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Abstract. Consider the nonautonomous difference equation

Yn exp(Bn(l — Zf:o QiYn—i))

1 —yn + ynexp(Bn(l — Zf:o aiyn—i))’
where k is a nonnegative integer, ag,aq,...,Qr—1 are nonnegative constants, oy is a
positive constant and {8,} is a nonnegative sequence, which is used as a genotype se-
lection model. In this paper, we first establish some criteria for the positive equilibrium
of Eq. (0.1) to be globally asymptotically stable. Then some special cases of Eq. (0.1)
are investigated further and more global stability results are obtained. Our results also
extend and improve some known results in the literature.

Yn+1 =

1. Introduction. Our aim in this paper is to study the global stability of the nonau-
tonomous difference equation

k
n n 1- j— ) —1
Y1 = Y eXP(IB ( 21—0 Q;Yn z)) Con=0.1,... (11)

k
1- Yn + Yn eXp(ﬁn(l - Zi:O aiyn—i))

where
ke{0,1,...},a0.01,...,ar—1 € [0,00), (12)
ag € (0,00), and {f,} is a nonnegative sequence. .
When k = 0,a9 = 2 and 3, = 8 (positive constant), Eq. (1.1) reduces to
' 3(1 -2
et = Yn exp(B(1 — 2yn)) Cn=0.1.... (1.3)

1 —yn + ynexp(B(1 — 2yn))
which was introduced by May [8] as an example of a map generated by a simple model

for frequency-dependent natural selection. Eq. (1.3) gives the change in gene frequency
between the nth generation and the next and the fitness function is exp(3(1 — 2y)). To
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increase the ecological realism. Grove et al. [1] introduced the delay in Eq. (1.3) and
considered the following equation:

Ynexp(3(1 = 2y —))
1=y + yn exp(3(1 = 2y 1))’
as a simple genotvpe selection model with one delay. The appearance of y, - in the
sclection coeflicient reflects the fact that the environment at the present time depends
upon the activity of the population at some time in the past and that this in turn depends
upon the gene frequency at that time. Then. in a later paper [3]. Grove et al. studied

Ynt1 = n=20,1.... (1.4)

the genotype selection model with several delays:

k
yn exp(3(1 = >0, Qiyn—i
sy = — S expU e g (1.5)

A.
L=y + ynexp(B(L =30 qiyn—i))

The appearance of several delays in the model is incorporated with the phenomenon

that fitness today depends on some function of the various life stages or ages today.
which means the number of adults born 1.2... ., k periods ago, cach multiplied by the
probability of surviving to the present and by the magnitude of their effect if they do
not survive. For a discussion of the background of this model in detail, sce [3].

Asymptotic behavior of positive solutions of Egs. (1.3)-(1.5) has been studied by
several authors. For example. the local stability of the positive equilibriun solution
¥ = 1/2 of Eq. (1.3) was investigated by May in [8]: the oscillation and the stability and
the periodic character of positive solutions of Eq. (1.4) were investigated in [1] and [2]: the
oscillation and the stability of positive solutions of Eq. (1.5) were studied in [3]. Although
some good results about the asymptotic behavior of positive solutions of Eqs. (1.3) (1.5)
have been established, the discussion of the global stability of these equations is far from
completed and this motivates us to further study this topic. By noting that the effects
of a varyving environment are important for evolutionary theory as the selective forces on
systems in a fluctuating environment differ from those in a stable environment and the
assumptions of variation of the parameters are a way of incorporating the variations in
the environment. we assume that the parameter J in (1.5) varies with n and so this leads
us to study the nonautonomous equation (1.1).

Consider Eq. (1.1) with initial conditions y_p.y—g41.....y0 € [0.1] and set a =
Zf:() ;. When a € 1.0 and 1 are only equilibrium solutions, and when a > 1.0.1/a
and 1 are the only equilibrinm solutions of Eq. (1.1). It is casy to see by induction that
Yn € [0.1] for all n > 0. Also. if yn = 0 for some N > 0. then y,, = 0 for all n > N. and
if yv = 1 for some N > 0, then y, = 1 for all n > N. Hence, we will only consider the
solutions {y, } of Eq. (1.1) with the following initial conditions:

Yk Ymbl oo y—1 €0.1] and yo € (0.1). (1.6)

Then, clearly, v, € (0.1) for all n > 0. In the following sections, we will always assume
that « > 1. We will establish a sufficient condition such that ¥ = 1/a is globally
asymptotically stable in the sense that ¥ is stable and attracts all positive solutions with
initial conditions of the form (1.6). We will also further discuss the globally asymptotic
stability of some special cases of Eq. (1.1). Owur results will extend and improve some

results established in [1] and (3].
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2. Global stability of Equation (1.1). In this section, we study the global stability
of Eq. (1.1). By introducing the substitution

Tp = Yn
o 1- Un

Eq. (1.1) with initial conditions (1.6) becomes

k
Tn—i
Tpil = Tn €Xp | On (1— E az—)] , n=0,1,..., (2.2)
[ i=0 L+ 2n—i

with initial conditions

forO<y,<1l, n=-k,—k+1,..., (2.1)

TkyTkils---,Z—1 € [0,00) and xg € (0,00). (2.3)

Clearly, 7 is stable and attracts all positive solutions of Eq. (1.1) with initial conditions
of the form (1.6) if and only if the equilibrium T = L5 of Eq. (2.2) is stable and attracts
all positive solutions of Eq. (2.2) with initial conditions of the form (2.3).

To establish our global stability result, we need the following two lemmas.

LEMMA 1 ([9]). Consider the difference equation
Tn+1 = Tnh(N, Tn, Tno1, . Tnk), n=0,1,..., (2.4)

where for each n, h € C[[0, 00)**1, (0, 00)] and h is nonincreasing in each of its arguments.
Assume that T is the unique positive equilibrium of Eq. (2.4) and that

Hh(n,x,x,...,x):oo for0<az<T (2.5)
n=0

and
Hh(n,x,x,...,x):o for7 <z < 0. (2.6)
=0

Suppose also that there exists a nonincreasing function H € C][0, 00), (0, 00)] such that
for n > 0,

n+k
Hh(n,x,x,...,x)SH(:ﬁ) for0<z<z (2.7)
j=n

and
n+k
Hh(n,x,w,...‘x)zH(:r) for T < x < 0. (2.8)
j=n

Finally, assume that the solution of the equation
Znt1 = TH(2zn), mn=0,1,..., (2.9)

with 2o = ZH(0) tends to T as n tends to co. Then every positive solution of Eq. (2.4)
tends to T as n tends to oo.

LEMMA 2 ([4]). Consider the difference equation

1—
Wpy1 = €XP (a Wn ) , n=0,1,..., (2.10)

1+ bw,
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where a € (0,00),b € [0,2¢). and ug € [0.0¢). If
a
1+b

IN

1. (2.11)

then the positive equilibrium w = 1 is a global attractor of all positive solutions of (2.10).
The following theorem is our main result in this section.

THEOREM 1. Assume that (1.2) holds and that

[ n+k o
3, =oc and 3; < —— forn > 0. 2.12
”Z:O; ; )< — (2.12)

Then the positive equilibrium § = 1/a of Eq. (1.1) is globally asymptotically stable.

Proof. From the above discussion, we see that it suffices to show that the equilibrium
—L- of Eq. (2.2) is stable and attracts all positive solutions of Eq. (2.2).
First, we show that T is a global attractor of all positive solutions. Let

k
h(n.ug, uy, ... ux) = exp [ﬂn (1 — Zﬂi 1 r >] .
U;

i=0

solution T =

Clearly, for cach n,h € C[[0,20)k*1, (0, 20)], h is nonincreasing in each of its arguments
and h satisfies (2.5) and (2.6) with T = - Let

n+k
B =sup Zﬂj n=0,1,...

j=n

Observe that

n+k n+k
Hh,(j.m......r)=H0xp <}3j (1 Zm ))

j=n j=n =0
n+k .
= H exp| G5 (1 —a !
. 1+ 2
j=n
n+k
= exp z[)’]<l—(11+ )

j=n

< exp (B (1 —ag
and similarly,

n+k
Hh >oxp<B<1—a al >> forT <z < oc.
1+=x

) forO<xr<T

Let

H(x) =exp (B (1—ali$>). x> 0.
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Then (2.7) and (2.8) hold and so by Lemma 1, it suffices to show that every positive

solution of the equation
1 Zn
B(1l- 2.13
_1exp< ( O£1+zn>) ( )

tends to its positive equilibrium Z = T = —L<. To this end, let w,, = (@ — 1)z,. Then
every positive solution of Eq. (2.13) tends to Z if and only if every positive solution of
the equation

Zn+l =
«

Wpt1 = €XP (B#) (2.14)
1+ T Wn

tends to the equilibrium w = 1. By Lemma 2, we see that w is a global attractor of all

positive solutions of Eq. (2.14) if # < 1, which is equivalent to (2.12). Hence, Z is

a global attractor of Eq. (2.13) and so 7 is a global attractor of Eq. (1.1).

Next, we show that the equilibrium solution T = ﬁ of Eq. (2.2) is stable. To this
end, consider the sequence {z,} defined by (2.13) and 29 = ﬁ exp(B). From the above
discussion, we know that z, — T as n — oc. Hence, for any ¢ > 0, there exists an N > 0
such that

|z —T| <& forallm>2N. (2.15)
In addition, from the definition of {z,}, it is easy to see that
2on4+1 < 22(nt1)+1 < T < 22(n+1) < 29, formn >0. (216)

Then by the continuous dependence of solutions on the initial conditions, there exists
a positive number & such that if {z,} is a solution of Eq. (2.2) with initial conditions
satisfying

|z —T| <8, n=-k,—k+1,...,0, (2.17)
then
2oN41 L Zp < 2oy, n=0,1,....2N + 1. (2.18)
We claim that
2oN+1 S xp < 29N, n>2N 4+ 2. (2.19)
First we show that
ZoN+1 S Tan42 < zony, n=0,1,...,2N +1. (2.20)

We assume that zon 42 < zan+1; the proof for the case that zonie > oy is similar
and will be omitted. Clearly, if zoy42 > T, then zon4o satisfies (2.20). Now, suppose
that zon 4o < T. Let x, = Te*». Then {w,} satisfies the equation

k
(a=1)B, evn-i—1
W41 — Wp + T ;aim =0. (221)

By noting that zon12 < T and zon 2 < Ton+1, We see that

wan+2 <0 and want2 < Wan41- (2.22)
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Then it follows from (2.21) and (2.22) that

1 —_ (gw2N+l~:

(a0 —1)fan1 Ek:a

[e7

; = WoN42 — W <0,
(T 4 omei 2N +2 an+1 < 0,
i=0

which implies that there exists an m with 0 < m < k such that wapn 1 > 0. Hence.

IN+1 , kK ,
(a—1)3; 1—e%-
WoN 42 > W —WaN4l—m = Q; . 2.23
2N+2 Z W2N+2 2N+1—-m . Z o Z la 1 T ewi- ( )
J=2N+1-m i=0
Then by noting e* = (o — 1)x,, and (2.18), we sce that
e < (a—1)zony, 1=0,1,.... 2N + 1.

Hence, it follows from (2.23) that

2N+1
(1—1U] 1"(¥—1)22N
WoN+2 2 Z Z
J=2N+1-m (l -1 + a- l)~2N
2N +1 .k
S i (a—1)3; Z“' 1—(a—1)zon
pliy Ll
j=2N+1l—k @ o o~ l4(a-Day
2N +1
_ i (a J Z 1—( a—l)ng
j=2N+1—k =14 (a -1z

ZB(I—(x—z%L>,
14 zon

e Daonin > o3 B(1-a—2Y_ )
(a )12A+2_9‘<P< ( ”1+:2N>>

1 22N
xp (B(1—a——"—)) > 2an 1.
_1(xl)< < (11+22N>>_ 2N+1

Then by noting zon42 < 2an41 and xon+1 < 2o, we see that (2.20) holds.
An casy induction and an argument similar to the one above, shows that (2.19) holds.
Finally, by noting (2.15), (2.16), (2.18), and (2.19), we sce that

which implies that

Hence,

TaNt2 2
«a

|, =T <& foralln>2N

and so by the definition of stability. T is stable. The proof is complete. g
REMARK 1. When 3, = 3 is a positive constant, Eq. (1.1) reduces to the autonomous
equation (1.5), and the condition (2.12) for the globally asymptotical stability becomes

a
3L e 2.24
Pk Da—1) (2:24)
It has been shown in [3] that the equilibrium 7 = 1/a of Eq. (1.5) is locally stable if

2

ap #0, a<22a. A<

N

a—1
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or

a?

(@—1) Zf:l it

and § = 1/a is a global attractor of positive solutions if

ag =0, ﬁ<

. 4 a?
k>1 and (< min , .
ar +ap k(e —1)(a— o)
Here, our condition (2.24) is not only different from the above conditions established in
[3], but also a sufficient condition for the equilibrium solution 7 = 1/« of Eq. (1.5) to be
globally asymptotically stable.

3. Global stability of Equation (1.1) with one delay and constant coef-
ficients. In this section, we further study the globally asymptotical stability of the
autonomous difference equation

Yned1=ava—)

Yn+1 = (31)

I—yn+ yneﬁ(l_ayn_k) ’

which is a special case of Eq. (1.1) with £ > 1, a0 = a1 =+ = ax-1 = 0,ar = o, and
Bn = B, a positive constant.
We need the following lemma in the proof of our result.

LEMMA 3 ([7]). Consider the difference equation
Tntl — Tn + Pnf(@n_ik) =0, n=0,1,..., (3.2)

where {p,} is a nonnegative sequence and f € C[R, R] with = f(x) > 0 if  # 0. Assume
that

[f(x)| <|z| fa#0 (3.3)
and
ipizoc and Z Pi<§+; (3.4)
n=0 i=n—~k T2 Q(k + 1)

for all large n. Then every solution of Eq. (3.2) tends to zero as n — oc.
The following theorem is our main result in this section.

THEOREM 2. Consider Eq. (3.1) and assume that

4 (3 1
7S T D (5 M 1)) ' (3:5)

Then the positive equilibrium solution ¥ = 1/a is globally asymptotically stable.

Proof. We first show that 7 is a global attractor of positive solutions of Eq. (3.1). By
using substitution (2.1), Eq. (3.1) becomes

Tl = Tp CXP </3 (1 — aﬁL)> , o n=0.1,.... (3.6)

1+ an_i
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Let z, = a—()“" Then Eq. (3.6) reduces to

af da—=1) en+r—1
Zndl — Zn =0, 3.7
i +( 4 ) o  a—14en-k (31

which is in the form (3.2) with

fla) = da—1) e*—1 o

and p, = —.
o a—1+e" P 4

To show that ¥ is a global attractor. it suffices to show that every solution of Eq. (3.7)

tends to zero. Observing that xf(x) > 0 for x # 0 and

;o (a — 1 —e%)?
(x = f(x)) = a-ite)2

>0 forx #In(a—1),

we see that
|f(x)] < |z| forax#0
and so (3.3) holds. Then by noting (3.5), we find that (3.4) holds also. Hence, all the
conditions assumed in Lemma 3 are satisfied and so every solution of Eq. (3.1) tends to
zero. Then it follows that 7 is a global attractor.
Next, we show that ¥ is stable also. Clearly, it suffices to show that the zero solution
of Eq. (3.7) is stable. To this end, observe that the linearized equation of (3.7) is

-1
Wyl — Wy + @ Bw,— = 0. (3.8)

It is well known that (see [5], for example) the zero solution of the linear equation (3.8)
is asymptotically stable if and only if

2a  km
€08 o T
Hence, by lincarized stability theory, if (3.9) holds, then the trivial solution of Eq. (3.7)
is locally asymptotically stable. Therefore, to complete the proof, we only need to show
that for any k > 1,

/

(3.9)

2 km S 4 3 + 1
cos —_
a—1 2k+1 " ak+1) 2(k+1)
that is,

o? . kn 1 3 + 1
S
4(a — 1) 2k,+1 2(k+1) 2(k+1) )"
To this end, first observe that

a2
i —_— =1.
1nf{4(a_1) a>1}

Hence, it would be sufficient to show that the inequality

mk 1 3 1
SRy [ ¥ <A+1>] (3.10)

® ok +1 7 2(k+1
holds for any k£ > 1. By noting

s 7 1 [3 1 ]
COS— > — = =+

3716 20+1) (2 201+




NONAUTONOMOUS GENOTYPE SELECTION MODEL 273

and

cosQﬂ->i— ! §+ !
5 718 212+1) |2 22+1))°

we see that (3.10) holds when k& = 1 and k£ = 2, and so it suffices to show that the
following function inequality holds:

T 1 3 1
> 3. 3.11
082x+1>2(a*+1)[ 2(;r+1)] T= (3-11)
Let t = 5735. Then (3.11) becomes
cost > X2t m—2t 3+1 m™—2t 37r<t<7r
) 2(m — t) T—t )| 7~ 2’

which can be rearranged in the form

cost > 4% — 137t + 10¢2 3n
4(m —t)? T

A

<

Now, consider the functions

2
g(t) =cost and h(t) = 4r” ;(;?Tft; 10t , 377r Stgg
Observe that
" " Tt — 3m ™
g'(t) = —cost <0 and A'(t) = m<0. 7<t<§.
We see that
g’(t)<g'<:—371>:—sin377T and A'(t) > A’ (2>=—% for377r<t<g.

Since sin 37 /7 > 3/, it follows that ¢'(z) < h'(z) on the interval (37/7,7/2). Then by
noting g(7/2) = h(n/2) = 0 also, we see that g(t) > h(t) for 3n/7 < t < /2, that is,
(3.11) holds. The proof is complete. d

REMARK 2. (1) By noting that Lemma 3 is about nonautonomous equations and
by using the same argument used in the proof of the above theorem, we may have the
following global stability result for the nonautonomous difference equation:

yneﬁn(l—ayn—k)
1—yn + yneﬁn(l—ayn—k) ’

Yn+1 = (3.12)

If 3°>° , Bn = 0o and for all large n,

then ¥ = 1/« is a global attractor of all positive solutions of Eq. (3.12).
(2) When a = 2, Condition (3.5) reduces to

2 [3 1
A=t {§+ 2(lc+1)]' (3.13)

For this special case of Eq. (3.1), it has been shown in [1] that the equilibrium solution
= 1/2 is globally asymptotically stable if one of the following conditions holds:
(a) k=1land 0 < < 2;
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(b) k>2and 0 < 3 <2/k.
Clearly, for the case that k > 2, our condition (3.13) is better than the above condition
established in [1].

(3) Although we believe that (3.9) is a necessary and sufficient condition for the
global stability of the equilibrium solution 3 = 1/a of Eq. (3.1), we cannot prove it at
this moment. However, the gap between condition (3.5) and (3.9) is not very big when
a is not very close to 1 and « is not very large. For instance, when o = 2 and k = 3,

2w cos km
a—1"""2k+1

S R I A
ak+1) |2 2k+1)] 4|2 8] T

3
=4cos — = 0.89
cos -

while

4. Global stability of Equation (1.1) without delay. In this section, we further
study the global asymptotical stability of the special case of Eq. (1.1) without delay:

. eBn(1—ayy)
T :I/!f:l:- Yo =ew)” 1)
We need the following result, which is extracted from [6].
LEMMA 4 ([6]). Consider the difference equation
Tyt = f(noxy), n=0,1..... (4.2)

where f:{0,1,...} x [0,00) — [0,00), f(n,x) is continuous in z and f(n,T) =T where
T is a positive constant. If there exists a positive definite and decrescent function V(n, x)
with respect to T such that

AV(nyxp) =Vn+1, f(n,xn) —V(n,e,) <0, n=0.1,...,

then Z is stable; furthermore, for any solution {x,} of Eq. (4.2) if there is a continuous
function w(x) > 0 defined for x > 0 such that

AV(n,x,) < —w(x,)., n=0.1....,
then either {x,} is unbounded or it approaches the set
E={r€[0.0):w(x) =0}

The following theorem is our main result in this section.

THEOREM 3. Assume that there exist positive constants b and 3 such that b < g, < 3

(1 - i) T2, (4.3)
af3

Then the equilibrium solution § = 1/a is globally asymptotically stable.

for n > 0, and
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Proof. By using the substitution (2.1), Eq. (4.1) becomes
o 1—-(a— 1z,
Tptl = Tn €XP (H"1(+—mn)) ) (4.4)

and it suffices to show that the cquilibrium solution T = “—I_T of Eq. (4.4) is globally

asymptotically stable. To this end, let

V(n,z) = (x —%)? forn>0andz>0.

Then
1—-(a—1)z,
AV (n,z,) = xn [exp (/3,1M> — 1]
Lt (4.5)
1—(a= 1)z, _ .
X | Xpn CXp ﬁn———IT +x, — 2T| .
n

By noting that the function Oxp(ﬁnl;ﬁ;—m) — 1 is decreasing with respect to z and is

zero at T, it is easy to see that

(&n — F) [exp (ﬁn—l G 1)"’”) - 1]

1+,
1-(a— 1)z,

T > - 1} <0 fora,#T. (4.6)

< (00 - 7) [exp (v

We claim that
_ o 1—(a—1)x, _
(xn - .”L‘) |:'Tn €xXp (I[jnl('i'—ln)) + Ty — 21':|

(= Da,

11—
> 'n — ) |Tp€ n — 2T n T. .
> (x, —T) [1 exp (ﬁ 112, ) +2 23"] >0 forx, #7. (4.7)

First, observe that

1—(a—1)x, _
Ty €XP (ﬂ_T(-Hr—)> +x, — 2T

l1—(a—1)x
> x, exp (ﬁnM) +ur,—2T forx, <T

1+,
and
1—-(a—1)x -
2y, €XP (ﬁ——l( n In) ”) + x, — 2T
1-— —1)x,
< Iy exp (ﬁnM) +x, — 2T forx, >T.
1+z,

Hence, to show that (4.7) holds, it suffices to show that
1- —Day,
(xn — T) [;zrn cxp <ﬁ__u

' — 2T | > Tp #+ T. .
1o >+1, 21‘}_0 for x, #7T (4.8)
To this end, let

1—(a—1)zx
1+

h(z) = xexp ([3

>+;1:—2T for 2 > 0.
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pon (== [ ade
h,(.z,)—oxp<»3 1+ v L (1+ )2 !

Y — o 1—(a=1a\ [ad((aB —2)x - 2)
h'"(x) = exp (d T ) [ e 1')4 ] )

If a3 < 2, then A" (x) < 0 and so h'(x) > h'(oc) = e~ (@~ £ 1> 0:if a8 > 2, then

Observe that

and

" . 1 " 1
h'(z) >0 for x> YT and h'(x) <0 forx < af 2
and so
h'(x) > h ! = i—1 exp(3—2)+1 fora# !
a5 —2) T \as Y aB—2
which, in view of (4.3), yields h'(x) > 0 for # # ——. Then, by noting h(T) = 0 also.

we see that (z —T)h(xr) > 0 for @ # 7, which nnplles that (4.8) holds. Hence, (4.7) is
true. Finally, by noting (4.6) and (4.7). it follows from (4.5) that

AV (n,ay) = (7 ) (In 7) l:CXI) (D’nw) - 1]

1+ x,
1_ T
X (2, — T) I, exp ( 1((:_ — ) 1> + 1z, — 2?]
T - Dz, (4.9)
< ——(1r, — -1
B ('I'n - 1—7)2 (1 [Oxp < L+, ) }
1— (= 1), _
T, —T " Cy — 2T
X (2 1) x pr(; T >+1, 1]

<0 for In;él

(@) = —x [exp (0%‘1_)) - 1] [ exp (d%) fo- zf} .

From (4.9) we see that

Let

AV(n.24) € —w(i) <0
and
E={x€[0.00),w(x) =0} = {T}.
Also. A(n,x,) <0 yields
i1 =T <|op =T, n=0.1,....

which clearly implies that every solution {x,} of Eq. (4.4) is bounded. Therefore, by

Lemma 4, the equilibrium solution 7 = 01_ of Eq. (4.4) is stable and cvery positive
solution of the equation tends to T, that i 15 " is globally asymptotically stable. Then, it
follows that the equilibrium solution § = ; of Eq. (4.1) is globally asymptotically stable.
The proof is complete. ]
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REMARK 3. When 3, = 3 is a positive constant, Eq. (4.1) reduces to the autonomous

difference equation
yneﬁ(l—ﬂyu)

Ynt1 = 1 - Yn + yneﬂ(l_ayn) ’ (410)
It has been shown in [3] that if & > 1, a # 2 and
8
3< 2, 411
pel (111)

then the equilibrium § = 1/a of Eq. (4.10) is globally asymptotically stable. From
our condition (4.3) we see that § < 2 is a sufficient condition for § to be globally
asymptotically stable. While for the case that 3 > 2, (4.3) is equivalent to

< — 3
=B - Py

It is easy to check that if § < 2 4 In2, then m_iw—) > _% and so (4.3) is better than
(4.11) in this case.
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