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Abstract. The paper investigates an initial and boundary values problem which
is derived from a dissipative Frémond model for shape memory allovs. Existence of a
global solution for the abstract version of the evolution problem is proved by use of a
semi-implicit time discretization scheme combined with an a priori estimates-passage to
the limit procedure.

1. Introduction to the problem. In this paper we aim to prove a global existence
result for a three dimensional dissipative model for shape memory proposed by Frémond.
For a detailed presentation of the thermomechanical model and the derivation of a math-
ematical formulation we refer to [5] and references therein, where we have also proved
uniqueness of the solution for the related initial and boundary values problem in the case
when higher order quadratic terms are neglected in the energy balance equation.

Shape memory alloys are materials characterized by the possibility of recovering their
original shape just by thermal means after mechanical deformations (cf. [10, 11, 13. 16]).
It is known that the phenomenon of shape memory behavior can be ascribed to a solid-
solid phase transition between two different configurations of the metallic lattice, called
austenite and martensite. In the macroscopic model proposed by Frémond, one variant of
austenite and two variants of martensite are considered and it is assumed that they may
coexist at each point. Hence, the model is written in terms of the absolute temperature 4.
the vector of small displacements u, and two phase parameters (1. x2) linearly related
to the volumetric fractions of the variants of martensite and austenite. In addition,
the phase paramecters are forced to fulfill an internal constraint forcing the volumetric
fractions of the phases to assume only meaningful values, in the sense that no void or
overlapping can occur. The coustitutive equations of the Frémond model are derived by
two functionals, the free energy and the pseudo-potential of dissipation (cf. [12, 13]) for a
diffusive phase transformation. Hence, a PDE’s system is written in terms of the energy
balance and the principle of virtual power written both for macroscopic movements. in a
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quasi-stationary situation, and for microscopic velocities, which are related to the time
derivatives of the phase parameters (x1s. Y2:)-

Now, let us introduce the set of partial differential equations related to the model
proposed by Frémond and the associated initial and boundary conditions. We consider a
smooth bounded domain 2 € R? with I' = 92 = T'yUTI';, the measure of T'y being strictly
positive, and describe the evolution of the thermomechanical system during a finite time
interval (0,T) and denote by @ := Q x (0.T). Let us point out that we do not detail
the physical meaning of the ingredients of the following mathematical formulation of the
model for which we refer to [12] and [5], where the system is derived by the balance laws
and the constitutive equations in terms of the free energy functional and the pseudo-
potential of dissipation. Here, for the sake of synthesis, the problem is directly written
in the abstract framework of a Hilbert triplet V — H < V' with H := L*(Q) and
V := HY(2). We denote by (-,-) the duality pairing between V'’ and V and identify as

usual H with its dual space H'. Finally, by abuse of notation, we let || - || g stand for the
norm both in H and H2. We also introduce the Hilbert space
W:={veV? . v=0ounTlyand divv eV}, (1.1)
endowed with the norm
3.
uli3y = / Vdivvl?+ ) / (02,v;)% v = (v1,v9,v3) € W. (1.2)
Jo ioi/e

In addition, let us specify a bilincar continuous symmetric form on W x W by

. 3

a{u,v) = u/ Vdivu-Vdivv + Ap / divadivv + 2up, Z / gi;(weg;(v),  (L.3)
Q Jo o170

Ar and pp being the Lamé constants and v > (). Notice that by the Korn's inequality

we can deduce that it is W-elliptic, i.e.,

a(u,u) > Cllufiy. C >0, (1.4)
as well as it is a standard matter to verify that the following inequality holds (cf. [8]):
a(u.u) > v divv]|% + (A + 2ur/3) || divv|)%. (1.5)
Hence, we introduce the operators
AV =V, (Auv) = / Vu-Vv uveV, (1.6)
H:W - W' (Hu,v) -—fza(u.v) uvew, (1.7)
B:H—-> W/, (Bh,v)z/g;hdivu he HueW, (1.8)

and two functions R and G, in V' and W’ respectively. collecting external thermome-
chanical forces. More precisely, we introduce an external rate of heat production r and
the heat flux h through the boundary, whose contributions are collected by the function
R in V' specified by

(R,v) =(R1+ Ro.v) = / rv +/ hop veV. (1.9)
Jo r
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Analogously, letting G be an exterior volumic force acting on the body and g a traction
applied on I';, we define G in W' as follows:

w/(g,w>w::/G-w+/ g-wr weWw. (1.10)
Q r,

The constraint on (x1.x2) is imposed by the presence of a subdifferential term in the
equation governing the phases’ dynamics, forcing the parameters to assume only phys-
ically meaningful values. Towards this aim, in our abstract framework, we can fix any
bounded closed convex subset K of H? such that 0 € K and refer, i.e., to [5] for a precise
form of K derived by the model. Let us in particular observe that, by construction,
there exists a positive constant cy, depending on K, such that for any (y;,v) € K,
there holds

(J71)? + 2|2 < ek ace. in Q. (1.11)

For the reader’s convenience we also recall the definition of the indicator function Ix~y 2
of KNV2 Igave(y) = 0if y € KNV? and Igny2(y) = +oo otherwise, and the
subdifferential operator of Ixnqy2 from V2 in (V') ie., (cf. [3])

(€1.€2) € (V')? belongs to ATk v(x1, x2) if and only if

2
{(x1.x2) € KN V2 and Z(&,% —xi) S0¥(y1,72) € KN V2, (1.12)

i=1
Next, we can formulate the abstract problem we aim to solve. Let us point out that for
the sake of simplicity, we have fixed some strictly positive physical constants equal to 1
(see the complete model in [5, Sec. 2]).
ProBLEM P. Find (6, u, x1, x2) satisfying the Cauchy conditions
6(0) = 8y, (1.13)
xi(0) =xi0 1=1,2, (1.14)
and fulfilling a.e. in (0,7)

F(8,u,x1,x2)0: + A = R + 60X (0)x1: + 00/ (8) div uyay

2
+ 6a/(8) x2 divu, + Z(Xit)2 in V', (1.15)
i=1
X1t Ax1e Axa —A(6) 2
(th> " <AX2t) i <AX2> FOlevbanxa) 3 (*0(9) diVU) mVOh 018
Hu + B(a(f)x2) = G in W', (1.17)

where F'in (1.15) is specified by
F(8,u,x1,x2) = ¢s — 0" (8) divuxg + 62" () (1 — x1). (1.18)

Let us make precise the ingredients of the above system (1.15)-(1.17) and (1.18). The
constant ¢, is positive and stands for the heat capacity of the system, while the function
A is related to the energy associated to the phase transition. It is assumed that A is a
nondecreasing bounded function such that A(6,) = 0, with 6. being the critical transition
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temperature, and strictly increasing in a neighborhood of §,. In addition, we require that
A fulfills

A€ WH*(R) N C?(R),
Mz my + [N (E)E] < ex. [N'(€)E] < ex.VE € R, (1.19)

for ¢x,cn > 0. Note, in particular, the additional boundedness requirements in (1.19)
with respect to the natural bound of the functions in W?2>. Concerning the function «,
representing a thermal expansion coefficient, it is prescribed as a nonnegative bounded
function, nonincreasing, and vanishing over the interval (6.,+oc), 8. > 6. being the
so-called Curie temperature. More precisely, we let

a € C*R), {£c€R:d(€) #0} 0,8,
lo”(€)| <ca VEER, VECR. (1.20)

As a consequence of (1.20) we have, in particular, that
o’ (€)] < calble, €0/ (€)] < Coﬂf. (1.21)

Moreover, let us point out that the above assumptions are physically consistent as it is
justified in our first paper on this subject |5]. Finally, in order to prove an existence
result for the Problem P we have to set some compatibility conditions on the involved
quantities, but for the sake of convenience we will specify them later. Nonetheless, as
they regard c, and ¢y, we can postulate in advance

¢ and cy are sufficiently small. (1.22)

REMARK 1.1. We point out at once that the variational inclusion governing the phases’
dynamics (1.16) is written in the abstract setting of the (V)2 — V2 duality pairing.
Nonetheless, even if it cannot be written a.e. in @, the model retains its physical consis-
tence, since (1.16) forces the phases to attain only meaningful values, i.e.. (x1,x2) € K
(cf. Remark 3.2 and 3.3 in {5]).

Now, let us specify the hypotheses on the data of the above problem. We prescribe
that

r € L20,T; L% (). (1.23)
he Whl0,T; L*(I)). (1.24)
G € HY(0,T; L*(0)*), (1.25)
g€ HY(0,T; L*(I'})?), (1.26)

so that we have (cf. (1.9) and (1.10))
R=Ry+ Ry € L*0,T; H)+ W0, T; V"), (1.27)
Ge H'(0,T; W), (1.28)

Finally, we assume

6y € HY(Q), (1.29)
(x10.x20) € H*(Q)*NK, 9yxi0=0 i=1.2ac onT. (1.30)

Here is the precise formulation of the existence result.
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THEOREM 1.1. Let (1.19), (1.20), (1.22), (1.23)—(1.26) (i.e., (1.27)-(1.28)), and (1.29)-
(1.30) hold. Then, there exists a quadruple of functions (6, u, x1, x2) solving Problem P
and fulfilling

9 H'(0,T: H)nL>=(0,T; V), (1.31)
uc HY(0,T; W) with divu € H'(0,T; H*(Q)), (1.32)
xi € WH2(0.T; V)N L0, T; HA(Q)), i=1,2. (1.33)

REMARK 1.2. Concerning the uniqueness of the solution to the Problem P, we recall
that in [5] by use of a contracting argument we have proved it holds for a solution
(8.1, (x1, x2)) fulfilling (1.31)~(1.33) in the case when all the quadratic dissipative terms
in the cnergy balance are neglected.

2. Approximation of the problem. In order to achicve the proof of Theorem 1.1,
we need to state a preliminary result concerning the well-posedness of Eq. (1.17), which
is fairly standard in the theory of elliptic boundary value problems. Thus, we omit the
detail and refer to [9] for the cxistence result and to [6] for the regularity statement,
which mainly exploit the Lax-Milgram theorem and well-known regularity results on
elliptic equations.

LEMMA 2.1. Let § and %o belong to L2(0,T; H) and fulfill || < cx a.c. in Q (cf.
(1.11)), a € WL=(R), and G € L>(0,T; W’). Then, there exists a unique

ue L®0,T; W) (2.1)

satisfying
Hu + B(a()%2) = G in W’ (2.2)

a.e. in (0,7T). Moreover, the following inequality can be proved (by use of the Sobolev
inclusion H2(Q2) — L>(Q)):

| divullL= (@) < clldivullp=@.r:H2(0) < 1, (2.3)

for some positive constant ¢; depending only on Q,C, ||G|| <. 7;w"), o= (R), and
cy. In addition, if § and X2 belong to H*(0,T: H) and if G fulfills (1.28), then it follows

ue HY(0,T; W), (2.4)
divu € HY(0.T; H*(Q)). (2.5)

Next, we aim to approximate the Problem P by use of a semi-implicit time discretiza-
tion scheme. Thus, letting N be an arbitrary positive integer, we denote by 7 := T/N
the time step of our backward finite differences scheme. Then, by easily adapting the
argument of Lemma 2.1, and due to (1.29)-(1.30) (cf. (1.13) and (1.14)) and (1.28), we
can introduce the vector of initial displacements uy € W defined as the unique solution
of the abstract equation (cf. (1.17))

Huy + B{a(b)x20) = G(0). (2.6)
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Moreover, as it is usual in time discretization procedures, we approximate the functions
R = Ri + R and G, specified by (1.9)-(1.10), by two vectors {R*} and {G*}, which are
constructed as follows (cf. (1.27) and (1.28)):

T

1 .
R' =R} + Rb = / Ri(-t)dt + Ra(-yir) e H+ V', (2.7
(e—1)r
Gl =G, it) € W, (2.8)
for i = 1,...,N, and set G° = G(0) (cf. (2.6)). Then, the approximated problem P;

can be formulated as in a moment. Let us note in advance that, in the approximating
form, we set the discretization of the variational inclusion (1.16) in H? by substituting
the abstract operator 81k v by the corresponding maximal monotone graph in H?, 81k,
provided we can prove some regularity of the solutions. For the sake of completeness, we
recall that (cf. [4])

(£1,&2) € OIk(x1, x2) if and only if (x1,x2) € K and

2
Z/in(wi -xi) <0 V(z1,29) € K. (2.9)

As a consequence, we will be able to solve the discrete variational inclusion a.e. in @ (cf
also Remark 1.1).
ProBLEM P,. Find vectors

©@°%e!,...,eN)cyNtL, (2.10)
(wo,ul,..., UMy e wh+l (2.11)
x, &t xNy e HE )N, (2.12)
9, xk, ..., xNy e H3 Q)N+, (2.13)
satisfying
0% =46y, U’=ug, X =x10, A3 =x20, (2.14)
and such that, by letting Z* = div U?, the following equations hold for i = 1,..., N:
_ ) i _ @il 4
F(@i—l’Ui—l’Xll—l’Xzz—l)e S +A(_)1
A _ oy xit _ _ o xi_ o xitt
:Rz+@z—1/\/(@1—l) 1 +ez—1al((_)z—l)21—l 2 2
T T
) ) Z ZZ 1 2 Xl 1
relY©@ Ha 4 Z in V', (2.15)
j=1
P AX; — AX]T! AX; =
)1 (B
X — X, AX] — AX; AXS =
=A©) ).
= o H 1

(—a(@’)Zl) s (2.16)
HU' + B(a(0)AL) =G in W, (2.17)
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for
(21, 55) € Olk (&Y, A3), (2.18)
and F being specified by (1.18).

REMARK 2.1. In view of (2.6), (2.17), (2.8), and Lemma 2.1, it is not difficult to check
that for i = 0,..., N the function Z* satisfies (2.3) with the same constant ¢;. Thus, the
positions (2.6)—(2.8) and (2.10)-(2.14) allow us to give a meaning to (2.15) and (2.16),
which contain the explicit terms of the above scheme.

Let us note that the function F in (1.15) represents the specific heat of the phase
transition (as it is the coefficient of the time derivative of the temperature in the en-

ergy balance) and consequently it seems physically consistent to require it is positive
everywhere. Thus, after observing that by (1.11), (2.3), (1.20), and (1.19), we have

F(07U7X17X2> 2 Cs ‘CA(1+CK) _0ccaccha (219)

we require that
co:=cs — (1l +ck) — bccacicx >0, (2.20)

which is sufficient to ensure that F is positive a.e. in . Henceforth, in the following
lemma we establish the existence of a solution for the approximating discrete problem
P,, at any step 7 > 0.

LEMMA 2.2. Under the assumptions (1.29)-(1.30), (1.19)-(1.20), (2.7)-(2.8), and
(2.20), for any 7 > 0 the problem P, admits a solution.

Proof. Owing to (2.6), (2.14), and (1.29)-(1.30), we can restrict ourselves to prove
that for any fixed 7 > 0 and for any 7 > 1, the system (2.15)—(2.18) admits a solution.
The main idea is to proceed by induction on i. Indeed, we suppose to know

@ LU (XL AT eV XWX HHQ)?NK (2.21)
and Z*~! fulfilling (2.3) (see (2.10)-(2.13)). We look for
(O, U (AL, X)) e VxWx HYQ)?2NK (2.22)

solving the resulting equations (2.15)-(2.17). To this aim, we perform a fixed point
argument; namely, by use of the Schauder theorem we shall prove that a suitable operator
D : H? — H? admits at least a fixed point.

We first fix

(©, Xy) € H? with |2 < ck, (2.23)
and substitute © and X% in (2.17). Thus, due to (1.20), (2.8), and (2.23), we can refer
to the first part of Lemma 2.1 and find a unique corresponding solution

Ul =Dy(0,X,) e W, (2.24)

such that divU* = Z* fulfills (2.3) (for any i).
On a second step, we write © instead of ©* in (2.16) and fix Ut = D;(©, X3). Known
results on elementary abstract equations with maximal monotone operators ensure the

existence and uniqueness of a pair of functions

(X}, X5 = Dy(O,U% € HA(Q)?NK (2.25)
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Xi AX} =
-1 1 -1 1 1
() e () (B)
_( X 4 AXTH — A(©) )
T\ AXTY — a(0) 7

fulfilling in H?

(2.26)

for (24, Z5) € OIx (X}, X3). We can prove the above result owing to (2.21), (1.19)-(1.20).
and (2.3). Indeed, as the right hand side, called, i.c., F, of (2.26) is known in HZ, the
above relation can be equivalently rewritten as

(7 d + A4 0I) (X, X)) > F. (2.27)
where Id stands for the identity operator in H? and (cf. (1.6))
AX] X)) = (1+ 77 AX] L AXG).

Thus, we can approximate the subdifferential operator in (2.27) by its Yosida regular-
ization and solve the approximated equation owing to well known results on the sum
of maximal monotone operators (cf. [4, Lemme 2.4, p. 34]). Hence. a standard a priori
estimates-passage to the limit procedure leads to (2.25) solving (2.27) (cf. [6, Appendix]).
On a second step we can test (2.26) by (X}, X3) and exploit monotonicity arguments to
show that Zle JoZiX) > 0, as (0.0) € 0Ix(0.0). Thus, by virtue of the Young
inequality, and owing to (1.20), (1.19), and (2.3). we can write

1< 1 _
I i+ (1 2) [ v
szl T/) Ja

2
1 ; ‘ .
< 52 2RI + 71U ~ ) + Nl
Jj=1

2

LX(R)(’l +FZ |X}_1||%-, (2.28)

where || stands for the Lebesgue measure of Q. and finally deduce (cf. (2.21))

2
SR < e (2.29)

J=1

for a suitable positive constant ¢ depending ou the explicit terms in (2.26). on 7. c¢;.
llall £~ (my- 1AM L (r), and €2, but not on the choice of (0.X,) (cf. (2.23)). Let us point
out in addition that. as (X7, X3} solve (2.27), (X7, A3) € K and consequently fulfil (1.11).
We also note that here and in the sequel the same notation ¢ stands for possibly different
constants, depending on the data of the problem and the parameters which from row to
row are considered as constants.

Finally. we take in (2.15) the functions (X].X3) = D-z((:).Dl((:).i’g)) and U' =

(O Xg) Hence. by exploiting once more the Lax-Milgram theorem, we can find a
unique function

O' = Dy(U" X, ) eV (2.30)
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solving in V' the resulting equation
T_lF((")i_l,Ui_l.X{Al,Xé‘l)@i + A(_)‘L — T_lF(ei_l,Ui_l.Xf_l.xj—l)(‘)i_l

Xz Xz 1 XQZ _ XQi—l
T

+Ri+@i—l/\/(@i—l) +@z 1 I(Oz I)Zz 1

T

Z1 Zl 1 2 Xl 1
+O (O Yt +Z< ) , (2.31)

Jj=1

where the right hand side is known in H + V’. More precisely, notice that the following
inequalities are straightforward (cf. (2.20), (1.19)-(1.20), (1.11), and (2.3)):

0< e <FOTILUT XL XY e +ex(l4cx) +bccacke. (2.32)

Thus, it is clear that the left hand side of (2.31) is associated to a continuous bilinear
form, which turns out to be V-coercive, while the right hand side represents a continuous
linear operator on V. Thus, Lax-Milgram theorem is applied to get the required existence
and uniqueness result (2.30). Finally, we can prove a uniform bound for ©¢, independent
of the choice of © and Xs. Indeed, if we test (2.31) by ©%, owing to (1.19)~(1.20), (2.3),
(1.11), and (2.32), thanks to the Young inequality we can easily get

1©lv <e. (2.33)

for a constant ¢ depending on the explicit terms of (2.31), 7,¢1,c2, ¢k, 8, CayBc, o, G,
and [R*||pqv.
By the above arguments, it turns out that the operator D : H? — H?, specified by

D(8,X2) := (D3(D1(0, Xa), X}, X3), X3). (X}, X3) = D2(0,D1(0, X2)).  (2.34)

In particular, we observe that (2.29) and (2.33) imply that D is a compact operator in
H?. Thus, in order to achieve the proof by Schauder’s fixed point theorem, it remains to
show that D is continuous with respect to the natural topology of H2. This property can
be verified by exploiting contracting arguments and showing that the operators Dy, Dy,
and Dz are Lipschitz continuous.

To this aim, we first write (2.17) for (©1, X21) and (64, Xs) fulfilling (2.23), denote by
U? and U} the corresponding solutions, take the difference of the two resulting equations

H(UY — U%) + B(a(él)»/\?zl — 0((:)2)/\?22) =0, (2.35)

and test it by Ui — Uj. With the help of (1.4), (1.20), and (1.11), we can infer that

ClU; - Uglliy < /Q<|a(<:)1) ~ a(©2)| | Xaa| + | Xa1 — Xoa| [2(©2)))|2] — 23]
< Oecack |01 = OzllullZ] — Zilu + llal=ry | ¥or — Kool )1 23 — Z3)1r, (2:36)
and then, by recalling (1.2), we apply the Young inequality and get

UL — U3 < e(l101 — Oall% + (| X2 — Xaz|l%) (2.37)

for a constant ¢ which depends on C, |||« (R), Oc ¢a, and cx.
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Then, we write (2.26) for (él,Uil') and (O, %), take the difference and, after ob-
serving that the explicit terms cancel, we wrlte

(XX . A(Xi, — Xiy)
1 1,1 1‘2 1 1 1‘1 1.2
(Xga —Xs) T )(A% ~ )

G- (e o) o

Thus if we test (2.38) by the difference of the corresponding solutions (X§, — Xy, X3; —
X%,), the monotonicity of the subdifferential operator ensures

Z/ X}y — ;2) >0,

since (E};,Z5;) € 8l (X;, Xy;). By similarly proceeding as above, and recalling (1.20),
(1.19), and (2.3), we finally get

2
Do NX = Xy < e(li01 = Bsy + UG - Uslidy) (2.39)

for ¢ depending on 7, ¢y, |aflw1.(ry, and [|Al|wi.cc(r) (i.e. 00 b, cq, and éy).
Finally, we write (2.31) for (U%, X},, &%) and (U}, X{,, X3,), take the difference so
that the explicit terms cancel, and write the equality
L X (CLa VA XH X571)(0] - ©) + A(e] - 63)
- X X3 — X
.

T

_@1 1/\ (@z 1) ei—la/(ei—l)zi—-l

+ @i—la/(@iwl)xgi—l Zi - Zé
T

2 ; ; i ; i—1
D= X\ (X + X - 2X
+> ( - ﬂ)( e ) (2.40)
=

Hence, if we test (2.40) by ©} — ©%, due to (2.20), (1.20), (1.19), (2.3), (1.2), and (1.11),
by applying the Holder inequality, it is now a standard matter to infer that

2
185 - @311 < | 1U] - Uslliy + D_ 1145, - XLl (2.41)

for ¢ depending on 7,¢1, o, cx, Cqo, B, and éy.
Now, we can combine (2.37), (2.39), and (2.41) and claim

103 = Ob1% + 1%, — Xl < c (181 = Ballfy + |18 — Fallly) . (242)

which ensures that the operator D introduced in (2.34) is Lipschitz continuous in H?2.
Thus, the hypotheses of the Schauder theorem are satisfied by D and consequently we
can deduce that it admits a fixed point (0%, X3). This concludes our proof of Lemma
2.2, since for any i, and any fixed 7 > 0, it is now clear that the corresponding quadruple
(07, U, X}, X%) turns out to solve the system (2.15)-(2.17).
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3. A priori estimates. Now, we aim to establish some a priori estimates indepen-
dent of 7, holding at least for 7 € (0,7) with 7 sufficiently small, on the time-discrete
solutions. Thus, we refer to the existence result which has been previously stated by
Lemma 2.2. Moreover, we require that the following inequality holds:

(Bccack (B + 1)) < ca{Ap +2ur/3), (3.1)
and observe that (2.20) and (3.1) make eventually precise (1.22).
For the sake of clarity, we introduce some useful notations. Let {a‘}, i =0,1,..., N,

be a vector. Then, we denote by a, and a, two functions defined on (—oo, T} and [0, T
which interpolate the values of the vector piecewise linearly and backward constantly,
respectively. That is

ar(t):=a’ift <0,

ar(t) :=a* if t € ((i — 1)7,47], (3.2)
R
a-(t) :=a' + T(t —ir)ift € [(i — 1)7,17], (3.3)
for i =1,...,N. In addition, let Z, denote the one-step backward translation operator

of the scheme, namely
I, f(z,t) := f(z,t — 1) for a.e. (x,t) € 2 x (0,T),
Vfe LY (Q x (-7, T)). (3.4)
Hence, we can equivalently write Eqgs. (2.15) and (2.17), respectively, as follows:
I (F(07,ur, X1r, Xor))0:0r + Abr = Ry + L, (6, (6,))0s X1+
+ I, (0-0'(0:) 27 )0 Xar + L (0-0/ (07) X217 )01 2,

2
+3 (OXjr)? in V, (3.5)
j=1
and

Hu, + B(a(8:)x2r) = Gr in W', (3.6)
a.e. in (0,7). As to the inclusion (2.16), we could write it in H? in terms of the above
introduced piecewise linear and constant functions. Nonetheless, in order to perform a
passage to the limit procedure as 7 \, 0, we have to set this inclusion in the abstract
framework of the (V’)2-V? duality. Thus, instead of Ik, we write the corresponding
abstract operator Ik v and we recall that it is the subdifferential from (V)? into (V)2
of the indicator function Igny2 of the convex K N V?2 (cf. (1.12)). Obviously, by the
regularity of the vectors {©}, {X{}, {X3}, and {U*} (cf. (2.10)~(2.13) and (2.18)), the
existence result we have proved in the previous section can be obviously extended to the

abstract framework of (V')? (cf. Remark 1.1); namely, we have

8t>21'r> (Aatil‘r> (AXh') (§1T>
Nl S i I +
<5tX2r AdiXar Axor &ar

= (Gt ) 07" >
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a.e. in (0,7), for

<
<Z;T> S (‘)IK,V(Xlra X'QT) in (V/)2. (38)

In addition, let us observe that by construction (cf. (3.3)), 0., X1r.» and xo, satisfy the
natural Cauchy conditions (cf. (1.29) (1.30) and (2.14))

6-(0) = 6y, (3.9)
(X1+(0), X2-(0)) = (X10, X20)- (3.10)

while z; and Z, fulfil (2.3) independently of 7.

Hence, we are going to prove some estimates, holding at least for 7 sufficiently small,
but not depending on 7, on the approximating functions solving (3.5)-(3.7). Indeed, our
aim is passing to the limit in the above system as 7 ™\, 0, by compactness or direct proof,
to get (1.15)-(1.17) solved in a suitable sense.

Nonetheless, in order to prove these uniform bounds, we need to impose another
restriction on the data in the same spirit of (2.20), i.c., we have to assume that (3.1)
holds. In addition, let us recall the trivial equality

2a(a —b) = a® + (a — b)? = b*, Va.beR, (3.11)

which will be applied in the following estimates on the discrete solutions.

FIRST A PRIORI ESTIMATE. We first test (2.16) by (X} — &77H &8 — X378, Let us
observe that, by definition of the subdifferential, (2.18) yields (cf. (2.9))

Z/ - X7 >0, (3.12)

as (XL X07Y) € K (cf (2.21)). Hence, exploiting the relation (3.11) and Hélder’s
inequality, by use of (1.20). (1.19), and (2.3), we can infer

+/
J

H

2 ; i-1]2
ET VX;—VX]-

Jj=1

HXL Xz 1

2
1 1 i— i—
52/ VA + 90 - TP - A

X Xll X Xll
<7'/|/\ ’ ! ! +T/|a Z’|‘———2~—~—

xi— xi-1)®
R (3.13)

2
T T

< §(||/\“ix(R) + ||a||ix(R)cf)|Q| + 5 Z

j=1

H
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Next, by summing up (3.13) for i = 1,...,m, with m < N =T/, it is easy to recover
(cf. (1.30) and (2.14))

m 2 i—1

T X - &

s Xm?
ZZ? T *3 Z/IV |
i=1j=1

R
012 B
§c+§;/nivxj| <ec. (3.14)

Let us note that we can improve the regularity of the estimate (3.14). Indeed, we can
test (2.16) by 7(AX}, AXE) (cf. (2.12)-(2.13) and (1.6)). By formal arguments, it is a
standard matter to verify that the monotonicity of the subdifferential operator leads to
(cf. [6, Appendix])

2
TZ/Q SLAX] > 0.
i=1

Hence, by exploiting once more (3.11) and Hélder’s inequality, by similarly proceeding
as for (3.13), we owe to (1.20), (1.19), and (2.3) and write

2
1 i i i i
S5 [ VAR = 1A 9 -
j=1
2 _
£ 3 SUAX — A%, + A - 26))
j=1

+TZ||AXZ

2
Z |AX | +c. (3.15)

l\')l)—A

Thus, by summing up for z = 1,...,m, we get (cf. (1.30))

N | =

2 m
SO lAX 2 4+ L ZZIIAX %+ / v
j=1

11]1

2 2
1 1
<etg > / IVXD|? + 5 > AX% < (3.16)
j=17% j=1

for any m < N.

SECOND AND THIRD A PRIORI ESTIMATES. We test (2.15) by (0" —©*"1). In view of the
equality (3.11) and by recalling (2.7), (1.19)—(1.20), (2.20), (1.11), and (2.3), the Hélder
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inequality can be applied to infer that

e —e-1|* 1 . . , _
o7 || ———|| + 3 / (VO']2 + V(0 — 0 H]2 - |Vei1)?)
T H Q
iyl i _ yi-l i _gi-1
B R A .l LEL
H T H T H
Zi _ Zi—l @z‘ _ @i—l ) @i _ @i—l
+ r8excs 7R g “__
T )2 T H T H
2 ; i—112 | A ;
Xt — X7 e — @1—1 ) ) )
+TZ/ i J + (RL, 0 — @' 1), (3.17)
=179 T T

On a second step, we write (2.17) for ¢ and i = 1, take the difference, and test it by
Ui%ul_l. Owing to (1.4), (1.5), (1.11), (1.20), and (2.8), by use of the Holder inequality,
we can find a positive constant ¢, depending in particular on C,ck, and ||a| ;= (), such
that the following estimate holds:

c_||ui-u! ? L Aet2u/3 |2~ 2 2
4 T W 2 T I
. 102 . .
<er }Xz’—xg : ‘g’—gz—l i
B T H T w’
Zi _ Zi—l @i _ @i—l
+ 70.coCk ’ “ . (3.18)
T H T H

Indeed, (1.4) and (1.5) imply
2a(U — UL U - U > CU = U2, + O +2u/3) 28 — ZY%, (3.19)

while the Lipschitz continuity of « {cf. (1.20)) and the definition of W-norm (cf. (1.2))
enable us to infer that (cf. (1.8))

[ 1€ — a(e i 12 - 27
< /Q(Ia(@") —a(®@ DX + (O] - 5720 - 2
< crbecal® — O H|Z" = 277 m,
+ V3l L r) X5 — 257 kU = U w. (3.20)
Finally, we can easily get

gi _ gi—l

T

|T—1<gi _ gi—l’Ui _ Ui—1>l S T

(3.21)

Ui _ Ui—l
R

W’} W

Thus, by use of Young’s inequality, due to (3.19)—(3.21), we can finally deduce (3.18).
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Now, we can combine the estimates (3.17) and (3.18) and sum them. By use of the
extended Holder inequality, we easily obtain

2

3c; ||©F -0t 1 i i e
2r (T2 5 [averr - veri v - e
H Q
i yTi—1(2 i 7i—142
+T€.U U +T)\L+2/,LL/3’Z Z
4 W 2 T H
2 Xz 1 2 Xz 114
j=1 H L4(Q)
VA Ao 0 — @1 . . A
+ 76.cock (1 +6.) +(R5,0" — @’_1)
T H H
i pie1
+or ‘ g-g" | IR (3.22)
T w’
Hence, due to (3.1), we claim
7Zi _ gi-1 i _ oi-1
Tc.Cock (1 + 6,) He ©
T H T H
1 Zi _ gi-1 2 i i=1]2
< T—'(accacK(l + ec))2 — 2 9—9
202 H 2 T H
A 9 _ gi-1 2 i _ oi-1]j2
< 2Lt 2u/3 =y i (3.23)
2 T I 2 T I

so that two terms cancel in (3.22) and we get

2

@i _ ei—l 1 ) ) ) )
2| == +3 / (V' - [7o + V(e - 6" 1))
4 T 2
% i—1 XZ 1 Xt _X?'—l 4
i “9_9_ < CTZ ‘ l A -x
H L4(Q)
+ (R, 0" — 0" +er (’ et | IS ||’R’1||";,> . (3.24)
T W
Finally, by summing up (3.24), for i = 1,...,m, we write
o ot — @i-1 2 i Ui — Ui-! 2
i=1
m 2 i i—1 i—1
X - Xt X
<C7’ZZ 237 / |veL|?
=1 j=1 T H L4(Q)

+D RSO~ 0N +ery (‘ —

Wt IR ”H) (3.25)

=1 i=1




68 ELENA BONETTI

We first observe that, on account of (3.2)-(3.3) and (1.27)-(1.28), we can deduce

m gi . gi_l 2
(e

+ ||R1i|‘?1>
W/
<G 0.mwry + IR 2071 (3.26)

Next, in order to treat the term > ;- | [(R5, ©' —©'"1)|, we exploit a standard procedure
and write

m m—1

Z( é,@i . (__)i—1> m Om + Z Rz R72+1,(')1> _ <R%,@0>

=1
m - R;_l
< , Te e c [
< (2 Ry 2 m || ) e, 19
=2
< | Rallwrao vy max ||©y. 3.27
<< 2||W11(().,T.V)01%1i?;1” [lv ( )

In addition, we note that the following trivial relation holds:

o™ I3 e( D e

for a suitable constant é. Thus, if we apply the Young inequality to (3.27), on account
of (3.28), (3.14), and (3.26), from (3.25) we can write

()2 Oz 1

+ 1e°1% ) (3.28)

7 ; 2
co 0l — ! 5 - - Ut
3 _“ - - ()771
1Ement { 8 TZ T + a7l + TZ T w
i=1
Xl 1
mi|2
<(+— <max o™ +('7'ZZ (3.29)
i=1j=1 L)

for a suitable constant ¢y and 7 sufficiently small (i.c., we could take ¢4 = 1/2 and
7 < 3/(4¢)), and for any M with 0 < Al < N. In particular, by (3.29) we can deduce

m ; i 2 m i ; 2
e — (_)1—1 Ut — Uz—l
' z—; 4 H o Zl T w
m Xl 1
< (’+ch2 (3.30)
=1 j=1 L3 ()

for a suitable constant ¢ and any integer m < N.

Now, we would like to apply to (3.29) the discrete Gronwall lemma in the form pre-
sented by [14] and establish some uniform bounds on the discrete solutions. To this aim
we have to exploit the following a priori estimate in order to control the L*-norms in the
last term on the right hand side of (3.29).

FOURTH A PRIORI ESTIMATE. Write (2.16) for i and i — 1, i = 2,..., N, take the differ-
ence, and rewrite it in terms of (wi,w}) := 771 (Xf — X7, X — A1) Then, we can
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wi —wi™? N A(wi —wi™h N Awt
wh —wy ! A(wh — wi™1) Aws
~ mi-1 ; 1
= -Z=] —A(O%) + A0 1)
: = . , ) , 3.31
¥ <:a-5;“1> (Ca@nrraernyis): (3:31)

and test (3.31) by (w},w3). By similarly proceeding as above, and owing to the Young
inequality, we obtain (cf. (2.3), (1.20), (1.19), (1.2), and (3.11}))

write

2 2
1 ; - i i
3 (1 = e + ) = w1 + 7 Y [ Vg

=1 j=17%

~ _(_)z’—l .
< iy ek
Qi _ @i-1 Zi _ zi-1 .
+ 7| cabect || ———|| +lalipem) || —— |wall &
H H

2 2

Uz Uz 1

HH T

@z @z 1
(H; ) + 0572 [ (3.32)

for a suitable § we will fix later. Let us point out that, in order to deduce (3.32), we
have exploited the following inequality

Z/ L2 Nl >0, (3.33)

holding by monotonicity of the subdifferential (cf. also (2.18)) and the form of the func-
tions 'wjv. Next, we add (3.32) for i = 2,...,m, with m < N and, owing to (3.30), we
write

2 2 2 m
DA %Z w3+ ear 325" il
j=1 j=1 j=11i=1
m 2 Xz 14
+5€:TZZ
i=1 j=1 L4($2)

m—

1
lwjliF + 6672 w7
1

i=

1 2 2
<SSl e

m— 2

1 2
-+ 5(3”7' Z ||?U;-||i4(9) + (S@T Z ||w;~"||‘,§4(g) +c. (334)
i=1 j=1 j=1

Now, we aim to estimate the first term on the right hand side of (3.34). We can proceed
directly by writing (2.16) for ¢ = 1, and test it by 771 (X} — X2, X} — &9). Thus, by
definition of the subdifferential and (1.30) (cf. also (2.14)), we can test (2.16) written for




70 ELENA BONETTI

i=1by 771X} — X{),Xgl — XJ) and write

}ij 2 [V - anp

X - XO Xl _ XO
< ”)‘||L°°(r~t)19|1/2 S lallemalQ? | 2—2
T H T "
2 1 0
+2_I1AX] | J (3.35)
j=1 i

Hence, by applying the Young inequality to (3.35), it is easy to deduce a uniform bound
for (w},w}), namely
2

<c¢ j=12 (3.36)
v

1_ 0

J J
T

[l = |

Next, by recalling (3.14) and the embedding H!(Q2) < L*({2), we can choose & such that

6CTZ“wm”L4(Q) anmnv, (3.37)
j=1
and
2
sty il <e. (3.38)
7j=1

Consequently, by combining (3.36)—(3.38) with (3.34), we finally get

2 2 2
>l <e (1 DI A EESIDY nw;-n%,) . (3.39)
j=1

i=1 j=1 i=1 j=1
Hence, we can apply the discrete Gronwall lemma (cf. [14]) to (3.39) and, due to (3.14),
deduce

m—1 m—1

| b

2
m m—1
AT — &

- <e¢ j=12 (3.40)

[ 1

%
for any m < N. Now, combining (3.40) with (3.29) yields

@1 Qi-1 M Ul - Ui-! 2
+ max ||®m||v +7 E —_— <g, (3.41)
1<m<M T
=1 W
for any M < N.

4. Passage to the limit as 7\, 0. In order to prove Theorem 1.1 we aim to pass
to the limit as 7 tends to 0 in (3.5)—(3.7). Thus, we can combine the previous estimates
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(3.14), (3.16), (3.40), (3.41), by recalling also (2.3) and (1.2), to obtain, on account of
(3.2)-(3.3), and at least for 7(0, ¥) for a suitable 7,

Hé‘r||H1(0,T;H)OL°°(O,T;V) + 110l 0,75v) L ¢, (4.1)
2

S % lwrs@.rvynLeoriaz@) + X7l e rm2@) < c (4.2)

i=1

||ﬁr“H1(o,T;W) + ||u7||L°°(O,T;W) <g (4.3)

|2 | 2 0, 73vynLee (@) + 2l Lo (@)nLoe0,13v) < €,

for ¢ not depending on 7 € (0,7). Now, it remains to pass to the limit in (3.5)-(3.7) as
7\, 0. We first observe that well-known weak and weak star compactness results apply
to (4.1)-(4.4) and ensure that the following weak (—) and weak star (=) convergences
hold, at least up to the extraction of suitable subsequences,

6, = 0in H'(0,T; H)NL>®(0,T;V), (
Xjr = x; in WH(0,T; V)N L0, T; HA()), j=1,2, (
@, = uin H(0,T; W), (
zZ 5 zin HY0,T; V)N L=(Q). (

Let us note that, even if you do not specify it, the following convergence results have to
be intended to hold up to the extraction of suitable subsequences of 7, still denoted by 7
just for the sake of convenience. Then, owing to strong compactness theorems (cf. [15]),
by (4.5), (4.6), and (4.8), we get (actually, something more holds)

8, — 6 in C°([0,T); H), (4.9)
5&]’7‘ - Xjr in CO([07 T]1 V)v .7 =1,2, (410)
%, — z in C°([0,T]; H), (4.11)

for z = divu (cf. (4.7)). Now, since the following relation is fulfilled (cf. (3.2) and (3.3)),

2

- @z _ @i—-l
0, — 0,12 i ppy < 2=~
f Iz (0,T;H) = 12%’5\,7 - u
< T”atév—HQm(o,T;H) < 7¢, (4.12)

and analogous estimates hold for

a7 — urllfe 0wy 12 = 2ell7oo oy 1Xir — Xir |20y, 7= 1,20
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With the help of (4.5) (4.11} (cf. also (4.1} (4.4)). we are allowed to infer that

6, = 0in L(0.T:H). 6, >8in L=(0.T:V), (4.13)
X;r — Xy in L>(0,T:V).

Xjr =y in L0, T H2(Q), j=1.2. (4.14)
zr = diva in L7>(0,T: H).

2y = diva in L*(Q) N L><(0.T: V). (4.15)
u, = uin L(0.7: W), (4.16)

Finally, we observe that it is easily verified (cf. (2.7)--(2.8) and [1])

G, — G in L}(0.T: W'), (4.17)
Rar — Ry in L2(0.T: V"), (4.18)
Rir — Ry in L*(0.T: H). (4.19)

Now, by the above convergences, we arc in the position of taking the limit as 7, 0 of
(3.5)-(3.7). First. we observe that, by (4.16), (4.13)-(4.14), and (4.17). due to (1.20).
we can pass to the limit in (3.6) and get (1.17). Let us detail the following convergence
results as we apply a procedure we will exploit also in the sequel of our argumentation.
Since (4.13)-(4.14) and (1.20) imply, for some subsequence,

a(f;)x2r — a(f)y2 a.c. in Q. (4.20)
we owe in addition to (4.2) (cf. (1.11)) aud deduce
la (8- )xarll~ Q) < e (4.21)

Then, the Lebesgue dominated convergence theorem yields
a(B:)x2r — () y2 in LP(Q) for any p < +20. (4.22)

We point out that (4.22) holds for the whole fixed sequence. By arguing as in the previous
deduction, on account of (1.20), (1.19), and (4.4) (cf. (2.3)), by (4.13) and (4.15), we
obtain
AO7) — A(0). (4.23)
a(f:)z, — «(f)divu (4.24)
in LP(Q) for any p < +oc. Thus. by virtue of (4.6), (4.14), and (4.23)--(4.24). in order
to pass to the limit as 7 \, 0 in (3.7), it suffices to control the sequence (&1,.82,); ie.,
it Temains to verify that it converges, in a suitable sense. to some selection (5, &) of
0I5 v (x1. x2). To this aim. let us observe that, by a comparison in (3.7), (1.19), (4.2).
(1.20), and (4.4) imply
I&rllL= vy e j=1.2. (4.25)

and consequently we have

Er D& in L0, T2V, j=1.2. (4.26)
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Hence, by (4.14) and (4.26), we can deduce

2 2
> (&irxn) — Z £, X5)s (4.27)

j=1
as 7\, 0, which enables us to apply the result presented in [3, Lemma 1.3, p. 42] and
deduce

(€1,€2) € Olk v (X1, X2), (4.28)
which, in particular, yields that (x1,x2) € K NV?; i.e., the couple (x1, x2) satisfies the
required constraint (see Remark 1.1). Finally, by the above arguments we can pass to
the limit in (3.7) and get (1.16) solved by (x1, x2),8,divu in (V')? a.e. in (0, T).

Finally, we aim to pass to the limit in (3.5) and obtain the abstract equation (1.15).
To this aim, we first consider the nonlinearities

Sir = Lo (F(07, x1r, X27,ur)),  S1= F(6, x1, x2, 1),
I, (0-X(07)), S2=06XN(8),
Z,(0,0'(6;)z), S3=00'(0)divu,
I, (0:0/(07)x2r),  Sa =0 (0)x2, (4.29)

and note that by virtue of (2.3), (1.11}, (1.20), and (1.19) they are uniformly bounded.
Hence, owing to (4.18)-(4.19), (4.5)—(4.6), and (4.8), in order to pass to the limit in V'
in (3.5), we observe that it suffices to prove that for any ¢ € L?(0,T; V), there holds

T.(S;:)¢ — S in LA(Q). (4.30)
For the sake of simplicity, let us detail only the case of Si,, since the others are mostly
similar. Owing to the continuous embedding H!(Q2) — L%(Q), and by virtue of (4.13)-

(4.15), (1.19)—(1.20) (cf. also (1.11), and (2.3)), the Lebesgue theorem can be applied to
prove that

F(9T7uT’X1T7X2T)¢ - F(G,u, XlaX2)¢ in LQ(Q)7V¢ € L2(07T’ V)a (431)

as 7 \, 0, and the same convergence easily holds for Z, F(6,,u-, X1+, Xx2r)- Indeed, by
arguing as in the deduction of (4.22)-(4.24) and recalling (1.20) and (1.19), owing to
(4.13) we deduce that 8.a"(0;) — 8a”(6) and 6,.2"(6,) — 0X"(9) in LP(Q) for any p <
+00, as well as an analogous convergence is proved for z, — divu (cf. (2.3) and (4.15)).
Hence, by taking, i.e., p = 6 and by use of (4.14), the generalized Young inequality
ensures that (4.31) holds. We can treat by similar arguments the other nonlinearities
and we can verify that (4.30) holds for Z,(S2.),Z-(Ss3;),Z-(S4r) as well. Finally, it
remains to verify that
2 2
Z (@i%57)* = Y _(8x;)? in L2(0,T; V). (4.32)
: j:]

Towards this aim, we first note that, thanks to (4.2), we can deduce

2
Z (0:%37) N2 (@) < (4.33)
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and consequently, we are allowed to infer that
(@exjr)? = w; in L*(Q), j=1,2, (4.34)

for some subsequence. Thus, in order to show that w; = (8;x;)?, j = 1,2, it suffices to
prove that

8ixjr — Bix; in L*(Q), j=1.2. (4.35)
Indeed, if (4.35) holds, one has

//Q atﬁfa//Qatx;‘?, (4.36)
// thjrvﬂ// wjv, (4.37)

for any v € L%(Q). Thus, by taking v = 1 in (4.37) and by the uniqueness of the limit of
(4.36) we could finally identify w; with 89(]. First, we observe that (4.6) yields

while (4.34) implies

Z 18:x11 22y < lim mf Z 18e57 172

j=1

and consequently (4.35) can be obtained just by verlfymg that

llm\S‘uPZ ”atX]‘rHL?(Q < Z HatX]”LZ(Q (4.38)

j=1 j=1
since the convergence of the norms combined with the weak convergence of the sequence
imply the required strong convergence (4.35). To this aim, we test (3.7) by (O¢X1r, O:X2r)s
integrate over (0,7T), and then take the limsup as 7\, 0. We have

2

limsupz |]3t)~<jr||iz(Q)
TN\.0 j=1

2

—hmsup Z(—HV O Xjr) ||L2(Q) / /VXJT (Oexr)

[ [ oo [ faora). oo

We first note that, since (1.20), (1.19), (4.13)-(4.15), and (4.6) hold, we can infer that
(cf. also (4.23)—(4.24))

}}{%Z / / VX]T 8tX]T / / 6tXlT

// )20 X2r = Z //VXJ (x;¢)
// Xu—/ /Q a(6) div uxz;. (4.40)
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Moreover, owing to (4.6), by the weak lower semicontinuity of the norm, we have

2
limsupZ(—HV(&)ZJ-T)H%z(Q))
T =1
= —hmlnfz 1V ( 8tXJT)||L2(Q) < Z IV( atX])”L?(Q) (4.41)

j=1

Finally, we have to treat the term ijl — fo (&7, 0¢X;57). To this aim, we observe that
by definition of the subdifferential and owing to (3.2)-(3.3), we can write (cf. [3])

2 T N oyl oyl
Z/ (€im OiXyr) =D T <Ej’ %>
j=170 j=1 i=1

=2

j=171
= II(FWV2 (XIIV7 X2]v) - IKﬁvz (X{)v XQO)
= Ixkave(X1+(T), X2-(T)) — Ixava(X10, X20), (4.42)

for any 7 > 0. Hence, by the lower semicontinuity in V of the function Ixny2 and due
0 (4.10), we claim

2 T 2 T
lim sup — Z[) (gjﬂ atij‘r) = — 11?1\%le/0 (fj-,-, 6t)2j7->
j=1 J=1

N N
(S, — X7 >3 (Igva (X, 43) — Iy (X1, 2571)
1 i=1

\0
< - 1iITn\i(1§1f(IKmv2(>er(T)7XZT(T)) — Ixnv2(x10, X20))
=Ixrv2 0 (T), x2(T)) + Ixnvz(X10, X20)- (4.43)
Now, by combining (4.40), (4.41), and (4.43), we get

llmSUPZ ||8tX]T||L2(Q) < Z ( / / Vx;V(x;t) — “V(th)||L2(Q)>

/ /)\(6 xlt—/ / (0) divuyo;

= Ikav2(xa(T), x2(T)) + Ixnv2(X10, X20), (4.44)
and the right hand side of (4.44) is equal to

2
> lxgelZzg) (4.45)
j=1

as one easily verifies by testing (1.16) by (x1¢, x2¢) and then integrating in time (see also
the following remark).
REMARK 4.1. The last result easily follows once it is proved that

—Ixav2 (x1(T), x2(T)) + Ixavz(x10, X20) Z/ (&, xit) (4.46)
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and this can be obtained by extending the statement of Lemma 3.3, p. 73, in [4] to the
case of abstract subdifferential operators defined in the duality pairing between (V')?

and V2.
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