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GLOBAL MINIMIZER OF THE GROUND STATE FOR TWO PHASE
CONDUCTORS IN LOW CONTRAST REGIME * **

ANTOINE LAURAIN'

Abstract. The problem of distributing two conducting materials with a prescribed volume ratio in a
ball so as to minimize the first eigenvalue of an elliptic operator with Dirichlet conditions is considered
in two and three dimensions. The gap ¢ between the two conductivities is assumed to be small (low
contrast regime). The main result of the paper is to show, using asymptotic expansions with respect
to € and to small geometric perturbations of the optimal shape, that the global minimum of the first
eigenvalue in low contrast regime is either a centered ball or the union of a centered ball and of a centered
ring touching the boundary, depending on the prescribed volume ratio between the two materials.
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1. INTRODUCTION

Shape optimization for eigenvalues of elliptic operators provides interesting and challenging mathematical
problems; see [9] and the references therein for an overview. In this paper we are considering the problem of
minimizing the first eigenvalue of an elliptic operator with respect to the distribution of two conducting materials
in a fixed domain. Let £2 C R? be an open bounded set. Let m be a given positive number, 0 < m < |£2|, where
|2| is the Lebesgue measure of (2. Two materials with conductivities a and 8 (0 < a < ) are distributed in
arbitrary disjoint measurable subsets A and B, respectively, of {2 so that AU B = {2 and |B| = m. Consider
the two-phases eigenvalue problem:

—div(eVu) = M in £2, (1.1)
u=0 on 042, (1.2)
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with the conductivity o := axa + Ox B, where x4 is the indicator function of A. Let A be the first eigenvalue
of (1.1)—(1.2) and u the associated eigenvector. The Rayleigh quotient for X is

o|Vul?

A= min 22— = min /0’|V’LL|2, (1.3)
ueH} (2) /uz ueH (). ull=1 J 2
[0}

where ||u||2 denotes the L2-norm of u. In this paper we consider the case £2 = B(0, 1), the case £2 = B(0, R) being
readily deduced from our results, and we are interested in the dependence of A on A and B. Since A = 2\ B, A
may be described as a function of B and we occasionally write A = A(B). We consider the problem of minimizing
A(B) with the constraint that the two phases are to be distributed in fixed proportions:

minimize A(B) (1.4
subject to B € B

where
B :={B C {2, B measurable, |B| = m}. (1.6)

The existence of a solution to the problem (1.4)—(1.6) remains an open question for a general (2. Minimizing
sequences may develop microstructural patterns and the original problem may have to be relaxed to include
microstructural designs. Existence of a solution and optimality conditions in the class of relaxed designs has
been discussed by Cox and Lipton in [6]. However, the original problem (1.4)—(1.6) may still have a solution
for particular geometries as is the case when (2 is a ball. When {2 = B(0, R) is a ball, the existence of a radially
symmetric optimal set has been proved in [1], using rearrangement techniques and a comparison result for
Hamilton-Jacobi equations and later, only using rearrangement techniques in [4]. Even in this case an explicit
solution to the problem was not known. It was conjectured in [4,5], in dimension greater than one, that the
solution B* to this problem is a ball B(0,r*) as in the one-dimensional case; see [10]. Recent numerical tests [7]
and theoretical results came up recently to reinforce the conjecture. It was shown in [5], using second order shape
derivative calculus, that such a configuration is a local minimum for the problem when the volume constraint
m is small enough.

However, in [3] it has been proved that the conjecture is not true in general. Indeed, the optimal domain
B* cannot be a ball when « and [ are close to each other and m is sufficiently large. This negative result is
provided by an asymptotic expansion of the eigenvalue with respect to 8 — a as 8 — «, the so-called “low
contrast regime” also assumed in this paper, which allows to approximate (1.4)—(1.6) by a simpler optimization
problem. However the question of minimizers of A\(B) even in the low contrast regime was still left open.

In this paper we prove first, when {2 = B(0, 1), the convergence as § — « in the sense of characteristic
functions of the minimizing sets either to a centered ball B* = B(0,7*) when m is below a certain threshold m

or to B* = B(0,£%)UB(0,1)\B(0,£L), i.e. the union of a centered ball and a centered ring touching the boundary
of 2, when m > m. Then the main result of the paper is to show that B* or B = B(0,£2) UB(0,1) \ B(0,&L)
are actually global minimizers of A(B) when 8 — « is small enough. The main ideas to obtain these results are
first to exploit the additional regularity provided by the radial symmetry, which yields a stronger convergence
of the eigenfunction as 8 — «, which in turn provides the set convergence. To prove that B* or B} is a global
minimizer, we compare its eigenvalue with the eigenvalue of all possible radially symmetric sets in a small
neighbourhood of B* or B} using an asymptotic expansion with respect to small geometric perturbations of
sets.

In Section 2 the low contrast regime is described and some known results are recalled. In Section 3 the set
convergence of the solutions to (1.4)—(1.5) as € :== 8 — a — 0 is proved, using the additional regularity thanks
to the radial symmetry. In Section 4 and 5 we prove that there exists ¢ such that the ball B* is a solution
of (1.4)—(1.5) when m < m and such that B’ is a solution of (1.4)—(1.5) when m > m.
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2. LOW CONTRAST REGIME

In this section we recall some known results required for our analysis. Throughout the paper we assume the
so-called low contrast regime, i.e. the conductivities of the two materials, o and [, are close to each other:
B = 0 := a+ ¢ with € > 0 small. If the material with conductivity (. occupies the sub-domain B of {2, the
conductivity coefficient is, in this case,

0 =0:(B) :=axa+ Pexp =a+exs. (2.1)
Let \.(B) be the first eigenvalue in the problem

—div(o-(B)Vue) = Ae(B) ue in £2, (2.2)
u:. =0 on 012

for the conductivity o.(B). It is well-known, from the Krein—Rutman Theorem [11], that the first eigenvalue
of a linear elliptic operator is simple and the corresponding eigenfunction is of constant sign (and is the only
eigenvalue whose eigenfunction does not change sign). Thus one may choose the eigenfunction u. = u.(B)
corresponding to A.(B) to be positive and normalize it using the condition

JXEt (2.4)

In this way, u. is uniquely defined. For fixed B, we claim that both \.(B) and u.(B) analytically depend on the
parameter €. This result is classical in the perturbation theory of eigenvalues and follows readily, for instance,
from Theorem 3, Chapter 2.5 of Rellich [12]. This justifies the ansétze

Ae(B) = Mo(B) +eM(B) + ... (2.5)
ue(B) = ug(B) + cui(B) + ...
In fact, Ao(B) = Ao is the first eigenvalue of the problem
—aAug = Aug in §2, (2.7)
up =0 on 9f2. (2.8)

The function ug is the positive eigenfunction corresponding to Ag and satisfies the normalization condition
[ ug = 1. Therefore A\o(B) = Ag and ug(B) = ug are independent of B. For the next term we have ([3],
Prop. 2.2):

Proposition 2.1. In ansatz (2.5), \1(B) is given explicitly in terms of ug as follows
M (B) = / |Vug|? da. (2.9)
B

The convergence of the series in (2.6) holds in the space H}(£2). The following result can be found in ([3],
Thm. 2.3):

Theorem 2.2. For e > 0 sufficiently small, there exists a constant ¢ independent of € and B such that
lue(B) — uol a0y < ce* VB EB. (2.10)

The results above are valid for any open set 2. In this paper we are interested in the particular case 2 = B(0, 1)
and we need the following result which can be found in [4]:

Theorem 2.3. Let 2 =1B(0,1). The problem (1.4)—(1.5) admits a radially symmetric solution.
Applying Theorem 2.3, we denote B a radially symmetric solution of (1.4)—(1.5) for 8 = f..
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FIGURE 1. Functions uo(r) (plain), and w1 (r) = —ug(r) (dashed) in dimensions d = 2 (left)
and d = 3 (right). The constant 7} is such that w; is increasing on [0,7}] and decreasing on

[rl,1], and 9 is such that wi (1) = w (1).

3. CONVERGENCE OF MINIMIZING SETS

In this section and the rest of the paper we assume 2 = B(0,1) C RY, d = 2,3 to be the ball of center 0
and radius 1. The results can be straightforwardly extended to the case 2 = B(0, R). In this case, the solution
ug of (2.7)—(2.8) is radial and smooth. In view of Theorem 2.3 we assume B is radially symmetric. By setting
Uo(r) := up(x) where r := |z|, equation (2.7)—(2.8) becomes, using the Laplacian in polar (r,6) or spherical
(r,0, ) coordinates, for d = 2,3,

r2ag (r) 4 (d — Dray(r) +r? %ﬂo(r) =0, (3.1)
i (0) = 0, (1) = 0. (3.2)

where the boundary conditions (3.2) correspond to the continuity of the gradient at the origin and the Dirichlet
condition on the boundary, respectively. The solution of this equation is

’L_Lo(T) = Jo(ndr) if d=2, (33)
to(r) = jo(nar) ifd=3, (3.4)

where Jy and jo denote Bessel functions of the first and second kind, respectively and 74 (d = 2,3) are their
respective zeros; see [13] for details on Bessel functions. The behaviour of @ is depicted in Figure 1. Let wq
denote the volume of the unit ball, i.e. we have wy = 7 for d = 2 and wy = 47/3 for d = 3. Let 7”2 and ré be
the constants defined in the caption of Figure 1. Not that these constants can be easily approximated with an
arbitrary precision thanks to the explicit representation of Bessel functions. Introduce the radius % := (m/wq)*/?
and the threshold M, = wq(r9)<.

Proposition 3.1. When 2 = B(0,1) C R%, d = 2,3, the unique rotationally symmetric optimal domain B*
which minimizes A\ (B) over B € B is of two possible types:

o Type I: If m <Tng then B* = B(0,r}) or,
o Type II: If m > Ty then there exists €0 and &' with

< <et <1

and B* = B(0,£%) U (IB(O, 1) \B(o,gl)).
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In this section we show that the global minimizer B of A.(B) converges in the sense of characteristic functions
to B* given in Proposition 3.1. For simplicity we will write 7* = ), and m = my from now on. We need the
following inequality; see [8], Theorem 330 and [2] for details. In all of our subsequent computations, ¢ denotes
a generic constant independent of e.

Theorem 3.2 (Generalized Hardy’s inequality). If p > 1, ¢ # 1, f(x) > 0, and F(x) is defined as

/If(t)dt forqg>1,
F(z)=4""

- /00 f@)de forq<1,

then

/Ooo 2P (2)Pda < (%)p/om 2z f(z))Pdz

unless f = 0.
We start by proving some regularity results for the solution wu..

Theorem 3.3. Assume 2 = B(0,1) and B is radially symmetric. The functions u. and ug are in WH°(02)
and there exists £g > 0 such that for all € < g9 we have

HO’EVUE — O'()V’LL()”Loc(_Q) S C\/&_?

and
HVUE — V’LL()”Loc(Q) S C\/g.

Proof. The proof is divided into two steps. In the first step we prove that u. € L>°({2) and in the second step
we prove the L°°-convergence for the gradients.

Step 1. In view of Theorem 2.2 we have u. — ug in H{(£2). The key feature of the proof is to introduce the
function @, (r) := u.(x) where r = |z| in polar or spherical coordinates and to show that . — g in L>([0, 1]).
According to ([3], Thm. 2.3) we have [Juc||1 (o) < ¢ where c is independent from e. The system (1.1)—(1.2)
leads to the equations for w. and r € (0,1):

)

—r @D [ (YT ()] = AT (r), (3.5
0 (3.6)

dr 3
3.

Set g. = o.u. — oouj. Taking the difference between (3.5) and (3.5) at € = 0 and multiplying with —r9=1 we
get

Lt 1. ()] =~ T () — AoTolr). (3.7)
Integrating (3.7) on (0,7) we get
r g (r) — lim g (t) = — /0 ' t T (t) — AoTio(t))d. (3.8)

Since |luc||fi(2) < ¢ we have |[r(@=D/2@ || 121y < c using polar or spherical coordinates. This implies that
rd=17 (r) — 0 as r — 0 and in turn

tlg% tdilgs(t) =0.
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Dividing by r?~! taking the L?-norm and using the Cauchy-Schwarz inequality we get

2

pi-d /O " (0L (8) — MoTio(t))dt

Hgs||2L2(0,1) =
L2(0,1)

1
S/ r 2D (AT — Ao ) |[F1 0,0 A
r=0

1
< AT — /\oﬂ0||2L2(o,1)/0 7“72('171)||td71\|%2(o,r)d7"

< (2d—2)7 | A\T. — AoﬂOHi?(o,l) :

367

(3.9)

According to Theorem 2.2 we have |luc — uo| g1(0) < ¢/ for e small enough. Passing to polar or spherical

coordinates this implies
Jrtd=1/2 (@, — o)l 20,1y < ¢V and =172 (@, — Uo) | L2(0,1) < evVe.

Using Lemma 3.2 with ¢ =0, p =2 and f = u. — uj, we obtain

1 1
/0 (@ — To)2dr < 4/0 r2 (@l — p)%dr.

Therefore we have
[z = @ollL20,1) < ellr =2 (@ — )| L2(0,1) < eVE,
and in a similar way
[¥ellL2(0,1) < c
Since |\ — Ag| < ce as e — 0 we get
l9ellz2(0,1) < ¢v/e as e — 0.
Performing a similar calculation for o.u. and using 0. > o we get
||ﬂ/s||%2(0,1) < CV_2H‘7eﬂ/g||2m(o,1) <a?(2d - 2)_1”/\5@5“%2(0,1) <c

where ¢ is a constant independent on e. Using a Sobolev imbedding we also get

[Tl Lo (0,1) < ellTellaio,1) < ellalllpz,1) < c.

Step 2. Integrating and taking the L°°-norm we get

lgello=(0,1) =

Pl / F-1 (T (£) — AoTio())dt
0 L>(0,1)

e
rl—d/ t41de
0

< c|Ae = Xol|[Te | Loe0,1) + Aol[Te — Tl Lo (0,1)-

< H)‘sﬂe - AOgO”L*(O,l)

Lo (0,1)

Performing a similar estimate for o.u. we obtain

ot 0,1) < [AelllTell Los(0,1)-

Now we show that ||Z. — To|| < (0,1) — 0. Using (3.13) gives

T || Loe 0,1y < e

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Next, writing

@z — @l L2(0,1) U—O”Uoﬂlg — 00T 22(0,1)

IA

1 € _
O__O||95HL2(O,1) + U—O||XBU/5||L2(0,1)7
and using that ||| 12(0,1) is uniformly bounded with respect to € we get

[a. — gl L2(0,1) < Ve as e — 0.
Since (1) = wp(1) = 0, we may apply Poincaré’s inequality and we get

e — Tollr0,1) < ¢v/e as e — 0.
Due to Sobolev imbeddings in one dimension we have

[T — ol Lo (0,1) < ¢l[Te —Tollmr(0,1) < Ve ase — 0.
Finally, using the estimate for g. and (3.11) we obtain
9l Lo (0,1) < /€ as e — 0. (3.15)

Next, writing

@2 — Tl 0,1y = U—O”Uoﬂ/g — 00T || o< (0,1)

IN

1 £ —
a—0||ge||Loc(o,1) + 0__0||XBUE||L°C(O,1)~

Finally using (3.14) and (3.15) we get |[a. — Tyl L~(0,1) < ¢y/€ as € — 0. Going back to the function u.(x) =
. (]z|) we have obtained indeed
HVUE - V’LL()”Loc(Q) < C\/g.

The fact that u. and ug are in W (£2) derives directly from (3.11) and (3.14). O

Remark 3.4. Since we have shown that ||| g1(o,1) is uniformly bounded with respect to e, using classical
Sobolev imbeddings we also have the Hélder regularity w. € C%*/2([0, 1]).

Thanks to Theorem 3.3 we can now prove the set convergence of the minimizer B of A\.(B) to B*. First of all
we prove that the set B} is close to B* in an appropriate sense. We need some preliminary results. Introduce
the quantity

M(B,c) = [{z: |[Vup(z)| < c} (3.16)

where up is the solution of (1.1)—(1.2). The proof of the two following results can be found in ([3], Lem. 3.1)
and ([3], Prop. 2.7):

Lemma 3.5. The function MM(B, ¢) is non-decreasing with respect to ¢ and is such that M(B,c¢) — 0 as ¢ — 0
and M(B, c) — |£2| as ¢ — oco. Furthermore, it is a right-continuous function. It is also left continuous at any
c if and only if the Lebesque measure of {x : |Vup(z)| = ¢} is zero.

Proposition 3.6. For 2 =1B(0,1), the level set {|Vuo| = ¢} has zero measure for each ¢ > 0.

We start with optimal sets of Type I, i.e. when m < m.
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Theorem 3.7. Let B C {2 be an arbitrary radially symmetric measurable set and m < m. For all § > 0, there
exists €9 = £0(6) > 0 and By radially symmetric and containing the origin such that |Bi| = m,

B(0,7* —§) € By C B(0,r* + ) (3.17)
and for all 0 < € < g¢(0) we have the inequality
Ae(B}) < Ao(B) (3.18)
Proof. Let nn > 0 be chosen, in view of Theorem 3.3, there exists £¢(n) > 0 such that
|Vue(z) — Vug(z)| < n for all z € 2 and € < eo(n). (3.19)
Denote

B = {x € 2,|Vus(z)| < ¢},

BE = {x € 2, |Vue(a)] <},
B§ = {z € 2,|Vuo(z)| < c}.

Using (3.19) we have the following inclusions

Bf§ C {x € 2,|Vuo(z)| < c+n—|Vue(x) — Vuo(x)|}
={z € 2,|Vuo(z)| + |Vue(z) — Vuo(z)| < c+n}
C{x € 2,|Vu(z)| < c+n} =B c B,

In a similar way we may write

BT C BT C {x € 02,|Vue(z)| + |[Vug(z) — Vue(z)| <ec—n+n}
C{z € 2,|Vug(z)| < c} = B§.

Thus we have obtained
BE C BEM C BE C BEH ¢ Betn (3.20)

Lemma 3.5 and Proposition 3.6 imply that |B§| is continuous, consequently, using the assumption m < m and
Proposition 3.1, there exists a ¢* such that B = B(0,7*) and |B§ | = m. Taking ¢ = ¢* in (3.20) we get

B < |BS T <m < [BE | < B, (3.21)
Since |BE| and |2B¢| are increasing (but not necessarily continuous) functions there exists c. such that
¢ —n<c <+, (3.22)

and
B| <m and |BZ[=m, (3.23)

We apply (3.20) first with ¢ = ¢. + 1 and then ¢ = ¢. — 1 and we obtain the inclusions
Bg™" B < B < BeEt.

Finally applying (3.22) we get
BS 7 C B C B C BS T (3.24)
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Now let 6 > 0 be given. Assumption m < T and Proposition 3.1 (see Fig. 1) ensure that there exists n = n(J) > 0
such that

B(0,7* —6) C BS 2,
BE T2 < B(0, r* + 6).

Note that the strict inequality m < 7 is necessary otherwise the above property may not be true for all §. In
view of (3.23) and (3.24), there exists a radially symmetric set By such that |Bj| = m and

B(0,r" —§) C By ~*" C B € Bj € B € By T CB(0,r" +9).

which yields (3.17).
To prove (3.18), consider the decompositions

B = (BN Bs)U(BN(B;)),
B; = (BN B)U (BN BY).

Since |B| = |Bj| = m we have with the above decompositions
[B N (B;)°| = BN Bjl.

Observing that |Vu.| > ¢ on (B5)® and |[Vu.| < c. on By, we may write
/ Vu.|? = / V.l +/ Vo |?
B BNB; BN(Bg)®
z/ |Vue|> + 21BN (B} (3.25)
BNB;
:/ Vu.|? + 2| B° N By
BNB;

2/ |w5\2+/ \vux:/ V. 2. (3.26)
BNB; BenB; By

As a consequence

—a/ |Vue|? + (8 — a) / |Vu.|?

>a/ |Vu|* + a)/ |V |? (3.27)

> min /Vu2 a/ Vul? | = \(B}), 3.28
i 1( [Vaul® + )Bg\ \ (B5) (3.28)

and the inequality (3.18) is proved. O

Remark 3.8. Note that Bj may be barely measurable, i.e. may have a fractal structure, even though it is
radially symmetric.
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We also have the following result for optimal sets of Type II:

Theorem 3.9. Let B C 2 an arbitrary measurable set and m > M. For all § > 0, there exists g = €¢(0) and
Bj radially symmetric and containing the origin such that |Bj| = m, By = Bj,UB; 4,

B(0,£° — 6) C B, C B(0,£° +6), (3.29)
B(0,1) \ B0, +0) C B;, € B(0,1) \ B(0,£" —6), (3.30)

and for all 0 < € < g¢(0) we have the inequality
A(B5) < A(B) (3:31)
where (£o,&1) are given in Proposition 3.1.

Proof. The proof is left to the reader as it is almost identical to the proof of Theorem 3.9 except that it is based
on the Type II optimizers appearing in Proposition 3.1. O

Corollary 3.10. If m <m and e, — 0 as k — oo, then there exists a sequence of solutions B., of (1.4)—(1.5)
such that

Xng - X]B(O,'r‘*) in Lp(‘Q)v pE [1,00[,

i.e. Be, converges to B(0,7*) in the sense of characteristic functions.
If m>m and e, — 0 as k — oo, then there exists a sequence of solutions Be, of (1.4)—(1.5) such that

XB., — XB= in LP(§2), p € [1,00]

where B* = B(0,£%) U (IB(O7 1)\ B(O,fl)) as defined in Proposition 3.1.
Proof. In a first step assume m < m. We define the function

0) := d mi
€(0) »= dmineo(v),
where €¢(9) is given by Theorem 3.7. Clearly, min,>s €o(v) is a nondecreasing function and consequently ¢ is a
strictly increasing function of ¢ since min,>;seo(v) > 0 for 6 > 0 and we also have ¢(§) — 0 as § — 0. Therefore
there exists a strictly increasing inverse function d(e) such that £(d(¢)) =€ and 0(¢) — 0 as € — 0.

According to Theorem 3.7, for a given ¢ there exists B © radially symmetric and containing the origin such

that |B§‘(E)| =m,

B(0,r* = d(c)) C BY,_, C B0, +(¢)) (3.32)

(e)
and we have the inequality

Ae(B})) < A(B). (3.33)

(6))
Let B. be a radially symmetric set solution of (1.4)—(1.5) for a given €. We know that such a solution exists
according to [4]. Taking B = B, in (3.33) we get

A(BS) < Ae(B2) (3.34)

therefore B  is also a solution of (1.4)—(1.5). In view of (3.32) and 5(e) — 0 as e — 0 we clearly obtain

(e)
X B* - X]B(O,'r‘*) in LP(Q)a pe [1a 00[7

5(e)

and the claim follows.
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In a similar way, if we assume m > m we may apply Theorem 3.9 to obtain

XB:;_‘( ) — XB* in LP(Q)’ pe [1700[3

where B* = B(0,£%) U (IB(O, 1) \B(o,gl)). O
We can actually prove that B., = B(0,7*) or B(0,£%) U (IB(O7 1)\ B(O,fl)) when e}, is small enough. This is
the purpose of the next sections.
4. INEQUALITY FOR TYPE I OPTIMUM

In this section we assume m < m so that we are in the framework provided by Theorem 3.7.
4.1. Description of the method

The main result of this section is to prove the existence of a threshold €9 > 0 such that

M(B) < A (B), (4.1)

for all B € B and ¢ < ¢g, where B* = B(0,r*) as given by Proposition 3.1. This implies that B* is a solution
of (1.4)—(1.5) in low contrast regime, i.e. for € < g¢. In view of the proof of Corollary 3.10, for all € > 0 there
exists a 0(g) > 0 such that

As(Bj(e)) < Ae(B) (4.2)

holds with 6(¢) — 0 as ¢ — 0 and d(¢) strictly increasing. Therefore to conclude we require the other inequality

The difficulty in obtaining this last inequality is that we do not have any information on Bg( -y apart from the
fact that it is “close” to B* in the sense of Theorem 3.7. Fortunately it is just enough to perform an asymptotic
expansion of the eigenvalue with respect to d(g). In this section we show that there exists g > 0 and Jg > 0
such that for all 0 < e < eg and 0 < § < dg we have

Ae(BY) < A (Bs), (4.4)
where Bjs is any radially symmetric set satisfying
B(0,r" —§) C Bs C B(0,r" + ). (4.5)
In particular one can choose Bs = B;(E) for € small enough, and combining (4.2)—(4.4) we get
Ae(BY) € Ae(Bs) = e(Byo)) < Ae(B), (4.6)

which gives (4.1). To prove (4.4) we aim at obtaining an asymptotic expansion of \.(Bs) with respect to (e, 9)
of the type B
Ae(Bs) = Ac(BY) + p(9)Ae + R(e,9),

with p(8) > 0, p(§) — 0 and R(e,d)/p(d) — 0 uniformly as (§) — 0. Proving then that A. > 0 we get (4.4) for
(e, 6) small enough.
We introduce As := 2\ Bs and A* := 2\ B*. We clearly have

XB; — XB* = —(X4; — xa*) (4.7)
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and
/XBJ_XB* =m—m=0. (4.8)
2
We introduce the sets Igt such that
I = {z € 2| xp,(z) — xp-(x) =1} (4.9)
Iy ={x € | xBs(x) — xB-(r) = —1}. (4.10)
It is clear that
XBs — XB~ :X[;' _X](;_a (4'11)
and due to assumption (4.5) we have
If C B(0,r* +6) \ B(0,r*), (4.12)
Iy C B(0,7*) \ B(0,7* —4). (4.13)

4.2. Asymptotic expansion

Denote (uc s, Ac,5) the eigenpair solution of

— diV(UE,(;VuE,(;) = )\E,gug’g in Q, (4.14)
ues =0 on 012, (4.15)

with 0. s = axa; + O:XB,- The main difficulty in writing the asymptotic analysis of u. s with respect to (g, )
is the lack of regularity of u. s, since o, s is only piecewise constant and B is possibly barely measurable. To
overcome this difficulty, we advantageously use the fact that o, sVu. s has more regularity than Vu, s in view
of (4.14). Therefore an important strategy in the proofs of the asymptotic expansion is to often replace Vu, s
by agg(ae;,gVuE,g) in the computations in order to write Taylor expansions for 0. sVuc s or related quantities.

In asymptotic analysis, one typically starts with an ansatz with respect to the asymptotically small parame-
ters. In our case we would like to obtain an expansion with respect to the small parameter § for fixed € of the
type:

Ue,s = Ue,0 + p(6)ue,1 + 0(p(0)), (4.16)
>‘€,5 = )‘6,0 + p(5)>\€,1 + O(p(é))a (417)

In our case it is unclear what should p(0) be even if p(d) will be determined further in (4.36), so it is preferable
in a first step to not separate the j-dependent and e-dependent term in ansétze (4.18)—(4.19). Thus we rather
decompose u. s and A 5 in the following way:

Ue,5 = Ue,0 + We,5 + Rule,0), (4.18)
)\5,6 = )\5,0 + e + R)\(€7 (5), (419)
where . g, we s and R, (e, ) satisfy
—div(os 0 Ve,0) = Ae0lUe,o In {2, (4.20)
us0 =0 on 02, (4.21)

— div(0e,0 Ve 5) — Acotes = div (Mvuao

T¢c.6
+ fe,sUso in £2, (4.22)
we,s =0 on OS2, (4.23)
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— div(0e s VRY) — AesRy = div ((05,5 —0.0) [@'5750_7"5’0)%6,0 + vwwD
£,0
+ fe,s We,s + Rates in {2, (4.24)
we,s =0 on OS2, (4.25)

The decomposition is chosen so that R, = o(wes) and Ry = 0(uss) as (¢,0) — 0 in a sense that will be
determined in Lemma 4.2 and Theorem 4.5. Note that these problems are well-defined in the weak sense, with
the right-hand side in H~'(£2) and that the solutions o, o, w. 5, R, are in H'(£2).

According to the Fredholm alternative, (4.22)—(4.23) has a solution only if the right-hand side of (4.22) is
orthogonal to u. ¢ which yields

Oc5 — 0c0)0
/ div <MVUE,O> Ue,o do + ug,g/ ug’o dz = 0.
N O¢,8 N

This gives using the normalization condition and Green’s formula

0c,5 —0¢,0)0¢,0
M&é:/ M‘V%’O
2

2 dz. (4.26)
Oc,5

In a similar way (4.24)—(4.25) has a solution only if the right-hand side of (4.24) is orthogonal to u. s which
yields

. Oc,5 — O,
/ div ((05,5 —020) [MV%,O + sz,(sD Ue,s + ,us,é/ We,5Ue,s5 + RA/ uZ 5 =0.
22 2 2

Oc,5

Using the normalization condition for u. s and an integration by parts we get
R =R + R + RS

where

2
1. 2 . (026 — 0c0)
RA = _/~L€,5/ We 5Ue 6, R -:/ 7VU5,0 : vus,é,
Q Q O¢,6

R?)’\ = / (0'5,5 - UE,O)VwE,(S : vus,6~
Q
Using (4.7) we get
Oc5 — 0e0 = a(xa, — Xa+) + B (XBs, — XB~)
= (B —a)(xB, — xB*) =e(XB; — XB*)-

Note that so far the expansion is valid for any Bs C {2 (not necessarily symmetric) and any 2 C R%. The next
step consists in providing the expansion of j. s with respect to (¢,d) and to obtain uniform estimates for the
remainders R, and Ry as xp; — xB+ when (2 is a disk and B;s is radially symmetric.

4.3. L°°-estimates

From now on we assume 2 = B(0, 1), Bs is radially symmetric and satisfies assumption (4.5). In this section
we prove L*°-estimates for w.; and R, that will be required later to estimate R. For simplicity, in what
follows ¢ denotes a generic constant independent of (e, d).
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Lemma 4.1. The function w. s is in C°(£2) and we have the estimate
lwe sl ooy < elel 12 + |pesl), - (4.27)
where ¢ > 0 is a constant independent of (g,9).

Proof. In view of (4.20)—(4.21) we have u. o € Hg(£2) and consequently the right-hand side of (4.22)—(4.23)
is in H~1(£2) since 0. is bounded from below. Therefore w. s € Hg(£2) and we actually have the standard
estimate for elliptic partial differential equations:

. Oc,6 — 0:,0)0¢,0
el o < o Jaiv (P22 200000 0 )| ol
(o) H-1(0)
Using [|uc ol g1 (o) < cand 0.5 — 0.0 = e(XI;r — ng) we obtain
Oc,5 —0£,0)0¢,0
el oy < o| T2 TG |
O¢e,$ L2(0)
< (eI 12 + |ne s)- (4.28)

Passing to polar or spherical coordinates and introducing the notation e o(r) := ue,0(x), We 5(r) := we 5(x) for
the functions depending only on r we obtain

102w 5| 20,1y < elelTF V2 + [pe,s
(d—1)/2

)
)

|7 WL 5l 220,1) < C(€|I(§F\1/2 + | e,s

Using Theorem 3.2 and the above inequalities yields

102,51l 2(0,1) < e(el 1512 + e 5)- (4.29)
In view of (4.52) we have
Oe 0y 5 = (03 = 0c0)0e0 aL o+ Fui(r), (4.30)

O¢,8
where

Fn(T) = —Tlid/ =1 (ug,gﬂg,o(t) + )\E,owg,g(t))dt.
0
Therefore, in a similar way as in (3.9) we get

(06,5 - UE,O)US,O ﬂ/

0 + cf| pte,6e,0 + Ac0We 51 L2(0,1)
O¢,8

|oe 0w 51 2(0,1) < ’
L2(0,1)

< el V2 + |nes| + [ @e sl 22 0,m))-
Using (4.29) yields

all @l 5l 12(0,1) < Noe 0@l sll 20,y < elelly V2 + e o) (4.31)

Combining (4.29) and (4.31) we get

@251 1 0,0) < e(elI Y2 + e o)- (4.32)
Using the Sobolev imbedding H!(0,1) < L°°(0,1) we obtain
e sl o 0.1y < (eI 12 + e s]) (4.33)

and (4.27) follows. From (4.32) we also deduce using a standard Sobolev imbedding that w. ;s € C°(0,1) and
consequently w. 5 € C°(02). O
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Lemma 4.2. The function R, is in C°(£2) and we have the estimate

IRullzoo (@) < e((e + |nes)) (T 112 + |pe,s

) + IRAl), (4.34)
where ¢ > 0 is a constant independent of (g,9).

Proof. In view of Lemma 4.1 and its proof, the right-hand side of (4.24)—(4.25) is in H~1(2) since 0.5 is
bounded from below. Therefore R, € H}(§2) and we actually have the standard estimate for elliptic equations:

IRullz (o) <c

div ((0575 — 0:,0) {MV%,O + Vw&g})

O¢,8 HHI(Q)

+ C”Me,é We,s + R)xue,5HL2(Q)

Using the estimates ||uc s||12(0) < ¢ |[ucollmr(2) < ¢, (4.28) and Lemma 4.1 we get

Rullr(0) <c + clpte sl we 5]l L2(2) + [RAl

L2(82)

Oc,56 —0c0
(05,5 _ 0670) {%VUE,O + Vw&g}
67

< (P2 + e wesll g ) + les| | we sl L2 (2) + IRAD
< C((€ + |/’(‘E,5 )(5‘1;‘1/2 + ‘ME,JD + ‘R)\D

Then, in the same way as in the proof of Lemma 4.1 we get the L>®-estimate (4.34) and R, € C°(£2). O

4.4. Main term of the expansion

In this section we assume {2 = B(0,1) is a disk, Bs is radially symmetric and satisfies assumption (4.5). We
compute the main term of the expansion of p. s with respect to € and § and give an estimate for the remainder.
We show that Ry is asymptotically smaller than p. s as (¢,0) — 0 by writing uniform estimates for R . First
of all we introduce the notations

he = 02 | Vue,of?, ho = 09| Vuo,ol, Ry = he — ho.

According to Theorem 3.3 we have u. o € C°(£2) and consequently h. € C'(£2) in view of (3.5). We also clearly
have ho € C*°(£2) so that Ry, € C}(£2). In view of the definitions of 1'5i we have

/ r—r*>0and —/ r—r*>0.
I Iy

Therefore, introducing the notation I(§) we have
1(0) := / (r—r") —/ (r—r*)>0. (4.35)
I Iy

With a slight abuse of notation, in what follows we use the notation h(r), ho(r) and Ry (r), where r = |z|, for
the one-dimensional functions associated with h., hg and Ry,.

Theorem 4.3. We have the expansion
pes = el(0)a™2hi(r*) + Ry, as (g,0) — 0, (4.36)

where R, = O((e¥/? + )&l (0)).
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Proof. First we introduce the decomposition

fes = pe s+ 125 (4.37)
with
e s =:/ Jed Z 00, (4.38)
0 06060
2 Oc,6 — 0g,0
= [ 28T %0p 4.39
o= [ P (4.39)

To get the expansion of u;&, we use a Taylor expansion of hg € C*°(0,1) about r = r*:

ho(r) = holr*) + By(a)r = 77) + T (r oy,

where ¢ € [r*,r] or ¢ € [r,7*] depending on the sign of » — r*. Note that ¢ actually depends on r. Plugging the
Taylor expansion in M;, s we consider the following expansion

pts = pils 4 pl% + pdd (4.40)
with

Ll = ho(r) [ P20,

0¢,60¢,0
_ %
by =) [ e oenltr),
2 0c,50¢,0
pls .:/ (06,6_06’0)h6/(<')(7-_7.*)2.
€,0 0 20’5750'570

We observe that 0. 0.5 = a(a +¢) in I UI; so that in view of |I;7| = |I; | we immediately get
ptls =0. (4.41)

Now we turn to the computation of u!%. We have

- - hy (1)
12 _pr s / r—r / r—r _ 0 s
Heo = ho(r”) I+oza—|—€ i olate) 6oz(oz—l—e)()

= ca2hy(r*)I(0) + Riz(e, 6), (4.42)

with
Riz(e,6) = O(e21(5)).

It holds

e swp Q0 =) [ 106 =) =)l

- 2a(a +€) refre—s.re49)

Since (XI; - ng)(r —r*) > 0 we observe that

[ 100z = xi)6 = 0 = [ G = xip) =1 = 16).
2 2
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We also have, since hg € C*°(0, 1)
sup —|hg(¢)(r —r7)| < 0
re[r*—a,r*44]

Finally this yields using (4.11)
|1t%| < cedl(6). (4.43)

Next, since Ry, € C1(0,1) we consider the expansion
Ri(r) = Ru(r") + R, (C)(r — ")
where ¢ € [r*,r] or ¢ € [r,7*] depending on the sign of  — r*. Note that ¢ depends on r. Introduce
Mg,é = Mg,lé + Mg?é

with

pis = Rh(r*)/ Teb — el

0 06060
22 (0c,6 = 020)RL(O(r —1%)
:U’s,(s T o

0¢,60¢,0

We clearly have, for the same reasons for which we had u;}g = 0, that

p2ls = 0. (4.44)
For “3,25 we use

£
%l <

s (RO] [ 0 =) =)

Oé(Ot + 6) rer*—48,r*+44]

€
— (6 sup R ) 4.45
a@re) ( )re[r*—é,r*+6]| 1(Q)] (4.45)

We now proceed to estimate sup,.c(,«_g -4 |R},(¢)|. First we have

R = (02,0)%|Ve,0|* = (00,0)%| Vo 0* = g3e

with

ge = 0:,0VUc,0 — 00,0 V0,0,

Je = 0c,0VUe 0 + 00,0 Vlg,0.

Next we prove that
IRl Lo (e 2,1y < eVE
We have R}, = gL + g-g.. We have seen in (3.7) that g. satisfies the equation

L) =~ e (1) — AgTolr),
which gives
g (r) = (d — 1) 2 g (r) — v (A (r) — NoTio(r)). (4.46)

Since g || o (0,1) < ¢v/e and [[A (1) — XoTio(r) || oo (0,1) < ¢v/E in view of Theorem 3.3, equation (4.46) yields

‘|g;‘|L“(r*/2,1) < cy/e.
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Using Theorem 3.3 we also get ||ge||=(0,1) < ¢ and we deduce in a similar way ||g.|| (= /2,1) < ¢. Combining
these results with R}, = gLg. + g-g. we get

RN Loo (e 2,1y < eV/e.
Inserting this result into (4.45) we obtain
123 < e=3/21(5) (1.47)
Finally, considering the decomposition
Pes = Hijs + Hes + pasy + HEls + nZ%
and gathering (4.41), (4.42), (4.43), (4.44), (4.47) we have proved (4.36). O

In view of (4.36) we need to show that ea=2h{(r*)I(§) > 0 for all € > 0, § > 0 to prove the main result. Since
a > 0 and () > 0 one should prove that hf(r*) > 0. This is given in the following

Lemma 4.4. If m < then hj(r*) > 0.

Proof. We have hg = 0§ o|Vuo,|* € C*°(2) when 2 = B(0,1). We compute
ho = 208,0%,0176/,0-

We have seen in Section 3 that wugo is given by the Bessel functions (3.3) and (3.4) for d = 2 and d = 3,
respectively. It is a standard result that @ is negative, decreasing on [0, r}] and increasing on [r}, 1], where
0< ré < 1 is defined in Figure 1. Thus we get

ho(r) >0 for r € [0,r}], (4.48)
hy(r) =0 for r =1}, (4.49)
ho(r) <0 for r €]ry, 1]. (4.50)
Thanks to the assumption m < m we get r* < 7Y < r} which completes the proof using (4.48). O

4.5. Estimate of the remainder
In this section we give the estimate with respect to (¢,9) for the remainder R in expansion (4.19).

Theorem 4.5. We have the estimate
Rl < c1(8) (11712 +1(6)) as (¢,0) = 0, (4.51)
where ¢ > 0 is independent of (e, 06).
Proof. Step 1. First of all we define the following functions
Fy := 0. 0Vuep, Fy =0, 90Vweys, Fy:=0.5VR,.

For the sake of simplicity we will denote indistinctly Fpy, Fi, Fp and uc o, we s, R, for the functions taking
arguments in R? or for their one-dimensional counterparts. We decompose Fyy, F; and F5 into a smooth and a
nonsmooth part. In view of (4.22)—(4.23) we have

od. 4 d _1(0e,5 —0c0)0c 0
oyl da[rd 1F1 (r)] = rl d@ rd 1%1@0 + fle 5 U0 + Ac0We 5,
g,
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Dividing by r'~¢ and integrating from 0 to r we get

Ocs — 0c0)0 "
—Td_lFl (,r) — pd-1 %u;o + / =1 (Me,éus,o(t) + A570w575(t))dt,
g, 0

where we have used u/ ((0) = 0 and lim;_o t*~*Fy (¢) = 0. This yields

Fi(r) = - 20 = 0200020, 4 gy, (4.52)

O¢c,5
where ”
Fi(r) = —rlfd/ 17 (e s 0(2) + A owe 5 (t))dt. (4.53)
0
In a similar way, we get

(O'E,é - UE,O)

Fy(r) = —(0e,5 — 0c,0) [ P U/e,o + w;ﬁ + Fy(r), (4.54)
Fy (r) = —r'™4 /O I (g wes + Rattes + AepRo)d (4.55)

and
Fyo(r) = —rt1 /0 371 (A oue,0)dt. (4.56)

In (4.54) we can replace w. 5 using (4.52). After simplification this yields

(05,6 - UE,O)

J¢,0

Fy(r) = — Fii(r) + Foi(r), (4.57)

Step 2. Next we decompose Ri and R‘;’\ in the following way
R} = RY + R+ RY and RY = Ry + R + RY

where
2 2
21 | (0e,5 — 0c0) 2 22 . (0e,5 — 0c0)
R3 .:/ ——————(Fo)7, R = | ———=——Iuk,
2 9e60c0 2 0e80c0
2
23 . (026 — 0c0)
RA .Z/ 27FOF27
2 0500
and

31 . Oc,6 — 0e,0 32 . Oe,6 — 0e,0 2
Ry .:/ TFOFl, Ry = f(}ﬁ) ,
(9] €,0 2

Oe,6 — 0e,0
R§3 Z:/ uFlFQ.
2

0c,00¢,6

Now we compute using (4.52):

2

Oc,5 — 0c,0 Oe,5 — 0c,0 Oe,6 — 0¢,0)0¢,0

R§1+R§1:/ (e = 7e0)” — ) (F0)2+/ —C " Fy _(oes = oeploco g, 1 R,
2 0e60cp 2 0:,0 Oe,s

Oc,6 — 0g,0
= / fFOFll-
2 UE,O
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Using again (4.52) we get
2

Oc,5 — 0c,0
R§\2 +R§\2 _ / ( € 25 )
(0] 0¢,60¢20

2
Oe5 — 00 Oc6 — 0c,0)02,0
+/ e 5 £ l:_(e € ) e VUE,O+F11:|
(9]

UE,O Oe,6

(0e,s —020)0

Ey {— =0 Vie,o + F11}
o5

2

2
0’5—0’0 0',5—0’0
Z/ —7( - 26 ) FoFyy + 22— (Fpp)%
2 05,506,0 O—an

For the other two terms, using (4.52) and (4.57) we get

< Oc,5 — 0g,0 Oc,5 — 0g,0
R§3+R53:/ =0 ¢ {( — )F0+F1] Fy
2 0:00¢5 Oc.6

_ / Oc,5 —0c0 Fiy l:_ (05,6 - UE,O)FH + F21:|
22

0c,00¢,6 J¢,0

_ _ 2
=/ Ted — Ted US’OF11F21 — 7(06’62 7<) (F11)2.
Q

0¢,00¢,5 0c,00¢,6
We proceed with further simplifications by summing all terms:

R3+ R =Ry + R + R + RY + R+ RY

-/,
o),

Og,5 — O¢
=/ M(F0F11+(F11)2+F11F21)~
0 0e60¢0

Oc,5 — 0c,0 - (06,6 - 05,0)2

2 2
UE,O 0-5750-570

FoFyy

2
Oc,6 —0¢g,0 - (06,6 - UE,O)
2 2
UE,O 05,00575

2 Oc,5 — 0g,0
(Fi1) +/ ————F1 Py
0 0e,00¢,68

We have obtained

Oc,6 — 0g,0
0 0e£,60¢0

with
F:=FyFiy + (F11)? + Fi1Foy = Fiy (Fo + Fiy + Fay).

Step 3. Since the functions u. o, we s, us,s and R, are in C%(2) due to Theorem 3.3, Lemmas 4.1 and 4.2, we
get Fy, Fi1, Fby € C1(0,1) and a fortiori F' € C*(0, 1). Therefore it is possible to consider the Taylor expansion

F(r)=F@")+ F'(Q)(r—r)

where ¢ € [r*,r] or ¢ € [r,7*] depending on the sign of r — r*. Replacing in the previous expression we get

RE+ RS = F(r) [ Ty [ TSI gy,

0¢,60¢,0 0¢,60¢,0

Oc,5 — 0c0
/ - 0
0 0e£650¢,0

As already observed above we have
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and

Oe,6 — 9,0 1w . el (9) ,
20 e R r—r < —n 7 su () < e 458
/rz 0¢,60¢,0 (O = ala+e) Te[r*,g’)ﬂ”” (r)] < ( )

We give now an estimate for the supremum in (4.58). We have
F' = Flll(Fo + Fii+ Fo) + F11(F6 + Flll + F2/1)

Using (4.56) we get
sup |Fo(r)| <e.
rer*—48,r*44]
and
Fé = 7“71(1 — d)Fo — /\570’&570

so that

sup |[Fi(r)| < e.
rer*—48,r*44]

According to (4.53) we get
Flll = r_l(l - d)Fll - (Ms,éus,o + )\s,Owe,zS)

so that

sup —[Fy,(r)] < C( sup [Fu(r)] + |pes| + [[wes |L°°(O,1)> :
rer*—6,r*+4) rer —o6,r*+4)

where we have used the fact that u. ¢ is uniformly bounded on {2 independently of € and A, o < ¢ as well. Using
expression (4.53) we get

sup [ Fu(r)] < e|pe ] + [[we sl (0.1))

re[r*—o6,r*+4]
and consequently

sup |FYy (r)] < e|pe o] + lwesll = 0,1))-
re[r*—o,r*+4]

Using Lemma 4.1 we obtain

sup  |Fy(r)] < e(el 112 + e s))-
re[r*—46,r*+4]

According to (4.55) we get

sup [ For (r)] < el|pe slllwe sl Lo o,) + RAT+ [RullL<(0.1))

rer*—48,r*+44)
and
lel(r) = 7'71(1 - d)F21 - (,Ufs,é We 5 + R)\us,é + As,éRu)

so that

sup  |F5(r)| < el|pe,slllweslie(o,1) + [Ral + [Rull L (0,1))-
re[r*—46,r*+4]|

Gathering the previous results we obtain

Wy 5 5]\F’(T)| < c|pes| + lwesllLee(o,n)) (e + [Ral + [IRull L 0,1)))-
rer*—ao,r <+

Plugging this result into (4.58) we obtain

Oc,5 — 0c,0 *
/ ———=F'(Q)(r —17)| < el(0)e(|pe,s| + wesll<(0,1)) (e + [RAl + IRull L (0,1)))-
0 0e,60¢,0
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So finally we have obtained

RS +RAI < el(8)e(lpes] + llwe sl L=0,0)) (e + [Ral + I RullL=(0,1)). (4.59)
Step 4. We have the estimate
[RAL < [pe,slllwe 5]l 2(02) (4.60)
Gathering (4.60) and (4.59) we obtain
Rl = [R5+ R3 +R3
< pe slllwe sl L2y + cel(6)(|pe,s] + llwe sl (0,1)) (¢ + [RAl + [IRull L= (0,1))) (4.61)

Using (4.27), (4.34) and (4.36) we get the estimates
IRullzoe(ay < e®(LFV2 +1(8) + [Ra)),
[we sll L 2y < c(IIF 12 + 1(6)).
Using these estimates in (4.61) yields
[Ral < 1) (112 +1(8)) (e + [Ra) (4.62)

Since £21(8)(|I;|*/? +1(5)) goes to zero when (,0) — 0, we can move the term depending on |R,| in the
right-hand side of (4.62) to the left-hand side and we obtain (4.51). O

4.6. Main result
We can now state the main result of this paper. Let B* = B(0,7*) as given by Proposition 3.1.
Theorem 4.6. If m <™ there exists g > 0 such that for oll B € B we have
Ae(B*) < Ae(B) forall0 <e<eg
and the equality occurs only when B = B* almost everywhere in 2.

Proof. Thanks to Theorem 2.3 we can assume B is radially symmetric. In view of the proof of Corollary 3.10,
for all € > 0 there exists a d(¢) > 0 such that

Ae(Bjey) < Ae(B) (4.63)
holds with §(e) — 0 as € — 0 and J(e) strictly increasing. In view of (4.19) and (4.36) we have
Ae(Bs) = A5 = Aejo + fie,s + Ra(e,0)
= Ao+ l(6)a?hG(r*) + Ry + Ral(e, 6)
According to Theorems 4.3 and 4.5 we have
IR,.| < c(e'/? + 8)el(9)
Ral < es216) (1112 +1(9))

In view of Lemma 4.4 we have h{(r*) > 0. Therefore there exists €9 > 0 and §p > 0 such that for all € < &g
and § < dg we have Ac(Bs) > Az 0 = Ae(B*). In particular one can choose By = Bg‘(e) for € small enough, and

using (4.63) we get

Ae(B) < Ae(Bs) = Ae(Bj(o)) < Ae(B), (4.64)
which gives (4.1). The case A:(Bj.)) = A-(B*) only occurs when [(6(¢)) = 0 which implies Bj ) = B* almost
everywhere in view of (4.35). O
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5. OrpTiIMUM OF TYPE II

The results of Section 4 can be extended to the case of the Type II optimum. The proof is similar, so we
will only give the main results and describe the differences with Section 4. The main difference between optima
of Type I and II is that the minimizers of Type II depend on €, due to the fact that there are two connected
components. The proofs of the results in Section 4 should be modified accordingly.

In this section we assume m > m in order to deal with optima of Type II. Let § > 0 be given, then according
to Theorem 3.9 there exists €q(d) and a radially symmetric set Bj satisfying (3.29), (3.30) and (3.31) for
0 < e < ep(6). For such e we introduce a new set B = BZ ;U B, with

;,O = ]B(Oaé-g)v (51)

and sets I;ik, k = 0,1 such that
L= A{z e 2| xp;, (#) — xp: () = 1}, (5.3)
%= {r e 2] xa:, (@) — xp:, (2) = —1} (5.4)

where Bf = B}, U Bj, as in Theorem 3.9. We also define Ig‘k = I;Jrk U Igik. The positions £2 and ¢! are
chosen so that

/ Xpzto = X0 =0 and / Xpz+r = X =0 (5.5)
Q Q

Such €2 and ¢! exist and are unique. Indeed \I§_0| and \I;'HJ\ are obviously increasing and decreasing functions
of €2, respectively, and continuous as well. For £ small enough we have \I;70| =0 and for £ large enough we
have |I;T°| = 0 so there exists a unique 2 such that |I;~°| = [I;T°|. Due to the volume constraint |B}| = m
and since B has two connected components, £! is uniquely determined by the choice of ¢ and we have
m = |Bjo| + |B5 |

= |I;7° + [BZ o N Byl + |71 + | B2y N Bj 4|

= |01+ B2 ol — [I;7° 1+ 1157+ + |BLy 1 By

_ +1

=B ol + 15| + By N B3|

which yields
1 -1
1157 = m —|Blo| = |BZy N Bj,y| = |BLy| — |BLy N By | = |17,

Thus &2 and &! can be chosen in a unique way so that (5.5) occurs. In addition since B} satisfies (3.29), (3.30)
we have
€€ —l<dand & - <o (5.6)

Following (3.29)—(3.30) we consider any radially symmetric set Bs = Bs,g U Bs 1 such that

B(Oago - 6) - B5,O - B(Oago + 6)’ (57)
B(0,1) \ B(0,£! +d) € Bsa C B(0,1) \ B(0,&! —9),

and satisfying
/ X[;ro — XI{;O =0 and / XI;rl — XI(;I = 0. (59)
2 2
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where I(Sik, k = 0,1 are defined by
I = {2 € Q| X (@) — X2, () = 1}, (5.10)
Ii% = {x e 2| xp,, () — xp:, (v) = —1}. (5.11)
We also define I¥ := I}/ U I;*. Due to assumptions (5.7)—(5.8) and to (5.6) we have

IO c B0, +20) \ B(0,£)),  If' cB(0,&])\ B(0,&! —20),
170 CB(0,&2)\ B(0,£2 —20),  I;" CB(0,&+26)\B(0,&).

As in Section 4, we aim at obtaining an asymptotic expansion of \; 5 = A (Bj) with respect to (e, d) of the type

Ue,§ = Ue,0 + We s + Ru(€, 5)7 (5'12)
)\5,6 = )\5,0 + He s + R)\(gv 6)a (513)

We introduce the notations

and [.(0) = 12(8) — 11(6) > 0. The asymptotic expansions (5.12)—(5.13) follow the same procedure as in
Section 4.2. The L*°-estimates from Section 4.3 are still valid for optima of Type II. The estimate of p. s is
slightly different from the estimate in Section 4.4.

Theorem 5.1. We have the expansion:
fre,s = a2 (ho(E)I2(8) + ho(E)I2(9)) + Ry as (¢,8) — 0, (5.14)
where R, = O((e'/? + 6)el(6)).

Proof. We only discuss the main changes compared with the proof of Theorem 4.3. We use a Taylor expansion
of hg € C>(0,1) about r = £2 and r = ¢l

ho(r) = ho(€9) + B (€0)(r — €0) + M0 () ¢oy2, (5.15)

ho(r) = ho(&2) + ho(62)(r — &) + (r—&)% (5.16)

where (¥ € [¢F 7] or ¢¥ € [r, ] depending on the sign of r — ¢¥. Plugging these Taylor expansions in u;’é we
consider the following expansion
1o 12 13
:us,é - /’65,5 + :us,é + /’65,5 (517)
with

Oc,5 —0e,0 Oc,§ — 0e,0
it = ho(ed) [ TR el [ TeLCm
5

0¢,60¢,0 1 0c,60¢,0
_ _¢0 _ el
,u;?& — hé( g)/ (06,5 O—E,O)(T ge) + hé(é-;)/ (0—8,5 O—E,O)(T gs)’
19 0¢,60¢,0 I} 0¢,60¢,0

13 . / (0e,5 — 0c0)hg (CO)(r — €2)? +/ (0e,5 — 0c0)hg (CH)(r — 551)2.
IO Il

205,505,0 206,505,0
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In view of 0. g0 5 = a(a +¢) in I} and \I;k\ = |ng\, k=0,1 (see (5.9)) we get

/ Ted 790 _ ) and plls = 0. (5.18)
I;“ 0c,60¢,0 ’
The computation of ,u;?é gives

pes = ea(hg(E)12(8) + hy(€2)I2(8)) + Raz(e, 9), (5.19)

with
Riz2(e,0) = (9(52(12(5) — 12(5))

All other terms in the expansion of . s can be estimated by a straightforward adaptation of the proof of
Theorem 4.3. In particular, note that thanks to (5.9) we also have u2l; = 0 as in (4.44). O

g

In view of (5.14) we need to show that the main term ea~2(h(£2)19(8) + hj(¢1)I1(5)) is positive for all € > 0,
§ > 0 to prove the main result. Since @ > 0 and 12(6) > 0, I2(6) < 0 one needs to prove that h{(£2) > 0,
h{(€L) < 0. The proof of Lemma 5.2 is similar to the proof of Lemma 4.4 and is left to the reader.

Lemma 5.2. If m > m then h{(£2) > 0 and hy(EL) < 0 for e small enough.

Finally we need to estimate the remainder Ry as in Section 4.5. The proof follows the same ideas as in
Theorem 4.5 with the difference that we need to consider the two connected components of Bs here.

Theorem 5.3. We have the estimate

ENE=AD (u;|1/2+zg(5)) as (£,6) — 0, (5.20)

where ¢ > 0 is independent of (e, 06).

Proof. Step 1 and Step 2 are identical to the corresponding steps in the proof of Theorem 5.1. Then, as in the
proof of Theorem 5.1 we introduce the function

F = FyFyy + (F11)* 4 Fi1Foy = Fiy(Fo + Fip + Foy).

Since the functions u. g, we s, uss and R, are in Co(ﬁ) due to Theorem 3.3, Lemma 4.1 and 4.2, we get
Fo, Fi1, Fo1 € CY(0,1) and a fortiori F € C1(0,1). Therefore it is possible to consider the Taylor expansions

F(r) = F(&) + F'(¢°)(r - &)
F(r)=F(&)+ F(C)r - &)

where ¢* € [¢F 7] or (¥ € [r, €F] depending on the sign of » — &¥, k = 0, 1. This leads to

RE+RE = 3 F(eh) [ sy [ T prghy b,
5,

k=01 I;“ 0c,60¢,0 0c,60¢,0

Thanks to (5.5) we have
/ Ted T9E0 g for =0, 1.
Iy

0¢,60¢,0

We also have
155
<O o PE)<e (5.21)

0¢,60¢,0 a(a +€) rejer—s.eh+4] B

P (TS
7
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The rest of the proof is similar to the corresponding part in the proof of Theorem 5.1, except that the estimates
have to be written on the two components I§ and I}. Finally we obtain

[RAl< 2L(6) (112 + 1:(9) (e + [RA]) (5-22)

Since e21.(0)(|I; |*/? + 1.(8)) goes to zero when (£,5) — 0, we can move the term depending on |R,| in the
right-hand side of (5.22) to the left-hand side and we obtain (5.20). O

Finally we obtain the main result for optimizers of Type II.

Theorem 5.4. If m > m there exists g > 0 such that for all B € B and for all 0 < & < g¢ there exists £2, &}
such that
Ae(BZ) < A (B)

where B = BZ U BZ 5 with

BZ, =B(0,&), (5.23)

BI, =1B(0,1)\B(0,&}), (5.24)
and the equality occurs only when B = B almost everywhere in 2. In addition we have

(€,¢) — (€°,¢") ase — 0. (5.25)

Proof. The proof is similar to the proof of Theorem 4.6 and is left to the reader. The convergence (5.25) is
readily seen from the fact that d(¢) — 0 as ¢ — 0 and from (5.6) we get |¢F — ¢F| < 5(e) for k =0, 1. O

6. CONCLUSION

In this paper we have exhibited global minimizers of the ground state for two phase conductors in low contrast
regime, i.e. when 3 — o = ¢ is small, and when {2 = B(0, 1). The result have been obtained in two and three
dimensions for simplicity but can be easily extended to higher dimensions, the only difference residing in the
solutions of the one-dimensional equation (3.1)—(3.2). The global minimum depends on the volume constraint
|B| = m. When m < m the minimizer is a centered disk, and when m > T the minimizer is the union of a
centered disk and of a centered ring touching the boundary of 2. When m > m, the global optimizer depends
on ¢, which was to be expected since the optimal set has two connected components. In the general case, i.e.
when 5 > 0 and « > 0 are arbitrary, we conjecture that the global minimizers are also of this nature, i.e. of
Type I or of Type II as introduced in Proposition 3.1, and that the threshold m depends on («, 3). However,
the strategy developed in this paper cannot be applied in the general case and a new idea should be found to
solve this question.

It does not seem that the technique used in this paper can be extended to the case where (2 is not a ball.
Indeed the foundation of our result is the convergence of the gradient in L°°({2) in Theorem 3.3 which relies
on the additional regularity provided by the radial symmetry of the problem. Without this symmetry, the
convergence is unlikely as the gradient may have singularities for a nonsmooth set B. Even if the eigenvalue can
be lowered as in Theorems 3.7 and 3.9, it is not even known if problem (1.4)—(1.5) has a solution so we could
not prove yet a result such as Corollary 3.10. Consequently for a general {2 the primary mathematical question
is to determine the existence of a solution to (1.4)—(1.5).
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