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Abstract

The Muskat, or Muskat-Leibenzon, problem describes the evolution of the in-
terface between two immiscible fluids in a porous medium or Hele-Shaw cell
under applied pressure gradients or fluid injection/extraction. In contrast to the
Hele-Shaw problem (the one-phase version of the Muskat problem), there are
few nontrivial exact solutions or analytic results for the Muskat problem. For
the stable, forward Muskat problem, in which the higher-viscosity fluid expands
into the lower-viscosity fluid, we show global-in-time existence for initial data
that is a small perturbation of a flat interface. The initial data in this result may
contain weak (e.g., curvature) singularities. For the unstable, backward problem,
in which the higher-viscosity fluid contracts, we construct singular solutions that
start off with smooth initial data but develop a point of infinite curvature at finite
time. (© 2004 Wiley Periodicals, Inc.

1 Introduction

The Muskat, or Muskat-Leibenzon, problem describes the evolution of the in-
terface between two immiscible fluids in a porous medium or Hele-Shaw cell under
applied pressure gradients or fluid injection/extraction. Originally proposed [11] as
a simple model for displacement of oil by water in a porous medium, it has since
emerged as a challenging free boundary problem in its own right. The one-phase
version of the problem, in which one of the fluids has zero viscosity (or infinite
mobility) so that it is purely passive, is commonly known as the Hele-Shaw prob-
lem (it is also the zero-specific heat version of the one-phase Stefan problem) and
has been intensively studied for half a century. Significant progress has been made,
largely exploiting the convenient fact that, when surface tension is neglected, the
pressure, which is a potential for the flow, is harmonic and vanishes on the fluid
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interface. Many explicit solutions can be constructed using complex variable meth-
ods [7], and based on these and on more theoretical analyses, the following stylized
(because subject to qualifications and exceptions) facts are known.

The problem is time-reversible if injection is replaced by the equivalent extrac-
tion, and following on from this, there is a diametric difference between “forward”
problems, in which the “active” fluid region expands, and ‘backward” ones, in
which it contracts. The former are linearly stable with an exponential decay rate
of small perturbations proportional to wave number, while the latter are, by time-
reversibility, correspondingly unstable. Indeed, finite-time blowup of the interface
via a cusp or other singularity is generic for backward problems; conversely, for-
ward problems have interfaces that are eventually smooth even if they start out with
singularities. We say “eventually” because, as shown in [10], if the initial interface
has a finite-angle corner there may be a “waiting time” during which the corner
persists before the interface eventually becomes smooth.

Like the Hele-Shaw problem, the Muskat problem, in which the second fluid
has finite mobility, is time-reversible, and there is still a distinction on grounds
of linear stability between stable “forward” problems, in which the fluid with the
greater viscosity (lower mobility) expands, and unstable “backward” problems,
in which it contracts; the growth rate is again proportional to the wave number.
However, the crucial step from linear stability to nonlinear behavior is much more
difficult to make in this case, largely because the interface pressure is unknown.
For this reason, very little is known either about explicit solutions (see [8]) or on
general issues such as existence/uniqueness of classical solutions. Weak solutions
are defined in [9, 12], and a regularized model, in which the mobility is a smooth
function of saturation is discussed in [15], but neither of these approaches has led
to progress on the question of classical solutions to sharp-interface models.

In this paper, we prove a global existence theorem (Theorem 4.2) for the for-
ward case with small initial data satisfying certain smoothness conditions, and we
address the issues of whether a finite-time interface singularity can occur in the
backward case. Specifically, we are able to show the following regarding singular-
ity formation (a precise statement is given below, in Corollary 8.1): it is possible
to construct solutions to the backward problems that start with a smooth (analytic)
interface, evolve for a finite time, and then develop a curvature singularity in the
interface. This therefore is a step in the direction of showing that the Muskat prob-
lem can exhibit the full range of singular behavior of its one-phase version, the
Hele-Shaw problem. Using these singularities, one can show (Corollary 8.2) that
the backward Muskat problem is ill-posed in the sense that singularities can form in
an arbitrarily short time for arbitrarily small initial data, as measured in a Sobolev
norm.

It should be noted that this result, of finite-time blowup, is not a foregone con-
clusion. Arguments for and against finite-time blowup by a cusp are reviewed in
[8]; briefly, the main arguments in favor are the linear stability result and the de-
tailed numerical studies of [5], which indicate that cusps can form. Against cusp



1376 M. SIEGEL, R. E. CAFLISCH, AND S. HOWISON

formation, one can note that the traveling-wave “finger” solution of [14], which for
the one-fluid case has infinite velocity as its width tends to 0, always has bounded
velocity in the two-fluid case, and insofar as this solution is relevant to the local be-
havior near a cusp tip, it suggests that infinite cusp velocity is not possible with two
fluids. Loosely speaking, one may say that the second fluid can transmit the pres-
sure gradient, allowing the interface pressure to drop below 0 and thus weakening
the “runaway” that leads to cusp formation. Finally, we may mention the results
of [12, 13], in which a weak formulation of the fingering problem is used to show
that the “mixing zone” can only grow at finite speed. We have only shown blowup
via a curvature singularity, and indeed, in view of the waiting-time behavior for the
one-phase problem referred to above, it is likely that different techniques will be
required to show whether the Muskat problem can develop cusps, corners, or other
singularities of higher order than ours.

The first result of our analysis, Theorem 4.2, is a global (in time) existence the-
orem for initial data that is a small perturbation of a flat interface, in which the size
of the perturbation is measured in an L' Fourier norm. The initial data is allowed
to have a curvature singularity, but the solution is shown to be smooth (analytic)
for all subsequent times, and in the corollary, we appeal to time-reversibility of this
solution to show existence of a solution that blows up in finite time. The problem
is first reformulated as an integrodifferential equation for the interface (cf. [3]),
and the core of the proof lies in showing that this has a solution with the required
properties. The estimates derived in order to do this require restrictions on the
singular behavior of the initial interface, specifically that its first derivative be con-
tinuous but its second derivative be singular, and hence confines us to the case of a
curvature singularity.

This approach is similar to the analysis developed in [3] for constructing singu-
lar solutions to the Kelvin-Helmholtz problem. New challenges presented by the
Muskat problem are that the nonlinear term is considerably more complicated and
that there is no natural parametrization of the interface. The additional nonlinear-
ity of the equation required considerably more care in the inequalities that are the
essence of the existence proof, but this was aided considerably by use of a Fourier
norm rather than the Holder norms used in [3]. Lack of a natural parametrization
results in the presence of a nonphysical “reparametrization” mode. This mode,
which is neutrally stable, is in addition to the unstable physical mode of the back-
ward Muskat problem. For the Kelvin-Helmholtz problem, in contrast, there is
always a single stable and a single unstable mode. We are able to modify the anal-
ysis to accommodate this neutrally stable mode by prescribing its data at oo; i.e.,
by requiring it to go to 0 as ¢ goes to co. This results in an existence theorem,
Lemma 4.1, for what appears to be a restricted set of data. Finally, introduction
of a reparametrization allows this result to be converted to existence for any initial
data, as in Theorem 4.2. To the best of our knowledge, this global existence result
is the first that relies on a stable decay rate that is proportional to k in order to show
that solutions become analytic immediately after the initial time.
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After the basic formulation of the Muskat problem is detailed in Section 2,
in Section 3 we briefly present the linear theory in a form that shall be conve-
nient for the subsequent analysis. Statements of the main global existence results,
Lemma 4.1 and Theorem 4.2, are given in Section 4. As a preliminary to presenting
proofs for the existence results, Section 5 derives equations for the nonlinear cor-
rections to the solution of linear perturbation theory. Proof of Lemma 4.1 through
an iteration method is described in Section 6, with some inequalities deferred to
the appendix. Using Lemma 4.1, Theorem 4.2 is proven in Section 7 and the sin-
gularity formation and ill-posedness results of Corollaries 8.1 and 8.2 are proven
in Section 8. Conclusions are discussed in Section 9.

2 Governing Equations

Consider the flow of two immiscible, incompressible fluids in a Hele-Shaw cell
or porous medium. The fluids are assumed to be separated by a sharp interface
that is 27 -periodic in the x-direction. The fluid motion is driven by a prescribed
far-field pressure gradient, leading to a constant fluid velocity Vj as y — +oo0,
where j is a unit vector in the y-direction. We denote the domain of the upper fluid
by D, and the lower fluid by D,, while the interface is denoted by dD. Physical
quantities associated with the upper or lower domain are indicated by a subscript 1
or 2, respectively.

The equations governing flow in the cell are Darcy’s law

2.1 w=Vj—kVp;
together with the incompressibility condition
V. u, = 0

fori = 1, 2. Here we have introduced the velocities u; (x, y) = (u; (x, y), v;(x, y)),
pressures p;(x, y), and fluid mobilities k;, which in a Hele-Shaw cell are equal to
= h?/(12u;), where h is the gap width and p; are the viscosities. The velocity at
oo has been explicitly represented in (2.1), so that the far-field boundary condition
isw; = Oas y — Foo. This is equivalent to performing a Galilean transforma-
tion to a frame moving with velocity Vj with respect to the laboratory frame. In
the following, all velocities (e.g., fluid and interface velocities) are measured with
respect to the moving frame. The boundary conditions at the interface d D are

(2.2) P1= P2, u-n=u- -n=YV,,

where V), is the normal velocity of d D. Note that in (2.2) we have assumed that
there is no surface tension.

The interface between the fluids is a “vortex sheet” since the tangential velocity
may be discontinuous there. An integrodifferential equation governing the evolu-
tion of the sheet is derived from the governing differential equations and boundary
conditions in [4, 16]. We use here a form of the equation that employs complex
variable notation, following the presentation of [4]. Let z(&,7) = x(&,1) +iy(&, 1)
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denote the location of the interface in the complex x + iy plane as a function of
the parameter £ and time ¢. Define also the complex interface velocity w(§, t) =
u — iv. The evolution equation takes the form

2.3 0% _ t
e A [ WE)E) — @)
ey wen=gow | oo

where the operators x and (f) are defined as follows: For & real, the operator
x denotes the complex conjugate. However, as discussed in [4], it is useful to
analytically extend the governing equations to complex values of £ by extending
the complex conjugate via Schwarz reflection. More precisely, we define

A& n=fEn

where the overbar denotes the usual complex conjugate. The operator ( f) is then
given by

(N=r+r.
The parameter A that appears in (2.4) is the Atwood number and is defined by
Mo — 1 ki — ko
witpa kitk
Note that A is positive when the displacing fluid 2 is more viscous (the stable case).
The integral in (2.4) is in the Cauchy principal value sense. In deriving (2.4) we
have chosen the interface velocity to be the average of the upper and lower fluid ve-
locities adjacent to the interface, which is permissible since it provides the required
normal velocity. The assumption V = 1 has also been made, which is equivalent
to nondimensionalization of the velocity using the far-field value (the far-field ve-
locity is assumed to be in the positive y-direction for ¢ increasing). Equations (2.3)
and (2.4) are the main results of this section.

A=

3 Linearized Theory

The flat interface described by z = &, w = 0, is an exact steady solution to
(2.3)—(2.4) that describes a planar interface propagating with velocity j in the labo-
ratory frame. Consider a small perturbation to this solution; the perturbed sheet is
denoted by z = £+s(§, 1), w = w'(&, t). Linearization of the governing equations
about the flat interface gives

(31) aas: — ws* , ws* — AH((wX _ lS%:)) ,
where H is the Hilbert transform, defined by

_ b < fE) L ) -6
(3.2) H(f) = 7] PV v d§' = — 5
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the last equality being one of the Plemelj formulae. Here we denote by f, =
Y kw0 f (k)e' s the projection onto positive wave number Fourier modes, i.e., the
part of f that is analytic in the upper half-plane. Similarly, f- = ), f (k)e'
is the projection onto negative wave number modes, i.e., the part that is analytic in
the lower half-plane. The zero wave number mode is denoted by fj. Substituting
the representation of the Hilbert transform in terms of + and — functions into (3.1)
leads to the equivalent linear system

85+ s 1A %
(3.3) T W= e T,
0s* o % iA N
3.4) 5 w_ = —7(3% - S—g) )

where we employ the notation f* = (f_)* and f} = (f})*. In deriving (3.3)
and (3.4) we have used the identity H(f*) = —H(f)*. Also, for convenience
the equations are presented in terms of upper analytic functions, which will be a
convention used throughout this paper. Note that there is no k = 0 mode for s,
which follows from the equality in flux magnitudes at y — =00 together with the
incompressibility assumption.

It is easily seen that the linearized equation has normal mode solutions that
are constant multiples of (si,s*, w,w'*) = (1, —1, —Ak, Ak)e 4K+ik and
(1,1,0,0)e* for k > 0. The first set of modes are linearly stable (unstable) for
A > 0 (< 0) and correspond to a purely imaginary perturbation of the interface,
while the second set of modes are neutrally stable and represent a purely “real” de-
formation of the interface along itself. This stability result is in agreement with the
analysis of Saffman and Taylor [14], and the switch in stability when A changes
sign is equivalent to a switch in stability under time reversal.

4 Existence Theory

In order to specify the analytic properties of functions and quantify their mag-
nitudes, we introduce the Fourier norm
o
(4.1) LFC. Ol = ™I fk,0)]

k=—o00

where f (k, t) are the Fourier coefficients of f. If this norm is finite for p > 0,
the Fourier inversion formula can be used to show that f is an analytic function
in [Im&| < p and that sup,¢ -, [f| < [ fll,. Other useful properties are (i)
I fgll, < IIflslgll, for o > 0 and Gi) || fll, = Il f*ll,. Although it is usual
to restrict p > 0, we will use p < 0 in conditions on the initial data and for
simplifying some derivations.

From now on, we assume the stable case A > 0 unless otherwise noted. For the
existence theory we shall construct solutions for initial data of the form z(&€, 0) =
& + So(&) where the function Sy(£) is assumed to satisfy the following:
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(1) So(&) is small (of size €) and purely imaginary, i.e., Sy gives initial data
only for the stable (linearized) problem.

(2) So has at most a singularity in the 1 + p derivative for 0 < p < 1. A
convenient (for the subsequent analysis) way of stating this is

4.2) I1Soll—p + 11Sog | —p < cee™",
(4.3) | Sozell—p < cee (1 + pP71y,

for any p > 0. Note that we do not require analyticity of Sy, since the
bounds hold for any function in a Sobolev space of high enough order.

Our general strategy to show existence for the stable problem A > 0 is to begin
by deriving a preliminary existence result. This involves constructing a particular
class of solutions to (2.3)—(2.4) of the form

4.4) 2. 0)=8+sE.0)+rE, 1),
4.5) wE, ) =wE¢n+wEn,

where the dominant terms s and w® constitute an exact decaying solution of the
linearized system (3.3) and (3.4), and the remainder terms » and w” are negligible
in a sense that will be explained shortly. The part of the initial data given by
so = s(&,0) is assumed to satisfy assumptions (1) and (2), but ry = r(£,0) is a
function of sy and in general is nonzero. The linearized solutions s and w* satisfy

(4.6) Isllo + lsello + lw’ll, < cee?™,
4.7 lIsgellp + lwgll, < cee? (1 + (Ar = p)P™h),

for p < At and (different) constants ¢. These inequalities follow from (4.2) and
(4.3) (with Sy replaced by sp) upon noting that ||8§s||p(t) = ||8§s0||p,At fori =
0, 1,2, and using [|3{w*|l, < [18{s¢ll, for j = 0,1. The terms s and w* are
therefore allowed to be singular at r = 0, are analytic in the time-dependent strip
[Imé&| < At fort > 0, and decay to zero as t — o0. The general existence theorem
is proven from the preliminary existence result by showing, via a reparametrization,
that there exists an sy such that z(§, 0) = & 4-s9+ro, where z(&, 0) is general initial
data specified as above and ry depends on sp.

An explicit example of functions s and w* satisfying the requirements above
can be given in terms of the decaying (linearized) normal mode solutions as

oo
s(E, 1) = ce Zk—(p+2)e—Atk(eik§ N e—ikg) ’
k=1

o
wS(S’ t) — —cAe Zk—(p-‘rl)e—Al‘k(eikE _ e—ik{-‘) ,
k=1
for which the perturbed interface is given by y = 2ce Y o, k=Pt e Ak sin kx.
The exponential decay with ¢ in this solution guarantees analyticity in a strip of
width p < At for t > 0. The algebraic decay ensures that s and s¢ are bounded at
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I characteristic
i

E1=At/K

€ =At

&

FIGURE 4.1. Sketch of the rq and r, characteristics emanating from the
point (£, t), shown in the 7 vs. &7 plane (where & = &r + i&7 and &g
is fixed). The wide-angle wedge depicts the domain of analyticity of
s(&, 1), w* (&, t), while the narrower wedge shows the domain of analyt-
icity of r(&, 1), w" (&, t).

t = 0, but is not strong enough to give finiteness of szz. Indeed, it is easy to see
that (4.6) and (4.7) are satisfied, and that s¢z ~ O (& P=1y at t = 0 and for & near 0.

The aforementioned preliminary existence result, on which the main existence
theorem of this paper is based, is the following:

LEMMA 4.1 Let A > 0and 0 < p < 1, and let € > 0 be a sufficiently small
real number. Let s and w® solve the linearized equations (3.3)—(3.4), with purely
imaginary periodic initial data sy satisfying the bounds (4.2) and (4.3). Then there
are functions r (&, t) and w" (€, t) and a constant k > 1 such that (4.4)—(4.5) is an
analytic solution of system (2.3)—(2.4) fort > 0 and |Im&| < At/k. The decaying
mode ry = ry —r* can be initially chosen as 0, and the neutral mode ry, = r, +r*
satisfies lim;_, oo ¥y = 0, although r,(t = 0) is generally nonzero. Moreover, there
exists a constant cq (independent of €) such that r and w" satisfy

2

Cp€ _ At
I llo + lirello + lw’ llo < ¥,
e =P —pk—1)
2
4.8) lreello + llwfllo < ——— ¥ (14 (AP
p(I—p)k — 1)

i.e., r and w" are negligible compared to s and w*.
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We note that the rate of exponential decay u in inequalities (4.8) can be demon-
strated to be any number u > —A; —% is merely used for convenience. The
characteristic directions and wedge of analyticity for the solution are depicted in
Figure 4.1. Note that initial data for the decaying mode r; in the forward (stable)
problem is chosen to be O at the singularity time, i.e., at # = 0. This means that in
the backward problem, r; (which is now the growing component of r) is O at the
singularity time, guaranteeing that growth in the “nonlinear” remainder term r does
not overtake that due to the “linear” term s. The limited order of the singularity is

also important for showing that the remainder term r is negligible compared to s.

The preliminary existence result is converted into a general existence theorem
in Section 7. This requires an additional assumption on the initial data, namely,
that

(4.9) [1S0¢ () llLip,,,, < 00

for some 0 < v. Here, Lip, refers to the subspace of continuous 27 -periodic
functions for which

fE+n) - fOI _
|hlY

I £ llip, = sup
hio

Inequality (4.9) implies that ||3'*7 Sy(£)/9&'+7 ||y is bounded for y = p, but may
be infinite for y > p. (The fractional derivative is defined in Section 7.) The
general existence theorem is the following:

THEOREM 4.2 Let A > 0 and let € > 0 be a sufficiently small real number. Let
z(&,0) = £+ Sy(&) be initial data satisfying conditions (1) and (2) and assumption
(4.9). Then there are functions s(&,t), w*(&, 1), r(&, 1), and w" (&, t) satisfying the
conditions of Lemma 4.1 and a constant k > 1 such that (4.4)—(4.5) is a solution
of the system (2.3)—(2.4) with the given initial data; the solution is analytic in
Imé&| < At/k fort > 0. Moreover, r satisfies the bounds (4.8); i.e., r and w" are
negligible compared to s and w®. This solution is unique.

Additionally, time reversal of an initially singular solution leads to a solution
of the Muskat problem that develops a finite time singularity from smooth initial
data, as shown in Section 8.

In the next section we derive equations for the remainder terms r and w’, and
write these equations in a convenient form. The proof of Lemma 4.1 then follows
in Section 6.
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5 Equations for Remainder Terms r and w”

5.1 Characteristic Form

We substitute the decomposition (4.4)—(4.5) in the governing equations (2.3)—
(2.4) and use the fact that s and w* solve the linear system (3.1) exactly to obtain

or*
5.1 =w",
o " W i) s+ )
o ((w" —ir] w¥ (s, + 1]
(5.2) w’*:—,PV/ { A L |
2mi —00 §&—& & —&
r4+s—r —s (w*’z?—izé)} ,
+ d
( §-¢& ) z—7 :
(5.3) — B+ B}

where B} denotes the purely linear (first) integral term in (5.2) and B} represents
the remaining terms. Here the primes denote evaluation of a function at £’. The
above expression is further simplified by noting that the linear term B; can be
evaluated using the Hilbert transform relation (3.2). Doing so yields

A r r ok . *
5.4 B, = _E[er +wl " —i(ree — rfé)]
5.5 = —Bj_.

The functions w’, and w” * may be eliminated from (5.4) using w', = By + By
and w”* = B+ B;_(see (5.3)) to give

A . k k
(5.6) By =~ [Bay + By —ilrie 1] = —Bj_.

where we have used (5.5) to simplify the resulting expression. Hence from (5.1),
(5.3), and (5.6)

ar* iA . A A\ .,
(5.7) = —7(r+é —r_§)+532++ HE B},
ary iA A

* A k
(5.8) - = 7(% —rf )+ 11— 5 ) B — 3B

The relation (5.6) may also be applied to replace the term B in (5.3), yielding
iA

(5.9) W= —=(res =g + i —rl) + 9ln w'lE D)

where

. A A A A
(5.100  @lr,w'lE, 1) = (1 — §>Bz+ + 5 B, + (1 + E)Bz_ - 5B
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It is convenient to implement a change of variable so that (5.7) and (5.8) are in
characteristic form. Define r; = ry —r* andr, = r, +r* asin Lemma 4.1. Then

511 AN R 1+ A)B* =l t

(5.11) E—lg—(— )Boy —(14+A)BS_ =, 1),
arz

(5.12) = =By, + B, =B(,1).

Note that ry, r», @, and B are upper analytic; that is, their Fourier series contain
only positive k wave numbers.

Equations (5.9)—(5.12) give the desired relations for the remainder terms r and
w" and are the main result of this section. We shall prove existence of analytic
solutions for ¢+ > 0 by transforming this system into a set of integral equations
and then solving by iteration. In the next section we first rewrite the differential
equation for r; as an integral equation by employing a Green’s function. This
provides a representation of the solution for real £, and hence for complex & via
analytic continuation. An integral equation representation of the equation for r; is
obtained by integrating in ¢ using data posed for complex & as t — o0. Equation
(5.9) for w" is already in the form of an integral equation. The decay of the Fourier
coefficients in the solutions to these equations will be analyzed to show that ry, 5,
and w" are analytic in a time-dependent strip containing the real £-axis.

5.2 Integral Equation Formulation

We first seek a Green’s function solution for r| (&, t) for & real. The require-
ments are that the solution r; be 2m-periodic, have only positive wave number
components, and vanish as ¢ — 00. For convenience we also specify that r;(r =
0) = 0. The solution is easily computed by taking the Fourier transform of (5.11)
and solving the resulting ODE for the Fourier coefficients 7 (k, t) using a Green’s
function, which yields

t
(5.13) Pk, 1) = / e k=G (k, t)dt’
0

fork = 1,2,.... Although this expression for 7; will prove to be of more use to
us (in view of the choice of Fourier norm), we note in passing that a formula for
r1(&, t) is easily found from (5.13) as

2 AUt HiE
G nEn=5 / / € — £ g

which holds for & real but may be extended off the real line through analytic con-
tinuation. Equivalently, values of (&, t) for complex & can be found by direct
integration of (5.12) along complex characteristics. An integral equation formu-
lation for r; is obtained by assuming r, — 0 as t — oo and then integrating,
ie.,

5.15) ra(E, 1) = / B, 1t



ILL-POSEDNESS FOR THE MUSKAT PROBLEM 1385

which holds for & complex. The Fourier coefficients of r, are

t
(5.16) Pk, 1) = / Bk, t"dt'
o0
for k > 1. The function r = r + r_ is recovered from r; and r, via the relation

1 * *
G.17) ”ZE(V1+F2—r1+r2).

Let I[r, w"] denote the combination of the right-hand sides of (5.14) and (5.15)
corresponding to the right-hand side of (5.17), and J[r, ¢[r, w"]] the right-hand
side of (5.9). Then the original governing equations (2.3)—(2.4) forz =& + s +r,
w = w' + w’, can be rewritten as

(5.18) r=1I[r,wl,

(5.19) w' = Jlr, lr,wll,

which hold for complex & via analytic continuation. In the next section we demon-

strate the convergence of an iteration method for solving this system, thus provid-
ing a proof of Lemma 4.1.

6 Proof of Lemma 4.1

6.1 Iteration Method
We solve system (5.18)—(5.19) by iteration. Define r® = 0 and w"® = 0. For

n > 0 we let 7"*! and w""*! satisfy
6.1) =0, w,
(62) wr,n+1 — J[’,.YH*I, d)[rn’ wr,n]] .

For convenience the local term in (6.2) is evaluated at iterate n + 1, whereas the
nonlocal term ¢ is taken at iterate n. In terms of equations (5.14) and (5.15), the
iteration scheme takes the form

1 2 —A(t t)+i&’

n+ gl ! g,
6.3) (1) = 5 ‘/ ]ﬁ e (6 — €. 1)dg di
for & real (and hence complex & through analytic continuation) and

(6.4) W@n—/ﬂ@mm

for complex &, where «” and B" are defined as in (5.11) and (5.12) but with " and
w"" replacing r and w". The Fourier coefficients satisfy

t
(6.5) "“(k ) = / e K= gn ke dt
0

(6.6) "“(k 1) = / Bk, t)dt,
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for k > 1. The iteration scheme for equation (6.2) takes the form

iA
(67) wr,n+l 5 (r?g;H + *n+1) + ¢n
where ¢” is defined as in (5.10) but with r" and w”™" replacing r and w".
To show convergence of the iterates we obtain estimates on the differences

R;H_l 11+1 r{z , Rg+1 g-i—l r; , Wn—H — wr,n—H —whn.

We shall also use the following differentiated equations for (6.3) and (6.4):

2 7A(t t')+iE’
Rn+1($ t) — / / 8 [an _an—l]d%./dt/’

1 — e—A(t t)+1§’

Ry (E 1) = / OB — "’
o
fori = 1,2and n > 0 (with@~! = B~! = 0), or equivalently in terms of the
Fourier coefficients

—_— 1 — —
LRI (k, 1) =f e~ MO0k — dfan—1]dr,
(6.8) 0

o —

ro— —
LR (k, t)=/ [9;p" — 0. p—"]dr’
o0

fori = 1,2 and k > 1. We shall repeatedly use the fact that, for the Fourier norm
defined in (4.1), the Cauchy estimate for the derivative of a function f is

‘ 8yf 2 G Dl
9 s (0 =p)
where p < p’ and 0 < y < 1. Although this estimate is mainly applied for y = 1,

we will also use it for y = p in Section 7. Note that analyticity of f is not needed
forp < p’ <O.

6.9) 1)

Crucial estimates on the nonlocal term B, are derived in the appendix. These
estimates are repeatedly used in the subsequent sections. The estimates are summa-
rized below, where we introduce the notation B, = B[s, w®, 7, w'], [|r, w" ||, =
71, + llw"ll,5, and [|r, w" |, = lIrll, + [lw"ll, + 171, + [lw"||,,, with the obvious
extension for more functions:

(6.10) [ Bals, w’, r, wlll, < c1lAlllse, w*, re, wl,pllse, rell,»
(6.11) [ Bagls, w', r,w']ll, <
cilAl{lIsg, rellplwg, willp + llsg, w', re, w'll, lisee, ezl
(6.12) ||B> — Bol, =
il Alllsg, w*, re, w1 {lIse = Sell, + e — Fell, + lw”" — w7, }
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(6.13) [|By — Bxll, <
cil Al{llse, w', re, w I [see — Seellp + lree — Feell, + llwp — i,
+ lisee. i, ree. will,[llse — Sellp + llre — Fell, + lw” — 0" [1,]} -

In deriving these estimates we have assumed that € is small enough so that

1
(6.14) Irell, < llsell, =€ = =

This condition will be checked at every stage of the iteration. The constant c; is
independent of €, p, and ¢, although it may tend to infinity as ||s¢||, and ||r¢ |, (and
hence C) tend to % Note that we have used (3.3) and (3.4) to eliminate ||w® —w?®||,
and |lwg — wi||, in favor of ||s —5||, and ||s¢ — S¢ ||, In Sections 6.4 and 6.5 these
estimates are applied for s = § and w® = w?, in which case several terms are
eliminated. The full estimates are utilized in Section 7.

6.2 First Approximation

Set r% = 0 and w"® = 0. The bounds (4.6), (4.7), and (6.11) and the definition
of o and B imply that

(6.15) ledllp + 11B2Nlo < 3IIBYll, < dAe*e®?~40[1 4 (A1 — p)P~'],

where d = 3c;c? and it is assumed that 0 < p < At. It then follows from (6.5)
that for p < At

00 ' R
Irllly = Yo [ e labik o ar
k=1 0
—£ t o
/
0 —&

=1+ L),

where we have introduced the quantity
(6.16) pr=p—Alt—t)<p< At fort <t.

Note that p; < 0 over the interval [0, r — %]. Hence we estimate I; as

1) < / e |l dr
0
t_ﬁ

2 p—At YA Np—17 7,/
< dAe“e e [1+ (A)P7 ]1dt by (6.15), (6.16)
0
4de?
(6.17) < 24€ pomar,
p
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where the integral is bounded using (A.21) (after setting A = 1 and At —kp =0
in (A.19)). We use (6.15) to estimate the integral I, which is allowed in view of
the fact that 0 < p; < At on the integration interval. Then

t
L) < dA€> f PP 4 (A — p)PMdr

(6.18) = de?e® P A p[1 + (At — p)P7'] using At — py = At —p.

In order to bound I, for large p, it is necessary to shrink the wedge of exis-
tence, thereby obtaining stricter control over ||r11§ l,. This is effectively achieved
by replacing the requirement p < At with

(6.19) Kp < At,

where k = 1+ 6 with 0 < § < 1. This reduction in size of the domain of existence
forces the boundaries of the wedge to be transverse to the characteristic directions
of the PDE (5.11). Thus integration along characteristics effectively reduces the
order of the singularity. The reduction in wedge size only need be performed once;
i.e., the domain of existence does not need to shrink at each step of the iteration as
in a Nash-Moser type of proof.

With the aforementioned reduction, (6.18) is bounded as
2de?
(6.20) I = de’e™ pe™ (1 + (8p)' ") = e

using the the fact that sup,_,e *x% < 1forq = 1 or ¢ = p. Combining estimates
(6.17) and (6.20) leads to

6de?
— e
pé

p—At

(6.21) Iriell, <

Next we estimate ||r1155 l,. We have, from (6.5),

o0 t
Irlelly = 3 et [ ek
k=1 0

t
= / loe 1, dt’ = T (1),
0

o;g\g(k, t)|dt'

(6.22)

where p; is defined in (6.16). The integral J is approximated using the Cauchy
estimate (6.9). Let

At — p1 _p1 + At

6.23 —
(6.23) P2 = p1+ 5 5
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Then

C el
J(t)f/ 52 ar
0 P2— P1

2=t llod]]

2 A o

([ e
0 La-2y /) At —p

=Ji(@t) + L(1).

Note that p, < 0 for ¢ in the interval [0, %(t — %)]. Hence we estimate J; as

P

L
N <2 e —Edr
0 At — p

eP=AD/2 3 (=5) )
<2dAé? f e A1+ (At)?~dt’  using (6.15)
At —p Jo
2d€2 p—At 1
(6.24) < e 2 [1+ (At —p)],

after estimating the integral by neglecting the factor e=4". J, is estimated by
applying (6.15), which is allowed in view of the fact that 0 < p, < At for

1t — 2) <1’ < 1. This gives

t p2m—any 1t (Al = po)P”"!

(1) < 2d A€’ / / dr’
bo-%) A= p1
' 142177 (At — p)P~!
—2dAé? / -l ¥ 2 A= P
Jo-%) Ar=p
(6.25) = de’(J;(1) + T} (1)
where
J3(t) = e~ M1 + 2177 (Ar — p)P71]
(6.26) <2e" M1 + (At — p)P7'],
and

1 4+2'77(At — p)P~!

Ty (1) = 2e" A p yra

Now apply the reduced domain to J/(t), which leads to the bound (Ar — p)~! <
1/(8p). It easily follows that

(6.27) (1) < %e”m[l + (At — p)P 1
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for p < At. Combining estimates (6.24)—(6.27) leads to

1 8de? p-At -1
(6.28) Irgelle < 5 e 7 [1+ (At —kp)P™']

for kp < At.

Next we consider estimates on ||r21E I, and ||r21$$ |, for p < At. We have from
(6.6) and (6.15)

o
Ikl < f 16211, '
t o /
< dAé? / 2 P=AD + (A — p)P~1dr
t
2
(6.29) < 29€ 2o
4
using (A.21) (set A = 2 and ¥ = 1 in the formula there). The norm ||r21§_§||p is
bounded using the Cauchy estimate (6.9). From (6.6) we have

(6.30) Irkell, < / 1B, dt’ < /

where we have defined

182115 ”
pP3—p

At — p
=p+
pP3=p >

Note that p3 < At for p/A < t' < 00, so that (6.15) may be applied to (6.30),
with the result

Irkell, < dA? /

-1
*© 62('03_14[/) [1 + (At/ - ;03)p ] dt’

' pP3 —p
© [+ (A — )P
§4dA62/ A i L DY
t At —p
16 de?
6.31) < 29€ oML 4 (A1 — p)P .

I—p
using the estimate (A.24) (with A = x = 1).
Finally, from (5.17) it follows that [|8;r'||, < 8¢r] [, + 18ir; I, fori = 1,2

so that combining the estimates (6.21) and (6.29) and estimates (6.28) and (6.31)
leads to

9de?
(6.32) I, < e oA,
p

I 1 I < 24 de? Kpgm[l v (Ar )p_l]
r —¢ —K ,
&l0 = 5p— p) p

where for convenience we have replaced At — p with At — xp. This change an-
ticipates the form of the singularity in the subsequent iterates due to the use of the
Cauchy estimate in the induction step.

(6.33)
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We turn now to the first approximation w”!, which is easily bounded. From
equation (6.7)

so that by (4.6), (4.7), (6.10), and (6.32),

1 1 .0 .0
lw™ I, < llrgllp + 20 B2[w"", 1l

9d
(6.34) Jw", < (a_ + 20102> e2efPrAL
P

where we have also used A < 1. Similarly,

lwi Nl < el + 211 Bag[w"™, 11,
24.d kp—At
(6.35) < <m + 201c2> €2eT 1 + (Ar — kp)P™],
where we have used (6.11) and (6.33).

A compact representation of these estimates may be obtained by introducing
the norm || - ||, defined by

||l't§'||p At—xp
6.36 = + T |.
(6.36) llacl 058,1)15 [(IIullp TF (A —rxor T )€

t>0, kp<At

In terms of the above norm, (6.32) and (6.33) become
2
Il < ol — o)
p(l—p)
whereas (6.34) and (6.35) take the form

(6.37) IR = lIr

2

(6.38) W = flw™) < ———
Sp(1 —p)

Estimates (6.37) and (6.38) are the main result of this section.

+ 4010262 .

6.3 Induction Hypothesis

The induction argument is related to that used in the proof of the abstract
Cauchy-Kowalewski theorem given in [2], but with changes necessitated by the
particular application here. To begin, define

33d
(6.39) a=2|————+4c?| € = aye?
sp(1 —p)
so that from (6.37) and (6.38)

(6.40) IR = lIril < =, IWH = flw”™'|l <

a
5 .

NSRRI

By way of induction, assume that

(6.41) Ikl <a, Nw*l<a, for2<k<n,
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and estimate || Rg“ Il and || W"+1||. It will frequently be necessary to use the bound

(6.42) g — o+ 11BE — BE Mo
<3|B5 — By 'll,

< bAee"T" {IREN, + IWE

+ (14 (A1 —kp) " 1ARE N, + IW" 1)}

where b = 3¢ (2c + 4age) with ay defined in (6.39). This estimate readily follows
from (4.6), (4.7), (6.13) (with s = §), and the induction hypothesis. Note in partic-
ular that the expression (2¢ + 4age)ee®?~AD/2 arises in bounding the first primed
norm on the right-hand side of (6.13); this same expression when multiplied by
[1+ (At — kp)P~'] bounds the second primed norm there.

6.4 Estimate of [| Rg“ ll
First we bound ||R"+1 ||,, for p < At/k. We have, from (6.8),

(6.43) = (/ +/ >||ag — o}, dt’
0 —£

= K(1) + K2 (1),

where we have used the definition of p; given in (6 16). Introduce the notation
llu, vl = llull + llvll. Since p; < O fort’ € [0, — ] we estimate K as

=z
Kis [ el —aroar

0

I_% At
< bAeer— f 4 LIR o + W2 o
0
L+ (AN YUR o + W o) de
using (6.16), (6.42)

4
< bAee” M ||R!, W"|| / [1+ (AP~ "dr’
0
At — p)P
= bee” M| R, W"|| [At -p+ ﬁ}
P

2be p—At n n
(6.44) < 76 IRE, WP
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where we have used the comment following equation (6.20) to obtain the latter
bound.

The term K is estimated using (6.42), which is allowed in view of the fact that
0<p <At fort' € [t — £,¢t]. Then

kpy—At’

t
K, < bAEf e
t_ﬁ

A

(IR Ly + W2,
1L+ (AL — o0 TRy + W70 e
< bactR, Wil [ A (A — ) de
(645) < %e“ﬂ” IRz, W,

where an estimate for the integral term is provided in the appendix (see (A.23) with
A = 1). It immediately follows from (6.44) and (6.45) that

6be _ R
(6.46) IR, < 5 —e“P AR, W

for p < %.
Next we estimate ||ng%] I, for p < %. Employing the first equation of (6.8),
we have

IRIE, <Zepk/ M= |G (k, 1) — “ss Yk, t)|ar’

(6.47) / lofe — el Ml dit”
Define
At — kp
(6.48) ps=pi + ——— .
2K

Then from the Cauchy estimate

g —af ™|
R?;; ”p / S S 04 t/
P4 — P1

G g — et ™|
- (/ +/ >—g = ar
0 (-2 P4 — P1

T+k A

= L(t) + L2(1) .
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“—(t — 2], we estimate L, (¢) by

. .. .
Since p4 < 0 for ¢’ in the interval [O, THe

D o — !
P

0 P4 — P1

I
L, < 0

’

p—At 1+K(t X) Al , 1 n n
< AcbAce" " / ¥ (A1 — ko) {IRZllo + 1 W2 o
0

+ [+ (AP A RE o + W o) }d2
using (6.16), (6.42)

2kbAe  p-ar EriGe VR
< T IRE, W / e 5 [1+ (Ar)P 1t
At —p 0

since At' —kp; > At — pfort’ € |0, W (PR
1+« A

—At
e TNRE, WL + (Ar — p)P7'],

2%h
6.49) < K€

where the integral is estimated by neglecting the exponentially decaying factor.
To bound L, note that 0 < p4 < At for ¢’ in the interval [ —(1 — L %), 1] so that
(6.42) may be applied. Then

¢ Kp4 Al 1 n
L, < bAe (Ps — p1)~ {”R g||p4 + ”Wg [P

-4 )

+ (14 (A1 = kp) P VU RE N oy + W™ 10) }dt’

N1+ (A — p—1
< bA€|||R” W / pkpa—At )[ ( Kkp4)P 7] ”
e ( P4 — pP1
oy -4 [1 4 217P (At — kpp)P~!
= 2bAxellRy, W"| oz | (Ar — ko)™
l+1( (1— Z) A[ - Kp]
At — k At — K
using At’ — kpy = AL EP and ps— p1 = Al —km
2 2K
wo1—Ar [1 At — p—1
< 4bAxe||RE, W"|| g [+ , kp)'" 1
1+K(l A) At — kp;
24bke . -
< —— IR, W"lle™ —kp)P .
51 —=p)

where the integral is estimated in the appendix (see (A.25) with A = %). It follows
that

26bk e Kp—At
I, < ————e 7 [|RE, WHI[1 4 (Ar — kp)"™ "]
P~ sp(1—p) ,

(6.50) IR

At
for p < £°.
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We next estimate ||R"+1 |, for p < %. From (6.8) it follows that

IR, _/ I1BE — B, dr’
t

o0 kp—At’
< bAe/ =T IR, + IW/,
t
+ [+ (A = ep)” TARE N, + W)t
o0 /
< bA€||RY, W"|| / EPA 1 + (At — kp)P~dr
t

4b
©51) < e MRE, W
p

using estimate (A.21) in the appendix with A = 1.
The bound on || R;’;;_l |, for p < £L is obtained using the Cauchy estimate (6.9).
We have

x < |Igf — B
RS, sf 1B — BNl dt’ sf — = Py,
1 t Ps — P
where
At — kp
2k
Note that kps < At for %2 <t <t < oo. Thus using (6.42)

(6.52) ps=p+

n+1 b OO —K’Dsgm/ - —1
”Rzgg ”p < bAe e (ps — p)
t

{IRE s 4 WL s + [1 4 (A2 = kp5)? TRl ps + W™l )}t

o 1 At — p-1
< AR, W' f g LEUEL 2P ] gy
t pPs —p
© mar [1 A[, —_ p=1
< 4bAke||R, W"mf e L+ A — k)
p At — kp
At — At —
2bke -
(6.53) URE Wl — k)P 1]

using estimate (A.24) in the appendix with A = %
In summary, estimates (6.45) and (6.50) imply that
32bke

Rn+1
[ Il < 5p(— p)

NRE, W™l ,
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whereas (6.51) and (6.53) show that

n+l 28bke n n
IRyl < ——IIRg, W"II.
p(l—p)
Therefore, from (5.17)
" 60bk e P
(6.54) IRZF < ————IIRE, W™
Sp(l — p)

for n > 1, which is the main result of this section. The following estimates, which
result from (6.45, 6.51) and (6.50, 6.53), will also be useful in the next section:

10b6 Kkp—At
(6.55) IRET ], < ; e |RE W,
14
SObKE Kp—At
(6.56) IR, < ———e 7 [IRE, W"I[1 + (At — kp)"" '],
7= sp(1 - p)
forn > 1.

6.5 Estimate of [|W"t1||

It is easily seen from the integral equation for w” given by (5.9) and (5.10) and
the iteration scheme specified by (6.7) that

IW" N, < IREFI, +211By — B,
Hence from (6.12)

kp—At

IW" 1, < IREF, + bee = (IR, + 1W"1,)

Kkp—At

< IR{I, + bee = IRE, W',

where the constant b arises in the bound on || B} — Bg’_l |, as noted in the discus-
sion following equation (6.42). Note that b incorporates the induction hypothesis
through the presence of the term ay, defined in (6.39). Substitution of (6.55) then
leads to

10b Kkp—At
(6.57) W™, < (@ + b) ee T RE, Wl

Similarly, we have
IWE I, < IREE N, + 20B3 — B3 'l
so that from (6.13) and (6.56)
W, < IRE,

kp—At

+bee 2 {[IREN, + W/,
+ [1+ (A1 —p)? NN RE N, + W™ ,0) }

SObK kp—At -1
(6.58) <[——=—"—+b)ee” T [1+ (At —kp)" " IIR:, W"] .
sp(1 = p)



ILL-POSEDNESS FOR THE MUSKAT PROBLEM 1397

Therefore, we can write
(6.59) IW" < arellRE, W™,

where a; = 60bx/(6p(1 — p)) + 2b. Equation (6.59) is the main result in this
section.

6.6 Completion of Induction Proof

Choose €; small enough so that a;¢y < i, which also implies that

( 60bx ) 1

revranny R
sp(1 —p) 4

Then (6.54) and (6.59) imply that

1
IREF < JIRE Wl

1
W < FIRE Wi,

for 0 < € < ¢p. The above inequalities combined with (6.40) therefore show that
IREN < a/2" and ||W"|| < a/2" for n > 1, which in turn implies that

a a a
I < Rl + - + IR < 5+ 7 4+ 5p < a

and similarly

ron+1

lw™™ ) < a.

This completes the induction step. Since Rf and W" are geometrically decreasing
in size, it follows that r* — r and w"™" — w" in the norm || - ||, with the pair
(r, w") solving (2.3)—(2.4) and with [|r|| < [lrzll < a, [lw"|| < a. Here we recall
that || - || is defined in (6.36) and a = ape is given by (6.39), with § = x — 1. This
completes the proof of Lemma 4.1.

7 Existence for General Initial Data

The analysis above produces a solution with initial data from a special class. In
particular at t = 0, sg = s(&, 0) is purely imaginary and r; (£, 0) = 0, which in turn
implies (via (5.17)) that ro = r (&, 0) is real. In order to produce a general solution
from the special initial data, a reparametrization is required. The reparametrization
is introduced for technical reasons and does not have a physical significance.

Consider initial data S, that satisfies conditions (1) and (2) of Section 4. We
find functions sy which is of size €, ¢ which is real and O (1), and ry[so] of size €2
so that

(7.1) £(§) 4+ So(£(8)) =& + 50(8) + rolsol(§)
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where we use the notation ry[so] to signify the initial value (i.e., at + = 0) produced
by the above iteration. Since &, ¢, and ry[so] are real, while Sy and s¢ are imaginary,
then

(7.2) s0(§) = So(£(8)),
(7.3) $(&) =& +rolSo(&(-)IE) .
Equations (7.2) and (7.3) are solved by an iteration method of the form
(7.4) 557 (§) = S(&"(8)).
(7.5) ¢ E) = & + oS (- D]E)
with £9(&) = &. To show convergence of the iteration scheme, introduce the norm
N [(nunp-%nupup-+ 14_(A27f[¥0p_1>e“5w},
>0, kp<At

where u, = 0Pu/06” (0 < p < 1) refers to the fractional ( p™M) derivative of u,
defined by

@, (k) = (ik)"u(k) .

The fractional derivative term in (7.6) balances the third term within brackets, and
allows a bound on ||s||, in terms of |sollo and ||so,|lo. Note that we need to go to
t > 0 to show convergence of (7.4) and (7.5), since part of ry is determined by
integrating in time (see (5.15)), and this is reflected in the norm (7.6). This norm
will be applied to functions even with a bounded p-norm as a way of controlling
singular terms that are generated through use of the Cauchy estimate.

The main result used to show convergence of the iteration scheme (7.4)—(7.5)
is the following:

LEMMA 7.1 Let s, w® and 5, W* be any two sets of functions satisfying the con-
ditions of Lemma 4.1, and let r, w" and v, W" be the corresponding solutions to
(5.1)=(5.2). Also, let ry and ry denote the value of r and v at t = 0 for prescribed
data so and 5. Then under the assumptions of Lemma 4.1

~ Cr€ ~
(7.7) llr —rllp < lls — sllo -
= pd-pk—1 °
PROOEF: Introduce the notation
R=r—7, Rj=rj—7 forj=1,2, W=uw" —u, S=s5-—35.

We make frequent use of the following inequality, which is easily derived from the
definitions of «, @ = «[5, 7], B, and 8 = B[s, r]in (5.11) and (5.12) as well as the
inequality (6.12):

Kp—

At
2 {IISell, + IRell o}

(7.8) o —all, + I8 — Bll, < diAce
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where d; is a constant independent of €. Note that the term ||W], that would
normally appear in (7.8) has been eliminated in favor of || S¢|l, + || Re¢ll,. This is
done by following the analysis of Section 6.5 to derive the bound

Kkp—At

P
Wi, < IRl + daee 2 (ISellp, + 1 Rellp + 1IW )

from which a bound on ||W]||, in terms of || Sz ||, + || Re ||, is easily obtained.

We provide details for the bound on ||R,||, (the p™ derivative of R); bounds
on ||R]||, and ||R¢||, follow similarly. Following the analysis just below equation
(6.48), we have

t
IR, < / lay, — @pll,, dif’ where p; is defined in (6.16)
0

C e -
< / llor = &llpy dt’ using (6.9) with p4 defined in (6.48)
o (o4 —p1)?

=9 & 1 &
5/“ * o lla —allo dt/+[ lle — el gt
0 (o4 — p1)? -2y (P4 — pD)?
= M (1) + My(1).

Next, introduce the notation ||S, R, = |ISlly + I R|lo and use (6.48) and (7.8) to
estimate

M, < k)’ djAee 2

B LK(Z‘—E) ’
o—Al /I+ A eg_’x({”SgHO'i' ”RSHO} dt’
0

(At — kp1)P
ponr [TRUR) om8Ar/(20)
< Q)" diAells. Rige ¥ | g
0 (Ar")P
since p; < 0 on the integration interval
6K2 d]é p—At
(7.9) < ——¢ 2 |IS, R,
51 —p)

after bounding the integral. Following the analysis just below equation (6.49), the
integral term M, is estimated using (7.8) as

t At
M, < /‘ eKﬂ42A {HSE”/M + ||R§”,04} dt’
=5 (At" = kpr)?
t ekP1—A)/2
< (2c)" d\ A€|lS, R|||0/ oy A
ﬁ([_%) (At — K,O])p
6/('d16 kp—At
(7.10) < ———¢ 2 [IS,Rll-
§(1—p)

Combining estimates (7.9) and (7.10) gives

1262 dy€ xp-ar
(7.11) IRl < Me TS, Rllo -




1400 M. SIEGEL, R. E. CAFLISCH, AND S. HOWISON

Similarly, following the arguments just below equation (6.51), we have

o0
HMMS/I%—%MW
t

< f M dt’ using (6.9), where ps is defined in (6.52)
¢ (ps—p)?

KpsgAl‘/ {”SEHPS + “REHps} dt’

< (2k)? dlAG/ e
t

(At — kp)?
%) e(Kp—At/)/Z
< ()" di A€]|S, R|||0/ ————dt’
. (A —kp)?
6Kd1€ kp—At
(7.12) < 1_pe IS, Rllo

after bounding the integral.
Combining (7.11) amd (7.12) gives the estimate

kp—At

(7.13) IR, < —25— 2|1, Rl
51— p)

for constant c¢,. The following estimates are similarly derived:

CHE «kp—At
(7.14) Hbefw%HmRm,
P
(7.15) IRell, < —2— 7 IS, Rllo[1 + (At — kp)"™"]
’ 1= 5p(1 = p) P o ’

where c; is taken large enough so that (7.13)—(7.15) hold. Equation (7.14) follows
from arguments similar to those used to derive equation (6.55) (the Cauchy esti-
mate is not used), while the derivation of (7.15) is similar to that of (6.56). Dividing
(7.15) by [1 + (At —kp)P~ '], adding to (7.13) and (7.14), and taking the sup leads,
after a redefinition of the constant, to equation (7.7). This completes the proof of
the lemma. O

An additional estimate is needed to show convergence of the iteration scheme
(7.4)—(7.5). As discussed, this estimate requires the further assumption on Sy given
in (4.9), which in the notation of this section takes the form || Sy, ( - )||Lipp L, <00
for some v > 0. The desired estimate is given by the following:

LEMMA 7.2 Let € > 0 and let Sy(¢) satisfy conditions (1) and (2~) of Section 4, as
well as assumption (4.9). Furthermore, let £ (§) = & +ro(§) and ¢ (&) = & +1p(&),
with ry and vy defined as in Lemma 7.1. Then there exists a constant ¢ independent
of € such that
(7.16) 11S0(£(-)) = So(& (- llo + S0, (-)) = Sop G (- Nllo <

ce(g = &llo+ 15, = Eollo)

where the subscript p denotes the fractional derivative with respect to &.
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PROOF: Define

1
(7.17) h@):l/ Soc (£ (&) + x (£ (&) — £(§)))dx

0
Then

1150, (2 (-)) = So,(C(-Nllo
()

H 35” RO)

[A() () =2 )]
0

after a change of variable

-5
< M llo2C) =2 llo+ Ao 12, = (Do

< () uip,., 12C) = 2CH o+ HAC) T zip, 125C) = Zp (o »

where in the last line above we have used the inequalities || f (- )]lo < ¢yl f(- )”Lipu
(see [17, p. 136]) and || f,()llo < cull fpo()llLip, =l f ) llLip,,, [17, p 225],
which holds for functions with f and f, of bounded variation and satisfying con-
dition (4.9) for some v > 0. The constants ¢, and ¢ depend only on the Lipschitz
exponents. The function 4 clearly satisfies the bounded variation requirements.
Furthermore, it is easy to show that the finiteness of |[A(-)||Lip ., (Which is of size
€) follows from the boundedness assumption (4.9). The result (7.16) immediately
follows. g

We use (7.7) and (7.16) to show that the iteration (7.4)—(7.5) converges to a
solution sg, ¢ solving the original equations. Introduce the notation " = r[s;].
We estimate

n+1 n+1

lso™ = sgllo + llsg, — sopllo
=W%@)—%@“5M+H%Aﬁ)—%Aﬂ”wo
<ce(lg" =" o+ 11Z) —¢) o) using (7.16)
<cellr" = r" Y, by (7.5) and (7.6)
< cells" —s"""llp by (7.7)
(7.18) < ce(llsg — 5~ o+ lIsg, — 56, ' llo)
where the constant ¢ depends only on p. The last inequality in (7.18) easily follows
from the definition of || - [|,, along with the known properties of s (in particular,

§(k,t) = §(k, 0)eA%I") Inequality (7.18) shows that for sufficiently small € the
iteration is contracting and therefore converges.
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The uniqueness of the solution easily follows from the uniqueness of the fixed
point (which implies that representation (7.1) is unique), combined with inequality
(7.7). This finishes the proof of Theorem 4.2.

8 Demonstration of Ill-Posedness

Theorem 4.2 is used to derive solutions to the Hele-Shaw equations (2.3)—(2.4)
that develop singularities in finite time during unstable evolution (i.e., with A < 0)
starting from analytic initial data. This is then used to show that the initial value
problem for these equations is ill-posed in the Sobolev space H* for k > %

Following the related analysis for the Birkhoff-Rott equation [3] we use three
symmetry properties to obtain the desired results. Let z(&, t), w(&, ¢, A) be a solu-
tion of (2.3)—(2.4). Then it is easily seen that the following are also solutions:

@ 21§, 1) =2°¢, =), w1, 1) = —w*(§, —1, —A),
(i) z2(5,1) = 2(§, 1 = 10), wa(§, 1) = w(&, 1 — 1o, A),
(iii) z3(£,1) = N~ 'z2(N§, Nt), w3 (£, 1) = w(N§, Nt, A).

Properties (i) and (ii) imply that z;, = z*(§, 19 — 1), wp = —w*(§, 0 — t, —A),is a
solution to (2.3)—(2.4) which is analytic at time O but which develops a (curvature)
singularity at time #y. Thus we have the following:

COROLLARY 8.1 There exists initial data 7,(§,0) = z*(&, ty) which is analytic in
a neighborhood of & real such that the solution z,(&€,t), wp(&, t) of system (2.3)—
(2.4) in the unstable case (A < 0) develops an infinite (1 + p)" derivative at a
[finite time t.

Note that setting 7o = 0 in Corollary 8.1 gives a solution z,(&, t) that is de-
fined for ¢ < 0, decays to 0 as t — —oo, and has a singularity in the (1 + p)"
derivative at + = 0. This fact is combined with the rescaling of z to zy to show
ill-posedness of the initial value problem in the unstable case. Specifically, let
v, 1) = N72z,(N?E, N>t—2N) sothat Sy = zy—¢ = N 28, (N?E, N’t—2N).
Then at r = 0 the H* norm of Sy satisfies the bound

ISy (ot =0l gk < NE3S(-, —2N) |l e < K N*3240
®.1) — 0 asN — o0,

where K is a constant independent of N and A < 0. However, the time Ty of
singularity formation satisfies 7y = 2/N — 0 as N — oo. This proves the
following:

COROLLARY 8.2 Let A < 0. For any positive € there is initial data 7 = ¢ + S
with ||Sollgx < € such that ||S||gx — oo fort = ty, where ty > 0 and k > %

In other words, the initial value problem for (2.3)—(2.4) is ill-posed in the Sobolev
spaces H* for k > %
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9 Conclusion

The analysis presented above establishes global existence for the stable Muskat
problem with small initial data that may contain singularities, showing that the
solutions are analytic immediately after the initial time. It also shows existence
of singular solutions for the unstable case of the Muskat problem. The singular
solutions start with smooth initial data and develop singularities of order 1 + p
with p < 1 at a finite time. Since the singularity time can be made arbitrarily
small by adjusting the choice of initial data, this shows that the unstable case of the
Muskat problem is ill-posed. The construction of singular solutions for the unstable
problem is effected by applying time reversal to solutions of the stable Muskat
problem with singular initial data. This construction uses analyticity and a version
of the abstract Cauchy-Kowalewski theorem, but it does not require analyticity of
the initial data to show global existence for the stable Muskat problem. As (one of)
the first analytic results on the Muskat problem, this construction delineates some
of the boundaries for possible further existence results.

The construction of singular solutions presented here is made possible by an
unstable growth rate that is proportional to k (the wave number), as in [3]. The
global existence result is (to the best of our knowledge) the first result that relies on
a stable decay rate that is proportional to k in order to show that solutions become
analytic immediately after the initial time.

The singularities found here are important for applications because they indi-
cate the onset of complex geometry and evolution for two-phase fronts in Hele-
Shaw systems. The present analysis does not include corners or cusps, but it does
not rule them out either. Further work is required to assess the possibility of these
stronger singularities and to determine the typical, or generic, singularity types.

Appendix

A.1 Lemma on the Fourier Norm

In the appendix we derive important estimates on the nonlocal term B,. We
begin with a lemma that proves useful in constructing the estimates.

LEMMA A.1 Let fi,..., fn and g be any functions satisfying || fill,, < oo and
gl < oo for some py > 0. Define

ﬂmg:PV/NGTﬁ@+ZZ—ﬁ@Ug@;whWC

i=1

Then

(A1) FOU) <m Y

kiyees kn+l
ki+-+kyp1=k

glkas)| [ | 1 fi (k)
i=1
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and
n

(A.2) IF™, <mligl, l_[ I figllo
i=1

for0 < p < po, where F™ (k) denotes the k™ Fourier coefficient of F™.

PROOF: The proof is a straightforward extension of a result in [1]. Define

hE y) = (1—[ fi§ +)/y)/— ﬁ(é))g(é;)/) '
i=1

Taking a Fourier transform in & gives

~ n —~ ikiy’ _ 1 o kn iknJer/
Rteyy= Y (Hﬁ(/q)e ” )(g( £1)e ) .
i=1

/
ki,..., kn+1 y
kit 1 =k

Therefore,

A3 "= (]‘[ﬁ(k»)?(mlﬂ(kl,...,knm,

ki,..knt1 i=1
ki1 =k
where
o (I ethivt 1\ ethnniy”
J(ki, ... kys1) =PV [[— —dy’,
—co Ny Y 14

with the interchange of sum and integral allowed in view of the analyticity of f;
and g. Now,

oo Liky'/2 jikyr1y'/2 n . ki %)
J(kl,...,kn+1):(_i)”pvf e e ( sin(k;y'/ ))dy,

o0 Y’ V2
[ ) sy 2,
) sz =)

(Ad) -

An exact formula [6, formula 3.746] for the integral I, in the case k + k,11 >
Yy lkilis I, = 7 [}, ki (i.e., the result is independent of k + k1) so that

(A5) NEEINILTR
i=1

although estimate (A.5) holds in the general case (see [1]). Equations (A.3) and
(A.5) then imply (A.1), while (A.2) readily follows from (A.1). ]
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A.2 Estimates on B[s, w’, r, w"]
Employing the change of variable y’ = &’ — &, we write B, as (see (5.2))
00 * (o) /
B = %PV/ {—<w (S;Jrrf))
(A.6) -~ N
_(s’+r’—s—r) (w¥z —izg) }dy/
Y’ y +s +r —s—r) '

where we use the notation f' = f(& 4+ y’). Assume

1
(A7) Irell, < lIsell, < C < 5

Then we can expand B, as

o0
B, = Z By, ,
n=0

where B is the first term in (A.6) and

B =ipV/m(_1)1+n SHrosor\'g
2n / /
21 o0 14 14

for n > 1. Here we have defined
(A.8) §=gE+y)=(wWE+y)zE+v)—izE +v)).
Now, from Lemma A.1,
|Al 0
(A9) | Banllp < 7”g”p|ls§ +rell,
for n > 1. Furthermore, B}, = (A/2)(hy — h_) where h = (w*(s¢ +r¢)). This in
turn implies that

Al ¢ - |A]
1Baoll, === D ek, 0l = —Iinll,
k=—00
(A.10) < |Alllwll, llse +rell, ,

where in the last inequality we have used the definition of /4 and the fact that
I f*ll, = Il fll,- Summing (A.9) over n and adding the result to (A.10) yields

lgll,
201 = llsell, = llrello)

(A1) B2, < |A] |:||w”,0 + } (Isellp +lIrell,o) -

Finally, substituting the inequality
(A.12) lgllo < 2[wll, (14 llsello + Irello) + lsellp + el ]

and using (A.7), we may write (A.11) in simplified form as

I1B2ll, < ctlAlAw llo + Tw"llo + lisell, + Irgllp) (sl + llrello)
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which is the desired estimate. The constant c; is independent of €, p, and 7. A
similar calculation leads to estimate (6.11). (The constant c; is chosen large enough
so that each of the estimates in this and the next subsection apply.)

A.3 Estimates on || Bz[s, w*, r, w"] — B[S, w*, F, w"]|l,
We also need to estimate || B, — B2||p where Bz = B,[s, w*, F, w"]. We write

By — Ball, < | Bals, w’, r, w"] — Bals, wy, 7, W],

(A.13) + [ Bals, w', 7, w"] = Bo[s, w*, r, w']ll,

and first estimate || B>[s, w®, r, w"] — By[s, w,, 7, w"]||,. (To simplify the notation,
we temporarily suppress writing the s and w*® in the argument list of B,.) Itis a
simple matter to bound

(A.14) || Byolr, w"] = Byolr, w'lll, <
[A{lIsellplw” — @1, 4+ lwllollrs = Fell, + 17l lw” — @, }

where we have used the identity rzw* — rzw* = (rz — re)w* + rg(w* — w*).
Note that estimate (A.14) is not symmetric in r and 7 or w” and " in view of this
choice of identity. Nevertheless, we shall later add terms to make the final relation
symmetric.

More work is necessary to estimate || By,[r, w"] — By,[r, w"]||, for n > 1.
Denote by g’ the quantity in (A.8), but with w = w*® 4+ @" and Z replacing w and
zZ, respectively. Also introduce

s'+r—s—r
p=s+r, qg=——"—,

ﬁ=s+f, gz
Then

| Boulr, w'] — BoulF, w'lll,

A o anan 4V
Sg PV (‘I g —q g/)—/
—0o0 y P
|A| > n ~ny ./ ~n .’ 5/ d)//
== [PV [(@"—q"e +3" (¢ —3)]—
4 —o0 y 14
|A| * ~ n—1 n—2~ ~n—2 ~n—1y ./
=PV [((@—D@" " +q¢" G+ +q3" > +q" g
—00

. =14y’
+qW§—gﬂ77 :

P
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so that upon applying Lemma A.1,
| Baulr, w"] — BaulF, w']ll,

A| ~ n—1 ~ n—1 s oqn pd
ST{IIrs—rsllp(llpsIIp + o 1Bl ) gl + 1 Pelllle — &l )

1Al _ I _ _
< 5 {lire = Felon (1pelly™ + 17607 gl + e W3 1 — &1} -

Summing over n, substituting for p and p, and using the triangle inequality then
gives

(A.15) ||Ba[r, w"] = Bo[r, w']ll, <

IAI{(IISgIIp + 17l lw” — "1, + lwllpllre — Fell

+ gl [ + _ ]nr — Fell
PLA = Tsell, = rell )2 (U= llsell, — el 02 )" 507

(Ulsell, + 17,0 .

—— g —&llr-
L —lIsell, — I7ell,

where the first line above comes from the estimate for By in (A.14). We next

substitute (A.12) and the easily derived inequality

lg = &llp < 2 {0+ lIsell, + lrell ) llw" — "M, + [@lpllre = Fell o}

into (A.15). The result may be written in simplified form as

(A.16) || Bo[r, w'] — Ba[F, w']ll, <
el Al{llse. rell lw™ — "Ml + llsg, w*, re, w' || lIre — Pl }

where we have used the notation of Section 6.1. In going from (A.15) to (A.16) we
have added terms so that the estimate is symmetric in r, 7 etc., and used (6.14) to
simplify the resulting estimate.

We next estimate || B> [s, w®, 7, w"] — By[s, w*, 7, w"]|| ,. Note that B, is invari-
ant under the interchange s <> r and w* < w’, so it immediately follows from
(A.16) that

(A17) ||Bals, w*, 7, w"] — Bo[s, w*, 7, w']||, <

cilAl{llsg, rell) lw* — @°[l, + llsg, w’, re, w'll} llsg — Sl } -
The term ||w® — w*||, may be replaced using the identity
(A.18) lw” —@°[l, < lIs = §llp.

which is easily derived from (3.3), (3.4). Together, (A.13) and (A.16)-(A.18) im-
ply the final estimate (6.12). Note that some terms have been added to the final
inequality in order to give the estimate a compact form. A similar calculation is
used to derive (6.13).
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A.4 Bounds on Time Integrals

We derive estimates on the time integrals that arise in the proof of Lemma 4.1.
1. (a) We first estimate

oo
F@) = / HP=AD (1 4 (AL — k)P~ Nt
1
where A > 0. After the substitution u = At’ — kp, the integral becomes

1 > —Al -1
(A.19) Ft)=— e M1 +uf"ldu.
A At—kp

The integrand is bounded above by e *A"=¥?)(1 4 y”~1), and this estimate is used
to simplify the integrand when At — kp < 1 and u € [At — kp, 1]. Foru > 1 the
integrand is simplified by using 1 +u”~! < 2. These remarks justify the inequality

H[1 — (At — !
f(f) < [ ( Kp)]e—A(At—Kp)f (l +up—1)du
A At—kp

2 oo
4+ = e—ALt du
A At—kp

= Fi(t) + F2(1)

where H|[x]is the Heaviside function, and F; and J, refer to the two integral terms
above. Now, by direct calculation

H[l — (At — Kp)][m,fm

Fi() = 1

|:1_(At_Kp)+Mi|

(A20) < ie—k(At—Kp)
= Ap

and
Ze—k(At—K,o)

Fa(t) = A

It follows that

242271
(A.21) f(r)g;rA e MAI=Kp)

which is the desired result.

(b) A related integral that we estimate is

t
g(t) — / eA(Kpl—At/)[l + (Al‘/ _ K,Ol)P_l]dt/,
0
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where p; is defined in (6.16). After the substitution u = At’ — kp,, the integral is
written as

1 Kk (At—p) N .
= — e M +uP NHdu
Ad At—kp
1 o
(A.22) < — e +uNdu.
Ad At—kp
Noting the similarity with (A.19), we can immediately write

—1
(A.23) g <22 i
- Adp

2. (a) We similarly estimate

! -1
I(t) = /OO ek(KﬂfAt’)t[l + (At — K,O)p ] s
13

At' — kp
Changing variables, we have

1 [ | 4 up-!
T4) = — / o IFUD
A Ja

t—p u
Following the arguments in 1, we have
H[1 — (At — b1 4ur! 2 (™
I(t) S [ ( Kp)]e—A(A[—Kp)f Ldu-i‘—/ e—)\u du
A At—kp u A Ja
=7i(t) + (1) .

t—kp
By direct calculation

HI[1 -

7,(1) = (A1 = 0] riti—vo)

1 — (At — kp)P~!
1 [—II(At—KpH b1 ]

—A(At—kp) p—1
< [1+ (A1 —«kp)""1,
Al —p)

since |Inx| < ’;p__ll for0 <x <land0 < p < 1. Also,

26—A(At—Kp)
Ir(t) =

LA
It follows that

242271
(A24) I(t) < A(%_p)e“””[l + (At —kp)"7 '],
which is the desired estimate.

(b) We also give an estimate for

—1
J () = /Z eo—any [LH (A —&p)P7]
0 At' — kpy
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The estimate is obtained by following the steps leading to (A.23), with the result

2 + 2)“_1 —A(At—kp) p—1
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