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Abstract. We are mainly concerned with the Dirichlet initial boundary value prob-
lem in one-dimensional nonlinear thermoelasticity. It is proved that if the initial data
are close to the equilibrium then the problem admits a unique, global, smooth solu-
tion. Moreover, as time tends to infinity, the solution is exponentially stable. As a
corollary we also obtain the existence of periodic solutions for small, periodic right-
hand sides.

1. Introduction. This paper is concerned with global existence, uniqueness, and
asymptotic behavior of solutions to the equations of one-dimensional nonlinear ther-
moelasticity subject to Dirichlet boundary conditions for both temperature difference
and displacement. Moreover, the question of existence of periodic solutions is ad-
dressed.

The reference configuration is represented by the interval Q := (0, /), [ being a
fixed positive number.

The equations for the displacement u = u(¢, x) from the reference configuration
and the temperature difference 6 = 6(¢, x) = T (¢, x) —1,, where T, is the absolute
temperature and 7, is the constant reference temperature, read as follows:

u,—Su,,0),=f in[0,oc0)xQ, (1.1)

(0 +1)N(u,, 0),-0u,,6,,6), =f in[0,oc0)xQ. (1.2)

Here S is the Piola-Kirchhoff stress tensor, N is the specific entropy, and Q is the
heat flux.
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Introducing
aS oS ON
“Eaw - YT T Tl
_ 1 a0 __h
“WBvt00, T grr (orlfi<m).

observing —0S5/06 = ON/ou, (cf.[12]), and assuming Q = Q(6,) for simplicity,
we may rewrite the equations as

u,—a(u,, NOu, +bu,,0)o =f, (1.3)

c(u,, 0)0,+b(u,, Ou, —do,0)0  =g. (1.4)

Considering first the Dirichlet initial boundary value problem, # and 6 are subject
to the following boundary and initial conditions respectively:
u(t,0)=u(t,l)=0(t,0)=6(t,/)=0 1in[0, o], (1.5)
u0, x) =uy(x), u,(0,x)=u/(x), 6(=0)=06y(x) inQ, (1.6)
with prescribed data u,, u,, and 6.

Slemrod proved in [15] the global existence and asymptotic stability of solutions
if ¥ and 6 satisfy Neumann-Dirichlet (¥, = 6 = 0) or Dirichlet-Neumann (u =
6. = 0) boundary conditions (see also Zheng [16]). The Dirichlet-Dirichlet case (1.5)
remained open until Racke and Shibata recently proved in [12] the global existence
of small smooth solutions using spectral analysis methods. Polynomial decay rates
as t — oo depending on the smoothness of the initial data were also obtained.

On the other hand, Munoz Rivera recently proved in [1] the exponential decay of
solutions to the Dirichlet-Dirichlet initial boundary value problem in /inear thermoe-
lasticity, using the energy method and a tricky treatment of some boundary terms.

The main aim of this paper is to use Munoz Rivera’s idea to improve the results
of Racke and Shibata [12]. The improvement is threefold: we obtain an exponential
decay result, less regularity of the data is required, and the proof is much simpler.
Moreover, the existence of periodic solutions is obtained as a corollary.

We wish to mention that Shibata [13] and Jiang [6] recently discussed the corre-
sponding Neumann problem, the latter also for Q being the half-line, where decay
rates are only given in [13] proving polynomial decay. Previously, the Cauchy prob-
lem Q = R was investigated by Kawashima and Okada [8], Kawashima [7], Zheng
and Shen [17], and Hrusa and Tarabek [3], proving the global existence of small so-
lutions. The blow-up for large data was shown for the Cauchy problem by Dafermos
and Hsiao [1] and Hrusa and Messaoudi [2]. The case of a half-line assuming the
same boundary conditions as Slemrod was discussed by Jiang [4] as well as recently
the Dirichlet-Dirichlet case in [5], without giving any decay rates.

The following assumption is made throughout the paper.

ASSUMPTION 1.1. a, b, ¢, d are C*-functions of their arguments. There exist posi-
tive constants q, ¢, d,, K, with K < 7,,such thatif |u | <K, || <K, |0 |<K
we have

a(u,, 0) > a,, c(u,,0)=>c¢, d,0,)>d,, (1.7)
0 X 0 X

x? —
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b(u, , 8) #0. (1.8)
fi and f, satisfy:

1

fis £, €CH0, 00), LYnC'([0, ), H'). (1.9)

ReEMARK. The conclusion of the Main Theorem still remains valid if f, f, also
depend on higher-order (quadratic , ...) termsin u and 6 up to their second deriva-
tives. _

Since we are looking for the solution in a K-neighborhood of the origin, we can
assume without loss of generality that the functions a, b, ¢, d and their derivatives
are bounded.

Let

u,:=u,(t=0), 6,:=06,(=0)

be given formally through the differential equation, explicitly in terms of the initial
data ug, u,, 6;:

uy =a(uy ., 0p)uy o+ ., 600)0, .+ f(t=0), (1.10)
1
01 = m{d(%, BO,X)GO,XX — b(uo’x, Go)ul‘x + g(t = 0)} (1.11)

AsSUMPTION 1.2. Suppose u, € H',u, € H*, u, € H', 6, € H>, 6, € H*, and
16,(x)| < 7, in Q,
Uy=u, =u,=0 onaQ, (1.12)

6,=6,=0 onoQ. (1.13)
Then we have the

MAN THEOREM. Let A(t) = X! ID/(f;, £)(t, NP + 197(f,. L)t I +

10,0,(f,, HH)(t, ~)||2 , and suppose that Assumptions 1.1 and 1.2 are satisfied. Then
there exists a small constant ¢, > 0 such that if

2 2 2 2 2
ltgll + eyl + ltally + 116511, + 116,11, + sup A(2) < &

then the initial boundary value problem (1.1), (1.2), (1.5), (1.6) admits a unique
global solution

ue (€0, ), B, 6e(C(0,), ), 6eC(0,x),L%.
j=0 j=0

Moreover, there are constants .c,, ¢, > 0 such that for >0

3 ) 2 _
STUD u@) + Y176 + 16, (I + 16, (O
j=0 j=0 (1.14)

t
—c,t 2 2 2 2 2 cr
<ce (||u0||2+||u1|12+nu2nl+||eonz+||0,n2+ /0 em(r)dr).
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REMARK. It should be noticed that
t
supe—czl/ e A(r)dr < g,/c, (1.15)
>0 0
holds. This is needed for the corollary on periodic solutions below.
By using the technique of Matsumura from [10], exploiting the exponential stabil-
ity, we obtain the existence of global, small periodic solutions provided f, and f,
satisfy the following additional assumption.

AssUMPTION 1.3. f, and f, are periodic with respect to ¢ with period @ > 0
arbitrary:
St+w, )= f(t,), k=1,2, forallt>0. (1.16)
Then we have the following

CoOROLLARY. Suppose Assumptions 1.1 and 1.3 are satisfied. Then there exists a
small constant ¢, > 0 such that if

1
j 2 2
fggz 1D (fy 5 S N+ 118, (fy > L) N+ 18,0, (f,» L), I <
=¥ j=0
then the problem (1.1), (1.2), (1.5) admits a unique solution

3 ) 1 ) .
ue (0, 00), H'),  0e(C(0, ), H),
j=0 j=0
6 € C*([0, x0), L%,
which is periodic with period w.

The notation in this paper is as follows: The usual Lz-space on Q and its norm
are denoted by L? and |- || respectively. H™, m € N, denotes the usual Sobolev
space

H™ = {v e L[|l = [v] + vl + -+ [lo"]| < o0},
where v"/)(x) 1= (d/(dx))v(x), 1 < j < m. D (1, x) = 8/0%v(t, x), j+k =
L € N,, where 0,’ =8/t Bf =(0 /(6x))k . Differentiation is mainly indicated
by indices: u, = d,u, u, = 8 u, and so on. The L™-norm is denoted by |-|_ .
ctu, B) (resp. LZ(I , B)) denotes the space of B-valued functions that are L-times
continuously differentiable (resp. square integrable) in I, I C R an interval, B a
Banach space, L € N;.

2. Proof of the Main Theorem. The proof of the Main Theorem consists in com-
bining the following local existence and uniqueness theorem with uniform a priori
estimates.

THEOREM 2.1 (Local existence and uniqueness). Suppose Assumptions 1.1 and 1.2
are satisfied. Ther there exists 7 > 0 depending only on a bound for Z§=0 llulls_;

1
+ Zj:() ”0]"3—1 H Ieoloo and on

l .
sgg {Z ”Dj(fl s f.z)(t, ')” + ”atz(fi s .fz)(ta )“ + ”a[ax(.fl » .fz)(t> ')“2}
20 | 5
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such that the initial boundary value problem (1.3)-(1.6) admits a unique solution
(u, 6) in [0, T] x Q.
u and 6 satisfy

ue(C'(0, T, B, 6eNC (0,11, H7), o6ec’(0,T], LY,
j=0 j=0

16(¢, x)| < 1, for(t,x)€[0, T]xQ.
If
lug | <K/2, 10, <K/2, |6, |<K/2 inQ,
then
lu <K, 10]<K, |6 |<K in[0,T]xQ. (2.1)

Since Theorem 2.1 can be proved by standard methods—energy method and con-
traction mapping principle—we omit its proof (cf. [12] and Slemrod [15] for the case
of the Dirichlet-Neumann boundary condition).

We now proceed to get uniform a priori estimates.

Multiplying (1.3) by u, and (1.4) by 6, then adding together and integrating with
respect to x , we obtain v

! 4 ]
1d ||u,||2+/ auidx+/ c6” dx +/ 46 dx

I I
=/[%atui—axuxu,+bxu,0—dxt90x+%ctez]dx+/ (fu,+ g0)dx
0 0
!
=R, + / (fu, + g0) dx. (2.2)
0

(The parameters ¢, x are mostly dropped here and in the sequel.)
Differentiating (1.3), (1.4) with respect to ¢ once and twice, respectively, we obtain
with the same (energy) method as before:

i ) !
3L (||u,,||2+/ aufxdx+/ cofdx) +/ a6 dx
0 0 0

i

2
= 0 [Eatuzx —au i, tauu, - btoxutt + bxuttet - btexutt

- bletutx - dxetetx + dtgtaxx - %ctetzl dx

i
+ /0 (fu,+g0,)dx

i
=R, +/0 (fou, + 8,6,)dx, (2.3)
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respectively

1d 2 I b2 b2
e (uu,,,u + / an’ dx + / c6® dx | + /0 d6> , d

2 / [atutlx - Xulll ttx + 2alulllulxx + attutttuxx 2btetxultt bttexulll

3¢602-¢c 060 +b 0 u —bu 6 —2bu. b

2% o Xt nrex t7x

-d6.,0, +d.0 6. +2d6

X ux tnoxx tTtxx

0 1dx
/ (St + 8,9,) dx

= R / f;t 42 + gtt lt) (24)

REMARK. The differentiation with respect to ¢ twice is formally not allowed, for
example, u,,, is not defined. But smoothing the initial data here and going to the
limit in the final energy estimates justifies (2.4) and similar calculations below. Ob-
serve, for example, that only ||u,, || will appear in the energy estimate.

Differentiating (1.3), (1.4) with respect to x, multiplying it by u, and 6, re-
spectively, then adding together, and integrating with respect to x, we get

1d 2 Ly L Lo
e (uu,xn +/0 auxxdx+/0 cé)xdx>+/0 46, dx

=/, 2a,U 2C10x c06 —b6u ldx

X x7tx

+ dexexxlo +futx|£) +/ (f;rutx + gxex)dx
0 (2.5)
= [ [3a,u lct92—c66? —b 6 u, ldx
0

% xx 21x xt x7x"tx

!
+bu1x x|0+futx|0 gexlo /(fx tx+gx0x)dx

ER4+butx x|0+fu1x|0 ge_xlO /(fx tx+gx X)dx

Here we used
! i
bu,, —g—-db_|,=-cb,l,=0.

In order to deal with the boundary terms we use a technique due to Muiioz Rivera
[11] (for the linear case). We remark that an important aspect in [11] is to consider
the once-differentiated equation. This leads to second-order energy terms, which are
needed to get decay information for the first-order energy and then for the second-
order energy too. Here we shall also consider the third-order energy terms because
of the regularity assumptions in the local existence theorem.



GLOBAL SOLVABILITY AND EXPONENTIAL STABILITY 757

We differentiate (1.3) with respect to ¢, multiply it by (x —//2)u,,, and integrate
with respect to x to obtain

!
/
/0 (x - 5) u,(u,, —au,  —au +b6 +b6, —f)dx=0, -(2.6)

d [! l ! / 1 /! l 2
dt 0 (x—i) utxuttdx_/() (x_§> uttuttxdx_zA <x_§) a(utx)xdx

/ / p f (2.7)
= /0 (X - 5) [atutxuxx - btexutx - utxbotx]dx +/0 (X - E) ftutx dx.
It turns out that we have
I 2
Z(autx x=1t autx|x=0)
d (! ( l) 1 2 1,
= — xX—=)u, u, dx+ z|u +—/audx
dt 0 2 tx 2" n“ 2 o Ix
1
/ 2
+ /0 (X - 5) [%axutx —aqu, .t btoxutx + butxatx]dx
Lo (2.8)
—/0 (x - 5) S, dx
d (! ) 1 » 1,
= E/O (x - 5) Uy Uy dx + E“utt" + 5/0 auy, dx
! ) ! /
+/0 (x — 5) bu, 0, —/0 <x - 5) Sfu,, dx + R
with .
Ry := /0 (x - %) Lau’ —au u_ +b.06u, ldx. (2.9)

Similarly, differentiating (1.3), (1.4) with respect to ¢ and x, then multiplying it by

u,. and 6, , respectively, adding together, and integrating with respect to x, we

obtain
1d 2 Ly Loy L.
5o (Ilu"xll + /O au?, dx + /O o6’ dx | + /0 46 dx
1 L, 1
= 5/0 atutxxdx+autxxuttx|0

1
+ /0 [atx uxx uttx - bx elx uttx + atuxxx uttx - btxexuttx (210)

~ b6, u, —ic6 —c 6.6 -cb,0

T xxtx t7tx tx7tx"t xttx

vbu 0 —do_ 0 ldx

t7ix T txx 7 xx " txx
!
l
+/0 ( txUix + gtxotx) dx + gtetx|0'
In deriving (2.10) we used the relation

1 d i I
dotxx - buttx +d0,, - btutxlo = Z(dexx - buxx)lo = —gIIO'

t7xx
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Differentiating (1.3) with respect to ¢, we obtain
u,—au, —au +b6 +b6, =f. (2.11)

et

Thus it turns out with the help of the boundary condition that
i

i a b b f
u b = (——’u Lhg by -—') . (2.12)
txx10 a XX a x a x a o
Similarly to (2.8) we have
I, 2
Z(auttx|x=1 + au11x|x=0)
d (! / 2 1l
= E 0 (x - '2_> unxumdx + %”um” + E/O aunxdx (2-13)

! / ! /
+/0 <x - 5) buttxettxdx +/0 (x - §> ltuttxdx + R6

! l
R6 = /0 (x - E) [%axutzzx T AUy — zatuttxutxx + thazxunx + bttaxultx]dx‘
(2.14)
The strategy in the sequel consists in estimating # in terms of 6 and its derivatives.
Using the second differential equation (1.4) and Poincaré’s inequality we have

with

2 2 2 2
g ™ < KNG+ 160,107+ 11l7)- (2.15)
Here K| and in the sequel K,, K, ... denote positive constants.
2 2 2 2
lu I” < K0, 17+ 116,17+ 11g117)- (2.16)

In order to produce a fol au)zc dx-term, we use the differential equation (1.3):
d ! I )
E/o uu,dx+/0 au dx
5 i i i
= - [ @, v~ [ bug, v+ [ urax (2.17)
0 0 0
2 2 1 ! 2 / ! dx
< Kl " +10,17) + 5 ; au, dx — ; a, uu dx + | uf dx.
This implies
d [' 1
E/o uutdx+§/O au dx
5 5 i i
< Ky (12 + 16, >—/0 axuuxdx+/0 uf d

2 2 2 2
S K16, 17 + 10,017 + 16,17+ 1A17) + R,

(2.18)

with .
R, = —/ a_uu,_ dx. (2.19)
0
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Similarly we have

! I ] )
%/ u,u,,dx-||u,,||2+/ aufxdx+/ b6, u dx+ [ ufide+ Ry=0 (220)
0 0 0 0
with
/[ax ,, —au u,+ b6 ulds. (2.21)

Thus it turns out that

2 oy 2 d (! !
lu,l” <K, au, dx + |6, |" | + a7 [ Hta dx + | u,fdx+ Ry
0 0 0 (2.22)

2 2 d ! !
S K167 + 110, )+E/0 u,u,,ci>c+/0 u,f,dx + Rg,

where we have used (2.15) and Poincaré’s inequality. Using the differential equation
(1.3) once more, we get

d /
e II* < KON + 16,1 + 10,1 + 1111 )+—/O uu,dx + Ry. (2.23)

With the help of the differential equation (1.4) we conclude

2 2 2 2
I < K110, 11" + 16, 1" + 81" + Ro) (2.24)

tx
with

Ry:=|—-c0,+bu, +db (2.25)

t7tx t XX” :

Similarly we have

it l* = %/1 Uyl X + /Olau,ztxdx + /Olbuuanxdx +/ u,f,dx + Ry (2.26)
with
Ry /[ u,, —2au, —a,u. +b,0 +2b6, lu,dx. (2.27)
This implies

2 _d [!
”uttt” < E/ u”umdx
K, (ue,,||2+||0,xx||2+u0 P10+ 2 [ dx+R)

!
+ [ s de+ Ry, (2.28)

The differential equation (1.4) differentiated with respect to ¢ and to x, respectively,
yields

2 2 2 2 2 2
1ttt 1 < KUt 1+t I+ 110, P+ 10, [P+ IS+ 1S+ Ry ) (2.29)

with
R, =lau, —b6, +au —0b6]. (2.30)
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Differentiating the differential equation (1.4) with respect to x leads to

16, P < K16, 17 + I, 1P+ g, I* + Ryy) (2.31)
with
R,:=|c0,+bu,—do || . (2.32)

XXX

The boundary term bu |0 in (2.5) can be estimated as

Ix"x

! 2/ 2 —1/2, 2 2
butx x|0 / (au xIx=1 + autx'x:O) + K“8 / (0x|x=0 + 0x|x=l)
‘l‘ (2.33)
l 2 2 1/2 2 —3 2
Pt |+ aug o)+ Kip(e 10, 17 + 7 10,17).

Using (2.12) we can estimate the boundary term au 2.10) as

txx tthO in(

< 81/21

2 -3/2
1xx ttx|0 4

1/2 2
au (aus | _+aul | _o)+K &)1 16, I°+R,3) (2.34)

tx Ixx ”

with
= 16,6, - (2.35)

t xx”l

We now define
i
-2 2 2 2 2 2 2 2 2
X,(0) = & 20 ) + g I + | +/ a( + >+ ”x)dx+/ (07462 +62)]

!
+||u,x||2+]|u”x||2+/ a + ,xx)dx+f (62 + 02 dx

!
1/2 / 1/2 l
—¢& /0 (x—z)u,xu,,dx—s /(; (x_2> u”xumdx
] )
+81/4/ uu,dx—sw/ utu"dx—sl/4/ u,u,, dx
0 0 0

with a small positive constant ¢.
It is easy to see that there exists ¢° > 0 such that for 0 < ¢ < ¢" there are
constants K, K, such that

(2.36)

K, X, (1) < X, (1) < K, X,(t) (2.37)

where

2 1
i 2 i An2 2 2 2 2 2
0) =D D ull™+ Y ID OI + I+ Nt I+l 1+ 16,17 +116,,17. (2.38)
Jj=0 Jj=0

Multiplying (2.2), (2.3), (2.4) by e 2, adding together with (2.5), (2.10), multiplying
(2.8), (2.13) with ¢'/? and (2.18), (2.22), (2.26) with ¢'/*, and taking ¢ small
enough, we obtain, using the estimates on the boundary terms in (2.33), (2.34) (resp.
(2.8), (2.13)) as well as the estimates (2.15), (2.16), (2.22), (2.23), (2.24), (2.28),
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(2.29), (2.31):
dx, (1)

A Ky X0 4 Kt 10,07+ 160,17 4+ 18,17 + 116, 11%)
<Ky (\:1 IR;| + Z 1D (s 1) I+ 18] (s £ I (2.39)
J=
+118,0, (£, H), ->nz) ,
or, using (2.37),
PO K, (0 + KUt I+ 10,0+ 10,0+ 16,1 + 16, 1P)
<K (Z IR;| + Z 1D’ (f,, f)(e. I (2.40)
j=1
18] (f,, £)(E, N +188,(f, H)(t, ->||2) :
By Sobolev’s embedding theorem (H e, L™) we can easily get
im | < Ky (X + X7+ X% X)) (2.41)
where " )
X3 (1) = Nt I+ 10,0l + 18,017+ 16,17 + 16,017 (2.42)

Observe that all terms in R T j=1,..., 13, contain derivatives of the coefficients
a,b,c, or d; hence, they are at least cubic terms. As examples for the proof of
(2.41) we consider a few typical terms in R, Ry, and R :
.2
In R;: [yau, dx (cf. (2.2)). a,= a, u, + a,0, .
This implies

!
2 3/2

| | < Kyl Hllgl+ I+ 16)) < KX, (243
In Rg: Jyb, 0,4, dx (cf. (2.14). b, = b, , uby +b, t,, + byy0] +b,0,,. This
implies

!
2 .
| Bt ] < Kol 10, )

2 2
1O Lo 1 1™+ 16, L N0 N 2 | + 10, | l124, 116,11
<K, (X} + X7+ x,x,"%)

< K (XP + X7+ x%x,). (2.44)
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In R ,: fo au, u,dx (cf. (2.27)). a,=a, u, +a,0 . This implies

I
/0 @yt x| S Koty |l I 116 Lty Lo VT D)
(2.45)
< K, (X + X, %37+ X2 X,)
< Ky (X + X2 X5).
If we now assume a priori
X, (s)<1 for0<s<t, (2.46)
we conclude from (2.40)
dx
) | X(5) < Kypg(X22(5) + A(s)) , (2.47)

ds

where
I ; .
=Y _ID'(f;, £)(s, WP+ 187, £)(s2 I + 18,0 (fl,fz)(s,')llz.
j=0
If additionally a priori

K 2
17
X, (s) < (2K29) (2.48)
is assumed, then we obtain
dX,(s
ds( ) ‘7X 1(8) < Kygi(s) (2.49)
and, hence, .
X,(s) < e X, (0) + K,ge / e A(r)dr, (2.50)
0
where
¢, :=K,/2. (2.51)
Now let 5
A= supe_czs/ e A(r)dr
s>0 0
If
X,(0) + K, 44 <1 K \* (2.52)
1 291 2 2K29 ’ .

where the right-hand side is assumed to be less than 1 without loss of generality, then
(2.46) and (2.48) hold for 0 < s < ¢, for some ¢, > 0; hence, (2.50) holdsin s = ¢,
which is the desired a priori estimate.

Now the usual combination of the local existence and uniqueness theorem with
the above uniform a priori estimate yields the Main Theorem (cf., e.g., [9, 12, 14]
for this standard argument); the exponential decay claimed there follows from (2.50)
observing that [l [I>+116, >+ 116, >+ 116, I’ can be bounded by X, and that

X,(0) < Kag(Iltglla + 111,113 + a1 + 16,115 + 16,115 + 11, = O + ll g, (¢ = O)II)
holds. O

Ixx XX.X“
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