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GLOBAL OPTIMIZATION WITH POLYNOMIALS AND THE
PROBLEM OF MOMENTS*

JEAN B. LASSERRET

Abstract. We consider the problem of finding the unconstrained global minimum of a real-
valued polynomial p(z) : R™ — R, as well as the global minimum of p(z), in a compact set K defined
by polynomial inequalities. It is shown that this problem reduces to solving an (often finite) sequence
of convex linear matrix inequality (LMI) problems. A notion of Karush-Kuhn—Tucker polynomials
is introduced in a global optimality condition. Some illustrative examples are provided.

Key words. global optimization, theory of moments and positive polynomials, semidefinite
programming

AMS subject classifications. 90C22, 90C25

PII. S1052623400366802

1. Introduction. Given a real-valued polynomial p(z) : R™ — R, we are inter-
ested in solving the problem

1.1 P * = mi

(1.1) = p" = min p(a),

that is, finding the global minimum p* of p(x) and, if possible, a global minimizer z*.
We are also interested in solving

(1.2) Px = pi = min p(z),

where K is a (not necessarily convex) compact set defined by polynomial inequalities
gi(x) > 0, i =1,...,r, which includes many applications of interest and standard
problems like quadratic, linear, and 0-1 programming as particular cases.

In the one-dimensional case, that is, when n = 1, Shor [17] first showed that
(1.1) reduces to a convex problem. Next, Nesterov [13], invoking a well-known rep-
resentation of nonnegative polynomials as a sum of squares of polynomials, provided
a self-concordant barrier for the cone Ks, of nonnegative univariate polynomials so
that efficient interior point algorithms are available to compute a global minimum.

However, the multivariate case radically differs from the one-dimensional case, for
not every nonnegative polynomial can be written as a sum of squares of polynomials.
Even more, as mentioned in Nesterov [13], the global unconstrained minimization of a
4-degree polynomial is an NP-hard problem. Via successive changes of variables, Shor
[18] (see also Ferrier [5]) proposed to transform (1.2) into a quadratic, quadratically
constrained optimization problem and then solve a standard convex linear matrix
inequality (LMI) relaxation to obtain good lower bounds. By adding redundant
quadratic constraints one may improve the lower bound and sometimes obtain the
optimal value.

In this paper, we will show that the global unconstrained minimization (1.1) of
a polynomial can be approximated as closely as desired (and often can be obtained
exactly) by solving a finite sequence of convex LMI optimization problems of the
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same flavor as in the one-dimensional case. A similar conclusion also holds for the
constrained optimization problem Py in (1.2), when K is a compact set, not neces-
sarily convex, defined by polynomial inequalities. The difference between nonnegative
and strictly positive polynomials is the reason why, in some cases, only an asymp-
totic result is possible. Indeed, for the latter, several representations in terms of
weighted sums of squares are always possible, whereas few results are known for the
former. However, from a numerical point of view, the distinction is irrelevant. In the
constrained case, the nonnegative squared polynomials in the representation of the
polynomial p(x)—p% can be interpreted as generalized Karush-Kuhn—Tucker multipli-
ers whose value at a global minimizer are precisely the original Karush-Kuhn-Tucker
scalar multipliers. This representation of nonnegative polynomials thus provides a
natural optimality condition for global optimality.

When the optimal value is obtained at a particular LMI relaxation, the con-
strained global optimization problem thus has a natural “primal” LMI formulation,
whose optimal solution provides a global minimizer, whereas an optimal solution of
the dual LMI problem provides the Karush-Kuhn—Tucker polynomial multipliers in a
representation of p(x) — p}.. Hence, the primal and dual LMI formulations perfectly
match both sides of the same theory (moments and positive polynomials).

This approach is also valid for handling combinatorial problems, e.g., 0-1 program-
ming problems, since the integrality constraint x; € {0,1} can be written 27 —z; > 0
and x; — z2 > 0. An elementary illustrative example is provided. We finally consider
the general convex quadratic, quadratically constrained problem and provide a nat-
ural exact LMI formulation for both primal and dual problems (the Shor relaxation
and its dual). The standard linear programming problem also appears as a particular
case.

In [13], for the univariate case, the idea was to characterize the nonnegative
polynomial p(z) — p* as a sum of squares. However, we will adopt a dual point of
view. Namely, we replace P and Px with the equivalent problems

1.3 P = i d
(1.3) - p= i / p(z) p(dz)
and

(1.4) Pr — p* = Mer%i(r;() /p(x)u(dx),

respectively, where P(R™) (respectively, P(K)) is the space of finite Borel signed
measures on R™ (respectively, on K). That P is equivalent to P is trivial. Indeed,
as p(x) > p*, then [pdu > p* and thus inf P > p*. Conversely, if z* is a global
minimizer of P, then the probability measure p* := §,+ (the Dirac at *) is admissible
for P. We then observe that if p is a polynomial of degree, say m, the criterion to
minimize is a linear criterion a’y on the finite collection of moments {y, }, up to order
m, of the probability measure p. We can then in turn replace P (respectively, Pk )
with an optimization problem on the ¥, variables with the constraint that the y,’s
must be moments of some probability measure . The theory of moments provides
adequate conditions on the y, variables. It has been known for a long time that the
theory of moments is strongly related to—and in fact, in duality with—the theory of
nonnegative polynomials and Hilbert’s 17th problem on the representation of nonneg-
ative polynomials. For the historical development and recent results on the theory
of moments, the interested reader is referred to Berg [1], Curto and Fialkow [2], [3],
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Jacobi [8], Putinar [15], Putinar and Vasilescu [14], Simon [19], Schmiidgen [16], and
references therein.

The paper is organized as follows. We introduce the notation and some prelim-
inary results in section 2. The unconstrained case is treated in section 3 and the
constrained case (1.2) in section 4. Some elementary as well as nontrivial examples
are presented for illustration. In the last section we show that when p(z) — p}, is a
weighted sum of squares, then the squared polynomials can be interpreted as general-
ized Karush—Kuhn—Tucker multipliers. The convex quadratic case is also investigated.

2. Notation and preliminary results. Let

(2.1) 1,01, @y e ey Ty Ty T1X,y e vy 1Ly, BTy e vy Ty, T, T
be a basis for the m-degree real-valued polynomials p(z) : R™ — R, and let s(2m)
be its dimension. We adopt the following standard notation. If p(z) : R™ — R is an

m-~degree polynomial, write

(2.2) pz) = Zpaa:“ with % = z{"25?--- 20" and Zai < m,
a i

where p = {po} € R*(™) is the coefficient vector of p(z) in the basis (2.1). When
needed, a polynomial of degree m can be considered as a polynomial of higher degree,
say r, with coefficient vector p € R*(")| where the coefficients of monomials of degree
higher than m are set to zero.

Given an s(2m)-vector y := {yo} with first element yo.. .o = 1, let M,,(y) be
the moment matrix of dimension s(m), with rows and columns labeled by (2.1). For
instance, for illustration and clarity of exposition, consider the two-dimensional case.
The moment matrix M,,(y) is the block matrix {M; ;(y)}o<i, j<om defined by

Yitj0  Yitj—1,1 - Yi i
I e
Yii Yidj—1,1 -+ Y0,i+j

where y; ; represents the (i + j)-order moment [ 'y’ p(d(z,y)) for some probability
measure p. To fix ideas, when n = 2 and m = 2, one obtains

1 | Y10 Yo \ Y2,0 Y11 Yo,2
Y10 | Y20 Y11 | Y30 Y21 Y12
Ma(y) = Yo,1 l yil Z/SQ l yil yi2 ZJES
Y20 | y30 Y21 | wvao ¥z1 Y22
yia | oyer w2 | owsa Y22 13
| Yo,2 | Y1,2  Yo,3 \ Y22 Y1,3 Yo4 |

For the three-dimensional case, M,,(y) is defined via blocks {M; ; x(y)}, 0 < 4,5, <
2m in a similar fashion, and so on.

Let y = {ya} (with yo,.. 0 = 1) be the vector of moments up to order 2m of
some probability measure p,. Let A,, be the vector space of real-valued polynomials
q(z) : R® — R of degree at most m. Identifying ¢(z) with its vector ¢ € R3(™) of
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coefficients in the basis (2.1), one may then define a bilinear form (., ), : Ay, x A, — R
by

(24)  {a@) b))y = (0. Mn(0)p) = S (ot = [ @bl (o).

[e%

This bilinear form also defines a positive semidefinite form on A,, since

(2.5) (o) ale))y = S (ava = [ a(e) myfdo) = 0

e

for all polynomials g(z) € A,,. The theory of moments identifies those sequences y
with M., (y) = 0 that correspond to moments of some probability measure p, on R™.

We first briefly outline the idea developed in the next section: With K an arbitrary
(Borel) subset of R™, one first reduces Px to the equivalent convex optimization
problem P,

(2.6) Px — uer%l)i(r}() /p(:c) du,

on the space of Borel probability measures p with support contained in K. Indeed,
we have the following.

ProposiTION 2.1. The problems Px and Px are equivalent, that is,

(a) inf Py = inf Pk.

(b) if z* is a global minimizer of Py, then p* := 6.+ is a global minimizer of Pk .

(¢) assuming Pk has a global minimizer, then, for every optimal solution p* of
Pk, p(x) = minPg, p*-almost everywhere (u*-a.e.).

(d) if x* is the unique global minimizer of Py, then p* := 64+ is the unique global
manimizer of Pk .

Proof. (a) As for every z € K, p(x) = [pdb,, it follows that inf Pr < infPg
(including the case —o0). Conversely, assume that p* := inf Px > —co. As p(z) > p*
for all x € K, it follows that [ pdu > p* for every probability measure p with support
contained in K.

(b) This proof is trivial.

(¢) From (b), Px has at least one optimal solution. For an arbitrary optimal
solution p*, we have [ pdp* = p* with p* = minPx. Assume that there is a Borel set
B C K such that p*(B) > 0 and p(x) # p* on B, that is, p(z) > p* on B. Then,

/pdu* = /pdu*+/ pdu” > p*,
B K—-B

in contradiction with [ pdu* = p*.

(d) This proof follows from (c). 0

Observe that since p(z) is a polynomial of degree, say m, the criterion [ pdu
involves only the moments of u, up to order m and, in addition, is linear in the
moment variables. Therefore, one next replaces p with the finite sequence y = {y,}
of all its moments, up to order m, that is,

n
Ve ::/xo‘du, S =k k=0,1,...,m,
=1
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and one works with the finite sequence y of the moments of p, up to order m, in-
stead of p itself. Of course, not every sequence y has a representing measure p; that
is, given an arbitrary finite sequence y, there might not be any probability measure
1, all of whose moments up to order m coincide with the y, scalars. In the one-
dimensional case, characterizing those sequences y that have a representing measure
on X (respectively, on [0,00) and [a,b]) is called the (truncated) Hamburger (respec-
tively, Stieltjes and Hausdorff) moment problem (see Curto and Fialkow [3] or Simon
[19] and references therein). The various necessary and sufficient conditions for the
existence of a representing measure p, all invoke the positive semidefiniteness of the
related (Hankel) moment matrix

Yo 1 Y2 . Ym
(27) Hm(y) — U1 Y2 . . Ym+1
Ym  Ym+1 . Y2m—1 Yom

(see, for instance, the various conditions related to the truncated Hamburger, Stielt-
jes, and Hausdorff moment problems in Curto and Fialkow [3]). For trigonometric
polynomials, Toeplitz matrices are the analogues of the Hankel matrices.

As mentioned earlier, this theory of moments is in duality with the theory of
nonnegative polynomials and Hilbert’s 17th problem on the representation of nonneg-
ative polynomials as sum of squares (always possible in the one-dimensional case).
However, the multivariate case radically differs from the univariate case, for not ev-
ery nonnegative polynomial can be written as a sum of squares. Also, in contrast to
the univariate case, with M,,(y) the moment matrix previously introduced (in lieu
of the Hankel matrix (2.7)), there are vectors y for which M,,(y) > 0 but with no
representing measure fi,.

3. Unconstrained global optimization. Let p(z) : R" — R be a real-valued
polynomial of degree 2m with coefficient vector p € R*(™). Since we wish to minimize
p(z), we may and will assume that the constant term vanishes, that is, pg = 0. Let
us introduce the following convex LMI optimization problem (or positive semidefinite

(psd) program):

inf > Palas
«@

(3.1) Q —
or equivalently,
inf aYas
(3-2) Q K Z -
. (g
> WaBa = —Bo,

a#0

where the matrices By and B, are easily understood from the definition of M,,(y).
The dual problem Q* of Q is the convex LMI problem defined by
sup (X, =By) (= -X(1,1)),

(3.3) Q" — (X, By,)
X

Pas a#0,

Yl
L
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where X is a real-valued symmetric matrix and (A, B) stands for the usual Frobenius
inner product trace(AB) for real-valued symmetric matrices. The reader is referred
to Vandenberghe and Boyd [20] for a survey on semidefinite programming.

We first have the following result.

PROPOSITION 3.1. Assume that Q* has a feasible solution. Then Q* is solvable
and there is no duality gap, that is,

(3.4) infQ = maxQ*.

Proof. The result follows from the duality theory of convex programming if we can
prove that there is a feasible solution y of Q with M,,(y) > 0. Let u be a probability
measure on R™ with a strictly positive density f with respect to the Lebesgue measure
and with all its moments finite; that is, u is such that

Yo = /:Eo‘du<oo

for every combination oy + o + o, =7, 7 = 1,2,.... Then the matrix M,,(y), with
y as above, is such that M,,(y) = 0. Indeed, for every polynomial ¢(z) : R™ — R, we
have

(a(@),q(2))y = (g Mm(y)a) = /qg(x)u(dx) (by (2.5))

~ [ 4t 1@ ds
> 0 whenever ¢ # 0 (as f > 0).

Therefore, y is feasible for Q and M,,(y) > 0, the desired result. 0

Let p(z) : R® — R be a real-valued polynomial with py := p(0) = 0. The first
result of this paper is as follows.

THEOREM 3.2. Let p(x) : R™ — R be a 2m-degree polynomial as in (2.2) with
global minimum p* = minP.

(i) If the nonnegative polynomial p(x) — p* is a sum of squares of polynomials,
then P is equivalent to the convex LMI problem Q defined in (3.1). More precisely,
min Q = minP and, if x* is a global minimizer of P, then the vector

*

(3.5) y* o= (xh, . (@) atas, . ()P (20)P™)
is a minimizer of Q.

(ii) Conversely, if Q* has a feasible solution, then min P = min Q only if p(xz) —p
s a sum of squares.

Proof. (i) Let p(x) — p* be a sum of squares of polynomials, that is,

*

T
(36> p(.’lf) _p* = Z%‘@)Qa S Rn,
i=1
for some polynomials ¢; () : R* — R, with coefficient vector ¢; € R*(™) i =1,2,... 7.
Equivalently,

(3.7) p(x) —p* = (X, M (y)), r eR",
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with X =37 ¢;¢} and y = (@1,..., (z1)*™, ..., (2,)*™). But from (3.7) and
pl) —p* = —p" + > paz®,

it follows that
X(1,1) = —p* and (X, B,) = p, forall a#0

so that (as X > 0) X is feasible for Q* with value —X(1,1) = p*. Next, observe that
y* in (3.5) is feasible for Q with value p* so that min Q = maxQ* and y* and X are
optimal solutions of Q and Q*, respectively.

(ii) Assume that Q* has a feasible solution and minP = min@Q. Then, from
Proposition 3.1, Q* is solvable and there is no duality gap, that is, maxQ* = inf Q =
min@Q. Let X* be an optimal solution of Q*, guaranteed to exist. Write X* =
> Nigiq; with the ¢;’s being the eigenvectors of X* corresponding to the positive
eigenvalues \;, 1 =1,...,7.

As X := maxQ* = minQ, and min Q = minP, let y* as in (3.5) be an optimal
solution of Q. From the optimality of both X* and y*, we must have

(X7, Mm(y")) = 0.

Equivalently,
0= Z)\i<QiaMm(y*)Qi> = Z)\i(h(x*)2~
i=1 =1
For an arbitrary x € R, let

— 2
Y= (T1,. oy Tn, TT, T1T2, ..., Ty oy T

so that, as we did for x*,
s
(X5, Min(y)) = > Nigs()*.
i=1

On the other hand,

(X*, M () = A"+ D yalX", Ba)
a#0

=X+ Paya = N +p().
a#0

Therefore, as X* is optimal, —X*(1,1) = —A\* = p*, and we obtain
S Nai(@)? = pla) —p",
i=1

the desired result. ]
From the proof of Theorem 3.2, it is obvious that if minQ = minP, then z* is
a root of each polynomial ¢;(z), where X* = 3", ¢;¢; at an optimal solution X* of
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Q*. When p(z) — p* is a sum of squares, solving the dual LMI problem Q* provides
the ¢; polynomials of such a decomposition. As a corollary, we obtain the following.

COROLLARY 3.3. Let p(z) : R — R be a real-valued polynomial of degree 2m.
Assume that Q* has a feasible solution. Then,

(3.8) p(x) —p* = Z ¢i(2)? — [min P — inf Q]
i=1
for some real-valued polynomials ¢;(x) : R™ — R of degree at most m, i =1,2,...,r.

The proof is the same as the proof of Theorem 3.2(ii), except now we may not
have min Q = min P, but instead inf Q < minP. Hence, inf Q always provides a lower
bound on p*.

Corollary 3.3 states that one may always write p(z) — p* as a sum of squares of
polynomials up to some constant whenever Q* has a feasible solution.

One may ask whether a nonnegative polynomial can be “approached” by polyno-
mials that are the sum of squares. The answer is yes (see Remark 3.6 below).

Ezample 1. Consider the polynomial p(z) : R? — R

(z1,22) — (7 +1)* + (23 +1)° + (21 + 22 + 1),

It is not obvious a priori that with z* a global minimizer, p(z) —p* is a sum of squares.
Solving Q yields a minimum value of —0.4926, and from the solution y, one may check
that

y = (1,23, (@)% #ia, (@3)%, . (@), (25)7),

with 27 = 25 = —0.2428, is a good approximation of a global minimizer of P since
the gradient vector
ap@ﬁé ) 8])(1‘?1‘3)

= = 4x107°.
6{E1 8562 *

Solving Q* yields

0.4926 1.0000 1.0000 -0.0196 —-0.0316 —0.0668

1.0000  3.0392 1.0316 0 —0.0276 —0.1666
X 1.0000 1.0316  3.1335 0.0276  0.1666 0
—0.0196 0 0.0276  1.0000 0 —0.5539
—0.0316 —0.0276 0.1666 0 1.1078 0
—0.0668 —0.1666 0 —0.5539 0 1.0000

with eigenvalues
[1.0899, 1.5414, 2.0885, 0.4410, 0.0000, 4.6123]
and corresponding eigenvectors

0.05679  0.0144 0.0163  0.0675  0.9414 —0.3246
—-0.0972  0.1118  0.6999 —0.0759 —0.2286 —0.6559
0.1010 —0.0657 -0.6861 0.0114 —0.2286 —0.6800
0.0224 —-0.7105 0.0503 —0.6993 0.0555 —0.0092
—0.9882 —0.0334 —0.1368 —0.0028 0.0555 —0.0242
—0.0006 0.6907 —0.1337 —0.7075 0.0555  0.0377
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Ezample 2. Consider the polynomial p(z) : R? — R
(x1,29) — (22 +1)% + (22 +1)% = 2(x1 + 20 + 1)
Solving Q yields an optimal value p* ~ —11.4581 and an optimal solution
(x7,25) = (1.3247,1.3247)
with corresponding gradient

Op(eix3) _ Op(ei.e) _ oo o
61‘1 8332 ' '

Solving Q* yields an optimal solution

11.4581 —2.0000 —2.0000 —1.0582 —1.1539 —1.2977

—2.0000 2.1164 —0.8461 0 —0.0868 0.2676
X* —2.0000 —0.8461 2.5953  0.0868 —0.2676 0
—1.0582 0 0.0868 1.0000 0 —0.4625
—1.1539 —0.0868 —0.2676 0 0.9250 0
—1.2977  0.2676 0 —0.4625 0 1.0000

The eigenvalues of X* are
[1.2719, 1.4719, 0.5593, 0.0000, 3.2582, 12.5336)
with corresponding eigenvectors (in columns below)

0.0854 —0.0552 —0.0615 0.2697 0.0177 —0.9554
0.5477  —0.16568 —0.3615 0.3573 —0.6204 0.1712
0.3274 —-0.2171 -0.2965 0.3573 0.7740  0.1760
0.2384  0.6906  0.4831 0.4733 0.0403  0.0847
—0.6736  0.2490 —0.4967 0.4733 —0.0744 0.0896
—0.2740 —-0.6191 0.5454 0.4733 —0.0919 0.1081

Hence,

p(z1,22) — p*
~1.2719(0.0854 + 0.5477x1 + 0.3274x5 + 0.23842% — 0.6736x1 25 — 0.274023)2
+1.4719(—0.0552 — 0.1658z1 — 0.2171x5 4 0.690627 + 0.2490z1 22 — 0.619123)?
+0.5593(—0.0615 — 0.3615x1 — 0.2965z5 + 0.48312% — 0.4967x1 75 + 0.545423)?
+3.2582(0.0177 — 0.6204x1 + 0.7740z5 + 0.04032% — 0.0744x1 25 — 0.091923)2
+12.5336(—0.9554 + 0.17122; + 0.1760x5 + 0.08472% + 0.08962 29 + 0.108123)2.

General case. We now provide a result valid in the general case, that is, when
p(z) — p* is not necessarily a sum of squares.

We first need to introduce some notation: Let ¢(z) : R
polynomial of degree w with coefficient vector ¢ € R3(®),

If the entry (4, ) of the matrix M,,(y) is ys, let 5(ij) denote the subscript § of
yg. Let My, (qy) be the matrix defined by

" — R be a real-valued

(3.9) Mi(ay) (i, 1) = Y da¥ipiii)+a)-
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For instance, with

1 yi0o you
Mi(y) =] vio ¥y20 Y1 and z — ¢(z) = a— 2] — 23,
Yo1 Y11 Yo2
we obtain
a — Y20 — Yo2, ayio — Y30 — Y12, aYo1 — Y21 — Yo3
Ml(qy) = ayio — Yso — Y12, AY20 — Y40 — Y22, AaY11 — Y31 — Y13
aYor — Y21 — Yo3, AYi1 — Y31 — Y13, AaYo2 — Y22 — Yo4
Let {yo} (with yo = 1) be an s(2m)-vector of moments up to order 2m of some

probability measure u, on R”. Then, for every polynomial v(z) : R™ — R, of degree
at most m, with coefficient vector v € R3(™),

(3.10) (v, My (qy)v) = / g(@)o()? iy (dx).

Therefore, with K, := {z € R"|g(z) > 0}, if u, has its support contained in K,
then it follows from (3.10) that M,,(qy) = 0.

Suppose that we know in advance that a global minimizer z* of p(z) has norm
less than a for some a > 0, that is, p(z*) = p* = minP and ||2*|| < a. Then, with
x — 0(x) = a® — ||z]|?, we have p(x) — p* > 0 on K, := {0(z) > 0}.

We will use the fact that every polynomial p(x), strictly positive on K,, can be
written

p(z) = Z%(w)2 +9(m)th(x)2,

for some polynomials ¢;(z),t;(z), ¢ = 1,...,7m, j = 1,...,7r2 (see, e.g., Berg [1, p.
119]). For every N > m, let QY be the convex LMI problem

inf Zpayou
Yy

11 N o

(3:.11) Q. My(y) = 0,
My_1(0y) = O.

Writing My—_1(0y) = 3", YaCa., for appropriate matrices {C,}, the dual of QY is the
convex LMI problem

sup —X(1,1) —a?Z(1,1),
(3.12) (QM)*{ x,zx0
(X,Ba) +(Z,Ca) = pa, a#0.
Now we have the following theorem.
THEOREM 3.4. Let p(x) : R™ — R be a 2m-degree polynomial as in (2.2) with
global minimum p* = minP and such that ||z*|| < a for some a > 0 at some global

minimizer x*. Then
(a) as N — oo, one has

(3.13) inf QY 1 p*.
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Moreover, for N sufficiently large, there is no duality gap between Qév and its dual
(QN)*, and (QN)* is solvable.
(b) minQY = p* if and only if

T1 T2
(3.14) p(z) —p* = Z qi(7)* + 0(x) th(x)2
i=1 j=1
for some polynomials q;(x), i =1,...,r1, of degree at most N, and some polynomials

ti(z), j=1,...,72, of degree at most N — 1. In this case, the vector
(3.15) y* o= (xh, . (@) et (@)Y, (20)HY)

is a minimizer of QN. In addition, max(QN)* = minQY and for every optimal
solution (X*,Z*) of (QN)*,

(3.16) pa) —p* =Y Ngi(x)? +0(x) Y it (),
i=1 j=1

where the vectors of coefficients of the polynomials ¢;(x),t;(x) are the eigenvectors of
X* and Z* with respective eigenvalues A;, ;.
Proof. (a) From z* € K,, and with

y* = (xT, R (zT)QNv ceey (x:L)zN)v
it follows that My (y*), My_1(0y*) = 0 so that y* is admissible for QY and thus
inf QY < p*.
Now, fix € > 0 arbitrary. Then, p(z) — (p* — €) > 0 and, therefore, there is some
Ny such that

p(z) —p*+e = Zczi(w)2 +0(x) Z?fj(x)2

for some polynomials g;(z), i = 1,...,71, of degree at most Ny, and some polynomials
ti(z), 7 =1,...,rs, of degree at most Ny — 1 (see Berg [1, p. 119]).

Let q; € RS(N"),tj e R*WNo—1) be the vector of coefficients of the polynomials
gi(x),tj(x), respectively, and let

71 T2
X = quq{” 7 = tht;
i=1 j=1

so that X, Z = 0. It is immediate to check that (X, Z) is admissible for (QX°)* with
value —X (1,1) — a%2Z(1,1) = (p* — €). From weak duality it follows that inf QNo >
—(X(1,1) + a®Z(1,1)) = p* — ¢, and the desired result follows from

p* —e < infQY° < p*.

We next prove that there is no duality gap between QY and its dual (QY)* as soon
as N > Ny. Indeed, let p be a probability measure with uniform distribution in K.
Let y, = {yo} with

Yo = /m“u(dw)
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for all combinations («y,...,ay,) =r,r=1,...,N. All the y,’s are well defined since
u has its support contained in the compact set K,. From (2.4),

(0. M(0)0) = [ a@fuldz) > 0 whenever 0 # g & R,

and from (3.10),
(0. My-1(69,)0) = [ 0(@)a(@)ulde) > 0 whenever 0 £ g € RV,

It follows that My (y,), Mn—1(0y,,) = 0; that is, y,, is (strictly) admissible for QY and,
as (QN)* has an admissible solution, from a standard result in convex optimization,
there is no duality gap between (QY)* and QY. In addition, (QY)* is solvable, that
is, sup(QY)* = max(QY)*.

That inf QY 1 p* follows from the fact that, obviously, My(y) = 0 implies
Mp:(y) = 0 for every N > N’ (since My-(y) is a submatrix of My(y)) and simi-
larly for My _1(fy). Therefore, for every solution y of QY, the adequate truncated
vector 3’ is admissible for Q¥ /, whenever N/ < N, with the same value. Hence,
inf QY > inf Qév/ whenever N > N'.

(b) Only if part. That y* in (3.15) is a minimizer of QY is obvious. From (a)
we know that there is no duality gap between QY and (QN)* for N sufficiently large,
and (QY)* is solvable. Therefore, for N sufficiently large, let (X*, Z*) be an optimal
solution of (QN)* guaranteed to exist.

As X* = 0,Z* = 0, write

T1 T2
X" = Z&%‘qg; zr = Z%‘tjt},
i=1 j=1

where the ¢;’s (respectively, the t;’s) are the eigenvectors of X* (respectively, Z*),
with eigenvalues \; (respectively, ;). With

)2N

y=(21,. Tny..., (21 ,...,(zn)2N),

we have

(X*, My (y) +(Z*, My_1(0y)) = X*(1,1) + a®Z*(1,1)
+Zya[<X*7Ba> +(Z*,Ca)]
a#0
= X*(1,1) + a®Z*(1,1) + p(x)

*

p(z) —p*,

where the last equality follows from
min QY = p* = max(QY)* = —X*(1,1) — a®Z*(1,1).

On the other hand,

71

(X*, Mn(y)) = > Nilai, My (9)as) = Z/\iQi(x)2

i=1
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and

<Z*7MN71(9?/ Z'Yj tjaMN 1(93/ Z'VJ
j=1

Therefore,

= Ng(@)® +0(x) > ts(x)?,
i—1 J=1

the desired result.

If part. If (3.14) holds, then one proves as in (a) (but with € = 0) that sup(QY)* >
p* so that, in fact, max(QY)* = p* = min QY for N sufficiently large. d

Thus, one may approach the global optimal value p* as closely as desired by
solving a finite number of convex LMI problems QY and if p(z) — p* (which is only
nonnegative and not strictly positive) can be written as a weighted sum of squares, one
obtains the exact optimal value by solving a finite number of problems QY. However,
from a computational point of view, the remark is irrelevant, especially if one solves
QX with an interior point method.

REMARK 3.5. Theorem 3.4 also applies for the global minimization of p(x) on
K, if K, does not contain any global minimizer of p(x) on R™. It suffices to replace
p* with 6* := mingecx, p(z).

Ezample 3. Consider the polynomial p(z) : R? — R,

z — p(r) = zix3(x? + 23— 1).
1+ p(x) is positive but is not a sum of squares (see Berg [1]). A global minimizer of
p(z) is 2% = 23 = 1/3 with optimal value p* = —1/27.

Solving the LMI problem @Q in Theorem 3.2 yields an approximated optimal value
of —33.157352 < p*. With K; (the unit ball), solving Q3, one obtains ezactly the
global minimum p* and a global minimizer z*. In fact, as p(x) contains only even
powers of z1 and z9, y* is the convex combination of 0.5y} + 0.5y5 with y7, y5 being
the sequences of moments corresponding to the Dirac measures at x} = —\/m and
at x5 = \/1/737 respectively.

This shows that in some cases one will obtain the exact global optimal value
with few trials. In the present example, p(x) is of degree 6 and we do not need to
increase the degree to get the weighted sum of squares (3.14) when it exists; that is,
¢i(2)?,t;(z)? in (3.14) are of degree at most 6, as p(x).

REMARK 3.6. One may ask whether a nonnegative polynomial can be “ap-
proached” by polynomials that are sums of squares. An answer is given in Berg [1].
Indeed, let A be the space of real-valued polynomials p(x) : R" — R equipped with the
norm ||p(x)||.a = ||p|| with p the (finite-dimensional) vector of the coefficients of p(x)
(for instance, in the (extended) basis (2.1)). Then, the cone X of polynomials that
are sums of squares is dense (for the norm ||.||4) in the set of polynomials that are
nonnegative on [—1,1]™.

For instance, as we know that p(z) — p* is positive in [—1, 1]2, for the polynomial
p(z) in the above example we may try to solve the LMI problem Q with My(y) = 0
instead of Mj3(y) = 0 and perturbate p(x) by adding the terms 0.01(z$ + 25) whose
effect in [—1,1]? is negligible. Solving Q for p(x) = p(z) + 0.01(z§ + 2§) yields the
optimal value p* = —0.036792 to compare with —0.037037 and a global minimizer
(#3)? = (3)? = 0.3319 to compare with (z7)? = (z3)? = 1/3. In this case, p(x) — p*
is a sum of squares. However, the smaller perturbation 0.001(x% + 28) does not work.
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4. Constrained case. We now consider the constrained case, that is,

(4.1) Px — pk = minp(z),
where
e p(x): R™ — R is a real-valued polynomial of degree at most m.
e K is a compact set defined by polynomials inequalities g;(x) > 0 with g;(x) :
R™ — R being a real-valued polynomial of degree at most w;, 1 =1,2,...,7r.
Concerning the semi-algebraic compact set K, we make the following assumption.
ASSUMPTION 4.1. The set K is compact and there exists a real-valued polynomial
u(z) : R™ — R such that {u(z) > 0} is compact, and

(4.2) u(z) = up(x) + Zgl(a:)uz(x) for all x € R",
k=1
where the polynomials u;(x) are all sums of squares, i =0,...,7.

Assumption 4.1 is satisfied in many cases, for instance, if there is one polynomial
gi(x) such that {g;(z) > 0} is compact (take ui(z) = 0 except u;(x) = 1 in (4.2)).
It is also satisfied if all the p;’s are linear (see Jacobi and Prestel [9]) and for 0-1
programs, that is, when K includes the inequalities 27 > z; and x; > 2? for all i.
Therefore, one way to ensure that Assumption 4.1 holds is to add to the definition of
K the extra constraint g,1(x) = a® — ||z||? > 0 for some a sufficiently large.

It is important to emphasize that we do not assume that K is convex (it may even
be disconnected). We will use the fact that whenever Assumption 4.1 holds, every
polynomial p(z), strictly positive on K, can be written

(4.3) p(r) = q(x) + ng(x)tk(x) for all z € R™
k=1

for some polynomials q(z), tx(z), k =1,...,r, that are all sums of squares (see, e.g.,
Lemma 4.1 in Putinar [15] and also Jacobi [8]). In fact, Assumption 4.1 is an if and
only if condition for (4.3) to hold. Of course, one does not know in advance the
degrees of these polynomials.

As we did for 6(z) in the previous section, for every i = 1,...,r, let M,,(g;y) be
the matrices defined as in (3.9), with g;(z) in lieu of §(z). Therefore, if y is an s(2m)
moment vector for some probability measure p on R™, then for every ¢ = 1,2,...,r,
and every polynomial g(x) of degree at most m,

(4.4) (a(@), a(2))giy = (@ Mm(9:y)a) = /gi(r)q(w)zu(d:r)

so that, if u has its support contained in K, then M,,(¢g;y) = 0 for alli=1,2,... 7.
Let w; := [w;/2] be the smallest integer larger than w;/2, and with N > [m/2]
and N > max; w;, consider the convex LMI problem

inf aYas

MR
(4:5) Qic My (y)
My _w,(9:y)

Y 1Y
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Writing My_g,(9:y) = >, CialYa, for appropriate symmetric matrices {Cjq}, the
dual of Q¥ is the convex LMI problem

sup —X(1,1) =S g:(0)Z;(1,1),
e (1,1) ;g()( )

N\ *
(4.6) (Qx) (X, Ba) + Z(Zm Cia) = DPa, a#0,
i=1 X7 ZZ

Y
L
~
[
—_
-

Now we have the following theorem.

THEOREM 4.2. Let p(z) : R™ — R be an m-degree polynomial and K be the
compact set {g;(x) > 0,4 = 1,...,r}. Let Assumption 4.1 hold, and let p}; =
mingcx p(x). Then

(a) as N — oo, one has

(4.7) inf QY 1 pic-

Moreover, for N sufficiently large, there is no duality gap between QY and its dual
(QX)* if K has a nonempty interior.
(b) if p(x) — pj; has the representation (4.3), that is,

(4.8) p(x) —pk = q(z) + Zgi(fc)ti(x)

for some polynomial q(x) of degree at most 2N, and some polynomials t;(x) of degree
at most 2N —w;, i =1,...,r, all sums of squares, then min Q% = pj = max (Q%)*
and the vector

(4.9) y* o= (@l (01) atad, o (@)Y ()Y
is a global minimizer of Q.. In addition, for every optimal solution (X*,Z5,..., Z)
of (QR)*,

(4.10) p@) bk = YNl + 3 i) Y st (),

where the vectors of coefficients of the polynomials q;(x),t;;(x) are the eigenvectors of
X* and Z} with respective eigenvalues \;,;;.

Proof. The proof is similar to that of Theorem 3.4. For (a) it is immediate that
inf Q¥ < p% since the sequence of moments y* constructed from a global minimizer
x* is admissible with value p%. Also, as in Theorem 3.4, the sequence {inf Q¥} is
easily seen to be monotone nondecreasing in N. Moreover,

(i) given € > 0 arbitrary, the polynomial p(x) — p} + € is strictly positive on K
and thus can be written as in (4.3) for some polynomial g(z) of degree at most 2N
and some polynomials ¢;(x), ¢ = 1,...,r, of degree at most 2N — w;, that are all sums
of squares. As in Theorem 3.4, writing ¢(z) = 3, ¢;(x)* and t;(z) = 3, t;;(x)?, from
the vector of coefficients ¢; of g;(z) (and t;; of t;;(x)), one may construct matrices
X:=>,4¢q; = 0and Z; := Zj tijt;; = 0,7=1,...,r, that are admissible for Q)
with value —X(1,1) — >, ¢:(0)Z;(1,1) = p}; — €. Indeed, with

Y= (:101,...,(x1)2N,...,(3cn)2N),
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we obtain

T

(X, Mn(y) + > (Zis My —a,(9:9)) = p(x) — i + €
i=1

so that, as  was arbitrary,

s

(X,Ba) + Y (Zi,Cia) = pa for all a # 0,

i=1

and X(1,1) + 3, 9:(0)Z;(1,1) = —(p}; — €). Hence, pj — e < sup(Q¥)* < inf QY <
Dy As € was arbitrary, (4.7) follows.

(ii) That there is no duality gap between Q¥ and its dual (Q¥)* follows from the
fact that QY admits a strictly admissible solution. It suffices to consider a probability
measure g with uniform distribution on K. The vector y,, of its moments up to order
2N is such that My(y) = 0 and My _g,(g:y) = 0. Therefore, as (QX¥)* has a feasible
solution, by a standard result in convexity, sup(Q¥)* = max(Q})* = inf Q¥.

The proof of (b) is also similar. If p(x)—p}, has the representation (4.3), then from
the polynomials ¢(x) and {¢;(z)}, of degree at most 2N and 2N —w;, respectively, one
may construct matrices X,Z; = 0,4 =1,...,r, as in (a), such that (X, Z1,...,%Z,) is
an admissible solution for (Q})*, with value —X(1,1) — 3", ¢;(0)Z;(1,1) = p}. From
i < sup(QF)* < infQY < pi, it follows immediately that max(QY¥)* = pj =
min Q¥ and (X, Zy,...,Z) is an optimal solution of (Q¥)*. The last statement is
obtained in a similar fashion. O

One may also prove that if K has a nonempty interior, then (4.8) is also necessary
for min Q% = p%; to hold.

When K is compact and Assumption 4.1 does not hold, there is still a rep-
resentation of polynomials, strictly positive on K (see Corollary 3 in Schmiidgen
[16]). But, instead of being “linear” as in (4.3), there are product terms of the
form g;, (2)gi, (x) ... g;(x) times a sum of squares of polynomials, with i1,...,4 €
{1,...,7}. It then suffices to include the corresponding constraints M,,(gi, - .. gi,y) =
0 in the LMI problem QJI}’. However, the number of LMI constraints in Q% grows
exponentially with the number of constraints.

Example 4. Let p(z) : R? — R be the polynomial x — p(z) := —a12? — apx3 and
K be the compact set

K = {z € R* |21 + 22 < bisazy +y < ba; x1, 29 > 0},

Whenever a; > 0, p(z) is concave so that we have a concave minimization problem
and thus, some vertex of K is a global minimizer.

We have solved Q% for several values of a; > 0,b;, i = 1,2, and a < 0, each time
providing a global minimizer exactly, so that

p(z) =Pk = q(x) + (b1 — 21 — 22)t1(7) + (b2 — ax1 — x2)ta(w) + 21t3() + T2ta(T)

for some 4-degree polynomial ¢(z) and 2-degree polynomials ¢;(z), all sums of squares,
i=1,...,4.

Example 5. Let p(z) : R? — R be the concave polynomial z + p(z) =
—(z1 —1)% = (v1 — 22)% — (22 — 3)% and

K = {(x1,22) €R*|1 — (21 — 1)>>0; 1 — (21 — 22)?> > 0; 1 — (22 — 3)*> > 0}.
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The point (1,2) is a global minimizer with optimal value —2. Solving Q}, that is,
with N =1 and p(x) = p(x) + 10 (since we eliminate the constant term —10), yields
an optimal value of 7 instead of the desired value 8. On the other hand, solving Q3%
yields an optimal value 8.00017 and an approximate global minimizer (1.0043,2.0006)
(the error 0.00017 is likely due to the use of an interior point method in the LMI
toolbox of MATLAB). Hence, with polynomials of degree 4 instead of 2, one obtains
a good approximation of the correct value. Observe that there exist A; =1 > 0 such
that

p)+3 =0+ Nigi(),

i=1

but p(x) — pi (= p(x) + 2) cannot be written that way.

Therefore, for the general nonconvex and quadratically constrained quadratic
problem, QL may sometimes provide directly the exact global minimum, but in gen-
eral a lower bound only (if (Q})* has a feasible solution).

Solving some test problems. We have also solved the following test problems
proposed in Floudas and Pardalos [6].
Problem 2.2 in [6].

min p(z,y) := 'z — 0527 Qx + d"y;
621 + 322 + 33 + 224 + 25 < 6.5

10:51+10:z:3+y < 20;
0<y;0<z<1,i=1,...5

with @ := I and ¢ = [-10.5,-7.5,-3.5,—-2.5,—1.5]. The optimal value —213 is
obtained at the Q% relaxation.

Problem 2.6 in [6].

min p(z) := ¢’z — 0.5z Qu;
Az < b;
0<a;<1l,i=1,...,10

with A being the matrix

-2 -6 -1 0 -3 -3 -2 -6 -2 =2
6 -5 8 -3 O 1 3 8 9 =3
-5 6 5 3 8§ -8 9 2 0o -9,
9 5 0 -9 1 -8 3 -9 -9 -3
-8 7 -4 -5 -9 1 -7 -1 3 =2

c = [48,42,48,45,44,41,47,42,45,46], b = [—4, 22, -6, —23, —12], and Q = 100I. The
optimal value —39 is obtained at the Q% relaxation.

Problem 2.9 in [6].

9 8
max p(l') = E TiTi4+1 + E TiTi42 + 2127 + 1209 + T1210 + T2 10 + T4T7;
T
i=1 i=1
10 1. > 1 1
Z¢:1xi—1axi_07l— s ..., 10.
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The optimal value 0.375 is obtained at the Q% relaxation.

Problem 3.3 in [6].

mTin p(x) = —25(z1 —2)% — (22 — 2)?
—(z3 —1)% — (24 — 4)? — (5 — 1)? — (w6 — 4)%;
(23 =3)* + x4 > 4; (x5 —3)* + 26 > 4;
1’1731’2 § 2; —x1 + To S 2;
2;
6;
10;

H
AN
S
A
\.Qn )
o
AN
2
ININ v

The optimal value —310 is obtained at the Q% relaxation.

Problem 3.4 in [6].

min p(x) = —2x1 + x2 — T3;
xr
T1+ T2+ w3 < 4
z1 < 2 13 < 35 3wz +x3 < 6
T > 07 L= 17233;
2'BTBx — 2rT" Bz + ||r||* — 0.25[b — v||? > 0

with r = [1.5, 0.5, —5] and

0 0 1 3 0
B = 0O -1 0 |;b= 0 [jv=] -1
-2 1 -1 —4 —6
The optimal value —4 is obtained at the Qj relaxation, whereas inf Q3. = —4.0685.

Problem 4.6 in [6].

min p(z) = —x1 — To;

Ty < 22} — 823 + 8% + 2;

Ty < dxt — 3223 + 8822 — 9671 + 36;
0<m <3;0< 22 < 4.

The feasible set K is almost disconnected. The Qj- relaxation provides the optimal
value —5.5079, the best value known so far, and therefore proves its global optimality.

Problem 4.7 in [6].

min p(x) = —12z; — T2 + 3;
x

—'Qx‘ll—l—Q—asg = 0;
0<z <2;0 < a9 < 3.

The QF relaxation provides the optimal value —16.73889, the best known solution so

far, and therefore proves its global optimality.
0-1 programming. It is also worth mentioning that constrained and uncon-

strained 0-1 programming problems can also be treated by solving convex LMI
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problems Q¥ since the integral constraints z; € {0, 1} can be written 22 > z;;22 < z;
for all s = 1,...,n. Therefore, the set

(4.11) Ky ={z;—2?>0; 2? —2; >0; i =1,2,...,n}

(and its intersection with other additional polynomial constraints) is compact and
Assumption 4.1 holds. However, there is no strictly admissible solution (or interior
point). For illustration we have solved the elementary problem

min{—axy — bxy |r —x1 — cxo > 0;21, 29 > 0; x1,29 € {0,1}},

replacing the integrality constraints with (x1,z2) € K1, and K as in (4.11).

Solving Q% with 0 < a < b, and several random values of ¢, yields the global
optimal value in all cases and a global minimizer at one of the integral points (0, 1),
(1,0), and (1,1) of K.

Also, the first experimental results on a sample of randomly generated MAX-CUT
problems in R™ (that is, maximizing a quadratic form with no squared terms under
the integrality constraints #? = 1 for all i) are encouraging. Indeed, the optimal value
was obtained at the Q% relaxation in all cases (see Lasserre [12]) for n =5 and even
n = 10.

5. Karush—Kuhn—Tucker global optimality conditions. In this section we
still consider the problem P with a compact set K defined by polynomials inequalities
gi(x) >0,i=1,...,r.

PROPOSITION 5.1. Let pj, := minPxg and assume that z* € K is a global
minimizer. If p(z) — pj; can be written

G o) -pk = Y a@?+ @Y @ w ek
i=1 k=1 j=1

for some polynomials g;(xz), ty;(x), i =1,...,r0, k=1,...,r, j=1,...1r, then

Tk
(5.2) 0=ge(a) [D trj(@*)?|, k=1,...,r
j=1

(5.3) Vp(x™) = Z Vg (z*) Ztkj(m*)Q
k=1 j=1

Moreover, if there exist associated Lagrange Karush—Kuhn—Tucker multipliers
A* € (R")T and if the gradients Vgi(x*) are linearly independent, then

Tk
(5.4) St =N, k=17
j=1

Proof. As x* is a global minimizer of Pk, it follows from p(z*) — p% = 0 and (5.1)
that

T0 r Tk
0= a@)+> gr(x") D tiy(z")
i=1 k=1 j=1
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0=qx), i=1,...,r9, and 0 = gi(x Ztk] , k=1,...,7.
Moreover, from (5.1) and in view of the above,

ZVQIG Ztkj
= Z AV (x
k=1

so that (5.4) follows from the linear independence of the Vg (z*). O

Hence, the representation (5.1) can be viewed as a global optimality condition of
the Karush—Kuhn—Tucker type, where the multipliers are now nonnegative polynomi-
als instead of nonnegative constants. In general, and in contrast to the usual (local)
Karush-Kuhn—Tucker optimality conditions, the polynomial multiplier associated to
a constraint gx(x) > 0, nonactive at z*, is not identically null, but vanishes at =*.

If p(x) — p}; cannot be written as (5.1), we still have that p(z) — pj; + € can be
written as (5.1) for every e > 0. Of course, the degrees of ¢;(x) and t;(z) in (5.1)
depend on €, but we have

7‘0(6) T‘k(e)
ll_{% Qi(x*)2 =0 and lg% Z tkj(x*)2 -0

i=1 j=1
for every k such that gi(z*) > 0.

Convex quadratic programming. In the case where p(x) is a convex quadratic
polynomial and g (x) are concave quadratic (or linear) polynomials, then, at a Karush—
Kuhn-Tucker point (z*, \*), and with the Lagrangian L(z, \*) := p(x)—>_,_; Aigr(2),
we have

p(x) = pic = L(x, A7) = L(a™, A") + > Nog(x)
k=1

1
:§<x—x*,V§wL(x*,)\ x—a" +Z)‘kgk

Y aillanz—a")* + Z Akgi ()
i=1 k=1

where the ¢;’s are the eigenvectors of the psd form V2, L/2 with respective eigenvalues
Ozi,i: 1,...,n.
In this case, p(x) — pj can be written as (5.1) with 7, = 1 and t;(z) = \/A}, and

qi(z) = Vailg, © —x%), i=1,...,n.

That is, the polynomial Y tx;(x)? is just the constant Aj. Therefore, we have the
following theorem.

THEOREM 5.2. Let p(z) : R — R be a convex quadratic polynomial and K :=
{gi(z) > 0} be a compact convex set defined by concave quadratic polynomials g;(x),
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t=1,...,7. Let z* be a local (hence global) minimum of Px with associated Karush—
Kuhn—Tucker multipliers \* € (R")*. Then,
Y= (;UT, B {E;, (xslﬁ)2a ) (x;;)2)

is an optimal solution of the convex LMI problem
Irzln?payaa
1 .
Qe D (9)aba —g:(0), i=1,...,r
Mi(y) = 0

v

and X* is an optimal solution of the dual LMI problem

—X(1,1) = Y Migi(0),
max = X(11) 2;9“

@) :
<XvBa>+Z/\i(gi)a = Po, @ 75 0.

=1

Hence (Q%)*, which is the well-known Shor’s relaxation for nonconvex quadratic
programs, is also the natural dual problem of the general convex quadratically con-
strained quadratic program. In fact, Theorem 5.2 is also true in the more general
case where V2 L(z*, \*) = 0, which may also happen at a global minimizer of some
nonconvex quadratic programs. For instance, the particular nonconvex quadratic
problems investigated in [4] reduce to solving the single LMI problem Q.

The difference between the convex and nonconvex cases is that Q- provides an
exact solution in the convex case, whereas one has to solve an (often finite) sequence
of problems {Q¥} in the nonconvex case.

In the case where p(x), g;(x) are all linear, then the standard linear programming
problem min, {c'z|Az > b} is just Q%, with K := {Az > b}.

6. Conclusion. We have shown that the constrained and unconstrained global
optimization problem with polynomials has a natural sequence of convex LMI re-
laxations {Q¥} whose optimal values converge to the optimal value p%. In some
cases, the exact optimal value and a global minimizer are obtained at a particular
relaxation. When this happens, every optimal solution of the dual LMI problem pro-
vides the Karush—Kuhn—Tucker polynomials in the representation of the polynomial
p(x) — p}, nonnegative on K, the analogues of the scalar multipliers in the standard
Karush-Kuhn-Tucker (local) optimality condition. Identifying classes of problems,
for which the dimension of the LMI problem Q¥ to solve is known in advance, is a
topic of further research.
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