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Abstract In this paper, we consider the n-dimensional (n > 2) damped models of
incompressible fluid mechanics in Besov spaces and establish the global (in time)
regularity of classical solutions provided that the initial data are suitable small.
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1 Introduction

The n-dimensional incompressible damped Boussinesq system concerned here can be
represented in the form
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ou+ (u-Vyu+vu+ VP =0be,,

00 + (u-V)0+no =0,

V.u=0 (1.1)
u(x, 0) = up(x), 6(x,0)="6p(x),

where u : R"™ x Ry — R" is a vector field denoting the velocity, 6 : R" x Ry — R
is a scalar function denoting the temperature in the content of thermal convection and
the density in the modeling of geophysical fluids, P is the scalar pressure, e, is the
unit vector in the x,, direction, and v > 0 and n > 0 are real parameters. In the case
when v = n = 0, the system (1.1) reduces to the standard inviscid n-dimensional
Boussinesq system. Also the system (1.1) becomes the standard viscous Boussinesq
equations when vu and n6 are replaced by —vAu and —n A6, respectively.

The Boussinesq system is extensively used in the atmospheric sciences and oceano-
graphic turbulence in which rotation and stratification are important (see for example
Pedlosky (1987) and references therein). Thus, over the past few years, the Boussi-
nesq system has been studied extensively theoretically, see Abidi and HmidI (2007),
Cao and Wu (2013), Chae (2006), Chae and Wu (2012), Cao and Titi (2007), Chae
and Nam (1997), Constantin and Vicol (2012), Danchin and Paicu (2009, 2011), Shu
(1994), Hmidi et al. (2010, 2011), Hou and Li (2005), Larios et al. (2010), Miao and
Xue (2011), Xu (2010), Xu and Ye (2013), Ye (2014) and references therein. Mathe-
matically the 2D Boussinesq equations serve as a lower dimensional model of the 3D
hydrodynamics equations. In fact, the Boussinesq equations retain some key features
of the 3D Navier-Stokes and the Euler equations such as the vortex-stretching mecha-
nism. As pointed out in Majda and Bertozzi (2002), the inviscid Boussinesq equations
can be identified with the 3D Euler equations for axisymmetric flows. Construct-
ing global unique solutions for some nonconstant 6y is a challenging open problem
(even in the two-dimensional case) which has many similarities with the global exis-
tence problem for the three-dimensional incompressible Euler equations. The global
well-posedness of completely inviscid Boussinesq system is still an outstanding open
problem.

In this paper, we are also concerned with the following Euler equations for the
homogeneous incompressible fluid flows with damping in R":

o+ (u-Vyu+puu+ VP =0,
V-u=0, (1.2)
u(x,0) = ugp(x).

Here, i > O is real parameter. u = (uy, uz, -+, up), uj =uj(x,t), j=1,2,---,n,
is the velocity of the flow, and P = P(x, t) is the scalar pressure. It is a obvious fact
that in the case u = 0, the Eq. (1.2) reduce to the standard incompressible n-dimension
Euler system. The local in time well-posedness for the n-dimension Euler equations
in the standard Sobolev space H" (R"), m > #, was done by Kato (1972), and the
problem of finite time singularity for the local smooth solution is still an outstanding
open problem. In this direction, there is a celebrated result on the blow-up criterion
Beale et al. (1984) and its refinements (Chae 2006; Constantin et al. 1996) taking into
account geometric considerations on the vorticity directions. In Chae (2004), Chae
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proved local existence and uniqueness of solutions to n-dimensional Euler in critical

241
Besov space (for velocity) B;f,l (R™) with p € (1, o0). The local well-posedness

in B;O’l(R") was settled by authors Pak and Park (2004). We refer the readers to
the interesting works on damped compressible Euler equations and damped Navier-
Stokes equations (for instance Sideris et al. 2003; Constantin et al. 2014). The finite
time blow-up problem of the local classical solution is known as one of the most
important and difficult problems in partial differential equations (see e.g., Constantin
1994, 2007; Kozono and Taniuchi 2000; Majda and Bertozzi 2002).
Finally, the n-dimensional surface quasi-geostrophic equation (SQG) is considered

here.

00+ u-V)0+yo =0,

uj=R;0, V-u=0, (1.3)

0(x,0) = 6p(x).

Here, y > 0 is a parameter. The function 6 : R" x Ry — R represents the potential
temperature, and the fluid velocity u : R" x Ry — R" is determined by 6(x, ) via
the formula

uj ==+xRyj0, m(j) isapermutationof j, j=1,2,...,n

. . . 3 .
where u ; may take either a plus or a minus sign, and R; = \/Tjj are Riesz transforms.
In the particular case n = 2, we have

) —a
u:RL9=(( Z)%e, ( A’“)‘;e)z(me, —R16),

where R and R are the 2-D Riesz transforms.

Recently, the SQG has been intensively investigated because of both its mathemat-
ical importance and its potential for applications in meteorology and oceanography
(Pedlosky 1987). The global regularity problem for this case remains open. This is
probably the simplest active scalar equation for which the global regularity is unknown.
It shares parallel properties with the 3D Euler equations. Also the system (1.3) becomes
the standard the dissipative SQG when y 6 is replaced y (—A)“6. The global regularity
issue concerning the SQG has recently been studied very extensively, and important
progress has been made. Here, we only mention some works on the SQG (see e.g.,
Caffarelli and Vasseur 2010; Chae and Constantin 2012; Chae et al. 2011; Cao and Titi
2007; Constantin and Vicol 2012; Constantin 2001; Constantin and Wu 2008; Con-
stantin and Wu 2009; Constantin and Wu 1999; Cérdoba and Cérdoba 2004; Dong
and Li 2008; Gancedo 2008; Hmidi et al. 2007; Kiselev 2011; Kiselev et al. 2007; Li
and Rodrigo 2009; Miao and Xue 2011; Wu 2002). In particular, the global regularity
for the critical case ( 8 replaced by y(—A)%G) has been successfully established
by De Giorgi techniques in Caffarelli and Vasseur (2010) and a non local maximum
principle verified by the modulus of continuity at time O in Kiselev et al. (2007) for
the case n = 2. The situation in the supercritical case ( y6 replaced by y (—A)%0
with o < %) is only partially understood at the time of writing both the cases n = 2
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and n > 2. Small data global existence results for the dissipative SQG have been
obtained in various functional settings, see Chae and Lee (2003), Chen et al. (2007),
Cérdoba and Cérdoba (2004), Hmidi et al. (2007), Miura (2006), Wu (2005a,b) for
more details.

The last fluid mechanic model concerned in this paper is the n-dimensional incom-
pressible magnetohydrodynamics system (MHD) with damping which can be written

as follows:
oru+ (u-VYu+xku=—-VP +(b-V)b,

b+ - V)b+2rb=(b-Vu,
V.u=0,V-b=0,
u(x,0) =up(x), b(x,0) = bp(x),

(1.4)

where k > 0 and A > 0 are real parameters. Here, u = u(x,t) e R", P = P(x,t) €
R, and b = b(x, t) € R" denote the velocity vector, scalar pressure, and the magnetic
field of the fluid, respectively. In the case of zero magnetic field, the system (1.4)
reduces to the incompressible damped Euler system (1.2). The system (1.4) becomes
the completely inviscid MHD when x = A = 0. Meanwhile, replacing ku and Ab by
—k Au and —LAD, respectively, the system (1.4) reduces to the viscous MHD.

The MHD system models the complex phenomena in fluid mechanics, such as
the magnetic reconnection in astrophysics and geomagnetic dynamo in geophysics,
plasmas, liquid metals, and salt water, etc. Besides its important physical applications,
the MHD system is also mathematically significant. Furthermore, an important feature
of the MHD system is the induction effect, which brings about the strong coupling of
the magnetic field and the velocity field. As a result of the strong coupling, the MHD
system is considerably more complicated than the system of ordinary hydrodynamics.
The question of whether a solution to the completely inviscid MHD system can develop
afinite time singularity from smooth initial data with finite energy both in 2-dimension
and high dimension is still a challenging open problem. Therefore, it is natural to
examine the MHD system with damped term. The study of MHD has attracted the
interest of many mathematicians (see, e.g., Adhikar et al. 2014; Caflisch et al. 1997,
Caoetal. 2013; Cao and Wu 2011; Cao et al. 2014; Chen et al. 2008; Chen et al. 2010;
Fan et al. 2014; Sermange and Temam 1983; Tran et al. 2013; Wu 2003; Wu 2011; Wu
2008; Ye and Xu 2014; Yamazaki 2014a,b; Zhou 2007 and the references therein).

The global regularity problem for the inviscid incompressible fluid mechanics
appears to be out of reach in spite of the progress on the local well-posedness and
regularity criteria. This work is partially aimed at understanding this difficult problem
by examining how damping affects the regularity of solutions to incompressible fluid
mechanics. Therefore, in the absence of a global well-posedness theory for large ini-
tial data, it is interesting to consider incompressible fluid mechanics with damping. In
this paper, we aim at establishing the global (in time) regularity of classical solutions
provided that the initial data are suitable small.

Finally, the rest of this paper is organized as follows. In Sect. 2, we introduce the
notations, recall materials related to Besov spaces, provide useful lemmas, and state
the main results. The proof of the first main result is given in Sect. 3. Sections 4
and 5 present the proofs of Theorems 2.14 and 2.16, respectively. For the sake of
completeness, we provide the local existence and uniqueness to the system (1.4) in
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the appendix. Also the proofs of two commutator (see Lemmas 2.6 and 2.7 below)
estimates are provided in Appendix.

2 Preliminaries and Main Results

Throughout the paper, C stands for some real positive constant which may be differ-
ent in each occurrence and independent on the initial data. We shall sometimes use
the notation A < B which stands for A < CB. Before we state the main results,
we first explain the notations and conventions used throughout this paper. Here, w
£ Vu — (Vu)T and J £ Vb — (Vb)T (where AT denotes the transpose of A) stand
for the vorticity and the current, respectively. In dimension n = 2, it can be identified
with the scalar function w = 0jupy — 0ru;, while for n = 3 with the vector field
o=V xu= (duz — Rua, Auy — duz, djur — druy) . For all Banach space X
and an interval I of R, we denote by C(/; X), the set of continuous functions on /
with values in X.

In this preparatory section, we recall the Littlewood-Paley operators and their ele-
mentary properties which allow us to define the Besov spaces. Related materials can be
found in several books and many papers (see for example Bahour et al. 2011; Chemin
2009; Miao et al. 2012; Triebel 1992)

Let (x, ¢) be a couple of smooth functions with values in [0, 1] such that x €
Cg°(R") is supported in the ball B L (£ R g < %}, ¢ € Cg°(R") is supported
in the annulus C £ {€ e R", % <& < %}, and they satisfy

XEO+D 92778 =1, VEeR" and > 977§ =1, V& e R"\ {0}.

jeN JjEL

Forevery u € S’ (tempered distributions), we define the nonhomogeneous Littlewood-
Paley operators as follows:

Aju=0, for j <—2; A_ju=x(D)u; Aju=¢Q2 /D)u, for j eN.

We shall also use the following low-frequency cutoff:

Sju = Z Aru.

—l<k=j-1

Meanwhile, we define the homogeneous dyadic blocks as

Aju=¢Q2'Du VjeZ and Sju= Z Agu.
k<j—1

Let us recall the definition of homogeneous and inhomogeneous Besov spaces
through the dyadic decomposition.
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Definition 2.1 Lets € R, (p,r) € [1, +00]?. The homogeneous Besov space B‘;,’r
is defined as a space of f € S’(R") such that

By, =(f € S®Y: |l < oo},

where

||f||Bf,,r = (ZjEZ z.jrsuAjfanp) y Yr<oo
supjcz, 27°I1A flier, Vr=oo.

Definition 2.2 Lets € R, (p,r) €[], +00]?%. The inhomogeneous Besov space B[S,’r
is defined as a space of f € S’(R") such that

By, ={f € S®"); | fllss, < oo},

where

1
I fllgs, = (zjzfl zjrs”Ajf”Zp)r, Vr < oo,
p.r .
SUPj>—1 2750Aj fllLr, Yr =oo.

Fors > 0, (p,r) € [1, +00]?, we define the inhomogeneous Besov space norm B;’r
as

IfllBy, =N flier + ”f”B;_,' (2.1)
When p = r = 2, we have Biz(R") = H'R"), where H*(R") = {f €

S'R™M); || f | s rny < o0} is the potential Banach space with the norm

[FAPRESES (/R (1+ |§|2)S|f(s>|2ds)2 :

For more details about function spaces, we refer to Triebel (1992).

Bernstein inequalities are fundamental in the analysis involving Besov spaces, and
these inequalities trade integrability for derivatives (see for instance Bahour et al.
2011; Chemin 2009).

Lemma 2.3 (Bernstein inequality) Let k € NU {0}, 1 < a < b < oco. Assume that
supp f {6 e R" 2 11 527},
for some integer j, then there exists a constant Cy such that
IV flle < QLG fllLa, &k =lal.
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If f satisfies
suppfc {"g‘ eR": |&] z2j}
for some integer j, then
CL2M | flly < IV Fllp < C 2GR fll e, k= e,

where C| and Cy are constants depending on «, p, and q only.

The following laws of product can be found in the reference Bahour et al. (2011);
thus, we omit its proof here.

Lemma 2.4 Suppose that s > 0, (p,r) € [1, +00]?, then the followings hold true

s+1
luvlips, < (lullzelvlips, + vl llulizs ),
, s ,

p.r

s+1
. < . .
vl gy, < ——Clullze vl gy + ol ul g, ).

Next, we recall the well-known Calderon-Zygmund operators, which will be used
to get the control between the gradient of velocity and the vorticity (see reference
Chemin 2009).

Lemma 2.5 (Biot-Savart law) Let u be a smooth divergence-free vector field, then
there exists a universally positive constant C such that for any 1 < p < 0o

2
Vullr <C

ollLr,
p—l” Il

where w is the vorticity, namely @ = V x u.

In this paper, we need some simple commutator estimates as follows, the detailed
proofs stated in many references, see for example Bahour et al. (2011), Danchin (1993),
Miao et al. (2012). For completeness, we give a little simple proof in the Appendix.

Lemma 2.6 Lets > —1, (p,r) €[1, +00)?, and u is a divergence-free vector field,
namely V - u = 0; we have the following inequality:

1275 10A ), u - VIvlieelly = CAVullzelvlis,, + IVl Vull -1, (2.2)
where
[Aj,u-VIv=A;ju-Vv) —u-V(A;v).
Ifwe set v =w = V x u, then (2.2) reduces to

1275 111A, u - Vielerllr = CliVulrellolsy,, ¥s > —1. (2.3)
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The following commutator is very useful to handle the field v such that v is in L,
but its gradient is not.

Lemma 2.7 Let j € Z be an integer, s > —1, 1 < p < 00, and u is a divergence-free
vector field, namely V - u = 0. Then

1275 I0Aj, u - Vvl

r= CliVulielvligs  + Clivlizellull g, (2.4)

275 I[A ;. u - VIvlize

r = CliVulielvligs  + Clivlizelwlgs
(w2 V xu). (2.5)
Finally, let us now state our first main global well-posedness result with suitable
small initial datum. More precisely, we have the following theorem:

Theorem 2.8 Assume v > 0 and n > 0. Suppose that (wg, VOy) € B;’r X B‘;,’r for
everyl < p <ooandalls withs:% ifr=1ands > % if r € (1, o0] obeys one of

the smallness conditions

en(B*HonIB; B

A
lwollsy, < 2= 2 B and [Vl < e, v=n,
(B=llwollgs ) [ v\ 75
. A , V=
loollg,, <min{sz gk} 2 B and 1Veolls;, = ——e2= (%) v,

(2.6)
where C is independent of v, n, and initial datum. Then the system (1.1) has a unique
global solution (u, 0) satisfying

(u, 0) € L([0, 00); L*(R™), (o, VO) € L™([0, 00); By, ,(R™)).
Moreover, for any T > 0,
IVOC. T)lisy, < Vool e 2" < oo, llw(.T)lsy, < B.

Remark 2.9 Due to the Besov imbedding, B), . (R") < L for any s = % ifr =1

and s > % if r € (1, oo]. For any T > 0, we thus have fOT IVO(., 1)L dt < 00.
Applying the well-known blow-up criterion (Chae and Nam 1997; Chae 2004) to the
damped system (1.1), we can obtain that the system (1.1) has a unique global smooth
classical solution (u, 8). Due to the fact that the Calderon—Zygmund operator is not
bounded L?(R") for p = 1 or oo, Theorem 2.8 fails for the limit cases p = 1 and
p = oo. However, if we replace the BIS,’, norm by B;,r N L4 norm, Theorem 2.8 is
also true. In fact, it is easy for us to apply the standard L?-estimate to the vorticity and
temperature equations to obtain the following two elementary estimates:

d
gl +vllele = ClleliLaVullLe + CIVO La.

d
g, IVOlle +nlVOliLe = ClIVullL..
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Moreover, we can deduce from the proof of Theorem 2.8 that Theorem 2.8 is also

true in the homogeneous Besov space B ;1 for any 1 < p < oo (in fact we just need
the imbedding B;’J < L°° and the boundedness of Calderon-Zygmund operators

between 1'3;1, namely [|[Vul|| » < C||V x u|| . However, the limit case B h
P, BP 00,
4

,1 pl
n

cannot handle the same as the case B " forany 1 < p < oo, see Remark 3.1 below

for more details). These Besov spaces espemally the limit case Boo 1> seems to be
some very natural functional settings to guarantee the uniqueness of the solutions.

Remark 2.10 1t is a simple observation that

v 1

. VN v
lim (—) =en
V=1 )7’)

which means that (2.6) makes sense.

Remark 2.11 Inspired by the paper of Adhikar et al. (2014) which states that suffi-
ciently small || Vug|| B, and ||[V6y || B for case n = 2 can guarantee the uniqueness

and global existence, we impose the 1n1t1a1 datum ||V X ug]|| B and || Vo || B, bemg

suitable small both in dimension n = 2 and n > 3; thus, our results are very smnlar to
ones in Adhikar et al. (2014) and are even some further improvements. Indeed, by the
boundedness of Calderon-Zygmund operators between homogeneous Besov spaces,
one can show that C||Vuo||Bo < IV x "‘0”30 < ||Vu0||Bo for some C > 1.

Moreover, we also have obtamed similar result in another sultable functional spaces.

For the damped Euler equations (1.2), we are interested in establishing the following
theorem.

Theorem 2.12 Assume that p > 0. Suppose that initial vorticity wo € By, . with

1l <p<oocands = ; ifr =1ands > ; if r € (1, 00] obeys the smallness
condition

w
||w0||B;',y, < i’

for a constant C independent of jv. Then (1.2) has a unique global solution u satisfying
u € L®([0,00); L*(R"), @ € L®([0, 00); B} . (R")).

Moreover, for any T > 0

uw
(., T)liBs, < Yok

Remark 2.13 One can follow the same arguments used in the proof of Theorem 2.8
to conclude the desired result of Theorem 2.12. Moreover, Theorem 2.12 is a direct
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consequence of Theorem 2.8 provided that we set the temperature & = 0. For these
reasons, we will not give a separate proof for Theorem 2.12. Meanwhile, Theorem
2.12 holds true for the case p = 1 or p = oo if we replace the B), . normby By, . N L¢

n

norm and in the homogeneous Besov space B : | forany 1 < p < oco.

The next theorem concerns the n-dimensional damped SQG equation.

Theorem 2.14 Assume y > 0. Suppose that V6o € B), . withl < p < coands = %
ifr =1ands > % ifr € (1, 00] (resp. | V6| € Bgo’l) obeys the smallness condition

)4
IV6ollsy, < =

o Gesp. VOl < R

2C

for a constant C independent of y. Then the system (1.3) has a unique global solution
u satisfying

6 € L®([0, 00); LA(R"), V6 € L™([0, 00); B, , (R"))
(resp. V6 € L=([0, 00): BSO)I(R”))).

Moreover, for any 7 > 0
VO, T|ps < —=, (resp. IVOC, Tl 0 < l). 2.7
p.r 2C Boo.l 2C

Remark 2.15 By the Besov imbedding, we immediately have || VO (., 1)|| o~ < % for
any ¢t > 0 which is enough for high regularity as shown in Wu (2002). Consequently,
(2.7) actually implies the smoothness of the solution.

The final result of this paper states that the system (1.4) with sufficiently small
initial datum always possesses a unique global solution. More precisely, we will state
the following theorem to end this section.

Theorem 2.16 Assume x > Qand A > 0. Lets > 1 + % and assume that (ug, by) €
HS(R") x H*(R™) obeys the smallness condition

minf{x, A}

S 2.8)

luoll as ®ey + llboll gs wny <

where C independent of k, A, and initial datum. Then the system (1.4) admits a unique
global solution (u, b) satisfying

(u, b) € L*([0, 00); H*(R")).
Furthermore, for any T > 0,

min{k, A}

',T s n b',T s n
e D es @y + 16C Dl ey < —— =
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Remark 2.17 (A remark of conclusion) To conclude, we note that all the system above
is a coupling between transport equations. Hence, preserving the initial regularity
requires the velocity field to be at least locally Lipschitz with respect to the space
variable. As a matter of fact, the classical transport equations have been shown to
be well-posed in any Besov space B), , embedded in %! a property which holds
provided that (s, p,r) € R x [1, 0o] x [1, oo] satisfies

s>1—i—E or s:]—l—zandr:l.
4
see Bahour et al. (2011); Chemin (2009) for more details.

3 The Proof of Theorem 2.8

Proof of Theorem 2.8 The existence of local smooth solutions can be obtained without
difficulty, see for example Adhikar et al. (2014), Chae and Nam (1997), Chae (2004),
Majda and Bertozzi (2002). Thus, in order to complete the proof of Theorem 2.8, it is
sufficient to establish some a priori estimates.
Taking the L?inner product of the equations (1.1)1, (1.1), with u and 6, respectively,
and some calculations, we can obtain
1612 < 160l 2¢ 7™,
lullg> < lluoll 2" + 6ol 2te™, v =n,
_ —nt __,—vt
lullz2 < Nuollp2e™" + 6ol 2= =—, v #n.

The following inequalities will be used frequently, which are some easy consequences
of Besov space imbedding properties and Lemma 2.5.

VullLee < Cl[Vullgy, < Cloliss, . (3.1

where index (p, r, s) satisfies the assumption in Theorem 2.8.
We differentiate the temperature equation of system (1.1) in x; then we get

V0 +nVO0 +u-V(Vo)+ (Vu) - Vo = 0. 3.2)
Applying homogeneous blocks A ;j operator to above equality, we have
»A;VO+nA;VO+u-AjV(VO) = —A;(Vu-V0) —[Aj,u- V]V,

which, together with L”-norm in space variable, Holder inequality and incompressible
condition, namely V - u = 0, directly give (C is independent of p )

d . . . .
E”AjVQHLP +0llA;VO|lLr < ClIA;(Vu-VO)|Lr + Cll[Aj, u-VIVO|Lr.
(3.3)
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For r > 1, multiply above inequality by 275" || A Vo ||’L;1 and then sum over j from
—00 to 0o to obtain

LS ivey, +nwen, < C(IVu- Vol +[21A 1 VI, Il
rdt B;J,r B;z,r - B;J 7 L l; B)ri,r.

Taking advantage of Lemmas 2.4 and 2.7, embedding inequality (3.1) and some com-
putations, we can get

%nven By, T IVOllg < ClIVulle VOl 5+ ClIVOIILlull g
+ IVl VOl gy + CIVOlLe ] Vull
< ClIVullL= VOl g+ CIVOIL= I Vull gy
< Cllol sy, V6] 5; 3.4

p.r’

where the following facts are used: lull gs+1 = [Vullgs and | fllgs < C||f||3;
p.r p.r p.r ST

for any s > 0.
Multiplying (3.2) by |V#|?~2V6 and integrating it over R”, we immediately derive

d
g IVOlLr +nlVelLr = ClIVullL= VO Lr
< ClIVullps IVOIlLr. (3.5

Combining (3.5) with (3.4), we can get by (2.1) that
d Ve A\ < Y% 3.6
G 1V0lis;, + 71015, < Cllols, IV0ls, - (3.6)

Next we move our attention to estimate the velocity field. To do it, we firstly resort to
the vorticity of the fluid which is defined as the skew-symmetric matrix

w2 Vu—(Vu)T,
and it satisfies the equation
do+vo+u-Vo=—-w-Vu— V)l - o+ V(Oe,) — [V(©Oen)]"

For the sake of writing, we set F(0) £ V(ey) — [VOe)]T.
Applying inhomogeneous blocks A ; operator to the vorticity equation, we can get

hAjwo+VvAjwo+u-VAjwo =—Aj(w-Vu) — Aj((Vu)T cw) + Aj(F(0))
—[Aj,u-V]w.
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Taking LP-norm and using the Holder inequality, we can conclude the following
differential inequality:

%||AW||LP+VIIAW||LP <CllAj(@ V)lLr+ClA; (V)" - 0)llLr+IA; FO)llLr
+ Cll[Aj,u-Viwlrr
< ClAj(w-Vu)llLr + CIIA;(VO)|ILr
+ Cl[Aj,u-V]o|r. 3.7

Multiplying above inequality by 27" || A ja)||rL;1 and then summing over j from —1 to
00, one can show that

1
“Llol, +viely, < C(lo- Vuls, +1FO)ls

p.r

A - Viol, ) Il

Apply Lemma 2.4, Lemma 2.6, and inequality (3.1) to differential inequality (3.7) to
get

d
Nl +vils;, < Clo.Vuls, +CIVols,

+ ClIVO| B, + CllellLe[[Vullps

p.r

+ CliVullL=llell s,
= ClVullL=llellss

p.r

< Clllig, +ClIVOl 5, (3.8)
For the sake of clarity of presentation, we denote
X(0) £ VOlpy,. Y@= |lp

p.r’

Now we can deduce from differential inequalities (3.6) and (3.8) that

%X(t) +39X(1) < CX)Y @), (3.9)
%Y(t) +vY () < CY@)? 4+ CX(1). (3.10)

Next we claim that the above two differential inequalities obey the following global
bounds:

X() = X(0), (3.11)
Y(t) < B, (3.12)

provided that the smallness conditions (2.6) hold true.
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Now suppose (3.12) is not true, and Ty is the first time such that (3.12) is violated,
namely,

Y (To) = B; (3.13)

moreover,

Y(t) <B, YO<t<Tp.
We can deduce from (3.9) that for any 0 < ¢ < T,
Yxw+Txw <o.
dr 2
Therefore, by standard differential equation theorem, we have
X(1) < X(0)e %' < X(0), VO<1<Tp.

With this bound together with (3.10), we can derive the following differential inequal-
ity:

d v
TYO+ 5y < CX(0)e 3, YO<1<T.
Thus, using standard differential equation theory, we arrive at for any 0 <t < T

Y(t) < Y(0)e 2" +CX(O)te™ 2", v=n,

(3.14)
v e_%t — _%t
Y(t) <Y(0)e 2" +2CX(0) , VFED. (3.15)
Now we define two functions as follows:
v Pt L 1
F(t)2te™ 2" and G@) & Ty v #£.

By the standard theory of calculus, it is not difficult to show that for any ¢ > 0

2
Fmax(t) = F(_) =
n

s

B

Gran() = G- L)) = (%)

n
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Therefore, combining the above two facts with (3.14) and (3.15), we can immediately
show that

y y 2CX (0
Y(Ty) < Y(0)e 210 4+ CX(0)Tpe 270 < Y(0) + © < B,
g ¢ 2l — o3t A
Y(To) < Y(0)e= 370 +2CX(0) <Y 0) + 2CX(O)(—n) < B.
n
Hence, we can get
Y(Ty) < B

which contradict with (3.13). This contradiction implies that

_n
IVOC, T)lig;, < [IV6ollsy, e 2" < o0, flol. D, < B,

s
pr —

forany T > 0.

With the obtained global bounds on the solutions at disposal, we are ready to show
the uniqueness. In fact, the uniqueness is easy to be proved, since the velocity and
the temperature are both in Lipschitz spaces. Let (u!, 6!, P!) and (u?, 62, P?) be
two solutions both satisfying the system (1.1) with the same initial datum. It is easy
to check that the difference (u, 9, f~’) with

i=u'"—u?, §=0'-6% P=p' - p?
satisfies

iy + (' V)i +vii + @ - Vyu® + VP = ey,
b+ (u' - V)0 4 b + (@ - V)% =0, (3.16)
#(x,0) =0, 6(x,0)=0.

It fogows from taking the L? inner product of the equations (3.16)1, (3.16), with &
and 0, respectively, and adding them up yields

d - oo T2 =12 T 112
5 3, IEOIZ + 16OIZ2) + vIFEOIZ: + 710011
< C(L+ Vil + VO | L) ([HO 1172 + 10117 2)
< CU+(IVi?llgy, + IVO2 Il DUEOI 7. + 1007 (B.17)

Above, Holder’s inequality and imbedding Bj, ., < L° are applied with index
(p, r, s), satisfying the assumption in Theorem 2.8. Then Gronwall inequality implies
that # = 0 and 6 = 0. Thus, we have completed the proof of Theorem 2.8. O

Remark 3.1 Let us state the case Bgo 1 In fact, this case is much involved as Lemma
2.4 does not hold true any more for the case Bgo | Which leads to that we cannot get
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the estimz}tes (3.4) and (3.8) as above directly. Now we state the detailed proofs for
the case Bgo,l'
It follows from the estimate (3.3) that

d . . . .
E”AjVGHLP +0llA;VOllLr < ClIA;(Vu - VO)|Lr + Cll[Aj, u - VIVO|Lr.

We note that C is independent of p. Thus, setting p = oo in the above inequality, we
can get

d . . . .
E”AjVG”L“ +0llA;jVO|lLe < CllA;(Vu - VO) Lo + Cll[Aj, u - VIVO||Lo~.
(3.18)

We will handle the first term of the right-hand side of (3.18).

IA; (Vi - V6)| 1

<C D A S Vu - VAD e +C D 1A (A - V1)1
Jk—j1=2 k=12

+C D NAGa(ATur - Ah) 1
k+2>j

< C|IVull=llA; VOl + ClIVOIl < | A Vul oo

+C D0 2NA (A - Ard) |
k+2>j

< C|Vull=|A; VO Lo + ClIVO| o | A ; Vuul| oo

+C D0 2| Vul e | Arb]|
k+2>j

< C|IVull=llA;VOllLx + ClIVOIl < || A Vul o

+ C||Vu| oo Z 21K AR VO | 1. (3.19)
k+2>j

By plugging (3.19) into (3.18), summing over all integer j, and applying Young
inequality for series convolution, one has
d
S IV0ls0  +0IV6llg < CIVullLeVOlz0 |+ CIVOllLelVall o
+ C|IAj, u-VIVO L |,
J
< CIIVulle=[V6ll g0 + CIVOll| Vull zo
< Cllel V0l . (3.20)

where commutator estimate (2.4), imbedding inequalities || V0| < < C[[VO| 30 o
o0,
and |[Vullpe < Cl|Vullgo =< Cllwl|lzo = are used.
0,1 00,1
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For the vorticity equations, we set p = 0o in (3.7) and replace A; by A j to get

d . . . .
g 1djle + ViAol < CllA;[(@ - Vu) + (V)" - &) ]l + |A; FO)]l L
+ ClIA}, u - Vil . (3.21)

Here, we show only how to bound the term || Aj[(a) “Vu) + (V)T - )] L as others
can be bounded directly as in the proof of Theorem 2.8. It is remarkable to point out
that when dimension n = 2 and n = 3, this term becomes simple. Thus, we only treat
the case n > 4. The (i, j) component of matrix w- Vu + (Vu)T - @ can be rewritten as

n
{a) Vu+ (Vu)T . w}ivj = Z(a)i,kakuj + Okuiwy, j)
k=1

n
= > (Biur — Opui) g j + i (uj — 9jur))
k=1

n
= Z (aiukakuj - 3kui8juk)
k=1

n
= (g —uidjur), (V-u=0). (322
k=1

Therefore,

1A j(w- Vu+ (V)T - w)]| 0

<C D> NA G Vi VA e +C D A (AU VS qu)]|Lx
lk—j1=2 lk—j1=2

n
+C D0 D A d(Agu o Ay — Aguidj Agug) | Lo
k+2>j I=1
< ClIVull o | Ay Vullzes + D 271 Aj (A Vi - A oo
k42>
< ClIVull ol AjVullzes + D 27| Vul g | Agu]| oo
k+2>j
< ClIVull = | AjVull oo + ClIVull e D 27| ApVu oo (3.23)
k42> j

Inserting (3.23) into (3.21), summing over all integer j from —oo to oo and applying
Young inequality for series convolution, we can show

d
lollge  +vllolz | < CIVul=|Vul g +CIVOlz

+ C||||[Aj,u-v1w||mo||l}
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< CIIVull= | Vull go | +CIVOll g0

< Cllol}o (HCIVOlg (3.24)

where the following imbedding inequalities are used

\% < C||Vul| 5 <C ;
IVulle < ClIVullzo | < Cllollz .

A u- Vel |, < ClIVullz=llol z T ClolieelVulizo
J 0, 0,

[see (2.4) and (2.5)].

Therefore, we get (3.20) and (3.24) which are corresponding to (3.6) and (3.8),
respectively. The desired results can be obtained the same as the proof of Theorem
2.8.

4 The Proof of Theorem 2.14
Proof of Theorem 2.14 The following inequalities will be used frequently, which are

some easy consequences of Besov space imbedding properties and Boundedness of
Calderon-Zygmund operators on Besov spaces,

IVullLee < Cl[Vullpsy, < CIVO|B;, (I <p <00), 4.1
IVullLe = CliVullgo = ClIVOliz (4.2)

where index (p, r, s) satisfies the assumption in Theorem 2.14.
Differentiating the temperature equation of system (1.3), we can derive

VO +yVO0 +u-V(VO)+ (Vu) - V6 = 0. 4.3)
Applying homogeneous blocks A j operator to above equality, we have
HA;VO+yA;iVO+u-AjV(VO) =—A;(Vu-V0) —[Aj,u- V]V,

which, together with L”-norm in space variable, Holder inequality, and incompressible
condition, directly leads

d . . . .
a||Ajv9||u +yIA;VOLr < CIAj(Vu-VO)r + Cl[Aj,u-VIVO|Lr.

For r > 1, multiply above inequality by 275" || A ;iVeo ||’L;1 and then sum over j from
—00 to 0o to obtain

L yvo1r, +yiver, = c(IVu-Velg +[27° 1A, u- VIVel L], )Iver;!
rart Ny, TV gy = SO it FG) T g

pr
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Taking advantage of Lemmas 2.4, 2.7, and (4.1) and some calculations give rise to

%”vg”% +yIVOlgy =< CIVullL=lIVOll gy + CIVO| Lo ] g
+ CIIVO.Vul
= ClVullL= VOl gy 4 CHVOlLe llull go
+ ClIVullL=lIVOll g+ CIVOlL=Vullz
< ClIVull=lVOligs + ClIVOlLellVullgy
= CIVOlgy, IVOlg +ClUVOlE, VO
= CIIVoll, . ‘9

Here, inequality (4.1), the bound ||Vu||3;r < CIIVGIIB;J, and ||f||3;;_r <C| fllgs

p.r’

Vs > 0 have been used.
Multiplying (4.3) by |V6|P~2V# and integrating over R”, we immediately derive

d
3 IVOlLr +vIVOlLr < CIVul =] VO] e
< ClIVullgy IVOIlLr
< CIIVOlg, . 4.5)

where (2.1) and (4.1) are applied.
Combining (4.4) with (4.5), we can get the inhomogeneous- type differential
inequality

d 2
g 1VOls;, +vIVOls;, = ClIVOIp, . (4.6)

Let us move to the case Bgo‘ |- Infact, this case is much involved as Lemma 2.4 does not
hold true any more for the case Bgo | so that we cannot obtain estimate (4.5) directly.

Now we state the detailed proofs for the case Bgo 1
From the temperature equation of system (1.3), we can obtain

d . . . .
a”AjVQHLOO +7IIA;jVOlLe < ClA;(Vu - VO)| Lo + ClI[Aj, u - VIVO||Lx.
4.7
We just handle the first term of the right-hand side of the above inequality differently.

1A (Vu - Vo)l

<C D NAG VU VAD)Ie +C D A AV VE10)]|
lk—j1=<2 lk—jl<2
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+C D A (AVur - Ah) | L
k42>

< Cl[Vullz=|A; VOl + CIVO| oo || A Vil oo

+C D VIA;(ArVur - M) e
k+2>j
< C|VullL=llA; VO]l + Cl[VO]| oo | A V] o

+C D 2 Vul x| Ak L
k42>

< Cl[Vullz=|A; VOl + CIVO| Lo || A; Vil oo

+ ClIVullee D 277K A VO 1. (4.8)
k42>

By plugging (4.8) into (4.7), summing over all integer j and applying Young inequality
for series convolution, one has
d
TIVOllz +7IVOlg < CIVullL=VOlz0  +CIVOlL~Vull o |
+ CIA, u-VIVO| 1| 1
J
< ClIVull=l VOl g0+ CIVOlo | Val o
< CIIVOl3, (4.9)
00,1

For the sake of clarity of presentation, we denote

X 2 Vellg;, (X0 21Volz ).

Now we can deduce from differential inequality (3.6) or (3.20) that
d 2
5XU)+yX0)§CX(0. (4.10)

Next we claim that the above differential inequality obeys the following global bounds:

y
X0 < 55 A.11)

Now suppose (4.11) is not true and Tp is the first time such that (4.11) is violated,
namely,

X(Ty) = %; (4.12)

moreover,

14
Xt —, YV0<t<T.
@) < °C <t<Tp
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We can deduce from (4.10) that for any 0 < ¢t < Ty,
i+ Lxw <o
dr 2 -

Therefore,

X(Tp) < X(0)e 2™ < X(0) < %

This is a contradiction. Thus, we get the global bound. Now the uniqueness is easy to
prove since the function 6 is in Lipschitz spaces. Thus, we have completed the proof
of Theorem 2.14. O

5 The Proof of the Theorem 2.16

The goal of this section is to present the proof of Theorem 2.16. The existence and
uniqueness of local smooth solutions can be done without any difficulty as in the
case of Euler or Navier—Stokes system, see for example Majda and Bertozzi (2002),
Sermange and Temam (1983); for the sake of completeness, the local theory will be
provided in Appendix. Thus, our efforts are focused on proving global a priori bounds
for (u, b) in the initial functional setting H*(R") with s > 1 + %

Proof of Theorem 2.14 Testing the equations (1.4); and (1.4), by u and b, respectively,
and adding them up, we can find

d 2 2 2 2
g7 N Ollp2 + 16O 2) + kllullys + DI =0, (5.1

where we have used the facts

/ (u-Vu)~udx:/ (u-Vb)-bdx =0
R3 R3

and
/ (b-Vb)-udx+/ (b-Vu)-bdx =0. 5.2)
R3 R3

To obtain the higher regularity of u and b, we apply the operator A® with s > 1+ 5
to both sides of equations (1.4)

AN u+ (u-VIANu~+cAu=—-VAP—[AS, u-Viu+[AS, b-V]b+ (b-V)ASD,
A hb~+ (u- VYN b+ AANHD = (b-V)ANu+[A*, b-Vu—[A%, u-VIb,
(5.3)
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Taking the L? inner product of above equations (5.3) and (5.3), with Au and Ab,
respectively, adding them up, we infer that

1d

ﬁummmniz +IAD@)172) + kA ull, + AIA D,

:—/ [A*, u-V]u-Audx + [A*,b-V]b- - Audx
n Rn

- [A%,u-V]b- A°bdx + [A®,D-V]u- A°bdx, 5.4)
Rn R»

where we have used the facts
(u-VAu)  A'udx =/ (u-VA*D) - A°bdx =0
R~ R~
and
(b-VA°D) - Afudx +/ (b-VAu) - A°bdx =0 (5.5)
Rn Rn

which can be deduced from the V - u = V - b = 0 and integrating by parts.
To estimate the four terms in the right-hand side of (5.4), we need the commutator
estimate (see, e.g., Kato 1990)

ILA®, flglle < CAVFllm IA° " gllLr + IA® fllLesllglzrs),

where s > 0, p2, p3 € (1, 00) and

p P P2 Py Da

1 1 1 1 1
+

Therefore, by above commutator estimate, we can deduce that

[A u-Viu- Audx| < C||Vul | A u(@®)]3,,
]Rn

/ [A%, b~ Vb Audx| < CIVBIlL~ | A°DI2,,

A [AS,u-V1b- Abdx| < C(|Vullre + [Vl L) A (@)1, + |A*BI3,),

[ IA% - Viu- Abdx| < C(IVull + IVBIL)IA u(®)72 + IA*D]T ).

Therefore,
d s 2 s 2 s.o2 sn2
E(IIA u@llj2 + 1A D72 + kA ull;2 + AIAD

< C(IVullL + VB L) IA u@)]172 + 1A°BI72). (5.6)
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Combining above estimates (5.1) and (5.6), using the equivalent definition (2.1), we
can show
d
3 1O + 1615 + llullyys + AIbI:
< CUIVullze + IVbl) (lu(®) I35 + 16175
< CUlu®llms + 16O ) Uu@) 13 + 1513, (5.7

where in the last inequality, we have used the fact H*(R") <> L% (R") due to
s> 1+73.
As a consequence, one has
d
3 (O + 1BW1) + llullzys + 2bIGs
< Clu@ s + 16O ) (@) 3 + 1511755), (5.8)

For notational convenience, we set

H() 2 1@ + 1501

Consequently,

%H(r) + min{k, AJH(1) < CH ().

An argument similar to that used in the proof of Theorem 2.14 yields the desired global
bounds. Hence, we have completed the proof of Theorem 2.16. O

Remark 5.1 We do not know whether Theorem 2.16 still holds true if we replace the
space H*® by more general space By, .. The key reason is that the a priori estimates
heavily rely on the L? cancelation relations (5.2) and (5.5). If one considers the vorticity
w £ Vu—(Vu)T and the current J £ Vb— (Vb)T equations, then the difficulty comes
from the nonlinear terms b - VJ and b - Vo. In fact, the following two cancelations
are not true for g # 2:

/ (b-V)J-(|w|‘f—2w)dx+/ (b-Vo-(|J)1972])dx =0,
R3 R3

/3b-vA,-J : (|Ajw|q_2Aja))dx+/}b~VAja)~ (1A;J1972A;J)dx = 0.
R R:
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6 Appendix: Local Existence and Uniqueness Theory to Damped MHD

For sake of completeness, we provide the local existence and uniqueness to the system
(1.4) with initial data (uo, bo) € H*(R") x H*(R") with s > 1+ 5. The local
existence and uniqueness results to the system (1.1), (1.2), and (1.3) can be obtained
by the method similar to Chapter 3 in Majda and Bertozzi (2002). More precisely, we
state the following local result.

Proposition 6.1 Let initial datum (ug, bg) € H*(R") x H*(R") with s > 1 + %
Assume that V - ug = 0, V - bg = 0. There exists a positive time T depending on
luollgs and \|bol|gs such that the system (1.4) admits a unique solution (u,b) in
C([0, T]; H*(R™) x H*(R™)).

To prove Proposition 6.1, the main step is to modify the system (1.4) in order to easily
produce a family of global smooth solutions. In order to do this, we may, for instance,
make use of the Friedrichs method. Now we define the spectral cutoff as follows:

InFE) = xso.m &) FE).

where N > 0, B(0, N) = {§ € R"[|§] < N}, xB(o,n) is the characteristic function
on B(0, N). Also we define

Ly 2 [ e L@ supp Fc BO.N)).

Itis easy for us to show the following properties (here the proof will be omitted) which
will be used frequently later.

Lemma 6.2 Let N > 0 and for any f € H*(R"), the followings hold true

1IN fllz@wey < 1 2@y ||ijNf||HS(Rn) < CNkllfllHS(Rn), 6.1)
\Inf — fllas@ny — 0, as N — oo, (6.2)
IV¥Tn fllzse@ny < CNMF2) £1l 2. (6.3)
JIn fgdx :/ fJIngdx, /Pf~gdx =/fo77gdx, 6.4)

Rn ]Rn
1IN fllas@®ny < CN* I fllz@nys 1P fllas@ny < 1 as@e (6.5)

where P denotes the Leray projection onto divergence-free vector fields.

Proof of Proposition 6.1 The first step is to establish a smooth solution («"V, bV) in
space L?\, satisfying

dul +PIN(PIu - VYPINuN) + kPInu® = PIn (TN - V)TNbY),
b + In(PIvu - VTINDY) + A TInbY = TIn(TnbY - VYPTIyu®),
V.-uh=0,v-bN =0,
u (x,0) = Tyuo(x), bV (x,0) = Tnbo(x).

(6.6)
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Claim 1: For any fixed N > 0, approximate system (6.6) has a unique global (in
time) smooth solution (u, b™) satisfying

W, by € C([0, o0); H'(R")), forany 5> 0.

Now we give the outline to prove the above claim. First, applying the L? estimate to
(6.6) tells us that forany 0 <t < T withany 7 > 0

T
lu™ O, + 16N ol + 2/0 | T ()17 + AITnb™ (5)117,) de
< lluoll7> + llboll72 (6.7)
We write
d [uN
dr \ oY
[—PJN((PJNMN VYPInuN) — k PInu + PIn(TInY - V)JNbN>]
—IN(PInuN - V)YTInbN) — 2 TNbYN + TN (TnbY - VYPInu™) '

For convenience of notation, we denote the right-hand side of the above differential
equations as F' W, pM).

It is not difficult to show that F' satisfies the local Lipschitz condition for any fixed
N. That is, the difference || F(u™, bN) — F@N, bN)|| s satisfies

IE@Y, oY) = F@Y, b gs < Cla™, Yy — @, 6™ 5,
where C = C max(N* 1142 i, &, [luoll ;2 + boll12)-
Taking advantage of the Cauchy-Lipschitz theorem (Picard’s Theorem, see Majda
and Bertozzi 2002), we can find that for any fixed N, there exists the unique solution
@, bN)inin C([0, Ty); HS(R") x H*(R")) with Ty = T(N, uo, bo). In fact, it is

not hard to extend the local solution to the global solution based on the above estimates.
In fact, we just set aN = bN = 0, then we can obtain immediately that

d S
3 (™ s 16" o) = € max (N3 ol 2+ ol z2) e llgs 416" 1)
Gronwall inequality yields for any 7 > 0
SHI+4
1™ Tl gs A+ 16N (o Tl s < CmaxV 2k ol 2 kol 20T
Thus, we have proved Claim 1.
Due to jAz, = Jy, P2 =P, and PJTy = JnP, we can discover that (Pu®, bV)

and (Jyu®, Jyb") are also solutions to approximate system (6.6) with the same
initial datum. Thanks to the uniqueness, we thus find

Pud =u", Iyu =u" and Jyb" =b".
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Consequently, approximate system (6.6) reduces to

auN +PIN(WN - VYuN) + ku =PIy BN - V)LV,
N + TIn (@ - V)BN) + 1N = Ty (BN - V)u),
V-uN=0,v-bN =0,

ulV (x,0) = Jyuo(x), b (x,0) = Jybo(x).

(6.8)

The same argument to that used in obtaining (5.8) together with the fact (6.4), we can
also get the nonhomogeneous H* bound as follows:

1d
Ed—(nuN(r)n%,s + 11BN ) 1375) + el 13 + 2BV 1%

IN ™

CUIVuN oo + IVEN o) (1™ (1) 135 + 15V 135
CUu™ s + 1BN ) Q™ O3 + 16N 13- (6.9)

A

For the convenience of notation, we also denote

X0 = IV O 13 + 16V 2,0

Consequently, (6.9) becomes

C%X(r) + min{k, A} X (1) < CX ()%

Standard calculations show that for all N

(6.10)

e Vol + ol
sup (/1N ()13 + 16V 12) < 2 2
Osi=T 1= T luolys + Ibol%

Thus, the family @™, bN) is uniformly bounded in C([0, T']; H*) withs > 1 + %,
1

provided that 7 < (C(luoll3 + Ibol})) .

Therefore, one can conclude from (6.7) and (6.10) that

o (uV, bV)yey is bounded in L®([0, T]; L2(R™)),

e (uV, bY)yen is bounded in L>([0, T1; H*(R")) for some s > 1 + 5.

This is enough to pass to the limit (up to extraction) in (6.8). In fact, we have

IPIN (@™ u™)|l 2 < Cllu 7 < €. PTGV B2 < CILV 74 < C,
IPIN (@ O™ 2 < Cllu™ | allb™ s < C,
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where we have used the following interpolation:

4s—n n

Ifllzs < CUANZ Wf s, s =

EES

Note that

o™ = —PIn (@™ - Vi) —ku + PIN Y - V)bV,
3N = —TIn (@ - V)BY) — 2BV + Ty (B - Vyu).

Thus, it is not hard to see that
du®, 8" € L0, T]); H-°(R") forany o > 1.
Consequently, we assume that

du, 8" e L},.([0, T]); H>(R"M).
Since the embedding L? < H 2 is locally compact, the well-known Aubin-Lions
argument (see e.g., Constantin and Foias 1988; Temam 2002) allows us to conclude
that, up to extraction, subsequence (1", b™) ycy satisfies

! ’
lu —u™ |2, 1Y =6V )2 =0, as N, N — oo.

s/ s’

. . 177 ry
By the interpolation ([|ull ;v < C||u||L2 *Nlull j;s for any s” < s), we can show that
!
lu™ —u') s 16N =N e — 0, as N, N' — oo, forany s’ <s,

which imply that we have strong convergence limit (u, b) in C([0, T]; H S/) (see Claim
2 below for detailed proof) with any s’ < s. Therefore, it is enough for us to show that
up to extraction, sequence (u”, b)ycn has a limit (u, b) satisfying

oru +P((u-Vyu) +xu="PU(b-V)b),
b+ (w-VYb+rb=(b-V)u,
V-u=0,V-b=0,

u(x,0) =ug(x), b(x,0) = bg(x).

6.11)

Claim 2: (1, b) € L*®([0, T]; H*(R") x H*(R")) and (u, b) €Lip([0, T]; H*~!
(R™) x H*~!(R™)). Moreover, (1, b) € C([0, T]; H*(R") x H*(R")).
From the above argument, it is easy to show that

sup ||, bM) s < My < oo, (6.12)
0<t<T

N N
sup [|@u, 3,6M) || o1 < Mo < o0. (6.13)
OSI‘ST
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Therefore, (u, bN) is uniformly bounded in the Hilbert space L%([0, T]; HS (R") x
H*(R™)) such that there exists a subsequence that converges weakly to

(u,b) € L*([0, T]; H*(R") x H*(R")). (6.14)

For the fixed + € [0, T'], the sequence N, 1), bV, 1) is uniformly bounded
in H*(R") x H*(R"), so that it also has a subsequence that converges weakly to
(u(@),b()) € H'R") x H*(R"). Consequently, ||(«,b)| gs is bounded for any
t € [0, T] which together with (6.14) implies that (u, b) € L°°([0, T]; H*(R")
x H¥(R™)). Applying the same arguments and (6.13), we can show that (u, b)
e Lip([0, T]; H~'(R™) x HL(RY)).

In fact, we can get from the local existence theorem that

@",pNy e C'([0, TT; H*(R") x H*(R")), (6.15)

and
@™, by = (u,b) € L=([0, T1; H (R") x H* (R")) forany s’ <s. (6.16)
Now we will show that (u, ) is strongly continuous in H*(R") x H*(R") in time. It
suffices to consider u € C([0, T]; H*(R") as the same fashion can be applied to b to

obtain the desired result.
By the equivalent norm, it yields

1
) = el = {( 2+ D0 ) @7 1Aut) = Aju) 2%} 617

j<N j=N

Let ¢ > 0 be arbitrarily small. Due tou € L*°([0, T']; H* (R")), there exists a integer
N > 0 such that

[ > eriaum - aue?) <=, (6.18)

Jj=N

| ™

Recalling the system (6.11), we obtain

5}

d
Aju(ty) — Aju(t) =/ A u(mdr

n

1
= /2 A;PIb-V)b— (u-VIu—«ul(t)dr. (6.19)
n

Therefore, we can get

D2 Ajut) = Aju())7,
j<N
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2
_Zzzﬂ(‘/ A;PLb - V)b — (u - Vyu — kul(t) dr 2)
Jj<N
< 222”(/ 1AL V)b — (- Vu —Ku]||L2(‘L')d‘L')2
j<N h
< ZZZJS(/ A (b - V)bl 2 + [l - V)u||Lz+/<||u||Lz](r)d1:)
j<N gl

- 2221(/ 276D 1A (b VIBI 427D -Vl 22T ‘>||u||Lz]<r>dr)

J<N
<c>’ 22,-<”(b Vb 1t =121+ 11 - V)l 11 — t2] i | 3y 1 —tzl)
j<N
<Cc> 2y - t2|(||b||%m IVBI3,-1 + VBT 1B, + NullFoc Vel
Jj<N

1 Vul oo ity + el )
< 2Ny — t2|(||b||%,x 1B Fs + Nl s el 75 + x||u||%,.x-), (6.20)
where the Sobolev imbeddings H*(R") — H*~'(R") and H*~!(R") — L®(R")

with s > 1 4 7 are used several times in the last inequality.
Thus, the following holds true

=

{ D@ 1au) - ajuw)l 2]

Jj<N

6.21)

NSRS

provided |#; — ;| small enough.

Combining (6.18) with (6.21) implies u € C([0, T]; H*(R"). Consequently, the
Claim 2 holds true. The uniqueness can be easily obtained as the velocity field and
magnetic field are both in Lipschitz space. Therefore, the proof of Proposition 6.1 is
completed. O

Now we will state the following fundamental commutator estimates which have
been used repeatedly in the proofs of Lemmas 2.6 and 2.7.

Lemma 6.3 (See Bahour et al. 2011) Let 6 be a C' function on R" such that |x|é (x)
€ L. There exists a constant C such that for any Lipschitz function a with gradient
in L? and any function b in L9, we have, for any positive X,

1 1 1
101 D), alb|lr < CA~ Y| VallLr||bllLe with PR (p,q) €1, 00]%.

With the aid of above Lemma, we will prove the commutator (2.3) and Lemma 2.7.
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Proof of Commutator 2.3 The proof of (2.2) follows the general line of presentation

in Bahour et al. (2011), Miao et al. (2012) and is standard; thus, we omit it. Now our

efforts focus on the commutator (2.3). Using the notion of para-products, we write
[Aj,u-V]w= K|+ Ky + K3

where

Ki= > (A, S ViAo, Ka= D [Aj, A VIS o,

lk—jl=2 lk—jl=2
Ky= D> [Aj Awu-VIAiw and Ap = Apoi+ A+ Apyr.
k41>

By using Bernstein inequality and Lemma 6.3 above, we arrive at

n
IKillr <C D > 271V Sk quillzo 1 Aol o

i=1 lk—j|<2
o
<C > 2VSqul x| Aol
lk—jl=2
o
< Cl\Vul= Y 2" Al L.
lk—jl=<2

We can bound K> (k > 1 otherwise K, = 0) similar to K as follows:

n
1K2llr <C D7 D" 27|V Ao 10 Sk—10] L

i=1 k—j<2

<C z 27NV Aul| Lr 28| Sk o] L
lk—j1<2

<C > 27 AVull 2! | Se-rol e
lk—jl<2

<C z KT A V| o |l oo
lk—jl<2

< CIVulle > 2 Akl

lk—jl<2

where ||| < C||Vu|r~ and ||[AxVullLr < C||Agw| Ly for any k > 0 are applied
(in fact, k > 0 is only needed when p = 1 or p = 00).
We decompose K3 into the following two parts:

Ky= D [Aj, M- VIAww+ D [A), A - V1A £ K3 + K3
j-lsksj k>
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For K31, making use of Lemma 6.3 above, we have

IK3lle <C D" A, Agu- VIAgollLr
Jj—1=k=j

<C D 27|V |V ALy
J—1<k<j

<ClVul= > 2 Aol
J—1=<k<j

o
< CllVulls D 25| Aro|Le.
J—1<k<j

For the term K32, we do not need to use the structure of the commutator. Thanks to
divergence-free condition, we can rewrite K 32 as follows:

K3 = Ajg(AMnBiw) + D AwAjo Ao,
Py k=] 1=3.k> j

By using Bernstein inequality, we can obtain (bearing in mind k > j = k > 0)

IK3 e < C D NIA oA Ar)lle +C D [ AuuA g AgeollLr

k>j k—jI<3.k>j
- _ L _
<C> VWA | Brwll+C D 2 VA | Akl e
k> j lk—j1<3.k>j
j—k
< C|VullL= D 27 K| vl o
k>j

Plugging all the obtained estimates together, we have

A}, u-Villr < CINule D 25 |awllr + ClVulle D 257 Aol e
[k—jl=2 J—1=k<j

+CVul e D 277K Aol o
k>j

Multiplying above inequality by 2/¢, taking l; then applying the discrete Young
inequality, we can show that

1275 I1A ;. u - VIwllz

< Cl\Vul=| D) 2970602 Aol
lk—jl=<2

+ClVule| D 2URETDR A 0
J—1<k<j

+ Cl[Vullzoo | D 2970028 A o]l 1o
k>j

I f

r
I

l;
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= ClVull=llel s, .
where s 4+ 1 > 0 can guarantee that

k>j

y = Cllolg,-

Therefore, the commutator (2.3) is then proved. O
Proof of Lemma 2.7 Using the notion of para-products, we write

[Aj,u-Vv=J1+ 2+ J3
where

Ji= D> 1A, S VA, h= D> (A, A VIS,

lk—jl<2 lk—jl1=2
J3 = Z [Aj, Aku . V]Akv and Ak = Ak_l + Ak + Ak+1-
k1)

Since the summation above is for k satisfying |j — k| < 2 and can be replaced by a
constant multiple of the representative term with k = j, then it follows from Bernstein
inequality and Lemma 6.3 above that

n
Il <C>° D> 27 VS il |V Al e
i=1 [k—j|<2

<C D 2 IVS qulix Aol
lk—j1=2
<C|Vul =l Ajv]lLr.

Similarly, we can deal with J> as follows

n
Ialer <C D7 >0 27 IV A llLr |V Sl
i=1k—jl=2

<C > 27 IVAulLo IV Skl
lk—jl=2

<C > 272 Al 2! Se-rvll e
lk—jl1=<2

<C > 2| Aullr2’ v) g
lk—jl=<2

< C2lirellAjullLe.
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It is much more involved to handle the remainder term J3. We split it into two terms:
high frequencies and low frequencies:

=3 AjlAw- VAl + > Aw-VAjAw L T+ 3.
K=ol k=j1<3

For the first term we do not need to use the structure of the commutator. We estimate

separately each term of the commutator by using Bernstein inequalities: Thanks to
divergence-free condition, we can rewrite 131 as follows:

n —_—
J31 = Z ZAjal[AkwAkv].

k>j—11=1

Hence,

13 0e < C D7 27| Audw] Lo

k>j—1

<C z 2R Ag V|| oo || Agvll 1o
k=j—1

<C > YVulr=ll Al
k>j—1

< CVulz= D 277K Aw]Lr.

k>j—1

For the second term, we use Bernstein inequalities to obtain

13l <C D7 Ak VA;AvllLy
lk—j1=3

< C2wllLellAjullLe.

Putting all the above estimates together, we have

1A, u-Vivlee < ClIVulrellAjvliLe + C2/ (vl | A jull e

+CIVulle D 27 Al
k>j—1

Multiplying above inequality by 2/ then taking / ; yields

[275IA j, u - Vvl

r =ClVulrelvligs 4 Cllvlizeellull gs+1
j p.r p.r

+ ClIVullo|| D 2970602 Al
k=j—1

l;
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=ClIVullielvllgs + Cllvllzellull gy + 1Ck * Dm (Dl

=ClIVulelvllgs  + Cllvllzellull g,

where C; = X[k§1]2(5+1)k and D,, = 2| Am v||». Here, the discrete Young inequal-
ity has been applied. Note the following fact

lulgyn = 1Vullzy =~ lollgy

thus, the desired inequalities can be obtained immediately. Therefore, we have com-
pleted the proof Lemma 2.7. O
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