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Renaming operators are introduced in concrete process algebra (concrete means
that abstraction and silent moves are not considered). Examples of renaming
operators are given: encapsulation, pre-abstraction, and localization. We show that
renamings enhance the defining power of concrete process algebra by using the
example of a queue. We give a definition of the trace set of a process, see when
equality of trace sets implies equality of processes, and use trace sets to define the
restriction of a process. Finally, we describe processes with actions that have a side
effect on a state space and show how to use this for a translation of computer
programs into process algebra. € 1988 Academic Press. Inc.

INTRODUCTION

Concrete process algebra is that part of process algebra that does not
involve 7-steps which are the result of abstraction. We introduce concrete
process algebras as an extension of ACP, the algebra of communicating
processes (see Bergstra and Klop, 1986). Concrete process algebra does not
consider silent moves or abstraction as is done in abstract process algebra
(see Bergstra and Klop, 1985). The main advantages of not considering
abstraction are that it leads to a clearer, and less problematic theory, with
an easy to understand axiomatization. Contrary to the case with abstrac-
tion, concrete process algebra is amenable to a term rewriting analysis and
can be studied using initial algebra semantics. Also, concrete process
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algebra is the starting point for designing a programming language. It is
very useful for specification of processes or protocols, not so much for a
verification formalism. Another article about processes without abstraction,
and with essentially the same semantics, is de Bakker and Zucker (1982).

In concrete process algebra, we introduce renaming operators. In Sec-
tion 2, we define simple renaming operators, called relabelings in CCS (see
Milner, 1980), and give three examples of such operators, namely the
encapsulation operator (used to shield off a process, to prohibit com-
munications with the environment), the pre-abstraction operator (used to
obtain a small degree of abstraction within concrete process algebra), and
the localization operator (which allows us to “view” a process while it is
interacting with an environment, or, in other words, allows us to focus on
some actions and forget about others).

In Section 3, we look at the defining power of renamings. We give a
specification of a queue in concrete process algebra with renamings and
show that a queue cannot be defined in concrete process algebra without
renamings, thus showing that the defining power of concrete process
algebra is increased by adding renamings.

In Section 4, we define a renaming operator with a memory, namely the
restriction operator, that restricts a process to a set of possible execution
traces. Before we define the restriction operator, we first give a short
introduction to the theory of trace sets (for more information, see Rem
1983), in which we prove that two processes with identical trace sets, that
do not deadlock and are deterministic, must in fact be equal (also see
Engelfriet 1985). Then we define the restriction operator, and use it in com-
bination with the localization operator to show that in a context (or
environment) we can restrict a process to the set of “localized” traces. In
our view, this theorem constitutes an important interface between trace
theory and process algebra.

In Section 5, we introduce the state space of a process, and talk about
actions that have a side effect on the state. We implement this with a
generalized renaming operator, namely the state operator (for a different
approach, see the theory of nonuniform processes in de Bakker and
Zucker, 1982). We use the state operator to discuss processes having
shared variables, and to (mechanically) translate a given computer
program into process algebra. We see that this operator can be very useful
in the design of a programming language that is based on concrete process
algebra. We finish by giving a different specification of the queue.

This article is a revision of (Baeten and Bergstra, 1985). Since that report
appeared, the operators introduced there have been used in several other
papers, notably Vaandrager (1986) and Groenveld (1987), thereby
demonstrating their usefulness. We thank the referees for their valuable
comments and many suggestions for improvements.
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1. CONCRETE PROCESS ALGEBRA

In this section, we describe the axiomatic theory of concrete process
algebra. This theory extends the theory ACP (the algebra of com-
municating processes) as described in Bergstra and Klop (1986). In this
paper, we do not consider silent moves (or 7-steps) or abstraction as is
done in ACP, (see Bergstra and Klop, 1985).

1.1. Atomic Actions. Concrete process algebra starts with a set of
atomic actions A. We will assume that A4 is finite, that A contains two
special elements 6 (for deadlock) and ¢ (for hidden step), and that a com-
munication function y: Ax A — A4 is given with the following properties:

1. yis commutative, Va, be A y(a, b)=y(b, a)

2. vy is associative, Va, b, c € A y(y(a, b), ¢)=y(a, y(b, ¢)).

3. O is a neutral element, Yae A y(a, §) =96

4. ¢ does not communicate, Vae A y(aq, t)=9.
If a and b are two atomic actions, then y(q, b) is the result of the com-
munication between a and b, the result of executing a and b
simultaneously. The communication merge | will extend y to the set of all
processes. If y(a, b) =0, we say a and b do not communicate.

Next we define the signature X' of concrete process algebra. We have
three sorts: A4, the set of atomic actions was defined in 1.1; P is the set of
processes, the subject of investigation, and contains A4, and finally &/, the
set of subsets of A— {8}, is the set of alphabets. Functions
+, I, L1, 2y, m,, and constant & are discussed in Bergstra and Klop
(1986) (m, is called( ), there), and « and ¢ are discussed in Baeten,
Bergstra and Klop (1987a).

1.2. Signature 2. 1. Sorts.
A (see 1.1)
P (set of processes; 4 = P)
o (o =Pow(A4—{5})).
2. Functions.
+:PxP->P (alternative composition or sum)
-:PxP->P (sequential composition or product)
|:PxP—P (parallel combosition or merge)
[:PxP—>P (left-merge)
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|:PxP—>P {communication merge)

Oy P> P (encapsulation; Hc A — {t})
n,. P> P (projection; n>0)
o Poof (alphabet function).

3. Constants.

oeA (deadlock)
te A (hidden step).

1.3. Equations. Concrete process algebra deals with statements of the
form
P=9q

called equations; here p, q are process expressions, possibly containing
variables.

We use letters a, b, c, ... for elements of A, letters x, y, z, ... for arbitrary
processes (in some model of the theory), and we use capital letters
X, Y, Z, ... for variables, ranging over P (often called formal variables, since
we will use them in specifications to define processes, not, like x, y, z, in
quantified statements about processes).

e(X)
is an equation with variables among X, and
e(x)
is the same equation with processes x substituted for variables X. Often, we
want to focus on one of the variables, so writing
e(x, -)

means that equation e holds for x and a fixed set of other processes.

1.4. Specifications. A (recursive) specification E is a set of equations
{e;: jeJ} (Jis an index set), with e; of the form

X, =s5/(X),

s; is a term with variables from {X;:jeJ}, and J has a distinguished
element j,.
A set of processes X = {x;: je J} (in a particular model) is a solution vec-
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tor of E if E(x), i.e., substituting processes x for the variables of E gives
e;(x) for all jeJ. Process x is a solution of E, E(x,-), if there is a solution
vector of E with x in the jj-position. x is (recursively) definable (in a par-
ticular model) if there is a specification E such that E(y,-)<> x=y. (For
these definitions, also see Baeten, Bergstra and Klop, 1987b.)

1.5. DerINITION.  The set of finite closed process expressions, FCPE, is
defined inductively:

1. A< FCPE;
2. xeFCPE and ae 4 = axe FCPE
3. x,yeFCPE=x+ ye FCPE.

The set FCPE will allow us to use induction in proofs (when combined
with the limit rule) and recursion in definitions.

Next we define a notion of guardedness (taken from Baeten, Bergstra
and Klop 1987b). Specifications must be guarded in order to prove that
they have unique solutions (see 1.11).

1.6. DErFINITION. Let s be an open term, possibly containing variables.
An occurrence of a variable X in s is guarded if s has a subterm of the form
aM, with ae A and this occurrence of X is in M; otherwise, the occurrence
is unguarded.

Let E={e;:jeJ} be a specification. Define X,-*X; < X, occurs
unguarded in s, (the right-hand side of ¢;), and E is guarded < —*is well
founded (i.e., there is no infinite sequence X, »“ X, —"..).

1.7. Axioms. The axioms for concrete process algebra are presented in
Table . We use the following abbreviations: ACP=A1-7+Cl1-3+
CMI1-9 + D14; P=PR1-4; AB=AB1-6; CPA=ACP+ PR+ AB + AIP,
and CPA, = CPA 4 C4, 5o in Table I we have CPA, + RDP + HNF.

1.8. Comments. For a discussion of axioms ACP, see Bergstra and
Klop (1986 or 1984). Axiom C4 says that the communication merge |
extends the communication function y given in 1.1. We often have an extra
restriction on the communication function, namely the handshaking axiom
(HA), that says that all communications are binary:

x|yl z=24.

Axioms PR1-4 define the projection operator =,, for ne N, n>0. Their
intuitive meaning is that n, “cuts off” a process at depth n, n,(x) stops
after executing n steps. Axioms AB1-6 define the alphabet of a process, and
were introduced and discussed in Baeten, Bergstra and Klop (1987a). Note
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TABLE 1

Concrete Process Algebra

X+y=y+x
X+(y+z)=(x+y)+z
X+x=x
(x+y)z=xz+yz
(xy)z=x(yz)

xX+d=x

dx=96

alb=bla
{alb)lc=aj(b]|c)
dla=4é

xfy=xy+yllx+xly

al x=ax

(ax) L y=alx] y)
(x+y)lz=xz+yl:z
{ax)}b=(alb)x
al(bx)=(a|b)x
{ax)|(by) = (alb)(x] y)

(x+y)lz=x|z+y|z
X(y+z)=x|y+x|z
Oyla)=aifa¢ H
Oyla)y=06ifaeH

Oy(x+y)=384(x)+0pu(y)
Op(xy) =0 y(x) <0y(y)

alb=y(a, b)

Al
A2
A3
A4
AS
Ab
A7

C1
C2
C3
CM1
CM2
CM3
CM4
CMs5
CM6
CM7
CM8
CM9
D1
D2

D3
D4

C4

na)=a PR1
n(ax)=a PR2
n, ., (ax)=an,(x) PR3
To(x + y)=m,(x) + w{y) PR4
a(d)=¢ AB1
ala)={a}ifa#d AB2
a(dx)=J AB3
alax)={a}va(x)if a#d AB4
alx+ y)=a{x)ua(y) ABS
alx)= ) a(m,(x)) AB6
n=1
E guarded
Ix E{x, -) RDP

Ynn,(x)=mn.(y)
xX=y

AIP

Yx3n,mi3a;, b,e A, x;€ P(i<n, j<m)

x=3Y a;-x+ Yy b HNF

i<n j<m

that it is not necessary to use the extra sort &7, for instead of saying that
the alphabet is a set of atomic actions, it works equally well to say that the
alphabet is a sum of atomic actions. If we take the latter option, we
preserve the algebraic framework more strictly.

The recursive definition principle (RDP) states that every guarded
specification has a solution, and the approximation induction principle
(AIP) states that two processes are equal if all their projections are equal.
For RDP and AIP, see Baeten, Bergstra, and Klop (1987b). Finalily, the
principle of head normal forms (HNF) is formulated in Baeten and van
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Glabbeek (1987). It says that every process has a head normal form, ie.,
can be written as a sum of finitely many alternatives, each of which starts
with an atomic action. The second sum is needed, in case some of these
alternatives consist of just an atomic action.

1.9. THEOREM. For every closed term t there is a term s€ FCPE such
that CPA, +— t=s. (This is the so-called elimination theorem.)

Proof. See Bergstra and Klop (1984).

1.10. DEFINITION. The recursive specification principle (RSP) is

E(x,-) E(y,—)
E guarded
x=y
Note that the solution vector in E(x,—) may be specified compietely
different than the solution vector in E(y, -) (see 1.18).

(RSP).

1.11. Lemma. HNF implies that for every x and n, m,(x) is equal to a
term in FCPE.

Proof. By induction on n. Write x=3%,_, a;-x;+Y,_, b;, for certain
n,m,a;, x;,b;. For n=1, we see immediately that n,(x)=3,_,a,+
2<mb;. For n>1, we write n,(x)=%,_,a;-n,_,(x)+%,_,, b;, and use

the induction hypothesis for the x,.

1.12. LEMMA. RSP holds in concrete process algebra.
Proof. See Baeten, Bergstra and Klop (1987a).

Since some observations made in this proof will be used more often, we
will state these here. Let E= {¢;: je J} be a guarded recursive specification.
Now the condition of guardedness ensures that we can write each equation
in the form X;=3%,_, a;-5,+ %, _,, b;, for certain expressions s;. Thus, the
head normal form of each variable in a guarded recursive specification is
completely determined by the specification and does not depend on the
chosen solution (vector). Using 1.11, we see that we can calculate the finite
projections of each variable as a term in FCPE. Now, if x and y are two
solutions of a guarded recursive specification E, we find 7,(x)=n,(y) for
all n>1, so x=y by AIP.

1.13. DeFINITION.  The limit rule (LR) is

Vte FCPE e(t, -)
e(x9 _)

(LR).
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In words, if an equation holds for all finite processes (more precisely, for all
elements of FCPE), then it holds for all processes. The limit rule allows us
to prove identities by induction, since FCPE is defined recursively.

1.14. LEMMA. LR holds in concrete process algebra.

Proof. Suppose that s(x)=1(x) is an equation in which a variable x
occurs, and we know that it hoids, when we substitute a term in FCPE for
x. We have to prove that s(x)=t(x) holds. By AIP, it is enough to prove
n,(s(x)) ==, (t(x)), for each n2 1. Fix n 2 1. For terms in FCPE, we can
prove by structural induction that =#,.(x O y)=m=,(n,(x) T n,ly)) for
O=+, I, 1| and 7,(04(x))=7,(04(n,(x)). For general processes, we
can prove these equations by use of HNF. It follows that in the equation
7,(s(x))=m,(t(x)), we can replace each occurrence of x by =,(x), by 1.11
equal to a term in FCPE. By assumption, the equation holds for this term.
It is easy to finish the proof.

1.15. ExampLes. 1. In the previous theorem, the use of the principle of
head normal forms is essential. For, if we consider the initial algebra of the
theory with atomic actions {a, b}, but restrict the signature to {a} (so that
the element b cannot be described by a closed term), then AIP does hold,
but HNF and LR do not. HNF does not hold, since the element » does not
have a head normal form, and LR does not hold, since the equation
n,(x)+a=a holds for all closed terms (since they must consist of a-steps
or be equal to §) but not for the element b.

2. Even when we replace the principle HNF by the weaker
assumption, that every finite projection of every process is equal to a term
in FCPE (see 1.11), we cannot derive LR. For, consider the initial algebra
of the theory with infinitely many atomic actions {a,:ie N}, also contain-
ing one constant ¢ that does not correspond to an element in the signature.
Then, we define n,(c)=a,, and further define projection in accordance
with the axioms. Then, the model does satisfy AIP (as it contains no
infinite elements) and the assumption, but not HNF (as ¢ does not have a
head normal form) or LR (the equation 7,(7,(x))=m,(x) holds for ail
closed terms, as projection is defined normally on the 4, but not for c). To
see that the model satisfies AIP, use the fact that each element has an
alphabet, containing only finitely many of the a;. Thus, the occurrence of a
¢ in a term can be detected in the sequence of its projections, as infinitely
many a, appear in that position.

3. We leave it as an open problem, to construct models of concrete
process algebra, that satisfy LR, but not AIP or HNF.
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1.16. THEOREM. The identities in Table 11 are provable from the axioms
of concrete process algebra. Also the expansion theorem:

xillxall - e, =Y xd¥+ Y (xlx) IxVET

I<ign I1<i<j<gn

(here x' = ”1<k<n.k¢ixk and x*/ = ||1<k<n,k¢i.k¢jxk)'

Proof. Identities SC1-6 are proved in Bergstra and Klop (1984),
CA 1, 3, 5 in Baeten, Bergstra and Klop (1987a), and ET in Bergstra and
Tucker (1985), for all terms in FCPE. The general identities then follow by
applying the limit rule.

1.17. Initial Algebra. Suppose we have a guarded finite recursive
specification E= {e;: 1<j<n}. By RDP+ RSP, E has a unique solution
in concrete process algebra. Now if X' is the signature of concrete process
algebra defined in 1.2, let X(x, .., x,,) denote the signature X' with extra
constants x,, .., x,,€ P. Then, the initial algebra

A=T, (z (X1, o X,), CPA, + E(x), ... x,,))

will exist, because CPA, + E(x,, .., x,) is a positive conditional system. In
A, the principles AIP, LR, HNF (by 1.12) and RSP hold, but RDP does
not hold (not all guarded recursive specifications have solutions). (Of
course, we could add constants for more than one specification. )

1.18. ExampLEs. 1. Suppose y(a, b)=4 for all a, be A. Take a, be A,

and consider the initial algebra A = T (X (x, y, z, w), CPA_ + {x = (a + b)x,
y=ay,z=bz,w=yp|z}). In A we have w=y|z=y | z+z| y+ y|z=

TABLE 11

Standard concurrency Conditional axioms

a(x)|(x(y)nH)<=H

Ly)Lz=xL(rl2) SCl 1) = 01 970)) Al
(1) Lz=xI(y |L2) SC2
x|ly=ylx SC3
xly=ylx SC4 % cA3
*l(y12) = (x1 )z sCs
*l(y12) = (=] )z SC6 HeH,UH, cas

Oplx)= aH. ° 6112()‘)




214 BAETEN AND BERGSTRA

(@)lLz+(bz)|Ly+aytbz=a(ylz) + bzl y)+ (alb)(ylz) = (a+b)y|2)

+d=(a+b)w, so with RSP x=w. (Note that z|| y= y| z since y|z=4.)
2. Suppose aed, and consider the initial algebra A=

T(Z(x, y),CPA, + {x=ay, y=ax}). Using RSP we obtain x=y.

The existence of inital algebras shows that concrete process algebra is
consistent. To show however, that there exists a model also satisfying RDP,
we need a result from Bergstra and Klop (1986).

1.19. THEOREM. G, the set of all finitely branching process graphs
modulo bisimulation, is a model of concrete process algebra, HNF and RDP.

1.20. THEOREM. G is the final model for concrete process algebra plus
HNF, in the sense that any other model that has the same equalities for
closed terms, must be a submodel of G.

Proof. If B is any other model for concrete process algebra plus HNF,
and x is an element of B, construct a process graph for x as follows: write x
in head normal form ¥, _, a;-x,+ 3 _,, b;. Then, the root of the process
graph for x has edges labeled a, to nodes p;, and edges labeled b, to an
endnode. At node p; we continue in the same way with the head normal
form of process x;. By 1.11, the head normal forms determine the finite
projections, and the principle AIP says that a process is determined by its
finite projections. The proof is finished, if we remark that in G two graphs
are bisimilar, iff they are bisimilar to any finite depth.

1.21. CorROLLARY. If A is an initial algebra of concrete process algebra
as defined in 1.17, then A is a subalgebra of G.

2. RENAMINGS

In this section, we define global renaming operators in concrete process
algebra, and consider three examples of renaming operators, namely the
encapsulation operator ,, the pre-abstraction operator ¢, and the
localization operator vY,. The localization operator will again be used in
Section 4.

2.1. DeriNiTION.  If a€ 4, and H< A — {6}, then the renaming operator
ay will rename all elements of H into a. This renaming operator was
introduced in process algebra in Bergstra, Klop and Olderog, (1987). To be
more precise, we extend the signature with operators

a,:P—>P (ae A, HS A—{4}),
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and add axioms of Table III. We still have the existence of initial algebras
(as defined in 1.12) for this extended system.

2.2. ExampLE I: Encapsulation. The simplest example of a renaming
operator is, of course, the encapsulation operator d,=205, (for
H< A— {6, t}). Its usefulness is demonstrated in every paper on the
algebra of communicating processes. Usually, we are dealing with the
merge of a number of processes, that can communicate, and we shield them
off from the outside by encapsulation; i, we set the communication
“halves” equal to 4. Thus, if x is the merge of a number of processes, set
H={aea(x):3bea(x), y(a, b) #4}, and we consider 0 (x). For example,
if y(a,b)=c#4, and a#c, b#c, then d, y(alb)=c.

2.3. ExampLE II: Pre-abstraction. We do not consider silent moves or
abstraction in concrete process algebra, but using a special constant re A4
we can capture part of abstraction by the renaming operator ¢, (for
I< A~ {6}), which we call the pre-abstraction operator. The pre-abstrac-
tion operator will identify all internal actions, will abstract from their iden-
tity, but no action can be removed altogether; for that purpose we need the
(full) abstraction operator t,. (Note that when we use an encapsulation
operator d,, we always require ¢ ¢ H, so that d,(f)=t)

In 2.4, we explain some notation for distributed systems, which we use in
2.5-2.7 to give an example of the use of ¢,.

2.4. Distributed Systems. Suppose we have a number of locations, and
a number of ports (or channels) linking them. We assume that at each
location a certain process is executed, and that these processes can com-
municate via the ports, thus obtaining a communication network. These
communications will consist of the transfer of a piece of data. So suppose
we have a finite set of data D (often, D= {0, 1}), and we have com-
munication channels 1, 2, ..., k. Then we have the following atomic actions:

r{d)=read d along port i (de D, 1 <i<k);
s{d)=send d along port i (de D, 1 <i<k);
c(d) = communicate d along port i (de D, 1 <i<k),

TABLE III
ay(b)=>» ifb¢ H RN1
ay(b)=a ifbe H RN2
auy(x+ y)=aylx)+aly) RN3

ag(xy)=apu(x)-ay(y) RN4
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and on these atomic actions, we define the communication function as

y(rid), s{d)) =y(s{(d), r{d))=c{d)(de D, 1 <i<k)
y(a, by=140 in all other cases.

We call this restricted communication format read/send communication (or
read/write communication).

2.5. DEFINITION. We consider the communication network of Fig. 1 (so
we represent locations by circles, with the name of its process inside, and
ports by lines). The processes P, @, B,, B, are given by the FCPE terms:

P=3} rd) Y rile) syd)-sy(e)

de D eeD

Q= Z ryd)- Z rq(e)-ss(f(d, e))

de D eeD

(here /> Dx D — D is some given function)

B;= Z rivi(d) s, o(d)- Z rivi(e)-sq,o(e) (i=1,2).

de D eeD

Thus, P is a two-place buffer that works only once, B, and B, are one-
place buffers that work twice, and Q transforms incoming data using f. Put
H={r{d),s{d):deD, i=2,3,4}, so 8, will encapsulate all internal
communications.

26. LEMMA. 04(PlIB 1 BIIQ) = X,cprild) X.cp rile) c;(d) cs(d)
(ca(e) cold) + c4(d) cy(e)) c5(e) cale) s5(f(d, e)).

Proof. Since we have binary communication, we can use the expansion
theorem proved in Section 1, so we start with an action from one of the
processes or a communication between two of them. Only the first step we
will write out in full.

FIGURE 1
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d,(P| B,| B, Q)

=0 (3 ria(( E rtersta ) 18,1 B:10)

de D

+ Yy r2(d)(P|| <s3(d) Y r2(3)33(9)>” Bl Q)

de D eeD

5 n(@)sde)) 12)

eeD

£ Y ) (PNBI n (sa(d)

deD

) u(d)(PuBluBzu ( y r4(e)ss(f(d,e)))>+6)

deD eeD

= % ntdr-au(

deD

T ri(e) 5:(d) sz(e)) 18,1, Q)+6+5+5

eeD

= Z rid)- Z ri(e) - 0g((sy(d) so(e)) |l B, [ By Q)

deD eeD

= ). rild)- X rie)-cx(d)

de D eeD

O (s2<e) | (sgd) 5 rz(f)s3(f)> X Q)

febD

= Z ri(d)- Z rl(e)'c2(d)'c3(d)

B (sz(e) | <,§D (/) ss(f)> n (sA(d) PRt s4(g)) | Q)

=3 nd) Y rie) ed) c;(d)(cz(e)

deD eeD

o (ss(e) u (s4(d) S ri(g) s4(g)) u Q) Fed)

geD

Ou (50 (T rtNstn)1( T rstrsuto)

fe D geD

(z ) sasdm)))

643/78/3-4
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=Y r(d) S ri(e) ex(d) c3(d>(cz(e)c4(d)

o (stern 2 ()01 T rthsisid )

et "

2 (ss0)1 (gEZD i) sie)) | (z s i) )
= T 1) T o) eld) exeiete) e+ ) )

o) 0u (s (z s ) )

= ) nld) Y. ri(e) ex(d) es(d)(cale) ca(d)

deD ecD

+c4(d) ez(e)) - c3(e) cqle) s5(f(d, €)).

2.7. We can simplify the expression derived in 2.6 considerably, if we
use pre-abstraction. Put I={c(d):de D, i=2, 3, 4}, the set of all internal
communications, then

t;o0,(P| B, B,1| Q)
=Y ri(d) Y rie)-t-t(t-t+t-1)-t-t-55(f(d, e))

de D eeD
= Y rdd) Y rile)-1°-55(f(d, e)).
de D eeD

Thus, we only see the input and output actions, and we no longer see the
alternatives in the formula of 2.6.

2.8. ExampLE III: Localization. For sake of simplicity, we only define
this operator in the case of read/send communication as described in 2.4.
Let B A — {&} be such that for each port / and each de D at most one of
the atoms r/(d), s{d), c(d) is in B. If B satisfies this requirement, then the
communication function y has an “inverse” on B| 4; ie., if c{d)€ B| A, then
exactly one of r,(d), s{d) is in B. Thus, we can call the original in B
7~ e dd)).

Now we can define the localization operator.
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2.9. DeFINITION. Let B A — {4, 1} satisfy the requirement in 2.8. Let
B|A={cy, .., c,}. We define the localization operator v} by

1733=?41(01){c1} o .- OV"l(‘Cn){c,,}OIA—(AwuBu{a})-

It is easy to see that v’; has the properties:
1. vi(y(b,a))=b,if beB, ac A, y(b,a)#d

A
2. vi(b)=b,if beB
3. v;(c)—t ifcedA—(A|BuBuU{4})
4. vy(d)=
5. v{x+ y)——vB(x)+ vi(y)
6. vi(xy)=0v4(x)-vi(y).

Intuitively, we think of v as the operator that ‘localizes’ a process to
actions from B, so that, in a context, typically a merge of communicating
processes, we can focus on some actions and (pre-) abstract from others.
We give an example of the use of localization in 2.10, 11 and will discuss
this example again in § 4.

2.10. DEFINITION. We consider the communication network shown in
Fig. 2. Think of S as a sender, R as a receiver, and E as an environment. We
define S and R as the unique solutions in concrete process algebra of the
following two guarded recursive specifications:

S=Y ry(d)syd)rsy(ack)s,(ack)S
de D
R= Y r,(d)s,(d) s;(ack)R.
deD
Here we have a special element ack denoting acknowledgment (it is easiest
to take ack ¢ D), so S sends a de D to R, receives an acknowledgment, and
then sends the next &; R receives the data and sends back an

acknowledgment.
S and R also communicate with the environment E; so E can send data
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along 1, receive an acknowledgment along 1 or receive data along 4. Thus
we can put

E=< Y os(d)+ Y r4(d)+r1(ack)) E.

de D de D

2.11. But, we have the feeling that E cannot do any of these things at
any time: first we must have a s,(d), then a r,(d), and then a r,(ack), before
a next s,(d’) can follow. We can express this by using the localization
operator. We put H = {s/(d), r{d): de D, i€ {1,2,3,4}}, and look at

U;:(E) ody(E|lS| R),
so in the process d 4(E| S| R) we focus on actions from E and we localize

to E. It is easily seen that a(E) = {5,(d), rq(d): de D} U {r,(ack)} and that
a(E) satisfies the requirement of 2.8. We see

U;(E)"aﬂ(E“ S| R)

=UL<E;( 2 ci(d)-04(E| (s2(d) rs{ack) s,(ack)S) HR)>

de D

= Z sy(d) - vy z)(ca(d) - 0 u(E|| (ry(ack) s, (ack)S) || (s4(d) s5(ack) R)))

deD
= 2 51(d) t v (ca(d) - 0 y(E || (rs(ack)s (ack)S) || (s;(ack) R)))

= Y su(d)-1-14(d) Vi cslack) - (E] (si(ack)S) | R))

de D

=) sy(d)-t-ry(d)-t-v}g(ci(ack) - 04(E| S| R))

de D

= Z si(d)-t-ry(d)-t-ri(ack) v} g0 0y(E] S| R),

de D

so that the actions from E indeed occur in the right order.

3. DEFINING POWER OF RENAMINGS

3.1. Suppose we want to give a recursive specification of a queue Q
with input channel 1 and output channel 2, over a data set D with more
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than one element (see Fig. 3). An infinite guarded specification can be given
by the equations

0=0.= ¥, r(@-Q.

de D

Quea=8(d) Q0+ Y. ri(e)-Qorgna

eeD

(for any word ¢ € D* and any de D).

Now we look for a finite recursive specification of @, in the context of
handshaking communication (i.e., a finite specification E which has a
solution x in some model iff the specification above has a solution x). We
may assume that r,(d) and s,(d) are not the result of communications, for
we need the following interactions with the environment:

Yrid), s{d))=c{d) (i=1,2;deD).
That is why we want to specify Q under the condition
a(@)nran(y)=@  (since a(Q)= {ry(d), 5,(d): de D}).

3.2. Next, we will prove two theorems:

THEOREM 1. We cannot define Q by a finite guarded recursive
specification in concrete process algebra without renaming under the con-

dition a(Q)nran(y)= .

THEOREM 2. We can define Q by a finite guarded recursive specification
in concrete process algebra with renaming operators (as defined in Section 2)
under the condition a(Q) Nnran(y)= .

We will prove Theorem 1 in 3.10. First we need a number of intermediate
results. We define the following axiom systems:

PA=Al-5+ M14 +PR14
(here M1 is axiom x| y=x| y+y| x and M2-4 = CM2-4) and
PA;=PA + A6, 7.

3.3. LEMMA. Q is not definable by a finite guarded recursive specification

in PA.
|< )2

FIGURe 3
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Proof. See Bergstra and Tiuryn (1987).

3.4. DEFINITION. Let xe P. We say x does not deadlock (or =1 DL(x)) if
for each n > 1, there is a term se FCPE such that #,(x)=s and § does not
occur in s.

3.5. LemMa. Suppose process x is definable by a finite guarded
specification in PA; and x does not deadlock. Then x is definable by a finite
guarded specification in PA.

Proof. Let E={e;:1<j<n} be a guarded recursive specification in
PA; defining x (so x=s5,(x, x5, .., X,,) for some x,, .., x,). We define a
theory PA¥, intermediate between PA and PA;. The set of PA*-terms is
defined inductively:

1. any ae A— {d} and any variable X is a PA*-term;
2. if 5, r are PA*-terms, then so are s+, s-r, s|/r, s|| r, and s- 4.

The axioms of PA* are

PA*=PA + {ad | x=axd}.

Note that rewriting a PA*-term by use of a PA*-axiom will yield a PA*-
term. Note also that CPA+—aé | x =axé (use induction on FCPE plus
limit rule). Now we can assume that all right-hand sides of the equations in
E are PA*-terms (if some are not, apply axioms A6 and A7, and if an
equation X, =0 appears, substitute é for occurrences of X; in right-hand
sides, and leave out equation X;=J). Let E' be the specification obtained
from E by leaving out all occurring & (i.e., we replace each (sub)term s6 by
).

Then E’ is a finite guarded specification in PA, and we claim that £’ also
defines x. To see that x is a solution of E’, let n > 1 be given. By 1.12, there
is an expansion s7 of s, in which all x; are » times guarded, so that we can
reduce, in PA;, n,(s%) to a term in FCPE. Likewise, for £’ there is an
expansion 5’7 of 57, so that #,(s"") reduces in PA to a v, in FCPE. Now the
reduction from 7,(s}") to v, in PA can be exactly transcribed to a reduction
from =,(s7) to a v,e FCPE in PA* (sometimes using the PA*-axiom
instead of CM2).

Since x is a solution of E we have 7,(x)=v,. But v, is a PA*-term, and
so A6 and A7 cannot be applied to v, so since x does not deadlock, J can-
not occur in v,. But that means that v,=v,, so n,(s})=v,=v,=7,(s'7),
and x is a solution of E".

3.6. COROLLARY. Q is not definable by a finite guarded recursive
specification in PA;.
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Proof. That Q does not deadlock can be seen using the infinitary
specification given in 3.1. Now use 3.3 and 3.5.

3.7. LeMMa. Let x be a solution of the guarded recursive specification E.
Then 8,(x) is a solution of 0 (E), where 0,(E) is obtained from E by
replacing each right-hand side t, by 0,(1,) (where HS A —{3}).

Proof. Use 1.12 and the observation

CPA — 1,00 4(x) = 0g0°,(x).

3.8. LemMA. Suppose process x is definable by a finite guarded
specification in ACP,+ PR and a(x) nran(y) = . Then x is definable by a
finite guarded specification in PA; (ACP,= ACP + C4).

Proof. Let E be a finite guarded recursive specification in ACP,+ PR
defining x. Put H=A|A=rany— {é}, then by 3.7, d4(E) defines 0 ,(x).
But d4(x)=x, by applying rule CA3 (see 1.11). But it is not hard to see
that applying 0, to an open (ACP,+ PR)-term amounts to leaving out
(i.e., set equal to ) all communication (sub)terms of the form x| y and has
the same effect as having a trivial communication function y with
y(a, b) =0 for all a, be A. The theory ACP,+ PR with trivial y is the same
as theory PA;.

3.9. COROLLARY. Q is not definable by a finite guarded recursive
specification in ACP_ + PR, if we require a(Q) nran(y)= .

3.10. THEOREM. Q is not definable by a finite guarded recursive
specification in concrete process algebra, if we require a(Q)nran(y)= .

Proof. This immediately follows from 3.9, since any specification in
concrete process algebra uses the signature of ACP,+PR, so it is a
(ACP, + PR)-specification.

3.11. THEOREM. Q is definable by a finite guarded recursive specification
in concrete process algebra with renaming operators, such that

2(Q) nran(y) = .

Proof. Let A contain atoms r,(d), s,(d), I(d), and u(d), for each de D,
and suppose

(), (d))=u(d)  (deD)

are the only non-trivial communications.
Suppose D= {d,, .. d,}, and define S2guy = 52(d1) utanyy © S2(d2) fuany ©
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- 08(dy) juayy a0d Ly =Ud)) (a0 o 2Ny syiays tWO  TEnaming
operators, and H = {I(d): de D}. We claim we can define Q by

Q=3 rid)-s3,°04l(,(Q)ll5:(d) - Z)

de D

Z=Y Ud)-Z

deD

To show this specification is correct, define R, for ¢ € D*, inductively:
R,=Q (as given above)
Rova=$20 oaH(l{sz}(Ra) l52(d) Z).
First we need the following observation:
R,= S2(uy © aH(l{sz}(Ro') I Z).

We prove this by RSP, showing that both sides satisfy the same equations:
we have, on the one hand,

R, = Z ri(d) “Saru) oaH(l{sz}(Re)“ 5:(d)Z)

de D

= Z rid)- Ry,
de D
and

Ra‘d=s2{u} OaH(l{sz}(Ra)“ 5)(d)Z)
=S8214; OaH(l{sz}(Ra) [ s:(d)Z) t $20) Ou(s,(d) 2 lLl{sz}(Ra))
(since s,(d) does not communicate)

= Saa1° Onlli ( » rl(e)) Lo (Revo) | 52(d) Z]

eeD
(by induction)
iy (52N ) (Roap) | 52(d) 2])
(if o = a'*f; if ¢ =¢, this term does not appear)
+ 5:(d) - 52040 0l 3 (R Z)

= Y ri(e) sz (0nll ) (Revy) I 52(d) Z) + 6)

eeD

+5:{d) 530y ° 0l () (R | Z)

= Z rl(e)'Re‘a‘d+s2(d)'s2{u}°aH(l{s2}(Ro‘)” Z)

eeD



GLOBAL RENAMING OPERATORS 225

On the other hand, we have

S20uy ° Ol 53 (R Z)

=s2{u}oaﬁ( S ri(d) - Uy 210 0 Ornlly (@) 1 52d) Z)) 1 2]

de D

) [y (R Z])

=Y rid) 5202 0ul (R Z),

de D

and

S2(uy ° aH(l{s2}(Ra‘d) 1Z)
=824} ° aH(l{sz}(SZ{u} ° aH(l{sz}(Ro')) | s.(d) Z)I| Z)

= S21°0m ([lm} ( S ri(€) say 0 Ol (Revs) | sz(d)zn)

eeD

+ 15,1 (52() 5240y 0 Ol (53 (R,) |l Z)])] l Z)

s ( T (@)U (Rovged) | Z))

esD

+ 5204y ° 0 (u(d)(S20y 0 Ol () (R,) | 2) 1| Z))

= Z ri(e) *Saquy® aH(l{sz}(Re‘a'd) 1 Z)

eeD

+ 52(d) * S21uy 0 O p(S20y 0 Ol (R 2) | Z).

Therefore, we have shown R,=530,°0ul(,1(R,)1Z), and so the
equations for R, simplify to

R,= Y rid)-R,

deD

Ra‘d= Z rl(e) . Renatd+ SZ(d) . Ro"

eeD

But that means that the R, satisfy the equations for Q, in 3.1, so by RSP
R, =0Q,; in particular, R,=Q,, so the equations above indeed define the
queue Q. Finally, (Q) nran(y) = ¢ is obvious.
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4. TRACES AND RESTRICTION

In this section, we define the trace set (set of execution paths) of a
process. It is well known that in concrete process algebra, two processes
with identical trace sets need not be equal (consider, e.g., processes a(b + ¢)
and ab + ac). We will define for a process, what it means that it does not
deadlock, and when it is deterministic, and then we show that if two
processes have the same trace set, do not deadlock, and are deterministic,
then they must be equal. Next, we define a restriction operator, that can
limit a process to a set of possible traces, and we give an example of the use
of this operator by again considering example 2.10 and 2.11.

4.1. Note. The principle we will use very often in this section is the
principle of head normal forms (HNF), in particular the following con-
sequence of HNF: each projection must be a finite term (1.11).

4.2.  Deadlock Behaviour. We define a predicate DL in concrete process
algebra as follows: on FCPE, we define DL inductively by

1. DL(J)

2. DL(x)=DL(ax+ y) (ae A, x, ye FCPE); and in general, we
define

3. DL(x)<3n DL(7,(x)).

4.3. LEMMA. The following hold.

1. ' DL(a) if ae A— {6},

2. 1 DL(x)= 1 DL(ax) (ae A— {d}),

3. 2 DL(x) and 7 DL{y)= =1 DL(x + y).
Proof. Easy.

44. THEOREM. Let ae A— {8}, H=A— {6} and x any process, then
DL(a,(x))< DL(x).

Proof. = Suppose 1 DL(x). Take n>1. Then —1 DL(=%,(x)). By
1.11, there must be an se FCPE such that n,(x)=s. Then — DL(s),
and by applying 4.3, we find —1 DL(ag(s)). Then — DL(ay(n,(x))),
and since by limit rule we can easily show ajon,=m,°a,, we have
=1 DL(n,(ay(x))). Since n was chosen arbitrarily, we have 1 DL(a,(x)).

< Just as simple.

4.5. Notes. 1. In 4.4, we can take a=1, so pre-abstraction is safe with
respect to deadlocks.
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2. In 4.4, we cannot take a=2J, as the following counterexamples
show:

21. ifa,bed— {5} with a#b, then
DL(ad +b) but 7 DL(0,;(ad + b));
22. ifaeA— {6}, then -1 DL(a) but DL(d,,,(a)).

Thus, neither of the implications

DL(x)=>DL(3,(x))
DL(8,(x))= DL(x)

holds, in general.

3. By 4.2.3, the predicate DL is semi-recursive. In general, DL will,
however, not be decidable.

4.6. Note. The following statements are easily proved:

1. DL(x|y)=DL(x) v DL(y)

2. DL(x-y)=DL(x) v DL(y).
(The converse only holds for 1, if both x and y are finite, and the converse
holds for 2, if x is finite.)

We define determinism in 4.8. First we need another definition, which
appeared earlier in, e.g., Bergstra and Klop (1986).

4.7. DEFINITION. The set of subprocesses (or states) of x is the set of all
processes obtained by executing a number of steps from x. We have the
following inductive definition:

1. xeSub(x)
2. ay+ zeSub(x)= ye Sub(x).

4.8. DEFINITIONS. Let x be any process:

1. x is root nondeterministic if there is an ae 4 — {é} and processes
Xy, X5, y such that x, # x, and

xX=ax,+ax,+ y.
2. x is nondeterministic if there is a y € Sub(x) which is root nondeter-
ministic.
3. DET(x)<> x is not nondeterministic.
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49. Notes. 1. Neither of the implications
DET(x)= DET(ay(x))
DET(a,(x)) = DET(x)

holds in general (for ae 4 — {6}, H=A—{6}), as the following coun-
terexamples show. If a, be 4 — {3} with a#b, then
1.1. DET(aa+ b6) but = DET(a,,,(aa + bd));
1.2. 1 DET(aa + ab) but DET(a,,,(aa + ab)).
2. In case a=9, the implication

DET(x) = DET(d4(x))
does hold, as is easily shown by induction, but the implication
DET(84(x)) = DET(x)

does not, as the following counterexample shows.
IfacA— {6}, then

DET(d,,,(aa + ad)) but - DET(aa + ad).

4.10. It is easily seen that DET(x) and DET(y) is not a sufficient con-
dition to conclude to DET (x| y) (take x =aa, y=ab), so we need some
extra condition(s). When we deal with large systems, we do want to be able
to conclude the determinacy of the whole system from the determinacy of
the parts. The following proposition (whose proof we omit) lists sufficient
conditions for this.

PROPOSITION.
DET(x) DET(y)
a(x)na(y)c H

(a(x)|a(y)) N (a(x) v a(y)) EH
DET(0 (x| y)) '

4.11. THEOREM. Let x be any process in concrete process algebra. Then
DET(x) < forall n>1 DET(x ,,(x)).

Proof. = Suppose n>1 is such that - DET(x,(x)), so there is a
yeSub(zn,(x)) and ae4— {4}, processes x,,Xx,,x; with x,#x, and
y=ax, +ax,+ x;. Using induction, it is not hard to show that for each
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y € Sub(z,(x)), there is a " € Sub(x) and an m < n such that n,,(y')=y. It
follows that y =axi;+ax;+x5, with =, (x))=x,, 7,_(x3)=Xx,
(x;=x, and x,=x, if m=1) and =,(x3)=Xx;. Since x,# x,, a fortiori
x # x5, whence — DET(x).

< Suppose —1 DET(x), so there is a yeSub(x) and ae 4 — {5},
and processes x;, X,, X3 with y =ax, + ax, + x5 and x, # x,. Since x, # x,,
there must be an n>1 with n,(x,) #n,(x,) (by AIP). Therefore we have
that #, , () is root nondeterministic. Now if the top of y is “at depth m”
in x (y 1is reached after executing m steps from x), then
1 DET(nn+m+ l(x))‘

4.12. Note. By 4.11, the predicate DET is co-semi-recursive. In general,
DET will, however, not be decidable.

4.13. DeFINITION. Now, we will define the trace set of a process in con-
crete process algebra. A trace set is a set of words from 4 — {§}. On FCPE,
we define ¢ inductively:

1. tr(a)={¢ a}, ifacA— {6},

2. tr(6)={e},

3. tr(ax)={e} U {a*s:oetr(x)}, ifae 4 — {5},
4. tr(x+ y)=tr(x)utr(y);

and we extend this definition to all processes by
5. tr(x)=Ux, tr(m,(x)).

4.14. Definition 4.13.5 is correct, because trace sets are prefix closed, i.e.,
if ap is in some trace set (o, pe (4 — {d})*, op is word ¢ followed by word
p), then o is too. We define the set of trace sets I as the set of all prefix
closed subsets of (4 — {J§})*. Note that 7 = {(F} U ran(tr).

4.15. DerFINITIONS.  On 7, we define three operations:
1. if ZeJ, (0/0a)(Z)={o:a*ceZ}, so (8/0a):T =T for a
aeA— {5}
2 If Zeg, first(Z)={a:Joe(A—-{6})* a*ceZ}, so
first: 7 — o/ (=Pow(4 — {6})).
3. If Zes and aed—{6}, a*Z={e}u{a*cioceZ}, so
*(A-{8})xT -7

Note that a*@ = {¢}.

4.16. LeMMA. For all Ze T — { B} Z=,c 1_ 1) a*(0/0a)(Z).
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Proof. This follows easily from 4.15.

Next we see when equality of trace sets implies equality of processes. A
theorem similar to this one was proved by Engelfriet (1985), in the setting
of CCS, (Milner, 1980) or CSP (Brookes, Hoare, and Roscoe, 1984). Here,
in the setting of concrete process algebra, we need an extra condition,
because we have both successful and unsuccessful termination (the process
a vs the process ad).

4.17. THEOREM. Let x, y be any processes. If DET(x) and DET(y) and
ADL(x) and =1 DL(y) and tr(x)=tr(y), then x = y.

Proof. We prove this for x, ye FCPE. The general case then follows
from AIP. We use induction, but in a little different form as in the
definition of FCPE. We will prove the statement: Suppose DET(x) and
DET(y) and -7 DL(x) and -1 DL(y) and tr(x)=tr(y),

i Yy

x=Y ax;+ Y b (a;, b;e A, n+m>0)

1 i=

1
y=3Y ayit+ 2 d  (c,,ded r+s>0)
/=1

k=1

and the theorem holds for all x;, y,. Then x = y. So suppose x and y are as
specified. By applying A6 and A7, we can assume a;, b;, ¢,, d,e A— {J}. By
applying A3, we can assume all the b; are distinct, and all the d, are dis-
tinct. Since DET(x) and DET(y), we can assume all the g, are distinct, and
all the ¢, are distinct. Since — DL(x) and — DL(y), we can assume
that x,;#06 (if 1<i<n) and y,#6 (if 1 <k<r). Using Definition 4.13,
we see that this implies that there is a oetr(x;) and a oetr(y,) with
o#e Now {a; <1<isn}u{b;:1<j<m}=first(tr(x))=first(tr(y)) =
{ei1<k<riu{d;1<iI<s}. If 1 <i<n, then there is a oetr(x;) with
o #¢ Then a*oetr(x), so a¥oetr(y). It follows that there must be a &k
(1<k<r)with a,=c, and setr(y,). Thus {a;: 1 <i<n}={c,: 1 <k<r}
and also {b;:l1<j<m}={d:1<I<s}, whence 37  b=37_,4d,.
Therefore, we can write y=37_, a,y,+ > 7, b, (maybe after a renumber-
ing of the y,).

Let 1 <i< n, then tr(x,)=(0/0a;)(tr(x)) = (8/a,)(tr(y)) = tr(y;) (since all
the a, are distinct). Since x,€Sub(x), y;€ Sub(y), we have DET(x;) and
DET(y;) immediately from Definition4.8; we have —1 DL(x;) and
= DL(y;) from 4.2.2. Thus, applying the induction hypothesis, we have
x;=y;, and therefore x = y.

Now we define the restriction of a process to a trace set. If x is a process,
and Z a trace set, then V,(x) is the result of disallowing every step in x
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that will result in a trace outside Z. V is not strictly a renaming operator
(axiom RN4 will not be satisfied), so if we formally want to define the
restriction operator in concrete process algebra, we need to extend our
signature and set of axioms. We formulate this in 4.18.

4.18. DeFiviTION.  Extend signature 2’ with operators
V,:P—>P foreach ZeZT

(7, defined in 4.14, is an algebra with functions first, 0/0a, *, defined in
4.15), and extend CPA + RDP with axioms

Vya)=0,._ fiest(z)(@)
Vz(ax) =0, — first(Z) 'V(a/aa)(z)(x)

Va(x+y) =V (x)+Vz(y)

4.19. LEMMA. Let x be a process and Ze 7. Then:

L tr(Vy(x)cZ
2. tr(x)eZ=V_ (x)=x.

Proof. Use induction on x.

4.20. DerINITION. Let 7€ A—{8}. For a word ¢ in (4— {6})*, let
£,(c) be the word obtained from ¢ by leaving out all elements from I. Then,
if x is a process, we define tr(x), the set of I-abstracted traces of x, by

tr(x)={e{0): o etr(x)}.

Often, when we study a large system, it becomes very difficult to calculate
its external behaviour because of the great number of states of the system
(many times an infinite number). In such cases, the trace set of the system,
or the trace set of some components of the system, may be much easier to
calculate. The following theorem gives us a way to use such information to
simplify a component in the context of the system. This makes it possible
to reduce the number of states before the interaction of the components is
calculated. Since this theorem allows us to use trace information in a
process algebra verification, it constitutes, in our view, an important inter-
face between trace theory and process algebra. Indeed, this technique has
been used extensively in the papers Vaandrager (1986) and Groenveld
(1987).

4.21. THEOREM. Let p,q be two processes in concrete process algebra.
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Suppose a(p) satisfies 2.8, so that vl is defined. Then Z2

x(p)

iy 0 Uy 2 Onlpl q) implies 04(pl @) =0u(V(p)| ).
Proof. Let p, q be given, and suppose

ZQtr{,}OU;(p)OaH(p”q)‘

It suffices to prove the theorem for p, g € FCPE (by limit rule). We will use
simultaneous induction on p and g to prove the following five statements:
u(pllg)=0u(V2(p)lq)

Ou(p La)=0u(Vp) L9

Oulg Lp)=04(q L Vp)).

Ou(pla)=0u(V(p)lq).

Ou(p)=0u(Vz(p))

Sk W =

If V,(p)=p, there is nothing to prove, so we can assume V(p)# p.

Case 1. p=ae A. Since V,(p)+# p, we must have a# 4, and V(a) =4,
so a¢first(Z). If we would have a¢ H, then aefirst(tr,yovl,, cd4(a)) S
first(tr o0}, 0 0yla L q)) < first(tr,, o vi, 0 0n(al q)) < first(Z), which is a
contradiction. Therefore ae H. Now we use induction on g.

Case 1.1. g=beA. Since v}, c0y(alb)=a, if a|lb#0 and a|b¢ H,
and that will give a contradiction as above, we must have 0,(a|b)=46. But
then 0 ,(al b)=20,(5|b) and 2-5 follow.

Case 1.2. gq=bx, beA. Again 0Jylalb)=0, so dylalbx)=
0u(a) 0y(bx)+0,(b) Oplall x)+0p(alb) O plx) = 00y (bx)+04(b) 04(d | x)
+ 80 ,(x) (use induction for the middle term) = d,(d || bx). Statements 2-5
are casier.

Case 13. g=x+y. Then dy(a|(x+ y))=70yla)du(x+ y)+
Oux La)+0u(y La)+0ulalx)+0plaly) = 00u(x+y)+0u(x| 6)+
Oy L 6)+ 0,(8|x)+ ,(8| y) (induction on terms 2-5)=34(6 || (x + y),
and again, 2-5 are easier.

This finishes Case 1.

Case 2. p=ax, ac A. If a¢first(Z), we conclude as in Casel that
0u(plg)=0u(819)=0,(Vz(p)llq). Therefore, we can assume a € first(Z),
so a¢ H.

Claim. (0/0a)(Z)2tr, ov},,°0u(xllq)
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Proof. Suppose g etr,,ovy ., °0y(x|q). Then
a*sea*tr, ovy 00y(x|q)
=1tr,y(a- v o Onlxl )
=1T (9000 1oy (@ 0n(x119))
=try o0y pmo0nlax || q)
Sty o0, dulplgI=Z,
so by definition ¢ € (8/0a)(Z).
Now we use induction on g.
Case 2.1. q=be A. Then
Oulax||b)=0ula) -0 u(x[1b)+ 04(b) 04la) 0 4(x)
+04(alb) du(x)
=0(a) - 0V 1y 2(X) 1 8) + 0 (b)) O 1@ V (554 (X))
+0alb) 04V 500 2(X))
=0u((aV (320 2(X)) 1 B) = 0 y(V L ax) | b),
and 2-5 are easier.

Case 2.2. q=by, be A. Then

Oulax||by) = 0(a) 0x(x||by) + 0u(b) O plax| y) + 0ulalb) 0 (x| y)
= 31(a) 01V 300 %) | BY) + 0 u(B) 8 5V () || y)
+01(a18) 3V 5100 ) | ) = 3,(V ) [ by),
and 2-5 are easier.
Case 23. q=y+z Then
Oulax||(y+2))=0,(a) Oulx | (y+2))+ 0y L ax)+du(z | ax)
+ 0ylax| y)+ dylax|z)
= 0(a) 01V 300y 2(X) | (y + 2)) + 0 (¥ |L V 2(ax))
+0u(z | Vz(ax)) + 04(V Z(ax)| y) + 0 (Vz(ax)| z)

=0(Vz(ax)| (y + 2)),
and 2-5 are easier.

This finishes case 2.

643/78/3-5
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Case 3. p=x+y.

CLaM.  Z2tr, o0 o0u(xlg)utryyovy ,o0(ylq)

a(x)

Proof. Suppose g etry,, v ,°0,(x| q). We can suppose o #¢. Then

getrovl  odylx | g)utr, v, °0ulq | X)
Utrgovl o 0u(x]q).
If
ogetry, ovh o0y(x [ )

then

getlr Ov;(_noaﬁ((x‘*‘ y) [Lq)gtr{,;ov;(x,oa,,(puq)
Etr{z}"l’;(p;oaH(PUQ)EZ-

Ifoetr,ov’  ,o0,4(q | x), take a trace
{e} x(x)

TErov, o 0yl(g L x)
with
5{15('[):0'.

If t=t*t', for some 7', this t-step came from a b-step in g, i€, g=bz+w
with 7' etrovl o0,(x|iz). In the other case, if t=a*r’, for some 7' and

2 4

aea(x), we have g=az+w with 7' etrov’, od,(x|z2).

afx)

In either case, we can conclude by using an induction argument that
T €trovl ., 0,((x+ p)| z), whence, in the first case

T=r*er*trov o 0u((x+y)|2)
=tr(t - 0o 0ul(x + ) 2)
=trovy (b 0u((x+»)|2)
=trovy o 0u(bz | (x+ y))
Strovi o 0ulq L p)
Strovy,, o 0ulplg)

Y 0=8{1}(‘5)Etr{:}°vi(x)°au([7”lI)EZ-
The other case is similar.
Lastly, if aetr,ov} . °0u(x]q), then

TEr ovl 2 0u((x+ p)q) Stryovl,, 0 du(pllg) S Z.
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Thus tr, ovL, 00 (x]lq) S Z. Similarly try, o0y, 0x(ylg) S Z, and the

a(x)

claim is proved.

Then we prove Case 3 by induction on g.

Case 3.1. g=aec A. Then
Oul(x+ p)lla)=04(x [La)+0ul(y | a)+0u(a)(0u(x)+0u(y))
+0u(x|a)+0dy(yla)
=04(V2(x) La)+ 04(VZ(y) ILa) + 0 u(a)(@(V (x))
+04(Vz(y) +0,(Vox} @) +0,(V2(y)a)
=04((VZ(x) +Vz(y)lla)=0(Vx + y)la),

and 2-5 are easier.

Case 3.2. g=az, ae A. Then
Og(x+ y)llaz)=0y(x |L az)+ 0y(y L az) + dy(a) - dgl(x 4+ ¥)l2)
+ 0py(x|az)+0y(ylaz)
=0,V (x) L ax)+0,(V(y) |Laz)+0y(a) 04(Vzx+ y)| 2)
+0u(Vz(x)|az) + 04(V2(y)laz) = 0p(V(x + y) | az),

and 2-5 are easier.

Case 3.3. g=z+w. Then

Ou((x+ ) (z+w))=0uy(x L(z+w))+0u(y L (z+w))+0u(z L (x+ y))
+0u(w L (x+ )+ 0u(x|(z+w))+0u(y|(z+w))
=04(Vz(x + )| (z+w)),

and 2-5 are easier.

This finishes the proof of the theorem.

4,22, ExampLe. We will illustrate the use of Theorem 4.21 by again
considering Example 2.10. Define F=Y,_, 5,(d) ry(d) r,(ack) F (meaning
that F is the unique solution of this guarded recursive specification), then
2.11 shows that in the context

du(--- [ISIR),
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F should do the same as E. We use 4.21 to prove this. Define the trace set
Z inductively by:
1. forall deD
g, 5,(d), s,(d) ry(d), s,(d) r4(d) ry(ack) € Z;

2. if6eZ, then 5,(d) ry(d) r(ack)* e e Z (for all de D).

CLAaM 1. Z=tr, o0y dx(E] S| R).
Proof. Using 2.11, we get

tro, OU;(EloaH(E” S| R)

(o ( S sy(d) £ ra(d) ¢ rn(ack)'UL<E.°5H(EHSIIR)>

de D

U sl(d)*tr{, (trq(d)tri(ack)-v u(E)oaH(E“S“R))

de D

= J (s(d)* (ra(d)* (ri(ack)*tr o vl 0 04(E| S| R))))
de D
It is not hard to finish the proof.
Thus d4(E|SI|R)=04(V,(E)| S| R), and so we are done if we prove
VE)=F.
CLaiM 2. V(E)=F,

Proof. Since Z=),.p (s;(d)* (ro(d)* (r(ack)* Z))), we have, for
de D,

) « . 0 ] _ N
m2=r4(d) (r(ack)* Z), 3ra(d) <6s1(d) Z)-rl(ack) Z

and

0 o (@ _
5r(ack) (ar4<d) (asl(en Z>) =%

Then

VZ(E)=VZ(( Y s+ Y r4(d)+r1(ack)) E)

de D de D

= Z Va(si(d)E)+ Z V(ry(d) E) +V z(r (ack) E)

de D de D
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=3 04 teicay de 3y (AN YV aagan 2 E) + 0 + 6

de D

= Z 5,(d) Vr4(d)‘ (ri(ack)* 2)(E)

de D

= Z 51(d) 0 4 - 1y (ral @)V, acicy (E) + 0

de D

= Z si(d)ry(d) 0, {rl(ack)}(rl(aCk))VZ(E)+ o

de D

=Y s,(d) ra(d) ri(ack) V,(E).

de D

Thus V_(E) satisfies the defining specification of F, so by RSP, V(E)=F.

5. PROCESSES WITH SIDE EFFECT ON A STATE SPACE

In this section, we introduce processes that can be in different states. In
fact, we introduce an operator A, (the state operator) so that A,(x) is
process x in state s. Thus, executing process A,(x) means that we start the
execution of process x in state s. We give some examples and show that we
can use the state operator to translate computer programs (in some high
level language) into the language of concrete process algebra.

5.1. State Operator. We want to define the state operator 4,, for se S,
the state space. The principal idea is that executing a step of a process will
result in a certain effect on the state, so our main equation will look like

A’s(ax) = a,is'(x)’

and here a’ is the action resulting from execution of a in state s, and s’ is
the state resulting from execution of a in state s. In fact, when we talk
about a state, what we have in mind is the state of a certain object.
Therefore, we will have a set of names M, and we will also index the state
operator with a name me M, so A” symbolizes that the object named by m
is in state s.

The action and effect functions will also depend on m. Now we are ready
to give the formal definition. The basic idea for this definition came from
Bergstra, Klop and Tucker (1985), where asynchronous communication
was described as a mechanism with effect on the state.

5.2. DeFINITION. Let M and S be two given sets (with M finite), so that
sets A, M, § are pairwise disjoint. Suppose two functions act, eff are given:
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act: AXxM xS — A,

efl: A x M xS - S. We will write a(m, s) for act(a, m, s)
and s(m, a) for eff(a, m, s).

We require
o(m,s)=20 s(m,0)=s (forme M, s€ S).
Now we extend the signature of concrete process algebra with operators
Ar:P->P  (formeM,seS),

and extend the set of axioms by

A7(a)=a(m, s) i1
AMax)=a(m, s) A, 4(x) 12
AN x+ y)=A7(x) + A7(y) 3

5.3. Note. The state operator is a generalization of the renaming
operator defined in 2.1. For, if be A and H= A — {4} are given, define
M={m} and S= {s}, and

( - b if aeH
A= it a¢ H,

then b, = A7 follows.

5.4. DEFINITION. We define the alphabet of an object me M, a(m), as
the set of all actions that can be changed, so a(m)= {ae A4:there is s€ S
with a(m, s)#a}.

5.5. Theorem. If there is no communication (ie, y is trivial), and
a(x) Na(my)=a(y) nalm,) =, then A7 A7 x|l y) = A7 (x) | A7 p).

2 2

Proof. In fact, we do not need to assume that y is trivial but it is
enough if the following statement is satisfied:

a(x)|a(y)= & and {a(m,,s): aca(x),se S}|{a(m,,s): aca(y),seS}=.

The proof consists of a simultaneous induction on x and y to prove the
statement above simultaneously with two similar statements, with a left-
merge (resp. communication merge) instead of the merge operator. The
proof follows the lines of the proof of 4.21 (only simpler), and is
straightforward, which is why it is omitted here.
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5.6. Remark. In 5.5, we have the case where we can separate the
“variables” m,, m,. If either a(x)na(m,)# or a(y)nalm,)#J, we
have so-called shared variables, a situation that is also described in GPL
(in the absence of communication), see Owicki and Gries (1976).

5.7. ExaMPLE 1. Suppose we have a serial switch as depicted in Fig. 4.
(For the formulation of this example, we are grateful to Jos Vrancken.)
The switches 4 and B are given by

A=aA
B=bB

(action a is the action of flipping switch 4, and action b is the action of
flipping switch B). Define M = {m}, S={0, 1} x {0, 1} (state (i, j) is the
state when switch A is in position i and switch B in position j, with
i, je {0, 1}). Now we define functions act and eff. We do this by listing all
the relevant instances of axiom /2.

mo (ax)= {on(a) A% i p(X) if i#)
7 fi(a)- A7, _, ,(x) if i=j

(on(a) means that the lamp is turned on by doing a, off(a) it is turned off
by a),

Am

. (bx)= {on(b A’g’,l Sx) it
iJ

x)
off(b)- A7, (x) if i=}].

We assume there is no communication, so y(a, b)=0. Now suppose we
start in state <0,1)> (so the lamp is off), then we have process
P=/1’("0,1>(A Il B).

CLamM. P =(on(a) + on(b))(off(a) + off(b)) P.
Proof. We use RSP to show

A%0.15(A 11 BY= 47, o,(41| B)
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and

i?o.o>(A I B) = '{2"1,1>(A I B)-
Then

P=27%,,,(A| B)
=A%.1,((a+b)(4] B))
=on(a)-A?, (4[| B) +on(b)- 17, 4(A4] B)
= (on(a) + on(b)) /l'<"0’0>(A | B)
= (on(a) + on(b))(off(a) 17, 4,(A4 || B)
+ off(b) A%, 1,(4 ] B))
= (on(a) + on(b))(off(a) + off(b)) A7, , (4| B)
= (on(a) + on(b))(off(a) + off(b)) P.

5.8. ExampLE II. Random walk. Suppose we have given squares as in

Fig. 5, and processes A and B each occupying one square. Then both start
a random walk, so

A={l+r)A+h,

B=(lg+rz)B+hg
(possible actions are left, right, and halt). We implement this using the
following state operator. Take M = {m} (we will omit this m in the sequel)

and §=1{0,1,2,3,4}x{0,1,2,3,4}. We list the relevant instances of
axiom /2:

o )_{5 if i=0orj=i—1
i pliaX)= Li-A¢ 1 5(x)  otherwise,

e )_{5 if i=dorj=i+1
G aX)= Fa-Aaern(x)  otherwise,

Adiis(hax)=h (i) - A¢; 5(x) (A halts at i);

o 1 2 3 4

(AT 1T [ TB]

FIGURE 5
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and we have similar equations for B:

5 if j=0ori=j—1

Aeipplpx) = {13 A o1y(x)  otherwise;

A ()= B if j=4ori=j+1
ap\rX) = rs-Ag e15(x)  otherwise;

/1<f.j>(h3x) = hy(j)- A(Lj)(x)-

Then the situation pictured in Fig. 5 is described by
i<0.4>(A | B).

Using abstract process algebra, we can establish the following claim.

CLAIM.  Process Ao 4,(A || B) terminates, and will do so in a state (i, j)
with i< j. To be more precise, if we define I=1{1,,r,, 15,75}, then

3 4 4 i1
e don 1B =t (TR0 3 b+ T hali)- T b))
i=0 =i+ j=1 i=0
The main tool used in proving this is Koomen’s fair abstraction rule
(KFAR, see Baeten, Bergstra and Klop, 1987b). We will not give the proof
here, since it is outside the scope of this paper.

5.9. The following two statements list conditions which enable us to
interchange two state operators, or a state operator and an encapsulation
operator. We omit the proofs.

I. If Hnha(m)= and if a¢ H implies a(m, s)¢ H (for all se§),
then A720,(x)=3dg0 A™(x).

2. If alx)na(m)na(m,)= and if aeca(x)na(m,) implies
a(m, s)¢ a(m,) (for all se S) and a € a(x) N a(m,) implies a(m,, s) ¢ a(m,)
(for all s€S), then A7 o A72(x) = A720 A™(x).

1

5.10. DEfFINITION.  In order to be able to give the following examples,
we need to extend the notion of a state operator a little. What we need is
that executing a step in a process can result in several possible actions, i.e.,
a(m,s)< A, not a(m,s)e A. Thus act: 4 x M xS — Pow(4). The state
following will depend on the alternative chosen, so eff: Ax Ax M xS — S,
where s(m, a,b) will matter only when bea(m,s). We still have
d(m, s)= {6} and s(m, 6, 8) = s, and then we can define the extended state
operator A" by
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A™a)= Y b L1
bea(m.s)

AMax)= Y b-Am, ., (x) L2
bea(m.s)

AT (x+ y)=AM(x)+ AT(y) L3

Note that if each a(m, s) is a singleton, we get back the (simple) state
operator defined in 5.2.

5.11. ExampLE III. We will describe a small part of a CSP language
(see Hoare 1978). We have finite sets C (channels), X (variables), and D
(data). We have atomic actions ¢? x( for c € C, x € X; receive) and ¢! d (send
d). The only non-trivial communications are c?d|c!d=c#d (d is com-
municated along channel c).

We implement this as follows: Take M =X, S=D, then we define act
and eff so that

At x-Zy=cld- A Z) (for any process Z, and xe X, de D, ce C)

AY?x-Z)=Y c?e-AXZ) (any Z,xeX,deD, ceC);

eceD

thus, in environment A%, variable x has value d).

5.12. ExaMPLE IV. We can mechanically translate any computer
program into process algebra. We illustrate this by means of the following
example, a simple program to double a given number. Suppose we work on
data structure Z,= {0, 1, .., n— 1} with functions s (successor modulo »)
and p (predecessor modulo #), and constant 0. We have program P:

read(x)

y:=0

while x£0 do y :=ss(p); x := p(x)
write( y).

We translate this into process algebra as: All simple statements will become
atomic actions, and program constructs become process algebra constructs;
for instance, a while- loop will become a recursive specification. Thus

P=read(x)-(y:=0)-Z - write(y),
Z=(x#0) (y:=s5(y)) (x:=p(x))- Z+(x=0).
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Now we describe the state operator:

M={x, y}, §S=7,,

and for any de Z,, and any process g:

Ax(read(x)q)= Y, r(e) AX(q)

eeZy

AY(y:=0)q)=(y:=0)-43(q)
A write(y)q) = w(d) - A}{q)
A x#0-q)=9
Ai(x :=55(y))q) = (y ==55(y)) - Ay 50a(q)
AH((x = p(x))q) = (x 1= p(x)) - 454(q)
AX(x=0)q)=8 if d#0

The functions act and eff are trivial in all other cases. In order to see what
happens, we will use pre-abstraction as defined in 2.3. Take

I={y:=0,x+#0, y :=ss(y), x .= p(x), x=0}.

CLAM. 1,0 A5 AYP)=3, 7 r(e) * T >*w(2e(mod n)). (Note. If the
program contains statements of the form x:= y, we have to use an
operator 4¢3y instead of 450 A}.) We will sketch the proof of the claim
by taking n=2, so Z,= {0, 1}. Then

;0 A3 AY(P)
=10 Ag(read(x) - A5((y :=0) Z write(y))
= 1,(r(0) - A5((y :=0) - AY(Z write(y))
+ (1) A3((y 1= 0) - AYZ write()))
=r(0)t-1,(0+ (x=0)- A5 AY(write(y)))
+r(1) t-1((x #0) - AT AF((y :=55(p) - (x := p(x)) - Z - write(y)))
=r(0)-t-1-wO)+r(1)-£-t-1,((y :=s5(y))
- (x 1= p(x)) A5 AYZ - write(y)))
=r(0) ttw(0) + r(1) t2e12 (3 + (x = 0) Ao AY(write(y)))
=r(0) tew(0) + r(1) tererw(0).
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5.13. ExampLE V. Consider again the queue defined in 3.1. Looked at
in a certain way, all it does is actions read and write, so we might want to
say

queue = read® || write®,

where for an atom g, the process a® is defined by the recursive specification
X=aX. We can realise this view in the following way: take M = {(1,2)}
(we have input channel 1 and output channel 2) and §=D* (if we want
the state space to be finite, we need to limit the capacity of the queue).
Now we define act and eff:

AP (read (q)= Y ri(d)- AP (q)

de b
A2 (write -g) =0
Age(write - g) = 5,(d) - A517(q).

Cramm. Q= AP (read® || write®).

Proof. We define, for o € D*
R, = AP (read” || write®).

Then:

1. R,= A (read(read || write®) + write(read® || write®))
=3 cpri(d)- A5 (read? | write®) + 6 =3 ,. , r1(d) R,.
2. R,.,= AL (read(read® || write®) + write(read® || write®))
=3, cprile) AR (read® || write®) + 5,(d) ASH2>(read® || write®)
=Y pri{e) Roage. +5,(d) R,.

Therefore, the R, satisfy the equations for the @, in 3.1, so by RSP
R,=0Q,.

RECEIVED May 1986; ACCEPTED December 14, 1987
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