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Global Solutions of Shock Reflection by
Large-Angle Wedges for Potential Flow
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Abstract

When a plane shock hits a wedge head on, it experiences a reflection-
diffraction process and then a self-similar reflected shock moves outward
as the original shock moves forward in time. Experimental, computa-
tional, and asymptotic analysis has shown that various patterns of shock
reflection may occur, including regular and Mach reflection. However,
most of the fundamental issues for shock reflection have not been un-
derstood, including the global structure, stability, and transition of the
different patterns of shock reflection. Therefore, it is essential to establish
the global existence and structural stability of solutions of shock reflection
in order to understand fully the phenomena of shock reflection. On the
other hand, there has been no rigorous mathematical result on the global
existence and structural stability of shock reflection, including the case
of potential flow which is widely used in aerodynamics. Such problems
involve several challenging difficulties in the analysis of nonlinear par-
tial differential equations such as mixed equations of elliptic-hyperbolic
type, free boundary problems, and corner singularity where an elliptic
degenerate curve meets a free boundary. In this paper we develop a rig-
orous mathematical approach to overcome these difficulties involved and
establish a global theory of existence and stability for shock reflection by
large-angle wedges for potential flow. The techniques and ideas devel-
oped here will be useful for other nonlinear problems involving similar
difficulties.

1. Introduction

We are concerned with the problems of shock reflection by wedges. These
problems arise not only in many important physical situations but also are
fundamental in the mathematical theory of multidimensional conservation laws
since their solutions are building blocks and asymptotic attractors of general
solutions to the multidimensional Euler equations for compressible fluids (cf.
Courant-Friedrichs [16], von Neumann [49], and Glimm-Majda [22]; also see
[4, 9, 21, 30, 44, 45, 48]). When a plane shock hits a wedge head on, it ex-
periences a reflection-diffraction process and then a self-similar reflected shock
moves outward as the original shock moves forward in time. The complexity
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of reflection picture was first reported by Ernst Mach [41] in 1878, and ex-
perimental, computational, and asymptotic analysis has shown that various
patterns of shock reflection may occur, including regular and Mach reflection
(cf. [4, 19, 22, 25, 26, 27, 44, 48, 49]). However, most of the fundamental issues
for shock reflection have not been understood, including the global structure,
stability, and transition of the different patterns of shock reflection. There-
fore, it is essential to establish the global existence and structural stability of
solutions of shock reflection in order to understand fully the phenomena of
shock reflection. On the other hand, there has been no rigorous mathemati-
cal result on the global existence and structural stability of shock reflection,
including the case of potential flow which is widely used in aerodynamics (cf.
[5, 15, 22, 42, 44]). One of the main reasons is that the problems involve
several challenging difficulties in the analysis of nonlinear partial differential
equations such as mixed equations of elliptic-hyperbolic type, free boundary
problems, and corner singularity where an elliptic degenerate curve meets a
free boundary. In this paper we develop a rigorous mathematical approach to
overcome these difficulties involved and establish a global theory of existence
and stability for shock reflection by large-angle wedges for potential flow. The
techniques and ideas developed here will be useful for other nonlinear problems
involving similar difficulties.

The Euler equations for potential flow consist of the conservation law of
mass and the Bernoulli law for the density p and velocity potential ®:

(1.1) Op + divk(pVx®) =0,
1
(1.2) 0P + 5|vx<1>|2 +i(p) = K,

where K is the Bernoulli constant determined by the incoming flow and/or
boundary conditions, and

i'(p) =9 (p)/p=¢(p)/p
with ¢(p) being the sound speed. For polytropic gas,
plp)=rp?,  Flp)=ry""",  y>1, k>0
Without loss of generality, we choose k = (v — 1)/~ so that
ip)=p""" p)P=(-1)p
which can be achieved by the following scaling;:
(x,t, K) — (ax,0’t,a°K), o®=nry/(y—1).

Equations (1.1)—(1.2) can written as the following nonlinear equation of second
order:

1 1
(1.3)  Op(K — 0@ — 5\vx<1>|2) + divk (H(K — 0@ — §]VXCI>]2)VX<I>) =0,
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where p(s) = s/~ = i=1(s) for s > 0.

When a plane shock in the (x,t)-coordinates, x = (1, x2) € R?, with left
state (p, Vx¥) = (p1,u1,0) and right state (po,0,0),u; > 0,p9 < p1, hits a
symmetric wedge

W= {|x2| < x1 tan b, z1 > 0}

head on, it experiences a reflection-diffraction process, and the reflection prob-
lem can be formulated as the following mathematical problem.

Problem 1 (Initial-Boundary Value Problem). Seek a solution of
system (1.1)—(1.2) with K = pgfl, the initial condition att = 0:

(po,0) for |za| > 1 tan Oy, x1 > 0,
(p1,u121) for x1 <0,

(1‘4) (pv q))’tzﬂ = {

and the slip boundary condition along the wedge boundary OW :
(1.5) Vo - v|gw =0,

where v is the exterior unit normal to OW (see Fig. 1).

1) (0)
<

Vs

8

f\\\\\\\ :

Figure 1: Initial-boundary value problem

Notice that the initial-boundary value problem (1.1)—(1.5) is invariant
under the self-similar scaling:

(x,t) = (ax,at), (p,®) = (p,®/a)  for a0,
Thus, we seek self-similar solutions with the form

p(x,t) =p(&,n), @(x,t)=1ty(En) for (£,n) = x/t.
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Then the pseudo-potential function ¢ =1 — %(52 + n?) satisfies the following
Euler equations for self-similar solutions:

(1.6) div (p D) +2p =0,
1 - -
(1.7) SIDel* + o+ 7 =} g

where the divergence div and gradient D are with respect to the self-similar
variables (£, 7). This implies that the pseudo-potential function ¢ (€, ) is gov-
erned by the following potential flow equation of second order:

(1.8) div (p(|Dgl?, ©) D) + 2p(| Dy, ) = 0
with

o 1
(1.9) (1Dl 0) = plpg " — ¢ = 51Del?).

Then we have
_ _ 1
(L10) =Dl ey ) = (v=1pg "~ 5IDel’ — ).

Equation (1.8) is a mixed equation of elliptic-hyperbolic type. It is elliptic
if and only if

(1.11) |De| < c(|Dgl*, 0,037,
which is equivalent to
2(y—=1), 1
1.12 D N =4 = (p]T = ).
(1.12) [Dg| < ex(¢, po,7) \/ P (g — )

Shocks are discontinuities in the pseudo-velocity Dy. That is, if QT and Q~ =
)\ QF are two nonempty open subsets of Q@ C R? and S := 90t NN is a C!
curve where D¢ has a jump, then ¢ € I/Vllocl(Q) NCYOQEUS)NC2(OF) is a
global weak solution of (1.8) in € if and only if ¢ is in Wli’COO(Q) and satisfies
equation (1.8) in QF and the Rankine-Hugoniot condition on S:

The continuity of ¢ is followed by the continuity of the tangential derivative of
@ across S, which is a direct corollary of irrotationality of the pseudo-velocity.
The discontinuity S of D¢ is called a shock if ¢ further satisfies the physical
entropy condition that the corresponding density function p(|Dip|?, ) increases
across S in the pseudo-flow direction. We remark that the Rankine-Hugoniot
condition (1.13) with the continuity of ¢ across a shock for (1.8) is also fairly
good approximation to the corresponding Rankine-Hugoniot conditions for the
full Euler equations for shocks of small strength, since the errors are third-order
in strength of the shock.
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The plane incident shock solution in the (x,¢)-coordinates with states
(p, Vx¥) = (po,0,0) and (p1,u1,0) corresponds to a continuous weak solution
¢ of (1.8) in the self-similar coordinates (£,n) with the following form:

1
(1.14) po(&m) = —5(E 40 for £>&,

1
(1.15) er(&m) = —5 (€ +1") +m(E—&)  for £<&,
respectively, where

92 y—1 o y—1
(116) 50 — Pl\/ (pl 5 p20 ) — pP1uU1 > 0
P1— Po P1— Po

is the location of the incident shock, uniquely determined by (po, p1,7) through
(1.13). Since the problem is symmetric with respect to the axis n = 0, it suffices
to consider the problem in the half-plane n > 0 outside the half-wedge

A:={£<0,n>0}U{n>¢&tanb,, & > 0}.

Then the initial-boundary value problem (1.1)—(1.5) in the (x,¢)—coordinates
can be formulated as the following boundary value problem in the self-similar
coordinates (£, 7).

Problem 2 (Boundary Value Problem) (see Fig. 2). Seek a solution ¢
of equation (1.8) in the self-similar domain A with the slip boundary condition
on the wedge boundary OA:

(1.17) Dy -v|gn =0

and the asymptotic boundary condition at infinity:

> £o,m > Etan b,
(1.18)(p_>@_{900 for &> &o,n > Etan when € 4+ 17 — oo,

®1 fOT§<§0777>07

where (1.18) holds in the sense that Rlim e — @llca\Ba0) =0

Since 1 does not satisfy the slip boundary condition (1.17), the solution
must differ from ¢; in {{ < &} N A, thus a shock diffraction by the wedge
occurs. In this paper, we first follow the von Neumann criterion to establish a
local existence theory of regular shock reflection near the reflection point and
show that the structure of solution is as in Fig. 3, when the wedge angle is large
and close to /2, in which the vertical line is the incident shock S = {{ = &}
that hits the wedge at the point Py = (&, & tanf,,), and state (0) and state
(1) ahead of and behind S are given by ¢g and ¢; defined in (1.14) and (1.15),
respectively. The solutions ¢ and ¢; differ only in the domain PyP; PP
because of shock diffraction by the wedge vertex, where the curve Py, Ps is
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Figure 2: Boundary value problem in the unbounded domain

the reflected shock with the straight segment PyP;. State (2) behind PyP; can
be computed explicitly with the form:

(1.19) wa(&,m) = _%(52 + 772) +uz(§ — &) + (n — &o tan Oy )ug tan by,

which satisfies
Dp-v=0 on AN{{ >0}

the constant velocity us and the angle 65 between PyP; and the &-axis are
determined by (0, po, p1,7) from the two algebraic equations expressing (1.13)
and continuous matching of state (1) and state (2) across Py P;, whose existence
is exactly guaranteed by the condition on (6., po, p1,7) under which regular
shock reflection is expected to occur.

We develop a rigorous mathematical approach to extend the local theory
to a global theory for solutions of regular shock reflection, which converge to
the unique solution of the normal shock reflection when 6,, tends to 7/2. The
solution ¢ is pseudo-subsonic within the sonic circle for state (2) with center
(ug,ug tan 0,,) and radius ca > 0 (the sonic speed) and is pseudo-supersonic
outside this circle containing the arc P} Py in Fig. 3, so that (2 is the unique
solution in the domain PyP; Py, as argued in [9, 45]. In the domain €2, the
solution is expected to be pseudo-subsonic, smooth, and C'*-smoothly matching
with state (2) across PPy and to satisfy ¢, = 0 on P»P3; the transonic shock
curve P} P, matches up to second-order with PyP; and is orthogonal to the
&-axis at the point P> so that the standard reflection about the {—axis yields
a global solution in the whole plane. Then the solution of Problem 2 can be
shown to be the solution of Problem 1.
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Figure 3: Regular reflection

Main Theorem. There exist 6. = 0.(po,p1,7) € (0,7/2) and a =
a(po, p1,7) € (0,1/2) such that, when 6, € [0.,7/2], there exists a global
self-similar solution

x.  |x|? x
P(x,t) =tp(— — for — €A, t>0
(X7 ) SO( t ) + 2t or t E Y >
with

_ 1 1
p(x,t) = (p§ Lo, - §|qu)|2)”*1

of Problem 1 (equivalently, Problem 2) for shock reflection by the wedge, which
satisfies that, for (£,n) = x/t,

p e C®(Q)NCH(Q),

0o for £ > & and n > {tan 6,
(1.20) =1 ¢ for £ < &y and above the reflection shock PyP; Ps,
w2 in FyPy Py,

¢ is C11 across the part Py Py of the sonic circle including the endpoints Py
and Py, and the reflected shock PyP, P is C? at P; and C> except P;. More-
over, the solution ¢ is stable with respect to the wedge angle in I/Vllo(;l (A) and
converges in I/Vli’cl (A) to the solution of the normal reflection described in §3.1
as 0, — m/2.

One of the main difficulties for the global existence is that the ellipticity
condition (1.12) for (1.8) is hard to control, in comparison to our earlier work
on steady flow [10, 11]. The second difficulty is that the ellipticity degenerates
at the sonic circle P;P; (the boundary of the pseudo-subsonic flow). The
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third difficulty is that, on P; Py, we need to match the solution in  with 9
at least in C', that is, the two conditions on the fixed boundary P;P;: the
Dirichlet and conormal conditions, which are generically overdetermined for an
elliptic equation since the conditions on the other parts of boundary have been
prescribed. Thus we have to prove that, if ¢ satisfies (1.8) in €2, the Dirichlet
continuity condition on the sonic circle, and the appropriate conditions on
the other parts of 9 derived from Problem 2, then the normal derivative
Dy - v automatically matches with D¢y - v along Py Py. We show that, in fact,
this follows from the structure of elliptic degeneracy of (1.8) on PPy for the
solution ¢. Indeed, equation (1.8), written in terms of the function u = ¢ — @9
in the (z,y)—coordinates defined near P; Py such that P; Py becomes a segment
on {z = 0}, has the form:

(1.21) (22 — (v + Dug) ugs + C%uyy —ug; =0 in z > 0 and near z =0,
2

plus the “small” terms that are controlled by 7/2 — 6,, in appropriate norms.
Equation (1.21) is elliptic if u, < 2z/(y + 1). Thus, we need to obtain the
C1! estimates near PPy to ensure |u,| < 2z/(y + 1) which in turn implies
both the ellipticity of the equation in €2 and the match of normal derivatives
Dy-v = Dys-v along P P4. Taking into account the “small” terms to be added
to equation (1.21), we need to make the stronger estimate |ug| < 4z/(3(v+1))
and assume that 7/2 — 6, is appropriately small to control these additional
terms. Another issue is the non-variational structure and nonlinearity of this
problem which makes it hard to apply directly the approaches of Caffarelli
[6] and Alt-Caffarelli-Friedman [1, 2]. Moreover, the elliptic degeneracy and
geometry of the problem makes it difficult to apply the hodograph transform
approach in Kinderlehrer-Nirenberg [28] and Chen-Feldman [12] to fix the free
boundary.

For these reasons, one of the new ingredients in our approach is to further
develop the iteration scheme in [10, 11] to a partially modified equation. We
modify equation (1.8) in © by a proper cutoff that depends on the distance
to the sonic circle, so that the original and modified equations coincide for ¢
satisfying |u,| < 4z/(3(y + 1)), and the modified equation Ny = 0 is elliptic
in Q with elliptic degeneracy on P; Py. Then we solve a free boundary problem
for this modified equation: The free boundary is the curve P, P», and the free
boundary conditions on P; P, are ¢ = (1 and the Rankine-Hugoniot condition
(1.13).

On each step, an “iteration free boundary” curve P; P; is given, and a so-
lution of the modified equation Ny = 0 is constructed in Q with the boundary
condition (1.13) on P; P,, the Dirichlet condition ¢ = @9 on the degenerate
circle PPy, and Dy -v = 0 on PoP3 and P3P;. Then we prove that ¢ is
in fact CY! up to the boundary P;Pj, especially |D(p — ¢2)| < Cx, by us-
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ing the nonlinear structure of elliptic degeneracy near P; Py which is modeled
by equation (1.21) and a scaling technique similar to Daskalopoulos-Hamilton
[17] and Lin-Wang [40]. Furthermore, we modify the “iteration free bound-
ary” curve PP, by using the Dirichlet condition ¢ = ¢ on P P,. A fixed
point ¢ of this iteration procedure is a solution of the free boundary problem
for the modified equation. Moreover, we prove the precise gradient estimate:
luz| < 42/(3(y+1)), which implies that ¢ satisfies the original equation (1.8).

Some efforts have been made mathematically for the reflection problem
via simplified models. Omne of these models, the unsteady transonic small-
disturbance (UTSD) equation, was derived and used in Keller-Blank [27],
Hunter-Keller [26], Hunter [25], Morawetz [44], and the references cited therein
for asymptotic analysis of shock reflection. Also see Zheng [50] for the pressure
gradient equation and Canic-Keyfitz-Kim [7] for the UTSD equation and the
nonlinear wave system. On the other hand, in order to deal with the reflec-
tion problem, some asymptotic methods have been also developed. Lighthill
[38, 39] studied shock reflection under the assumption that the wedge angle is
either very small or close to 7/2. Keller-Blank [27], Hunter-Keller [26], and
Harabetian [24] considered the problem under the assumption that the shock
is so weak that its motion can be approximated by an acoustic wave. For a
weak incident shock and a wedge with small angle in the context of potential
flow, by taking the jump of the incident shock as a small parameter, the nature
of the shock reflection pattern was explored in Morawetz [44] by a number of
different scalings, a study of mixed equations, and matching the asymptotics
for the different scalings. Also see Chen [14] for a linear approximation of shock
reflection when the wedge angle is close to 7/2 and Serre [45] for an apriori
analysis of solutions of shock reflection and related discussions in the context
of the Euler equations for isentropic and adiabatic fluids.

The organization of this paper is the following. In §2, we present the po-
tential flow equation in self-similar coordinates and exhibit some basic prop-
erties of solutions to the potential flow equation. In §3, we discuss the normal
reflection solution and then follow the von Neumann criterion to derive the
necessary condition for the existence of regular reflection and show that the
shock reflection can be regular locally when the wedge angle is large. In §4,
the shock reflection problem is reformulated and reduced to a free boundary
problem for a second-order nonlinear equation of mixed type in a convenient
form. In §5, we develop an iteration scheme, along with an elliptic cutoff tech-
nique, to solve the free boundary problem and set up the ten detailed steps of
the iteration procedure.

Finally, we complete the remaining steps in our iteration procedure in
§6—89: Step 2 for the existence of solutions of the boundary value problem to
the degenerate elliptic equation via the vanishing viscosity approximation in
§6; Steps 3-8 for the existence of the iteration map and its fixed point in §7;
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and Step 9 for the removal of the ellipticity cutoff in the iteration scheme by
using appropriate comparison functions and deriving careful global estimates
for some directional derivatives of the solution in §8. We complete the proof
of Main Theorem in §9. Careful estimates of the solutions to both the “al-
most tangential derivative” and oblique derivative boundary value problems
for elliptic equations are made in Appendix, which are applied in §6-§7.

2. Self-Similar Solutions of the Potential Flow Equation

In this section we present the potential flow equation in self-similar co-
ordinates and exhibit some basic properties of solutions of the potential flow
equation (also see Morawetz [44]).

2.1. The potential flow equation for self-similar solutions.
Equation (1.8) is a mixed equation of elliptic-hyperbolic type. It is elliptic if
and only if (1.12) holds. The hyperbolic-elliptic boundary is the pseudo-sonic

curve: |Dp| = ci(p, po,7y)-

We first define the notion of weak solutions of (1.8)—(1.9). Essentially, we
require the equation to be satisfied in the distributional sense.

DEFINITION 2.1 (Weak Solutions). A function ¢ € W '(A) is called a

loc
weak solution of (1.8)—(1.9) in a self-similar domain A if

() py " — ¢ — Dp> >0 ae. in A;

(ii) (p(IDwl?, @), p(|Dy|?, )| Dyl) € (L, (A))?;

(iii) For every ¢ € C(A),

/A (p(IDsOI% @)Dy - D¢ — 2p(|Dyl?, sD)C) dédn = 0.

It is straightforward to verify the equivalence between time-dependent
self-similar solutions and weak solutions of (1.8) defined in Definition 2.1 in
the weak sense. It can also be verified that, if ¢ € C1'(A) (and thus ¢ is twice
differentiable a.e. in A), then ¢ is a weak solution of (1.8) in A if and only if
¢ satisfies equation (1.8) a.e. in A. Finally, it is easy to see that, if AT and
A = A\AiJr are two nonempty open subsets of A C R? and S = 9ATNAis a
C' curve where Dy has a jump, then ¢ € VVlt)cl(D) N CY AT US) N CLL(AT)
is a weak solution of (1.8) in A if and only if ¢ is in Wli’COO(A) and satisfies
equation (1.8) a.e. in A* and the Rankine-Hugoniot condition (1.13) on S.

Note that, for ¢ € C*(A* U S), the condition ¢ € Wli’COO(A) implies

(2.1) [¢]ls = 0.
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Furthermore, the Rankine-Hugoniot conditions imply

(2.2) [pellope] — lonllogn) =0 on S
which is a useful identity.

A discontinuity of D¢ satisfying the Rankine-Hugoniot conditions (2.1)
and (1.13) is called a shock if it satisfies the physical entropy condition: The
density function p increases across a shock in the pseudo-flow direction. The
entropy condition indicates that the normal derivative function ¢, on a shock
always decreases across the shock in the pseudo-flow direction.

2.2. The states with constant density. When the density p is
constant, (1.8)—(1.9) imply that ¢ satisfies

1

Ap+2=0, §\D90|2+g0:const.

This implies (Ap)e = 0, (Ap), =0, and (g + 1)% + cpgn = 0. Thus, we have
pee =L @ep =0, @gy=—1
which yields
1

(2:3) p(&m) = —5(E +n") +ag +bn+ec,
where a, b, and ¢ are constants.

2.3. Location of the incident shock. Consider state (0): (po, ug,vo) =
(p0,0,0) with pg > 0 and state (1): (p1,u1,v1) = (p1,u1,0) with p;1 > pg > 0
and u; > 0. The plane incident shock solution with state (0) and state (1)
corresponds to a continuous weak solution ¢ of (1.8) in the self-similar coordi-
nates (£, n) with form (1.14) and (1.15) for state (0) and state (1) respectively,

where £ = &y > 0 is the location of the incident shock.
The unit normal to the shock line is v = (1,0). Using (2.2), we have

U1=p1_p0§0>0.
P1

Then (1.9) implies

1 1 2 2
y—1 y—1 2 _ 1P1 = Pps2
pi =Py =—5Deil"—p1=1 &o-

1 0 2 9 p%
Therefore, we have

20 ' =pg
(24) uy = (,01 - PO)\/ ! 2 _ 20 )
P1— Po

and the location of the incident shock in the self-similar coordinates is & =
& > uy determined by (1.16).
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3. The von Neumann Criterion and Local Theory for Shock
Reflection

In this section, we first discuss the normal reflection solution. Then we
follow the von Neumann criterion to derive the necessary condition for the
existence of regular reflection and show that the shock reflection can be regular
locally when the wedge angle is large, that is, when 6,, is close to 7/2 and,
equivalently, the angle between the incident shock and the wedge

(3.1) o =7/2— 0y

tends to zero.

3.1. Normal shock reflection. In this case, the wedge angle is 7/2,
i.e., 0 =0, and the incident shock normally reflects (see Fig. 4). The reflected
shock is also a plane at ¢ = £ < 0, which will be defined below. Then @y =
U9 = 0, state (1) has form (1.15), and state (2) has the form:

(32 e = 5@+ tuE &) foree(E0),

where & = piu1/(p1 — po) > 0 may be regarded to be the position of the
incident shock.

N

/
Reflected @ - Location of
shock o incident shock
1
( ) c};t}e —
s —
/
/
LE.'J 0 El . f

Figure 1: Normal reflection

At the reflected shock & = € < 0, the Rankine-Hugoniot condition (2.2)
implies

(3.3) f=_PM
P2 — P1

We use the Bernoulli law (1.7):

1 _
—1 —1 _v—1
Py =pl + iu% —wiéo=py  +u(§—&)
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to obtain

_y— - 1 Plu2
3.4 7l Ty D2
(3.4) P2 P1 5 U1 5o — p1

It can be shown that there is a unique solution py of (3.4) such that

p2 > p1.
Indeed, for fixed v > 1 and p1,u; > 0 and for F(p2) that is the right-hand side
of (3.4), we have

_ 1 _
lim F(s) = p] '+ Zu}>p]7",  lim F(s) = oo,

5—00 2 s—p1+
2
p1ug

PO =G0y

<0 for s > p;.

Thus there exists a unique p2 € (p1,00) satisfying [3371 = F(p2), i.e., (3.4).
Then the position of the reflected shock & = ¢ < 0 is uniquely determined by
(3.3).

Moreover, for the sonic speed ¢ = ¢/ (v — 1);33_1 of state (2), we have
(3.5) €] < &
This can be seen as follows. First note that
(3.6) =l = B2 po),

where 3 = (v — 1)pl ™ > 0 for some p, € (p1,72). We consider two cases,
respectively.

Case 1. v > 2. Then
(3.7) 0<(y-1p] 2<B8<(y— 12
Since 3 > 0 and pa > p1, we use (3.4) and (3.6) to find

_ u
p2=p1+ ﬁ(m + \/u} + 168p1),

and hence

(3.8) g _ 45p1

ur + v/u +166p1

Then using (3.7)—(3.8), p2 > p1 > 0, and u; > 0 yields

- 48p1 2
&l = > <VBpr <\ (Y =1)p3 P = o
u1 + /ui + 168p1

Case 2. 1 < v < 2. Then, since pa > p; > 0,

(3.9) 0<(y-1Dpy 2<B<(y—1)p 2
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Since > 0, (3.8) holds by the calculation as in Case 1. Now we use (3.8)—(3.9),
p2>p1>0,u; >0,and 1 <y < 2 to find again

8 < VB < (=1 < -1

This shows that (3.5) holds in general.

Ca.

3.2. The von Neumann criterion and local theory for regu-
lar reflection. In this subsection, we first follow the von Neumann crite-
rion to derive the necessary condition for the existence of regular reflection
and show that, when the wedge angle is large, there exists a unique state (2)
with two-shock structure at the reflected point, which is close to the solution
(p2, u2,02) = (p2,0,0) of normal reflection for which 6,, = 7/2 in §3.1.

For a possible two-shock configuration satisfying the corresponding bound-
ary condition on the wedge n = {tan0,, the three state functions ¢;,j =
0,1,2, must be of form (1.14), (1.15), and (1.19) (cf. (2.3)).

Set the reflected point Py = (&, & tanb,,) and assume that the line that
coincides with the reflected shock in state (2) will intersect with the axis n = 0
at the point (£,0) with the angle 6, between the line and 5 = 0.

Note that ¢1 (€, 7) is defined by (1.15). The continuity of ¢ at (£,0) yields

1 ~ -
(3.10) pa(&,m) = —5(52 +0%) + uaf + van + (w1 (€ = &) — uak).
Furthermore, o must satisfy the slip boundary condition at Fy:
(3.11) V9 = ug tan fy,.
Also we have
~ tan @y,

12 =& — .
(3.12) §=& — oy - 0.
The Bernoulli law (1.7) becomes

_ _ 1 ~

(3.13) ot =0l 4 §(u§ +v3) + (u1 — u2)€ — uréo.

Moreover, the continuity of ¢ on the shock implies that D(p2—¢1) is orthogonal
to the tangent direction of the reflected shock:

(3.14) (ug — ug,v2) - (cosbg,sinby) = 0,
that is,

cos 0, cos b

(315) Ug = Ulm.

The Rankine-Hugoniot condition (1.13) along the reflected shock is
[p D] - (sinfs, —cosbs) =0,
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that is,
sin(fs — 0y)
cos 6,

(3.16) p1(ur — é) sinfs = po (ug — gsin 93).

Combining (3.12)(3.16), we obtain the following system for (pa, s, €):

(3.17) (é —&p) cos by, + & sin by, cot 5 = 0,

2 cos? 6 w1 sin @, sin 6 ~
3.18 y—1 U7 COS™ Us 1 w s& Gt -0
(318) oy + 2 cos2(0y, — 0;) * cos(fyy — 0s) §—wdo —p ’

(3.19) (u1 cos O tan(0s — 0,,) — gsin 95)p2 — p1(ug — é) sinfs = 0.

The condition for solvability of this system is the necessary condition for the
existence of regular shock reflection.

Now we compute the Jacobian .J in terms of (p2,0s,€) at the normal
reflection solution state (p2, 5,€) in §3.1 for state (2) when 6,, = /2 to obtain

J =—&((y = 1)p *(p2 — pr) —w) <0,

since gy > p1 and € < 0. Then, by the Implicit Function Theorem, when 6,, is
near /2, there exists a unique solution (pa, fs, &) close to (72, 5 €) of system
(3.17)-(3.19). Moreover, (pz,0s,&) are smooth functions of o = 7/2 — 6, €
(0,01) for o1 > 0 depending only on pg, p1, and «. In particular,

(3.20) |p2 = P2l + [7/2 = 05| + |€ = €| + |2 — 2| < Co,
where ¢y =1/ (7 — 1)/)3_1 is the sonic speed of state (2).

Reducing o1 > 0 if necessary, we find that, for any o € (0,01),
(3.21) £<0

from (3.3) and (3.20). Since 6,, € (7/2 — 01,7/2), then 0, € (w/4,37/4) if 01
is small, which implies sin s > 0. We conclude from (3.17), (3.21), and &, > 0
that tan#,, > tanfs; > 0. Thus,

(3.22) /4 <0 <Oy <m/2.

Now, given 6,,, we define @9 as follows: We have shown that there exists
a unique solution (ps,6s,€) close to (o, Z,€) of system (3.17)—(3.19). Define
ug by (3.15), v2 by (3.11), and @2 by (3.10). Then the shock connecting state
(1) with state (2) is the straight line Si2 = {(&,n) : @1(&,n) = p2(&,1)},
which is & = ncot s + € by (1.15), (3.10), and (3.15). Now (3.19) implies that
the Rankine-Hugoniot condition (1.13) holds on Si2. Moreover, (3.11) and
(3.15) imply (3.14). Thus the solution (s, p2,us,vs) satisfies (3.11)—(3.19).
Furthermore, (3.17) implies that the point Py lies on Si2, and (3.18) implies
(3.13) that is the Bernoulli law:

_ 1 _
(3.23) Py + 5Dl o2 =p)
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Thus we have established the local existence of the two-shock configuration
near the reflected point so that, behind the straight reflected shock emanating
from the reflection point, state (2) is pseudo-supersonic up to the sonic circle
of state (2). Furthermore, this local structure is stable in the limit 6,, — /2,
ie., o0 — 0.

We also notice from (3.11) and (3.15) with the use of (3.20) and (3.22)
that

(3.24) lug| + |v2| < Co.

Furthermore, from (3.5) and the continuity of ps and ¢ with respect to 6,, on
(/2 — o1, 7/2], it follows that, if o > 0 is small,

(3.25) €] < co.

In §4-89, we prove that this local theory for the existence of two shock
configuration can be extended to a global theory for regular shock reflection.

4. Reformulation of the Shock Reflection Problem

We first assume that ¢ is a solution of the shock reflection problem in the
elliptic domain  in Fig. 3 and that ¢ — 9 is small in C1(Q). Under such
assumptions, we rewrite the equation and boundary conditions for solutions of
the shock reflection problem in the elliptic region.

4.1. Shifting coordinates. It is more convenient to change the coordi-
nates in the self-similar plane by shifting the origin to the center of sonic circle
of state (2). Thus we define

(fﬂ?)new = (fﬂ?) - (u27v2)-

For simplicity of notations, throughout this paper below, we will always work
in the new coordinates without changing the notation (£, 7), and we will not
emphasize this again later.

In the new shifted coordinates, the domain €2 is expressed as

(4.1) Q= Bc,(0) N {n > —v2} N{f(n) <& <mncotbu},

where f is the position function of the free boundary, i.e., the curved part
of the reflected shock Tpoek := {§ = f(n)}. The function f in (4.1) will be
determined below so that

(4.2) If =1 <Co

in an appropriate norm, specified later. Here £ = I(n) is the location of the
reflected shock of state (2) which is a straight line, that is,

(4.3) I(n) = ncot By + &
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and
(4.4) € =E—uy+vycot By <0,

if o = w/2 — 6, > 0 is sufficiently small, since uy and ve are small and é <0
by (3.3) in this case. Also note that, since us = vy cot,, > 0, it follows from
(3.22) that

(4.5) £> ¢

Another condition on f comes from the fact that the curved part and
straight part of the reflected shock should match at least up to first-order.
Denote by P = (&1, m1) with 11 > 0 the intersection point of the line & = ()
and the sonic circle £€2 +n? = ¢4, ie., (&,m) is the unique point for small

o > 0 satisfying

(4.6) Im)?*+ni=c3, & =1Im), m>0.

The existence and uniqueness of such point (£1,71) follows from —cy < £<0,
which holds from (3.22), (3.25), (4.4), and the smallness of ug and ve. Then f
satisfies

(4.7) fn) =1m),  f(m)=1V(m) = cotbs.

Note also that, for small o > 0, we obtain from (3.25), (4.4)—(4.5), and I'(n) =
cot B85 > 0 that
- . - o — |€
(4.8) —p<E<E<E <0, c2—|§|222|§’
Furthermore, equations (1.8)—(1.9) and the Rankine-Hugoniot conditions
(1.13) and (2.1) on I'gpeer do not change under the shift of coordinates. That
is, we seek ¢ satisfying (1.8)—(1.9) in £ so that the equation is elliptic on ¢
and satisfying the following boundary conditions on Ispecr: The continuity of
the pseudo-potential function across the shock:

> 0.

(49) Y = ¥1 on spock

and the gradient jump condition:

(410) p(|D(10’27§0)D90'VS :plDSOl * Vs on Fshock:a

where v is the interior unit normal to Q on I'gock.
The boundary conditions on the other parts of 9¢2 are

(411) Y = P2 on sonic = 002N 8302 (0)7

(4.12) v, =0 on Iyedge = 02N {n = Etanb,},
(4.13) v, =0 on 0NN{n=—va}.
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Rewriting the background solutions in the shifted coordinates, we find
Lo o Ly
(4.14)  wo(&n) = =5 (& +17) = (u2f +van) — 543,

2
(416)  al€m) = (& + 1) — 23 + (w1 — wa) + wa(uo — o),

(4.15)  @1(&n) = —%(52 +0%) + (ug — ug)é — van — lqg + u1 (uz — &o),

where g3 = u3 + v3. 3
Furthermore, substituting £ in (4.4) into equation (3.17) and using (3.11)
and (3.14), we find

(ug —ug)? + v%)

(4.17) PQé =p1 (5 - P

which expresses the Rankine-Hugoniot conditions on the reflected shock of
state (2) in terms of £&. We use this equality below.

Pi{&,m)

Figure 1: Regular reflection in the new coordinates

4.2. The equations and boundary conditions in terms of ¢ =
@ — 3. It is convenient to study the problem in terms of the difference
between our solution ¢ and the function 9 that is a solution for state (2)
given by (4.16). Thus we introduce a function

(4.18) V=9 —p2 in Q.
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Then it follows from (1.8)—(1.10), (3.23), and (4.16) by explicit calculation that

1 satisfies the following equation in £2:

(419) (62(D¢a ,QZ}? ga 7)) - (wﬁ - 5)2)¢€§ + (62(D¢7 @Z}, 57 77) - Wn - 77)2)71Z)7777
—2(ve — &)Yy — n)tpen = 0,

and the expressions of the density and sound speed in €2 in terms of ¢ are

1

_ 1 oy
(4200 p(Dw v, &m) = (s + €+, — 5|Dw = 0) 7,
(421)  ADw v Em) = G+ (v~ 1) (&b + iy — DU — ).

where ps is the density of state (2). In the polar coordinates (r,6) with r =

V&% + n?, ¢ satisfies

(4.22)
2
(=) )b 5 (o= v+ (P03 Wboort b (=209 = 0

with

_ 1 1
(4.23) = (r=1)(p " =¥+ — 5 (0 + ).
Also, from (4.11)-(4.12) and (4.16)—(4.18), we obtain
(4.24) =0 on Tsonic = 02N IB,(0),
(4.25) v, =0 on I'yedge = 02N {n = Etanb,},
(4.26) thy = —v on 0NN {n=—va}.

Using (4.15)-(4.16), the Rankine-Hugoniot conditions in terms of ¢ take
the following form: The continuity of the pseudo-potential function across (4.9)
is written as

(4.27)

1 N 1
¢—§qg+§(ul—u2)+u1(u2—fo) = §(u1—u2)—ﬁv2—§qg+u1(u2—§o) on Dspocks

that is,

) + £
(4.28) e YEm +on o
Uy — Uz
where ¢ is defined by (4.4); and the gradient jump condition (4.10) is
(4.29)

p(DY, ) (DY — (&,m)) - vs = p1 (w1 —ug — & —v2 =) -vs  on Tsuock,
where p(D, ) is defined by (4.20) and v, is the interior unit normal to 2 on

Cshock- If |(u2,va, DY)| < uy/50, the unit normal v, can be expressed as

(4.30) Vg = D(pi—¢) (w1 —ug — g, —va — )

|D(p1 — )| V(w *U2*¢5)2+(02+¢n)27
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where we have used (4.15)-(4.16) and (4.18) to obtain the last expression.
Now we rewrite the jump condition (4.29) in a more convenient form for
Y satisfying (4.9) when o > 0 and [|¢)[|¢1 () are sufficiently small.
We first discuss the smallness assumptions for o > 0 and |[|[¢[|c1 (). By
(2.4), (3.20), and (3.24), it follows that, if o is small depending only on the
data, then

5¢o 6ca  Spo 6p2 5 . o _ u1
4.31 0 <22 22 02 <
( ) 6 S Co S 5 6 S p2 S 5 Uy + V3 50

We also require that [|¢)|| o1 () is sufficiently small so that, if (4.31) holds, the
expressions (4.20) and (4.30) are well-defined in 2, and £ defined by the right-
hand side of (4.28) satisfies || < Téa/5 for n € (—wa, c2), which is the range of
1 on gpoer. Since (4.31) holds and ©Q C B, (0) by (4.1), it suffices to assume
—y—1
_ . P2 . _\ U1

(4.32) [9ller (@) < min (mamm(l»@)%

For the rest of this section, we assume that (4.31) and (4.32) hold.

Under these conditions, we can substitute the right-hand side of (4.30) for
vs into (4.29). Thus, we rewrite (4.29) as

(433) F(D%wﬂz,w,ﬁ,ﬁ) =0 on Ispocks
where, denoting p = (p1,p2) € R? and z € R,

(4.34)  F(p,z,uz,v2,6,m) = (p(p—(&n) — p1 (ug —ug — & —va — 1) ) - &

with p:= p(p, z,&,m) and U := D(p, ug, v2) defined by

) =: 0"

2
(w1 —ug — p1, —v2 — p2)
(ur —ug — p1)? + (v2 + p2)?
From the explicit definitions of p and 7, it follows from (4.31) that
p € C%(B5-(0) x (=0%,0%) X Bag,(0)), 7€ C*(Bs-(0) x By, /50(0)),

where Br(0) denotes the ball in R? with center 0 and radius R and, for k € N
(the set of nonnegative integers), the C*-norms of p and ¥ over the regions
specified above are bounded by the constants depending only on ~, u1, ps2, Co,
and k, that is, by §3, the C*-norms depend only on the data and k. Thus,

(4.37) F € C%(By-(0) x (=6%,0%) X By, /50(0) x Baz, (0)),

2 J—1
(435) ﬁ(p727§777) = <P;/_1 + §p1 + np2 — ’pi - Z) 9

(4.36) v(p, ug,vy) = \/

with its C*-norm depending only on the data and k.
Furthermore, since 1) satisfies (4.9) and hence (4.28), we can substitute
the right-hand side of (4.28) for £ into (4.33). Thus we rewrite (4.29) as

(438) W(D¢a¢7u2702a77) =0 on I'spocks
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where

(4.39) U(p, z,uz, v2,m) = F(p, 2, u2,v2, (2 + van)/(u1 — uz) + &, n).
If n € (—6¢2/5,6¢2/5) and |z| < 0%, then, from (4.8) and (4.31)—(4.32), it
follows that |(z + van)/(u1 — ug) + é! < Téa/5. That is, ((z +ven)/(u1 — u2) +
€, 1) € Bog,(0) if n € (—6cy/5,6¢3/5) and |z| < 6*. Thus, from (4.37) and
(4.39), ¥ € C*(A) with ”‘I/”ck(j) depending only on the data and k € N,
where A = Bg- (O) X (—(5*,5*) X Bul/BO(O) X (—652/5, 652/5).

Using the explicit expression of ¥ given by (4.34)—(4.36) and (4.39), we
calculate

(( )70 uz2,v2,1 )
(

_ up —ug)pal )2 42 (u1 — ug)é
N 01(\/( 1 — u2)? + vj N CTp
(

Now, using (4.17), we have

‘P((an)aoau%v%n) =0 for any (u27U2777) € Bu1/50(0) X (_652/57662/5)'

Then, denoting pg = z and X = ((p1,p2), o, u2,v2,7m) € A, we have
2

i=0 i,j=0
where g;;(X f (1—1t¢ D2 \Il((tpl,tpg) tpo, uz,v2,n)dt for i,57 = 0,1,2.

Thus, g;; € COO(A) and HgmHCk(A < ||9]|gn+2(zy depending only on the data
and k € N.

Next, denoting pf := p/ (pgfl) = pa/c2 > 0, we compute from the explicit
expression of ¥ given by (4.34)—(4.36) and (4.39):

PN

P2 — pP1 2 s P2 —pP1
D ¥((0,0),0,0,0,n) = (ph(c3 — &), ( " — phé)m, phé — " ).

Note that, for i = 0,1, 2,
8]71\:[]((07 0)70a Uz, v2, 77) = (9[,7\1/((0,0), 07 07 07”) + hi(“?a v2, 77)

with ||hi||Ck(Bu1/50(o)x(—652/5,652/5)) < H\I'HCH?(X) for k € N, and |h;(u2, v2,n)| <
C(Jug| + |v2|) with C' = HDQ\I’H()(X)- Then we obtain from (4.40) that, for all

X = (p7 Z>u2av2777) € A7

(4.41) W(X) = ph(c3—E)p1+ (’)2u_1p1 — ph€) (npa — 2) + B1(X) - p+ Ea(X)z,

where F; € C°(A;R?) and E, € C°°(A) with
1Bl < 1Wlouncy,  i=12 keN,

A

|Ei(p,Z,U2,’()2, )| < C(|p‘ + |Z‘ + ’u2| + |2}2’) for all (paZaUZaU%??) € -’47
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for C' depending only on ”DQ‘I’HC(Z)-

From now on, we fix (ug, v2) to be equal to the velocity of state (2) obtained
in §3.2 and write F;(p,z,7n) for Ei(p,z,uz,vg,n). We conclude that, if (4.31)
holds and ¢ € C*(Q) satisfies (4.32), then 1) = ¢ — @9 satisfies (4.9)-(4.10) on
Cshock if and only if ¢ satisfies conditions (4.28) on I'gpock,
(4.42)

(=)t (22—

—Ph€) (1 =)+ Er (D, b, m)- Do+ o (Dep, b, 1)t = 0,

and the functions E;(p, z,7n),i = 1,2, are smooth on

Bs<(0) x (—=d%,0%) x (—6¢2/5,6¢2/5)
and satisfy that, for all (p, z,n) € Bs-(0) x (=%,6%) x (—6¢2/5,6¢2/5),
(4.43) |Ei(p, z,m)| < C(Ip| + |2] + o)
and, for all (p, z,m) € Bs-(0) x (—=6*,0%) x (—6¢2/5,6¢2/5),

(4.44) ((Dip,ey Eis D, .y Ei)| < C,

P,2,1) (p2m

where we have used (3.24) in the derivation of (4.43) and C depends only on
the data.

Denote by 1 the unit normal on the reflected shock to the region of state
(2). Then vy = (sin s, — cosbs) from the definition of ;. We compute

(4.45) (h(c3 =€), (%5 = i) - wo

P2 — P1
Uy

= P/Q(C% - 52) sinfs — ( - ,0/25)77 cos 0

1 N
> 5/)/2(0% — &) >0,

if 7/2 — 6, is small and 7 € Proj,(Ishock). From (3.14) and (4.30), we obtain
lvs = vollL=(r.0) < ClDY| o). Thus, if o > 0 and [[Dy|;gq) are small
depending only on the data, then (4.42) is an oblique derivative condition on
Fshock-

4.3. The equation and boundary conditions near the sonic
circle. For the shock reflection solution, equation (1.8) is expected to be
elliptic in the domain Q and degenerate on the sonic circle of state (2) which
is the curve I'gonic = 02N OB, (0). Thus we consider the subdomains:

QO :=Qn{(&n) : dist((&,n), Tsonic) < 2e},
(4.46) Q"= QN {(En) : dist((€1), Toomse) > £},

where the small constant € > 0 will be chosen later. Obviously, ' and Q"
are open subsets of 2, and Q = Q' U Q”. Equation (1.8) is expected to be
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degenerate elliptic in €' and uniformly elliptic in Q" on the solution of the
shock reflection problem.

In order to display the structure of the equation near the sonic circle where
the ellipticity degenerates, we introduce the new coordinates in €’ which flatten
Isonic and rewrite equation (1.8) in these new coordinates. Specifically, denot-
ing (r,0) the polar coordinates in the (£, n)-plane, i.e., ({,n) = (rcos@,rsinf),
we consider the coordinates:

(4.47) r=co—1, Yy==0-—>=0, on (V.

By §3.2, the domain D’ does not contain the point (§,7) = (0,0) if € is small.
Thus, the change of coordinates (£,17) — (z,y) is smooth and smoothly in-
vertible on . Moreover, it follows from the geometry of domain 2 especially
from (4.2)—(4.7) that, if o > 0 is small, then, in the (z, y)-coordinates,

Q' ={(z,y) : 0<x <2, 0<y<mn+arctan (n(x)/f(n(z))) — Ouw},

where 7(z) is the unique solution, close to 71, of the equation 7% + f(n)? =
(c2 —x)2.

We write the equation for ¢ in the (x,y)-coordinates. As discussed in
§4.2, 1) satisfies equation (4.22)—(4.23) in the polar coordinates. Thus, in the

(x,y)—coordinates in €', the equation for v is

(4.48) (2:1:—(’y+1)wx+01)¢mm+02¢xy+(612+O3)¢yy—(1+04)¢x+05¢y =0,

where
(4.49)
o2t y+1 v—1 1 5
Ol(D¢7¢a$) - 75 + 262 (233 - %:)%Z)x - Cs (1!} + 2(62 — x)2¢y)a
2
Oo (D1, 9, x) = —m@/)x + 2 — x)y,
0Dt .2)= s (w202 =) = (5 = DU + (e2 = s + 502)
v+1 2
" 2(cp — 1) 1/’;,);
1 —1 1 2
0uDYb) = (o= T 0k (e -+ e o)),
Os5(D, ¢, x) = —m(wx + 2¢p — 22)1)y.

The terms Ok (D, 1, z) are small perturbations of the leading terms of equa-
tion (4.48) if the function ¢ is small in an appropriate norm considered below.
In order to see this, we note the following properties: For any (p,z,z) €
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R? x R x (0,c/2) with |p| < 1,
01(p, z,3)| < C(Ipf* + |2] + |2]*),

(4.50) |03(p, z, )| + [O4(p, z,z)| < C(|p| + |2| + |z|),
|O2(p, 2, 7)| + [Os(p, 2, 2)| < C(|p| + |=| + 1)|p|.

In particular, dropping the terms Oy, k = 1,...,5, from equation (4.48),
we obtain the transonic small disturbance equation (cf. [44]):

(4'51) (21' - (’Y + 1)¢x)7w[)zx + Czwyy - Q;Z)x =0.

Now we write the boundary conditions on I'sonic, I'shock, and I'yedge in the
(z,y)—coordinates. Conditions (4.24) and (4.25) become

(4.52) Yv=0 on Isonic = 02N {z = 0},
(4.53) hy, =1y =0 on Lyeqge = 02N {y = 0}.

It remains to write condition (4.42) on T'speer in the (z,y)—coordinates.
Expressing ¢ and 1), in the polar coordinates (r, ) and using (4.47), we write
(4.42) on Tgpper, N {x < 2¢} in the form:

(4.54)

(—rh(c3 — €2) cosly + b)) — (2272 — p’ €)(co — @) sin*(y + 0u) )
+sin(y + ) (— L5 (c - €2) + - (2 — ) cosly + 0 w)) Yy
— (252 - phé) v+ Bx(D e s.3) Dl + Bal Dy 500 = 0
where E;(p, z,2,y),i = 1,2, are smooth functions of (p, z, z,y) € R? x R x R2
satisfying
|Ei(p, 2,2, 9)| < C(Ip| + |2] +0)  for |p| +|z] + 2 < eo(ur, p2)-

We now rewrite (4.54). We note first that, in the (&, n)—coordinates, the
point P; = Tsonic N Tshock has the coordinates (£1,71) defined by (4.6). Using
(3.20), (3.22), (4.3), and (4.6), we find

0< [ -4l < Co.
In the (x,y)—coordinates, the point P; is (0, 1), where y; satisfies
(4.55) co cos(yr + Ow) = &1, cosin(yy + 0y) = m,

from (4.6) and (4.47). Using this and noting that the leading terms of the
coefficients of (4.54) near P; = (0,y;1) are the coefficients at (z,y) = (0,y1),
we rewrite (4.54) as follows:
(4 56)
ey, — (ph— 2286 ) muy — (252 - phéa ) ¥
+E1( (z,y) % )z, y) x,y)qv/) =+ EQ( (z,y)wa ), z, ZJW =0 on Dspoer N {.CC < 25}7




GLOBAL SOLUTIONS OF SHOCK REFLECTION BY LARGE-ANGLE WEDGES 25

where the terms Ei(p, z,x,y),1 = 1,2, satisfy

(4.57) |Ei(p, 2, 2,9) < O (Ipl + |2l + 2 + [y — | + o)

for (p,z,z,y) € T := {(p, z,2,y) € R? x R x R?: |p| + |2| < eo(u1, p2)} and
(4.58) (D20 Eir DF,

We note that the left-hand side of (4.56) is obtained by expressing the left-
hand side of (4.42) on I'spoer N {c2 —7 < 2¢} in the (x, y)—coordinates. Assume
€ < /4. In this case, transformation (4.47) is smooth on {0 < co —r < 2¢}
and has nonzero Jacobian. Thus, condition (4.56) is equivalent to (4.42) and
hence to (4.29) on I'spocr N {x < 2¢} if 0 > 0 is small so that (4.31) holds and
if [|#)]lc1 @) is small depending only on the data such that (4.32) is satisfied.

)Ei)||L°°(T) <C.

Z,T,Y

5. Iteration Scheme

In this section, we develop an iteration scheme to solve the free boundary
problem and set up the detailed steps of the iteration procedure in the shifted
coordinates.

5.1. Iteration domains. Fix 6,, < 7/2 close to /2. Since our problem
is a free boundary problem, the elliptic domain €2 of the solution is apriori
unknown and thus we perform the iteration in a larger domain

(5.1) D =Dy, := B, (0)n{n>—v2} N{l(n) <& <ncosby},

where [(n) is defined by (4.3). We will construct a solution with Q C D.
Moreover, the reflected shock for this solution coincides with {£ = I(n)} outside
the sonic circle, which implies 0D N 0B, (0) = 92 N 0B, (0) =: T'sonic. Then
we decompose D similar to (4.46):

D :=Dn{(&n) : dist((£,1), Tsonic) < 2€},

D" :=Dn{(&n) : dist((&,1), Tsonic) > /2}.

The universal constant C' > 0 in the estimates of this section depends only on
the data and is independent on 6,,.

(5.2)

We will work in the (z,y)—coordinates (4.47) in the domain DN {cy —r <
Ko}, where kg € (0, ¢2) will be determined depending only on the data for the
sonic speed ¢z of state (2) for normal reflection (see §3.1). Now we determine kg
so that ¢1 — @9 in the (x,y)-coordinates satisfies certain bounds independent
of 0, in DN{co —r < Ko} if 0 =7/2 — 0, is small.

We first consider the case of normal reflection 6,, = /2. Then, from
(1.15) and (3.2) in the (x,y)—coordinates (4.47) with co = ¢2 and 0, = 7/2,
we obtain

01 — o = —u1 (G — x)siny — ur € for 0<z<é 0<y<m/2.
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Recall £ < 0 and |£| < & by (3.25). Then, in the region Dy := {0 < = <
¢a, 0 <y < m/2}, we have 1 — 2 = 0 only on the line
€] )

Y= foyo(az) := arcsin (52 —

for z € (0,2 — |€]).

Denote kg := (¢2 — |€])/2. Then kg € (0,¢) by (3.5) and depends only on
the data. Now we show that there exists o9 > 0 small, depending only on the
data, such that, if 6,, € (7/2 — 09, 7/2), then
(5.3)  C7' < u(1 — p2), —0y(p1 —p2) < C

J00(0)  foo(ko) +7/2

on [0, ko] X | 5 . ]
(54) Y1 — P2 > C_l >0 on [0’ "{0] X [O, fo,g(o)]’
65 wi-p =0T <0 onf0m)x (DT,

where w < 7/2.

We first prove (5.3)—(5.5) in the case of normal reflection 6, = 7/2. We
compute from the explicit expressions of 1 —¢o and fy g given above to obtain

0< arcsm( |§|’£‘) < foolz) < arcsm(|€|) g ct< f670(x) <C
for x € [0, ko],
Iu(p1 — p2) = wisiny, and Jy(p1 — p2) = —ui(c2 — x) cosy, which imply
(5.3). Now, (5.4) is true since & = —éasin(fpo(0)) and thus @1 — 2 =

uy (G2 sin(fo.0(0)) — (&2 — ) siny), and (5.5) follows from (5.3) since (o1 —
¢2)(ko, foo(ko)) = 0 and (foo(ro) +7/2)/2 = foo(ko) = C~".
Now let 6,, < w/2. Then, from (3.14)-(4.16) and (4.47), we have

~

01— p2 = —(co — x)sin(y + O, — 93)\/(u1 —u2)? +v3 — (u1 — ug)é.

By §3.2, when 6, — 7/2, we know that (ug,vs) — (0,0), 6, — 7/2, £ — &,
and thus, by (4.4), we also have ¢ — £ This shows that, if op > 0 is small
depending only on the data, then, for all 6,, € (7/2—0¢,7/2), estimates (5.3)—
(5.5) hold with C that is equal to twice the constant C' from the respective
estimates (5.3)—(5.5) for 6, = 7/2.

From (5.3)—(5.5) for 6,, € (7/2 — 0, 7/2) and since

DNn{ca—r <kt ={p1> w2} N{0 <z <kp,0<y<

fg,o(/io) + 7T/2}
2 )
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there exists f 1= f()m/g_,gw € C*°(R.) such that

(5.6) DN{ca—r<rot={0<z<ko 0<y< folz)}
(5.7) fo(0) =yp,  C7M< fo(x) <C on [0, k0],
(5.8) f0,0(0)/2 < f0(0) < fo(ko) < (foo(ko) +7/2)/2.

In fact, the line y = fo(z) is the line & = I(n) expressed in the (z,y)-
coordinates, and thus we obtain explicitly with the use of (3.14) that

€| sin 6,

(5.9) fo(x) = arcsin ( )) — Oy + 05 on [0, ko).

(ca—x

5.2. Holder norms in (). For the elliptic estimates, we need the Holder
norms in §2 weighted by the distance to the corners Py = Ispocr N {n = —v2}
and Py = (—ug, —v2), and with a “parabolic” scaling near the sonic circle.

More generally, we consider a subdomain 2 C D of the form Q := DN{¢ >
f(n)} with f € C}(R) and set the subdomains Q' := QND’ and Q" := QN D"
defined by (4.46). Let ¥ C 99" be closed. We now introduce the Holder norms
in Q" weighted by the distance to ¥. Denote by X = (&, 7n) the points of Q"
and set

Ox 1= diSt(X, E), 5X7y = min(éX, 5y) for X,Y € Q.
Then, for £ € R, a € (0,1), and m € N, define

k.2 max k,0
ullyog = Y. sup (xIEODRu())),
OS\BISmXGQ”
& _ DB
(k%) max(m+o¢+k,0)|D U(X) D u(Y))
5.10) |u],, " qr = sup ((5 ,
(5.10) [uljy WZ L N L6 X7
’%) kX kX
el = el + [l

where DP = 8&85)2, and § = (B1,02) is a multi-index with §; € N and

|B] = B1 + (2. We denote by ct* a)ﬂ” the space of functions with finite norm

(k,%)
|| Hmaﬂ”

REMARK 5.1. If m > —k > 1 and k is an integer, then any function

u € 07(7104)9” is CIFI=L1 yp to B, but not necessarily C'¥l up to 3.

In Q' the equation is degenerate elliptic, for which the Holder norms
with parabolic scaling are natural. We define the norm Hlegp ZTQ/ as follows:

Denoting z = (z,y) and 2z = (Z,y) with z,z € (0,2¢) and

6% (2,2) = |z — [ + min(z, )|y — 7°)*,
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then, for u € C?(Y) N CH1(QY) written in the (z,y)-coordinates (4.47), we
define

lullSo = > sup ("2 j0kau(=)])

0<k+i<2 *€Y
k al k ol z
(511) [u](pm“)/ = Z sup <m1n(x :Z‘)oz—l/Q ’azayu(z) - axayu(z)>
RS 58 (2, )
ull 270, = llull Sy + [ulSed,

To motivate this definition, especially the parabolic scaling, we consider a
scaled version of the function u(x,y) in the parabolic rectangles:
(5.12)

R(xjy):{(s,t) : ]s—x\<— ]t—y\<£}ﬁQ for z = (z,y) € Q.

4
Denote Q1 := (—1,1)2. Then the rescaled rectangle (5.12) is
(5.13) () = {(S,T) €O (o T8 y+ Vi eQ}.
4 4
Denote by u(*)(S, T) the following function in ng):
(5.14) u?)(S,T) = %u(m + %S,y + \fT) for (S,T) € Q'.

Then we have

™t swp Ul -
zeUN{x<3e/2} e (Qg >)

(par) <Cs (2) _
< Il < € sup Jul, o

where C' depends only on the domain  and is independent of € € (0, ko/2).
5.3. Iteration set. We consider the wedge angle close to 7/2, that is,

o = 5 —0, > 0 is small which will be chosen below. Set ¥ := 0DN{n = —uva2}.

Let €,0 > 0 be the constants from (5.2) and (3.1). Let My, Ms > 1. We define

K= IC(O',S,Ml,MQ) by
(5.15)

{qbeow( )NCA(D) : ||¢||2pZTD/<M1,||¢”2a17ﬁzo)<M20,¢ZOinD}

for o € (0,1/2). Then K is convex. Also, ¢ € K implies that
||¢||cm(ﬁ) < My, ”ngol,a(ﬁ) < Mso,

so that K is a bounded subset in C1*(D). Thus, K is a compact and convex
subset of C1%/2(D).

We note that the choice of constants My, Ms > 1 and €,0 > 0 below will
guarantee the following property:

(5.16) o max(My, My) + e/ My + oMy /e? < C71
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for some sufficiently large C>1 depending only on the data. In particular,
(5.16) implies that o < C~' since max(Mj, My) > 1, which implies 7/2 — 6, <
C! from (3.1). Thus, if we choose C large depending only on the data, then
(4.31) holds. Also, for ¢ € K, we have

(D6, ) (. y)| < Mia? + Myz in Dy [y < Moo

Furthermore, 0 < 2 < 2¢ in D’ by (4.47) and (5.2). Now it follows from (5.16)
that ||[¢]c: < 2/C. Then (4.32) holds if C is large depending only on the
data. Thus, in the rest of this paper, we always assume that (4.31) holds and
that ¢ € K implies (4.32). Therefore, (4.29) is equivalent to (4.43)—(4.44) for
Y e K.

We also note the following fact.

LEMMA 5.1. There exist C and C depending only on the data such that,
if o, >0 and My, My > 1 in (5.15) satisfy (5.16), then, for every ¢ € K,

(5.17) I

Proof. In this proof, C' denotes a universal constant depending only on
the data. We use definitions (5.10)—(5.11) for the norms. We first show that

g,—aljga,EUUFsomc) < C(Mlél_a —I—MQU).

(5.18) lollS oo < oaete,

where 0, ) := dist((x,y), Lsonic) in (5.10). First we show (5.18) in the (z,y)-
coordinates. Using (5.6), we have D' = {0 < x < 2,0 < y < fo(z)} with
Csonic = {x =0, 0 <y < fo(2)}, where || fjll = ((0,2c)) depends only the data,

and thus dist((z,¥), Tsonic) < Cx in D’. Then, since ||¢||§],DZT1)>/ < My, we obtain
that, for (x,y) € D/,
6(z,y)| < Mia® < Mie?,  [Dg(a,y)| < Miz < Mie,
S oD% b(w,y)| = ' D2, y)| < ' M.
Furthermore, from (5.16) with C' > 16, we obtain ¢ < 1/2. Thus, denoting
z = (z,y) and Z = (Z,y) with z,z € (0,2¢), we have
- - : . _ 2
57 (2, 2) 1= (o — 2 + min(a, B)ly — 91°)*/
< (|l — &P + 2ely — g17) " < |2 - 27,
and min(d,, d;) = min(z, ), which implies

D?¢(z) — D*¢(2)|

|z — 2|

|D¢(2) — D*$(2)|
58 (2, 2)

min(éz,ég)’ < Ce'™“min(z, T)*

< C&liaMl.

Thus we have proved (5.18) in the (z,y)-coordinates. By (4.31) and (5.16),
we have ¢ < ¢2/50 if C is large depending only on the data. Then the change
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(¢,m) — (z,y) in D’ and its inverse have bounded C®-norms in terms of the
data. Thus, (5.18) holds in the (&, n)-coordinates.

Since ¢ € K, then ||qb||g_all_ﬁ’zo) < Mso. Thus, in order to complete the

proof of (5.1), it suffices to estimate {min(éz,ég)W} in the case

z2€D'\D"and z € D"\ D' for §, = dist(z, ['sonic U Xg). From z € D'\ D"
and Z € D"\ D', we obtain 0 < ¢3 — |z| < €/2 and ¢3 — |Z| > 2e, which
implies that |z — Z| > 32/2. We have ¢y — |z| < dist(z, Tsonic) < Cl(c2 — |z]),
where we have used (4.31) and (5.1). Thus, min(é,,d:) < C(ca — |z]) < Ce.
Also we have |D%¢(z)| < My by (5.11). If §; > 6., then §; > £/2 and thus
|D?¢(2)| < (e/2) "1t Myo by (5.10). Then we have
[D*¢(2) = D*6(2)| _ ., M1+ (2¢)” " Mpo
|z — 2| - (3/2)~

If 05 < 6, then dist(2, Xo) < dist(Z, sonic), which implies by (4.8) that [z—Z| >
1/C if ¢ is sufficiently small, depending only on the data. Then |D?¢(2)| <
5;1+°‘M20 and

|D2¢(2) — D*¢(%)]

|2 = z|*

mln(&z,ég) < C(El_aM1+MQU).

min(d., 5z) < C(6. My 4 850 T Moo) < C(eMy + Mao).

O

5.4. Construction of the iteration scheme and choice of «. In
this section, for simplicity of notations, the universal constant C' depends only
on the data and may be different at each occurrence.

By (3.24), it follows that, if o is sufficiently small depending on the data,
then

(5.19) g2 < u1/10,

where g2 = \/u3 +v3. Let ¢ € K. From (4.15)—(4.16) and (5.19), it follows
that

(5.20) (1 —p2—d)e(§,n) > w1 /2 >0 in D.

Since 1 — w2 = 0 on {{ = 1(n)} and ¢ > 0 in D, we have ¢ > p; — @9 on
{¢ =1(n)}NOD, where I(n) is defined by (4.3). Then there exists f, € C1*(R)
such that

(5.21) {¢ =01 =2} "D ={(fo(n),n) : 1€ (—v2,m)}
It follows that fg(n) > I(n) for all n € [—v2,n2) and
(5.22) QT (¢) ={&> fe)}ND ={¢ <1 — 2} ND.

Moreover, 90T (¢) = Cspock U Tsonic U Dedge U Xo, where

Fshock(¢) = {5 = f(ﬁ(”)} N aQJr(QZ)), 1_‘som'c :=0DnN aBCQ (0)7

B2 g = 0D {5 = Etanb,},  So(6) = 00 (8) N {1 = o).
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We denote by Pj,1 < j < 4, the corner points of Q1 (¢). Specifically, P, =
Dshock (@) N 3p(¢p) and Ps = (—ug, —v2) are the corners on the symmetry line
{n = —v2}, and Py = TsonicNLshock (¢) and Py = L'sonicNTypedge are the corners
on the sonic circle. Note that, since ¢ € K implies ¢ = 0 on I'gpc, it follows
that P; is the intersection point (£1,7;) of the line £ = I(n) and the sonic circle
€2 4+ n? = 3, where (£1,1;) is determined by (4.6).

We also note that fo =1 for 0 € . From ¢ € K and Lemma 5.1 with
a € (0,1/2), we obtain the following estimate of f, on the interval (—vo,n1):

(5.24) 1 fs = Ul U2 < (M2 4 Myo) < V4,

where the second inequality in (5.24) follows from (5.16) with sufficiently large
C.

We also work in the (z,y)—coordinates. Denote x := ko/2. Choosing C
in (5.16) large depending only on the data, we conclude from (5.3)—(5.5) that,
for every ¢ € K, there exists a function f = f¢ € Cé_;&éog)) such that

(5.25) QT (P)N{ca—r<r}={0<zr<kK 0<y< f¢(ac)},

with
(5.26)
f¢(0) = fo(0) >0, féﬁ >0 on (0, k), ||f¢> f ||2 al(oa,{{o} < C(Mlgl_a“‘M%T)v

where we have used Lemma 5.1. More precisely,
(5.27)
2

sup (mk_2|Dk(f¢ — fo)(fﬂ)’)

k=0 *€(0,2¢)

|(Fy = Jo)(an) = (ff - Aé')(ﬂfz)\>

|1 — 22|

+ sup ((min(xl,xg))a < CMy,
0,2¢)

N %175"226( )
[ fo — foll2,a,(e/2,0) < CMao.

Note that, in the (£, n)-coordinates, the angles 6p, and 0p, at the corners
Py and P of Q7 (¢) respectively satisfy

s

16 for i = 2, 3.

(5.28) 10p, — g| <

Indeed, Op, = m/2 — 0,,. The estimate for dp, follows from (5.24) with (5.16)
for large C.
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We now consider the following problem in the domain Q% (¢):

(5.29) N(lﬂ) = Allwgg + 2A12¢§n + A2y, =0 in Q+((Z)),
(5.30) M) = ph(c} — € + (L = phé) (muoy — )

Uy
FEY(Em) DY+ ES(Em)d =0 on Ceou(d),
(531) =0 on [sonie,
(532) P, =0 on I‘wedgea
(5.33) by =—v2  on INT($)N{n=—va},

where A;; = A;j(Dv,€,m) will be defined below, and equation (5.30) is ob-
tained from (4.42) by substituting ¢ into F;,i = 1,2, i.e.,

(5.34) E?(€,n) = Ei(Dd(€,n), $(€, 1), m).

Note that, for ¢ € K and (£,n) € D, we have (D¢p(&,n), d(€,1),n) € Bs«(0) x
(—0%,0%)x(—6¢2/5,6¢2/5) by (4.31)—(4.32). Thus, the right-hand side of (5.34)
is well-defined.

Also, we now fix « in the definition of K. Note that the angles 6p, and 0p,
at the corners Py and P3 of Q7 (¢) satisfy (5.28). Near these corners, equation
(5.29) is linear and its ellipticity constants near the corners are uniformly
bounded in terms of the data. Moreover, the directions in the oblique derivative
conditions on the arcs meeting at the corner P3 (resp. P») are at the angles
within the range (77/16,97/16), since (5.30) can be written in the form ¢ +
ey —dip = 0, where |e| < Co near P5 from n(P2) = —v2, (3.24), (4.43)-(4.44),
and (5.16). Then, by [35], there exists oy € (0, 1) such that, for any a € (0, o),
the solution of (5.29)-(5.33) is in C1** near and up to P» and Pj if the arcs
are in C1® and the coefficients of the equation and the boundary conditions
are in the appropriate Holder spaces with exponent a. We use o = ap/2 in
the definition of K for ag = a(97/16,1/2), where ag(bp, <) is defined in [35,
Lemma 1.3]. Note that o € (0,1/2) since ap € (0, 1).

5.5. An elliptic cutoff and the equation for the iteration. In
this subsection, we fix ¢ € K and define equation (5.29) such that

(i) Tt is strictly elliptic inside the domain Q% (¢) with elliptic degeneracy
at the sonic circle Tsonic = 001 (¢) N OB, (0);

(ii) For a fixed point 1 = ¢ satisfying an appropriate smallness condition
of |Dv|, equation (5.29) coincides with the original equation (4.19).

We define the coeflicients A;; of equation (5.29) in the larger domain D.
More precisely, we define the coefficients separately in the domains D’ and D"
and then combine them.
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In D", we define the coefficients of (5.29) by substituting ¢ into the coef-
ficients of (4.19), i.e.,
(5.35)
A%l(&v 77) = 02(D¢> (Z)v ‘Ea 77) - (¢§ - 5)27 A%Q(ﬁ: 77) = 02(D¢7 d)a 57 77) - (¢77 - 77)27
Aly(&,m) = A3 (&) = —(¢¢ — &) (dy — ),
where ¢, ¢¢, and ¢, are evaluated at (§,7). Thus, (5.29) in QT (¢) N D" is a
linear equation

Al hee + 2A190¢y + Aggtym =0 in Q" (¢)ND".

From the definition of D", it follows that /&2 +n? < co — ¢ in D”. Then cal-
culating explicitly the eigenvalues of matrix (A}j)lgmgg defined by (5.35) and
using (4.31) yield that there exists C' = C(7, é2) such that, if ¢ < min(1,¢2)/10
and [|¢||cr < e/C, then
(5.36)
_ 2
ECy _
<l < Y A& mping <AG|u* for any (¢,7) € D" and p € R®.
ij=1

The required smallness of € and ||¢||c: is achieved by choosing sufficiently large
C'in (5.16), since ¢ € K.

In D', we use (4.48) and substitute ¢ into the terms Oy, ..., Os. However,
it is essential that we do not substitute ¢ into the term (v + 1)t of the
coefficient of 1, in (4.48), since this nonlinearity allows us to obtain some
crucial estimates (see Lemma 7.3 and Proposition 8.1). Thus, we make an
elliptic cutoff of this term. In order to motivate our construction, we note
that, if

T 4z
< < —
~ 10max(cg, 1)(y+ 1)’ Ve 3(y+1)
then equation (4.48) is strictly elliptic in D’. Thus we want to replace the term

(v + 1)1y in the coefficient of ¢, in (4.48) by (v + 1)z(; (%), where (;(+) is
x
a cutoff function. On the other hand, we also need to keep form (5.29) for the

. /
in D,

O]

modified equation in the (£, n)—coordinates, i.e., the form without lower-order
terms. This form is used in Lemma 8.1. Thus we perform a cutoff in equation
(4.19) in the (&, n)—coordinates such that the modified equation satisfies the
following two properties:

(i) Form (5.29) is preserved,;

(ii) When written in the (z, y)-coordinates, the modified equation has the
main terms as in (4.48) with the cutoff described above and corresponding
modifications in the terms Oy, ..., Os of (4.48).

Also, since the equations in D’ and D" will be combined and the specific
form of the equation is more important in D’, we define our equation in a larger
domain D) :=D N {cy —r < 4e}.
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We first rewrite equation (4.19) in the form
L +1+ I3+ 14 =0,

where
Il = (02(D¢7¢=§, 77) - (52 + 772))A1/J,
Iy = nzwgg + 521/17777 — 26ney,
I3 = 2(Ebetbee + (Ey + mbe) ey + mbyihyn),
1
L= =5 (Ue(IDYP)e + by(IDY[),)
Note that, in the polar coordinates, I, ..., Iy have the following expressions:
1
L= (c3 =%+ (v = D)y — 5Dy = ) Ay,
Io = g + 1y,

Is = r(IDYP)y = 2ritiy + botbeo — 503
I = =5 (6o (IDUP), + (DY)

with |Dy[* = 7 + 55 and Ay = ¢ + 590 + 1

From this, by (4.47), we see that the dominating terms of (4.48) come only
from Iy, I, and the term 2r.,.1,.. of I3, i.e., the remaining terms of I3 and Iy
affect only the terms O1, ..., Os in (4.48). Moreover, the term (v + 1), in the
coefficient of 1), in (4.48) is obtained as the leading term in the sum of the
coefficient (v —1)r, of ¥, in I} and the coefficient 271, of ¥, in Is. Thus we
modify the terms I7 and I3 by cutting off the ¥,.-component of first derivatives
in the coefficients of second-order terms as follows. Let (; € C*°(R) satisfy

[ s, if |s|<4/(3(v+1)),
(5:37) Q“){5$@@vmw+¢» it [s| > 2/(v+ 1),

so that
(5.38) G(s) >0, G(=s)=—Gi(s) o R
(5.39) 7(s) <0 on {s>0}.

Obviously, such a smooth function ¢(; € C*(R) exits. Property (5.39) will
be used only in Proposition 8.1. Now we note that ¢ = %@/JT — Lapg and

0 = 1, + 51, and define
&/)f + mpn

r(cg — 1)

fri= (B =+ (= Drlea = r)a )= (7 = DDV + ) Av,

I:= 2(%(02 o —x
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The modified equation in the domain D}, is

By (5.37), the modified equation (5.40) coincides with the original equation
(4.19) if
§ .M Alca =)
r¢§+ rwn < 3(v+1)’
ie., if [ty < 4z/(3(y + 1)) in the (z,y)-coordinates. Also, equation (5.40) is
of form (5.29) in the (£, n)—coordinates.

Now we define (5.29) in D), by substituting ¢ into the coefficients of (5.40)
§1be + Ny
r(cg — )

except for the terms involving (i ( ). Thus, we obtain an equation of

form (5.29) with the coefficients:
(5.41)

A3(DY,6m) = &= (v = 1) (r(es — )G (L) + L Dol + )
(62 +€2) + 26 (Sle2 = )G (S5EE) — (8 — o)),
A3o(Dip,&m) = & — (v = 1) (r(ez = )G (S5252) + 3IDof + 0)
4ﬁ+ﬂ+m@u—mm¥j¢>ﬂ@% noe) )
A3y (D€ m) = —(dedy + &) +2( L (2 = )G (SER) + £5T 60y — noe) )
A3 (DY, &,m) = AL(Dv,€,n),

where ¢, ¢¢, and ¢, are evaluated at (£,7).
Now we write (5.40) in the (x,y)-coordinates. By calculation, the terms
I; and I3 in the polar coordinates are

I = (02 —rl (v - 1)(r(ca — T')Cl(c;vb_r r) - %‘DMQ - w))va

zb

2
)w’/‘r 2%%9 - ﬁwg

Thus, equation (5.40) in the (x,y)—coordinates in D/_ has the form
(5.42)

(22— (y+1)2¢ (¢ )+09) 03 ¢xy+< + 0¢> Uyy—(14+03) 1y +0Lp, = 0,

I3 = 2r(cy —T)Cl(

with O,(f(p, x,y) defined by
(5.43)
Of(p,,y) = —2 + L (202C1(2) = 62) = 3 (9 + il
Op (. y) = ( (, )(aw,> for i =2,5,
03 (p,x,y) - m<$(202— ) 2(02 x2¢2
—w-n@+@—mumm)%ﬁw

Off(p,x,y) = Czix (x — 'Yc—;l(qﬁ + (ca —x)z( (B) + ¢’ + 2(C2¢>2x) )) )
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where p = (p1,p2), and (D¢, ¢) are evaluated at (z,y). The estimates in (4.50),
the definition of the cutoff function (;, and ¢ € K with (5.16) imply
(5.44) |0%(p,x,y)| < Clz[*?,  |O0(x,y)| < Clz|  for k=2,...,5,

par

for all p € R? and (z,y) € D).. Indeed, using that ¢ € K implies ||¢||s oD <
M, we find that, for all p € R? and (x,y) € D' = D}_,

07 (p.2.y)| < C(MF + V)| < Claf*’?,
(5.45) \Ol‘f(a:,y)] < C(1+ M|z Mi|z? < C|z| for k=2,5,
08 (. x,y)| < Clz| + MP|af?) < Cla|  for k=3,4.
In order to obtain the corresponding estimates in the domain D}_\ D)., we
note that D)\ D). C D". Since 2¢ < z < 4e in D)_\ D), and ¢ € K implies
||d>||2 alpff o) < Mso, we find that, for any p € R? and (z,y) € D). \ D).,
109(p, z,y)| < C(1 + M30? + Myo)e? < Ce? < Clzf?,
(5.46)  |O%(z,y)| < C(1 + Myo)Mao < Ce2 < Claf>  for k=2,5,
|O,‘f(p,m,y)| < C(e + Mjo? + Myo) < Ce < C)z for k= 3,4.
Estimates (5.45)—(5.46) imply (5.44).
The estimates in (5.44) imply that, if ¢ € K and ¢ is sufficiently small
depending only on the data (which is guaranteed by (5.16) with sufficiently

large C), equation (5.42) is nonuniformly elliptic in D’. First, in the (z,y)-
coordinates, writing (5.42) as

11z + 2a121/}xy + a22¢yy + a1, + a2¢y =0,
with a;; = aij(Dw, z,y) = aj; and a; = a;(D, x,y), and using (4.31), we have

\u\2 < Z aij(p, =, y)pipy < *!u! for any (p,z,y) € R*xDj. and u € R?.
1,j=1
In order to show similar ellipticity in the (£, n)—coordinates, we note that, by
(4.31), the change of coordinates (£,7) to (z,y) in D}, and its inverse have C*
norms bounded by a constant depending only on the data if € < &/10. Then
there exists A > 0 depending only on the data such that, for any (p,&,n) €
R? x D). and p € R?,
~ 2 ~
(5.47) Mea =)l < D7 AL(p, & mpapy < XM ul,
i,j=1
where A?j(p,ﬁ,n),i,j = 1,2, are defined by (5.41), and r = /&2 + 2.
Next, we combine the equations introduced above by defining the coeffi-
cients of (5.29) in D as follows. Let (3 € C*°(R) satisfy

0, if s < 2¢,
Ca(s) = { 1 ;f z; Ae and 0 < ¢)(s) <10/e on R.



GLOBAL SOLUTIONS OF SHOCK REFLECTION BY LARGE-ANGLE WEDGES 37

Then we define that, for p € R? and (¢,7) € D,

(5.48) Aij(p,&m) = Galca — 1) A& m) + (1= Galea — 1)) A% (p, &, ).
Then (5.29) is strictly elliptic in D and uniformly elliptic in D" with ellipticity
constant A > 0 depending only on the data and €. We state this and other
properties of A;; in the following lemma.

LEMMA 5.2. There exist constants A > 0, C, and C depending only on
the data such that, if My, Ma, e, and o satisfy (5.16), then, for any ¢ € KC, the
coefficients A;j(p,&,m) defined by (5.48), i,j = 1,2, satisfy

(i) For any (¢£,m) € D and p,u € R?,
2
Mez = m)|ul> < Y Ag(p, &mpipy <X Mul> withr = /€2 402
ij=1

(11) A’Lj(pagan) = Azlj(gvn) fOT any (5»77) eDn {02 -r > 46} and pE R2;
where A}j(f, n) are defined by (5.35). Moreover,

AL e CY(DN{cy — 1 > 4e})
C;

. 1
with | Ay o @re—saey) <

(iii) [Aij| + [DpenmAijl < C for any (§,m) € DN{0 < cg — 7 < 12¢} and
p € R2.

Proof. Property (i) follows from (5.36) and (5.47)—(5.48). Properties (ii)—-
(iii) follow from the explicit expressions (5.35) and (5.41) with ¢ € K. In
estimating these expressions in property (iii), we use that [s¢{(s)| < C' which
follows from the smoothness of ¢; and (5.37). O

Also, equation (5.29) coincides with equation (5.42) in the domain D'.
Assume that & < ko/24, which can be achieved by choosing C large in (5.16).
Then, in the larger domain D N {cz — r < 12¢}, equation (5.29) written in
the (x,y)—coordinates has form (5.42) with the only difference that the term
:c(l(%) in the coefficient of ¢, of (5.42) and in the terms O~‘f, O~§’, and ONf
given by (5.43) is replaced by

2(Ga@)a (22

Vo
Pry - ).
) (1 G)a)
From this, we have
LEMMA 5.3. There exist C and C depending only on the data such that
the following holds. Assume that My, My, e, and o satisfy (5.16). Let ¢ € K.
Then equation (5.29) written in the (x,y)-coordinates in DN {ca — 1 < 12¢}

has the form
(5.49) A1y + 241005 + Asgthyy + A1ty + Agth, = 0,
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~

where A] = A” (Yo, z,y), Aj A Ai(Yz,x,y), and Aoy = Aqs. Moreover, the
coefficients Aw (p,x,y) and A; (p,a; y) with p = (p1,p2) € R? satisfy

(i) For any (z,y) € DN {x < 12¢} and p, u € R?,
2
(5.50) Z Dy, y) gy < f\u!

(ii) For any (z,y) € DN {x < 12¢} and p € R?,
[(Aijs Doy Aig)| + |(Ai, Dip gy Ai)| < C5

(iii) Av1, Agg, and Ay are independent of p2;

(iv) Ai, Agl, and Ay are independent of p, and
(A2, As1, Ao)(w,y)| < Clz|,  |D(Ara, Ay, Ay)(z,y)| < Cla| /2.

The last inequality in Lemma 5.3(iv) is proved as follows. Note that

(A127A2)($7y) = (02,05)(D¢(l’,y),¢(l’,y),1’),
where Oy and Oj are given by (4.50). Then, by ¢ € K and (5.16), we find that,
for (z,y) € D', ie., x € (0,2¢),
|D(Ara, Ay, As) (2, y)| < C(1 + Mie)| Doy (w, )| + (1+ Mi)|dy ()]
<C(1+ Mye)Myz? + C(1 + M) Myz%? < Cx'/?;

and, for (z,y) € DN{e <z < 12¢} C D", we have dist(z, Xg) > c2/2 > ¢2/4
so that

’D(Alg,Agl,Ag)(x,yN < C(l + MQO’)MQU < (Ce < Cxzx.

The next lemma follows directly from both (5.37) and the definition of
Aij-

LEMMA 5.4. Let Q C D, o € C?(2), and ¢ satisfy equation (5.29) with
¢ = in Q. Assume also that v, written in the (x,y)—coordinates, satisfies
o] <4z/(3(v+1)) in Q@ :=QN{co—r < 4de}. Then ) satisfies (4.19) in Q.

5.6. The iteration procedure and choice of the constants.
With the previous analysis, our iteration procedure will consist of the following
ten steps, in which Steps 2-9 will be carried out in detail in §6—§8 and the main
theorem is completed in §9.

Step 1. Fix ¢ € K. This determines the domain Q% (¢), equation (5.29),
and condition (5.30) on Igpeck (@), as described in §5.4-85.5 above.
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Step 2. In §6, using the vanishing viscosity approximation of equation
(5.29) via a uniformly elliptic equation
N (@) +6Ap =0 for 6 € (0,1)

and sending 0 — 0, we establish the existence of a solution ¢ € C(Q*+(¢)) N
CHH(0)\Tsonic) NC?(2F(4)) to problem (5.29)—(5.33). This solution satisfies

(5.51) 0<y<Co in Q%(g),

where C depends only on the data.

Step 3. For every s € (0, c2/2), set (1 := Qt(¢)N{ca—r > s}. By Lemma
5.2, if (5.16) holds with sufficiently large C' depending only on the data, then
equation (5.29) is uniformly elliptic in Q7 for every s € (0, c2/2), the ellipticity
constant depends only on the data and s, and the bounds of coefficients in the
corresponding Holder norms also depend only on the data and s. Furthermore,
(5.29) is linear on {co — r > 4e}, which implies that it is also linear near the
corners P, and P3. Then, by the standard elliptic estimates in the interior
and near the smooth parts of Q7 (¢) N Q7 and using Lieberman’s estimates
[35] for linear equations with the oblique derivative conditions near the corners
(—ug2, —v2) and pock(P) N {n = —v2}, we have

(5.52) lolSaas ™ < )N ) + 02D,

if ||| o @ T |va| < 1, where the second term in the right-hand side comes
from the boundary condition (5.33), and the constant C(s) depends only on
the ellipticity constants, the angles at the corners Py = I'gpoek(0) N {n = —va}
and P3 = (—uz, —v3), the norm of I'gpper(¢) in C1 and s, which implies that
C'(s) depends only on the data and s.

Now, using (5.51) and (3.24), we obtain [[¢]| .7 + [v2| < 1if o is
sufficiently small, which is achieved by choosing C in (5.16) sufficiently large.
Then, from (5.52), we obtain

(5.53) [ol5 s < Cls)o

for every s € (0,c2/2), where C' depends only on the data and s.

Step 4. Estimates of 1 in Q’(gb) = QT (p) N {ca — 7 < €}. We work in the
(x,y)—coordinates, and then equation (5.29) is equation (5.42) in €.

Step 4.1. L™ estimates of 1 in QT (¢) ND’. Since ¢ € K, the estimates in
(5.44) hold for large C in (5.16) depending only on the data. We also rewrite
the boundary condition (5.30) in the (z,y)-coordinates and obtain (4.56) with
E; replaced by E?(a:,y) = Ei(D(;S(x,y),(ﬁ(x,y),x,y). Using ¢ € K, (4.57),
(4.58), and (5.27) with f4(0) = fo(0) = y1, we obtain

(5.54) |E?(x,y)] < C(Mie + Mao) < C/C,  i=1,2,
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for (2,y) € Capoer(®) N {0 < z < 2e}. Then, if C' in (5.16) is large, we find
that the function
32

5(y+1)
is a supersolution of equation (5.42) in €'(¢) with the boundary condition
(5.30) on Tspock(®) N {0 < = < 2e}. That is, the right-hand sides of (5.30)

and (5.42) are negative on w(x,y) in the domains given above. Also, w(z,y)
satisfies the boundary conditions (5.31)—(5.32) within €'(¢). Thus,

w(w,y) =

3z
5y +1)
ifw>1Yonaz=e. By (55]),w>1¢onzx=cif

(5.55) 0< U(z,y) < in Q(6),

Co < &2,

where C'is a large constant depending only on the data, i.e., if (5.16) is satisfied
with large C. The details of the argument of Step 4.1 are in Lemma 7.3.

Step 4.2. Estimates of the norm ||| 213&7’9/ @)’ We use the parabolic rescal-

ing in the rectangle R, defined by (5.12) in which ' is replaced by /().
Note that R, C @ for every z = (x,y) € (¢). Thus, ¢ satisfies (5.42) in
R,. For every z € Q’(gb), we define the functions ¥(*) and ¢(*) by (5.14) in the
domain ng) defined by (5.13). Then equation (5.42) for v yields the following

equation for w(z)(S, T) in ng):

(5.56) ((1+—S)(2—( +1)G( s ) + 20 ) 4 20 )
' 4 7 N+ 574
]‘ z z 1 z z z
+(—62+x0§¢’ ) (>—(4+ 2O NS 4 200y =

where the terms O,(f’z)(S, T,p), k=1,...,5, satisfy

(5.57) el < C(1 4 MD).

e (QF xR2)
(6,2)

Estimate (5.57) follows from the explicit expressions of O
both (5.43) by rescaling and the fact that

l612)]

obtained from

ore (@) = CM,

par

which is true since ||¢]|5 Q(¢) < Mi. Now, since every term O,(j)’z) in (5.56)
is multiplied by ZAL"B" w1th Br > 1 and x € (0,¢), condition (5.16) (possibly
after increasing C' depending only on the data) implies that equation (5.56)
is uniformly elliptic in ng) and has the C%® bounds on the coefficients by a
constant depending only on the data.
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Now, if the rectangle R, does not intersect 927 (¢), then ng) = (1, where
Qs = (—s,5)? for s > 0. Thus, the interior elliptic estimates in Theorem A.1
in Appendix imply

(5.58) 19 2o @iy < €

where C' depends only on the data and [|(®) HLOo o) From (5.55), we have

1P| iy < /(Y + 1)

Therefore, we obtain (5.58) with C' dependmg only on the data.

Now consider the case when the rectangle R, intersects Q7 (¢). From its
definition, R, does not intersect I'soni.. Thus, R, intersects either I'gpocr O
the wedge boundary I'yeqge- On these boundaries, we have the homogeneous
oblique derivative conditions (5.30) and (5.32). In the case when R, intersects
Iyedge, the rescaled condition (5.32) remains the same form, thus oblique, and
we use the estimates for the oblique derivative problem in Theorem A.3 to
obtain

(5.59) 1 .. 507y < Cs

(@7%) ~
where C' depends only on the data, since the L bound of ¢*) in ng) follows
from (5.55). In the case when R, intersects I'spock, the obliqueness in the
rescaled condition (5.30) is of order z'/2, which is small since z € (0,2¢).
Thus we use the estimates for the “almost tangential derivative” problem in
Theorem A.2 to obtain (5.59).

Finally, rescaling back, we have

(5.60) 1187, ) < C-

The details of the argument of Step 4.2 are in Lemma 7.4.
Step 5. In Lemma 7.5, we extend 1) from the domain Q*(¢) to D working
in the (z,y)—coordinates (or, equivalently in the polar coordinates) near the

sonic line and in the rest of the domain in the (&, n)—coordinates, by using the
procedure of [10]. If C is sufficiently large, the extension of v satisfies

(5.61) lolgey <
« EO
(5.62) sz;w <o
with C' depending only on the data in (5.61) and C(e) depending only on the
data and ¢ in (5.62). This is obtained by using (5.60) and (5.53) with s > 0

deter{nined by the data and ¢, and by using the estimates of the functions fg
and fg in (5.22), (5.26), and (5.27).

Step 6. We fix C' in (5.16) large depending only on the data, so that
Lemmas 5.2-5.3 hold and the requirements on C' stated in Steps 1-5 above are
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satisfied. Set M; = max(2C, 1) for the constant C' in (5.61) and choose

1
e= . —.
10max((C'My)4, C)

(5.63)

This choice of ¢ fixes C' in (5.62) depending only on the data and C'. Now set
Ms = max(C, 1) for C from (5.62) and let

(C~1 — e — el /4M)e?

0 < og:=
<o=00 2 (62 max(Ml, Mg) + Mg)’

where ¢ > 0 since ¢ is defined by (5.63). Then (5.16) holds with constant C
fixed above.
Note that the constants og, e, M1, and Ms depend only on the data and

A~

C.

Step 7. With the constants o,e, My, and My chosen in Step 6, estimates
(5.61)—(5.62) imply

—1-a,%
IIPe), < My, WIS ™) < Myo.

Thus, ¥ € K(o,e, My, Ms). Then the iteration map J : K — K is defined.

Step 8. In Lemma 7.5 and Proposition 7.1, by the argument similar to
[10] and the fact that K is a compact and convex subset of CV*/2(D), we
show that the iteration map J is continuous, by uniqueness of the solution
Y € CH(D) N C%(D) of (5.29)-(5.33). Then, by the Schauder Fixed Point
Theorem, there exists a fixed point v € K. This is a solution of the free
boundary problem.

Step 9. Removal of the cutoff: By Lemma 5.4, a fixed point ) = ¢ satisfies
the original equation (4.19) in Q" (¢) if [¢h,| < 42/(3(y+1)) in QT (¢¥)N{co—r <
4e}. We prove this estimate in §8 by choosing C sufficiently large depending
only on the data.

Step 10. Since the fixed point ¥ € K of the iteration map J is a solution
of (5.29)—(5.33) for ¢ = 1, we conclude

(i) ¥ € CH(QT(¥)) N C**(Q (¥));

(ii) ¥ = 0 on Lspnic by (5.31), and @ satisfies the original equation (4.19) in
Q" () by Step 9;

(iii) DY = 0 on T'gppje since ||¢||g{)gj%, < My;

(iv) ¥ =1 — 2 on Tanoer(¢) by (5.21)-(5.23) since ¢ = 13
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(v) The Rankine-Hugoniot gradient jump condition (4.29) holds on I'gpock ().
Indeed, as we have showed in (iv) above, the function ¢ = 1+ 9 satisfies
(4.9) on Tgpock(1)). Since 1 € K, it follows that 1) satisfies (4.28). Also,
¥ on Dgpocr (1) satisfies (5.30) with ¢ = 1), which is (4.42). Since ¢ € K
satisfies (4.28) and (4.42), it has been shown in §4.2 that ¢ satisfies (4.10)
on Dgpock (1), i.e., ¢ satisfies (4.29).

Extend the function ¢ = 1) + 9 from Q := Q" (¢)) to the whole domain A
by using (1.20) to define ¢ in A\ Q. Denote Ag := {& > &} NA, Ay the domain
with & < & and above the reflection shock PyPi P, and Ag := A\ (Ag UA;).
Set Sy := {& = &} N A the incident shock and Sy := PyP1 P, N A the reflected
shock. We show in §9 that S; is a C?-curve. Then we conclude that the
domains Ag, A1, and As are disjoint, OAg N A = Sy, OA N A = Sy U S, and
0Ay N A = S;. Properties (i)—(v) above and the fact that 1 satisfies (4.19) in
Q imply that

e WL, peC'@)nch(Ay) fori=0,1,2

¢ satisfies equation (1.8) a.e. in A and the Rankine-Hugoniot condition (1.13)
on the C2-curves Sp and S;, which intersect only at Py € A and are transversal
at the intersection point. Using this, Definition 2.1, and the remarks after
Definition 2.1, we conclude that ¢ is a weak solution of Problem 2, thus of
Problem 1. Note that the solution is obtained for every o € (0,0¢], i.e., for
every 0, € [r/2—0¢,7/2] by (3.1), and that oy depends only on the data since
C is fixed in Step 9.

6. Vanishing Viscosity Approximation and Existence of Solutions of
Problem (5.29)—(5.33)

In this section we perform Step 2 of the iteration procedure described in
§5.6. Through this section, we keep ¢ € K fixed, denote by P := { Py, P,, Ps, Py}
the set of the corner points of Q7 (¢), and use a € (0,1/2) defined in §5.4.

We regularize equation (5.29) by the vanishing viscosity approximation
via the uniformly elliptic equations

N@)+06A¢y =0 for § € (0,1).
That is, we consider the equation

(6.1) Ns(v) := (A1 + 5)¢5§ + 2A19%¢, + (Aga + 5)1/17777 =0 in Q+((f))

In the domain €' in the (z, y)—coordinates defined by (4.47), this equation has
the form

(6.2) (0427 —(v+ 1)z

1 5 .
ot e 2) +05)yy — (1 -

Yz

X

) + O)bus + OF sy

é ¢ _
62_x+04)¢x+05¢y—0
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by using (5.42) and writing the Laplacian operator A in the (z, y)—coordinates,
which is easily derived from the form of A in the polar coordinates. The terms
O,‘f in (6.2) are defined by (5.43).

We now study equation (6.1) in Q% (¢) with the boundary conditions
(5.30)—(5.33).

We first note some properties of the boundary condition (5.30). Using
Lemma 5.1 with a € (0,1/2) and (5.16), we find [|g]$ . 5" ) < €,
where C' depends only on the data. Then, writing (5.30) as

(63) M(¢)(£a 77) = bl (Ea 77)@% + bQ(Ea 77)1/}77 + b3(£a U)@ZJ =0 on Fshock(¢)
and using (4.43)-(4.45), we obtain

(6.4) Il oD < e for i =1,2,3,

where C' depends only on the data.
Furthermore, ¢ € K with (5.16) implies that

llcr < Mye + Mao < %/4/C.

Then, using (4.43)(4.45) and assuming that C in (5.16) is sufficiently large,
we have
(6.5)
(b1(&,m)s ba(€,m) - (€, m) = Gpb(c3 —€%) >0 for amy (€,1) € Lanoek(9),
bi(§,m) > 202(02 £)>0  forany (£n) € Dgnoer(9),

b2(£ 77) ( — P2 g)’ < 53/4 for any (fﬂ?) € Fshock(¢)7
b3(&,m) + (22522 — 5)( <34 forany (£,1) € Denock(d).

Now we write condition (5.30) in the (x,%y)-coordinates on Tgpoer(¢) ND.

Then we obtain the following condition of the form
(6.6) R R ) B
M(¢)($, y) = bl(x7 3/)1/& + bQ(xa y)wy + bg(.fC Z/)w =0 on Fshock(¢> N ,D,7

where by (x,y) = bi(&,m) 5 + ba(&,m) 52, ba(w,y) = bi(&,m) 5L + ba(€,m) 5, and
bs(z,y) = bs(£,n). Condition (5.30) is oblique, by the first inequality in (6.5).
Then, since transformation (4.47) is smooth on {0 < ¢z —r < 2¢} and has
nonzero Jacobian, it follows that (6.6) is oblique, that is,

(67) (l;l(l‘ay)vi)Z(xvy)) ’ V5(937y) > C_l >0 on Fshock(¢) ﬂﬁ7

where U5 = Ug(x,y) is the interior unit normal at (x,y) € Tspoek(¢) N D’ to
(o).

As we have showed in §4.3, writing the left-hand side of (4.42) in the (z, y)-
coordinates, we obtain the left-hand side of (4. 56). Thus, (6.6) is obtained from
(4.56) by substituting ¢(z,y) into E1 and E2 Also, from (5.27) with f4(0) =
fo(0) = 1, we estimate |y —y1| = | fo(2) — f5(0)] < CMye on TgpoerN{z < 2¢}.
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Then, using (4.56)(4.58) and & < 0, we find that, if C' in (5.16) is sufficiently
large depending only on the data, then

||g.||§fa1£{fziz(¢)@ <CM, for i=1,2,3,

by (z,y) < 1p2u1p1 L <o for (x Y) € shoek(6) N D,

b2($7 y) < _7771 (p2 + p;lcpl ‘£1|) for (.1‘, y) € Fshock(d)) ﬂﬁ,
b3($7 y) = _§(p2|£ | + pzu1p1) <0 for (l’,y) € Fshock}(¢) N Dla

where C' depends only on the data.

(6.8)

Now we state the main existence result for the regularized problem.

PROPOSITION 6.1. There exist C,C,8 > 0 depending only on the data
such that, if o,e > 0 and My, My > 1 in (5.15) satisfy (5.16), then, for every
d € (0,00), there exists a unique solution ) € ciloaP) of (6.1) and (5.30)—

2,0,Q+ (¢)
(5.33), and this solution satisfies
(6.9) 0<9(&n) <Co  for (&m) € (),
(6.10) ey <CTe  for (ry) e,

where we have used coordinates (4.47) in (6.10). Moreover, for any s €
(0,c2/4), there exists C(s) > 0 depending only on the data and s, but in-
dependent of 6 € (0,0p), such that

(6.11) [l Lon Y < C(s)a,
where QF (@) := QT (¢) N {ca —r > s}.

Proof. Note that equation (6.1) is nonlinear and the boundary conditions
(5.30)—(5.33) are linear. We find a solution of (5.30)—(5.33) and (6.1) as a fixed
point of the map

(6.12) J 1 Che(QF(9)) — CH(Q(9))

defined as follows: For ¢ € Ch*/2(Q+(¢)), we consider the linear elliptic
equation obtained by substituting ¢ into the coefficients of equation (6.1):

(6.13) (1111/155 + 2(1121/1577 + agzwnn =0 in Q+(gf)),
where
(6.14) )
aij(‘fa 77) = Azj(D¢(§a 77)7 §7 "7) + o 51] for (67 77) € Q+(¢)7 ’Laj = 17 27

with d;; = 1 for ¢ = j and 0 for i # j, 4,7 = 1,2. We establish below the

existence of a unique solution ¥ € éal/;éf() ) to the linear elliptic equation

(6.13) with the boundary conditions (5.30)(5.33). Then we define J(¢)) = 1.
We first state some properties of equation (6.13).
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LEMMA 6.1. There exists C' > 0 depending only on the data such that, if
o, >0 and My, My > 1 in (5.15) satisfy (5.16), and § € (0,1), then, for any
) € CH2(QF(9)), equation (6.13) is uniformly elliptic in Qt(¢):
2
(6.15) dlul* < Y ai(&mpany <237 ul* for (€,m) € QT(9), p € R?,
ij=1

where X is from Lemma 5.2. Moreover, for any s € (0,c2/2), the ellipticity
constants depend only on the data and are independent of § in QF (¢) = QT (¢)N
{ca =7 > s}:

(6.16)

Aea—s)|ul? < Z (&mpipy < 237 Yu? for 2 = (&,m) € QF (¢), up € R?.

Furthermore,
(6.17) ai; € CY2HQ+(9)).

Proof. Facts (6.15)—(6.16) directly follow from the definition of a;; and
both the definition and properties of A;; in §5.5 and Lemma 5.2.
Since A;j(p,&,n) are independent of p in Q1 (¢) N {ca —r > 4e}, it follows

from (5.35), (5.41), and ¢ € K that ai; € C{ 555 ) npr C C*(27 (@) N D).

To show a;; € C*/2(Q+(¢)), it remains to prove that a;; € C*/2(Q(¢p) N D).
To achieve this, we note that the nonlinear terms in the coeflicients A;;(p, §,n)
are only the terms

£¢E + 77¢7]

r(cg — 1)

(e2 —7)G( )-

Since ¢; is a bounded and C*°-smooth function on R, and (] has compact
support, then there exists C' > 0 such that, for any s > 0, ¢ € R,

(6.18) ‘sCl(g)’ < (sup|¢i(®)])s, ‘D(qs s(l ‘ <C.
S teR
Then it follows that the function

P& = (e2 = i (P2

satisfies ‘F(Pvfﬂm < HC1||L°°(R)(CQ - T) for any (p>§777) € R? x D,7 and

|Dpe.mF| is bounded on compact subsets of R* x D’. From this and ) e
C1o2(Q+ (), we have a;; € C/2(QF(9)). |

Now we state some properties of equation (6.13) written in the (x,y)-
coordinates.

LEMMA 6.2. There exist A > 0 and C, C >0 depending only on the
data such that, if o, > 0 and My, My > 1 in (5.15) satisfy (5.16), and 0 €
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(0,1), then, for any ¢ € CH/2(QF(9)), equation (6.13) written in the (z,y)—
coordinates has the structure

(6.19) @11z + 2a19%0y + G22tbyy + a1y + G2y =0 in Q1 () N DY,

where a;; = a;j(x,y) and a; = a;(z,y) satisfy

(6.20) aij, a4; € C2(QF ()N D)) for i,5=1,2,
and the ellipticity condition
(6.21)
2
OMpl? <> (& mpapy < X Hul> for any (2,y) € QT () N D, € R2
ij=1
Moreover,
N 1 . 2 . 1
d<an(z,y) <o+2z, 57— <an(r,y) < —, -2<a(r,y) <,
202 Cc2 2
(6.22)  [(G12,a21,a2)(z,y)| < Clxl, |D(a12, 421, 42) (2, )| < Clz|*/?,

for all (z,y),(0,9) € Q7 (¢) N D,

Proof. By (4.31), if € < ¢2/10, then the change of variables from (£, 7) to
(z,y) in D), is smooth and smoothly invertible with Jacobian bounded away
from zero, where the norms and lower bound of the Jacobian depend only on
the data. Now (6.21) follows from (6.16).

Equation (6.13) written in the (z,y)—coordinates can be obtained by sub-

stituting 1 into the term x(l(%) in the coefficients of equation (6.2). Us-
x

ing (6.18), the assertions in (6.20) and (6.22), except the last inequality,
follow directly from (6.2) with (5.43) and (4.50), ¢ € K with (5.16), and
b & CLl2@F(g)).

Then we prove the last inequality in (6.22). We note that, from (6.2) and
(5.43), it follows that a;(z,y) = Fy; (Do, ¢, x, y)—I—Gii(x):Ug’l(%), where Fj; and
G; are smooth functions, and ¢ and zﬁ are evaluated at (z,y). In particular,
since (1(+) is bounded, a;(0,y) = Fi;(D¢(0,y), ¢(0,y),0,y). Thus, assuming
x > 0, we use the boundedness of (; and G;;, smoothness of Fj;, and ¢ € K
with Lemma 5.1 to obtain

|@ii(z,y) — aii(0,9)]|
< ’FM(D(ﬁ(.%',y),A(ﬁ(%,y), x?@/) - F"L’L(D(b(o? g): ¢(O7g)70a g)‘
] G(a) (L)
< Oz + C(Mie' ™ + Mao)|(z,y) — (0,9)|* < Cl(z,y) — (0,§)[*,

where the last inequality holds since o € (0,1/2) and (5.16). If x = 0, the only
difference is that the first term is dropped in the estimates. O
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LEMMA 6.3 (Comparison Principle). There exists C > 0 depending only
on the data such that, if o,e > 0 and My, My > 1 in (5.15) satisfy (5.16),
and 6 € (0,1), the following comparison principle holds: Let ¢ € C(Q2F(¢)) N
CHH () \ Tsonic) N C2(QAF()), let the left-hand sides of (6.13), (5.30), and
(5.32)—(5.33) are nonpositive for 1, and let ¥ > 0 on Isonic. Then

Y>>0  in QF(e).

Proof. We assume that C' is large so that (5.19)—(5.22) hold.
We first note that the boundary condition (5.30) on I'speck (@), written as
(6.3), satisfies

(b1,b2) -v >0, b3 <0 on I'sphock (),

by (6.5) combined with é < 0 and ps > p;. Thus, if ¥ is not a constant in
Q7 (¢), a negative minimum of 1 over Q1 (¢) cannot be achieved:

(i) In the interior of Q" (¢), by the strong maximum principle for linear
elliptic equations;

(ii) In the relative interiors of I'spock(9), Dwedge, and 9QT (¢)N{n = —va}, by
Hopf’s Lemma and the oblique derivative conditions (5.30) and (5.32)-
(5.33);

(iii) In the corners P» and Ps3, by the result in Lieberman [32, Lemma 2.2],
via a standard argument as in [20, Theorem 8.19]. Note that we have to
flatten the curve I'gpoer in order to apply [32, Lemma 2.2] near P, and
this flattening can be done by using the C1® regularity of T'pock-

Using that ¥ > 0 on I'sypic, we conclude the proof. O

LEMMA 6.4. There ezists C > 0 depending only on the data such that,
if o, > 0 and My, My > 1 in (5.15) satisfy (5.16), and § € (0,1), then any
solution v € C(2+ () NCHQT () \ Tsonic) NC?(2F()) of (6.13) and (5.30)—
(5.33) satisfies (6.9)—(6.10) with the constant C' depending only on the data.

Proof. First we note that, since Q*(¢) C {n < ¢z}, the function

w(&,n) = —v2(n — c2)
is a nonnegative supersolution of (6.13) and (5.30)—(5.33): Indeed,

(i) w satisfies (6.13) and (5.33);

(ii) w is a supersolution of (5.30). This can be seen by using (6.3), (6.5),
p2 > p1, up >0, ph >0& <0, and |n| < c2 to compute on I'gpoer:

M(w) = —byvy — bgva(n—ca) < —vo (p’glfl%—mu;lm —83/4(1+202)) <0
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if £ is small depending on the data, which is achieved by the choice of C
n (5.16);

(iii) w is a supersolution of (5.32). This follows from Dw v = —cacosf,, < 0
since the interior unit normal on I'yedge is v = (— sin b, cos ,,);

(iv) w > 0 on Cyonic.

Similarly, @ = 0 is a subsolution of (6.13) and (5.30)—(5.33). Thus, by the
Comparison Principle (Lemma 6.3), any solution ¢ € C(Qt(¢)) N CH(QH(¢) \
Csonic) N C3(QF(¢)) satisfies

0<%(&mn) <w(n)  forany (§n)€ QT (e).

Since |va| < Co, then (6.9) follows.

To prove (6.10), we work in the (z,y)—coordinates in D' N Q7 (¢) and
assume that C' in (5.16) is sufficiently large so that the assertions of Lemma
6.2 hold. Let v(z,y) = Lox for L > 0. Then

(i) v is a supersolution of equation (6.19) in ' N {z < e}: Indeed, the
left-hand side of (6.19) on v(z,y) = Loz is ai(x,y)Lo, which is negative in
D' NQt () by (6.22);

(ii) v satisfies the boundary conditions (4.52) on 9Q%(¢) N {x = 0} and
(4.53) on 0T (¢p) N {y = 0};

(iii) The left-hand side of (6.6) is negative for v on Iypeer N {z < €}:
Indeed, M(v)(z,y) = Lo(by + bsz) < 0 by (6.8) and since z > 0 in (.

Now, choosing L large so that Le > C where C' is the constant in (6.9),
we have by (6.9) that v > ¢ on {z = ¢}. By the Comparison Principle,
which holds since equation (6.19) is elliptic and condition (6.6) satisfies (6.7)
and b3 < 0 where the last inequality follows from (6.8), we obtain v > 1 in
Ot (¢)N{z < &}. Similarly, — > —v in QT (¢)N{x < €}. Then (6.10) follows.
U

LEMMA 6.5. There exists C' > 0 depending only on the data such that, if
o,e >0 and My, My > 1 in (5.15) satisfy (5.16), and § € (0,1), any solution
b € C(QF(9)) N CHOQF () \ Tsonic) N C*(QF(9)) of (6.13) and (5.30)~(5.33)
satisfies

(0% P27P3 N
(6.23) [lS Lot < C(s,d)o

for any s € (0,¢3/2), where the constant C(s,1)) depends only on the data,
||1/}||Cl,a/2(ﬂ+(¢))7 and s.

Proof. From (5.22), (5.24), (6.4)—(6.5), (6.16)—(6.17), and the choice of «
in §5.4, it follows by [35, Lemma 1.3] that

E0 F shock Fu edge n n
(6:24) [[lly e o O eets) < O, ) ([ lleqar (o)) + val) < Cls, h)or
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where we have used (3.24) and Lemma 6.4 in the second inequality.

In deriving (6.24), we have used (5.24) and (6.4) only to infer that I'spocr(¢)
is a Ob%—curve and b; € C*(Dspock(¢)). To improve (6.24) to (6.23), we use
the higher regularity of I'spoer(¢) and b;, given by (5.24) and (6.4) (and a
similar regularity for the boundary conditions (5.32)—(5.33), which are given
on the flat segments and have constant coefficients), combined with rescal-
ing from the balls Bys(z) N QT (@) for any z € QF (¢) \ {P2, P3} (with d =
dist(z,{ P2, Ps} U Xp)) into the unit ball and the standard estimates for the
oblique derivative problems for linear elliptic equations. O

Now we show that the solution v is C?%%/2 near the corner Py = Tppic N
Tyedge(@). We work in D' in the (x,y)-coordinates.

LEMMA 6.6. There exists C' > 0 depending only on the data such that, if
o,e >0 and My, My > 1 in (5.15) satisfy (5.16), and § € (0,1), any solution
P € C( () NCHQT(h) \ Tsonic) NC?(QF(4)) of (6.13) and (5.30)(5.33) is
in C>/2(B,(Py) N QT (¢)) for sufficiently small o > 0.

Proof. In this proof, the constant C' depends only on the data, §, and
”(&ij?diwoaﬂ(m) for i,j = 1,2, i.e., C is independent of p.

Step 1. We work in the (z,y)-coordinates. Then Py = (0,0) and Q7 (¢) N
By, ={x >0,y > 0}) N By, for p € (0,¢). Denote

B} := B,(0) N {z > 0}, B = By(0) n{z >0,y > 0}.

Then ) satisfies equation (6.19) in B;;‘ and
(625) P =0 on I'sonicN BQQ = BQQ N {CC =0,y > 0},
(6.26) Yy, =1y =0 on I'yedge N Bop = Bap N{y = 0,2 > 0}.

Rescale ¢ by
o(z) = d(ez)  forz = (x,y) € BF ™.

Then v € C(BF )N CHBy T\ {z = 0}) N C*(B; ") satisfies

(6.27) HUHLw(Bﬁ) = ||¢||Loo(B;g+)7
and v is a solution of

(6.28)  0\Dvps + 20\ 00y + @0y, + 090, + a0, =0 in BFT,
(629) v=0 on 9By TN{z=0},
(6.30) v, =v, =0 on dBS T N {y=0},

where

(6.31)

dz(]g)(‘rvy) = &ZJ(Q:'U’ Qy)? &Z(Q)(xvy) = le(gx,gy) for (:Cay) € B;rJr’ Z?] = 172
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Thus, d%’) satisfy (6.21) with the unchanged constant A > 0 and, since g < 1,

(632) H(dgjg)vdgg))uca/z(ﬁ) < ||(&Zj7dz>”0a/2(m) for 2;.7 = 172
Denote Q := {z € Bf " : dist(z,0B5 %) > 1/50}. The interior estimates
for the elliptic equation (6.28) imply [|v||¢2.0/2g) < Cllvllp=(py+)- The local
estimates for the Dirichlet problem (6.28)—(6.29) imply

(6.33) 100 g erngr iz, < Cllelliee oz

for every z = (x,y) € {x = 0,1/2 < y < 3/2}. The local estimates for the
oblique derivative problem (6.28) and (6.30) imply (6.33) for every z € {1/2 <
x <3/2,y =0}. Then we have

(6.34) o] < Ollollp(pg+)-

C2o/2(BY 5 \By)5)

Step 2. We modify the domain B} ™ by mollifying the corner at (0,1) and
denote the resulting domain by D™F. That is, D™ denotes an open domain
satisfying

D c B, D*F\ Byj10(0,1) = B\ By/10(0,1),

and
oDt N By/5(0,1) is a C2%/2—curve.

Then we prove the following fact: For any g € C%?(D*+), there exists a
unique solution w € C*®/2(D++) of the problem:

dgﬁ)wm + &;g)wyy + &gg)wx =g in D,
(6.35) w=0 on DT N{z =0,y >0},
' w,=wy, =0 on DTt N{z>0,y=0},
w=v on dDTTN{x >0,y >0},
with
(6.36) 0l gaaprry < CUll pm sy + 19l gorscprsy)

This can be seen as follows. Denote by DT the even extension of DT+
from {z,y > 0} into {x > 0}, i.e.,
Dt =D " U{(z,0) : x € (0,1)}uD"",
where DT~ := {(z,y) : (x,—y) € D**}. Then B;r/g C D* C Bf and 9D7 is
a C%/2 curve. Extend F = (v, g, &gﬁ), dgg), dgg)) from E to Fj by setting

F(z,—y) = F(z,y) for (z,y) € B;r+.
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Then it follows from (6.29)—(6.30) and (6.34) that, denoting by ¢ the restriction
of (extended) v to DT, we have & € C>*/2(dD*) with

(6.37) [0l c2.er2ap+y < Cllvll poo (B +-

Also, the extended g satisfies g € C*/?(D7) with HgHCQ/Q(ﬁ) = HgHCW,g(W).
The extended (&g?, dgg), dgg)) satisfy (6.21) and

@3, 858 61 o gy = 10617 055, 1) o 7,

2
< D @i, 8l ers ey

ij=1
Then, by [20, Theorem 6.8], there exists a unique solution w € C%*/2(D%) of
the Dirichlet problem
(6.38) dgﬁ)wm + &gg)wyy + &gg)wx =g in DT,
(6.39) w=9 on dDT,

and w satisfies

640)  Jullgaersor) < Clllloersone + gl cus o)

From the structure of equation (6.38) and the symmetry of the domain and the
coefficients and right-hand sides obtained by the even extension, it follows that
W, defined by w(z,y) = w(x, —y) in DT, is also a solution of (6.38)—(6.39). By
uniqueness for (6.38)—(6.39), we find

U}<I‘,y) :’(U(J}, _y> in D+'

Thus, w restricted to DT is a solution of (6.35), where we use (6.29) to see
that w = 0 on DT N {z = 0,y > 0}. Moreover, (6.37) and (6.40) imply
(6.36). The uniqueness of the solution w € C%*/2(D++) of (6.35) follows from
the Comparison Principle (Lemma 6.3).

Step 3. Now we prove the existence of a solution w € C>*/2(D++) of the
problem:

&gﬁ)wm + ngg)wxy + dég)wyy + &gg)wx + dé‘g)wy =0 in DT,
w=0 on DTt N{z =0,y > 0},

wy, = wy =0 on DT N{y =0,z > 0},

w=v on DTt N{x>0y>0}

Moreover, we prove that w satisfies

(6.41)

(6.42) IIchz,a/z(W) < Ol poo (pz+y-

We obtain such w as a fixed point of map K : C2*/2(D++) — C2*/2(D++)
defined as follows. Let W € C*®/2(D++). Define

(6.43) g =—2a\9W,, — aPWw,.
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By (6.22) and (6.31) with p € (O 1), we find

(6.44) ||(a12 a% )Hca/z (D) < 091/27

which implies

g € C/2(DF).
Then, by the results of Step 2, there exists a unique solution w € C%%/2 (D*1)
of (6.35) with g defined by (6.43). We set K[W] = w.

Now we prove that, if o > 0 is sufficiently small, the map K is a contraction
map. Let W® € C2/2(D++) and w® := K[W®)] for i = 1,2. Then w :=
wM) —w® is a solution of (6.35) with

g =25 (W) — W) —ag? Wil — W),
=0.
Then g € C*/2(D++) and, by (6.44),
||9||cu/2(ﬁ) < CQI/2||W(1) - W(Q)ch,a/Z(ﬁ)-
Since v = 0 satisfies (6.29)—(6.30), we can apply both (6.36) and the results of
Step 2 to obtain

Hw(l) —w® ”(j&a/Z(F) < CQI/2||W(1) - W(2)||C2,a/2(ﬁ)

<SIWO = WO oy ey

where the last inequality holds if o > 0 is sufficiently small. We fix such p.
Then the map K has a fixed point w € C**/2(D*+) which is a solution of
(6.41).

Step 4. Since v satisfies (6.28)—(6.30), it follows from the uniqueness of
solutions in C'(D*++) N CY(D++\ {z = 0}) N C%(D**) of problem (6.41) that
w=wv in D**. Thus v € C>*/2(D+7) so that ¢ € CQ"‘/2(BQ/2(P4) NQt(g)).
U

Now we prove that the solution 1 is C® near the corner P; = I'sonic N
Cshock (@) if 0 is small.

LEMMA 6.7. There exist C > 0 and &y € (0,1) depending only on the data
such that, if o,e > 0 and My, My > 1 in (5.15) satisfy (5.16), and § € (0, dp),
then any solution v € C(Q+(¢)) N CH( QT (@) \ Tsonic) N C*(QT(¢)) of (6.13)
and (5.30)(5.33) is in CV*(B,(P1) N QT (p)) N C2*/2(B,(P) N QF (), for
sufficiently small o > 0 depending only on the data and d, and satisfies

(6.45) [l al/ﬁzipl}) < C(5, ),

where C' depends only on the data, §, and Hzpﬂcl 2@ gy Moreover, for ¢ as
above,

(6.46) [(x)| < C(6)(dist(x, Py)) e for any = € Q1 (),
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where C depends only on the data and 8, and is independent of 1[)

Proof. In Steps 1-3 of this proof below, the positive constants C' and
L;,1 <i <4, depend only on the data.

Step 1. We work in the (x,y)—coordinates. Then the point P; has the
coordinates (0,yp,) with yp, = 7/2 4 arctan (|£1]/n1) — 6 > 0. From (5.25)—
(5.26), we have

QF(¢) N B(Py) = {z > 0,y < fo(2)} N Be(P),
where f¢(0) =yp,, fé)(O) > 0, and f¢ > yp, on Ry by (5.7) and (5.26).

Step 2. We change the variables in such a way that P; becomes the origin
and the second-order part of equation (6.13) at P; becomes the Laplacian.
Denote

(6.47) = /a11(P1)/aga(P).
Then, using (6.22) and xp, = 0, we have
(6.48) Ve20/2 < < 4/2¢90.

Now we introduce the variables
(X,Y) = (z/1,yp = y)-
Then, for ¢ = ¢, we have
(6.49) QT (@)NB,={X>0,Y > F(X)}N B,,

where F(X) = yp, — fs(uX). By (5.26), we have 0 < fé)(X) < C for all

X € 0,2¢] if C is sufficiently large in (5.16) so that 2¢ < k. With this, we use
f#(0) = yp, and (6.48) to obtain

(6.50)  F(0) =0, —LIVE<F'(X)<0 for X €0,
We now write ¢ in the (X, Y )-coordinates. Introduce the function
U(X7Y> = Tﬂ(% y) = ¢(MX7 yp, — Y)

Since v satisfies equation (6.6) and the boundary conditions (5.32) and (6.19),
then v satisfies

1 . 2. - 1. -
(6.51) Av = EGHUXX - ;CLlQUXY + axvyy + ﬁaﬂ)x —agvy =0

i {X>0,Y>FX)}NB,
1- _ B

(6.52) Bv := —bjvx — bovy + b3v =0 on {X >0,Y = F(X)} N Bg,
i

(653) v=0 on {X=0,Y>0}NB,,
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where

aij(X,Y) = ay;(uX,yp, = Y), a;(X,Y) = a;(uX,yp, = Y),
b,(X,Y) == bi(MX,ypl - Y)

In particular, from (6.20), (6.22), and (6.47), we have
(6.54) dij,a; € CY2({X >0, Y > F(X)} N B,),

- 1. - -
(6.55 CLQQ(0,0) = ?CLH(0,0), alg(0,0) = CLQ(O, 0) = 0,

)
(6.56) |as(X,Y) —a:(0,0)] < C|(X,Y)[*  for i=1,2,
(6.57) |a2(X,Y)| + |azi (X, Y)| + [a(X,Y)| < C|X|"?, |ar(X,Y)| < C.

From (6.8), there exists Ly > 0 such that
(6.58)
—Ly' <bi(X,Y) < —Ly for any (X,Y)€{X >0, Y = F(X)}NB,.

Moreover, (6.7) implies
(6.59) (b, b) -vp >0 on {X >0,Y =F(X)}NB,,

where vp = vp(X,Y) is the interior unit normal at (X,Y) € {X >0, Y =
F(X)} N B,. Thus condition (6.52) is oblique.

Step 3. We use the polar coordinates (r,6) on the (X, Y )-plane, i.e.,
(X,Y) = (rcosf,rsind).

From (6.50), we have F, F’ < 0 on (0, ¢), which implies that (X% + F(X)?)" >
0 on (0,0). Then it follows from (6.50) that, if § > 0 is a small constant
depending only on the data and g is a small constant depending only on the
data and 4, there exist a function fp € C'(R,) and a constant Lz > 0 such
that

(6.60) {(X>0,Y>FX)}NB,={0<r <o, 0p(r) <0 <m/2}
with
(6.61) L3V < 0p(r) <O0.

Choosing sufficiently small §p > 0, we show that, for any 6 € (0,dp), a
function

(6.62) w(r, ) = P cos GO),  with G(8) = ° ; “0-7).

is a positive supersolution of (6.51)-(6.53) in {X >0, Y > F(X)} N B,.

By (6.49) and (6.60)-(6.61), we find that, when 0 < & < 6 < (gira3r-)",

7r+1—oz
2 16

1—a

T
2 8

T < G(F) <

T for all (r,0) € Q1 (¢) N B,,.
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In particular,
(6.63)

cos(G(6)) > sin (

6aw)>o for all (r,0) € QT (@) N B, \ {X =Y =0},

which implies
w >0 in {X>0,Y >F(X)}NB,.

By (6.60)—(6.61), we find that, for all » € (0,0) and § € (0,dp) with small
do > 0,
cos(0p(r)) >1—Cd >0,  |sin(dp(r))| < CVdo.
Now, possibly further reducing Jp, we show that w is a supersolution of

(6.52). Using (6.48), (6.52), (6.58), the above estimates of (6, G(0F)) derived
above, and the fact that 6 = 0p on {X >0, Y = F(X)} N B,, we have

Bw< l;lra ((a + 1) cos(0F) cos(G(0r)) + Sta sin(0p) sin(G(@ﬂ))
+Cr%|by| + CroT by
Lysin(2m)  C
< ro((1—co) (2T Yy o) <o,
< ((1 - ) (= 2 - ) =€)

if &g is sufficiently small. We now fix §y that satisfies all the smallness assump-
tions made above.

Finally, we show that w is a supersolution of equation (6.51) in (X,Y) €
{X>0,Y > F(X)}NB, if p is small. Denote by Aj the operator obtained by
fixing the coefficients of A in (6.51) at (X,Y) = (0,0). Then Ay = a22(0,0)A
by (655) By (6.22), we obtain dgg(o, 0) = &Qg(o,ypl) > 1/(452) > 0. NOW, by
an explicit calculation and using (6.48), (6.55)—(6.57), (6.60), and (6.63), we
find that, for 6 € (0,dp) and (X,Y) € {X >0, Y > F(X)} N B,,

Aw(r,0) =a2(0,0)Aw(r,0) + (A — Ag)w(r, 8)
< ag2(0, O)rafl((a +1)%2 - (M)Q) cos(G(0))

1 5 - - ~
+Cret (qu\au(X; Y) — a11(0,0)] + |@22(X,Y) — a@22(0, 0”)

C C
+;w—1\au<x,y>| a0 Y) 4 Orfla (X, )|
L (1—0)5+30) . 1-a s
< pQ 1 _(
<r ( 852 51n( 16 7T)+C\/g <0

for sufficiently small p > 0 depending only on the data and 4.
Thus, all the estimates above hold for small §; > 0 and ¢ > 0 depending

only on the data.
Now, since

min w(X,Y)=1Ls >0,
{X>0, Y>F(X)}noB,
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we use the Comparison Principle (Lemma 6.3) (which holds since condition
(6.52) satisfies (6.59) and b3 < 0 by (6.58)) to obtain

191l Lo (2 (4))

7 w>v in {X>0,Y>F(X)}nNB,.
4

Similar estimate can be obtained for —v. Thus, using (6.9), we obtain (6.46)
in B,. Since p depends only on the data and 6 > 0, then we use (6.9) to obtain
the full estimate (6.46).

Step 4. Estimate (6.45) can be obtained from (6.8), (6.20), and (6.46),
combined with rescaling from the balls By_,1,(2) N Q" (¢) for z € QF (@) \ {P1}
(with d, = dist(z, P1) and L sufficiently large depending only on the data) into
the unit ball and the standard interior estimates for the linear elliptic equations

and the local estimates for the linear Dirichlet and oblique derivative problems
in smooth domains. Specifically, from the definition of sets K and Q1 (¢) and
by (5.16), there exists L > 1 depending only on the data such that

Bgr(z) N (097 () \ Tshock) = 0 for any 2z € Tspock N Qp,

and
Bd/L(z) N (097 (¢) \ Tsonic) = 0 for any z € I'sonic N Q.

Then, for any z € Q1 (¢) N B,(P1), we have at least one of the following three
cases:

(1) B_a (2) C Q7(9);

10L

(2) z € Ba., (21) and d: ¢ (%,2) for some z1 € Tsonic;

d
2L #1

(3) 2 € Ba., (21) and 4= € (3,2) for some 21 € Tgpocr.

2L dzy

Thus, it suffices to make the C?®—estimates of 1 in the following subdo-
mains for zg = (z9,yo):

(i) Ba., (20) when B, (20) C Q7 (¢);

20L 10L

(11) Bd& (Zo) N Q+(¢) for zg € I'sonic N BQ(Pl);

(iii) Ba., (Z()) N Q+(¢) for zg € I'spock N BQ(Pl).

2L

We discuss only case (iii), since the other cases are simpler and can be
handled similarly.

Let zp € Tspock N Bp(P1). Denote d= ZL‘J > 0. Without loss of generality,
we can assume that d <1.
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We rescale z = (z,y) near zo:
1
Z=(XY):= g(x — 20,9y — Yo)-

Since Bj(z0) N (O (¢) \ Tshock) = 0, then, for p € (0,1), the domain obtained
by rescaling Q1 (¢) N B i(%0) is

f¢>($o+cz){) —f¢(wo)}

Qe :=B,N{Y < F(X) := g

)

where f¢ is the function in (5.25). Note that yo = f¢(azo) since (0, Y0) € Ushock-
Since L > 1, we have

~ 7 n(—1—a,{0
1l o a1y < I FollS R P

and HfAd)Héjal’ﬁi’{o}) is estimated in terms of the data by (5.26).

Define
(6.64) v(Z) = diaw(zo +dz)  for Z e Q.
Then
(6.65) [0l Lo 20y < C

by (6.46) with C' depending only on the data.

Since 1 satisfies equation (6.19) in Q7 (¢) N D), and the oblique derivative
condition (6.6) on Igpeer N DYy, then v satisfies an equation and an oblique
derivative condition of the similar form in Q2 and on dQ? N{Y = F(X)},
respectively, whose coefficients satisfy properties (6.8) and (6.21) with the same
constants as for the original equations, where we have used d < 1 and the
C/2_estimates of the coefficients of the equation depending only on the data,
6, and 1[1 Then, from the standard local estimates for linear oblique derivative

problems, we have

Cz,a/z(Ql(/)z) =

o]
with C depending only on the data, §, and @Z;

We obtain similar estimates for cases (i)—(ii), by using the interior esti-
mates for elliptic equations for case (i) and the local estimates for the Dirichlet
problem for linear elliptic equations for case (ii).

Writing the above estimates in terms of ¢ and using the fact that the
whole domain Q1 (¢) N B,(P;) is covered by the subdomains in (i)—(iii), we
obtain (6.45) by an argument similar to the proof of [20, Theorem 4.8] (see
also the proof of Lemma A.3 below). O
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LEMMA 6.8. There ezist C > 0 and & € (0,1) depending only on the data
such that, if o, > 0 and My, My > 1 in (5.15) satisfy (5.16), and § € (0, dp),
there exists a unique solution ¢ € C’é al/zo;)f()qb) of (6.13) and (5.30)—(5.33). The
solution 1 satisfies (6.9)—(6.10).

Proof. In this proof, for simplicity, we write QT for Q*(¢$) and denote by
I'1, T'9, I's, and I'p the relative interiors of the curves I'spock (¢), 20(0), Twedges
and I'son;c respectively.

We first prove the existence of a solution for a general problem P of the
form

2 2

S a3 = mt; S oDy =g onTy, k=123 ¥=0 onTp,
ij=1 i=1

where the equation is uniformly elliptic in Q' and the boundary conditions on
Ty, k = 1,2,3, are uniformly oblique, i.e., there exist constants A1, Ao, A3 > 0
such that

2
Mlpl <D ayg(€mmpy < AUl for all (§,m) € QY u e R?,
=

Zbﬁ’“ (€€, ) > Ao,
piE=D) pk=1)y

— L2 (Py) — —— (Py)| > A3 for k=23,
k k k— k—
161, B3] [ S

and [[ai; || o @r) + Hb Hcl oy < L for some L > 0.
First we derive an aprlorl estimate of a solution of problem P. For that,
we define the following norm for v € C*?(Q%), k =0,1,2,..., and 8 € (0,1):

—k1-4,(P,) —kt2-4(P,)
Z 1l 5, o+ 2 1l s s, (Byno HI¥ lons @ B
=14

where ¢ > 0 is chosen small so that the balls By,(P;) for i = 1,...,4 are
disjoint. Denote C*FF .= {1 € C**F + ||yp|, x5 < 00}. Then C*F# with
norm || - ||, kg is a Banach space. Similarly, define

AP} 1-BA{P:}
gk |l+,5 : —legkl\kﬁBQQ N [/ e HI9kll s m o B )

i=1,4
where the respective terms are zero if By,(P;) NIy, = (). Using the regularity
of boundary of 27, from the localized version of the estimates of [33, Theorem
2] applied in By,.(P;) N QF, i = 1,4, and of the estimates of [35, Lemma
1.3] applied in Bo.(P;) N Q*T, i = 2,3, and the standard local estimates for
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the Dirichlet and oblique derivative problems of elliptic equations in smooth
domains applied similarly to Step 4 in the proof of Lemma 6.7, we obtain that
there exists 8 = B3(QF, X2, A3) € (0,1) such that any solution ¢» € C?(QF) N
CHB(Q+\Tp) NC%(QT) of problem P satisfies

3
0.8+ > Ngklles + 1 llo.0+)

k=1
for C = C(27, A\, Ao, A3, L). Next, we show that v satisfies

(6.66) 19]2,8 < C(II/]

3
0.8+ > 1gkll+8)

k=1

for C' = C(QF, A1, A2, A3, L). By (6.66), it suffices to estimate ||1)]|g.o+ by the
right-hand side of (6.67). Suppose such an estimate is false. Then there exists

(6.67) [Pll2.8 < CCIF

a sequence of problems P™ for m = 1,2, ... with coefficients a;y and bz(k)’m, the
right-hand sides f* and g;", and solutions Y™ € C*?8_ where the assumptions
on a:-;? and bl(-k)’m stated above are satisfied with uniform constants A1, Ag, A3,
and L, and || f™|«0,6 + Sty g7 ]I+ — 0 as m — oo, but |[¢™|gq+ = 1 for
m =1,2,.... Then, from (6.66), we obtain |||, 2 3 < C with C independent
of m. Thus, passing to a subsequence (without change of notation), we find
a — af in CO2(QF), o™ — b0 in CYA/2(TY), and ¢ — @0 in CH20/2,

ij
where [|1%[jp.o+ = 1, and a?j and bgk)’o

satisfy the same ellipticity, obliqueness,

k)m. Moreover, ¥ is a solution of the

(k),0

i

and regularity conditions as a;; and bz(
Since [[¢°]|o,0+ =
1, this contradicts the uniqueness of a solution in C*2# of problem P (the
uniqueness for problem P follows by the same argument as in Lemma 6.3).
Thus (6.67) is proved.

Now we show the existence of a solution for problem P if C' in (5.16) is
sufficiently large. We first consider problem Py defined as follows:

Ap=finQ" Dyp=g, onTy, k=1,2,3; =0 onTIp.

homogeneous Problem P with coefficients agj and b

Using the fact that I's and I'3 lie on 7 = 0 and n = £ tan 6,, respectively, and
using (3.1) and (5.24), it is easy to construct a diffemorphism

F: Q"= Q:={(X,Y)e(0,1)?%
satisfying
HFHCLa(§+) <C, ||F71HC1,Q(@) <C,
F(Tp)=%p:={X=1Y €(0,1)},
and

(6.68) IDF™ — Id||ce@nix<m 2y < Ce'*,
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where C' depends only on the data, and (£1,7;) are the coordinates of P;
defined by (4.6) with n; > 0. The mapping F' transforms problem Py into the
following problem Py:

2
Z DZ(dZJD]’U,) = f~ in Q;

ij=1

2

Z ELZ‘J'D]'U Vv, = f]k on Ik, k= 1,2,3;

ij=1

u=20 on Xp,
where I, = F(Gy) are the respective sides of 0Q), v is the unit normal on
I, @il o @) < O, and a;; satisfy the uniform ellipticity in Q@ with elliptic
constant A > 0. Using (6.68), we obtain
(6.69) ldi; — 8 e (@nix<m 2y < Ce'/4,
where 6! = 1 and 55 = 0 for ¢ # j, and C depends only on the data. If ¢ > 0
is sufficiently small depending only on the data, then, by [13, Theorem 3.2,
Proposition 3.3], there exists § € (0,1) such that, for any f € C%(Q) and
gr € CP(I;) with k = 1,2, 3, there exists a unique weak solution v € H'(Q)
of problem Py, and this solution satisfies u € C8(Q) N CLHP (Q\ Tp). We
note that, in [13, Theorem 3.2, Proposition 3.3|, condition (6.69) is stated in
the whole @, but in fact this condition was used only in a neighborhood of
I, = {0} x (0,1), i.e., the results can be applied to the present case. We
can assume that 3 < o. Then, mapping back to 2T, we obtain the existence
of a solution ¢ € C4(QT) N CHA(QT \ Tp) N C?(QF) of problem Py for any
f e CPQT) and g, € C4(T}), k = 1,2,3. Now, reducing 3 if necessary and
using (6.67), we conclude that, for any (f,g1,92,93) € Y2 := {(f,91,92,93) :
1 flle0.5 + 32y llgrll«s < oo}, there exists a unique solution ¢ € C**F of
problem Py, and 1 satisfies (6.67).

Now the existence of a unique solution 1) € C*2# of problem P, for any
(f, 91,92, 93) € Y° with sufficiently small 8 € (0,1), follows by the method of
continuity, applied to the family of problems tP + (1 — t)Py for ¢ € [0,1]. This
proves the existence of a solution ) € C*2?# of problem (6.13) and (5.30)—
(5.33).
Estimates (6.9)—(6.10) then follow from Lemma 6.4. The higher regularity

P e C’é_al/;%f() %) follows from Lemmas 6.5-6.7 and the standard estimates for

the Dirichlet problem near the flat boundary, applied in a neighborhood of
Csonic \ (Bgj2(P1) U Byja(Py)) in the (z,y)—coordinates, where ¢ > 0 may
be smaller than the constant ¢ in Lemmas 6.6-6.7. In fact, from Lemma

6.6, we obtain even a higher regularity than that in the statement of Lemma

. (*1*047{P27P3,P4})
6.8: ¢ € Cg,a/2,9+(¢) .

Comparison Principle (Lemma 6.3). O

The uniqueness of solutions follows from the
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Lemma 6.8 justifies the definition of map J in (6.12) defined by j(zﬁ) = ).
In order to apply the Leray-Schauder Theorem, we make the following apriori
estimates for solutions of the nonlinear equation.

LEMMA 6.9. There exist C > 0 and &y € (0,1) depending only on the data
such that the following holds. Let o, > 0 and My, Ms > 1 in (5.15) satisfy

(5.16). Let § € (0,00) and p € [0,1]. Let ¢ € Cé;l/;’%’f()@ be a solution of
(6.1), (5.30)~(5.32), and

(6.70) Py =—pva  on Bo(¢) = 00T (¢) N {n = —va}.
Then

(i) There exists C > 0 independent of 1 and p such that

HwHCI,Q(Q-F(d))) <
(ii) v satisfies (6.9)—(6.10) with constant C' depending only on the data;

(iii) ¥ € Cé_als;fiz))' Moreover, for every s € (0,c2/2), estimate (6.11) holds
with constant C depending only on the data and s;

(iv) Solutions of problem (6.1), (5.30)—(5.32), and (6.70) satisfy the following
comparison principle: Denote by N5(v), B1(v), Ba(), and Bs(y) the
left-hand sides of (6.1), (5.30), (5.32), and (6.70) respectively. If 11,12 €

Cé_algf 6(7;)) satisfy

Ns(1h1) < Nis(ih2) in Q@ (¢),
Bk('@bl) < Bk(’¢2) on Fshock(d’)y Fwedgev and EU(¢) fO’F k= 17 27 3)
1 > P on Isonie,

then
Y1 > P in QF (o).

In particular, problem (6.1), (5.30)—(5.32), and (6.70) has at most one

solution ¢ € C’é_alg;f&z;)).

Proof. The proof consists of six steps.

Step 1. Since a solution 1) € Cé_algf(z)) of (6.1), (5.30)—(5.32), and (6.70)
with p € [0, 1] is the solution of the linear problem for equation (6.13) with
¥ := 1 and boundary conditions (5.30)—(5.32) and (6.70). Thus, estimates
(6.9)—(6.10) with constant C' depending only on the data follow directly from
Lemma 6.4.

Step 2. Now, from Lemma 5.2(ii), equation (6.1) is linear in Q% (4) N
{ecg — 1 > 4e}, ie., (6.1) is (6.13) in QT (¢) N {ca — 7 > 4e}, with coeffi-
cients a;;(§,n) = A}j(g,n) + 04,5 for Ailj defined by (5.35). Then, by Lemma
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5.2(ii), a;; € C*(Q2T(¢p) N {cz —r > 4e}) with the norm estimated in terms of
the data. Also, I'spock(¢) and the coefficients b; of (6.3) satisfy (5.24) and
(6.4)—(6.5). Then, repeating the proof of Lemma 6.5 with the use of the

L™ estlmates of 1 obtained in Step 1 of the present proof, we conclude that

1—a,{P,Ps}) .
Y e 02 ,a,QF (d)N{ca—r>6e} with

1— o, PQ,Pg
(6.71) ||¢||2 ,QF Ep)m{cZ})r>65} <Co

for C depending only on the data.

Step 3. Now we prove (6.11) for all s € (0,¢2/2). If s > 6¢, then (6.11)
follows from (6.71). Thus, it suffices to consider the case s € (0, 6¢) and show
that

(6.72)

Hwch’“(Q+(¢)ﬂ{8/2<02—7’<66+5/4}) < C(s)o,

with C' depending only on the data and s. Indeed, (6.71)—(6.72) imply (6.11).
In order to prove (6.72), it suffices to prove the existence of C'(s) depending
only on the data and s such that

(6.73) 19l e By < CONPNL=(B.5(2))

for all z := (£,n) € QT () N {3/2 < g —1 < 6e + s/4} with dist(z, 001 (¢)) >
s/8 and that

B 16(z

(6.74) 1Vl o2 B ammar @) < CONDl L= (5. 400+ )

for all z € (Ishock(P) U Lyedge) N {5/2 < cg — 1 < 6 4 s/4}. Note that all
the domains in (6.73) and (6.74) lie within Q7 (¢) N {s/4 < co —r < 12¢}.
We can assume that e < ¢/24. Since equation (6.1) is uniformly elliptic in
Ot (¢) N{s/4 < cog —r < 12¢} by Lemma 5.2(i), and the boundary conditions
(5.30) and (5.32) are linear and oblique with Cl%—coefficients estimated in
terms of the data, then (6.73) follows from Theorem A.1 and (6.74) follows
from Theorem A.4 (in Appendix A). Since |[tb||r~(a+(p)) < 1 by (6.9), the
constants in the local estimates depend only on the ellipticity, the constants
in Lemma 5.2(iii), and, for the case of (6.74), also on the C*%-norms of the
boundary curves and the obliqueness and C'*bounds of the coefficients in the
boundary conditions (which, for condition (5.30), follow from (5.24) and (6.4)
since our domain is away from the points P; and P). All these quantities
depend only on the data and s. Thus, the constant C(s) in (6.73)—(6.74)
depends only on the data and s.

Step 4. In this step, the universal constant C' depends only on the data
and d, unless specified otherwise. We prove that ¢ € C?%(B,(P,) N Qt(¢))
for sufficiently small p > 0, depending only on the data and §, and

(6.75) 1l oo B, PIRET @) < C
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We follow the proof of Lemma 6.6. Since By(Py) N Q+(¢) C D' for small
0, we work in the (z,y)—coordinates. We use the notations B and B;™,
introduced in Step 1 of Lemma 6.6, and consider the function

1
v(z,y) = Ew(@x, 0y).
Then, by (6.10), v satisfies
(6.76) 10l] o (g 4y < 20% <1,

where the last inequality holds if C in (5.16) is sufficiently large. Moreover, v
is a solution of

(6.77) A%)vm + 21215%)1)331/ + Agg)vyy + /igg)vm + Agg)vy =0 in B;Jr,
(6.78) v=0 on Bon{x =0,y >0},
(6.79) v, =v,=0 on BanN{y =0,z >0},

with (AEJQ),AZ(Q)) = (Agf),Agg))(Dv,x,y), where we use (6.2) to find that, for
(z,y) € Bf T, peR? 4,5 =1,2,
(6.80)

A (p,x.y) = A (p, oz, 0y) + 6,
W p,2,y) = A% (p,2,y) = Aia(p, oz, 0y),
A (p,2,y) = Asa(p, o, 0y) + (02_;5@36)2,

Ag@ (p,x,y) = 0A1(p, 0z, 0y) + ——, /159) (p,x,y) = 0Aa(p, oz, 0y),
(c2 — ox)

Y

with A;; and A; as in Lemma (5.3). Since ¢ < 1, AEJQ) and Agg) satisfy the
)

assertions of Lemma 5.3(i)—(ii) with the unchanged constants. Moreover, Agi ,
Agg), and Agg) satisfy the property in Lemma 5.3(iii). The property in Lemma
5.3(iv) is now improved to
(6.81)

(AR, A3, A ()| < Colal, DA, A, AYY)(a.y)]| < Cloa|'/2

Combining the estimates in Theorems A.1 and A.3—A.4 with the argument
that has led to (6.34), we have

(6.82) o]l <C,

CQ’“(B;/J;\BT/;
where C' depends only on the data and § > 0 by (6.76), since flgf) and flgg)
satisfy (A.2)—(A.3) with the constants depending only on the data and §. In
particular, C' in (6.82) is independent of p.

We now use the domain D+ introduced in Step 2 of the proof of Lemma
6.6. We prove that, for any g € C*(D*+) with ||g||CQ(W) < 1, there exists a
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unique solution w € C%%(D*+) of the problem:

(6.83 Ag?)wm + flgg)wyy + Agg)wz =g in DT,
(6.84 w=0 on DT N{x =0,y >0},

(

(6.86 w=0 on DTt N{x >0,y > 0},

Al(f), Agg)) = (A(Q) Agg))(Dw,:c,y). Moreover, we show

i )

)
)
6.85) wy, = wy =0 on DTt N{x >0,y =0},
)
(
)

kucz,a(ﬁ) § C,

where C' depends only on the data and is independent of p. For that, similar
to Step 2 of the proof of Lemma 6.6, we consider the even reflection DT of
the set D", and the even reflection of (U,g,flg‘i),flgg),flgg)) from E to
B7;, without change of notation, where the even reflection of (/lgﬁ), flgg) ) Agg)),
which depends on (p, z,y), is defined by

AP(p,w,—y) = AP (p,,y), AP (p,w,—y) = AP (p,,y)  for (a,y) € B,
Also, denote by © the restriction of (the extended) v to dD*. It follows

from (6.78)—(6.79) and (6.82) that © € C*>*(9D™) with

(6.88) 0]l c2.eap+) < C,

depending only on the data and é. Furthermore, the extended ¢ satisfies

g € C*(D7) with |lgllcemry = l9llcers@mr < 1. The extended Aff, ALY,

and Agg) satisfy (A.2)-(A.3) in DT with the same constants as the estimates

satisfied by A; and A; in Q7 (¢). We consider the Dirichlet problem

(6.89) AQw,, + A%w,, + APw, =g  in DY,

(6.90) w="7 on ODT,

with (A(Q) Agg)) = (A(Q) Agg))(Dw,x, y). By the Maximum Principle,

i
[0l Lty <2l L (D4)-

Thus, using (6.88), we obtain an estimate of [|[w||(p+). Now, using Theorems
A.1 and A.3 and the estimates of HgHCQ(ﬁ) and |9]|c2.(9p+) discussed above,

we obtain the a-priori estimate for the C%“—solution w of (6.89)(6.90):

(691) Hw||cza(ﬁ) S C7

where C' depends only on the data and §. Moreover, for every w € C*(DT),
the existence of a unique solution w € C2’O‘(F) of the linear Dirichlet problem,
obtained by substituting w into the coefficients of (6.89), follows from [20,
Theorem 6.8]. Now, by a standard application of the Leray-Schauder Theorem,
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there exists a unique solution w € C>®(D+) of the Dirichlet problem (6.89)-
(6.90) which satisfies (6.91).

From the structure of equation (6.89), especially the fact that Agﬁ), Ag‘g),
and flgg) are independent of ps by Lemma 5.3 (iii), and from the symmetry
of the domain and the coefficients and right-hand sides obtained by the even
extension, it follows that w, defined by w(x,y) = w(z, —y), is also a solution
of (6.89)—(6.90). By uniqueness for problem (6.89)—(6.90), we find w(x,y) =
w(z,—y) in D*. Thus, w restricted to DT is a solution of (6.83)-(6.86),
where (6.84) follows from (6.78) and (6.90). Moreover, (6.91) implies (6.87).

The uniqueness of a solution w € C*%(D++) of (6.83)—(6.86) follows from
the Comparison Principle (Lemma 6.3).

Now we prove the existence of a solution w € C*®(D+T) of the problem:
(6.92)
Agﬁ)wm + QAgg)wzy + Agg)wyy + Agg)ww + flgg)wy =0 in Dt
w=0 on DT N{x =0,y >0},
w,=wy, =0 on DTt N{y=0,2>0},
w=v on dDTTN{z>0,y>0}

where (AEJQ),AZ(Q)) = (Agf),Agg))(Dw,:c,y). Moreover, we prove that w satis-
fies

(6.93) [0l oo prry < €

for C' > 0 depending only on the data and §.
Let N be chosen below. Define

(6.94) S(N) = {W € C**(D™F) : |W|guprry < N}

We obtain such w as a fixed point of the map K : S(N) — S(N) defined
as follows (if R is small and N is large, as specified below). For W € S(N),
define

(6.95) g= —Q/Algg) (2, Y)Wy — flgg) (z,y)Wy.

By (6.81),
”g”(j’a(m) <CN,/0<1,

if o < po with gy = ﬁ, for C depending only on the data and §. Then,
as we have proved above, there exists a unique solution w € CQ’O‘(F) of
(6.83)—(6.86) with g defined by (6.95). Moreover, w satisfies (6.87). Then, if
we choose N to be the constant C' in (6.87), we get w € S(NN). Thus, N is
chosen depending only on the data and §. Now our choice of gy = ﬁ and

0 < 0o (and the other smallness conditions stated above) determines g in terms
of the data and §. We define K[W] := w and thus obtain K : S(N) — S(N).
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Now the existence of a fixed point of K follows from the Schauder Fixed
Point Theorem in the following setting: From its definition, S(IV) is a compact
and convex subset in C>%/2(D++). The map K : S(N) — S(N) is continuous
in C%*/2(D*+): Indeed, if W), € S(N) for k = 1,..., and W}, — W in
C%2/2(DH+), then it is easy to see that W € S(N). Define gy and g by (6.95)
for W), and W respectively. Then g, — ¢ in C%/ 2(F) since (Alg,Ag) =
(A1a, A3)(x,y) by Lemma 5.3(iv). Let wy, = K[W;]. Then w;, € S(N), and
S(N) is bounded in C**(D++). Thus, for any subsequence wy,, there exists
a further subsequence wy, —converging in C%/2(D++). Then the limit @
is a solution of (6.83)—(6.86) with the limiting function g in the right-hand
side of (6.83). By uniqueness of solutions in S(N) to (6.83)—(6.86), we have
w = K[W]. Then it follows that the whole sequence K [W}] converges to K [W].
Thus K : S(N) — S(N) is continuous in C>*/2(D++). Therefore, there exists
w € S(N) which is a fixed point of K. This function w is a solution of (6.92).

Since v satisfies (6.77)—(6.79), it follows from the uniqueness of solutions
in C(D*H) N CYD++\ {z = 0}) N C?*(D*T) of problem (6.92) that w = v in
D**. Thus, v € C%%(D*+) and satisfies (6.75).

Step 5. It remains to make the following estimate near the corner Pi:

—1l—«, P1
(6.96) IllS aasdY <,

where C depends only on the data, o, and §.

Since 1) is a solution of the linear equation (6.13) for 1]) = 1 and satisfies the
boundary conditions (5.30)—(5.33), it follows from Lemma 6.7 that ¢ satisfies
(6.46) with constant C' depending only on the data and 4.

Now we follow the argument of Lemma 6.7 (Step 4): We consider cases
(i)—(iii) and define the function v(X,Y) by (6.64). Then % is a solution of
the nonlinear equation (6.2). We apply the estimates in Appendix A. From
Lemma 5.3 and the properties of the Laplacian in the polar coordinates, the
coefficients of (6.2) satisfy (A.2)—(A.3) with A depending only on the data
and J. It is easy to see that v defined by (6.64) satisfies an equation of the
similar structure and properties (A.2)—(A.3) with the same A\, where we use
that 0 < d < 1. Also, v satisfies the same boundary conditions as in the proof
of Lemma 6.7 (Step 4). Furthermore, since v satisfies (6.46), we obtain the
L™ estimates of v in terms of the data and ¢, e.g., v satisfies (6.65) in case
(iii). Now we obtain the C*%estimates of v by using Theorem A.1 for case
(i), Theorem A.3 for case (ii), and Theorem A.4 for case (iii). Writing these
estimates in terms of 1, we obtain (6.96), similar to the proof of Lemma 6.7
(Step 4).

Step 6. Finally, we prove the comparison principle, assertion (iv). The
function u = 11 — 12 is a solution of a linear problem of form (6.13), (5.30),
(5.32), and (5.33) with right-hand sides Ns(11) — N5(12) and By (¢1) — Bi(12)
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for k = 1,2, 3, respectively, and v > 0 on ['spnc. Now the comparison principle
follows from Lemma 6.3. O

Using Lemma 6.8 and the definition of map J in (6.12), and using Lemma
6.9 and the Leray-Schauder Theorem, we conclude the proof of Proposition
6.1. O

Using Proposition 6.1 and sending § — 0, we establish the existence of a
solution of problem (5.29)—(5.33).

PROPOSITION 6.2. Let 0,6, My, and Ms be as in Proposition 6.1. Then

there exists a solution ¢ € C(Q2t(p)) N CHOQAH (@) \ Tsonic) N C*(QT(P)) of
problem (5.29)~(5.33) so that the solution v satisfies (6.9)—(6.11).

Proof. Let § € (0,d9). Let 15 be a solution of (6.1) and (5.30)—(5.33)
obtained in Proposition 6.1. Using (6.11), we can find a sequence 6; for j =
1,... and ¢ € CYHQ(¢) \ Tsonic) N C2(2F(¢)) such that, as j — oo, we have

(i) 65 = 0;
(ii) ¥s5, — ¢ in CH(QT(¢)) for every s € (0,c2/2), where QF (¢) = QT (¢) N
{ca =7 > s}

(iii) 15, — ¥ in C*(K) for every compact K C Q(¢).

Then, since each 15, satisfies (6.1), (5.30), and (5.32)-(5.33), it follows that
v satisfies (5.29)-(5.30) and (5.32)—(5.33). Also, since each v, satisfies (6.9)—
(6.11), v also satisfies these estimates. From (6.10), we conclude that i) €
C(2(¢)) and satisfies (5.31). O

7. Existence of the Iteration Map and Its Fixed Point

In this section we perform Steps 4-8 of the procedure described in §5.6. In
the proofs of this section, the universal constant C' depends only on the data.

We assume that ¢ € K and the coefficients in problem (5.29)—(5.33) are
determined by ¢. Then the existence of a solution ¢ € C(QF(¢))NCH(Q+(¢)\
TCsonic) N C2(Q21(9)) of (5.29)—(5.33) follows from Proposition 6.2.

We first show that a comparison principle holds for (5.29)—(5.33). We use
the operators A/ and M introduced in (5.29) and (5.30). Also, for u > 0, we
denote

Q+,M(¢) = Q+(¢> N {C2 —r< ,u‘}a thock(d)) = FShOck(¢) N {CQ —r< /J,},
Fluvedge 1= Diedge N {c2 — 7 < p}.
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LEMMA 7.1. Leto,e, My, and My be as in Proposition 6.2, and u € (0, k),

where k is defined in §5.1. Then the following comparison principle holds: If
1,109 € C(QTH(9)) N CHOQHH(P) \ Tsonic) N C2(QTH(9)) satisfy that

N) SN@2)  in Q7 (g),
M(91) < M(3b2) on thock(ﬁb)a
81/¢1 < 61/77/)2 on I

wedge’

¢1 > ¢2 on Usonic and Q+(¢) N {02 —r = u},

then
Y1 > o in QHH

Proof. Denote X, := QF(¢)N{co—r = pu}. If p € (0, k), then QT+ (¢) =
thock(qb) U Fﬁ)edge U Fsonic U ZM'

From N (¢1) < N (1), the difference 1)1 — 15 is a supersolution of a linear
equation of form (6.13) in Q™#(¢) and, by Lemma 5.2 (i), this equation is
uniformly elliptic in Q7#(¢) N {ca —r > s} for any s € (0,u). Then the
argument of Steps (i)—(ii) in the proof of Lemma 6.3 implies that ¥ — 1y
cannot achieve a negative minimum in the interior of Q™ (¢) N {cy — 7 > s}
and in the relative interiors of I, . (¢)N{co—r > s}and I’ , N{co—r > s}.

wedge

Sending s — 0+, we conclude the proof. O

LEMMA 7.2. A solution 1) € C(Qt(¢)) NCHQH(¢) \ Tsonic) N C2(Q2F(9))
of (5.29)—(5.33) is unique.

Proof. If 11 and 19 are two solutions, then we repeat the proof of Lemma
7.1 to show that ¢1 — 1 cannot achieve a negative minimum in Q% (¢) and in
the relative interiors of I'spocr(¢) and I'yeqge. Now equation (5.29) is linear,
uniformly elliptic near Yo (by Lemma 5.2), and the function 11 — v is C* up
to the boundary in a neighborhood of ¥j. Then the boundary condition (5.33)
combined with Hopf’s Lemma yields that ¥ — 12 cannot achieve a minimum
in the relative interior of 3y. By the argument of Step (iii) in the proof of
Lemma 6.3, ¥; — 12 cannot achieve a negative minimum at the points P and
P3. Thus, 11 > 19 in QT (¢) and, by symmetry, the opposite is also true. [

LEMMA 7.3. There ezists C > 0 depending only on the data such that,
if 0,e, My, and My satisfy (5.16), the solution ¢ € C(Q+(¢)) N CHOQH (o) \
Csonic) N C3(QF(4)) of (5.29)-(5.33) satisfies

(7.1) 0 < (z,y) < maﬂ in Q(¢) = Q% (g).
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Proof. We first notice that ¢» > 0 in Q7 (¢) by Proposition 6.2. Now we
make estimate (7.1). Set

3 2

w(z,y) = mm .

We first show that w is a supersolution of equation (5.29). Since (5.29)
rewritten in the (x,y)-coordinates in Q'(¢) has form (5.42), we write it as

Ni() + Na(¢) =0,

where

- 1
M) = (20 = (0 + D0 () aw + -t —
No() = Otz + OF by + OFthy, — OFth, + O,
Now we substitute w(z,y). By (5.37),
“)=0GeTn) s

thus
6

N1<w) = —mx.

Using (5.44), we have

6

= 6x
IREICESY

WO?(Dw,w,y) < C2’? < ey,

Na(w) Of(Dw, ,y) +
where the last inequality holds since z € (0,2¢) in €/(¢). Thus, if € is small,

we find

N(w) <0 in Q(¢).

The required smallness of ¢ is achieved if (5.16) is satisfied with large C.
Also, w is a supersolution of (5.30): Indeed, since (5.30) rewritten in the
(z,y)—coordinates has form (6.6), estimates (6.8) hold, and = > 0, we find

2

M(w) = by (z,y) z + bs(x, ) 22 <0 on Typeer(d) ND.

6
5(v+1) 5(v+1)

Moreover, on I'yedge, wy = wy = 0 = 2,. Furthermore, w = 0 = 1 on
Tsonic and, by (6.9), ¥ < w on {x = 2} if

Co < &2,

where C is a large constant depending only on the data, i.e., if (5.16) is satisfied
with large C'. Thus, 1 < w in Q'(¢) by Lemma 7.1. O
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We now estimate the norm H@b”épz%(d)) in the subdomain Q' (¢) := Q*(¢)N

{cg —r < e} of V(¢) :=QF(¢) N{ca —r < 2¢}.

LEMMA 7.4. There exist C’, C > 0 depending only on the data such that,
if o,e, My, and My satisfy (5.16), the solution ¥ € C(Q+(¢)) N CHQF (o) \
Csonic) N C3HQT(0)) of (5.29)—(5.33) satisfies

(72) [0I52, < C-

Proof. We assume C in (5.16) is sufficiently large so that o, e, M7, and Mo
satisfy the conditions of Lemma 7.3.

Step 1. We work in the (x,y)-coordinates and, in particular, we use
(5.25)—(5.26). We can assume £ < x/20, which can be achieved by increasing
C in (5.16).

For z := (x,y) € V(¢) and p € (0,1), define
(7.3)

R.,:= {(s,t) Dols—z| < gx, It —y| < Zﬁ}, R.,:=R.,NnQ%(¢).
Since Q' (¢) = QT (p) N {c2 — r < 2¢}, then, for any z € V' (¢) and p € (0, 1),
(7.4) R.,C QT (¢)N{(s,t) : %x <s< Zw} C Q' (9).

For any z € ¢V (¢), we have at least one of the following three cases:

(i) R.1/10 = R.1/105
(ii) 2 € R, 1/2 for zyy = (2,0) € Tyedge;
(iii) z € R, 1o for zs = (, f¢(x)) € Tsnock ().

Thus, it suffices to make the local estimates of D1 and D?3 in the following
rectangles with zg := (2, yo):

(i) R.,1/20 for 20 € Q'(¢) and R, 1/10= Rz0,1/10;
(ii) Ray 12 for 20 € Tyedge N {x < €};

(iii) Rz0,1/2 for zy € Fshock(¢) N {SE < 8}.
Step 2. We first consider case (i) in Step 1. Then
x i)
R, 110 = {(z0 + ZOS, Yo + %T) : (8,T) € Qiio},
where Q, := (—p, p)? for p > 0.
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Rescale ¢ in R, 1,19 by defining

1 T VT
(75)  @*US.T) = e+ FSpo+ Y 7T)  for (S.T) € Quo.
0

Then, by (7.1) and (7.4),
(7.6) 15N ogrm < 1/ + 1)

Moreover, since v satisfies equation (5.42)—(5.43) in R, ; /19, then () satisfies
47
1+5/4

1 20 20 1 520 20 »20 20
(g, + 005" U — (w00 G+ B0 = 0

1 2o 20 »20 20
(7.1 (A+39@ -0+ Da57) + 20 ol + w0y

in Qy/109, where
(7.8)
O7* (p, 5,T) = 4 4 30 (204 5/0)2 (1285) — 16165P?)
_’YT_Zl (¢(zo) 4 (cr%%%wng)P)’
O~(21)’ZO (p, S, T) = _62(02_%(81_,_5/4))2 (4330¢59<Z0) +co —xo(1+ S/4))¢¥0),
09 (p, . 1)

= Cz(CQ—xO%I—‘,—S/Z,L))? {(1 + S/4) (22 — zo(1 + S/4))
(= 1) (508%) + (e — mo(1+ S/0)(1 + S/4)G1 (777) + S0l0§”)2)
—(crg?fa%xaasw},
0y (p,S,T) = c_m(lwﬂ){l +8/4— 22 (xoqb(ZD) + 8o 02
'W@—%“+5“»O+SMKMJQQ+@jﬁﬁg%y }

02 (p, 8,T) = —re-Srrsymye (42065” + 22 — 220(1 + S/4)) 5,

where ¢(*) is the rescaled ¢ as in (7.5). By (7.4) and ¢ € K, we have
16 e < CM

and thus

(7.9) [ted <C(+M}), k=1,...,5.

CHQ{) xR2) —
Now, since every term O,(f’zo) in (7.7) is multiplied by zg* with 55 > 1 and
zo € (0,¢), condition (5.16) (possibly after increasing ') depending only on
the data implies that equation (7.7) satisfies conditions (A.2)-(A.3) in Q10
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with A > 0 depending only on cg, i.e., on the data by (4.31). Then, using
Theorem A.1 and (7.6), we find

(7.10) 19l (i) < C-

Step 3. We then consider case (ii) in Step 1. Let 29 € I'yeqge N {x < €}.
Using (5.25) and assuming that o and ¢ are sufficiently small depending only
on the data, we have R, 1 NOQ"(¢) C I'yedge and thus, for any p € (0, 1],

4

The choice of parameters for that can be made as follows: First choose o small
so that |€ — & ] < [€]/10, where ¢ is defined by (3.3), which is possible since
& — € as 0, — /2, and then choose € < (|£]/10)2.

Define ¢(*0)(S, T) by (7.5) for (S,T) € Q1 N {T > 0}. Then, by (7.1) and
(7.4),

(7-11) ||¢(ZO)||C(@0{T20}) S 1/(7 + 1)'

Moreover, similar to Step 2, ¢(*0) satisfies equation (7.7) in Q; N {T > 0}, and
the terms O,(f’z” satisfy estimate (7.9) in @1 N{T > 0}. Then, as in Step 2, we
conclude that (7.7) satisfies conditions (A.2)—(A.3) in @1 N {7 > 0} if (5.16)
holds with sufficiently large C'. Moreover, since ¢ satisfies (5.32), it follows
that

R, ,= {(xo + %S,yg + @T) (S, T)eQ,n{T > 0}}

oy =0 on {T=0}NQyp.
Then, from Theorem A .4,
(7.12) ||¢(Z°)||cz,a(QT/2m{Tzo}) =C.

Step 4. We now consider case (iii) in Step 1. Let zg € Ispock (@) N{z < £}.
Using (5.25) and the fact that yo = f¢(fv0) for zo € Tspock (@) N {z < €},
and assuming that o and ¢ are small as in Step 3, we have R, 1 N IQT(¢) C
Cshock(¢) and thus, for any p € (0, 1],

Ry = { (oot 2S00+ Y{0T) & (S.7) € Qo T < V1 Fy ()}

4
with R .
o Q) _
0 81/4\/%
Then we use (5.27) and zp € (0, 2¢) to obtain
F(Zo)(o) = 07

£ £ (10,260

1/4
[ Foller-1/2,172) < VI < C(1+ Mye)e/'*,

TN - £ 2 (0,26 T3 + (5] ewo 2,000+
Collo-1/21/2) < PRV

< C(1+ M)/,
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and thus, from (5.16),
(7.13) 1ol —1/2,102) < C/C <1

if C is large. Define ¢(*)(S,T) by (7.5) for (S,T) € Q1 N{T < e/4F,(S)}.
Then, by (7.1) and (7.4),

(7.14) ||¢(ZO)||o(@m{T§F(ZO)(5)}) <1/(v+1).

Similar to Steps 2-3, (%) satisfies equation (7.7) in Q1 N {T < 51/4F(z0)(5)}
and the terms é,fzo satisfy estimate (7.9) in Q1 N{T < 51/4F(Z0)(S)}. Then,
as in Steps 2-3, we conclude that (7.7) satisfies conditions (A.2)—(A.3) in Q1 N
{T < 61/4F(ZO)(S)} if (5.16) holds with sufficiently large C. Moreover,
satisfies (5.30) on I'spock (@), which can be written in form (6.6) on I'specx(¢) N
D’. This implies that ¢(*) satisfies

D5t = &4 (Bodry®) + B ™)) on {T ="/ F.,)(8)} N Qupo,

where
\/xoi)g oly) VX0
B T = -—Y—-2= - vy
2(5,T) 81/4b1(:vo+45,yo+ D),
xo i)g xo Vo
B3(S5,T) = —— = — ~—T).
5(5,7) 481/4b1(330+457y0+ 7 1)
From (6.8),

H(B%BB)H1,a,@m{T§el/4F(zo)(5)} < C'<‘51/4]\/~"1 < C/é <L
Now, if ¢ is sufficiently small, it follows from Theorem A.2 that
(7.15) 16 oo @rranir<era by o)) < C

The required smallness of ¢ is achieved by choosing large C in (5.16).

Step 5. Combining (7.10), (7.12), and (7.15) with an argument similar to
the proof of [20, Theorem 4.8] (see also the proof of Lemma A.3 below), we
obtain (7.2). O

Now we define the extension of solution ¢ from the domain Q27 (¢) to the

domain D.

LEMMA 7.5. There exist C’, C1 > 0 depending only on the data such that,
if o,e, My, and My satisfy (5.16), there exists Ca(€) depending only on the data
and € and, for any ¢ € I, there exists an extension operator

Py : CH*(QF(9)) N C**(Q+(4) \ Tsonic U S0) — CH*(D) N C**(D)

satisfying the following two properties:
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() If p € CH¥(Qt () N C2¥(QH () \ Tsonic U Xo) is a solution of problem

(5.29)—(5.33), then
(7.16) IPslIFe), < O,
(7.17) 1Pswlls oo™ < Cale)os

(ii) Let B € (0,c). If a sequence ¢, € K converges to ¢ in CYP(D), then
¢ € K. Furthermore, if ¥, € CH(QF(¢1)) N C2X(QF (é1) \ Tsonic U X0)
and ¢ € CH(QH(¢)) N C?(QH (@) \ Tsonic U X0) are the solutions of
problems (5.29)~(5.33) for ¢y and ¢ respectively, then Py, 1 — Pytb in
CY8(D).

Proof. Let k > 0 be the constant in (5.25) and ¢ < k/20. For any
¢ € K, we first define the extension operator separately on the domains 2 :=
QT (@) N{ca —r < k} and Qg := QT (¢) N {ca — r > k/2} and then combine
them to obtain the operator Py globally.

In the argument below, we will state various smallness requirements on o
and e, which will depend only on the data, and can be achieved by choosing
C sufficiently large in (5.16). Also, the constant C' in this proof depends only
on the data.

Step 1. First we discuss some properties on the domains Q*(¢$) and D to
be used below. Recall £ < 0 defined by (3.3), and the coordinates (£1,7;) of
the point P; defined by (4.6). We assume o small so that |£ — &| < |€|/10,
which is possible since &1 — £ as 6, — 7/2. Then & < 0. By (5.24) and
Py € Tgpock (), it follows that

(7.18) Danock(¢) C DN{E < & + /4.
Also, choosing £'/4 < |€|/10, we have
(7.19) G +e/t<é/2<0.

Furthermore, when ¢ is sufficiently small,
(7.20)
if (&,m) e DN{E <&+, (¢n) €D, and & > €, then €] < [¢].

Indeed, from the conditions in (7.20), we have
—ep<E<b+et<E/2<0.

Thus, |&'| < [£] if € < 0. It remains to consider the case ¢ > 0. Since
D C B, (0) N {¢ < ncot by}, it follows that || < cacosb,. Thus [¢'| < [¢] if
ca cos By, < [€]/2. Using (4.31) and (3.1), we see that the last inequality holds
if o > 0 is small depending only on the data. Then (7.20) is proved.

Now we define the extensions.
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Step 2. First, on Qq, we work in the (z,y)—coordinates. Then ©; = {0 <
r <k, 0<y< fg(x)} by (5.25). Denote Q4 = (0,%) x (a,b). Define the
mapping P : Q —00,00) 7 Q (—00,00) by

O(z,y) = (z,1—y/fy(x)).

The mapping ® is invertible with the inverse ®~!(z,y) = (z, f¢(:c)(1 —y)). By
definition of ®,

q)(Ql) = Q(O,1)7 Q(Fshock«b) n {O <z < ’i}) = (07 K‘) x {O}a
(721) ®(DN{0 <z <kK})C Q1)

where the last property can be seen as follows: First we note that f¢($) >

fgo() > 0 for z € (0,k) by (5.8) and (5.26), then we use DN{0 < z < K} =
{0<a:</<a,0<y<fo( )} and (5.27) to obtain —2~ >0on DN{0 < z < Kk}

fo(x)
and

Y fO() -1
v X o
epeonticsc) Jo(@) el fol@) Ty e~ llcws

<1 —l—C(MlE—I-MQO') < 2,

if Mie and Myo are small, which can be achieved by choosing C in (5.16)
sufficiently large.
We first define the extension operator:

&2 : CM(Qo)NC* Qo \z = 0}) — CV Q1 n)NC* Q1,1 \{z = 0})
for any 3 € (0,1]. Let v € C ﬁ(Q( 1)) NC? B Q1) Q0,1) \{z = 0}). Define &v = v
in Q,1)- For (z,y) € Q1) define

3

(7.22) Ev(z,y) = Zaw(z,—%),

i=1
where a1 = 6, ag = —32, and a3z = 27, which are determined by Zf’zl a; (—%)m =
1 form=0,1,2.
Now let 1) € C1(QF(p)) N C2¥(Q+(¢) \ Tsonic U Xo). Let
v=1|g, o ® L

Then v € CP(Q0,1)) NC*?(Q(o,1) \{z = 0}). By (7.21), we have DN {cy—7 <
Kk} C &~ (Q(—Ll)) Thus, we deﬁne an extension operator on ; by

Pé@b:(é’gv)ocb on DN{ca —r < K}

Then 7?¢1/J € CH*(Dy) N C?*Y(Dy \ Tsonic) with Dy := DN {co — 7 < K}.
Next we estimate 73;5 separately on the domains D' = DN {co — r < 2¢}
and Dy N {CQ —-r > 6/2}
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In order to estimate the Holder norms of 73(11) on D', we note that ®(Q(¢)) =
(0,2¢) x (0,1) and D' € ®71((0,2¢) x (—1,1)) in the (x,y)-coordinates. We
first show the following estimates, in which the sets are defined in the (z,y)-
coordinates:

(7.23) o @M P20 ooy < CllS T for any v e CEUL Lo,

(7‘24) Hw o (I)HQPSTD' < CH HQP;W() 2e)x(—1,1) for any w € C’(par()() e)x(—1,1)°

ar ar (par)
(7.25) ”gQUHQPa (0,26)x(~1,1) = Cllv HQPa (0,2¢)x(0,1) for any v € C2?o¢,(0,26)><(—1,1)'

To show (7.23), we denote v = 1) o @~ and estimate every term in defi-
nition (5.11) for v. Note that v(z,y) = ¥(z, fs(x)(1 — y)). In the calcu-
lations below, we denote (U,DU,DQU) = (UA, DU,D?’U)A(J},E/), (v, Dyp, D)) =
(6, D, D20)(a, fow) (1 — ), and (F, f1 J2) = (o F 2)(x). We use that,
for z € (0,2), 0 < Myz < 2Mje < 2/C by (5.16). Then, for any (z,y) €
(0,2¢) x (0,1), we have

ol =[] < 191570 )72
ol = s+ (1= ) ol < IIITe, ) (2 + 6201+ M) < ClIEe 2,

|Vez| = |Yze +2(1 — ?J)@Z)xyﬁ;b +(1-y) 1/@;,(]{2,)2 + (1= y)y ¢|

> kugpirg () (1 + 111/2(]_ + MlJU) + 1;(1 + MlLU)Q 4 M1$3/2>

<CIlIPT 0 o)

The estimates of the other terms in (5.11) for v follow from similar straightfor-
ward (but lengthy) calculations. Thus, (7.23) is proved. The proof of (7.24) is
similar by using that f¢(1:) > f0.0(0)/2 > 0 for € (0, ) from (5.8) and (5.26)
and that fo0(0) depends only on the data. Finally, estimate (7.25) follows
readily from (7.22).

Now, let ¢ € CH(QF(¢)) N C*¥(QF(¢) \ Tsonic U X0) be a solution of
(5.29)—(5.33). Then

PSS = l1Ea(la, 0 @71 0 B|IFT), < CllEa(la, © @) IT ) ooy (—1y

<Clla, 0 T 0o vomy < CIEIT Y < Co

where the first inequality is obtained from (7.24), the second inequality from
(7.25), the third inequality from (7.23), and the last inequality from (7.2).
Thus, (7.16) holds for 73(]15.

Furthermore, using the second estimate in (5.27), noting that Mo < 1
by (5.16), and using the definition of 73; and the fact that the change of
coordinates (z,y) — (£,7n) is smooth and invertible in DN {e/2 < = < Kk}, we
find that, in the (£, n)—coordinates,

(726) H,quﬁw HCQvu(ﬁﬂ{a/QSCQ—TSR}) < C”w”c’la((ﬁ (p)n{e/2<ca—r<kK})"
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Step 3. Now we define an extension operator in the (&, n)—coordinates.
Let
€2 : C1([0,1] x [=v2,m]) N C?([0,1] x (~v2,m])
— CH([~1,1]  [~v2,m]) N C*([=1,1] x (—v2, 1))
be defined by

Ev(X,Y) Zal —,, for (X,Y) e (—1,0) x (—va,m),
where a1, a2, and a3 are the same as in (7.22).

Let 2 := Q1(¢) N {0 < n < m}. Define the mapping ¥ : Oy — (0,1) x
(—v2,m) by

W(E,n) = (ncoigwff(?i(n)m),

where fy(-) is the function from (5.21)—(5.22). Then the inverse of W is

VHX,Y) = (fo(Y) + X(Y cot b — fu(Y)),Y),
and thus, from (5.24),

1-0,[0,1]x{~v2,m}) <C.

(7.27) ()P gt ||2a(01)x( va,m)

2,0,
Moreover, by (5.24), for sufficiently small ¢ and o (which are achieved by
choosing large C in (5.16)), we have DN {—vy < n < m} C ¥=1([-1,1] x
[—v2,m1]). Define

Pq%w = gg(wo\Il_l)o\I/ on DN{—vy <n<m}
Then Pgw € CH¥(D) N C?**(D \ Tsonic U Xo) since D\ Q1 (¢) C DN {~vy <

n < m}. Furthermore, using (7.27) and the definition of sz), we find that, for
any s € (—va,m,

a,X 1—o,{P>,Ps
(7.28) 1P2IS o) o < Clm = s)llS Lgdrath

where C(n; — s) depends only on the data and 7 — s > 0.

Choosing C large in (5.16), we have ¢ < £/100. Then (5.25) implies that
there exists a unique point P’ = Tgpock(¢) N {ca — 1 = k/8}. Let P’ = (¢, 1)
in the (&, n)-coordinates. Then 1’ > 0. Using (7.18) and (7.20), we find

(D\ QY (@) N{ca—r>r/8 CcDN{n<n'},

QT (@) {n <0’} cQT(¢)N{ea — 7 > K/8}.
Also, K/C <m —1n < Ck by (5.22), (5.24), and (4.3). These facts and (7.28)
with s = n imply

1 aZo) 1 Q{PQ,P;;})
(729) ||7D¢¢”20¢Dﬁ{02 —r>k/8} = C||1/J||2aﬂ+ (p)N{c2—r>rK/8}"
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Step 4. Finally, we choose a cutoff function ( € C*°(R) satisfying
(=1lon (—oo,k/4), ¢(=0on (35/4,00), ¢ <0 onR,
and define

Potp = (e — )Py + (1 = C(ca —7))P3yy  in D,
Since Pé&b =1 on QT () for k = 1,2, s0is Pytp. Also, from the properties of 77;2'

above, Py € CH(D)NC**(D) if ¢ € CH*(QF(¢))NC**(QF(¢)\Tsonic U Xo)-
If such ) is a solution of (5.29)—(5.33), then we prove (7.16)—(7.17): Pyyp = 77(1151/1
on D' by the definition of ¢ and by £ < k/100. Thus, since (7.16) has been
proved in Step 2 for 73;51!1, we obtain (7.16) for Pyip. Also, 9 satisfies (6.11)
by Proposition 6.2. Using (6.11) with s = /2, (7.26), and (7.29), we obtain
(7.17). Assertion (i) is then proved.

Step 5. Finally we prove assertion (ii). Let ¢, € K converge to ¢ in
CY8(D). Then obviously ¢ € K. By (5.20)-(5.22), it follows that

(7.30) foo = fo in CYP([—va,m)),

where f4,, fs € Cé;l(_jj’j;f)z’m}) are the functions from (5.21) corresponding to

Ok, ¢, respectively. Let ¢, € CH(Q+(¢r)) N C**(QF (¢r) \ Tsonic U Do) be
the solutions of problems (5.29)—(5.33) for ¢y, ¢. Let {1y, } be any subsequence
of {Yx}. By (7.16)—(7.17), it follows that there exist a further subsequence
{k,, } and a function ¢ € C1*(D) N C**(D) such that

Po. Uk, — U in C%%/2 on compact subsets of D and in C1*/2(D).

Then, using (7.30) and the convergence ¢, — ¢ in C%(D), we prove (by the
argument as in [10, page 479]) that 1) is a solution of problem (5.29)—(5.33) for
¢. By uniqueness in Lemma 7.2, ¢ = 1 in Q7 (¢). Now, using (7.30) and the
explicit definitions of extensions P(;ls and 733), it follows by the argument as in
(10, pp. 477-478] that

(P, (Yh,,) = CPi(dar)  in CY(D),
L =QOP3,, (k) = (1= OP;(Pjars) in C'7(D).

Therefore, 1 = ¢ in D. Since a convergent subsequence {r,,, } can be ex-
tracted from any subsequence {1y} of {¢)x} and the limit ¢/ = 9 is indepen-
dent of the choice of subsequences {¢,, } and {¢y,, }, it follows that the whole
sequence 1, converges to ¢ in C%(D). This completes the proof. O

Now we denote by Cy the constant in (5.16) sufficiently large to satisfy
the conditions of Proposition 6.2 and Lemma 7.5. Fix C' > Cp. Choose
M; = max(2C1, 1) for the constant C in (7.16) and define € by (5.63). This
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choice of € fixes the constant Ch(e) in (7.17). Define My = max(Ca(e),1).
Finally, let K
Ct—e—el/*Mmy 9
= 6 .
2 (M3 + e? max (M, My))

00

Then og > 0, since ¢ is defined by (5.63). Moreover, oy, €, M;, and Ms depend
only on the data and C. Furthermore, for any o € [0, 00|, the constants o, €,
My, and My satisfy (5.16) with C' fixed above. Also, 1 > 0 on Q1 (¢) by (6.9)
and thus

(7.31) Pyp>0  onD

by the explicit definitions of ’Pdl), 733), and Py. Now we define the iteration map
J by J(¢) = Pgyp. By (7.16)—(7.17) and (7.31) and the choice of o, &, My,
and Ms, we find that J : K — K. Now, K is a compact and convex subset of
C%*/2(D). The map J : K — K is continuous in C*/2(D) by Lemma 7.5(ii).
Thus, by the Schauder Fixed Point Theorem, there exists a fixed point ¢ €
of the map J. By definition of J, such v is a solution of (5.29)—(5.33) with
¢ = 1. Therefore, we have

PROPOSITION 7.1. There exists Coy > 1 depending only on the data such
that, for any C > Cy, there exist oo, > 0 and My, My > 1 satisfying (5.16) so
that, for any o € (0, 00|, there exists a solution ¢ € K(o,e, My, M) of problem
(5.29)—(5.33) with ¢ = ¢ (i.e., ¥ is a “fived point” solution). Moreover, 1
satisfies (6.11) for all s € (0,c2/2) with C(s) depending only on the data and
s.

8. Removal of the Ellipticity Cutoff

In this section we assume that Cp > 1 is as in Proposition 7.1 which
depends only on the data, C > C’o, and assume that og,e > 0 and My, My > 1
are defined by C as in Proposition 7.1 and o € (0,0¢]. We fix a “fixed point”
solution ¢ of problem (5.29)-(5.33), that is, ¢ € K(o,¢e, M, Ms) satisfying
(5.29)—(5.33) with ¢ = 1. Its existence is established in Proposition 7.1. To
simplify notations, in this section we write QF, Tpoer, and g for Q1 (1),
Dshock (1), and Xo (1)), respectively, and the universal constant C' depends only
on the data.

We now prove that the “fixed point” solution ¢ satisfies [1h,| < 4z /(3(y+
1)) in Q" N{ey — r < 4e} for sufficiently large C, depending only on the data,
so that 1 is a solution of the regular reflection problem; see Step 10 of §5.6.

We also note the higher regularity of 1 away from the corners and the sonic
circle. Since equation (5.29) is uniformly elliptic in every compact subset of
Q" (by Lemma 5.2) and the coefficients 4;;(p, &, n) of (5.29) are C1* functions
of (p,&,m) in every compact subset of R% x Q% (which follows from the explicit
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expressions of A;;(p, £, n) given by (5.35), (5.41), and (5.48)), then substituting
p = Dy(&,n) with ¢ € K into A;;(p, &, n), rewriting (5.29) as a linear equation
with coefficients being C1'® in compact subsets of QF, and using the interior
regularity results for linear, uniformly elliptic equations yield

(8.1) Y e (Qf).

First we bound v from above. We work in the (z,y)-coordinates in
Ot N{ca — r < 4e}. By (5.25),

(8.2) QY (@) N{ca—r<de}={0<z <k 0<y< fylzx)},
where f,, satisfies (5.26).

PRrROPOSITION 8.1. For sufficiently large C depending only on the data,
4

(8.3) Py < mm in QN {z < 4e}.
Proof. To simplify notations, we denote A = ﬁ and

QF =0T n{r <s} for s > 0.

Define a function

(8.4) v(z,y) == Az — Pg(x,y) on Q.

From ¢ € K and (8.1), it follows that

(8.5) ve CON QL) NCH(QE \ {z=0})NC? ().

Since ¥ € K, we have [, (z,y)| < Myz in Q.. Thus

(8.6) v=0  on I N{z =0}

We now use the fact that v satisfies (5.30), which can be written as (6.6) in
the (z,y)—coordinates, and (6.8) holds. Since ¥ € K implies that

Bl y) < M2, [y, y)] < Mz,

it follows from (6.6) and (6.8) that
[$al < C|0oy| + []) < CM*?  on Tgpoer, N {z < 2e},

and hence, by (5.16), if C is large depending only on the data, then

|| < Ax on Dgpoek N {0 < < 2e}.
Thus we have
(8.7) v>0 on Dgpock N{0 < z < 2e}.
Furthermore, condition (5.32) on I'yeqge in the (z,y)-coordinates is

Py =0 on {0 <z <2 y=0}
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Since ¢ € K implies that v is C? up to [yedge, then differentiating the condition
on I'yedge With respect to x, i.e., in the tangential direction to I'yeqge, yields
Yz =0 o0n {0 <z < 2¢, y = 0}, which implies

(8.8) vy =0 on I'yedge N {0 < & < 2e}.
Furthermore, since 9 € KC,
(8.9) [z < Mao < Ae on QT N{e/2 <z < 4e},

where the second inequality holds by (5.16) if C is large, depending only on
the data. Thus, for such C,

(8.10) v>0 on Q. N {x = 2¢}.

Now we show that, for large C , v is a supersolution of a linear homogeneous
elliptic equation on Q.. Since ¢ satisfies equation (5.42) with (5.43) in Q_,
we differentiate the equation with respect to x and use the regularity of ¥ in
(8.1) and the definition v in (8.4) to obtain
(8.11)

11Uz + 0120z + A22Vyy
H(A=v) (= 1+ (v + D(GA =)+ A= 3)G —w)) = E(z,y),

where

o A . 1.
(812) an =2z—(y+ 1)1{1(%) + 01, ai2=02, axp= e Os,

(813) E(ZL‘, y) = wwwaxOAl + ¢my6x02 + wyyaxOS - wmeA4 - w:pa’pOA4

+1y Os + 10,05,
with
(8.14) On(z,y) = O;f(D¢(:L‘,y),x,y) for k=1,...,5,
for O}f defined by (5.43) with ¢ = 1. From (5.37), we have
G (4) = A

Thus we can rewrite (8.11) in the form
(8.15)  a11Vgy + A12Vzg + A22Vyy + buy + cv = —A((y + 1)A — 1) + E(z,y),
with

v,V

(8.16)  b(z,y) =1—(y+1)(GA— ) + A= D) — v, — 4)),

v 1 v
A7) cla) =+ D5 D - [ Ga—sDs),

where v and v, are evaluated at the point (z,y).
Since ¢ € K and v is defined by (8.4), we have

al-j,b,c S C(@\ {33 = 0})
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Combining (8.12) with (5.16), (5.37), (5.45), and (8.14), we obtain that,

for sufficiently large C' depending only on the data,

1 1 1,
a1l > =x asy > —, az| < z1/? on Q7.
"z, 22 5 \12\_3\/5 2

Thus, 4ajjas — (a12)? > %x on Q;‘a, which implies that equation (8.15) is

elliptic on Q. and uniformly elliptic on every compact subset of 97;;\ {z =0}.
Furthermore, using (5.39) and (8.17) and noting A > 0 and = > 0, we
have

(8.18) c(z,y) <0 for every (x,y) € QF. such that v(z,y) <O0.

Now we estimate E(x,y). Using (8.14), (5.43), (4.50), and ¢ € K, we find
that, on Q;;,

10:01] < C(2 + W] + |DY| + @|haw| + [utbua| + [Wytay| + DY) < CMia,
10025 < C(IDY| + [ DY) + [ythan] + (1 + [a])[tbayl) < CMiat/2(1 + Miz),

0,054 <O+ |+ 2261 (22)] + (L+ D) D] + Do)
< CM1(1 + Mlx),

where we have used the fact that |s({(s)| < C on R. Combining these estimates
with (8.13)—(8.14), (5.44), and ¢ € I, we obtain from (8.13) that

|E(z,y)| < CM?2z(1 4+ Myz) < C/C on Q3.

From this and (7 4+ 1)A > 1, we conclude that the right-hand side of (8.15) is
strictly negative in Q;e if C is sufficiently large, depending only on the data.

We fix C satisfying all the requirements above (thus depending only on
the data). Then we have

(8.19) 11 Ve + 012Uz + A22Vyy + bvg +cv <0 on Q;“E,

the equation is elliptic in Q;E and uniformly elliptic on compact subsets of

9722\ {z =0}, and (8.18) holds. Moreover, v satisfies (8.5) and the boundary
conditions (8.6)—(8.8) and (8.10). Then it follows that

v>0 on Q;a.

Indeed, let zg := (g, o) € 3. be a minimum point of v over Q. and v(z) <
0. Then, by (8.6)—(8.7) and (8.10), either 2y is an interior point of QF. or
20 € Tyedge N {0 < & < 2e}. If 2o is an interior point of Q;‘E, then (8.19) is
violated since (8.19) is elliptic, v(zp) < 0, and ¢(z9) < 0 by (8.18). Thus, the
only possibility is zo € Tyedge N1 {0 < = < 2}, ie., 29 = (z0,0) with ¢ > 0.
Then, by (8.2), there exists p > 0 such that B,(z0) N Q5. = B,(20) N {y > 0}.
Equation (8.19) is uniformly elliptic in B, /5(z0) N {y > 0}, with the coefficients
aij,b,c € C(B,/2(20) N{y > 0}). Since v(zp) < 0 and v satisfies (8.5), then,
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reducing p > 0 if necessary, we have v < 0 in B,(29) N {y > 0}. Thus,
¢ < 0 on By(z) N{y > 0} by (8.18). Moreover, v(z,y) is not a constant
in By, /2(0) N{y > 0} since its negative minimum is achieved at (xo,0) and

cannot be achieved in any interior point, as we have showed above. Thus,
0yv(20) > 0 by Hopf’s Lemma, which contradicts (8.8). Therefore, v > 0 on
Q3. so that (8.3) holds on Q.. Then, using (8.9), we obtain (8.3) on Q.. O

Now we bound v, from below. We first prove the following lemma in the
(&, n)—coordinates.

LEMMA 8.1. If C in (5.16) is sufficiently large, depending only on the
data, then

(8.20) Y, <0 in Q.

Proof. We divide the proof into six steps.
Step 1. Set w = 1),,. From ¢ € K and (8.1),

(8.21) w e CO*(QF) NCH QT \ Toonic UZo) NC2(QT).

In the next steps, we derive the equation and boundary conditions for w
in Q. To achieve this, we use the following facts:

(i) If C in (5.16) is sufficiently large, then the coefficient A1, of (5.29)
satisfies

)
(322 An (DeE ), &m] > 255 50 o,

where & and ¢ are defined in §3.1. Indeed, since & > || by (3.5) and (CQ,é) —
(¢2,€) as By, — m/2 by §3.2, we have 2 — £2 > 9(¢2 — €2)/10 > 0 if o is small.
Furthermore, for any (&,7) € D, we have ¢; cos 6, > € > € and thus, assuming
that o is small so that [£] < 2|€| and ¢y < 2¢,, we obtain |¢| < C. Now, since
¥ € K, it follows that, if C in (5.16) is sufficiently large, then Al; defined in
(5.35) with ¢ = ¢ implies A}, > (€2 —£2)/2 on D, and A2 in (5.41) with
¢ = 1 implies A2, > (€2 —£2?)/2 on DN {cy —r < 4e}. Then (8.22) follows
from (5.48).
(ii) Since v satisfies equation (5.29) in QT with (8.22), we have

24199y + Anathyy
An

where AZ](€777) = Alj (Dw(§7n)7€7n) in QF.

Step 2. We differentiate equation (5.29) with respect to n and substitute
the right-hand side of (8.23) for 1)¢¢ to obtain the following equation for w:
(8.24)

(8.23) Yee = in QF,

. . . - OpAy - - OpAy -
Ajywee+2A10wey+ Aggwnn+2 (9 Ar2— :]21 11A12)w5+(87,A22— Zi 11A22)wn = 0.
11 11
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By Lemma 5.2, (8.22), and ¢ € K, the coefficients of (8.24) are continuous in

@ \ T'sonic U 2o, and the equation is uniformly elliptic on compact subsets of
ar \ Fscmz'c-

Step 3. By (5.33), we have
(8.25) w = —v3 on Yo :=00" N{n=—wl.

Since ¢ € K, it follows that |Dy(&,n)| < CMi(ca —r) for all (&,n) €
Ot N {ca — r < 2e}. Thus,

(8.26) w=20 on Isonic.

Step 4. We derive the boundary condition for ¢ on I'yeqge. Then 1
satisfies (5.32), which can be written as

(8.27) —sin Oy, Y¢ + cos Oy, Yy = 0 on I'yedge-

Since ¥ € K, we have ¢ € CQ(W\ Csonic UXp). Thus we can differentiate
(8.27) in the direction tangential to I'yyeqge, i.€., apply 07 := cos 8y, Og+sin 0, 0,
to (8.27). Differentiating and substituting the right-hand side of (8.23) for ¢,
we have

(8.28)

A 1 A
(cos(20w) 42 sin(20w))w§ + —sin(26,,) (1 + A—m)wn =0 on Tyedge-
A11 2 All

This condition is oblique if o is small: Indeed, since the unit normal on I'yeqge
is (—sin @y, cosfy,), we use (3.1) and (8.22) to find

A 1 A
(cos(29w)—|—A—12 sin(26,,), isin(29w)(1+ AQQ))-(— sin 0y, cos b)) > 1—-Co >

11 A

N | —

Step 5. In this step, we derive the condition for w on I'spoek. Since 1) is
a solution of (5.29)-(5.33) for ¢ = 1, the Rankine-Hugoniot conditions hold
on [gpoer: Indeed, the continuous matching of ¥ with 1 — o across Ispock
holds by (5.21)—(5.23) since ¢ = 1. Then (4.28) holds and the gradient jump
condition (4.29) can be written in form (4.42). On the other hand, ¥ on I'pock
satisfies (5.30) with ¢ = v, which is (4.42). Thus, ¢ satisfies (4.29).

Since 1 € K which implies ¢ € C? (§+ \ Dsonic U Xp), we can differentiate
(4.29) in the direction tangential to I'spoer. The unit normal vg on Igpecr is
given by (4.30). Then the vector
) _ (UQ + % 1— 7/15

8.29 = (r},72):
( ) Ts (Ts ) Ts uy — u2> Uy — Us

is tangential to Typoer. Note that 75 # 0 if ¢ in (5.16) is sufficiently large,
since

(8.30) |Dy| < C(oc+¢) in QF, lug| + |ve| < Co,
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and u; > 0 from ¢ € K and §3.2. Thus, we can apply the differential operator
Or, = T10c + 720, to (4.29).

In the calculation below, we use the notation in §4.2. We have showed in
§4.2 that condition (4.29) can be written in form (4.33), where F(p, z, ua, v2,£,n)
is defined by (4.34)-(4.36) and satisfies (4.37). Also, we denote

V2 + P2 D1

8.31 7 = (#1,#° = (= 1=
(8.31) 7(p, uz,v2) = (77, 75) (P uzy 02) = (= = 1= ),

where p = (p1,p2) € R? and z € R. Then 7 € C*°(Bs-(0) x B,, 50(0)). Now,
applying the differential operator 0, , we obtain that 1 satisfies

(832) ‘I’(D2¢aD¢>¢aU2aU2afa77) =0 on Fshock:

where
(8.33)

2 2
O(R,p, z,up,v2,&,m) = Y _ #F, Rij+Y 7 (FupitFe,)  for R = (Rij)7;_,
ij=1 i=1

and, in both (8.33) and the calculation below, D¢, ¢,)F' denotes as D, F,
(ij7FZ7 Ff,) as (ijv FZ: F&)(p, 2, U2, V2, gv 77)7 (7/;7 ﬁ) as (7/;7 ﬁ)(p7 uz, UQ), and ﬁ
as p(p, z,&,1m), with p(-) and ©(-) defined by (4.35) and (4.36), respectively. By
explicit calculation, we apply (4.34)—(4.36) and (8.31) to obtain that, for every
(p, 2, u2,v2,&,m),

2
(8.34) > (Fapi + Fe,) = (o1 — p) 7+ = 0.
=1

We note that (4.28) holds on I'gpoc. Using (8.32) and (8.34) and express-
ing ¢ from (4.28), we see that 1) satisfies

(8.35) O(D?, Db, ,ug,v9,m) =0 on Lgpoek,

where

(836) @(R)p727u27v27n) = Z %Z\ij (p,Z,UQ,U2,77)Rij,
ij=1

U is defined by (4.39) and satisfies ¥ € C°(A) with V]| z) depending
only on the data and k € N, and A = B (0) x (=0%,8%) X By, /50(0) X
(—652/5,652/5).

Now, from (4.34)—(4.36), (4.39), and (8.31), we find

#((0,0),0,0) = (0, 1), D,¥((0,0),0,0,0,7) = (ph(3—£€2), (”u%“—p;s)n).
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Thus, by (8.36), we obtain that, on R?*% x A,

(837) (I)(R7p7 2, U2,V2, 77)
2

— ph€)nRaa + Z Eij(p, z,u2,v2,1) Rij,
ij=1

P2 — pP1

= ph(c3 — ) Ra1 + (

where E;; € C*°(A) and
]Eij(p,z7u2,v2,n)| < C(|p| + |2| + |uz] + |ve|) for any (p, 2, uz,v2,7) € A,

with C' depending only on HDQ\I/HCO@).

From now on, we fix (u2, v2) to be equal to the velocity of state (2) obtained
in §3.2 and write Ej;(p,z,n) for Eij(p,Z,’LLQ,’UQ,T]). Then, from (8.35) and
(8.37), we conclude that 1 satisfies
(8.38)

2
(B2t (L ph ) iyt > Eij(Dy,4,n)Dijp =0 on Tsnock,

u1

ij=1

and E;; = Ei;j(p, z,1n),4,j = 1,2, are smooth on

B := Bs-(0) x (=6*%,6%) x (=6¢2/5,6¢2/5)
and satisfy (4.43) with C' depending only on the data. Note that

(Dy(&,m), ¥(&n),n) €B  on Tgpoek,

since ¢ € K and (5.16) holds with sufficiently large C'. Expressing hee from
(8.23) and using (8.22), we can rewrite (8.38) in the form

(ph(c3 — €2) + By (D, ¥, ) ) hen + ((pzu_lp1 — €0 + Ea (D, 1, 1)) gy = 0

on I'gpock, where the functions E; = E;(p, z,7n),i = 1,2, are smooth on B and
satisfy (4.43). Thus, w satisfies
(8.39)

(h(c3 — %) + Er (D, b, m) )we + ((qu—lpl — PhE)N + Ea(Dap,1p, ) )wy = 0

on I'gpoer. Condition (8.39) is oblique if Cis sufficiently large in (5.16). Indeed,
we have ¢y > %52, which implies ¢3 — |§A|2 > 6262%‘5' > (0 by using (4.8). Now,
combining (4.30) and (4.43) with ¢ € K and (3.24), we find that, on I'spock,

(Ph(c3 — € + Er(Dy, v, n), (pzu_lp1 — PhE)n + Eo(Dp, b, m)) - vs
> phés e ; el C(Mie + Msa) > phco c2 ; €l

Also, the coefficients of (8.39) are continuous with respect to (£,1) € Tspock-

> 0.




88 GUIL-QIANG CHEN AND MIKHAIL FELDMAN

Step 6. Both the regularity of w in (8.21) and the fact that w satisfies
equation (8.24) that is uniformly elliptic on compact subsets of QF \ Tsonic
imply that the maximum of w cannot be achieved in the interior of Q7 unless
w is constant on 97, by the Strong Maximum Principle. Since w satisfies
the oblique derivative conditions (8.28) and (8.39) on the straight segment
[yedge and on the curve I'gpocr that is C? in its relative interior, and since
equation (8.24) is uniformly elliptic in a neighborhood of any point from the
relative interiors of I'yeqge and I'spock, it follows from Hopf’s Lemma that the
maximum of w cannot be achieved in the relative interiors of I'yeqge and I'spock,
unless w is constant on Q1. Now conditions (8.25)—(8.26) imply that w < 0
on Q. This completes the proof. |

Using Lemma 8.1 and working in the (z,y)—coordinates, we have

PROPOSITION 8.2. If C in (5.16) is sufficiently large, depending only on
the data, then
4

(8.40) Yy > —mw in Q7N {x < 4e}.

Proof. By definition of the (x,y)-coordinates in (4.47), we have

cos @

(8.41) Yy = —sinf i, + Yy,

r
where (r,0) are the polar coordinates in the (£, n)-plane.

From (7.20), it follows that, for sufficiently small o and €, depending only
on the data,

n>n* for all (§,m) € DN {ca —r < 4de},

where (I(n*),n*) is the unique intersection point of the segment {(I(n),n)
n € (0,m]} with the circle 9B.,_4:(0). Let 7* be the corresponding point

for the case of normal reflection, i.e., 7* = \/(¢2 — 4¢)? — £2. By (3.5), 7* >
¢z —£2/2 > 0 if € is sufficiently small. Also, from (4.3)—(4.4) and (3.24),

and using the convergence (0, c2,&) — (1/2,¢2,&) as 0, — /2, we obtain
n* > 7*/2 and co < 2¢ if 0 and ¢ are sufficiently small. Thus, we conclude
that, if C in (5.16) is sufficiently large depending only on the data, then, for
every (£,m) € DN {ca —r < 4e}, the polar angle 0 satisfies

% L <C.
VE +1 \/ G — &2
From (8.41)-(8.42) and Lemma 8.1, we find that, on Qt N {cy — r < 4e},

1 cot 6 >cot0
sinf " r Y=

(8.42) sinf = > 0, | cot 6] = ‘i‘ <

(8.43) Vo = Yy = —Cliy|.
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Note that 1 € K implies |1, (z, )| < My2%/2 for all (z,y) € QFN{ca—r < 2¢}.
Then, using (8.43) and (5.16) and choosing large C', we have

4
> —— in QF < 2},
Py > 3(7+1)$ in N{z < 2¢}
Also, ¢ € K implies
4
o] < Myo < ————(2 QfN{2e<z<4
|| < 20_3(7+1)(6) on N {2 <z < 4e},

where the second inequality holds by (5.16) if C is sufficiently large depending
only on the data. Thus, (8.40) holds on .. O

9. Proof of Main Theorem

Let C be sufficiently large to satisfy the conditions in Propositions 7.1 and
8.1-8.2. Then, by Proposition 7.1, there exist gg,e > 0 and M;, My > 1 such
that, for any o € (0, o¢], there exists a solution ¢ € K(o, e, My, M3) of problem
(5.29)—(5.33) with ¢ = 1. Fix 0 € (0, 09| and the corresponding “fixed point”
solution ¢, which, by Propositions 8.1-8.2, satisfies

4
L —
Then, by Lemma 5.4, 1 satisfies equation (4.19) in Q7 (¢)). Moreover, 1 sat-
isfies properties (i)—(v) in Step 10 of §5.6 by following the argument in Step
10 of §5.6. Then, extending the function ¢ = 1 + o from Q := QT (1)) to the
whole domain A by using (1.20) to define ¢ in A\ €2, we obtain

P € W(A) N (UoCH (A U S) N CHY (),

where the domains A;, ¢ = 0,1,2, are defined in Step 10 of §5.6. From the
argument in Step 10 of §5.6, it follows that ¢ is a weak solution of Problem 2,
provided that the reflected shock S = PyP; P, N A is a C?-curve.

Thus, it remains to show that S1 = PyP; P,NA is a C%-curve. By definition
of ¢ and since ¢ € K(o,e, My, My), the reflected shock S = PyPi Py N A is

in QF N {r <4e}.

g}Ve_neb.Y (§1 ={{ = fs;(n) = mp, < n < np}, where np, = —va, Np, =
|€ ]758111;(55?95 > 0, and
fiﬁ(n) 1f77 € (77P , TP, )7
9.1 () = : P,
©-1) 5. (n) { ) itne (upm,),

where [(n) is defined by (4.3), np, = m > 0 is defined by (4.6), and np, > np,
if o is sufficiently small, which fpllows from the explicit expression of np, given

above and the fact that (6, c2,&) — (7/2,¢2,&) as 0, — m/2. The function fy,
is defined by (5.21) for ¢ = 1.
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Thus we need to show that fs, € C?([np,,np,]). By (4.3) and (5.24), it
suffices to show that fg, is twice differentiable at the points np, and np,.

First, we consider fg, near np,. We change the coordinates to the (x,y)-
coordinates in (4.47). Then, for sufficiently small £ > 0, the curve {{ =
fs,(m}N{cy —e1 <7 < cy+e1} has the form {y = fs,(z) : —e1 <z < ey},
where

P () = jjw(x) if z € (0,e1),
6:2) fai )_{ folx) ifz e (~e1,0),

with fo and f, defined by (5.9) and (5.25) for ¢ = . In order to show that fs,
is twice differentiable at np,, it suffices to show that fg, is twice differentiable
at z = 0.

From (5.26)—(5.27) and (5.9), it follows that fg, € C1((—e1,€1)). More-
over, from (5.3), (5.6), (5.22), and (5.27), we write 1, 2, and ¢ in the (z,y)-
coordinates to obtain that

Oz (01 — 2 — ) 3 .
2 _ _ay(gpl — @ — Q,Z)) (l’, f51($)) itz e (0’51)5
(9:3) fs, (@) (o1 —@2) 2 if
_m(l',fsl(l’)) I x e (—61,0],

and that f}(z) is given for & € (—e1,e1) by the second line of the right-hand
side of (9.3). Using (5.3) and ¢ € K with (5.16) for sufficiently large C, we
have

(9-4) /5, (2) = fo(@)| < C|Duyydb(x, fy(a)|  for all z € (0,21).

Since 1 satisfies (5.30) with ¢ = 1), it follows that, in the (z,y)—coordinates,
1 satisfies (6.6) on {y = fy(x) : « € (0,£1)}, and (6.8) holds. Then it follows
that

[$a(@, fy (@) < Cley (@, fo (@) + [ (x, fu(@)]) < Oz,
where the last inequality follows from ¢ € K. Combining this with (9.2), (9.4),
and fs,, fo € C'((—¢1,¢€1)) yields
f5 () — fo(x)] < C2*?  forall z € (—¢p,61).

Then it follows that fgl (z) — fi(z) is differentiable at © = 0. Since fo €

C°((—e1,¢€1)), we conclude that fg, is twice differentiable at = 0. Thus, fg,
is twice differentiable at np, .

In order to prove the C?-smoothness of fs, up to np, = —ve, we extend
the solution ¢ and the free boundary function fs, into {n < —v2} by the even
reflection about the line g C {n = —wv2} so that P becomes an interior point

of the shock curve. Note that we continue to work in the shifted coordinates
defined in §4.1, that is, for (£, n) such that n < —vg and (£, —2vy —7) € QF (),

we define (¢, ¢1)(§,n) = (¢, ¢1)(§, —2v2 — ) and fs,(n) = —2v2 — 7 for ¢y
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given by (4.15). Denote QF (P») := B, (P2) N {{ > fs,(n)} for sufficiently
small 1 > 0. From ¢ € CH*(Q+(y)) N C%*(QT () and (4.13), we have

p € CL(QE () N C*(QF (P2)).-

Also, the extended function ¢; is in fact given by (4.15). Furthermore, from
(5.20) and (5.22), we can see that the same is true for the extended functions
and hence

{€> fs,(MINB, (P) = {9 < ¢1}NB:, (P2), fs, € Cl’“«—vr% —”ﬁ%”‘

Furthermore, from (1.8)—(1.9) and (4.13), it follows that the extended ¢ sat-
isfies equation (1.8) with (1.9) in QF (P,), where we have used the form of
equation, i.e., the fact that there is no explicit dependence on (§,7) in the
coefficients and that the dependence of Dy is only through |Dy|. Finally,
the boundary conditions (4.9) and (4.10) are satisfied on I'., (P2) = {{ =
fs.(m)} N Be, (P,). Equation (1.8) is uniformly elliptic in Q (P,) for ¢, which
follows from ¢ = o+ and Lemmas 5.2 and 5.4. Condition (4.10) is uniformly
oblique on I', (Ps) for ¢, which follows from §4.2.

Next, we rewrite equation (1.8) in Qf (P,) and the boundary conditions
(4.9)—(4.10) on I';, (P2) in terms of u := ¢ — . Substituting u + o1 for ¢ into
(1.8) and (4.10), we obtain that u satisfies

F(D*u, Du,u,&,m) =0 in QF (P), u=G(Du,u,&,n) =0 onl. (P),

where the equation is quasilinear and uniformly elliptic, the second boundary
condition is oblique, and the functions F' and G are smooth. Also, from (5.20)
which holds for the even extensions as well, we find that dsu > 0 on I'., (P).
Then, applying the hodograph transform of [28, §3], i.e., changing (£,n) —
(X,Y) = (u(&,n),n), and denoting the inverse transform by (X,Y) — (£,n) =
(v(X,Y),Y), we obtain

v € CH(By ((0,~v2))) N C**(By ((0, ~v2))),
where By ((0, —v2)) := Bs((0, —v2))N{X > 0} for small § > 0, v(X,Y) satisfies
a uniformly elliptic quasilinear equation

F(D?v,Dv,v,X,Y) =0 in B ((0, —v2))

and the oblique derivative condition

G(Dv,v,Y)=0 on OB ((0,—v2)) N {X =0},

and the functions F and G are smooth. Then, from the local estimates near
the boundary in the proof of [31, Theorem 2], v € C'Q’O‘(B;/Q((O, —v3))). Since
fs,(n) =v(0,n), it follows that fg, is C** near np, = —vs.

It remains to prove the convergence of the solutions to the normal reflec-
tion solution as 6, — 7/2. Let 6!, — 7/2 as i — oo. Denote by ¢’ and f°
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the corresponding solution and the free-boundary function respectively, i.e.,
PyP1 P, N A for each i is given by {¢ = fi(n) : n € (np,,np,)}. Denote by >
and f>°(n) = £ the solution and the reflected shock for the normal reflection
respectively. For each i, we find that ¢! — ¢f = 1% in the subsonic domain Q;“,
where 1)? is the corresponding “fixed point solution” from Proposition 7.1 and
Pte K(r/2 — 0%, &b, MY, M%) with (5.16). Moreover, f! satisfies (5.24). We
also use the convergence of state (2) to the corresponding state of the normal
reflection obtained in §3.2. Then we conclude that, for a subsequence, f* — f>
in C} . and ¢" — > in C! on compact subsets of {£ > £} and {£ < &}. Also,
we obtain [|(Dg’, ¢")|| (k) < C(K) for every compact set K. Then ¢' — @o
in VV;JC1 (A) by the Dominated Convergence Theorem. Since such a converging
subsequence can be extracted from every sequence 0!, — /2, it follows that
0o, — Poo as By — /2.

A. Appendix: Estimates of Solutions to Elliptic Equations

In this appendix, we make some careful estimates of solutions of bound-
ary value problems for elliptic equations in R?, which are applied in §6-§7.
Throughout the appendix, we denote by (z,¥) or (X,Y’) the coordinates in R?,
by R2 := {y > 0}, and, for z = (z,0) and r > 0, denote B;" (z) := B,(z) NR%
and X, (z) := B,(z) N {y = 0}. We also denote B, := B,(0), B’ := B;(0),
and ¥, := 3,(0).

We consider an elliptic equation of the form
(Al) Ay + 2A12uxy + A22uyy + Ajug + A2uy = f,

where A;; = Ajj(Du,z,y), Ai = Ai(Du,z,y), and f = f(z,y). We study
the following three types of boundary conditions: (i) the Dirichlet condition,
(ii) the oblique derivative condition, (iii) the “almost tangential derivative”
condition.

One of the new ingredients in our estimates below is that we do not assume
that the equation satisfies the “natural structure conditions”, which are used in
the earlier related results; see, e.g., [20, Chapter 15] for the interior estimates
for the Dirichlet problem and [37] for the oblique derivative problem. For
equation (A.1), the natural structure conditions include the requirement that
Ip||DpA;j| < C for all p € R% Note that equations (5.42) and (5.49) do not
satisfy this condition because of the term x(l(%) in the coefficient of ;.
Thus we have to derive the estimates for the equations without the “natural
structure conditions”. We consider only the two-dimensional case here.

The main point at which the “natural structure conditions” are needed
is the gradient estimates. The interior gradient estimates and global gradient
estimates for the Dirichlet problem, without requiring the natural structure
conditions, were obtained in the earlier results in the two-dimensional case;
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see Trudinger [47] and references therein. However, it is not clear how this
approach can be extended to the oblique and “almost tangential” derivative
problems. We also note a related result by Lieberman [34] for fully nonlin-
ear equations and the boundary conditions without obliqueness assumption in
the two-dimensional case, in which the Holder estimates for the gradient of a
solution depend on both the bounds of the solution and its gradient.

In this appendix, we present the C*“ estimates of the solution only in
terms of its C—norm. For simplicity, we restrict to the case of quasilinear
equation (A.1) and linear boundary conditions, which is the case for the ap-
plications in this paper. Below, we first present the interior estimate in the
form that is used in the other parts of this paper. Then we give a proof of
the C?®—estimates for the “almost tangential” derivative problem. Since the
proofs for the Dirichlet and oblique derivative problems are similar to that for
the “almost tangential” derivative problem, we just sketch these proofs.

THEOREM A.1. Let u € C?(Bz) be a solution of equation (A.1) in Ba.
Let Aij(p,x,y), Ai(p,z,y), and f(x,y) satisfy that there exist constants A > 0
and o € (0,1) such that

(A2)  Mul® <Y Agpapy <X ul>  for all (2,y) € By, p,p € R?,
ij=1

(A3) [1(Aijs Ad)ll e mosms) T 1Pp(Aigs Ai)llo(mens) + 1]

Assume that ||ul| o g;) < M. Then there exists C' > 0 depending only on (A, M)
such that

-1
co(Bp) SA

(A4) [ull oo gy < Clllullogy + 1 lce@s)-

Proof. We use the standard interior Holder seminorms and norms as
defined in [20, Egs. (4.17), (6.10)]. By [20, Theorem 12.4], there exists § €
(0,1) depending only on A such that

[ 5.5, < C)(lullo.p. + 11 = AvDru = AsDull'p,)
2 2
<COM)(L+ £, + 1 Dul -

Then, applying the interpolation inequality [20, (6.82)] with the argument
similar to that for the proof of [20, Theorem 12.4], we obtain

lullf 5.5, < CONMYA + [1£112p,)-

Now we consider (A.1) as a linear elliptic equation

n

> (@) e, + Y ai(@)us, = f(z)  in Byp
=1

ij=1
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with coefficients a;;(x) = Ay(Du(),z) and a; = Ai(Du(w),2) in C%(By7o)
satisfying
||(a2]7aZ)HCﬂ Bs/z) < C(}\ M)

We can assume 3 < «. Then the local estimates for linear elliptic equations
yield
il gy < €M)l o + 1 los @)

With this estimate, we have ||(azj,al)||CQ(B5/4) < C(A,M). Then the local
estimates for linear elliptic equations in Bs/4 yield (A.4). O

Now we make the estimates for the “almost tangential derivative” prob-
lem.

THEOREM A.2. Let A >0, a € (0,1), ande > 0. Let ® € C**(R) satisfy
(A.5) @] czamy < A

and denote QU == BrN{y > e®(x)} for R > 0. Let u € C*(BS)N 01(37;)
satisfy (A.1) in QF and

(A6)  uy =ceb(z,y)uy + c(z,y)u on T'g:=BaN{y=eP(x)}.

Let Aij(p,x,y), Ai(p,z,y), a(z,y), b(z,y), and f(z,y) satisfy that there exist
constants A > 0 and o € (0,1) such that

(A7) Nul> < Agpipy <X ul> for (z,y) € QF, pu € R,
=

(A8)  [I(Aijs Al o wmey T 10p(Aiss Al @ mey + 1 e @y <A
(A9) Bl o@ry <A

Assume that ||u|| ) < M. Then there exist eg(\, M, ) > 0 and C(\, M, ) >

0 such that, if € € (O €0), we have
(A.10) e p, < Cllull oz, + 171,

To prove this theorem, we first flatten the boundary part I'¢ by defining
the variables (X,Y) = U(z,y) with (X,Y) = (z,y — e®(x)). Then (z,y) =
“1X,Y) = (X,Y +e®(X)). From (A.5), we have

(A.11) 1%~ Tdl gy + 197" = Tl ) < X7

Then, for sufficiently small € depending only on A, the transformed domain
D := U(QF) satisfies
(A.12)

B+

9 2€/ACD C B

Yioepne DFCRL={Y >0}, 9Dfn{Y =0}="¥(Ts);
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the function
v(X,Y) = u(z,y) == u(T(X,Y))

satisfies an equation of form (A.1) in Dy with (A.7)—(A.8) and the correspond-
ing elliptic constants A/2; and the boundary condition for v by an explicit
calculation is
(A.13)

vx = e(b(TH(X,0)) + &' (X))vy + (¥ HX,0)v  on Dy N{Y =0},

i.e., it is of form (A.6) with (A.9) satisfied on D7§L with elliptic constant \/4.
Moreover, by (A.11)—(A.12), it suffices for this theorem to show the following
estimate for v(X,Y):

(A.14) [Vll2,0,5:,, < COA M, a)( + 1N, 5;

2-2¢/A 22/>\)

That is, we can consider the equation in 32 2/ and condition (A.13) on

Yo _9¢/x or, by rescaling, we can simply consider our equation in B;’ and con-
dition (A.13) on 39 := BoN{Y = 0}. In other words, without loss of generality,
we can assume ¢ = 0 in the original problem.

For simplicity, we use the original notation (z,y,u(x,y)) to replace the
notation (X,Y,v(X,Y)). Then we assume that ® = 0. Thus, equation (A.1)
is satisfied in the domain By, the boundary condition (A.6) is prescribed on
Yo = By N {y = 0}, and conditions (A.7)—(A.9) hold in Bf. Also, we use
the partially interior norms [20, Eq. 4.29] in the domain By U X with the
related distance function d, = dist(z,0B; \ X2). The universal constant C' in
the argument below depends only on A and M, unless otherwise specified.

As in [20, §13.2], we introduce the functions w; = D;u for ¢ = 1,2. Then
we conclude from equation (A.1) that w; and we are weak solutions of the
following equations of divergence form:

A 2A12 ;A Az
Al D —D D =D —Dju———D
(A1) D1y Preont gy o) D = D1 (G = D=, D)
A12 A f Al A2
A.16) D D Dijw D Dy(— ——Diu———D
(A.16) Dijwo+ 2(A Lo 2+A " qws) = 2(A11 i U ™ 2u).

From (A.6), we have

(Al?) w1 =g on 227
where
(A.18) g :=ebwy + cu for By .

We first obtain the following Holder estimates of Dyu.
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LEMMA A.1. There exist 5 € (0,a] and C > 0 depending only on X\ such
that, for any zp € B; U 3o,
(A.19)

dfo [wl]()’ﬁdezO/lG(zO)mB; < O(||(Dwu, f)||0,0,Bd,zo/2(20)035r —|-de [g}oﬂdezom(ZO)ﬁB;)'

Proof. We first prove that, for z; € Y9 and B;R(zl) C B;,
(A.20) Rﬁ[’wl]o,ﬁ,B;(zl) < C(l(Du, Rf)”o,o,B,jR(zl) + Rﬁ[Q]o,ﬁ,B* (zl))'

2R
We rescale u, wi, and f in Bjp(21) by defining

(A21) @(Z) = iu(zl +2RZ), f(Z)=2Rf(:1+2RZ)  for Ze€ By,

and ; = Dz 4. Then 1 satisfies an equation of form (A.15) in B} with u
replaced by @ whose coefficients A;; and A; satisfy (A.7)-(A.8) with unchanged
constants (this holds for (A.8) since R < 1). Then, by the elliptic version of [36,
Theorem 6.33] stated in the parabolic setting (it can also be obtained by using
[36, Lemma 4.6] instead of [20, Lemma 8.23] in the proofs of [20, Theorem 8.27,
8.29] to achieve o = a in [20, Theorem 8.29]), we find constants 3(\) € (0,1)
and C(\) such that

[l 6,57, < C((D, f)H0,0,Bfr + [@1lo,5,B.n(y=0})

1/2

for § = min(3, @). Rescaling back and using (A.17), we have (A.20).
If 21 € Bf and Bag(21) C By, then an argument similar to the proof of
(A.20) by using the interior estimates [20, Theorem 8.24] yields

(A.22) Rﬁ[wl]O,B,BR(zl) S CH(DU, Rf) 0,0,323(21)'
Now let zg = (zo,y0) € B; U Xy. When yy < d,,/8, then, denoting
2y = (w0, 0) and noting that d,; > d.,, it is easy to check that

Bq.,j16(20) N By C By 5(20) € BY, By (%) C Ba, j2(20) N By,

and then applying (A.20) with z; = 2{, and R = d.,/8 < 1 and using the
inclusions stated above yield (A.19). When yo > d.,/8, Bq_ /s(20) C By .
Then applying (A.22) with z; = zp and R = d,, /16 < 1 yields (A.19). O

Next, we make the Holder estimates for Du. We first note that, by (A.9)
and (A.18), g satisfies

(A.23) |Dg| < C(e|D?*u| + |Du| + |u|)  in By,

(A.24) [Q]o,ﬂ,BdZ/Q(z)mB; <C (5[Du]o,g,BdZ/2(z)mB; + Hqu,o,de/g(z)mB;) :

LEMMA A.2. Let 3 be as in Lemma A.1. Then there exist eg(A) > 0 and
C(A\) > 0 such that, if 0 < e < g,

dgo [DU]O,B,BdZO/w(Zo)ﬂB; = C(HUHLO:deo /2(20)NB3 + Sdgo [Du]o’ﬁ’deo /2(20)NB3
(A.25) +||f”0,0,BdZO/2(z(,)mB;)
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for any zg € B; U .

Proof. The Holder norm of Dju has been estimated in Lemma A.1. It
remains to estimate Dou. We follow the proof of [20, Theorem 13.1].

Fix 29 € By UXs. In order to prove (A.25), it suffices to show that, for
every 2 € By, /32(20) N B and every R > 0 such that Br(2) C By, j16(20),
we have

LQ
(A.26) / |D?uf*dz < —5 R*,
Br(2)NBF ds

0

where L is the right-hand side of (A.25) (cf. [20, Theorem 7.19] and [36
Lemma 4.11})).

In order to prove (A.26), we consider separately case (i) Bagr(2) NXg # ()
and case (i) Bagr(2) N Xy = 0.

We first consider case (i). Let Bar(2)NE2 # (. Since Br(2) C By 32(20),
then Bap(2) C By, 16(20) so that

(A.27) 2R < d,,.
Let n € CL(Bagr(2)) and ¢ = n?(wy — g). Note that ¢ € Wy*(Bar(2) N By) by
(A.17). We use ( as a test function in the weak form of (A.15):

T
(A.28) /B i Zl Ay Diwy DyCdz = /B i ; A;Dyu+ f)DiCde,
and apply (A.7)—(A.8) and (A.23) to obtain

(A.29)

/ | Dwy|?n?dz < C’/ < (5—1—5 )| Dw1|? + e| D?u)? )
By
+(5 D) ((IDn? + | f1n*) (w1 = ) + (| Duf* + |u|2)n2)>dz,

where C' depends only on A, and the sufficiently small constant § > 0 will be
chosen below. Since

(A.30) |Dw1|2 = (D11u)2 + (Dlzu)2,

it remains to estimate |Dogu|?. Using the ellipticity property (A.7), we can
express Dogu from equation (A.1) to obtain

/+ |DayulPrdz < C()\)/+(\D11u|2 + |Disuf? + | Duf?)ndz.
B; B;
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Combining this with (A.29)—(A.30) and using (A.8) to estimate |f| yield
(A.31)

/ |D2u?dz < c/ ((5 + )| D2l
By B

2

1) (DA + )01 — 9 + (DU + ) ).

Choose g9 = 6 = (4C)~ L. Then, when ¢ € (0,&0), we have
(A.32)

| prupiiz <0 [ (UDaP + ) = 0 + (DuP + [P d

Now we make a more specific choice of n: In addition to n € C}(Bar(2)),
we assume that 7 = 1 on Bg(2), 0 < n < 1 on R? and |Dn| < 10/R.
Also, since Bagr(2) N Xy # ), then, for any fixed z* € Bog(2) N X2, we have
|z—2*| < 2R for any z € Bar(Z). Moreover, (w; —g)(z*) = 0 by (A.17). Then,
since Bog(2) C By, j16(20), we find from (A.19), (A.24), and (A.27) that, for
any z € Bag(2) N By,

(w1 = 9)(2)| =[(w1 = 9)(2) — (w1 = 9)(z")| < |wi(2) —wi(z7)] +1g(2) — g(z")]

S (||(DUM f)||07073d20/2(20)m3; + d/go I:g]o,ﬂ,deO/z(ZO)mB;) |Z — Z*|6

8
20
+[9]0,ﬁ,3d20/2(z0)03;|2 -2
1
S C(d7 H (‘Du7 f) ||0’0’BdZ(J /Q(Zo)mB; + 8[Du}07ﬂ’de0 /Q(Zo)mB;

20

+lul

8
0,0,Ba., /g(zo)ﬁB;)R :

Using this estimate and our choice of 7, we obtain from (A.32) that

/ |D?ul?dz
Br(2)NBS

1 2 2 2 23
< C(dTﬁ”(Du’ f)”O,OdezO/z(ZO)ﬂB; Te [DU]Oﬂ,BdZU /2(Zo)ﬁBz+)R
Z0

+CHUH?,0,B(120/2(20)OB§ (Rzﬁ + R2)7
which implies (A.26) for case (i).

Now we consider case (ii): 2 € By and R > 0 satisfy Br(%) C By, 732(20)
and Byp(2) N ¥y = 0. Then Byr(2) C By, j16(20) N By . Let n € Cj(Bar(2))
and ¢ = n?(w; — wi1(2)). Note that ¢ € WOI’Q(B;) since Bog(2) C By . Thus
we can use ( as a test function in (A.28). Performing the estimates similar to
those that have been done to obtain (A.32), we have

(a33) [ 1DPuPiidz < CO) [ (D) = un ()P + [Duf?) .

2
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Choose n € C}(B2r(2)) so that n = 1 on Bg(2), 0 < n < 1 on R?, and
|Dn| < 10/R. Note that, for any z € Bar(2),

i (2) — wn (3)] < c(dlﬂn(Du, 5

Z0

8
‘O,O,deo/2(7;0)035r + E[Du]o,ﬁ,BdZO/z(Zo)ﬂB;)R

by (A.19) since Bap(2) C Bqg, /16(20) N By . Now we obtain (A.26) from (A.33)
similar to that for case (i). Then Lemma A.2 is proved. O

LEMMA A.3. Let 3 and gy be as in Lemma A.2. Then, for e € (0,eq),
there exists C(\) such that

(A34) [l 5 g, < Ol o s, + el 5 mi0m, + 1 fllon.s:)-

where [-]* and ||-||* denote the standard partially interior seminorms and norms

20, Eq. 4.29].

Proof. Estimate (A.34) follows directly from Lemma A.2 and an argument
similar to the proof of [20, Theorem 4.8]. Let z1, 22 € B; with d,, <d,, (thus
dz 2, = dz,) and let [21 — 29| < d, /64. Then 22 € By, 32(20) N By and, by
Lemma A.2 applied to zg = z1, we find
Ji+p 1Dulz1) — Du(zs)|

Z1,R2

1+
’Zl . 22‘/8 S C(dzl ||u”1,0,de1 /Q(Zl)nB; + 5d21 B[Du:lo,ﬁ,del /2(zl)ﬁB§'

+Hf”o,0,del/2(z1)mB;)

<Ol o s, + el 5 mros, + 100 5s):

where the last inequality holds since 2d, > d;, for all z € By_ jo(21) N By . If
21,720 € B;r with d,, <d,, and |21 — 22| > d,, /64, then

115 |Duz1) = Du(z,)

21,22

|Zl . 22|5 S 64(d2‘1 ’DU’(Zl)’ + d22|Du(Z2)|) S 64 “u||>{7073;u22'

This completes the proof. O

Now we can complete the proof of Theorem A.2. For sufficiently small
g9 > 0 depending only on A, when ¢ € (0,¢p), we use Lemma A.3 to obtain

(A35) [u]iﬁ,B;UEz S C()\)(Hu”T’O’B;UZQ + Hf

We use the interpolation inequality [20, Eq. (6.89)] to estimate

o,o,B;)~

HuHio,B;UgQ < C(/B’(;)HUHO,B;r + 5[”]?5,3;1)22
for § > 0. Since 8 = (\), we choose sufficiently small 6(A) > 0 to find

(A.36) < CN)(Jlu

[l 5 prus, 00,85 + 1fllo,0,55)
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from (A.35). In particular, we obtain a global estimate in a smaller half-ball:

(A.37) lu

1,8,B} 5 < CN)lulloo.8r + 1 fllo0,55)-

We can assume < a. Now we consider (A.15) as a linear elliptic equation

2
(A.38) Z Di(aij(z,y)Djw1) = D1F in B;r/5’
inj=1

where a;;(z,y) = (Aij/Az2)(Du(x,y),z,y) fori+j <4, a2 =1, and F(z,y) =
(AlDl’LL + AQDQU + f)/AQQ with (Aiju Al) == (Aiju A,)(Du(x, y), Z, y) Then
(A.36), combined with (A.8), implies

(A.39) laijllog,pz,, < C(A M).

From now on, d, denotes the distance related to the partially interior norms in
B;'/5 U Xg/s5, i.e., for 2z € 3;/5, d, := dist(z, 83;?5 \ Xg/5). Now, similar to the
proof of Lemma A.1, we rescale equation (A.38) and the Dirichlet condition

(A.17) from the balls Bf(2}) C B;/5 and Bgr(z1) C Bg+/5 with R < 1 to

B = B} or B = By, respectively, by defining
(w01, §,ai)(Z) = (w1,9,0ai) (21 + RZ), F(Z)=RF(z +RZ)  for Z € B.

Then 7., Di(asj(z,y)Djivn) = DiF in B, the ellipticity of this rescaled
equation is the same as that for (A.38), and ||a;jl/o8,8 < C for C = C(\, M)
in (A.39), where we have used R < 1. This allows us to apply the local C'!*
interior and boundary estimates for the Dirichlet problem [20, Theorem 8.32,
Corollary 8.36] to the rescaled problems in the balls B;rdzo /8(26) and By, /8(20)
as in Lemma A.1. Then, scaling back and multiplying by d.,, applying the
covering argument as in Lemma A.1l, and recalling the definition of F, we
obtain that, for any zg € B;r/5 U X5,

(A.40)

dz’j—ﬁ[wl]1,ﬁ,deo/15(z0)ﬁB;r/5 +dz, [wlh,o,deo/w(zg)mB;

< C’(dZOHDu )

9/5

2 k+1
+dz:_ﬁ[g]1,ﬂ,deo/2(z0)ﬁBg+/5 + dzj [Q]k,o,BdZO/z(zo)mB;/5>>
k=0,1

where we have used d,, < 2. Recall that Dw; = (D11u, Di2u). Expressing
Dysu from equation (A.1) by using (A.7)—(A.8) and (A.36) to estimate the
Holder norms of Dasu, in terms of the norms of Diju, Dyou, and Du, and by
using (A.18) and (A.9) to estimate the terms involving ¢ in (A.40), we obtain

1+
0,0,Bus, s2(20)"Bg5 T d, B[U]1,5,13(120/z(zo)mB;/5 + Hf”o,ﬁ,deo/z(zo)ﬂB

+
9/5
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from (A.40) that, for every zp € B;“/5 U Yo,

2461 12 2 12
dZ() [D ,u]O,ﬁ,BdZO/1(;‘,(2())|’7B5;F/5 + dZ[) [D U]O,O,deo/w(zo)ﬂB;/5

< C<dzO HDUHC(BdZO/2(zo)mB+ )+ dijﬁ[u]l,ﬁ,BdZO/z(zo)ﬁB

+
9/5 9/5

+ Hf”o,ﬁ,BdZO/2(20)ﬁB+

9/5

+dz ||ull 1,0,Bu., /2(20)NB;;

9/5
2+5
+6(dZU [DQU]O,ﬁ,BdZU/2(2’0)ﬁBJr _'_dgo[l)zu]O,O,deO/2(20)('13+ ))

9/5 9/5

From this estimate, the argument of Lemma A.3 implies

(AAD) Jully g e S Ol g e om o + el e o+ 105,
Thus, reducing ¢y if necessary and using (A.37), we conclude

(A42) Il 550w, < COSM el g5+ 11l 55)

Estimate (A.42) implies a global estimate in a smaller ball and, in particular,
|| u| Lo B < C(\, M)([[ullg, g5 + 1f1lo,5,5; )- Now we can repeat the argument,

which leads from (A.37) to (A.42) with § replaced by «, in Bgr/s (and, in
particular, further reducing ¢ depending only on (A, M, «)) to obtain

< O\ M, a)(llullo, gy + 11

Hu”;,a,B;—/SUEg/s O,Q,B;—)’

which implies (A.14) and hence (A.10) for the original problem. Theorem A.2
is proved.

Now we show that the estimates also hold for the Dirichlet problem.

THEOREM A.3. Let A >0 and o € (0,1). Let ® € CQ’O‘(E) satisfy (A.5)
and QO := BpN{y > ®(z)} for R > 0. Letu € C*(Q3)NC () satisfy (A.1)
in QF and
(A.43) u=yg on T's :=BaN{y = P(x)},

where Aij; = Aijj(Du,x,y) and A; = Aij(Du,z,y), 1,5 = 1,2, and f = f(z,y)
satisfy (A.7)~(A.8), and g = g(x,y) satisfies

—1
(A44) Hg”c2,a(@) < A )

with (A, ) defined above. Assume that [lul|c oy < M. Then
(Ad5)  ullgnn gy < CONM) s, + 1l i + 19l i

Proof. By replacing u with u— g, we can assume without loss of generality
that ¢ = 0. Also, by flattening the boundary as in the proof of Theorem A.2,
we can assume ¢ = 0. That is, we have reduced to the case when (A.1) holds
in By and u = 0 on Xp. Thus, u; = 0 on ¥5. Then estimate (A.45) follows
from Theorem A.2. O
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We now derive the estimates for the oblique derivative problem.

THEOREM A.4. Let A >0 and o € (0,1). Let ® € CQ’Q(&satisfy (A.5)
and QE = BrN{y > ®(x)} for R> 0. Let u € C%(QF) N CY(QT) satisfy
(A46) Ajug, + 2A12uxy + Agguyy + Ajug + Aguy =0 m Q;r,

(AA4T) brug + bouy +cu=0 on T'g:= ByN{y=o(x)},

where A;j = Aij(Du,x,y) and A; = A;(Du,x,y), i,j = 1,2, satisfy (A.7)-
(A.8), and b; = bj(z,y),i = 1,2, and ¢ = c(x,y) satisfy the following oblique-
ness condition and CH®-bounds:

(A.48) ba(z,y) > A for (z,y) € Ty,
—1
(A49) H(b17b27c)Hcl,a(QQ+) S )\ .

Assume that Hu||c( < M. Then there exists C = C(\, M, «a) > 0 such that

)
Proof. Step 1. First, we flatten the boundary I'¢ by the change of coordi-
nates (X,Y) = ¥(x,y) = (z,y — ®(x)). Then (z,y) = V" }(X,Y) = (X,Y +
®(X)). From (A.5), ||\I'HC2,Q(QZ+)+H\II_IHOQ,Q(D;) < C()\), where Dy := ¥(Q])
satisfies Dy C R2 :={Y >0} and ['g := 9D N{Y =0} = ¥(T's). By a stan-
dard calculation, v(X,Y) = wu(x,y) = u(¥~1(X,Y)) satisfies the equation
of form (A.46) in Dy and the oblique derivative condition of form (A.47) on
Iy, where (A.7)—(A.8) and (A.48)-(A.49) are satisfied with modified constant
A > 0 depending only on A. Also, [v]lo(pyy < M. Thus, (A.50) follows from

(A51) lollg 0 o, < COLM, vl ps-

Next we note that, in order to prove (A.51), it suffices to prove that there
exist K and C depending only on (A, M,«) such that, if v satisfies (A.46)—
(A.47) in Bf and X := By N {y = 0} respectively, (A.7)—(A.8) and (A.48)-
(A.49) hold in By, and |v| < M in Bf, then

(A.52) o] < Cllvllesy):

C2(BY) )

Indeed, if (A.52) is proved, then, using also the interior estimates (A.4) in
Theorem A.1 and applying the scaling argument similar to the proof of Lemma
A.1, we obtain that, for any 29 € Dy U Xa,

2+«
dZO ”v||c2’°(deo/<16K)(Zo)mD;r) = CHUHC(B"’ZO/?(Z")F]D;)'

From this, we use the argument of the proof of Lemma A.3 to obtain (A.51).
Thus it remains to show (A.52). First we make a linear change of variables
to normalize the problem so that

(A.53) b1(0) =0, by(0) =1
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for the modified problem. Let

(X,Y) = ¥(z,y) = b;O)(bz(O)ﬂﬁ — b1(0)y, ).
Then
(z,y) = P7HX,Y) = (X +b1(0)Y,52(0)Y),  |[D¥|+|DT | <C(N),

where the estimate follows from (A.48)—(A.49). Then the function w(X,Y) :=
v(z,y) = v(X +01(0)Y,b2(0)Y) is a solution of the equation of form (A.46) in
the domain W(B;") and the boundary condition of form (A.47) on the boundary
part ¥(3) such that (A.7)-(A.8) and (A.48)(A.49) are satisfied with constant
A > 0 depending only on A, and (A.53) holds, which can be verified by a
straightforward calculation. Also, HwHC(@(BD) <M.

Note that ¥(B) € R% := {Y > 0} and ¥(%;) = 0¥(B;) n{Y = 0}.
Moreover, since |DWU| + [D¥~ < C()), there exists K; = Kj(\) > 0 such
that, for any r > 0, B, /g, C \TJ(BT) C Bg,r. Thus it suffices to prove

||wHCQ,Q(?+/2) < Cllwllesy

for some r € (0,1/K7). This estimate implies (A.52) with K = 2K, /r.

Step 2. As a result of the reduction performed in Step 1, it suffices to prove
the following: There exist € € (0,1) and C' depending only on (A, o, M) such
that, if u satisfies (A.46) and (A.47) in By, and on Y. respectively, if (A.7)-
(A.8) and (A.48)-(A.49) hold in By, and if (A.53) holds and [[ully p+ < M,
then ’

el o < Clllly -

We now prove this claim. For € > 0 to be chosen later, we rescale from
B;a into B; by defining
1
(A.54) v(z,y) = g(u(ax,ey) —u(0,0)) for (z,y) € B .
Then v satisfies
(A.55) Allvxx + 2121121)13/ + AQQ’Uyy + Alvx + Agvy = f in B;,
(A56) vy = bivg + l;gvy + ¢év + cu(0,0) on Yo,

where

Aij(paxa y) = Alj(p7 5$7€y)7 Az(pa :L‘,y) = eAl-(p,eav,sy),

61 ($,y) = —b1(€$7€y), bQ(xa y) = _b2(€x75y) + 17 E(l’,y) = —EC(€$,€y).

Then A;; and A; satisfy (A.7)-(A.8) in By and, using (A.49), (A.53), and
e <1,

(A.57) (b1, b2, &)|ly 0 gy < Ce  for some C = C(N).
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Now we follow the proof of Theorem A.2. We use the partially interior
norms [20, Eq. 4.29] in the domain By U X9 whose distance function is d, =
dist(z, 0B \ $3). We introduce the functions w; = D;v, i = 1,2, to conclude
from (A.55) that w; and wy are weak solutions of equations

Ay 2415 Ay Ay

(A58) Dl( — Diwy + — D2w1) + Doswy = —Dl( —Djv + = DQ’U),
A22 A22 A22 22
24 A A A
(A59) Dyiws + D2( = 12 Dywy + ~22 D2w2) = —DQ( = ! Div+ — 2 DQ’U)
Aqq A An 11

in By, respectively. From (A.56), we have
(A.60) we =g on X,

where § := bivg + Egvy + ¢v + ¢u(0,0) in B;.

Using equation (A.59) and the Dirichlet boundary condition (A.60) for ws
and following the proof of Lemma A.1, we can show the existence of 5 € (0, o]
and C depending only on A such that, for any zg € B; U X,
(A.61)

dfo [wﬂo,ﬁ,Bdm/m(zo)mB; < C(HDUHO,B(JZU/Q(ZO)mB; + d/fo [g]o,ﬁ,BdZO/g(zo)mB;)~
Next we obtain the Holder estimates of Dv if ¢ is sufficiently small. We
first note that, by (A.57), g satisfies
(A62) [Dgl < C=(|D%]| + |Do| + o] + Jully ) i B,
(A63)  [9lo,8,8.. 2¢)npr < Celllvlly g8, 2)npp) + Iullo,52)

for C = C()). The term efully g+ in (A.62)—-(A.63) comes from the term
¢u(0,0) in the definition of g. We follow the proof of Lemma A.2, but we now
use the integral form of equation (A.59) with test functions ¢ = 7*(wz — §) and
¢ = n*(wy — wa(Z)) to get an integral estimate of |Dws| and thus of |D;jv| for
i+ j > 2, and then use (A.55) to estimate the remaining derivative Dqjv. In
these estimates, we use (A.61)—(A.63). We obtain that, for sufficiently small e
depending only on A,

dgo [DU]Oﬂ,BdZO/Bz(ZO)ﬂB;

(A.64)
< C(Ilolos(p., ainsg) + € [Dvlo g 5, uieoyrpy + €dallullo 5 )

for any 29 € By U X, with C = C()). Using (A.64), we follow the proof of
Lemma A.3 to obtain

(A.65) [“H,ﬂ,B;uzg < C(HUHT,O,B;’UEQ + E[UH,B,BJU& + EHUHO,BQE)‘

Now we choose sufficiently small € > 0 depending only on A to have

I3 5 pros, < COV0IT g o, + Nullo 5z)-
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Then we use the interpolation inequality, similar to the proof of (A.36), to
have

(A.66) 10117 5,505, < CAIvllo, g + llu
By (A.54) with € = &(\) chosen above, (A.66) implies
(A.67) Il s oms < COVMlll

Then problem (A.46)—(A.47) can be regarded as a linear oblique derivative
problem in B;;/zl whose coefficients a;;(z,y) := A;;(Du(z,y),z,y) and a;(z,y)
= A;(Du(z,y), x,y) have the estimate in CO’B(B;E/4
only on (A, M) from (A.67) and (A.8). Moreover, we can assume § < « so

that (A.49) implies the estimates of (b;,¢) in 01’6(3;6/4) with e = (). Then

the standard estimates for linear oblique derivative problems [20, Lemma 6.29]
imply

(A.68) [ullap,55 , < OO M)lullo s

7e/4

0,B;. )

) by a constant depending

In particular, the C’O’“(@)—norms of the coefficients (a;;,a;) of the linear
equation (A.46) are bounded by a constant depending only on (A, M), which
implies

full 50 < CONM) [l

by applying again [20, Lemma 6.29]. This implies the assertion of Step 2, thus
Theorem A.4. O
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