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Abstract. It remains unknown whether or not smooth solutions of the 3D incompressible MHD equations can develop
finite-time singularities. One major difficulty is due to the fact that the dissipation given by the Laplacian operator is insuf-
ficient to control the nonlinearity and for this reason the 3D MHD equations are sometimes regarded as “supercritical”.
This paper presents a global regularity result for the generalized MHD equations with a class of hyperdissipation. This
result is inspired by a recent work of Terence Tao on a generalized Navier—Stokes equations (T. Tao, Global regularity for
a logarithmically supercritical hyperdissipative Navier—Stokes equations, arXiv: 0906.3070v3 [math.AP] 20 June 2009), but
the result for the MHD equations is not completely parallel to that for the Navier—Stokes equations. Besov space techniques
are employed to establish the result for the MHD equations.
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1. Introduction

This work aims at the global regularity problem concerning the generalized incompressible magneto-
hydrodynamic (GMHD) equations of the form

du+u-Vu+Liu=-Vp+b-Vb, zcRI t>0, (1.1)
Ob+u-Vb+L3b=b-Vu, zcRI t>0, '

where £; and £, are multiplier operators with symbols given by m; and ms, namely

Lyu(€) = mi(€)A(E), L3b(€) = ma(€)b(E).
When
Liu=—Au, Lib=—Ab,

(1.1) becomes the standard incompressible MHD equations. The 3D MHD equations govern the dynamics
of the velocity field u and the magnetic field b in electrically conducting fluids such as plasmas [2,16].
The fundamental issue of whether or not any classical solution of the 3D MHD equations can develop
finite time singularities has attracted a lot of attention and important progress has been made (see e.g.,
[3,4,8-11,13-15,17,20-23,25]).

However, a complete solution of the global regularity issue for the 3D MHD equations appears to
be beyond the reach of current techniques. One major difficulty is that the dissipation is insufficient
to control the nonlinearity when applying the standard techniques to establish global a priori bounds.
The d-D MHD equations for d > 3 may be regarded as supercritical in the sense that we need much
“stronger” dissipation than the Laplacian —A. In fact, if

+

L2u=(—A)"u and L£3b= (—A)"2b, "2 % +

e~ e
> e

(1.2)
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then (1.1) has a global smooth solution for any sufficiently smooth initial data [22]. This paper improves
the global regularity result of [22] by reducing the dissipation in (1.2) by a logarithmic factor. More
precisely, we have the following theorem.

Theorem 1.1. Consider the initial-value problem (IVP) of (1.1) with the initial data
u(z,0) =up(x) and b(x,0) = by(x). (1.3)
Assume (ug,bo) € H*(RY) with s > 1+ 4. Assume the symbols my and my satisfy

(@) > S and my(e) > L (14)
V(S ~ 928’
where o and (B satisfy
a>1+il B8>0 oz+ﬁ>1+g (1.5)
-2 4 ’ - 2

and g1 > 1 and g2 > 1 are radially symmetric, nondecreasing and satisfy

o0

ds
1/ O I0 (1.6)

Then the IVP for the GMHD equations (1.1) and (1.3) has a unique global classical solution (u,b).

This study on the GMHD equations is partially motivated by a recent work of Tao [18], who estab-
lished the global regularity of a generalized Navier—Stokes equations, namely (1.1) with b = 0. But the
result presented here for the GMHD equations is not completely parallel to that for the generalized
Navier-Stokes equations. In fact, the condition that 3 > % + % is not required and (1.5) implies that it
suffices to assume § > 0 when « is sufficiently large.

Theorem 1.1 is proven by Besov space techniques. Identifying H* with the Besov space B 5, the norm
[I(w,b)|| ;= can be estimated more dedicatedly than Sobolev type inequalities. We divide the rest of this
paper into two major parts. Section 2 presents the proof of Theorem 1.1. The proof relies on an inequality
for commutators. The appendix provides definitions, properties and some useful facts of Besov spaces.

2. Proof of Theorem 1.1

This section proves Theorem 1.1. For notational convenience, we will write L? for LP(R%). To prove this
theorem, we need a bound for a special type of commutators.

Lemma 2.1. For any j > —1, p € [1, 0],

1A, f - Vigller < CIV L [Vyller |2 @5 2 (2.1)
< C A= T f| 1o [Vgllzr l2olle, (2.2)
where [A;, f - V]g denotes Aj(f-Vg) — f-VA;g, ®;’s are defined as in (A.1) and ¢, and o satisfy
1 1 1 1 1 1 1
gr,o€loo], 14-==-+-+—, —+—+->1
p q r o r o d

In particular,
(1) for any p € [1,00],
1145, f - Vigllie < C277 |V fllze= [Vgllzo 2®ollrr, (2.3)
(2) for anyp e [1,00], 7' <pand ; + 5 =1,

1[4, f - Vigllr < CPTHFD V| 10| Vgllr [[2®o]

L (2.4)

Remark. The special case in (2.4) has previously been obtained by Hmidi et al. [12].
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Proof of Lemma 2.1. According to the definition of A; in (A.4),
(A, f-Vig = A;(f-Vg) = f-VAjg
= [ & -9 - @) - Vo) dn (25)
The special case in (2.3) can be established rather easily. In fact, by Young’s inequality for convolution,
1A, f - Vigllr < IV FllL~ /\x —yl®;(z —y) [Vg(y)l dy

<|IVflze IVl l2®;(2)] e

where 14+ 1/p = 1/r 4+ 1/0. For more general cases, we insert the identity

Lp

/ ) Vi(z+0(y—x))do
0

in (2.5) and apply Holder’s inequality to find
1

A, f - Vgl < Vgl / U [ly — (®;(y — @) |V f (@ +0(y — )" dy} do
0

U=

where % + % =1 and 7’ < p. Taking the LP-norm, we have

1A, f - Vgl

1

1
o [t elost o1 195+ o - opra| | oo
0 Ly
1 , , 1/7‘/
=¥l || [ 1= alasto -0 (Vs ot - o)l ar| o 2.6
0 Lp/r
Making the substitution z = —0(y — x) and then applying Young’s inequality for convolution, we obtain
1 ) ) 1/7‘/
/ | [t alosty =o' w56+ 0 - ntay| as
e/’
/v
rdz
- |Vf(ac —2)|" do
/H/’e Hd o/’
7“/ 1/7" / ,
(5 v Ny 0= de
5% () .

1/o ,
] 0= dp

= IVF" 1 /U’e

= ||vf||Lq /Hx(I)j T HL” Hd/o—d/r do

0
< VSl [la®;(@)lze, (2.7)
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where

d d oo 11 1 1 1 1 1
1+--——=>0, 1+ —=—4+— or —+—-—4+->1, 1+—-—=—-—4+—-—+—.
o P o q r o d p q r O

Inserting (2.7) in (2.6) yields
118, f - Vlgllzs < INglor 197 1zollo; e
which is (2.1). To show (2.2), it suffices to notice (A.1), namely
O (x) = 294Po(27x).

(2.4) follows by letting p = ¢ in (2.2). This completes the proof of Lemma 2.1. O

Proof of Theorem 1.1. If (u,b) solves (1.1), then clearly
t t
WMM+M@%+%/Mwﬁw+%/MM&h=M%+Mm,t>&
0 0

For notational convenience, we write
Ai(t) = [Liu(®)]|3 and - As(t) = [|L2b(1)]f3-

Identifying L? as BS’Q, we have

Ay = 1A Lyul3 and Ay = [|A;Lab]f3.
J J

where the summations are over j > —1.
The rest of the proof is devoted to bound ||(u,b)| 5. Here H* is identified with the Besov space B3 ,.
Let j > —1 be an integer. Applying A; to (1.1), we have

8tAjU + l/ﬁlAj’U, = —PAJ (u . VU) + PAJ(b . Vb), (28)

where P = I — VA~!V. is the projection operator onto divergence free vector fields. Similarly, applying
A; to the second equation in (1.1) yields

Dotting (2.8) and (2.9) by 2A;u and 2A b, respectively, and integrating with respect to x, we obtain

|Ajul3e + 2v||L1Aul3 . —2/Aju~Aj(u-Vu)dac+2/Aju-Aj(b-Vb) dx,

ﬂ‘
dt
d

Multiplying each of these equations by 2257 and summing over all j > —1, we get

d sj sj
o (el Fre + 1IBlI3e) + 20> 22| La AjullF2 + 20 ) | 2% Lo b7 (2.10)
J J
=1+ I+ Is+ Iy, (2.11)
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where
I = —222251' /Aju “Aj(u- Vu) du, (2.12)
J
Iy =2 2% /Aju -Aj(b- Vb) dz, (2.13)
J
Iy =—2) 2% /Ajb-Aj(u - Vb) da, (2.14)
J
Ip=2) 2% /Ajb - Aj(b- Vu) da. (2.15)
J

Since the estimates of these four terms are similar, we only provide the details for I3. Employing Bony’s
notion of paraproducts, we can write

Aj(u-Vb) = > Aj(Skoqu-VAD) + > Aj(Agu- VS 1b)
l7—k|<3 li—kI<3

+ > Aj(Agu- VARD). (2.16)

k>j—1
where Apb = (Ag_1 + Ag + Ajy1)b. The first term in (2.16) can be further written as
> A(Skoau- VARD) = Y [A;, Skoqu- VIALD
l7—k[<3 l7—k[<3

+ > (Sk—1u— Sju) - VA AR + Sju- VAb, (2.17)
l7i—k|<3

where we have used the fact that }°; ;<3 A;jAgb = A;b. After inserting (2.17) in (2.16) and (2.16) in
(2.14), we can split I into five terms,

I3 = —QZQQSj/Ajb- Z [Aj,Sk,lu-V}Akbdax
J

l7—k|<3

I35 = —QZQQSj /Ajb- Z (Skflu — Sju) : VAjAkbdl‘,
J

l7—k|<3

133 ) Z228j /Ajb . S’ju . VAjdeE7
J

I3y = —QZQQSj/Ajb- Z Aj(Aku-VSk,lb)dx,
J

l7—k|<3

Iys = —22225j/Ajb- > Aj(Agu- VARD) da.
J

E>j—1
By the divergence-free condition V - u = 0, we have
Is3 = 0.
To estimate I31, we first apply Holder’s inequality and then Lemma 2.1 to find that

[I1] < CY 22985002 Y- IVSkorullz= [VARb] 1z 277 |2 Poll 11
i |5kl <3
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Since the summation is over k satisfying |j — k| < 3, we can replace the summation by a constant multiple
of the term with k = j. Applying Bernstein’s inequality to |[VAgb|| 2 yields

T3] < C > 227 Ab][3 IV —qull
J
<O 29A013 D IVARul L~
J m<j—2
< cZzMHA.bH; ST D) Aul e
m<j—2

=C Zw ||A b| 2

X92(2j)2”\\ﬁjbllmfﬁj > 2nr A
m<j—2

By the Cauchy—Schwartz inequality,

2sj
I3 < 422 J

|A bllZ

Cln) Y g3(2) 22| Apblf7272% | 7 am(i+s

J m<j—2

n s]
<3 ;22 71£2050]17

i sj — i m d
m) Y g(2) 22|32 | YT gt

J m<j—2

_ Z XJ: 92s] ||[,2Ajb||2L2 +C(n) (I311 + I312),

where

. . 934 m(l44
L= ) g3(2) 22| AslI7.27%7 | 0 2m D Apupe |

JSN m<j—2

I = 37 G320 2980322725 | 37 20D Al

>N m<j—2

for an integer N to be determined later. They can be bounded as follows.

L= ) g5(2)2%7(|As0)7: | Y 200D 22| A ul

J<N m<j—2
<> g3(29) 22| Ab| sup 2% | Apul|72 Co
J<N m<j—2

where C denotes the constant

Co = Z 9B(m—j)

m<j—2

mU”Lz.

)HAWUHL2

)HAmu”L2

(2.18)

12
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Therefore,
T < C 22N 22N QZLA 2 223_7' AbQ
311 < Cogi(27) g2(27) sup — 57 A ull7 Z 14,07
j<N 91(279) =
< Cogi(2V) g3(2V) sup 1£1Aull72 D 27| Az
J<

JEN
= Cogi (2") g5 (2") sup I£1AzullZa (1Bl -
S

We now estimate I312. Let 0 < 6 < 8 and write I312 as

o= Y g3(2) 276 29| AR, | 3 20mamUrE A,

j>N m<j—2

2

301

According to (1.6), g2 grows logarithmically and we have, for j > N (provided that N is sufficiently

large),
)30 < FaV) 7,
Therefore
— — sj m 4_
Isp < Cg3(2N) 272NE=00 3" 9297 A7, Y " 22m (2= A 7
J>N m

< Cg32™) 27N b ulle

Inserting the estimates for I31; and I312 in (2.18), we find that

n sj
(il < 7 D2 LaAb][72 + C g (2Y) g5 (2V) sup 112l |72 1017+
j J=

+C g5 (2N) 272V b 3y [lullf-.

The estimate for I3 is actually easier than I5;. Since the summation for k is just over |k — j| < 3,
the summation over k can be replaced by a multiple of its typical term with £ = j. By Holder’s and

Bernstein’s inequalities that

|Iao] < C 2% (| Abl| 2 (| Agulla [VA;D] Lo
J
<229 20T A3 (| A ullo.
J

As in the estimate of I3, we have

Lol < 5 D02 [[L28b]32 + C(n) (Lozn + L)
J

where I35 and 395 are given by
Loy = 37 g3(29) 229 | 8|2 299 | Al
J<N
Loz = 37 g3(27) 229 | 8| 2:299 | A3
j>N
As in the estimate for I311, we have

Im < C g7 (2Y) g3(2V) sup 121 A jull721b] 7+
1=
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or
I3 < Cgy(2Y) sup 1£28,b]72 [[ullF--
i<

The estimate for I395 is also similar to that for I31s.
Ioe < 37 g3(27) 27951 4) 9259 A b2, 2299 | A ju 2,
J>N

_N(25—1—4
< g5(2M) 27N L) ) 3 (fullF.

Therefore,

[Tso] < 5 D229 L2 005b[3 + O g (2) sup | L2 3a ull

— _1—4d
+Cg5(2N) 27N |y 3.

The estimates for I34 and I35 are very similar and we omit the details. To bound the parallel terms
Iy, Iy and I, we can decompose and estimate them like what we did to I3. The only difference is that
the term Io3 decomposed from I and I3 from I, are no longer zero by themselves, but Io3 + 143 is zero.
The rest of the terms in Iy, Is and I; can be similarly bounded as the corresponding terms in I3. Now,
we write

ullye.

Eq(t) = [lu(®)lIF + 1617
and set 2V = E(t). Collecting all the estimates, we find that
d

S B +v > 2% LAjulls +n Y 27| L2403
i i

< C (g%(Es) + gg(ES))Q Es (Al (t) + A2(t))

The conclusion of Theorem 1.1 then follows from (1.6) and a simple ODE argument. O
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Appendix

This appendix provides the definitions of Besov spaces and related facts. Part of the materials presented
here can be found in [1,6,19]. We denote by S(R?) the usual Schwarz class and S’(R%) the space of
tempered distributions. Let f denote the Fourier transform of f, defined by the formula

fo) = [ e pia)da,
Rd
The fractional Laplacian (—A)® with o € R is defined through the Fourier transform
(B)f = ¢l (&),
For notational convenience, we sometimes write A for (—A)2. We define Sy to be the following subspace
of S,

So=(p€ &/qS(x)x'Yda: =0, |v]=0,1,2,...
R
Its dual S} is given by
Sy =8'/Sy =8'/P,
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where P is the space of polynomials. In other words, two distributions in S’ are identified as the same in
S}, if their difference is a polynomial.
For j € Z, we define

Aj={¢eR%: 297 < ¢ < 271
Then there exists a sequence {®;} € S(R?) such that
supp®; C A;, D,(¢) = Do(277¢) or B,(x) = 279Dy (2 ). (A.1)

and
% 1 if R4\ {0},
k_z_ k() {O ifg :6 0. o

As a consequence, for any f € S,

Yo Opxf=f (A.2)

k=—oc0
To define the homogeneous Besov space, we set
Ajf=0;+f, j=0,£1,£2,.... (A.3)

Definition A.1. For s € R and 1 < p, ¢ < oo, the homogeneous Besov space E’;q is defined by

By, ={resi: Iflls,, <o},

where
1/q
IKd — Z (2js||AijLp)q for g < oo,
Bia i
sup 2% ||A; 1| e for g = oo.
J

To define the inhomogeneous Besov space, we let ¥ € C5°(R?) be even and satisfy
VE) =1- Bu(©).
k=0
It is clear that for any f € &,

\If*f+ztbk*f:f.
k=0
We further set
0, if j <=2,
Ajf=q¥xf, ifj=-1, (A.4)
O« f, ifj=0,1,2,...

Definition A.2. For s € R and 1 < p,q < oo, the inhomogeneous Besov space B, , is defined by

By, ={res Iflsy, <o},

where
1/q
o0
(277 1A fll»)* , ifg < oo,
||f| B;ﬁq = J;l ! (A5)
sup 27 [|A; f| e, if ¢ = oo.

—1<j<00
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We caution that A; with j < —1 associated with the homogeneous Besov space Bﬁqu are defined
differently from those associated with the inhomogeneous Besov space B, . Therefore, it will be under-
stood that A; with j < —1 in the context of the homogeneous Besov space are given by (A.3) and by
(A.4) in the context of the inhomogeneous Besov space. For A; defined by either (A.3) or (A.4) and
S = Zk<j Ak,

AjAL,=0 if|j—Fk|>2 and A;(Sk—1fArf)=0 if]j—Fkl >4
The Besov spaces and the standard Sobolev spaces defined by
WP = A=°LP and WP = (1 — A)~/2LP
obey the simple facts stated in the following lemma (see [1]).
Lemma A.3. Assume that s € R and p,q € [1,00].

(1) If s >0, then By , C Bs

p,q°

(2) If s1 < s, then Bj2, C By, This inclusion relation is false for the homogeneous Besov spaces.
(3) If 1 < q1 < qo < o0, then By, CBp,, and B, . C OB;(]?,' )
(4) If 1 <p; <py <00 and s1 = s9 + d(pi1 - p%), then B3 ,(R%) c B2 (R).
(5) If 1 <p; <py <00, 1 <q1,q2 <00, and s1 > so + d(pi1 — p%)’ then Byt | (R%) B;;%(Rd).
(6) If 1 <p < o0, then
By min2) © W C By maxp2)y Bpminpz) © W™ C By inax(p.2)-
We will need a Bernstein type inequality for fractional derivatives.
Proposition A.4. Let > 0. Let 1 <p < q < o0.
(1) If f satisfies
supp f C {€ € R": J¢] < K2},
for some integer j and a constant K > 0, then
aidid(l_1
(=) fllpa(ray < C1 22D £ o (ray.
(2) If [ satisfies
supp f C {€ € RY: K127 < [¢ < K527} (A-6)

for some integer j and constants 0 < K1 < Ko, then
; gl _1
C12%| fllamey < (=A)* Fllamey < Co 229D £l o (ra),
where C and Cy are constants depending on a,p and q only.

The following proposition provides a lower bound for an integral originated from the dissipative term
in the process of L? estimates (see [7,24]).

Proposition A.5. Assume either « >0 andp=2 or 0 < a <1 and 2 <p < oco. Let j be an integer and
f €8’ Then

/ A FP20, f A2 A f de > C 22| A I,
Rd

for some constant C depending on d, o and p.
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