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1. Introduction. This paper studies an initial-value problem for the
generalized Benjamin-Ono-Burgers equation (BOB)

ur + P(u)y — Viugy — H(uge) =0, xeR, t>0, (1.1)
u(z,0) = f(z), zeR, (1.2)

where P(u) : R — R is a given C'*° function satisfying certain growth con-
ditions to be specified below, and H is the Hilbert transform defined by the
principal-value integral

Hu(z) = %PV /Oo “(y)y dy. (1.3)

€xr —

In equation (1.1), subscripts denote partial differentiation, u(x,t) is a real-
valued function, and v is a positive number. Using PDE techniques, the
following results are obtained about the solution and its long time asymptotic
behavior of the above initial value problem:

1. Let P(u) satisfy either of the following two restrictions,
P/
lim sup [P ()] <C, (1.4)
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or when A(u) <0 and P'(u) <0,
|P'(u)] < Cel, (1.5)

where A’(u) = P(u), A(0) = 0, prime denotes differentiation, and C' is some
positive number. Then, for any f(x) with finite H!(R)-norm, the initial-
value problem defined by equations (1.1) and (1.2) has a global solution in
H(R) for any finite t > 0. (Typical examples of P(u) satisfying (1.4) and
(1.5) are u? and e, respectively.)
2. Let
P(u) = cuP™, p>2, ca constant. (1.6)

Assume that the initial-value problem (1.1) and (1.2) has a global solution*.
Then the long time behavior of the solution v is decomposed into two parts.
One part is identical with the long time behavior of the solution w(x,t) of
the corresponding linearized equation, and the other part is a higher order
term which is given explicitly in terms of P(u) : If p > 2,

C

lim t%(|u(-,t)—w(-,t)|2)2—727r)%(/O+m/_o:oup+1(x,7')dxd7'>2. (1.7)

t—+o0  4u(8v

This paper is a continuation of [6] but can be read independently. The
only results of [6] used here without proof are the long time behavior of the
solution w of the linear equation of (1.1), and the leading behavior of u of
the equation (1.1) for long time.

We conclude this introduction with some remarks.

1. In the analysis of the long time asymptotics of equation (1.1) we
have assumed that P(u) is given by equation (1.6). This assumption was
made only in order to simplify the analytical derivations. Actually, since the
solutions of equations (1.1) and (1.2) decay to zero in the Ly and in the Lo,
norms, one can choose T large enough such that |P(u)| < |c||u|P*! for ¢ > T.
Hence, in general, the assumption on P will be that it vanishes at u = 0 at
least in the order p + 1 for p > 2.

2. If v = 0 and P(u) = 3u?, equation (1.1) becomes the Benjamin-
Ono equation. Using the fact that this equation possesses infinitely many
conservation laws, it is possible to show that its initial-value problem is

globally well posed in H!(R) [1, 12, 13, 16, 18]. The Benjamin-Ono equation

*if ¢ < 0 and p is even, or if ¢ > 0 and p = 2, it follows from 1 above that this is the
case for all f € H(R); otherwise f should be sufficiently small in Lz-norm [6].
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was originally derived as a model in the study of internal waves in deep,
stratified fluids [3, 15]. If the dissipation effects cannot be neglected, then
the term —vu,, must be added [10], and the so-called Benjamin-Ono-Burgers
equation (BOB)

Ut + Uy — Vg — H(ug,) =0 (1.8)

is obtained. We note that the physical derivation of the BOB equation gives
rise to the additional term wu,. However, for the results obtained in this
paper, without loss of generality one can consider equation (1.8) and (1.1),
since the relevant estimates are not affected if one uses a moving frame of
reference.

3. The results presented here have certain similarities with the corre-
sponding results for the generalized Korteweg-de Vries-Burgers equation

Ut + Uy + P(u)y — Vigy + Uzge =0, z€R, >0, (1.9)
and the generalized regularized long-wave-Burgers equation
U + Uy + P(t)y — Vigy — Uzee =0, x €R, £ > 0. (1.10)

We recall that these equations have global solutions when the growth of P(u)
is less than quintic for equation (1.9), while there is no growth restriction
for equation (1.10). Furthermore, if P(u) is given by (1.6), the leading order
behavior of the long time asymptotics of the solutions is the same as that of
their corresponding linearized equations (see [4, 5]). The case of quadratic
nonlinearity is investigated in [2].

4. The asymptotic results presented here are for generic initial data. If the
initial data have some additional property, the decay rate of corresponding
solutions will be higher than that of solutions with generic initial data. For
instance, if the Fourier transform of the initial data vanishes in power «,
then the corresponding solutions of the equation (1.1) will decay faster than

(07

the solutions with generic initial data in the power § (see [6]).

5. For the derivation of some of the results presented here we have used
the relationship between the Hz and Lo, norms given in [7].

Notation. The L,-norm of a function f which is gth-power absolutely
integrable on R is denoted by |f|, for 1 < ¢ < oo, and similarly |f|e =
Ifllz..- If m > 0 is an integer, H™(R) will be the Sobolev space consisting
of those Ly(R)-functions whose first m generalized derivatives lie in Lo(R),
equipped with the usual norm, | f{|gmg) = [[fllm = S [f R . If m is
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not integer, then the norm for H™(R) will be defined by ||f|Z, = [*_(1+
s2)™ f(s )|2 ds, where f is the Fourier transform of a function f defined by

f(k \/g f e~ f(z) da
2. Global solutions.

Theorem 2.1. Let u(x,t) satisfy equations (1.1) and (1.2) where v > 0,
f(x) € H'R) and P(u) : R — R is C™ and satisfies either of the two
constraints given by equations (1.4) and (1.5). Then there exists a unique
global solution u(x,t) in H'(R) for any finite t > 0.

Proof. The local solution can be easily obtained by applying the contraction
mapping theorem, or semigroup theorem. The global solution exists if the
H'(R)-norm of the solution is bounded for all ¢+ > 0. Multiplying equation
(1.1) by 2u and integrating the result with respect to x and ¢ over R x [0, ¢],
it follows that

(Ju(-,1)]2)? + 20 / (Jua( 7)) dr = (If]2)% (2.1)
0

Indeed, using

o0 oo [ee] [ee] 8
/ u(P(u))y do = / Uy P(u) de = —/ uz N (u) de = —/ %A u) dx
—2/ uumdx:2/ uid:v,

/ ulH(ugy) doe = —/ ugH(uy) dr =0,

and integrating with respect to z, it follows from equation (1.1) that
a oo (@)
—/ u2dx—|-21// u? dr = 0.
8t — o0 — 00

Integrating with respect to ¢ this equation becomes (2.1).
Multiplying equation (1.1) by 2u,, and integrating the result over R x
[0, ¢], it follows that

<rum<-,t>|2>2+zy/0<|um<, )2 dr = (If']2) +2// Uaa P dz;d;)
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Indeed, using

oo o0 6 o0
2/ Uggp Uy dx = —2/ UgUgt dx = ——/ ui dx,
—o0 —o0 ot —o0

equation (1.1) implies
8 oo oo o
— / u? dx + 2V/ u? dr = 2/ Uz (P (), dz,
ot —o0 —o0 —o0

which becomes equation (2.2) after integrating with respect to ¢.
Using Cauchy-Schwarz and Young’s inequalities,

2/_00 abdz‘ﬁQ(/_oo a2dx)%</_oo b2dx>% ga/_oo azdx—l—é/_oo b2 dx,

where « is an arbitrary positive number, together with |P(u) |2 = |u, P’ (u)|2
< |ugl2|P'(4)|so, one finds that

/00 Uz (P (1)), do < V(\um(-,t)b)z + %(|uz(-,t)|2)2(|P’(u(-,t)\oo)2.
Using this last estimate in equation (2.2), it follows that
2 ! 2
(s 01" 0 [ (tenc7)1)
<712+ [ (uales D) (P () (2:3)
0

Equations (2.1) and (2.3) are the main equations used for the proof of the
global existence of u(z,t). We consider the two cases (1.4) and (1.5) sepa-
rately:

(i) |P'(u)]oo < C(Juloo)?. In this case, since (Ju|so)? < |ul2|us]e and
|u|2 is bounded (see equation (2.1)), it follows that |P’(u)|co < C(|f|2)|tz]2-

Using this estimate to replace |P’| in equation (2.3), one obtains

t

(- )]2)? + v / [tz (-, 7)|2)%dr < (1f']2)? + C(w | fl2) / <|uz<-m>|2>(42d2).
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Using Gronwall’s inequality, namely if y(t) < c+ fo (1) dr, then y(t) <
Celo 97 and letting y = g = (Jue(-,t)]2)2, equation ( A4) yields

(Juo -, )12)* < Ca(fla)eC i IS (eomia) o (2:5)

However, f(f (|uz(-,7)]2)2d7 is bounded (see equation (2.1)), thus equation
(2.5) implies that |u(+,t)|2 is bounded for all ¢ > 0.

(i) |P'(u)]o < Cell> A < 0and P' < 0. In this case, the following
estimate is valid,

(001 4o [ [~ Wl 0P dydr < csiy®. 26)

Indeed, multiplying equation (1.1) by H(u,) — P(u), integrating the result
over R x [0,t], and using the facts that

/ H(ug )ty dx = / e H (g ) da,

/OO P(u)ugy dr = —/OO P’ (u)u? dz,
(e = N (g =~

/ Huxutda:—ia/ H(ug)udx,

it follows that

1/_°° (s dx+1/// H(u,,)) dz dr
/ A(u d:c—l—v// P'(u ud:z:d7'+/oo(1fH(fm) A(f)) dx

If A(u) <0 and P’(u) <0, this equation implies equation (2.6).
Applying the Brezis-Wainger inequality [7]

[uloo < Cllul 3 [1+log(1+ [[ull3)]?, (2.7)

it follows that

1
Pl Dl < Gl < @EPMIIHREHIIDE oy,

(28)
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since |u[1 is bounded and is independent of ¢ (see (2.6)). Using the estimate
(2.8) in (2.3) to replace |P’(u)|oo, it follows that

(\ux(-,t)]2)2+u/o (Juga(, 7)la)* dr (2.9)
< ()° + COlIAlly) | ()l (hute 1) d
0
By using (2.1) in (2.9), one shows that
(]ux(-,t)fg)z + 1//0 (‘uzz<.77)]2)2 dr (2.10)
< (U71)* + COlflly) [ [(uatomle)? [ 1Pt )Py ar
Using Gronwall’s inequality, with y(t) = (|us(-,t)]2)? and
o) = [ Wl oy,

together with the boundedness of fo I 13y, 7)[*dy dr, because of equa-
tion (2.6), equation (2.10) implies that |uw( ,t)]2 is bounded.

3. Asymptotic behavior of solutions. Let w(x,t) solve the linearized
version of equations (1.1) and (1.2), i.e

W — VWgy — H(wg,) =0, reR, t>0, (3.1)
w(z,0) = f(x), zeR.

If f € HY(R), these equations imply
want) = <= [ exp (=Pt ilalut +iva) Fl) dy = SO/ (@). (33

Furthermore, if f € H'(R) N L;(R), then

-

t—oo

lim¢? /00 w?(z,t) de = tlirgot%(|5(t)f(x)|2) (8vm) ™2 ( / f(z dac)2

- (3-4)
tlimt%/ w?(z,t) de = (1280°7) _% / f(z d:c , (3.5)
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where S(t) f(z) is defined in equation (3.3) (see Dix [8, Theorem 2.1.1, and
Corollary 2.2.7] and see also [6]).

It was shown in [6] that if f € H*(R) N L;(R), the solution u of (1.1) and
(1.2), with P(u) given by (1.6), satisfies

() < CA+1t)"7 and  |ug(-,t)s < C(1+1¢)" 1 (3.6)

for t > 0. The same decay estimates follow from the results in [8] under
closely related assumptions on the initial data.

Using equations (3.4)-(3.6) we can now derive the decay results of the
difference between the solution of (1.1) and (1.2) and the solution of the
corresponding linear equation (3.1) and (3.2).

Theorem 3.1. Let f € HY(R)NLy(R). Let u satisfy the equations (1.1) and
(1.2) with v > 0 and P(u) = cuP™ for p > 2. Let w satisfy the linearized
equations (3.1) and (3.2). Then the difference between u and w in Ly-norm
satisfies equation (1.7).

Proof. Let v = v — w. Then v solves

Vg — Ve — H(vge) + ctPu, =0, z€R, t>0, (3.7)
v(z,0) =0, x€R. (3.8)

Taking the Fourier transform of equation (3.7) with respect to the spatial
variable x, and solving the resulting ordinary differential equation, it follows
that u satisfies the integral equation

iy, t) — d(y, 1) = —ci / yexp ((—vy? +iylyl)(t — 7))urti(y,7) dr. (3.9)

Using [uPTL( 1)1 < |u(-,t)|E5 (Ju(-, t)]2)?, together with equation (3.6), one
obtains
[P 1) < C(1+1)75. (3.10)

[eo]

If p > 2, equation (3.10) implies that [;° [0 wP™dxdr exists. Then the
limit appearing in the left-hand side of equation (1.7) can be computed.
Using Parseval’s identity and equation (3.9), it follows that

lim 3 (Ju(-t) —w(-6)|,)" = lim ¢3(|a(,t) — a(-t)],)"

t——+o0 t——+oo

= lim t%<

t——+o0

. /_\ 2
ci/ yexp ((—vy® +iy\yl)(t—T))U”+1(y77)d7’2>
0

> ¢ — 2
= lim t%/ CQyZ‘/ e(—l/y2+iy|y\)(t—7)up+1(y’T)dT‘ dy
— 00 0

t——+4o0
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Making the change of variable s = y+v/¢, and using lim;_, . exp [(1/52
is|s|)Z] — 1 for any fixed s and 7 € [0,), this limit becomes

[e'] t 2
. _ 2 2_ T, >, S
lim 2s2e s / elvs ZS|5|)tul’+1(—,7)d7" ds
t=+oo J_ 0 \/E
—+o0

—

2
uPt1(0, T)d’i" ds

:02/ §2e—2vs?
—o0 0
2 /00 82672%92(18 L /+°<> /Oo uP T (z T)dxd7'>2

s \/27r ’

2 +o0o

= 673/ sds / / uP T (2,7 d:ch)

2 (2y)7

—+o0
/ / Pt (z, T dxdr) , (3.11)

where we have taken the limit inside the integral since the relevant integral
is finite. In fact, the use of (3.10) shows that for p > 2,

t
| / DGR | < / / & F P (-, 1) adr

1
v(8um)?2

w2 [ Cdr
<e2 — + 7(1 3.12
< [ e /< ST 12
Ct 2 us2 1 VS2
vs? GVS —e 2 vs? 2 —e 2
< a5 < vst -~ -
sCe= +(1—|—%)P/2 vs? C[e P ote 52 ]
Hence, the integrand in (3.11) is bounded as
2-2vs” /t (s =islsD £ o1 1) ‘2 (3.13)
s“e e C —,7)dT .
0 \/Z
. | ot Loty
vs - 2 — 2
S 0826—21/52 |:€T + 61/52 62 i| S 0[826—1/52 + ( 62 ) 7
s

for all t > 0. Note that the left-hand side of (3.13) is a L;-function. Hence,
one can use the Dominated-Convergence Theorem to (3.11).
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