 7 thanks to Proposition 3.5. We let T* = sup .7 and,
without loss of generality, suppose that T* > Ty. Following the argument of [26,
Section 5.5], (which we shall sketch here in order to make the paper more readable),
we are going to show first that

(3.64) T" e 7,
(so that T* = max .7"), and secondly that
(3.65) T =T.

In this way, we shall conclude the existence of a global §-separated solution (¥4, x, u)
to Problem 1 on (0,7).

Proof of (3.64). By definition of T*, there exists a sequence {f,} C (0,7*],
with ¢,/ T*, such that for all n € N there exists a d-separated solution (J,,, X, un)
on (0,%,). In view of Proposition 3.8 later on, the triple (9., xn,u,) is in fact an
extension of the local solution (@, X, u). Let us now extend (¢,,, Xn, un) to the interval
[0, T*] by setting

O (t) = {

510



The global estimates of Lemma 3.7 yield that there exists a positive constant Mg (T')
fulfilling
(3.66)
HﬁnHL2(O,T*;H?\,(O,é))ﬁL‘”(O,T*;Hl(O,Z))ﬂHl(O,T*;L2(O,€))0WL°°(O,T*;H1(O,é)/)
(X ll Los (0,75 52, (0,0))nE (0,77 H7 (0,0) w02 (0,7%522 (0,0)) ¢ < Mo (T).

[t || g1 (0,T*;HZ(0,£))NW L0 (0,T*; H} (0,£))NH2(0,T*;L2(0,£))

Thus, recalling the proof of Lemma 3.1 (in particular, cf., (3.16)—(3.19)), we conclude
that there exists a constant ¢(* € (0,1), only depending on Mg(T'), such that the
functions X, fulfil the separation inequality

(3.67) Tnl2,8) < C° Y (2,8) €0, x [0,7*] ¥n e N.

In the same way, again by [19] (see (3.33)) we have

t
(3.68) On(z,t) > min ﬁo(x)exp<—/ [ Xn.t (8)] o< (0,0) ds>
z€10,] 0

> m[%)ne]ﬁo(x)exp(—C\/T*Mﬁ(T)) VneN,
zc|0,

where C' depends on the embedding constant in (2.1). Now, (3.66) and [27, Theo-
rem 4, Corollary 5] imply that there exists a triple (9*, x*, u*) such that, along a (not
relabelled) subsequence, (5,“ Xns Up) converges to (9%, x*,«*) in suitable topologies,
all of which we do not specify for the sake of simplicity. In particular, thanks to (2.1)
we have

(3.69) U, — 9 and Y, — x* in C°([0,77];C°([0,4])).

Thus, the triple (¢9*, x*,u*) solves the Cauchy problem for system (2.15)—(2.17) on
the interval [0, 7*] and, combining (3.69) with (3.4) and (3.67)—(3.68), fulfils

3.70 i 9*(z,t) > 0 *(2,1) < 1
(8.70) (=)0 [0.7+] (@6 >0, <x,t>ef53%§[o,TﬂX(x’)<’

X*(z,t) =86 V(x,t) € (0,£) x[0,T7].
Therefore, (¢*, x*,u*) is in fact a d-separated solution to Problem 1 on the interval
(0,7*), and (3.64) ensues. O

Proof of (3.65). Suppose now by contradiction that 7% < T. Now, by the
previous step the quadruple (0*(T*), x*(T™*), w*(T™*), Opu™ (T*)) complies with (2.8)—
(2.10) and (2.11), and, in view of (3.70), provides a set of admissible initial data for
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Problem 1. Therefore, arguing in the same way as throughout Sections 3.1-3.2, we
find that Problem 1, supplemented with the initial conditions

HTH) =9"(T"), x(T*)=x"(T"), uwT)=u*(T") in (0,¥),
has a d-separated solution (¥4, x4, us) on some interval [T, 7" + n]. Gluing

(9, x*,u*) and (Y4, x4, uy) (see [26, Section 5.5]), we arrive at a contradiction. [

Proof of (2.22). Finally, the further regularity (2.22) of x can be shown arguing
exactly in the same way as in the proof Lemma 3.1, see (3.21) and the ensuing
calculations. O

3.5. Uniqueness for Problem 1
Our continuous dependence result for Problem 1 holds under weaker regularity
requirements for the solution component .

Proposition 3.8. Assume (W1)~(W5), let (g;, fi, 9%, x4, ub,v), i = 1,2, be
two sets of data for Problem 1, complying with (2.6)—(2.10), and, accordingly, let
(94, xisu;), i = 1,2, be two associated solution triples on (0,T'), such that the func-
tions ¥;, u;, ¢ = 1,2, enjoy the regularity (2.12), (2.14), and x; fulfil

(3.71) xi € HY(0,T; H*(0,£)) N L>°(0,T; H%(0,4)), i=1,2.
Further, suppose that for some v > 0
(3.72) O<v<yi(r,t)<1—v VY(z,t) €(0,0) x[0,T] fori=1,2.
Set
M = g?§{||XiHH1(O,T;Hl(O,é)) + lwill e 0,112 0,0)) + 193l 220,782, 0,00) -
Then, there exists a positive constant Sy, depending on M, v, T, and ¢, such that

(3.73)  [lur — u2llwr.000,7:L2(0,0))nH (0,752 (0,0))

+lIx1 = X2l z#10,7;L2(0,0))n Lo (0,7 H1 (0,¢))

+ (|91 — V2|l oo (0,7:22(0,0))nL2 (0,7 H1 (0,6))
+lIxo = xall a1 0,0 + 1195 — 93|
+[1f1 = fellz2o, i1 0,00) + 191 = 92ll2(0, 7351 0,0)))-

< Sollug — ugll 0,0 + Ilvg — 3]

Proof. Since some of the computations we are going to develop are similar to
the ones contained in the proof of [26, Proposition 4.8] and [8, Thoerem 2.4], we do
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not detail all of them and refer the reader to [26]. Let (¥, xi,u;), ¢ = 1,2, be two
solution triples like in the above statement and set (¢, x, u) := (91 — 92, x1 — X2, U1 —
us). Clearly, the triple (¢, x,«) fulfils a.e. in (0,¢) x (0,7T)

(3.74) D¢ + x1.49 + xeV2 + AV = g1 — g2 + xe (X1t + X2,t) + X|Opur o]
+ x205ut (Ozu1 ¢ + Opua ),

(375) X+ Ax + B001) — Axz) +700) ~1(x2) = 0+ 5 (e ~ D),
(376) Ut + H((l — Xl)u) — H(XUQ) + H(Xl’u,t) — H(X8tu2) = f1 — fg.

Now, we test (3.76) by u; and integrate in time. Proceeding exactly like in [26,
Proposition 4.8], we get

1
B @+ 5 [ Tedigan
< Lt — 22+ Clh - ol 2 2
S 5% — % L= J2llL20,msH—1(0,0) T 1 . tllH1(0,0)
t S
0l =0+ C [ ([ Tty ar) as
t

+ C/O (1wl z20,0) + Hu2,t||H§(O,Z))2HXH%{1(O,€)'

Next, we test (3.75) by x: and integrate the resulting equation in time. By ele-
mentary computations, also taking into account the Lipschitz continuity of v and
combining (3.72) with (W5), we get

t
QW)AHMW+M@%W@

t
< Caa (I = BB + b = Bl + [ 1OIP

t t

+ [+ [ ol
0 0
t t ps

[ lgon+ [ [ hutlBoqaras)

where the constant Cxq depends on M as well. Finally, we test (3.74) by 9. We
integrate in time and add fot |9]|? to both sides, thus obtaining

; O(o,e))||X||le(o,e)

319 S0OE [ Wy < -0 [ S

=15
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where, taking into account (2.1), we estimate

t ¥/ t t
1
(3%)Im:/‘/9§<—/HW%@0+C/HN#QW7

80 ha= [ Iaslomooldl® <5 [ 1912+0 [ ool
(3.82) hF:AHMW%Mwme
t t
<wAHMW+C¢Awm@meR
t
@%)fm:/nmm
0

t t
<@ [l + Car [ 1912l + x2lBis 0
tO 0
(3.84) I = / |
0
B N T Iy ay B P
2/0 X zUL,t|| Lo (0,0) 2/0 xul,tHLoo(o,z)v

t
@&)Imz/Hmhwmem+@wwm@M&MWM
0

t t
< Wl + s [ 191l .00t + 2rtm oy .

for some suitable constants w,s > 0 (Cy, Cc being the related constants via the
Young inequality). Finally, we add (3.77), (3.78) (multiplied by a positive con-
stant m such that mCuy < v/8), and (3.79), and use (3.80)—(3.85), in which we
choose 0 < w < m/8 and ¢ < v/16. Applying the Gronwall Lemma, we arrive at the
continuous dependence estimates for || x1—xX2| a1 (0,7;22(0,¢))n 1> (0,751 (0,0)) for || —
V2l Lo (0,7:22(0,0))nL.2 (0,511 (0,0))» and for [[ur,e—u2 4[| Loe (0,7:22(0,0))nL2(0, 7312 (0,0))- D
tegrating in time, we obtain the estimate for [|u1 — uallw1.(0,7:22(0,0)nH1 (0,512 (0,0))
as well, and (3.73) ensues. O

4. PROOF OF THEOREM 2
Preliminarily, we collect some estimates on the trajectory {(9(¢), x(¢), u(t))}+>o0

originating from an initial triple (Y9, X0, uo) complying with (2.8)—(2.10) and (2.11),
see Remark 2.1.
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Proposition 4.1 (Global estimates on (0, +00)).
Assume (W1)-(W5) and (2.24)—(2.25). Let (Yo, X0, u0) be an initial triple fulfill-
ing (1.10)—(1.12) and (2.11). Then, there exists a constant C > 0 such that

(1) 0l 400y + 140020 roein20.0) + I9dllz20 4200
+ Iz roow10.0) Xl 2204001 (0,00 AL (0,4 00i22(0,0)
F [l £oc (0, 4003112 0,00) + utll £2(0,400: 8 (0,0)n L% (0,4-00322(0,0))
+ lwell 220, 400: -1 (0,0))

+ ||(1 - X)l/zaiu”L2(0,+OO;L2(O,€))FIL°°(O,+oo;L2(O,€)) < Coov
(4.2) x(z,t) 26 V(x,t) €0,€] x[0,+00).
Proof. First, we point out that the estimate (3.45) holds on (0,+00). The
estimates for u are a direct consequence of the ones contained in (3.45). Hence, in

order to prove (4.1), we test (2.23) by ¢J; and integrate on (0,t), t € (0,+00). By
elementary calculations and using Poincaré’s inequality and (2.24), we obtain

¢ 2 1 2 1 2 ¢ 2 1 ¢ 2
9 + 5100 < 2 19ol3 0.+ [ ol +5 [ el
0 0 0
K 2 2 K 2 2
2 / Iel219 = m(@) 2 0.0y +2 / 1219 12 .0

1/t t
<3 [ 0o (1 [ IalPIoaP + 108 s il rmisrionn )
Taking into account (3.45), and applying Gronwall’s Lemma, we obtain the estimates

for ¢ and ¥, stated in (4.1). Next, we differentiate in time (2.16), test it by x¢, and
integrate in time. Thus, we get

1 t 23
Sl + [ ol <c+ Y
0

=21

where, using (W2), we have

t
Iy = / / Y 0O0X; < Clixell 2200 400:22(0,00)

0 JO
Iy = /o /0 Dexe < §||19t||L2(o,+oo;L2(o,e)) + §|\Xt||L2(o,+oo;L2(o,e))a

t ol
fas = /0 /0 10 ul|0atta|xe] < ClIUlT 00,4005 113 0,00 1141120, 4005113 0.0

NNy LI P
2 0 Xt 2 0 th )
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where the constant C' in the latter estimate also accounts for the continuous embed-
ding (2.1). Taking into account (4.1) and the previous uniform estimates on u and
uy (cf. (3.45)), we get an estimate for ||x¢|| £2(0,4-00:H1(0,6))n L (0,4-00;L2(0,¢))- Then, by
L(0,400;L1(0,¢)), 1mplying, by
means of the monotonicity of § and of the standard regularity results for parabolic

comparison in (2.16), we obtain an estimate for || Ax|

equations, the boundedness of |||/ (0,4-00;w21(0,¢))- Further, we argue by compar-
ison in (2.23): by the previous estimates on ¥ and x; and (2.1), ¥x; is estimated in
L?(0,+00; L?(0,¢)), hence we have the same estimate for AY. Finally, the inequal-
ity (2.19) extends to [0, +00), as the separation constant § depends on xo and on the
potential W', but not on the final time T" > 0. Thus, (4.2) holds. O

Remark 4.2. Asit is clear from the proof of Lemma 3.1, the separation constant
for x from the potential barrier 1 in the inequality (2.20) depends on the L*°-norm
(both w.r.t. the time and w.r.t. the space variables) of the right-hand side of the
equation (2.16). Thus, in order to extend (2.20) to [0,400), one should prove an
estimate for the right-hand side of (2.16) in L*>°(0, 4o00; L>°(0,¢)). In turn, it seems
that the latter uniform estimate can be proved only provided one disposes of a
uniform in time separation inequality of x from 1.

Conclusion of the proof of Theorem 2. For every (¥, Xoo, Uoo) € w(Jo, X0,
up), let ¢, " 0o be such that for all v € (0,1)

(4'3) (ﬂ(tn)7X(tn)au(tn)) - (19007Xo<>7uoo)
in H'™77(0,¢) x H'7(0,€) x Hy~"(0, ).

Hence, for n > 1 and ¢t > 0, we can define
In(t) = 0(tn + 1), xn(t) :=x{tn+1), un(t):=ult,+1).
We note that for every T > 0 the triple (¢,,, Xn, un) solves the PDE system

(4.4) It + XntUn + A0y =g, a.e. in (0,£) x (0,7),

1
(4.5)  Xnt + Axn + Bxn) +7(Xn) = In + §|<9asun|2 a.e. in (0,¢) x (0,7),
(4.6) 8ftun +H(1 = xn)un) + H(XnUnt) = fn ae in (0,€) x (0,7,

where we have set g,,(t) := g(t, +t), fn(t) := f(t,+1t), supplemented with the initial
conditions

(4.7) 9n(0) =9(tn), un(0) =u(tn), unt(0) =1u(tn), xn(0)= x(tn).
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The sequence {(Jp, Xn,un)} clearly fulfils estimate (4.1) on (0,7"), with a constant
independent of T > 0. Furthermore, due to (3.46), there exists a positive con-
stant C(T), depending on the problem data and on 7', such that for every n

(4.8)  19nllz2(0,7:m2 0.00)nL> 0, 1: 11 (0,0))nH (0,7:L2(0,0)) T I Xnll Lo 0.7,12 (0,0)

+HUnHH?(o,T;L%o,Z))mWLx(o,T;Hg(o,Z))mHl(o,T;Hg(o,e)) <C(T).

From (4.1), with a standard argument we deduce that

(4.9) Upnt — 0 in L*(0,T; H(0,4)),
(4.10) Oiun, — 0 in L*(0,T; H1(0,0)),
(4.11) Xnt — 0 in L*(0,T; H*(0,¢)),
(4.12) Ont — 0 in L*(0,T; L*(0,4)),

and, likewise, thanks to (2.24)—(2.25) we have
(4.13) gn — 0, fo— 0 in L?(0,T;L*0,0)).

Moreover, by [27, Theorem 4, Corollary 5] and the Ascoli theorem, there exist a limit
triple (9*, x*,u*) such that, up to a subsequence, the following convergences hold
for all 1 < p < co and for all p € (0,2]:

(4.14) 9, — 9 in L*(0,T; H* 9(0,£)) N LP(0,T; H'(0,¢))
N Co([0,7); H'~2/%(0,0)),
9, =0 in L*(0,T; H(0,£)) N L>®(0,T; H'(0,0)) N H'(0,T; L*(0,¢)),
(4.15) xn, — x* in LP(0,T; H%(0,£)) N C°([0,T]; H*¢(0,£))
NHY(0,T; H'=2/%(0,¢)) nWHP(0,T; L?(0, 0)),
Xn = x* in L0, T; H3(0,0)) N HY(0,T; H(0,£))
NWhee(0,T; L*(0,4)),
(4.16) w, — u* in HY(0,T; H*79(0,0)) nWhP(0,T; H'(0,£))
NCH([0,T}; H'=¢/%(0, 1)),
up, —*u* in HY0,T; H3(0,£)) N W20, T; H*(0,£)) N H*(0,T; L*(0,4)).

=

Furthermore, by the strong-weak closedness of the maximal monotone operator in-
duced by 3 on L?(0,T; L?(0,¢)), we also conclude that, along the same subsequence,

(4.17) Bxn) =" B(X*) in L*(0,T;L*(0,1)).
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In view of (4.9)-(4.12), we have that
95 (x,t) = x;(z,t) = uf(z,t) =0 for ae (x,t) € (0,¢) x (0,T).
Hence, for every t € [0,

9*(t) = 9%(0) = lim 9(t,) = in L(0,4).

n—-+o0o

In the same way, we conclude that for all ¢t € [0, T
X)) = Xoo, u(t) =us in HY0,£).

Now, using (4.9)—(4.17) and the assumptions (W2)—(W5), we pass to the limit in
the equation (4.4)—(4.6), and conclude that the triple (Yoo, Xoo, Uoo) satisfies (2.27)—
(2.28), as well as

(4.18) H((1 — Xoo)Uoo) =0 a.e. in (0,7).

Furthermore, combining (4.2) with (4.14)—(4.15) we have that ¥ and X fulfil the
first two inequalities in (2.30). In particular, (2.31) holds. Now, we first prove

4.19 () < 1.
(4.19) Jnax X (z)

Indeed, (4.19) follows from comparing X with the solution Yo of the Cauchy prob-
lem

(4'20) { {d)o(t) + ﬁ(Xoo(t)) + ’Y()Zoo(t)) = ’l§o<, Vit e [O, T]7
Yoo =

(0)=¢,

where 0 < ¢ < 1 fulfils 3(¢) +7(¢) < Yoo By a standard argument (cf. the proof of
Lemma 3.1), one finds max xo(z) < max Yoo(t) < ¢, whence (4.19). Hence, the
z€[0,£] t€[0,T]

)

third part of (2.30) follows from (4.19) and the fact that the set of (the x compo-
nents) of all stationary solutions is compact in C°([0, £]). Thus, testing (4.18) by us
yields (2.29).
Finally, under the additional assumption (2.32) we test (2.28) by Ax: integrating
by parts and using (2.27) we find
¢ ¢ ¢
/ |AX<>0|2 +/ (8" (xo0) +7/(X00))|VX00|2 - / Xoo Ao = 0.
0 0 0
By (2.32), the second term on the left-hand side is nonnegative, hence Ax~ = 0 on
(0,¢). Thus, X is constant on [0, 4], and (2.33) ensues. O
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