MATHEMATICS OF COMPUTATION, VOLUME 28, NUMBER 125, JANUARY, 1974

Global Solution of the Generalized Abel Integral Equation
by Implicit Interpolation*

By H. Brunner

Abstract. The construction of a (global) approximate solution for a given generalized
Abel integral equation may be viewed as a problem of (implicit) interpolation in a pre-
scribed linear space. In this paper, piecewise polynomials (extended spline functions) of a
given degree and of class C are used to generate such an approximating function. Results
on convergence and error bounds are given, and the practical application of this method is
illustrated by a numerical example.

1. Introduction. The generalized Abel integral equation has the form

* G(x, t)

1.1
1.1 e

y(t) dt = g(x), x & I=10,ad, 0<a<l.

It is well known (see, for example, [1, p. 26]) that (1.1) possesses a (unique) solution
y(x) € C() if G(x, t) and g(x) satisfy the following conditions (which are assumed
to hold throughout this paper):

Gx, 1) € C(T), 9G(x, 1)/ox € C(T),

(6))
where T = {(x,):0 S t £ x < a}.
(ii) G(x, x) # 0, xE&E I
_ [ g(®) 1
(iii) F(x) = fo (_—x — e dt € C ().

Observe that under these conditions the limit

1.2) »(0) = liron(g(x)wa_l(l — a)/G(0, 0))
exists.

Let N > 1 and m = 1 be given integers, and define the points {£,} by 0 = £ <
HE< - <étyv=aletZy={&:k=0,1, .-, N — 1}. The exact solution y(x)
of (1.1) will be approximated by piecewise polynomials (or extended spline functions)
of degree m which are of continuity class C(/) and have the knots Zy. We denote
this class of functions by S,”(Zy). An element s € S,'”(Zy) has a unique repre-

sentation of the form
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62 H. BRUNNER

N-1 m—1

(1.3) sGx) = () + 2 D ek — EITT

=1 p=

where p(x) € ., (see also [3]). Here,
x =B =&-8 x Z B,
=0, x < B.

An approximate solution s € S,,”(Zy) for (1.1) will be found by using an approach
which may be regarded as implicit interpolation. To be precise, let

(1.4) = Xko < Xpa < 200 < Xeem = Erirs k=20,1,---, N— 1.

Define the linear functionals {L..;} by setting

g L= [ Keosoa ¢ Ec,

j=1,--,m k=0,---,N—1,
with K(x, f) = G(x, £)/(x — t)*. We wish to find an element s € S,,'”(Zy) such that
(1.6a) L,.i(s) = Li.;(¥) = g(xx.;), j=1 -, m k=0,---, N—1,
satisfying

(1.6b) (&) = »(0).

THEOREM 1. Let G and g in (1.1) satisfy the conditions (i), (ii), (iii) above, and
assume that G(x, £) # 0 in T. Then there exists a unique s € S,,'"(Zy), withp € m,
which satisfies the interpolating conditions (1.6).

Proof. Define the functions {¢i(x):i =0, --- , mN} by

pi(x) = 1, i=0,

=(x_£0)i, i=1,“',m,

= (x — fN—l)i_’n(N_l), i m(N—1)+1,---, mN.

Furthermore, let

Yi(x) = j: K(x, t)-0:(t) dt, i=0,---,mN.

We have, by assumption on G, ¢, & C(I), with ¢,(x) = 0 on [&, £] for i > vm.
It is easily seen that these functions {y;(x)} are linearly independent on I. However,
they do not satisfy the Haar condition on I since, for o; = 0,i = 0, - -+ , vm; a; # 0,
i > vm, Y(x) = D" a;¥i(x) vanishes identically on [0, £,]. On the other hand,
since G(x, t) # 0 in T, the functions {¢,(x):i = wm + 1, --- , (v + )m} do satisfy
the Haar condition on the left-open part of ¢, = [§,, £,.,], since any nontrivial function

(v+1)m (v+1)m

i) = ff K@, 0 = £)- D a(t — £ de

i=ym+1 t=ym+1
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THE GENERALIZED ABEL INTEGRAL EQUATION 63

has at most (m — 1) zeros in (£,, £,..]. Hence the linear functionals (1.5) are linearly
independent in the conjugate space of S,”(Zy). This implies (see also [4, p. 26])
that for a given value «, there exists a unique set {a;, ‘- , a,v} such that

mN
Lk-f(za‘¢«)=g(xk-,~), j=1 - mk=20,---, N—1,
i=0

This completes the proof of Theorem 1.

The above proof suggests that the unknown coefficients in (1.3) may be computed
recursively, using the intervals {¢,,: k = 0, - - - , N — 1}. For computational purposes,
we shall choose for s € S,.'”(Zy) the representation

m

a.7) 6 = sx) = L E(x — &), x € o

y=0 V!

which is equivalent to (1.3), with p = ¢,.,. Since s & C(I) we have

(1'83) Cr.0 = sk—l(gk)’ k = 1» MY N — 1’
and we choose
(1.8b) Co-0 = 5o(§0) = ¥(0) (given by (1.2)).

(We note that another possible representation for s(x) is (1.7) with the functions
{(x — &)’} replaced by the Chebyshev polynomials {T,(x)} for the interval o,.
This form is recommended if m is large. Compare also [3].)

The unknown coefficients {c,.,} in (1.7) are now determined recursively by re-
quiring that, for a given k,

1.9) Li.i(s) = Lp.;(») = g(xe.5), j=1,---,m,

and by observing the conditions (1.8). Theorem 1 implies that each of the linear
systems (1.9) possesses a unique solution {c;.;, -+ , Cim}, k=0, --- , N — 1.

It is clear that Theorem 1 will in general not remain valid if G(x, f) vanishes at
some points in T (we have G(x, ) # 0, by assumption (ii) above). In such cases, the
choice of the points {£} and {x,.;} will be governed by the function G under con-
sideration, in order to get a unique solution for (1.9).

Generalized Abel integral equations of the form (1.1) have recently been considered
by Weiss [7] and by Weiss and Anderssen [8], who used product integration techniques
to generate approximate values to y(x) at given discrete points in 1. It may be of
interest to note here that an idea related to the ones used in product integration and
in the approach taken in this paper was introduced by Huber [6] in 1939 to find
approximate solutions of linear first-kind Volterra integral equations with continuous
kernels.

2. Convergence and Error Bounds. For a given set of knots Zy, define
Hk=Ek+1—$ln k=0""’N_1,

H = max(H,), A = min(H),
(k) (k)

1I'N=H/H, N=1,2,"'.

For simplicity in notation, we shall deal with the case of uniformly spaced points
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64 H. BRUNNER

{xpi}, i€y X = &+ j M, j=1,--- ,mwithh = H/m k=0,--- ,N— 1
Define the error function e(x) by e(x) = s(x) — y(x). Clearly, e € C(I). The approxi-
mating function s € S,”(Zy) shall be given by (1.7).

LemMA 1. Assume that y & C™'(I), and let B, = (Bi1, =+ » Bi-m)” be defined by

(2'1) Crey = y(V)(Ek) + ﬁk-v(hk)m+l_'9 v = la ttt m;k = 0’ MY N-—-1.
IfN - o, H— 0 (with & = 0, £y = a) such that =y < v for all N, then

[1Bell = 2 |Bxw| < B for all k.
v=1

Proof. Let
@) =G-8/, v=1,--- , m+1, k=0,---, N—1.
For x € o, we then have

2.2) e(x) = e) + h;,"“'(z-:l B:; (X)) — Tk(y)‘sl’k-mn(x)) s

where T(y) = y™ " P(m(x))/(m + 1), & < n(x) < x. By construction of s(x), the
error function satisfies

(2.3) Li.;e) = 0, i=1 - , mk=0,---, N—1.

We proceed by induction: For k = 0 we obtain

o ZEe [ Kews ot = [ Ko 0 - To0)-0mnd)

y=1 °

(using e(£,) = O; a trivial modification will yield results similar to those below if
e(t) = 0(H), g 2 1).
By definition of the functions {¢.,(x)}, and by assumptions on G, g, and y, the
right-hand side of (2.4) is O(h,'™ ). Furthermore, the matrix with elements
1

; ¢ G(x0~i’ xO'iA)"pO-v(t)'(xO'i - t)_adt (j,ll ='19 STt m)

is essentially a Vandermonde matrix and hence nonsingular. A simple calculation
yields for these elements the expression

d+Hl—a 1-a
'ho

- 0+rv—a)’

with G(x, x) # 0, x € I. Since G(x, t) € C(T), there exists a §, > 0 such that for all
hy € (0, 5,) the solution of (2.4) satisfies 8,., = 0(1), » = 1, - -- , m. We thus obtain

G(xo.i» Xo-7)

e) = e) + mupt 3 Bor foa ™ ety = O(HY,

v=1
or, since H < mh, £ H,
et,) = O(H™).
Let now k > 0. It follows from (2.3) and (2.2) that
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mpt! Zﬂ" f K(xs.;, Don(t) dt

vl

Tk. § Eutr
- —e(sk)fe Ko 0 di = 3 3 et f KGe.s, 1) dt

k-1 m En+x
- 2Ry éﬁ_- K(xi.i» hpu-o(t) dt + OCH™7%).
=0 v=1 Vi Jg,
This may be rewritten as
2.5) Z Bey /5 G(x,,.,., Dor () (Xe.; — 1) % dt = O(H' ™).
v=1 k

Here we have made use of the fact that 4,/h, < H/H = 7y < yforall N, and kH <
NH £ yNH =< va. We conclude, by an argument similar to the one used for k = 0,
that there exists a 3, > 0 such that for all 4, € (0, §;) the unique solution of (2.5)
satisfies 8., = 0(1),» =1, --- ,m,and k < N.

THEOREM 2. Under the assumptions of Lemma 1,

(2'6) |e(x)| ‘YaH (B + Mm+l)’ X e ZN-
Here, B is defined in Lemma 1, and

M,.. = max [y )|/(m + D
z€I

Proof. From (2.2) we find, using the fact that e & C(J),

IA

)] = less@n)] + (mehu 1)"'“(2 Beral M,.H)

v=1

=< |ek—1(Ek—l)| + ™ B+ M,.1),

where we have set e(x) = si(x) — ¥(x), x € ;. By a well-known result on inequalities
of this type (see, for example, [5, p. 18]), we obtain (using again e(%,) = 0)

TABLE 1

X =& e(x) for X =& e(x) for X =& e(x) for

k (N =90) m= k (N=45) m=2 k (N=60) m=3
1 0.2 5.07-102 1 0.4 —2.65-102 1 0.3 1.46-10
2 0.4 —9.68-10°3 2 0.8 —6.18-10°3 2 0.6 —2.01-10"3
3 0.6 6.68-10"3 3 1.2 —1.41-10"3 3 0.9 4.73-10~¢
30 6.0 7.22-1075 15 6.0 9.63-107¢ 20 6.0 5.67-10"¢
60 12.0 2.55-1075 30 12.0 4.01-107¢ 40 12.0 1.99.10-8
90 18.0 1.39:10°5 45 18.0 2.28-107¢ 60 18.0 1.08-10"¢
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66 H. BRUNNER

lex(&)| < kH™'(B + M,..,) < NH-H" - (B + M,..)
< vyaH™(B + M,..),

for we have assumed that the ratio =y = H/H remains bounded as N — o: 7y < 7.
Hence NH £ yNH £ ya.
Theorem 2 remains essentially valid if we consider e(x) for x & Zy, x € I. We have
THEOREM 3. Under the assumptions of Lemma 1,

2.7 lex)| = H™-(va(B + M,..) + O(H)) forall x & 1.
Proof. For x € o, we get, from (2.2) and (2.6),
le)| = le@)| + H™ ' (||Billi + M1
< H'(va(B + M,..) + H(B + M,..))
= H"(B + M,..)-(ya + H).

We conclude by observing that the degree m of s(x) may be treated as a parameter
which may be changed anytime during the computation. Furthermore, the knots
Zy need not be chosen a priori but may be selected during the computational process,
according to the character of the given equation (1.1) and its exact solution y(x).

3. Numerical Example. We illustrate the application of the method of piecewise
polynomials described above by solving the Abel integral equation

TasLe II
Change of stepsize (spacing of knots) during computation:
Initial spacing: H, = 001,k = 0, --- , 50.
Fork > 50: H, = 05.

k x=4& ex)y (m=2)
1 0.01 —4.19-107
2 0.02 -9.77-10°*

3 0.03 —2.24-107*
49 0.49 3.20-1077
50 0.50 3.11-1077
51 1.00 —5.81-107*
52 1.50 —2.87-107*
84 17.50 —3.35-1077
85 18.00 —3.12:1077
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THE GENERALIZED ABEL INTEGRAL EQUATION 67

3.1) f (xyf)t‘;fﬂ =x, 0=x=18

Its exact solution y(x) = 2x'/?/x has derivatives which are unbounded at x = 0.
Equation (3.1) was solved numerically by functions s € S,‘”(Zy) for r = 1, 2, 3.
A selection of numerical results is listed in Table 1. Table II shows, for s € S,'”(Zy),
how a relatively large change in stepsize (from H, = 0.01 to H, = 0.5) affects the
numerical results.
All the computations were performed on the CDC 6400 (single precision) at
Dalhousie University Computer Centre.
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