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GLOBAL WEAK SOLUTIONS TO A GENERALIZED
HYPERELASTIC-ROD WAVE EQUATION

G. M. COCLITE, H. HOLDEN, AND K. H. KARLSEN

ABSTRACT. We consider a generalized hyperelastic-rod wave equation (or generalized Camassa—
Holm equation) describing nonlinear dispersive waves in compressible hyperelastic rods. We
establish existence of a strongly continuous semigroup of global weak solutions for any initial
data from H!(R). We also prove a “weak equals strong” uniqueness result.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In recent years the so-called Camassa—Holm equation [3] has caught a great deal of attention.
It is a nonlinear dispersive wave equation that takes the form
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When k£ > 0 this equation models the propagation of unidirectional shallow water waves on a flat
bottom, and u(t,x) represents the fluid velocity at time ¢ in the horizontal direction z [3, 21].
The Camassa—Holm equation possesses a bi-Hamiltonian structure (and thus an infinite number
of conservation laws) [19, 3] and is completely integrable [3, 1, 11, 6]. Moreover, when x = 0 it
has an infinite number of solitary wave solutions, called peakons due to the discontinuity of their
first derivatives at the wave peak, interacting like solitons:

u(t, ) = ce 2=t ceR.

t>0, reR.

The solitary waves with x > 0 are smooth, while they become peaked when x — 0. From a
mathematical point of view the Camassa—Holm equation is well studied. Local well-posedness
results are proved in [7, 20, 23, 29]. It is also known that there exist global solutions for a
particular class of initial data and also solutions that blow up in finite time for a large class of
initial data [5, 7, 10]. Here blow up means that the slope of the solution becomes unbounded while
the solution itself stays bounded. More relevant for the present paper, we recall that existence and
uniqueness results for global weak solutions of (1.1) with x = 0 have been proved by Constantin
and Escher [8], Constantin and Molinet [12], and Xin and Zhang [31, 32], see also Danchin [16, 17].
Here we are interested in the Cauchy problem for the nonlinear equation
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where the function g : R — R and the constant v € R are given. Observe that if g(u) = 2ku + 3u?
and v = 1, then (1.2) is the classical Camassa—Holm equation. With g(u) = 3u?, Dai [14, 13, 15]
derived (1.2) as an equation describing finite length, small amplitude radial deformation waves in
cylindrical compressible hyperelastic rods, and the equation is often referred to as the hyperelastic-
rod wave equation. The constant «y is given in terms of the material constants and the prestress
of the rod. We coin (1.2) the generalized hyperelastic-rod wave equation.
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In the derivation of the Camassa-Holm equation in the context of the shallow water waves
[3, 21], the constant k is proportional to the square root of water depth. Thus under normal
circumstances it is not physical to set k = 0. Although strictly speaking one does not have peakons
in the shallow water model (k > 0), one has them in Dai’s model for compressible hyperelastic
rods, since in this model g(u) = 3u? and v € R. For v = 0 and g(u) = 3u?, the equation (1.2)
becomes the regularized wave equation describing surface waves in channel [2]. The solutions are
global, the equation has an Hamiltonian structure but is not integrable, and its solitary waves are
not solitons.

A difference between the Camassa—Holm equation (1.1) (with x = 0) and the generalized
hyperelastic-rod wave equation (1.2) is that (the slope of) solitary wave solutions to (1.2) can
blow up, while they cannot for (1.1). Solitary waves are bounded solutions of (1.2) of the form
u(t,x) = p(x — ct), where ¢ is the wave speed. It is not hard to check that ¢({), ¢ = = — ¢,

satisfies the ordinary differential equation (¢’)? = %ﬁy’), where G(&) = f(fg(f)dg. From this
expression it is clear that |¢'| can become infinite. Notice however that for the Camassa—Holm
equation (1.1) (with x = 0), for which G(u) = u?, it follows from the above equation that (¢’)? = ¢
(if ¢ # ¢/v) and thus any solitary wave (peakon) ¢ belongs to W1:>°. Notice also that for (1.2)
with g(u) = 2ku + 3u?, the above ordinary differential equation becomes (¢’)? = qSQ%, and

choosing v = ¢ # k, we find the peakon solution

_c
c—kK’

(13) p(€) = (¢ — r)e™VEIEL

From a mathematical point of view the generalized hyperelastic-rod wave equation (1.2) is much
less studied than (1.1). Recently, Yin [33, 34, 35] (see also Constantin and Escher [9]) proved local
well-posedness, global well-posedness for a particular class of initial data, and in particular that
smooth solutions blow up in finite time (with a precise estimate of the blow-up time) for a large
class of initial data. Lopes [27] proved stability of solitary waves for (1.2) with v = 1, while
Kalisch [22] studied the stability when g(u) = 2ku + 3u® and v € R. Qian and Tang [28] used the
bifurcation method to study peakons and periodic cusp waves for (1.2) with g(u) = 2ku + au?,
K,a € R, v=1. When a # 3, a > 0, k # 0, they found the following two peakon type solutions:

u(t,z) = %e—\/g|w—%| and u(t, z) = (3ae_\/§|w_f+ifi|f2). When a = 3 and & # 0 they also
found a peakon type solution of the form u(t,z) = 37"67|17%t| — k. For (1.2) with g(u) = 3u?, Dai
[15] has constructed explicitly a variety of traveling waves, including solitary shock (or peakon like)
waves. To give an example, suppose 0 < v < 3 and pick any constant ¢ > 0. Then the following

2Kk
a+1

TR
peakon like function is a travelling wave solution: u(t,z) = (1 — %)c + %(% - 1)e_ﬂ|x et=¢l

where ( is a particular constant. Dai refers to this as a supersonic solitary shock wave. Although
all the above displayed peakon type solutions belong to W they do not all belong to H!(R)
(some of them do not decay to zero at +00) and these cannot be encompassed by our theory.

Up to now there are no global existence results for weak solutions to the generalized hyperelastic-
rod wave equation (1.2). Here we establish the existence of a global weak solution to (1.2) for any
initial function ug belonging to H*(R). Furthermore, we prove the existence of a strongly contin-
uous semigroup, which in particular implies stability of the solution with respect to perturbations
of data in the equation as well as perturbation in the initial data. Our approach is based on a
vanishing viscosity argument, showing stability of the solution when a regularizing term vanishes.
This stability result is new even for the Camassa-Holm equation (1.1). Finally, we prove a “weak
equals strong” uniqueness result. Here we follow closely the approach of Xin and Zhang [31] for
the Camassa—Holm equation (1.1) with x = 0.

Let us be more precise about our results. We shall assume

(14) U|t:0 =Uug € Hl(R),
and
(15) g€ COO(R)a 9(0) =0, v >0.

Observe that the case v = 0 is much simpler than the one we are considering. Moreover, if
v < 0, peakons become antipeakons, so we can use a similar argument. The assumption of infinite
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differentiability of g is made just for convenience. In fact, locally Lipschitz continuity would be
sufficient. Define

hE) = = (g(€) — 7€)

2
for ¢ € R. Formally, equation (1.2) is equivalent to the elliptic-hyperbolic system
du du 9P 2P v (u\?
1.6 — —+—=0, —=+P=h 2=
(1.6) ot " "oz T or ez TP =hwt g (m)

Moreover, since e~!?/2 is the Green’s function of the operator _86722‘ + 1, the equation (1.2) is
equivalent to the integro-differential system

ou ou OP 1 e v [ Ou 2
— — = |z—yl AN el
5 T Vg T 5. =0 P(t,z) =5 /Re (h(U(t,y)) +t5 (ax (w)) ) dy.

Motivated by this, we shall use the following definition of weak solution.

(1.7)

Definition 1.1. We call u: [0,00) x R — R a weak solution of the Cauchy problem for (1.2) if
(i) ue C([0,00) x R) N L>®((0,00); H'(R));
(13) w satisfies (1.6) in the sense of distributions;
(791) u(0,z) = up(x), for every x € R;
(i) [Ju(t, )l @) < l|luollmr (), for each t > 0.
If, in addition, there exists a positive constant Ky depending only on |lug|| g1 () such that

ou

ox

then we call u an admissible weak solution of the Cauchy problem for (1.2).

(1.8) (t,x) < % + Ky, (t,z) € (0,00) x R,

Our existence results are collected in the following theorem:
Theorem 1.2. There exists a strongly continuous semigroup of solutions associated to the Cauchy
problem (1.2). More precisely, let
5:[0,00) x (0,00) x € x H'(R) — C([0,00) x R) N L>®([0,00); H'(R)),
where
£ = {g € Lipoc(R) | 9(0) = 0}
be such that

(4) for each ug € HX(R), v > 0, g € € the map u(t,z) = Si(v, g,uo)(z) is an admissible weak
solution of (1.2);
(jj) it is stable with respect to the initial condition in the following sense, if

(1.9) o — g in H'(R), o — 1, g, — ¢' in L®(T),

then
(1.10) S(¥ns Gnswo,n) — S(v,9,u0) in L=([0,T); H' (R)),

for every {ugntnen € HY(R), {Vn}nen C (0,00), {gn}nen C &, uo € HYR), v > 0,

ge &, T >0, where

7 i= = | sup sy s0p v o
\/5 " B I " )

Moreover, the following statements hold:

1/2
2
(k) Estimate (1.8) is valid with Ky := \/7 2 max |h(£)| + 1Hu0||§{1(R) .
T\ eIVl 1 ey 2

(kk) There results

0
(111) 75(7)97“0) €Ly

oz loc([07 OO) X R)7

for each 1 < p < 3.
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(kkk) The following identity holds in the sense of distributions on [0,00) x R

(1.12) % (; [u2+q2]> + a% (u [; ¢+ P+ Tu S Hw) = —p,

where u = S(v,g,up), ¢ = %S('y,g,uo), H' = h, the defect measure p is a nonnegative
Radon measure such that as R — oo there holds Rq (q + R) X (—o0,—r)(q) X4 in the sense
of measures and 11([0,00) x R) < 3 ||uol| g1 (r)

We stress that the existence of a strongly continuous semigroup is new, even for the Camassa—
Holm equation itself. In particular, this includes the stability of the solution with respect to
perturbations in the initial data and the coefficients in the equation.

As in Xin and Zhang [31, 32] and their study of the Camassa—Holm equation (1.1) with x = 0,
we prove existence of a global weak solution by establishing convergence as € — 0 of a sequence
of smooth viscous approximate solutions u. (see equation (2.1) below). Regarding the limiting
process there is a an interesting mathematical issue: we need to prove that the derivative ¢. =
Oue /Ox, which a priori is only weakly compact, in fact converges strongly (along a subsequence).
Strong convergence of ¢. is needed if we want to send e to zero in the viscous problem and recover
(1.2). To improve the weak convergence of g. to strong convergence we follow [31] closely when
using renormalization theory for linear transport equations with non-smooth coefficients. The idea
of renormalization goes back to DiPerna and Lions [18], and it has been developed further and
applied by many authors (see Lions [25, 26], Xin and Zhang [31], and the references given therein
for relevant information). In the process of improving weak convergence to strong convergence,
the higher integrability estimate (1.11) for g. is crucial. It ensures that the weak limit of ¢ does
not contain singular measures (there are no concentration effects).

Regarding the optimality of (1.11), one should keep in mind that when a solution u blows up
(necessarily in the sense that |Ou/dx| — 00), say at 2 = 0, then u must behave like /3 and du/dx
like 271/3, since u(t,-) € H'(R), in which case Ou/0x belongs to L _ if and only if 1 < p < 3.

Denote by v an (admissible) weak solution. If the associated defect measure y defined in (1.12)
vanishes, then we call u an energy conservative (admissible) weak solution. Xin and Zhang [32]
proved a “weak equals strong” uniqueness result for energy conservative admissible weak solutions
of the Camassa—Holm equation (1.1) when £ = 0. Their result also contains the uniqueness result
of Constantin and Molinet [12] as a special case. Herein we adapt the arguments of Xin and
Zhang to prove a “weak equals strong” uniqueness result for the generalized hyperelastic-rod wave
equation.

Theorem 1.3. Suppose there exists a function w such that (i), (ii), and (iit) of Definition 1.1
hold and that there exists a function 3 € L*([0,T)) for all T > 0 such that ||%(t, -)HLOO(R) < B(t)

for any t > 0. Then energy conservative admissible weak solutions are unique.

Whenever a sufficiently regular solution to (1.2) can be found (see [9, 15, 28, 33, 34, 35| for
some situations where this happens), then Theorem 1.3 ensures that this solution is unique in the
class energy conservative admissible weak solutions. Note that peakons are “sufficiently regular”.
For example, the peakon solution (1.3) is covered by our theory. One should compare Theorem
1.3 with the uniqueness/stability assertion in Theorem 1.2, which states that there is uniqueness
in the class of vanishing viscosity solutions.

In passing, we mention that it is apparently not easy to prove existence and uniqueness results
for (1.2) by adapting the methods in [8, 12] for the Camassa—Holm equation, which are based on

studying the equation for the “vorticity” m := (1 — ;—;) u. In the present context the equation

for m reads

om om Ju 10
(1.13) ot T t g T "3y W)~ )
In the case of the Camassa—Holm equation (that is, g(u) = 3u? and v = 1), the right-hand side of

(1.13) vanishes, and assuming that m|;—o is a bounded nonnegative measure it is not difficult to
see that m(t, -) € L' remains nonnegative at later times and consequently one can bound du/dx
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in L> and 9%u/0x? in L'. Using these bounds one can in fact prove the existence and uniqueness
of an energy conservative weak solution [8, 12]. In the general case (g(u) is not equal to 3yu?) it
seems difficult to implement this strategy for proving existence and uniqueness results, and this
fact has motivated us to use the “weak convergence” approach.

The remaining part of this paper is organized as follows: Section 2 is devoted to stating the
viscous problem and a corresponding well-posedness result. In Sections 3 and 4 we establish respec-
tively an Oleinik type estimate and a higher integrability estimate for the viscous approximants.
Section 5 is devoted to proving basic compactness properties for the viscous approximants. Strong
compactness of the derivative of the viscous approximants is obtained in Section 6, where also an
existence result for (1.2) is stated. In Section 7 we prove the uniqueness of the vanishing viscosity
limit, this defines a semigroup of solutions as stated in Theorem 1.2. In Section 8 we prove the
continuity properties of the semigroup. Finally, in Section 9 we prove the uniqueness statement
in Theorem 1.3.

2. VISCOUS APPROXIMANTS: EXISTENCE AND ENERGY ESTIMATE

We will prove existence of a weak solution to the Cauchy problem for (1.2) by proving com-
pactness of a sequence of smooth functions {u. },. solving the following viscous problems (see [4,
Theorem 2.3]):

ou ou.  OP, 0%u
. 852;7%8;4—8;:6855’ . t>0, reR,
(2.1) —ax2€+P€:h(u5)+;<a;> ., t>0, z€R,
ue(0,2) = ue o), r € R.
We shall assume that
(2.2) l[ueoll ) < [luollmr(ry, € >0, and wueg— ug in H'(R).

The starting point of our analysis is the following well-posedness result for (2.1).

Theorem 2.1. Assume (1.4) and (2.2). Let e > 0, uc o € HY(R) and £ > 2. Then there exists a
unique solution u, € C(R; HK(R)) to the Cauchy problem (2.1). Moreover, for each t > 0,

/ a2 (20 (t, 2)dx
R\ ox ’
! 8“5 2 82’&5 2
+25/0 /R<< 83&) + ( 8x2) (s,z)dxds = \|u€70||%n(R)7

t
2 2
ote(ty ) gy + 26 / lae (5, I gey ds = w0l gy

or

Remark 2.2. Due to [24, Theorem 8.5], (2.2) and (2.3), we have for each t > 0
1 1

2.4 Ue (T, - or) < — ||ue(t, - < —llu 1(R)-

(2.4) [[ue(t, )l Lo () 7 Jue(t, )l \/ill oll )

Proof of Theorem 2.1. From Theorem 2.3 in [4] we infer that (2.1) has a solution u. € C(R; HY(R)).
Define

Oou,
qe(t,x) == o (t,z).

By (2.1), g- = ¢-(t, ) is the solution of

0 , ., 04 _ ¢
ot "0y T “oa2

6u570
=0 (@),

(2'5) + %QS = h(ue) - P, qa(O,ﬂi) =
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for t > 0 and = € R. Multiply (2.1) by uc, (2.5) by ¢., and add the resulting equations. After
rearranging a bit, we derive the conservation law

Oz 2) e 2 (u [V s ooy o (0
8t(2[“5+q5]>+8x(“5[2 HR] 4 gt - H@) = S0+ e — et =2 (57 )

where H' = h. From this (2.3) follows easily. O

3. VISCOUS APPROXIMANTS: OLEINIK TYPE ESTIMATE

Lemma 3.1. For eacht >0 and x € R,

Ou, 2
3.1 tx) < = 4 O,
(3.1) O (t,z) < ~ + 02
where ue = u.(t, ) is the unique solution of (2.1), and
5 1/2
2 2
=22 max RO+ Lol |
v ( \5\Sﬁ\|u0\|H1(R)| | 2 ®

Proof. From (2.4),

3.2 h < h =L .
(3.2) | (Us)HLw([o,oo)xR) = msﬁffn,m) (&) 1 <00

Moreover, since

(3.3) / el ¥ldy =2, zeR,
R
again using (2.4), for each t > 0 and z € R,
aus 2 ’7 2
|P (t 1’)| <L1+ 9 (t ) §L1+Z”u0“H1(R) = Lo.
x L2(R)
So, denoting L := Ly + Lo, we have, from (2.5),
0q- 0q. 9? e Y 2
4 — ~q- < L.
Let f = f(t) be the solution of
df Y r2 8’&50
3.5 Clf=r >0, J0) =%
(3:5) a2t x|z~

Since, by (2.4) and (3.4), f = f(t) is a super-solution of the parabolic initial value problem (2.5),
due to the comparison principle for parabolic equations, we get

(3.6) g=(t,x) < f(1), t>0, zeR.

Finally, consider the map F(t) := %4—\/%71/, t > 0. Observe that & (t)+ 3 F2(t)—L = 2\/2L/’Y >0,
for any t > 0, so that F' = F(t) is a super-solution of (3.5). Due to the comparison pr1nc1ple for
ordinary differential equations, we get f(t) < F(t) for all ¢ > 0. Therefore, by this and (3.6), the
estimate (3.1) is proved. O

4. VISCOUS APPROXIMANTS: HIGHER INTEGRABILITY ESTIMATE

Lemma 4.1. Let0<a<1,T >0, and a,b € R, a <b. Then there exists a positive constant Cs
depending only on |uo|| g1 vy, @, T >0, a and b, but independent of e, such that

[

where ue = u.(t, ) is the unique solution of (2.1).

+a

auf dtdz < Cs,
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Proof. The proof is a variant of the proof found in Xin and Zhang [31]. Let x € C*(R) be a
cut-off function such that

nggl’ X(m):{la lfo[a,b]a

0, if € (—o00,a—1] U [b+1,00).
Consider also the map 6(&) := §(|§| + l)a, & € R, and observe that, since 0 < a < 1,
a—1
(&) = ((e+ Dl +1) (|| + 1),

0" (€) = arsign (€) (|6 + 1) ((a + 1)l¢] +2)
= oo+ 1)sign (€) (1€ + 1) + (1 - a)asign () (16 + 1)
(4.2 6] < I+ Iel, ) < (at Dl + 1, [6"(©)] < 20,
(@3) ) - 80O =5 (8 + 1)+ S0+ 1) 2 52 (el + 1)

Multiplying (2.5) by x6'(¢.), using the chain rule, and integrating over Iz := [0, T] x R, we get

@8 | @asede =3 [ @xea)ids

— /RX(QC) (0(q=(T, x)) — 6(q-(0,))) da —/ yue X' (2)0(qe )dtdx

It

0qe , ’ / 0q. ? 1"
e [ EX@O@dn e [ (GE) x@8(a)drdo

- /H (h(us) — P.) x(2)0 (q.)dtdz.

Observe that, by (4.3),

/HT vx(2)qe0(ge)dtdx — g/HT X (2)0 (qo)dtdx = /HT vx(x) (qgﬁ(qa) — %qgg’(qg))dtdx

S 1—a)
- 2
Let t > 0, since 0 < « < 1, using the Holder inequality, (2.4) and the first part of (4.2),

(4.5) / x(#)a2 (Jg=| + 1) dtdz.

It

(46) [ xt@ttadiz| < [ (o) (g™ +lacl) de
R R
< xllz2ra-o @y llgs (8 N3 gy + Xl L2 @ llge(t )2
< (b a+ 202 fug |5 + (= a 22 ugllm e,
and
@) | [ uex'@sladdeds| < [ sl @] (g + o)) dedo
Iy IIr

< / et )@ X @) (e + |gz]) dedac
IIr

[uoll (= a
Sy =5 | (X gl Ol

+ X Nl 2@yllae (8, <)l L2y di

l[woll 1 (m) o
< 'VTT(HX/HLZ/U*Q)(]R)HUOHHJ;(lR) + ||XIHL2(R)||UO||H1(R))'

Moreover, observe that

5/ 94 X ()0 (qo)dtdx = —¢ 0(q-)X" (z)dtdz,
It oz I
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so, again by the Holder inequality, (2.4) and the first part of (4.2),

o [ GEX @) <= [ 10(an) I ) deds
HT T 1_IT

(4.8)

IN

: / (121" + |.]) X" () dede
It

T
<e / (ID vy e (8 DGRy + IX 2y e (8 Mgy )

< T (Il 2ra-o oy o555y + I N2y ol s sy ) -

Since 0 < a < 1, using (2.3) and the third part of (4.2),

aqe ? aQE ? 2
c ‘/HT <ax) X(l’)ell(qE)dtdx S 20 ‘/HT <ax dtdx S a”uO”Hl(R)

As we showed in the proof of Lemma 3.1, there exists a constant L > 0 depending only on
l|woll g2 () such that ||h(uz) — PEHLoo([o o) XR) S L, so, since 0 < a < 1, using the second part of
(4.2),

(4.9)

(4.10)

/H (h(ue) — P) x(2)0 () dtd

<L /H x(@) ((a+ 1)lge| + 1) ded

T
< L/O ((+ DIxllL2@llge(t, )z + lIxllo®)) dt
< LT ((a+ 1) = a+2)"2lfuolmimy + (b —a+2)).

From (4.4), (4.5), (4.6), (4.7), (4.8), (4.9) and (4.10), there exists a constant ¢ > 0 depending only
on ||uol| g1 (ry, &, T > 0, a, and b, but independent of €, such that

11—«
(411) W o) (el + 1) v <.
2 -
Then
T b 6U5 24« 41
t,x dtdxg/ x + D) dtde < ———,

JRAE = [ ladx(@) (el +) e

hence estimate (4.1) is proved. O

5. VISCOUS APPROXIMANTS: BASIC COMPACTNESS
Lemma 5.1. There exists a positive constant Cy depending only on ||uo| g1 (r) such that

‘8PE “. ) H@Pg
0r " g |l Oz

where u. = uc(t,x) is the unique solution of (2.1). In particular, {P:}. is uniformly bounded in
L>([0,00); WH(R)) and L>([0, 00); H'(R)).

Proof. Define
1
(5.2) P (t,z) := %/e_‘x_qugdy, P (t,x) := §/e_‘;‘“_ylh(ug(t,y))dy,
R R

and notice that P. = Py . + P».. By (2.4) and (3.3),

(5.1) Pt )z, [Pt )l

(tv )

< Cy,
12(R)

v v
(5:3) |Pre(t )] < lluct, @) < o luolln ),

(5.4) |Poc(t,x)] < max ‘h(f)‘
‘E‘SHHOHHI(R)/\/E
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Moreover, using (3.3) and the Tonelli theorem,
(5.5) / IPre(t,2)lde < Flus(t, i @) < 3 ol .
From (3.3), (5.3), (5.5) and the Holder inequality,
1Bt < 1P oy et i < B ol oy
so that
(5.6) 1Puctts Maee) < 575 ol ),

Using (1.4), (2.4), (3.3), the Tonelli theorem and the Hélder inequality,

(5.7) /\Pza (t,2)|%dz < = /(/ ~fa— ydx) (h(uc(t,y)))* dy
|<|u0|H1(R)/f(h'(§))2>/Ruz(t,y)dy

X / 2 ” 21 .
( < vzt ) ) ol (r)

IN

IN

Finally, observing
8P1 <

Slgn “le=vl (g (8, y))? dy,

a§;€<t,x>— : /R sign (y — ) e e (1,) dy,

and recalling P. = P; .+ P» ., the claim is a direct consequence of (5.3), (5.4), (5.6), and (5.7). O

Lemma 5.2. There exists a sequence {€;};en tending to zero and a functionu € L>([0,00); H*(R))N
HY([0,T] x R), for each T >0, such that

(5.8) ue, =~ u in H([0,T] x R), for each T > 0,
(5.9) ue; —u in Ly ([0,00) x R),

where us = uc(t, z) is the unique solution of (2.1).

Proof. Fix T' > 0. Observe that, from (2.1), 6“5 = 5%2;; —yu 5881;5 - %T , 50, by (2.4), (2.3), (5.1),
and the Holder inequality,

Ou e T,
H € o) < \/;”UO'LOO(]R) + WHU’OHL"O(R) + C4ﬁ

ot
Hence {u.} is uniformly bounded in H'([0,T] x R) N L>([0, 00); H!(R)), and (5.8) follows.
Observe that, for each 0 < s, t < T,

2
lue(t, ) — u5(57~)||i2(R) :/ (/ Oue — (1,7 dT) dx < /|t — s aus 9:)) drdx.
r\Js Ot H(T)

Moreover, {u.} is uniformly bounded in L>([0,7]; H'(R)) and H'(R) cc L. (R) Cc LE (R),
then (5.9) is consequence of [30, Theorem 5]. O

(5.10)

Lemma 5.3. The sequence {P.}. is uniformly bounded in W51 ([0,00) x R). In particular, there
exists a sequence {€;}jen tending to zero and a function P € L*([0,00); W1°(R)) such that for
each 1 < p < o0

(5.11) P., — P strongly in L}, ([0,00) x R).
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Proof. We begin by proving that {88%} is uniformly bounded in L
We claim that :

([0, 00) x R). Fix T > 0.

loc

(5.12) { 0P } is uniformly bounded in L' ([0, T] x R),
ot |,
P.

(5.13) { 8312576 } is uniformly bounded in L*([0, 7] x R),

where P . and P, are defined in (5.2). We begin by proving (5.12). Observe that, from (2.5),

apls i —|x— aQE
14 E(tx) = = l2=vlg.—=4q
(5.14) (%(,w) Q/RG Ge 5, 4y

2
_ Y [ eyl 9¢: 0°¢: 7 3 _p
5 /Re ( Vet -+ Ede gy — 5de + e (Alue) a))dy~

Using 22 (u.q?) = 2¢3 + vgeu. e o e <q6 %q;> = 8% + (8%) , (5.14), and integration by

parts, we get

aple “// —|z—y| v 0 2 0 0qc 0qc ?
N o 5 a..\te a..\4e - € h € _PE d
1)° 3 tuett) +egg (e ) =Gy )+t =P |y
2
%/Re |lz—yl (sign (y—x) [;usqg — €qe gqgj —€ <aa(;6> + g (h(ue) — PE)> dy.
Using (1.4), (2.3), ), (5.1), the Tonelli theorem, and the Holder inequality,

/R . “ Vel dady < V2uollm e llue (¢, i@y < V2luolf gy,
X

0
~la-| ’ 9
€ e qe|
/I:ITXR : a

2
Ou,

9 dt

H(R)

T T
dtdzdy < a/ l|ue(t, -)||§{1(R)dt+s/ (t, )
0 0

1
< (eT+ ) o1 .

2 T 2
5/ eIzl (3%) dtdxdy < 25/
I xR Ox 0

[ e adnuoldedy < [ @dy+ max(0©) [ utay
RxR R R

\f\SHUUHHl(R)/ﬂ

Oou,

ox

(t7 )

dt < ||U0||§{1(R)7
H*(R)

< (1 + max (h’(€))2> luollrr ).

|f|§”u0“H1(R)/\/§

/R Re"x’y‘\qsllpsldxdy < lue(t, @ + 1Pt )lIZa@ < luollfn e + Ci-
X

It follows from these estimates that (5.12) holds.
We continue by proving (5.13). Observe that

0P . 1 e Ou,
5.15 E(tx) = = lw=ulp! d
(515) g (ta) = 5 [ e ) Sy,
so, using (1.4), (2.4), the Tonelli theorem and the Holder inequality,
Py ||? du ||”
(5.16) H2 < max Y .
ot r2(y)  é<lluoll g1my/vV2 ot L2(II7)

Then (5.13) is a direct consequence of (5.10).
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Since the bound on {881? } is a consequence of (5.12) and (5.13), the family {P-}. is bounded
g

in W21 ([0, 00) x R).
Finally, using also Lemma 5.1, we have the existence of a pointwise converging subsequence
that is uniformly bounded in L>([0, o0) x R). Clearly, this implies (5.11). O

Lemma 5.4. There exists a sequence {¢;},en tending to zero and two functions ¢ € LY, ([0, 00) %
R), ¢% € L] .(]0,00) x R) such that

loc
(5.17) ge; = q in LY, ([0,00) xR), g, =q in L. ([0,00); L*(R)),
(5.18) @2, = > in Liy([0,00) x R),

foreachl<p<3andl<r< % Moreover,

(5.19) @(t,x) < @2(t,x) for almost every (t,z) € [0,00) x R
and

0
(5.20) a—z =gq in the sense of distributions on [0,00) x R.

Proof. Formulas (5.17) and (5.18) are direct consequences of Theorem 2.1 and Lemma 4.1. In-
equality (5.19) is true thanks to the weak convergence in (5.18). Finally, (5.20) is a consequence
of the definition of ¢., Lemma 5.2, and (5.17). O

In the following, for notational convenience, we replace the sequences {u,}jen, {¢c; }jen,
{st }ien by {ue}eso0, {ge}e>0, {P:}e>0, respectively.

In view of (5.17), we conclude that for any n € C'(R) with ' bounded, Lipschitz continuous
on R and any 1 < p < 3 we have

(5.21) n(ge) = n(g) in LE([0,00) xR),  n(g:) = nlq) in Li5.([0,00); L*(R)).

Throughout this paper we use overbars to denote weak limits (the spaces in which these weak
limits are taken should be clear from the context and thus they are not always explicitly stated).
Multiplying the equation in (2.5) by 7'(qe), we get

6522 onlac) + - Cruanlae)) — 55000 o' (ae)  gon(ar))
= 16n(g:) = 3 (a:)a? + (h(ue) = P2) 7 (ge).

From (5.22), (2.3), and (2.4) it is not difficult to see that ¢ — [, ¢(2)n(qe)(t, x) dx is uniformly
bounded and continuous for any ¢ € C*°(R) with compact support. In view of this and the second
part of (5.21), it follows from, e.g., [25, App. C] that

(5.23) n(gs) — nla) in C([0,T]; L*(R)w), for any T > 0,
where L?(R),, is the Lebesgue space L?(R) endowed with the weak topology.

Lemma 5.5. For any conver n € CY(R) with ' bounded, Lipschitz continuous on R, we have

(5.24) 8%7(;) + a% (wn(q)) < vqn(q) — %n’(q)rf + (h(u) = P)1/(q),

in the sense of distributions on [0,00) x R. Here qn(q) and 1'(q)q? denote the weak limits of q-n(q.)
and 1'(qe)q? in L7, ([0,00) X R), 1 <1 < 3, respectively. In addition, t — [, ¢(x)n(q)(t,z)dx is
continuous for any ¢ € C°(R) with compact support.

Proof. In (5.22), by convexity of n, (1.4), (5.9), (5.17), and (5.18), sending ¢ — 0 yields (5.24). O
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Remark 5.6. From (5.17) and (5.18), it is clear that

(=0 +q- =G +7, =) +(-)* ¢ =(¢:)*+ ()%
almost everywhere in [0,00) x R, where §1 1= {X[0,400)(§), €= = EX(=o0,0)(§), § € R. Moreover,
by (3.1) and (5.17),

2
(5.25) q:(t, ), q(t,x) < i tCn 20, z€R
Lemma 5.7. There holds
0 0 —
(5.26) a—z + a—x(vuq) = %qQ + h(u) — P in the sense of distributions on [0,00) x R.

Proof. Using (1.4), (5.9), (5.11), (5.17), and (5.18), the result (5.26) follows by ¢ — 0 in (2.5). O
The next lemma contains a renormalized formulation of (5.26).
Lemma 5.8. For any n € C*(R) with ' € L™ (R),

on(q) 0 _ VY= 2\, ’
(521 L4 (qun(@) = van(e) + (30 —7a°) /(@) + (h(w) = P)1/ (@),
in the sense of distributions on [0,00) X R. In addition, t — [ ¢(x)n(q)(t, z) dx is continuous for

any ¢ € C®(R) with compact support.

Proof. Let {ws}s be a family of mollifiers defined on R. Denote ¢s(t, z) := (q(t, - ) *ws)(z). Here
and in the following all convolutions are with respect to the x variable. According to Lemma II.1
of [18], it follows from (5.26) that ¢s solves

) ) —
% +W% - %qQ*wa — 74" x ws + h(u) *ws — P *ws + ps,

where the error ps tends to zero in L ([0,00) x R). Multiplying (5.28) by n’(gs), we get
on(qs 0 —
M05) 1 0 unas)) = antas) + L (5 o' as) 7 (4 % 5) (@)

(5.29) ot oz
+ (h(u) xws) ' (g5) — (P xws) 7' (45)-

Using the boundedness of n,7’, we can send § — 0 in (5.29) to obtain (5.27). The weak time
continuity is standard. O

(5.28)

6. STRONG CONVERGENCE OF ¢. AND EXISTENCE FOR (1.2)

Following [31], in this section we wish to improve the weak convergence of ¢ in (5.17) to strong
convergence (and then we have an existence result for (1.2)). Roughly speaking, the idea is to

derive a “transport equation” for the evolution of the defect measure ((TQ — q2> (t, ) >0, so that

if it is zero initially then it will continue to be zero at all later times ¢t > 0. The proof is complicated
by the fact that we do not have a uniform bound on ¢. from below but merely (5.25) and that in
Lemma 4.1 we have only a < 1.

Lemma 6.1. There holds
— ug \ 2
. 2 T B) _ 0
(6.1) tlir(%r ]Rq (75,Jc)clav—tli%1+ Rq (t,x)dx—/R<8$> dz.

Proof. Since u € C([0,00) X R) (see Lemma 5.2) and thanks to (5.20), it is not hard to see that
q(t, ) — 88% in L?(R) as t — 0+, so that

2
(6.2) litrggilf/RqQ(t,x)dx > /R (%(z)) dz.

Moreover, from (2.2), (2.3), (5.9) and (5.18),

2
/uQ(t,m)dx+/q7(t,x)dx§/ug(x)dx+/ (6u0> dr,
R R R R \ O
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and, again using the continuity of u (see Lemma 5.2), hm fR (t,z)dx = fR u3dz. Hence

2
(6.3) limsup/?(t,x)dz §/ <5‘u0) dx.
t—0+ JRr R\ Ox
Clearly, (5.19), (6.2), and (6.3) imply (6.1). O
Lemma 6.2. For each R > 0,
. I —
(6.4) Jim | (7 0) (1) — i a(t,2))) dr = 0,
where
52 if ¢ <R,
(65) Ta(€) = 2
Rlﬁl**I12 if ] > R,

and 15 (€) = 1r(E)X[0,400)(€); MR (E) = NR(E)X(~00.0(€), E ER.
Proof. Let R > 0. Observe that
1(@) ~nnla) = (@ — )~ (Tal@) ~ fala))

where fr(€) := 2% — nr(€), € € R. Since ng and fr are convex,

0 < (@ ~nle) = 3 (@ — ) ~ (7@ ~ F2l@)) < 3 (F— ).
i (0)

Then, from (6.1), lim [, (nr(@)(t.2) — nr(a(t,2))) dz = 0. Since, 155 (q)—n () < (@) =nrla).
the proof is done O

Remark 6.3. Let R > 0. Then for each § € R

nr(§) = ;52 - *( 1€)X (—o0—RyU(R,00) () MR(E) = &+ (R — [€]) sign (€) X(—o0,~ R)U(R,00) (€)
THE) = 560 — 5B~ X (ro ©) ()/(6) = &+ (R~ X0 €),
TRE) = 567~ SR+ Xoem@ OR) (€ =6 — (R4 (o) (©)

Lemma 6.4. Assume (1.4) and (2.2). Then for each t > 0

(6.6) | (@7 @) e <2 [ [ $t00) @s.) = g (o, s,
where S(s,z) := h(u(s,z)) — P(s, ).

Proof. Let R > Cs (see Lemma 3.1). Subtract (5.27) from (5.24) using the entropy 1}, (see Lemma
6.2). The result is

& (0@ — @) + = (v [k @)~ niz(@))
(6.7) <y [qn?i(q) — anf(q) } ; P5) (9) — @ (nf) (g )}
~2(@ - ) ) (@) + St 2) [0 (@) — ) (@)]
Since 1, is increasing and v > 0, by (5.19),
(6.8) —% (c? - qz) () (q) <0.

Moreover, from Remark 6.3,

Yani(q) — ng(nﬁ)’(q) = —%Q(R — X(R,00)(©):



14 G. M. COCLITE, H. HOLDEN, AND K. H. KARLSEN

R
vang(a) — lq (nf)' (@) = *%q(R — QX (R, (9)-
Therefore, due to (5.25),
1 .

(6.9)  vami(a) = 2} (a) = it (@) = 5@ () (@) = 0, in Q= (3(R-Ca).0) xR.

Then from (6.7), (6.8), and (6.9) the following inequality holds in Qg:

0 0 —

©610) = (@) — k(@) + 5 (u [0k (@) ~niz(0)] ) < S(t.2) [R) (@) = O7f) ()]
for each ¢ > 1/(2(R — C3)). In view of Remark 5.6 and due to (5.25),

S@h 0@ =ar 1@ =5 R =T o

Inserting this into (6.10) and integrating the result over (m, t) x R gives

%/R[W(t,:v)fm(t,x))?)} dwg/R[M(%(R*CQ),IE) Wi (@) (3R~ C).2)] d

ng(q) =

" /%(R_Cg) /RS(S’ ) [g+(s,2) — 4+ (s, 2)] dsdz,

for each t > 2(R — C3). Sending R — oo and using Lemma 6.2, we get (6.6). O

Lemma 6.5. For anyt >0 and any R > 0,

(6.11) /R [77(@) — 17(0)] (£, 2)de
7RZ‘// BT O (@ dsda

7R2//R+‘1X( so,—R) (4
+7/0 /]R W“ﬁ de“/O /RS(W) (m})’(q)—(m})'(q)} dsdz.

Proof. Let R > 0. By subtracting (5.27) from (5.24), using the entropy 7, (see Lemma 6.2), we
deduce

)} dsdzx

2 (@~ 12(@) + o (70 [ ~ (@)

(6.12) <y [qm}(q) - an(q)} - % [qQ(mE)’(Q) - qz(m})’(tz)}
— 2@ = ) R) (@) + 5(t,2) [7) (@) — () ()] -
Since —R < (ng)’ <0 and vy > 0, by (5.19),

2

(6.13) (@) o)) < 5 (7).

Using Remarks 5.6 and 6.3

(6.14) Yangr(q) — lqz(m})’(tz) = *ﬁlI(R + @)X (—o0,—r) (),
2 2

(6.15) Yangr(q) — %qQ(né)’(q) = —%Q(R + )X (=00, 1) (4)-

Inserting (6.13),

(6.14), and (6.15) into (6.12) gives
0
ot

2@ -7 @) + 2 (yu[7m(@) - i (a)
ox

R R
< —%q(R + @)X (—o0,—r)(9) + 77(1(3 + @) X(~o0,—r) (9)
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+ E @) 4 S [0 @ — () ()]

Integrating this inequality over (0,¢) x R yields

(6.16) /R [17(q) — 1R ()] (t, x)dx
< fg/o /RQ(RJF‘])X(—OO,—R)(Q)deI

R [! R [t [ —
t3 / / (R + @)X (~c0,—r)(q)dsdx + 3 / / [q2 — qQ] dsdx
0 R 0 R

i / /RS@@ (1) (@) — () ()] dd.
Using Remark 6.3,

nz(0) —ng(q) = % (W - (q7)2) + %(R +90)*X(—oo—r) (@) — %(R + 02X (—oo—r)(@)-

Hence, from Remark 5.6 and (6.16),
[ bl@ = (@]t )

<7—// (R + @)X (~,—R)(q)dsdz

+7// (R+q)X(-,—nr)(q dsdx—i—vR

7/0 A(R+q)2X(—w,—R)(Q)dsdx+7/0 /R(R+q>2X(—oo7—R)(q)d$dl'
+%/0 /R[W—qi] dsdx—i—/o /RS(s,x) () (@) — (ng)'(a)] dsda,

and applying twice the identity %(R +q)% - %q(R +q) = R;(R + ¢q) we deduce (6.11). O

)} dsdx

Lemma 6.6. There holds
(6.17) 2 =¢*> almost everywhere in [0,00) x R.

Proof. Adding (6.6) and (6.11) yields
018 [ G = @] + ) — @) )ty

377// (R+0)X(—oo._m(4 dsdx——//RJrq —oor—ry(q)dsda
0

dsdx

/ /S s,z) (@ — a4 + [(TIR) (¢) — (UE)/(Q)]) dsdz.

Arguing as in the proof of Lemma 3.1, there exists a constant L > 0, depending only on |lug|| g1 (),
such that

(6.19) 1511 o (10,00 <y = [|Fo(w) = PHLOO([O,O@)XR) = L.
By Remark 5.6 and 6.3,
0+ + () (@) = ¢ — (R + @)X(~00,-r) (@), T& + (ng)'(0) = ¢ — (B + @)X(~00,—R)(a);
so by the convexity of the map & — &4 + (nz)'(§),

0<[q+ —q+]+ [(ng) (q) — (né)’(q)} = (R + ¢)X(—o0,-r)(q) = (R+ @)X (—00,—Rr) ()




16 G. M. COCLITE, H. HOLDEN, AND K. H. KARLSEN

and, by (6.19),

S(s,2) (@ (s,2) = ai(s,2)] + [ (1) (@) — () (@)] )
< L ((R+ X o (@ — (R+ @)X (e, r)(a)) -
Since § — (R + &) X(—o0,—r)(§) is concave and choosing R large enough,

7TRQ(R + @)X (—o0,—m) (@) — %RQ
(6.20) +8(s,2) ([a5(s,2) — 4 (s,2)] + (1) (@) — (07)'(@)] )

< (752 - L) ((R + DX (—o0,—r)(q) — (R + Q)X<—°°7—R>(Q>D s0.

Then, from (6.18) and (6.20),

o< [ (5 [@7 - @] + [ - nz0)] ) (ajas

< 7R/Ot/R (; [W—qﬂ + [nR(q)—nR(q)D dsdz,

and using the Gronwall inequality and Lemmas 6.1 and 6.2 we conclude that

/R (1 [W - (Q+)2] + [UE(Q) — 77;3((1)]) (t,z)dz =0,  for each ¢ > 0.

(R4 @)X (~o0—r)(q)

2
By the Fatou lemma, Remark 5.6, and (5.19), sending R — oo yields

(6.21) 0< / (q7 - q2) (t,z)dz <0,  t>0,
R
and we see that (6.17) holds. O

Lemma 6.7. Assume (1.4) and (2.2). Then there exists an admissible weak solution of (1.2),
satisfying (k), (kk) and (kkk) of Theorem 1.2.

Proof. The conditions (i), (i), (iv) of Definition 1.1 are satisfied, due to (2.2), (2.3) and Lemma
5.2. We have to verify (ii). Due to (6.17), we have

(6.22) 4= — q in L, ([0, 00) x R).

Clearly (5.9), (5.11), and (6.22) imply that « is a distributional solution of (1.6). Finally, (k) and
(kk) are consequence of Lemmas 3.1 and 4.1, respectively. For (kkk) we can argue as in [31], so let
us just sketch the proof. Since u € L>([0,T]; H'(R)), we can differentiate (1.2) to get an equation
for g. Multiplying this equation by 1% (g) (for the definition of ng, see Lemma 6.2) to get

9 9
(6.23) 10D O () = Aannla) ~ Laila) + ()~ P) ().
From the definition of ng,
1 R R
gl (an(q) = QqQU}a(q)) = 77 (> = Ra) X(r.00)(2) — 77 (¢® + Rq) X(~oo,—r)(q) = ST + ST

By (1.8), it follows as in [31] that ff[o 00)XR SRdaxdt < Cluo| g (r) and thus, by integrating (6.23),
ff[o 00) xR SEdzdt < C. The latter bound implies that along a subsequence S = 4 in the sense

of measures as R — oo, for some nonnegative Radon measure p. By (1.8), ff[o 00) xR Sfdxdt —0

as R — oo. Hence sending R — oo in (6.23) and adding the result to the equation obtained by
multiplying (1.2) by u, we get (1.12). Finally, integrating (1.12) shows that the total mass of u is
bounded by [Juol| 1 (r)- O
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Remark 6.8. It is possible to prove results similar to those obtained for (1.6) for slightly more
general equations of the form

ou ou 0P , 0P B va? [O0u)?

wherey > 0, a > 0, and h: R — R is any locally Lipschitz continuous function with h(0) = 0. The
Green function of the operator —04288—; + 1 is e”1#l/® /2. Formally, by letting o — 0, we recover
the conservation law % + %F(u) =0, where the flur F(u) is given by F'(u) = yu— h'(u). Hence
(6.24) may be viewed as a new type of reqularization for one-dimensional conservation laws. We
are currently investigating this singular limit problem.

7. UNIQUENESS OF THE VISCOUS LIMIT: THE SEMIGROUP

Here we prove the existence of the semigroup.

Lemma 7.1. There exists a strongly continuous semigroup of solutions associated with the Cauchy
problem (1.2)

S:[0,00) x (0,00) x (ENC>(R)) x H'(R) — C([0,00) x R) N L>([0,00); H'(R)),

namely, for each ug € HY(R), v > 0, g € € the map u(t,z) = Si(7, g, u0)(z) is an admissible weak
solution of (1.2). Moreover, (k), (kk), and (kkk) of Theorem 1.2 are satisfied.

Clearly, this lemma is a direct consequence of the following lemma and of the lemmas in the
previous sections.

Lemma 7.2. Assume (1.4), (1.5). Let {e;}jen, {1tj}jen C (0,00) and u,v € L*([0,00); H*(R))N
H([0,T] x R), for each T > 0, be such that €, p1; — 0 and

(7.1) Ue, —u, U, —v, stronglyin L>([0,00);R),

then

u="v.

Proof. Let t > 0, it is not restrictive to assume that

(72) ||UO)5 — Uo,p ‘HI(R) < |€ - ,U,|, g, u>0.

From [4, Theorem 3.1] and (7.2), we have that
(7.3) lfase; (& ) =y (& )l ey

< A(tgj + pj)lluoe; — tou,llmw) + Bt g + wy)le; —

< (A(tvgj + :uj) + B(tvsj + :“j))|€j - ,Ltj|,
with

A(t,ej + ) = O(et/(b:j‘H‘j))’ Blt,ej + ;) = O(et/(EJ"rHj))_
Choose now a subsequence {¢;, }nen of {€;};en such that
fin < €jy S pin+e VM nmeN

Clearly,
(7.4) l[ue,,, (£ ) = wp, (& )l @) — 0,

which concludes the proof. O



18 G. M. COCLITE, H. HOLDEN, AND K. H. KARLSEN

8. STABILITY OF THE SEMIGROUP AND PROOF OF THEOREM 1.2
Here we prove the stability of the semigroup and then conclude the proof of Theorem 1.2.

Lemma 8.1. The semigroup S defined on [0,00) x (0,00) x (£ N C>®(R)) x H'(R) satisfies the
stability property (jj) of Theorem 1.2.

Proof. Fix ¢ > 0. Denote S¢ the semigroup associated to the viscous problem (2.1). Choose
{UO,n}nEN C _H'l(R)7 {'Vn}neN C (0700), {gn}neN C 5ﬂCOO(R)7 Ug € Hl(R), v>0,9¢€ (c;ﬂCOO(R)
satisfying (1.9). The initial data satisfy ugc.n, uo € HY(R), £ > 2, the condition (2.2), and

(8.1) w0,e,n — 0.l 71 Ry < [[Uom — ollar(w)-
Finally, write
Ue,n = Se("ynagnauo,n)’ Up = S(’YnagnaUO,n)’ U= S(’Yaga'UO)'
Let ¢ > 0, then
(82)  unlt, ) —ult, )o@y < llunt, -) = ven(t, )l @)
Flluen(ts ) —uet, )l + lluet, ) —ult, )l @),

SO

(8.3) 0< limninf lwn(t, =) = u(t, )|lgrw < hmlnf lwn(t, =) = e n(t, )| a1 (r)
lmint et ) = el Yo
—&-limainf”ug(t, ) —u( )”HI(R)

From Lemma 5.2 we know that

(8.4) lirélribnf lwn(t, =) = e n(t, )| H1 @) =0,
(8.5) limsinf lue(t, -) —u(t, - )|l g1 (®) = 0.

We claim that
(8.6) tim inf [[ue o (t, ) — we(t, )1y = 0.

Using [4, Theorem 3.1] and (8.1), we have that

(8.7) lluen(t, -) = uc(t, )llgrw < A(t,)luon — uollar @ + B, €)(lgn — gl @) + 1vm — 1),
with
A(t,e) = 0(T/%),  B(t,e) = 0(T%), tel0,T)].

Define
— T ._ 1/2 1/2 1/2
En = m> ky = maX{HUO.n_UOHHl(R)aHgn_gHLoc(I)7|’7n | }
clearly
(8.8) 1ir£17i1nf lten(t, =) —uc(t, )lar@) < hm inf [Juc, n(t, -) —ue, (t, )l (®),
and
(8.9) liTan Alen, t)||uon — uol g1 ry = li1£n B(en, t)|gn — 9l () = 0.

Then (8.6) is consequence of (8.7), (8.8), and (8.9). From (8.3), (8.4), (8.5), and (8.6), we get
lim |un(t, -) —u(t, - )| a1 (®) = 0.

Proof of Theorem 1.2. It is direct consequence of Lemmas 7.1 and 8.1.
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9. PROOF OF THEOREM 1.3
By inspecting the proof of Lemma 1 in [32], we see that the following lemma holds:
Lemma 9.1. Let u € L*([0,00); HY(R)) N C([0,00) x R) satisfy %(t,x) < % + C for allt >0,
z €R. Ifpe|0,2), then there exists a unique solution ®,(x) € L2 ([0,00); C1=P/2(R)) of

loc

d
(9.1) ﬁ@t(:t) = yu(t, P;(x)), Dy (z)]t=0 = x.
If p =2 and in addition there holds
(9.2) Jim lu(t, -) = voll gz =0,

then (9.1) possesses a unique solution ®,(z) € L2 ([0,00); C(R)).

loc

We remark that for an admissible weak solution u there automatically holds u(t, -) — ug in
H(R). To see this, notice first that u(t, - ) — ug in H*(R). This is an easy consequence of (1.2)
and Appendix C in [25]. Hence liminf; .o [[u(t, - )|z @) > [[uoll g1 ry- In view of this and (iv)
of Definition 1.1, we conclude that lim; oy [|u(t, - )| 51 r) = |luolla1(®). Our claim now follows
thanks to the well known fact that “weak plus norm convergence” implies strong convergence.

By inspecting the proof of Lemma 2 in [32], we see that also the following lemma holds:

Lemma 9.2. Let u satisfy the assumptions of Lemma 9.1, and consider the problem

of of B
(9.3) ot + Yo =9 fli=o0 = fo.
Suppose either
f S LOO([OvoO%Hl{)C(R))a g € Llloc([oa OO)aLOO(R))
or
of 9o _
%(t’ 67 L®) - 07

g € L ([0,00); LP(R))  for all p > py with po sufficiently large.

fe L= (0,00 WHR)),  Jim

Then, for any t >0, [|f(t, )lz=@) < [ follLo@) + Jo llg(s, )l @ds.

Proof of Theorem 1.3. Since the proof is very similar to that in Xin and Zhang [32], we will only
sketch it and refer to [32] for further details.

Let u; be an energy conservative admissible weak solution of the Cauchy problem for (1.2). Let
us be a weak solution of the Cauchy problem for (1.2) and suppose there exists a function B2(t)
in L2([0,7)) for all T > 0 such that H%(t, -)HLOO(R) < B2(t). Let us use the notation ¢; = 2,
i =1,2. Tt is an easy calculation to see that us is in fact an energy conservative weak solution.
Indeed, we have (see [32, p. 1834])

T 2
Jo (Ba(t)”dt _ 0
Jim_ TIIQzIIquo,m);m(R)) =

T
lim / /ng Xiele|>ry(q2) drdt < lim

o Jr R—oo
for all T'> 0. By (1.2), w := uy — ug satisfies

ow ow Ouy 0
9.4 — — =—yw——— —(P1 — P. -0 =0.
94) ot T Oz T o Bx( 1= P, wle=o
ds.
Lo (R)

As w € L*®([0,00); H'(R)), we can apply Lemma 9.2 to obtain

95 llute s < | (zms)nw(s,->||LW(R>+H52<P1—P2><&~>

Let

(uf +47), e:=e—e

DO =

€; =
and observe that

1 .
h(u;) + %L]f =€ + §g(ui) - vuf, i=1,2.
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-1
In what follows, let A~! denote the pseudo-differential operator a% (1 — 6‘9722) . Since
0>\~ 7 2
P = (1 - 82> (h(uz) + 5%) ;
0

5P =P =28 A {5 (o) = g(u) =7 (8 - ud)}.

using the identity

we find

a9 9>\
. Al —=_—At=(1-— — I
(9:6) or  Ox < 8$2>
Clearly,
_ 1
[ {5 o) gt 6= (=) 60} < e i,
L (R)
Therefore
t
07wt = < / (A5, Ml ey + (€ + Bal3)) s, ey ) ds.
We now set out to estimate HA‘le(s, -)HLOC(R). By definition, the energy density e; satisfies
Oe; 0 0 .
(9.8) 5 + 7 (vue;) = 3 (ul {PZ- - fu } + Su2 - H(uz)) . i=1,2,
and thus e satisfies
de 0 0 o
5 + = o (yure + ywez) 3 (u1 [ ] — ug {Pz - Eug}
(9.9) + Ly lug — H(uw) + H(u2)>.
3 3
Furthermore, we find that f := A~'e batlsﬁes + Yu13 af = g, where
g v i
g := —ywes + (ul [Pl — §uﬂ — us |:P2 — §u§} + gu‘;’ — 3u§ — H(up) + H(Ug))

2\ ! v
_ <1 — W) {’yule + ywes + (u1 [Pl 5 ﬂ — Uy [Pg — §u§}

+ 2uf = Jud — H(w) + H(u)) }
2 \"!
+ yu1 (1 — 8x2> €.

3 3
Since A~ te € L*°([0, 00); WH1(R)) and, in view of (9.6) and (9.2), lim; o4 Ha%A_le(t
0. Hence we can apply Lemma 9.2 to deduce

(9.10) A elt, |z < / (s, )l ds.

To estimate ||g(s, - )||z(®), We can proceed as in [32]. The final result is

) ')HLI(R) =

t
AT e(t, )|z ) < C/O (A7 e(s, @) + (14 B2(s) lw(s, )|z~ r)

(9.11)
+ [(Pr = P2) (s, )l (r)) ds-
We have
2N\
(9.12) [(PL— Pa)(s, - )|l pem) < C H (1 - 8:r2> e(s, -) +[Jw(s, )z (w)
L>=(R)
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Repeating the calculations in [32] we find

(9.13) H <1 - ;;)1 e(s, -)
682

—2
To estimate the last term on the right-hand side, we apply (1 — ?) to equation (9.9). We

: ”\"
<0 (Ia7els M + | (1- 50 ) elor)

Lo (R) L2(R)

—2
then obtain % (1 — 83;2) e = g, where

0 9\ y N
9= "5 <1 - 8x2> {’7“1€+’7we2 + (Ul[Pl - 5“%] —ug[Py — 5“3]
+ lu? - lug — H(uy) +H(u2))}

. , 3 3
‘< _W> s ) L2(R)

we proceed once more as in [32]. The final result is

From this it follows that

b~ . .
< Jo lats, L2y To estimate [|g(s, )| L2 (g)

L2(R)

(9.14) »

t . 82

SC/ [w(s, e + 1A (s, )llLom) (1— W) e(s, -) ds.

0 L2(R)

Introduce the quantity
. 2N\’
y10) = ot Mamey + 1A~ elt, Mamey + | (1= 50 ) elt )
L2(R)

Then, from (9.7), (9.10), (9.11), (9.12), (9.13), and (9.14),

o0 <0 [ (14 (067 wls)is,

and thus by Gronwall’s inequality we conclude that y(t) = 0.
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