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Global Solution of the Generalized Abel Integral Equation
by Implicit Interpolation*

By H. Brunner

Abstract. The construction of a (global) approximate solution for a given generalized

Abel integral equation may be viewed as a problem of (implicit) interpolation in a pre-

scribed linear space. In this paper, piecewise polynomials (extended spline functions) of a

given degree and of class C are used to generate such an approximating function. Results

on convergence and error bounds are given, and the practical application of this method is

illustrated by a numerical example.

1. Introduction.   The generalized Abel integral equation has the form

(1.1) f     G(X' *\ y{t) dt = gix),        x E I = [0, a],        0 < a < 1.
Jo    ix  —  t)

It is well known (see, for example, [1, p. 26]) that (1.1) possesses a (unique) solution

y{x) G C{I) if Gix, t) and gix) satisfy the following conditions (which are assumed

to hold throughout this paper):

Gix, t) G CiT),       dGix, t)/dx G CiT),
(i)

where T = {ix, t) : 0 ^ t ^ x ^ a].

(ii) Gix, x) 9± 0,       x G /•

(iü) Fix) =   [  -   8it\     dt G C\I).
Jo   ix — t)

Observe that under these conditions the limit

(1.2) .KO) = lirnGK*)-*"-^ - «)/G(0, 0))
x-»0+

exists.

Let N ^ 1 and m 2; 1 be given integers, and define the points {£*} by 0 = £0 <

& < • • • < £iv = a. Let ZN = {& : k = 0, 1, • • • , N — 1}. The exact solution yix)

of (1.1) will be approximated by piecewise polynomials (or extended spline functions)

of degree m which are of continuity class C(7) and have the knots ZN. We denote

this class of functions by SmW){ZN). An element 5 G Sml0){ZN) has a unique repre-

sentation of the form
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62 H.  BRUNNER

(1.3) six) = píx) + £ 2>*.,-(* -wrr.
i=l    »=0

where /?(x) G ï. (see also [3]). Here,

(x - ß)\ = (x - 0)",       x è /S,

= 0, x < ß.

An approximate solution s G Smi0\ZN) for (1.1) will be found by using an approach

which may be regarded as implicit interpolation. To be precise, let

(1.4)       £t = Xjt.o < xk., < • • • < xk.m = £t+i,       k = 0, 1, • • • , N — 1.

Define the linear functional {£*.,-} by setting

Lk-A1) =  ( " ' *(**.„ 0/(0 A       (/ G C(/)),
(1.5)

7 =  1, ••• , m;    k = 0, ••• , N - 1,

with A"(x, 0 = G(*, 0/(* - 0°- We wish t0 find an element s G Sj°\Z„) such that

(1.6a)        LfiCO = Lk-Ay) = g{xk-i),       j = l, ■•■ , m;   k = 0, ■ ■ ■ , N — l,

satisfying

(1.6b) Kfo) = J'(0).

Theorem 1. Le? G anc? g /n (1.1) satisfy the conditions (i), (ii), (iii) above, and

assume that Gix, t) 9e 0 in T. Then there exists a unique s G Sj0)iZN), with p G To,

which satisfies the interpolating conditions (1.6).

Proof.   Define the functions {¡p,{x) : i = 0, • • ■ , mN\ by

<pAx) = 1, f = 0,

= (x — £o)+, i = I, ■ ■ ■ , m,

= ix- £v_i)rm<"~u,        « = miN - 1) + 1, • • • , mN.

Furthermore, let

ipAx) =   /    Kix, 0-ipAO dt,        i = 0, • • • , mN.

We have, by assumption on G, fa G C(I), with ^.(x) = 0 on [£0, £J for i > vm.

It is easily seen that these functions {spAx)} are linearly independent on I. However,

they do not satisfy the Haar condition on / since, for a,■ = 0, i = 0, • • • , vm; a¡ ¿¿ 0,

i > vm, \f/{x) = ]ï2r.No a.Y'.(x) vanishes identically on [0, (•„]. On the other hand,

since G(x, t) ^ 0 in T, the functions j i/Kx) '. i = vm + 1, • • • , (v + l)wj do satisfy

the Haar condition on the left-open part of ay = [£„, ¿,+1], since any nontrivial function

(v + l)m e.x (v + l)m

¿2 a,ip,ix)= / Kix, t)it - i,y £ atit -1,)"-"-1 at
i — vm +1 «í, i =vm + l
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has at most {m — 1) zeros in (£„ £„+1]. Hence the linear functionals (1.5) are linearly

independent in the conjugate space of Sm{0){ZN). This implies (see also [4, p. 26])

that for a given value a0 there exists a unique set {<*i, ■ ■ • , amN] such that

£*•>( ]C«^<) = sixk-i),       j = 1, ••• , m;k = 0, ••• , N — 1.

This completes the proof of Theorem 1.

The above proof suggests that the unknown coefficients in (1.3) may be computed

recursively, using the intervals {<rk : k = 0, • • • , N — 1}. For computational purposes,

we shall choose for s G Sm(0)iZN) the representation

(1.7) s(x) = st(x) =  ¿2 "T1 (* ~~ &)"•       * G «*.

which is equivalent to (1.3), with/? = c0.0- Since s G C{I) we have

(1.8a) Cfo = î»-i(Î»),       fc=l,--,Ar-l,

and we choose

(1.8b) Co.o = 5o«o) = .KO)   (given by (1.2)).

(We note that another possible representation for s{x) is (1.7) with the functions

{(* — £*)'} replaced by the Chebyshev polynomials {7\(x)} for the interval <rk.

This form is recommended if m is large. Compare also [3].)

The unknown coefficients {ct.„} in (1.7) are now determined recursively by re-

quiring that, for a given k,

(1.9) Lk-As) = Lk.Ay) = g{xk-i),       j = 1, • •• , m,

and by observing the conditions (1.8). Theorem 1 implies that each of the linear

systems (1.9) possesses a unique solution {ck.,, • ■ • , ck.m], k = 0, •■ ■ , N — I.

It is clear that Theorem 1 will in general not remain valid if G(x, 0 vanishes at

some points in T (we have G(x, 0 ^ 0, by assumption (ii) above). In such cases, the

choice of the points {£*} and {xt.,} will be governed by the function G under con-

sideration, in order to get a unique solution for (1.9).

Generalized Abel integral equations of the form (1.1) have recently been considered

by Weiss [7] and by Weiss and Anderssen [8], who used product integration techniques

to generate approximate values to X*) at given discrete points in /. It may be of

interest to note here that an idea related to the ones used in product integration and

in the approach taken in this paper was introduced by Huber [6] in 1939 to find

approximate solutions of linear first-kind Volterra integral equations with continuous

kernels.

2. Convergence and Error Bounds.   For a given set of knots ZN, define

Hk = £t+. -It,       k = 0, ••• , N- 1,

H = max(#t),        H = min(#t),
m (*)

7TW = H/H,        N = 1,2, ■•• .

For simplicity in notation, we shall deal with the case of uniformly spaced points
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64 H.   BRUNNER

{xt.,}, i.e., x*., = it + j-hk, j = 1, • • • , m, with hk = Hk/m, k = 0, ■■■ , N - I.

Define the error function eix) by e{x) = s(x) — y{x). Clearly, e G C{I). The approxi-

mating function 5 G Smi0){ZN) shall be given by (1.7).

Lemma 1.    Assume that y G Cm+1{I), and let Bk = {ßk.„ • • • , |3fm)T be defined by

(2.1) c„., « /"(&) + &.,(A4r+1-,       i; = 1, ••• , «;* = 0, •■• , TV- l.

IfN^r °°, H —» 0 (w/íA io = 0, iff = a) smc/í /Aaí *> ^ 7 /or all N, then

m

llalli =   E lA-rl ̂  5    for all k.
»=1

¿Voo/.   Let

<pk-Ax) = (x - it)7At,       «- - 1, •• • , m + 1;    * = 0, ••• , N - 1.

For x G o't, we then have

(2.2) e{x) = KÍ*) + Ar+1-(£ ̂ f *v,(*) - rt(y) ̂ .»+1(x)J ,

where TtOO = /m+u{vk(x))/(m + 1)!, it < i?*(x) < x. By construction of six), the

error function satisfies

(2.3) Lk-Ae) =0,       I - 1, ••• , m; * = 0, • •• , N - 1.

We proceed by induction: For fe = Owe obtain

(2.4)       £ ^f /        *C*o.„ 0*o-,(0 dt = Kixo-i, t) ■ Toiyy<Po-m+,{t) dt
— 1 V\ J(a J(a

(using e(io) = 0; a trivial modification will yield results similar to those below if

e(i„) = 0(/n q ^ 1).
By definition of the functions {^.„(x)}, and by assumptions on G, g, and y, the

right-hand side of (2.4) is 0(/V ")■ Furthermore, the matrix with elements

1      r-xn.i

- \       Gixo-i, Xo-i)->Po-At)-{xo-i — t)~a dt        if, v = 1, ••• , m)

is essentially a Vandermonde matrix and hence nonsingular. A simple calculation

yields for these elements the expression

.v +1 — a    11— a

f,, -._j       -ho_
utXo.,, Xq.,)

il - a) ■■■ il +v - a)'

with G(x, x) 5¿ 0, x G /■ Since G(x, /) G CiT), there exists a 50 > 0 such that for all

ho G (0, 50) the solution of (2.4) satisfies ß0-, = 0(1), v = I, ■■ ■ ,m. We thus obtain

m     n v

Kii) = Kio) + mhTx ¿2 ^—— + OihT1) = 6iHZ+1),
v-i        c!

or, since H ^ mh0 ^ H,

Kii) = QiHm+1).

Let now k > 0. It follows from (2.3) and (2.2) that
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,+i ¿ê^ r ' Kfx   t>Pk.Át) dt
„i    v\   JH

pXk- 1 K — i pkn + i

-e(it) /        K{xk.¡, t)dt - ¿2 eHZ) \       Kixk.„ t) dt

k — 1 m     & /»tji+i

- ¿2 h;+1 ¿2 bf       Kixk.i, typ,.,«) dt + 0(/r+2-°).

This may be rewritten as

(2.5) ¿2 &f Gixk-i, t)sCk.At)Axk-i - tra dt = OiH1-").
,-i   v\   JH

Here we have made use of the fact that hjhk ^ H/H = irN ̂  y for all N, and kH ^

NH ^ yNB g ya. We conclude, by an argument similar to the one used for k = 0,

that there exists a 8k > 0 such that for all hk G (0, 8k) the unique solution of (2.5)

satisfies ßk.v = 0(1), v = I, ■ ■ ■ , m, and k ^ N.

Theorem 2.    i/nder ?/¡e assumptions of Lemma 1,

(2.6) |Kx)| è yaHmiB + Mm+1),       x G ZN.

Here, B is defined in Lemma 1, and

Mm+, = max |/m+1)(x)|/(m + 1)!.
x€I

Proof   From (2.2) we find, using the fact that e G Cil),

Mi*)i û k-i(it-i)i + (m.Ai_lr+1(Ê^fc:rïi+ M—)

á  h-i(Í*-i)l + Hm+1  ■ (B + Mm+1),

where we have set et(x) = sAx) — yix), x G o"t- By a well-known result on inequalities

of this type (see, for example, [5, p. 18]), we obtain (using again e(i0) = 0)

Table I

x — ík. eix) for x = it e(x) for x = £t K*) for

A: (TV = 90)        m = 1 A;      (AT = 45)        m = 2 k      (N = 60)        m = 3

1 0.2 5.07-10"2        1 0.4      -2.6510"2        1 0.3 1.46-10"1

2 0.4      -9.6810"3        2 0.8      -6.1810"3        2 0.6      -2.01-10"3
3 0.6 6.6810-3        3 1.2      -1.41-1Q-3        3 0.9 4.7310"4

30 6.0        7.22-10"6     15 6.0        9.63-10-"     20 6.0 5.6710-«

60 12.0 2.55-10"5     30 12.0        4.01-1Q-6     40 12.0 1.99-10-«

90 18.0 1.39-10-'      45 18.0 2.28-10~6      60 18.0 1.08-10"6
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66 H.   BRUNNER

k(Ít)| ú kHm+\B + Mm+1) g  NHHm ■ (5 + Mm+,)

g yaHmiB + Mm+1),

for we have assumed that the ratio irN = H/H remains bounded as N —> <» : ^^ g y.

Hence NH ^ yNÑ ^ ya.
Theorem 2 remains essentially valid if we consider e(x) for x 6£ Z^, x G /• We have

Theorem 3.    Under the assumptions of Lemma I,

(2.7) |Kx)| Ú HmiyaiB + Mm+,) + 6iH))    for all   x G /•

Proo/.   For x G o~t we get, from (2.2) and (2.6),

\e{x)\ ^ |KÍ*)I + Hm+1-i\\Bk\\, + Mm+,)

^ HmiyaiB + Mm+,) + HiB + Mm+,))

= HmiB + Mm+,)Aia + H).

We conclude by observing that the degree m of s(x) may be treated as a parameter

which may be changed anytime during the computation. Furthermore, the knots

ZN need not be chosen a priori but may be selected during the computational process,

according to the character of the given equation (l.l) and its exact solution X*)-

3. Numerical Example.   We illustrate the application of the method of piecewise

polynomials described above by solving the Abel integral equation

Table II

Change of stepsize ispacing of knots) during computation:

Initial spacing: Hk = 0.01, k = 0, • • • , 50.

For k > 50 : Hk = 0.5.

k x = it e{x)       im = 2)

1 0.01 -4.19-10-3 '
2 0.02 -9.77-10"4

3 0.03 -2.24-KT"

49 0.49 3.20-10"7
50 0.50 3.H-KT7
51 1.00 -5.8M0-4

52 1.50 —2.87-10-4

84 17.50 -3.35-KT7
85 18.00 —3.12-10-7
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THE  GENERALIZED ABEL INTEGRAL  EQUATION 67

(3.1) [   . y(t) %2 = x,        0 ^ x g 18.
•to   (x       t)

Its exact solution X*) = 2x1/2/vt has derivatives which are unbounded at x = 0.

Equation (3.1) was solved numerically by functions 5 G 5r<0)(Zjv) for r = 1,2, 3.

A selection of numerical results is listed in Table I. Table II shows, for s G S2{0)iZN),

how a relatively large change in stepsize (from Hk = 0.01 to Hk = 0.5) affects the

numerical results.

All the computations were performed on the CDC 6400 (single precision) at

Dalhousie University Computer Centre.
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