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GLOBAL UNIQUENESS FOR A TWO-DIMENSIONAL SEMILINEAR
ELLIPTIC INVERSE PROBLEM

VICTOR ISAKOV AND ADRIAN 1. NACHMAN

ABSTRACT. For a general class of nonlinear Schrédinger equations —Au+a(x, u)
= 0 in a bounded planar domain Q we show that the function a(x, u) can
be recovered from knowledge of the corresponding Dirichlet-to-Neumann map
on the boundary Q.

1. INTRODUCTION

Let Q be a bounded Lipschitz domain in R2. For any real-valued potential
q(x) in LP(Q), p > 1, we denote by A;(g) the lowest Dirichlet eigenvalue of

~A+q in Q.
We consider the semilinear elliptic equation
(1.1) —Au+a(x,u)=0 in Q.
We assume that, for some p > 1,
(1.2) ael?(Q,C'[-M,M]) forall M < oo,
(1.3) a(x,0)=0,
and

-5—au-(x, u) 2 g.(x) for some g, € L?(Q) with 4;(gq,) > 0.

In view of (1.3), we can restate (1.2) more explicitly as follows: g—ﬁ(x ,u) is a
Carathéodory function on Q x R (i.e., measurable in x and continuous in «)
satisfying

(1.5) sup |

(1.4)

§—Z‘(', u)| € LP(Q) for all M < co.

One can then show (we do it in Section 2) that for any f in H'/2(8Q)NC(8Q)
there is a unique solution u(x; f) in H'(Q)N C(Q) of (0.1) with u|sq = f.
We can therefore define the Dirichlet-to-Neumann map A, on the boundary
oQ by:
du ~1/2

(1.6) Af = 5;(% ) lag€e H™/9(0Q),
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3376 VICTOR ISAKOV AND A. I. NACHMAN

that is
(L7) (0, Aaf)on = /Q [Vo(x) - Vu(x) + v(x)alx, u(x))ldx,

where u = u(-; f) and v is any function in H!(Q).

We are interested in the inverse problem of determining the function a(x, u)
from knowledge of A,.

In dimensions higher than 2, global uniqueness was proved in [Is-Sy] using a
linearization technique first introduced in the context of parabolic equations in
[Is 1]. (By the same technique, global uniqueness for a(x, u) in the quasilinear
equation div (a grad u) = 0 was recently obtained in [S 2].)

In dimension 2, the problem appears at first sight to be underdetermined:
we wish to recover the function of three variables a(x, #) from data on the
two-dimensional set 9Q x 0Q . It turns out that the nonlinear map A, con-
tains knowledge on a full one-parameter family of Dirichlet-to-Neumann maps
corresponding to linear Schrodinger operators. Global uniqueness for the for-
mally determined linear case a(x, #) = g(x)u has been unknown for a long
time, although a number of partial results have been obtained: local uniqueness
for potentials with small H?(Q) norm was proved by Sylvester and Uhlmann
([Sy-U)) and extended by Sun ([S1]) to potentials close to ¢ constant. Sun and
Uhlmann ([Su-U1]) have proved local uniqueness near generic ¢ and global
uniqueness for generic pairs of potentials; they have also shown ([Su-U2]) that
L*> potentials can be determined modulo C*(Q), 0 £ o < 1. We will derive
our results from the proof in [N 3] of global uniqueness of the conductivity
coefficient y in the equation V-(yVu) = 0 with a given Dirichlet-to-Neumann

map.
To formulate our main result, the following notation will be helpful: let
(1.8) u(x) =inf{u(x; f): f € C(OQ) N H*(3Q)},
(1.9) u*(x) = sup{u(x; f): f € COQ) N H*(6Q)}
(see also (4.12) and (4.17)) and let
(1.10) E={(x,u)e QxR:u(x)<u<u"(x)}.

Theorem 1.1. Let Q be a bounded Lipschitz domain in R?, and suppose that
aW(x, u) and a®(x, u) satisfy the conditions (1.2), (1.3), and (1.4). If A0 =
Ay then ul) = u® | w® = 4*@ in Q and aV = a® on EV) = E@) .

The proof gives (at least when the boundary 9Q is C!'!) a (theoretical)
constructive procedure for recovering u,, u*, E and the function a(x, u) on
E from the Dirichlet-to-Neumann map A, .

In the paper [Is-Sy] it was observed that in general, the set £ need not be all
of Q x R. On the other hand, if we make the additional assumption

(1.11) ‘ supg‘i(-,u)eL"(Q).
ueR OU

then, as in [Is-Sy] we prove (for the larger class of nonlinear terms allowed here)
that E=QxR.
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Corollary 1.2. Let Q be a bounded Lipschitz domain in R?. Suppose that the
nonlinear coefficient a in (1.1) satisfies the conditions (1.2), (1.3), (1.4) and
(1.11). Then a(x, u) can be recovered throughout QxR from knowledge of the
Dirichlet-to-Neumann map A, .

The above corollary is certainly applicable to linear equations, but in that
case we have the following stronger uniqueness result, where only one of the
two potentials is assumed a priori to satisfy (1.4). If a(x, u) = g(x)u with ¢
such that 0 is not a Dirichlet eigenvalue of —A+¢ in Q, we denote by A, the
corresponding (linear) Dirichlet-to-Neumann map.

Theorem 1.3. Let Q be a bounded Lipschitz domain in R? and let q\ and q»
be real-valued and in LP(Q) for some p > 1. Suppose that A (q\) > 0 and that
0 is not in the Dirichlet spectrum of —A+q,. If Ay, = Ay, , then g1 = q2 a.e. in
Q. If Q is CY! (or, more generally, if we know a C'>! domain Q* > Q such
that q, extended to be zero outside Q, has A(q) > 0 in Q*) then the proof
gives a constructive procedure to recover q from knowledge of A; on Q.

Theorem 1.3 yields the following semiglobal uniqueness results for fixed-
energy inverse scattering problems. In the first of these, we consider point-
source data, measured in the “near-field”: for a ¢ a real-valued potential (not
necessarily of compact support) satisfying

(1.12) lg(x)| £ c(1 + |x])~!~¢ for some ¢ > 0,
let &,(x,y;A) denote the outgoing solution in R? of
(1.13) —Ax&(x, y; A) +(q(x) - D)Z(x, y; A) = 6(x — p).

Corollary 1.4. Let Q be a bounded Lipschitz domain with connected exterior.
Let q,, q; be two real-valued potentials which satisfy (1.12) and are identical
outside Q. If G (x,y;4) =Z,(x,y;A) on 3Q x dQ for one A > 0 with
A< M(q) in Q, then q, = q>.

Let (1) denote the single-layer potential operator defined on 9Q by
(1.14) D) = [ Fx, i DIGMo0) .

Under the hypotheses above, we show in the Appendix that . () are bounded
invertible operators: H~1/2(0Q) — H'/2(0Q) and the identity

(1.15) Agoi—Agyoa =71 A) =1 (A)

(first found in [N1] for the case of constant background) holds. Furthermore,
if g is known outside Q then the proof gives a formula (A.3) for recovery of
A4, hence of g, from knowledge of (1) on 9Q.

It may be worth noting that one motivation for working with the assumption
A1(q) > 0 throughout the paper, rather than the simpler g(x) 2 0, is to allow
Corollary 1.4 to be applicable to the acoustic equation. Let Z(x, y) denote the
wave-field generated by a point source oscillating harmonically with frequency
w in a medium with variable speed c(x):

2

(1.16) AZ(x,¥) + 5

(x)?(x, y)=—0(x - ).
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3378 VICTOR ISAKOV AND A. I. NACHMAN

Assuming for simplicity ¢(x) = ¢o (a known constant) outside Q, we have
A= “;’; and g(x) = w*(% ~ a(5), SO that g(x) — A cannot be positive in
0

0
this case. The condition A,(g) > A becomes A;(—w?/c?(x)) > 0. A sufficient
condition for the latter is ¢*(x) 2 w?/(49 — ¢) for some ¢ > 0, with A9 the
first Dirichlet eigenvalue for the Laplacian in Q.
Corollary 1.4 is in turn equivalent to the following far-field version.

Corollary 1.5. Let Q be a bounded Lipschitz domain with R* \ Q connected.
Let q,, q» be two real-valued potentials which satisfy (1.12) and are identical
outside Q. Assume Ai(q) > A > 0. If the corresponding scattering amplitudes
at the energy A satisfy A\(6', 0; 2) = Ax(0', 8; A) for all incident and outgoing
directions 0, 0, then q, = q, .

The theoretical equivalence of the data in Corollaries 1.4 and 1.5 (via explicit
formulae) goes back to [B], at least when € is a disk and g vanishes outside
Q. In the Appendix (Proposition A.2) we give a proof for the more general
case above, based on an identity first introduced in [N2].

Uniqueness in the two-dimensional inverse scattering problem at fixed energy,
for exponentially decaying potentials assumed sufficiently small, was obtained
by Novikov ([No]). More recently, in [Is Su] a global uniqueness result was
proved assuming the scattering amplitude given at a finite (sufficiently large)
number of energies.

The plan of the remainder of this paper is the following: in Section 2 we
prove the unique solvability of the Dirichlet problem for the nonlinear equation
(1.1); in Section 3 we treat the linear case, Theorem 1.3. In Section 4 we prove
Theorem 1.1, Corollary 1.2 and conclude with a summary of the main steps of
our reconstruction procedure. The Appendix is devoted to the inverse scattering
results, Corollaries 1.4 and 1.5.

2. THE DIRICHLET PROBLEM

In this section we prove the unique solvability of the Dirichlet probiem for
the equation (1.1) in a Lipschitz domain, and a comparison principle.

Proposition 2.1. Let Q be a bounded Lipschitz domain in R*. If a(x, u) satis-
fies the conditions (1.2) and (1.4), then for any f € H'2(0Q)NC(0Q) thereisa

* unique u(-; ) € H(Q) N C(Q) solution of (1.1) with u |sq= f. Furthermore,
we have the bound

(2.1) S?ZPW('; DI ClifllL=oe

with C depending only on q. and Q.

Proof. 1. We begin with a substitution which will change the nonlinear term
in (1.1) to one which is nondecreasing in u, thereby allowing the use of the
maximum principle. Define g.(x) = 0 outside Q; let Q be a smooth bounded
domain containing Q and so close to it that the corresponding first eigenvalue
Ai(g.) satisfies 11(q.) > $41(g.) > 0. The Dirichlet problem

(2.2) ~Aut +qut=0inQ, u*=10n9Q

then has a positive solution u*, continuous in Q (see for instance [A-S],~ap-
pendix); since Aut € LP(Q) and 9 is smooth we also have u* € W2:P(Q).
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To solve (1.1) in €, we substitute u = u*v. The equation for v then

becomes

(2.3) Lv+b(x,v)=0inQ, v=gondQ,
with g = f/ut,

(2.4) Lv=—Av — 2Vuﬁ‘r+ VY

and

(2.5) b(x,v)= a(x, ut(x)v) — g.(x)v.

u*(x)
Note that the new nonlinear term satisfies g—ﬁ 2 0. Also, supp,<p |b(-, v)] is
in L?(Q), while the coefficient Vu*/u* of L isin L?(Q), p > 2, by Sobolev
imbedding. :

2. For any F € LP(Q) there is a unique w € C(Q)N H'(Q) solution of the
linear Dirichlet problem Lw = F in Q, w|sq = g. We henceforth fix g, write
w = L™'F and claim that L~! is compact as a map from L?(Q) to C(Q).
To see this, first extend F to be zero in Q \ Q and let w; be the solution of
Lwy = F in Q with wolyg = 0. Then

(2.6) —A(wou™) + qu(wou™) = Fut,

and it follows that wy € W2-2(Q); hence the map F — wy from L?(Q) to
C(Q) is compact. Next, let w; € H'(Q)n C(Q) be the solution of Lw; = 0
in Q with w; = g —wg on 8Q. If {FK®)} is a bounded sequence in L?(Q),
then, since the operator F — wy is compact, we can find a subsequence &, so

that {w,"} converges in C(Q). By the weak maximum principle for L the
same will be true for the corresponding {wfk")} , thus proving the compactness
of L-1,

3. We now return to the nonlinear equation (2.3). Let M = supq |g| and
consider the modified coeflicient by, given by

(2.7) bu(x, v)=b(x, yu(v))
with
(2.8) wpy(w)=vif |v| S 2M, yyu(v) =2sgnoM if |v| > 2M.
Let T be the operator on C(Q) defined as Tv = L~!(=bp(x, v(x))) and let
(2.9) p =1 sup |b(-, )| ll@lIL™ L @-c@-
jv|sM

Then T is compact and maps the ball {v € C(Q) : supg |v| £ p} to itself. We
may conclude from the Schauder fixed point theorem that 7 has a fixed point
v . By construction, we have v € C(Q)NH'(Q),

(2.10) Lv + bpy(x,v)=0and v|pq = g.

The maximum principle now shows that supg |v| £ M . Therefore by (x, v) =
b(x,v) in Q, so that v solves (2.2), as required. The corresponding solution
u of (1.1) satisfies

(2.11) sup [u| < [supu™/infu]||fllL=(0q)
fo) fo) aQ
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3380 VICTOR ISAKOV AND A. I. NACHMAN

which clearly holds uniformly for all a(x, u) satisfying g—z 2 G .

4. It remains to verify uniqueness. Let u;, u; in H'(Q)N C(Q) be two
solutions of (1.1) with u;|3q = #2|sq . Then, writing

(2.12) a(x, u(x)) —a(x, ua(x)) = qr2(x)(uy (x) — ua(x))
with
(2.13) gi2(x) = /01 g—i(x, up(x) + t(u1(x) — uz(x)))dt,

we have ¢y = ¢. so that A;(q;2) > 0. The function w(x) = u;(x) — us(x)
satisfies ~Aw + gpw =0 in Q and w =0 on 9Q; thus w = 0 since 0 is
below the Dirichlet spectrum of ¢y;. O

We conclude this section with the observation (which will be helpful in Sec-
tion 4) that our assumptions (1.2) and (1.4) on a(x, u) also suffice for the
following comparison principle (usually stated for a increasing in u ).

Lemma 2.2. Under the hypotheses of Proposition 2.1, if f; € H/2(8Q)N C(0Q)
satisfy fi £ f» on 8Q then for the corresponding solutions u(-; f;) we have
(2.14) u(x, fi) Sulx, ) inQ.

Proof. With u* as in the proof of Proposition 2.1, let v;(x) = u(x; f;)/u*(x).
Then the functions v; satisfy equation (2.3), hence for v; — v, we have

(2.15) L{vy —v)+c(x)(vy —v2)=0 in Q,
with
1 ab
(2.16) c(x) = —(x, tv1(x)+ (1 — HHva(x))dt 2 0.
0 ov

The weak maximum principle for the linear equation (2.15) then implies v; —

v, £0 in Q, hence also (2.14), since u* is positive throughout Q. 0O

3. THE LINEAR CASE

Throughout this section we assume a(x, u) = g(x)u with g € LP(Q),p > 1.
Theorem 1.3 will be obtained as a consequence of a number of facts proved in
[N3]. We briefly recall the relevant notation.

For any k € C\ O we denote by S, the following single-layer operator on
Q.

(3.1) Sef(x) = /a Gulx =S ()doly),

with G} the zero-energy Faddeev Green’s function
elxi+ixa)k eix
ey | kG
A family w,(x, k) of solutions of the Schrodinger equation in all of R?
(3.3) (—A+q)y,(x, k) =0,

(3.2) Gi(x) =
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is constructed by solving (when possible) the Fredholm integral equations
(3.4) Wa(x, k) = 'K — G x (qug (-, k).

If k € C\O is such that (3.3) is not uniquely solvable (in an appropriate weighted
Sobolev space) then it is called an exceptional point. For non-exceptional k we
define the scattering transform ¢, of ¢ by

(3.9) tl) = [ gy (x, K)dx.

We prove below that if A,(gq;) > O then ¢, can be extended to a potential
in LP(R?), of compact support, which has no (zero-energy) exceptional points.
Moreover, the same will be true of g, if A, = A, . We can then use the
method of [N3] to, on the one hand, obtain ¢, (k) = t,,(k) forall Kk € C\0
from knowledge of the Dirichlet-to-Neumann map and, on the other, to recover
¢1 = ¢ from their common transform ¢.

We begin with a simple lemma which will allow us to work in a slightly larger

domain Q.

Lemma 3.1. Let Q, Q be bounded Lipschitz domains with  c Q, and let
g1, € LP(Q). Assume that zero is not a Dirichlet eigenvalue of —A + q
inQ, Qorof -A+¢q in Q. If g = q2 in Q\Q and A, = A, on
H'2(0Q)NC(0Q) then zero is not a Dirichlet eigenvalue of ~A+q; in Q and
(for the corresponding Dirichlet-to-Neumann maps on Q) we have A, = A,
on H'2(8Q).
Proof. 1. If we had a v, such that (-A + g;)v; = 0 in Q, Valyq = 0, we
could define v; in Q to equal v, in Q\ Q and equal to the solution of the
Dirichlet problem (—A+ q)v; =0, v1|sq = v2]sq in Q. Then (since ¢, = q»
outside Q and Ay, = A, on 3Q) v; would be a solution of (-A+g;)v; =0
throughout Q with vilyq = 0, contradicting our hypothesis on ¢;. Thus 0 is
not a Dirichlet eigenvalue of ¢, in Q.

2. Forany f;, f» € H'/2(8Q)) we now let u; be the unique H'(€}) solutions
of the Dirichlet problems (—A+g¢;)u; = 0 in Q with u; = f; on 9Q, j =1, 2.
From (1.7) and the symmetry of f\qz we have Alessandrini’s identity

(3.6) (s (Aey = Ag) doer = /Q (a2 — @)ttt

Since, by assumption, ¢; — ¢» = 0 outside Q, (3.6) yields
(3.7 (fa, Ay, = Ag) fidon = /Q((h — g uuy = (U2, (Mg, — Ag)u1)ag

(the latter by the above identity in Q). Note that u, € W2 ? in the interior of
Q: in particular, u; is continuous on €. Thus the rlght 51de of (3.7) is zero,
by hypothesis, and A, = A, , as claimed. O

Remark. The proof of Proposition 6.1 in [N3], with the obvious modifications
to the case of Schrodinger operators considered here, gives a constructive way
to determine A, on H'/2(0Q) from knowledge of A, on H'/2(8Q)N C(8Q)

if ¢ is knownin Q\ Q.
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Proof of Theorem 1.3. We make a preliminary extension of g; and ¢, by defin-
ing them to be identically zero outside Q. As in Section 2, we then let Q* be
a smooth bounded domain containing  and sufficiently close to it so that
A*(q1) > 0. Next, let Q be any bounded smooth (or, more generally, C!:!)
domain containing Q*. The following elementary lemma will enable us to
appropriately define the extension of ¢, and g, in Q\ Q*.

Lemma 3.2. Let Q*, Q be bounded C'-' domains with Q* c Q and let g, €
LP(Q*). Given A; on 9Q*, we can construct a function yy € H*(Q\ Q")
which is bounded away from zero, identically equal to one near 8Q and such
that

9 )
(3.8) volsar =1, 1o = A1

Proof of Lemma 3.2. By elliptic regularity, A} 1 € H'/2(9Q*). We first choose
v. € HY(Q\ Q%) with y,oq- = 1, & s0. = A% 1. Since y, is continuous,
there are neighborhoods Uy, U; of 8Q* with Uy c U; c U; ¢ © such that
Ve > % in Uy, v, > % in U;. Let y be smooth, of compact support in
U,,08x<1,with x=1 in Uy. Define yy=(1—-x)+ x¥.. Then yp = y.
in Uy so that (3.8) are valid for yp. Also, o = 1 outside U; and wp > 4
throughout Q\ Q*. O

Proof of Theorem 1.3 (continued). With g as in the above lemma, we extend
¢: and ¢, to all of R? by

(3.9) Q=q= Ay:llo inQ\Q* and ¢, =¢, =01in (R*\ Q) U (Q*\ Q).
0

If we define y; inside Q* to be the solution of (—A+gq;)we = 0 with wylsq- =
1, and outside Q to be identically 1, then, in view of (3.8) and (3.9) we have
(-A+ q)wo = 0 throughout R?, yy — 1 € W2-?(R?). By the assumption
Ai{g1) > 0 in Q* and the construction in Lemma 3.2, y; is also bounded
away from zero. Theorem 3 of [N3] now shows that ¢, has no (zero-energy)
exceptional points and t, (k) = O(|k|?) for k near zero. Thus, by Theorem 5
of [N3] the integral equation on 9Q:

(3.10) Wal-, k) = €7 — S (Mg, — Ao)wy -, k)

is umquely solvable for any k& € C\ 0. Since we’ve defined ¢, =g, in Q \Q,
we have A, = qu , by Lemma 3.1. The converse of Theorem 5(iii) in [N3] now
shows that ¢; is also free of exceptional points, so that its scattering transform
ts,(k) is well defined on C\ 0. Furthermore, from A, = A,, and (3.10) we
have y,, (x, k) = y,,(x, k) for x on @Q and all k # 0, hence also 1, = 1,
in view of the formula (see Theorem 5(iv) in [N3]):

(3.11) ta(k) = (€, (Ag = A)Wy(-, k) e

Theorem 4.1 of [N3] now shows that w,, (x, k) = y,,(x, k) forall (x, k) and
that these functions never vanish. Returning to (3.3) we obtain ¢, =¢,. O

The above proof gives the following procedure for reconstructing ¢ from
knowledge of A; on 9Q . We assume Q* given (as in the statement of Theorem
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1.3). We first extend g to be zero in Q* \ Q and determine Aj;1. (See the
Remark after the proof of Lemma 3.1.) If 9Q is C!'! to begin with, this
step is not needed. Next, we choose O Q* and extend g to be Ayp/wo
in Q \ Q*, with yy constructed as in Lemma 3.2; this allows us to determine
f\q on 9. With these preliminary adjustments completed, we can now solve

equation (3.10) to find w(-, k) on 8 and obtain ty(k) by formula (3.11).
The Fredholm integral equation in the proof of Theorem 4.1 of [N3] then yields
w(x, k), hence ¢q.

4., LINEARIZATION

To prove Theorem 1.1 we combine the result in the previous section for the
linear case with the following.

Lemma 4.1. Suppose Q is a bounded Lipschitz domain and a(x, u) satisfies
(1.2) and (1.4). Then for any fy, f € H'/2(0Q)n C(8Q) we have

. A fo+efH—A

in the H=Y2(8Q) norm, where the potential q(-; fo) is defined to be
da
(4.2) q(x; fo) = 5 (x, u(x; fo)).
Proof. Fix fy, f and denote by u, the function u.(x) =u(x; fo+e¢&f). Since
(43) _A(ue - uO) + a(x ) u&) - a(-xa uO) = Oa
the function u, — ug is a solution of the Dirichlet problem
(4.4) —A(uy — ug) + qe(x)(ue —up) =0in Q, u, —up=¢f ondQ,
with
L 9a

(4.5) ge(x) =: \ du o (%, tug(x) + (1 = Dug(x))dt.
From the inequality ¢.(x) 2 g.(x) and the estimate (2.11) we obtain
(4.6) sup [us — uo| = Cél|fllL~00)

with C independent of ¢. It then follows from the continuity of gl‘j in u,
(1.5), and dominated convergence that

(4.7) 21_1}5 l1ge — qol|Lr (@) = O.

Now let v, denote the difference quotient v, = %(ue — up) and let vy be the
solution of

(4.8) —Avg + qovo = 0, with vylsq = f.
Then v, — vg € H} () solves
(4.9) —A(ve — Vo) + go(Ve — Vo) = (go — Ge)Ve-

The right side of (4.9) tends to zero in L?(Q), in view of (4.6) and (4.7); since
qo 2 ¢. , strict coercivity yields

(4,10) lim|[v; — vol| e = 0
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For any w € H'(Q) we have

Aa(fo +ef) — Aa(fo)
&

~Ag(fo)) |

=| /QVw - V(ve — o) + w(qeVe — govo) |

[ {w,
(4.11)

< Cllwl| g @)(llve — vollmi@) + I1ge — goll ()
with C independent of ¢, and (4.1) follows from (4.7) and (4.10). O

In our inversion procedure it will suffice to work with functions fy(x) = 6
constant on Q. We also note, as in [Is-Sy}, that Lemma 2.2 yields the following
simpler formulae for the functions u,, u* defined in (1.8), (1.9):

(4.12) u.(x)=infu(x; 9), u*(x) =supu(x; ),
O€rR fcR

since for any f € H'/2(0Q)N C(0Q) we have
©mi < . < .
(4.13) u(x,rgbnf)=u(x,f):u(x,r33Xf)-
Proof of Theorem 1.1. The proof of Lemma 4.1 (with fy =6 and f = 1) shows

that u(x; 6) is differentiable in 6 (in the H'(Q) topology) and g—“(x; 0) is
the solution of the linear Dirichlet problem

(4.14) (—A+q(x;0))g—g(x;0)=0in Q, %(X;B)Elon 59,
with
(4.15) a(x; 0) = 22(x, u(x; 0)).

ou

Note that, since u(-; 8) is bounded, ¢(-; 8) is in LP(Q) for any 6; also
A1(q(+; 6)) >0, since g(-;0) = g..

Given A, on H/2(6Q)NC(8Q) we can, in view of Lemma 4.1, determine
Ag.0) on HY2(0Q)NC(0Q) for any 6 € R. By the inversion method for the
linear case (Section 3) we can then reconstruct the potentials ¢(-; ). Solving
(4.14) then yields g—g(x; 0) on Q x R. We know (from (1.3) and uniqueness
for (1.1)) that u(x; 0) = 0, thus we also obtain, for all (x, 8) in Q xR

’ ou

o 00
In particular, the functions u*(x) and u.(x) (hence also the set E) are

recovered: noting that g—g(x; #) > 0 (since A1(g(-; 8)) > 0) we in fact have

(4.16) u(x; 0) = (x; s)ds.

. *©ou, O du
(4.17) u(x) = A 55()(, 0)d8 and wu.(x)=-— 30
For every x, the function u(x; @) is strictly increasing in @ ; this allows us to
define for u € (u.(x), u*(x)) the inverse function 6(x, u). Then

(x; 8)d6.

(4.18) x,u)=4q(x; 0(x, u)),

a
L
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and (in view of (1.3)) we finally obtain a(x, #) on E as:

4.19)  a(x,u) = /qu(x; 0(x, s))ds = /Oo(x’u) (x; e)ae(x; 0)do. o
Proof of Corollary 1.2. Let g* denote the potential

(4.20) gt (x)=: ilelg g%(x, u)

and let u* be the solution of (~A+g¢*)u* =0 in Q with u*|3q = 1. Consider
the function

ou
4.21
(4.21) w(x, 8) = (55(
with u* asin the proof of Proposition 2.1. We have wlsq =0, and

(g(x; 0) — qu(x))w = (q"(x) — q(x, 0)) w19 > 0.

x; 0) —u(x))/ut(x),

(4.22)

ut(x)
The weak maximum principle yields w = 0 in Q, hence
(4.23) (x 0)2 1nfu >0forall (x,8)e QxR
From (4.17) it now follows that u*(x) = +oo and u.(x) = —oo throughout
Q. O '

For the reader’s convenience, we conclude with a summary of the main steps
in our (at least theoretical) reconstruction of the nonlinear term a(x, #) on E,
assuming, for simplicity that 9Q is C'!:

(i) Use formula (4.1) to determine Ay ., on 9Q for every 6 € R.

(ii) Let Q bea C!:! domain containing Q. Construct yo(x; 0) in Q\Q
as in Lemma 3.2. .

(iii) With ¢(-; ) defined to equal Ayy(-; 0)/wo(-; 8) in Q\Q, determine
Aq( ;) on 89

(iv) Solve the integral equations (3.10) to obtain y(x, k; 6) for x on aQ
and then #,..9)(k) on C\ 0 by formula (3.11).

(v) Use the procedure given in [N 3] to recover yo(x; 8) for x in Q from
t. Note that:

(4.24) wo(x; 8) = g—g(x; 6) forx € Q.

(vi) Determine the function 8(x; ) (inverse of 8 — u(x; @) ), for instance

by solving the ODE:
a0 1
(4.25) 3 = el B )

which blows up precisely at ¥ = u*(x) and u = w.(x). Alterna-
tively, one can integrate equation (4.22) in 6 to find wu.(x), u*(x)
and u(x, 8), then invert the latter.

(vii) Obtain the desired function a(x, u) on E from the formula (compare
with (4.19)):

6(x;0)=0,

G(x;u)
(4.26) alx;u) = / Ayo(x; 6)d6.
0
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APPENDIX

We give here the scattering theory results needed to obtain Corollaries 1.4
and 1.5 from Theorem 1.3. The arguments are modifications to the case of
nonconstant background of those in [N 1] and [N 2], and are the same for any
dimension n > 2.

Let Q be a bounded Lipschitz domain with connected exterior Q¢ = R"\ Q
and let ¢ be a real-valued potential satisfying the short-range condition (1.12).
For every f in H'/2(dQ) there is a unique outgoing solution u¢(x; 4; f) to
the exterior Dirichlet problem

(A.1) (~A+q—A)u®=0in Q°

with u¢ |30= f. (Uniqueness follows from a classical result of Kato and ex-
istence can then be obtained by adapting an old argument of R. Phillips. We
omit the details.) We define an exterior Dirichlet-to-Neumann map by

(A2) Ay af = 52345 N Lo

The main properties of the single-layer operator .%;(4) needed here are given
in the following proposition, which also makes clear the usefulness of AZ_ 1

Proposition A.1. Let Q be a bounded Lipschitz domain with Q¢ = R" \ Q
connected, and let q be a real-valued potential satisfying (1.12). Then () is
a bounded operator: H~'/2(0Q) — H'2(dQ) which is invertible if and only if
A is not a Dirichlet eigenvalue of —A+ q in Q, in which case we have

(A.3) 5@"(1) =Agi — Ay,
Proof. We denote by Hj(R") the weighted Sobolev space with norm
(A.4) A W = 116 fllms » (x) = (1 + |x|H)V2.

1. The Green’s function & (x, y; 4) is the kernel of the (boundary value
of the) resolvent ‘

(A.5) Ry(2) =lim[(-A+q) - (A+ ie)] ™!

which is known to exist as a bounded operator: L(R") — H2;(R") for
every A >0 and § > % (combine the limiting absorption principle
with absence of positive energy eigenvalues for the potentials consid-
ered here). By duality and interpolation we also have R,;(4) bounded:
H}(R") — H%*(R") for all s in [-2, 0].

For any f in H~1/2(9Q) denote by fdo the single-layer distribu-
tion on R" defined by

(A.6) (v,fda)=/ vfdo, veH'(R");
. aQ
since fdo isin H~!(R") and has compact support we can define the
function
(A7) F4(A)f = Ry(A)(fda) € HL;(R").

Combining the above with the trace theorem shows that (1) is a
bounded operator from H~'/2(8Q) to H/2(8Q).
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2. Using the resolvent equation we have (as functions on R")
(A.8) S f = AR S = Ro(A)aF(A) f;

since the term on the right is in H2;(R") it follows that the jump in the
normal derivative of #(4) f across 8 is the same as that of A(1)f .

If u is an interior Dirichlet eigenfunction then #(4)($% |a@) = 0 on
0Q so F(A) is not injective in that case. Conversely, if % (4)h =0
on 0Q for some h # 0, then the function R,(1)(hda) is an interior
eigenfunction with normal derivative /4 (use the uniqueness of the exte-
rior Dirichlet problem and the jump relation across 9 ). So if A is not
an interior eigenvalue, .#;(4) is injective. To prove surjectivity in this
case, as well as (A.3), we define, for f in H~!/2(5Q) the double-layer
distribution d/ in H~2(R") by

(A.9) wdh= [ g—:jfda, v € HA(R"),
| and the double-layer potential
(A.10) Do) f = Ry(A)(d) € L2 5(R™).
From the definitions we then obtain, for any f in H'/2(6Q)
(A.11) S Ag-if) = Z4(A)f in Q°
and, similarly,
(A.12) S MAG_L) = Z(A) f in Q.

Thus, for f in H'/2(8Q), the function Z,(A)f is piecewise H' and
its jump across 0Q is (again using the resolvent equation) the same as
that of Zy(A)f:

(A.13) DN -GS =1,

with Z¢ f (D] f) denoting the trace of Z,(4)f on 9Q from Q¢ (re-
spectively Q). Combining the identities (A.11), (A.12) with (A.13)

yields

(A.14) SaWNNga = AN f= 1,
for any f in H'/2(8Q). Thus .%(4) is surjective and (A.3) is estab-
lished. O

The proof of Corollary 1.4 is now immediate: assume ¥, (1) = #,(4) ; since
A< Ai(q1), S () is invertible, hence so is .#,,(A). Thus 4 is not a Dirichlet
eigenvalue of —A + ¢, in , and (A.3) holds for ¢, as well as for ¢;. Since
g1 and g, agree outside Q, we have A, = A;z_ ,» and the identity (1.15)
follows. Theorem 1.3 now yields ¢, =¢,. O

To obtain Corollary 1.5 we define, as in [N2], the near-to-far-field operator
F(A): H'/2(8Q) — L*(S™ 1) by

(A.15) F W) f(@) = 4n2ni/[VA) T u(@; 1; f)
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with (-5 4; f) the far-field pattern of the outgoing solution u¢(-;4; f).
(The normalization will become clear in Lemma A.3 below). Let A,(4) de-
note the operator on L2(S"~!) with kernel the scattering amplitude of ¢, and
let #_ (1) be the analogue of # (4) corresponding to the incoming exterior
solution,

Proposition A.2. Let Q be a bounded Lipschitz domain with Q¢ = R" \ Q
connected. Let q,, g2 be two real-valued potentials which satisfy (1.12) and are
identical outside Q. Then

(A.16) Ag (A) — Agy(A) = F (AN, (A) - F4,())F ().

From Kato’s theorem and unique continuation we know that & (1), %-(4)
are injective, hence also that the range of F*(A) : L%(S""!) — H~1/2(8Q)
is dense. Thus, if A, (1) = Ay (), the identity (A.16) shows that 5 (1) =
F2,(A) on 8Q and allows us to derive Corollary 1.5 from Corollary 1.4. For
reconstruction purposes, the related identity (A.28) below may be preferred.

The proof of Proposition A.2 and of (A.28) will follow from the next two
Lemmas, the first of which establishes an explicit integral formula for # (A)
in terms of the scattering solution ¢¢(x, w; A) of the exterior problem (A.1)
with @€ [s0=0 and ¢°(x, w; A) — exp(ivVix - @) outgoing. (To allow for the
limited decay assumption (1.12) on ¢, one thinks of ¢¢(x, w) as the kernel of
an operator defined on L?(S"~!) — see also (A.24) below.)

Lemma A.3. Let Q be a bounded Lipschitz domain in R" with connected exte-
rior Q¢ and let q be a real-valued potential on Q¢ satisfying (1.12). Then

(A17) FWI@ = [ S (x, —w; D fx)do(x)
aQ

(as functions in L2(S"~")) forany f in H'/2(0Q), while forany g in L*(S"™!)

(A18) FrWatx) = [ G x, @i Dat@)do(@).

Proof. Let pg be such that Q C {x : |x| < po}. Choose x in C*(R") van-
ishing in a neighborhood of Q and identically one for |x| > po. Then the
function # = yu° satisfies (A+ A)it = v, with

(A.19) v=(Ax+qx)u +2Vy -Vu,

and is outgoing, hence & = —Rg(A)v. From the asymptotic behaviour of the
latter we find

(A20)  F)f(w)=-9(VIiw) = — lim e~ VIO x (A 4 Di(x)dx

R—00 Jix|<R

with the limit taken in the L2(S"~!) norm. Integration by parts gives
(A.21)
F A f(w)

= dim [ e e T ) (s s gV do (x).

R—oc |.\’|=R
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Since ¢¢(x, —w; A)—exp(—ivAw-x) and uf(x; A) are both outgoing, the limit
(A.21) equals
(A.22)
F (W) f(w)
u¢

= — lim “(x,—w;A
Jim m:R[(p ( )5,

(x) - ue(x)aa—yqp"(x , —w; A)]da(x),

and (A.17) follows by another integration by parts.

To verify (A.18), let ¢° (x, w; ) denote the exterior Dirichlet solution with
9¢ (x, w; A)—exp(ivix-w) incoming. Then 9% (x, —w; A) —exp(iVAx-w) is
outgoing and uniqueness for the exterior problem shows (since ¢ is real-valued)
that ¢¢(x, ~w, 4) and ¢°(x, w, A) are identical. O

The standard scattering solution ¢f(x, w;4) in R” of the Lippmann-
Schwinger equation

(A.23) 95 (x, ®; 2) = exp(iVax - ®) — Ro(A(a()9f (-, @; 4)),

can be constructed as the kernel of the map defined on functions in L2(S"~!)
by

(A.24)

02 (x, ©; Ng(w)da(w) = (I - Ro(A)q) ( / e"ﬂ<"w>g<w>da(w>) .
sn—1 S

Lemma A.4. Under the hypotheses of Lemma A.3 we have the identity:

n—1

(A.25) FWE ()= gt 5 )

as operators: L*(S"~1) —» H/2(8Q).
Proof. For any g € L*(S""!), the function

[ eitr 030 = pe(x, 03 Dlg(@)da()
is an outgoing solution of the exterior problem (A1) with trace

[ v, w3 Det@)do(w)

on 9Q. Thus, from the definition of the exterior Dirichlet-to-Neumann map
we have

(A26) As_y(93 (-, @3 ) = 2o(9 —0°) = Agal93 (-, @3 )= G-, 3 2)
Applying .#;(A) to both sides of (A.26) and using (A.3) yields (A.25).
Proof of Proposition A.2. Since the far-field pattern of

g (x, w; ) — exp(ivVAx - w)
Es g;;s;l by the scattering amplitude, for every g in L?(S"~!) we have (using
A.

(A27) F0) [ 105,00 @3 )0, 03 Dlg(@)do (@) = [4q,(1)~ g (Dls.
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Applying ¥ () to bothsides of (A.25), using (A.18) and (A.27), yields (A.16). O

If Aq ,(A) denotes the scattering amplitude corresponding to the exterior
Dirichlet problem, (that is, the operator on L?(S"~!) with kernel the far-field
pattern of ¢¢(x, w; ) —exp(ivAx-w)) then the above proof gives the identity

(A.28) FANAAF(A) = Aa,¢(4) — 4,(2),

which can, in principle, be used to recover ¢ in Q from knowledge of A4,(4)
and of g outside Q (see also [N 2]).
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