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Abstract. We prove the existence of global weak solutions to the Navier-Stokes
equations for a one-dimensional viscous polytropic ideal gas. We require only that the
initial density is in L°° N L2 . with positive infimum, the initial velocity is in L120c7 and the
initial temperature is in L} with positive infimum. The initial density and the initial
velocity may have differing constant states at £ = +00. In particular, piecewise constant
data with arbitrary large jump discontinuities are included. Qur results show that neither
vacuum states nor concentration states can form and the temperature remains positive

in finite time.

1. Introduction. We study the global existence of weak solutions to the Cauchy
problem for the Navier-Stokes equations for a one-dimensional viscous polytropic ideal
gas:

pt + (pv)e =0, (L.1)
(pv)e + (pv*)s + P = pvgs, (1.2)
[p (cV9 + ”;)L + [v (p”—; +eypd + Pﬂ = s+ p(v0s)s (1.3)

with initial conditions

(p(:v,O),v(x,O),H(x,O)) = (pO(I)aUO(I)aQO(I))a r€R. (1'4)

Received October 3, 2000 and, in revised form, March 4, 2002.

2000 Mathematics Subject Classification. Primary 76N10, 35M10, 35Q30.

Key words and phrases. Compressible Navier-Stokes equations, global weak solutions.
E-mail address: jiang@mail.iapcm.ac.cn

E-mail address: zpGmath03.math.ac.cn

(©2003 Brown University




436 SONG JIANG anp PING ZHANG

Here p,v, and 8 denote the density, the velocity, and the absolute temperature, respec-
tively, P = P{p,0) is the pressure having the form (ideal gases)

P = Rpb, (1.5)
U, cv, Kk, R are positive constants, and at infinity, the initial data pg, vy, 8y satisfy

lim_(po(@), vo(e). bo(a)) = (*,v%.0), (1.6)

where p*, 0 are positive constants and v¥ are constants satisfying v~ < vt.
To describe the assumptions on the initial data, we define smooth functions 0 < p(z),
U(xz) € C*°(R) satisfying

+ +

_ pr, 21, _ AR A

T} = i) = 17
p(z) {p_’ Y (z) {_ 2 < (1.7)

Then our hypotheses upon the initial data are that

{Po € L=(R), infg po(") > 0, po — P, vo — 5 € LA(R),

% _1nfe _1e L(R), infndo(") > 0.

Since the first work of Kazhikhov and Shelukhin [14] on the global existence in the
dynamics of a one-dimensional compressible viscous heat-conducting fluid for large initial
data, significant progress has been made on the mathematical aspect of the initial and
initial boundary value problems for (1.1)-(1.3). For initial data in H!, the existence
and uniqueness of global generalized (strong) solutions to the Cauchy problem and to
different initial boundary value problems have been known. Moreover, the global solution
is asymptotically stable as time tends to infinity; see, for example, [13, 1, 16, 17, 18, 6,
10, 11] and others, where p* = p~ and v¥ = 0 are assumed. In [9] global generalized
solutions to the Cauchy problem were studied for the initial data in H' where differing
end states p*, v* with v~ < vt are allowed.

Concerning weak solutions, Serre in 1986 [20] proved the global existence of weak
solutions to the Cauchy problem under the conditions that pg € BV, p* = p~, and
vE = 0. For the initial data satisfying (pg,vo,0) € L™= x L% x L', inf pg > 0, and 6y > 0
a.e., Amosov and Zlotnik [2, 3, 21| obtained global weak solutions of initial boundary
value problems in bounded intervals (see also [6] for nonnegative initial density and
[12, 7] for small initial data). Recently, Hoff [8] studied the Navier-Stokes equations
of compressible isentropic flow and proved the existence of global weak solutions for
po € L™ with positive infimum, vy € L? with differing end states. And Chen, Hoff,
and Trivisa [4] proved the global existence and large-time behaviour of weak solutions to
(1.1-1.3) in bounded domain. To our best knowledge, the problem concerning the global
existence of weak solutions to the Cauchy problem (1.1)-(1.4) under (1.6) and (1.8) still
remains open.

Our aim in this paper is to prove a global existence theorem on weak solutions to
(1.1)-(1.4). In particular, our result allows piecewise constant data with arbitrary large
jump discontinuities. An important physical consequence of our result is that neither
vacuum states (p = 0) nor concentration states (p = co) can occur in the solution and
the temperature remains positive, no matter how large the oscillation of initial data.

(1.8)
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Before stating the main result of the present paper we introduce the notation used
throughout this paper: Let s be a real number and let 1 < p < co. By W*P we denote
the usual Sobolev space defined over R with norm || - ||ws.»; H® = W2 with norm || - ||z,
LP = WO with norm ||-||z». WJF, H ., and L?  denote WSP(R), H (R), and L? (R),
respectively. LP(I, B) resp. || - ||»(1,B) denotes the space of all strongly measurable, pth-
power integrable (essentially bounded if p = oo) functions from I to B resp. its norm,
I C R an interval, B a Banach space. We also use R} := [0,00). The same letter C
(sometimes used as C(X,...) to emphasize the dependence of C on X,...) will denote
various positive constants which may depend on 7" but not on e.

Now we introduce the definition of weak solutions.

DEFINITION. We say that (p(z,t),v(z,t),0(z,t)) is a global weak solution of (1.1)-
(1.4), if, for any T > 0, p(z,t) > 0 and 6(z,t) > O on [0,T] x R, and

pE LﬁfC(R+,L°°),p —pv—TE Li)ooc(R+vL2)av € ngoc(R+7Hlloc)v

0
- logg -1le L]oc?c(R-HL ) RS Lloc(R+?Lloc) n Lloc(R+ X R) n Lloc(R+7 Wloc)

| >

and the following equations hold:

/R+ /R{qut—i—/)v(ﬁx}dxdt = /R,00¢($,0)dx

/ /{pv¢t + pP¢s + Py — vz, pdadt = /Rpovoab(fc, 0)dz

2 2
/ / { <cva + ) by +v (p% +eypf + P) bo — KOsy + u%qﬁm} dzdt
Ry

- /Rpo <6V90 + -29> ¢(-73a O)d;L’

for any ¢ € C§g°(Ry x R).
Thus, the main result of this paper reads:

(1.9)

THEOREM 1.1. Assume that pg,vo,8p satisfy (1.8). Then there exists a global weak
solution (p,v,6) of (1.1)—(1.4), such that for all p < 3/2, 8, € L}, (R4 x R), and for any
T >0, v, € L3 (R, L2(R)),

Cy < plz,t) < Cy, C1 < O(z,t), forae zeR,te(0,T],

/R{<§ — logg - 1) + <% - 1og% - 1) + (v —5)2} (z,t)dx (1.10)

<C vtelo,T),

where C1, Cs, C are positive constants which may depend on T

The proof of Theorem 1.1 is based on passing to the limit for the smooth approximate
solutions and a basic energy estimate which is deduced by using some relations associated
with the second law of thermodynamics. Due to the differing end states, some difficulties
arise in the derivation of the energy estimate. We can overcome these difficulties by
exploiting the facts that v~ < vt and that the end states for §y are the same. The
boundedness of p from below and above can be obtained by using arguments similar




438 SONG JIANG anp PING ZHANG

to those in {13, 1] while lower bounds of # can be achieved by applying the maximum
principle for linear parabolic equations in unbounded domains. In order to pass to the
limit for the smooth approximate solutions we apply Lemma 5.1 of Lions [15, p. 12
on weak compactness. This needs the estimates of some derivatives of (p,v,8) in some
LP spaces, and we use the basic energy estimate and the interpolation theory to derive
the estimates of the derivatives. In Sec. 2 we derive uniform a priori estimates for the
approximate solutions and the proof of Theorem 1.1 is given in Sec. 3.

2. Uniform a priori estimates for the approximate solutions. In this section
we derive some uniform a priori estimates for the approximate solutions which are ob-
tained by mollifying the initial data.

Let jc(x) denote the standard Friedrichs’ mollifier, let p§(z) := po * je, v§(x) := vo * jc,
05(x) := 6o * j. Then under the conditions of Theorem 1.1, let us consider the Cauchy
problem (1.1)-(1.4) with (pg, vo,80) replaced by (p§, v§, 65)-

Firstly applying Jensen’s inequality and (1.8), and taking into account Cy < 8§(z) <
C(e) that follows from lim;|— 6°(x) = 8 and the properties of mollifier, we have

€ € 0 0 0 [}
/(9—_0—-10g970—1>dm§/<i~~ln§_——1>*j€dw§/(i—lni—l)dz,
r\ 0 0 g\ 08 ) kR \ 0O 0

/(03 - 0)%dz < C’(e)/ 16 — Oidx < C(e).
R R
(2.1)
Noting that |z —logz — 1| < C|z — 1]2 for § < z < C}, we get
/ (EC —logEE —1) dr < C/(pg—ﬁ)2d$

R \ Po o R (22)

<C [ (oo~ + (i~ PPl < C.
R

For the sake of simplicity we will drop the subscript ¢ throughout this section.

To construct the approximate solutions (p(z,t),v(z,t),8(z,t)) and to derive the a
priori estimates, it is convenient to use Lagrangian coordinates instead of Eulerian coor-
dinates (z,t). We introduce the coordinate transformation:

y= /0 p(&,t)dE — /0 (pv)(0,7)dT = r(z,t), T=t. (2.3)

We will prove later that p(x,t) is bounded and strictly away from 0, then for each ¢t > 0
the mapping (the inverse mapping of r(z,t)) x = z(y,t): R — R is surjective. Hence, we
can reformulate the problem (1.1)-(1.4) in Lagrangian coordinates (y,7); that is, if we
denote u := 1/p, the specific volume, and use ¢ instead of 7 in the case without confusion,
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then the problem (1.1)—(1.4) with (1.6) is transformed into

Ut = Uy, (2.4)

Uy = Oy, (a = v—y—R%> (2.5)
by

eyl = ovy + K ” (2.6)

with the initial data

(u(y,O),v(y,O),ﬁ(y,O)) = (uo(y),vo(y),Oo(y)), y€R, (27)

and the conditions at infinity

lirj?oo(u(y, t),v(y,t),0(y, 1)) = (ut,v*,0) with u* := 1/p%. (2.8)

y—

Now we take functions u(y), (y) € C*°(R) with 7 > 0, 7, > 0 and

a(y>={“+’ v=1 ﬁ(y)z{“’ Vet 9)

U, yS _la v, -1

Then, by (1.8), similar conditions to (1.8) still hold for (up(y), vo(y), 8o(y)). It should be
pointed out here that because of u* > 0 and v~ < v* we can easily construct functions
u and v which satisfy w > 0, v, > 0.

Thus by the following Lemma 2.1, Lemma 2.2, and modifying the method of [9], we
can prove that (2.4)—(2.8) possesses a unique global strong solution (u, v, #); moreover, u
is bounded and strictly away from 0. Thus by (2.3), we get a unique global strong solution
(p(z,t),v(z,t),0(z,t)) for the Cauchy problem (1.1)—(1.4) with initial data (p§, v§, 65).

We have the following basic energy estimate which is obtained by using some relations
associated with the second law of thermodynamics and which embodies the dissipation
induced by viscosity and thermal diffusion.

LEMMA 2.1. Let
W(y,t) = RO(——log——1> +cv§<g—10g§—1>.
6 6

Then we have

/R[W(y,t) 5 vy, 1) —o(y)) ]dy+6/ / [u—+m—] dyds <C  (2.10)

for all t € [0, T).

Proof. Using Egs. (2.4)-(2.6), we obtain, after a straightforward calculation, that

-] [ %,
[W+ T TR
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Recalling the definition of @ and 7, we integrate the above equality over R x (0, ) to infer

that
/R<W+( )> yt dy+0//< ——+/~c—)dyds
[ (25 Yo [ (o)
=E0+/Ot/R{Rgﬁy+1zg(v-a)y+wy}dyds
§E0+C—R/Ot/k[%L(U—G)dyds+/0t/koﬁydyd8,

where (1.8), (2.1), (2.2), and the coordinate transformation (2.3) yield

Ey :=/R{W(y,0)+w}(y)dy

<c /R {(uo — )2 + 60 — Bol + (vo — 7)?}(y)dy + 1

(2.11)

SCAKm—ﬁV+wo—m+@m—m%@mx+1ga

Observing that T, > 0, §/u > 0, and suppT, C {y | |y| < 1}, we obtain by Eq. (2.4) that

t t 9 t v
/ /aﬁydyda‘: —R/ /—Eydyds+,u/ /—yﬁydyds
0 JR 0 JRU 0 JR U
]
< ,u/ /(logu)ﬁydyds
o] R
—u/ﬁyloggdy—u/ﬁylog?dy
R u R u
_ u _ U
=u/ vylog:dy+u/ vylog =dy +C
{ylu(y,)<u(y)} u {ylu(y,t)>u(y)} u

§C+u/ v log —dy
{ylu(y,t)>a(y)} u

<C+C log Zdy.

{ylu(y.t)y>a(y) lyl<1} U

Note that for z > 1, logz < v/2(z — logz — 1)'/2, we get from the above inequality that

t
1/2
/ /aﬂydydsgc (——log——1> dy+C
0 JR {ylu(y,t) 2u(y)|y|<1}

S€/(g—10g:—1)dy+05_1 (0<e <)
R U U

(2.12)
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Substituting (2.12) into (2.11), taking ¢ appropriately small, taking into account supp @, C
{y | |ly] €1}, and applying Cauchy-Schwarz’s inequality, we conclude that

/(W+(v—v (y,t dy—f—//R< 92)dyds<C+C//v—v)2dyds

which, by applying Gronwall’s inequality, immediately gives the lemma. The proof is
complete. O

With the above basic energy estimate, we are able to bound the specific volume u(y, t)
and the temperature 6(y, ).

LEMMA 2.2. There are positive constants C, Cy which may depend on T, such that
C1 <u(y,t) <C3,C; < 0(z,t) VzeR, te[0,T). (2.13)
Proof. The proof of the boundedness of p is parallel to that for generalized (strong)

solutions (see, e.g., [1, 13]). For the sake of completeness we present the proof here.
It is easy to see that Lemma 2.1 implies

it+1 i+1
[ Gt woa [ (§-wes-1) woasc e 21y

U

Since x — logz — 1 is convex, one sees that

i+1,, i1, i+l g i+1 g
/ %dy—log/ 5dy—1,/ Edy—log/ Edy—lgC, t€[0,T]. (2.15)

The estimates (2.14), (2.15) show that

i+1 +1
< [ utyidy, [ 6wy <p, i=08152. 0, te0T]  (216)

and that by virtue of the mean value theorem, for each ¢ € [0, T| there are a;(t), b;(t) €
[i,%+ 1], such that
(231 Su(ai(t)’t)v e(bl(t)’t) 51817 [ :Oailai2a"'a (217)
where a1, 31 are the positive roots of the equation x —loga — 1 = C.
We may write Eq. (2.5) as v; = —R[0/u], + u[logu]sy. Integrating this equation first
over (0,t) with respect to ¢, then over (a;(t),y)(y € [i,i + 1]) with respect to y, and
taking exponential on both sides of the resulting equation, we obtain

1 E tg(y,s)s _ | o
u(y, t) eXP{ﬂ/O u(y,s)d} Bi(y,)Yi(t), ye€lii+1], (2.18)

where
A __uwl@lt) LI A
B ), Dty © p{ il “déds}’

Multiplying (2.18) by Rf/p and 1ntegrat1ng over [0,t], we arrive at

exp{/ot"i Das} - 1+—/ (3, 5)Yi(5)6(y, 5)ds.
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Inserting the above identity into (2.18), we immediately get the following representation
for u{y,t):

1 R [
uy,t:—{1+—/Biy,sY1-89y,sds} 2.19
W= Bl | T fy B (219)
fory € [i,i+1],t > 0and i =0,£1,42,.... Recalling the definition of B; and Y;, using
Cauchy-Schwarz’s inequality, Lemma 2.1, and (2.17), we see that

0<C < Bi(y,t)<C, Yi(t) > 1, y€[i,i+ 1], €[0,T), i=0,£1,%2,.... (2.20)

Now we integrate (2.19) over (i,7+ 1) with respect to y and make use of (2.16) and (2.20)
to obtain Y;(¢) < C +C fot Y;(s)ds, which together with Gronwall’s inequality gives

Yi(t) < Cforallt€[0,T], i=0%1,%2,. ... (2.21)
It follows from (2.17) that

6(y,t) < C(6'(y,1) — 0'/2(bi(1),))* + C

<C+C / * Mdy
= . 612 (2.22)

i1 92
K PR
§C+C/i Wdy[m’ﬁ“("t)’ y € [i,1+1].

Inserting (2.20)—-(2.22) into (2.19), we find that

t 2
u(y,t) < C+ C'/ / a—ydy max u(-,s)ds Vy € [;,i+ 1],t € [0,T).
o Jr u8? 7 [ii+1)

From this, Gronwall’s inequality, and Lemma 2.1, we obtain u(y,t) < C> for all y €
[i,i+ 1],t € [0,7] and ¢ = 0,£1,£2,.... On the other hand, from (2.19)-(2.21), one
easily gets u(y,t) > Cy forall y € [i,i+ 1], t € [0,T] and ¢ = 0,£1,£2,.... Thus, we
have proved the lower and upper boundedness of p.

To show that the temperature is bounded below away from zero, we apply the maxi-
mum principle. To this end we write Eq. (2.6), using the estimate C; < u(y,t) < Co, as

follows:
1 v2 v 1 /1 02
| = Y L R 12 — oL
v {HL puor T TR <())y] W
v (2.23)
1/1

<C+k —<—> , YyER, tel0,T],

u\b/,

y

where the positive constant C is independent of €. Applying the maximum principle for
parabolic equations in unbounded domains [19, Chapter 3|, we obtain 1/6(y,t) < C for
all z € R and ¢ € [0,7T], which gives the lower boundedness of §. This completes the
proof of the lemma. O

Based on the results established in Lemmas 2.1-2.2, we show the following estimates
which will be important in the limit procedure in the next section.
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LemMmMA 2.3. Let M € N. Then we have

/Sup0 t<C’/ / vidydt < Cr,
0

T
/ sup v2(-, dt+/ / 6%dydt < C(M), (2.24)
0

[—M,M]
T M
/ / |6\Pdydt < C(M,p) for all p < 3/2.
0o J-M
Proof. By virtue of (2.16)—(2.17), (2.13), and Lemma 2.1, one finds that

T T

max 6(-,t)dt < C + max |6 —0(b;(t),t)|dt
[ max 00,0 [ max 0~ 0(0u(0).1)

41
SC—!—/ / |6y |dydt
w1 g2 V2 /1 higl Y
<c+< / / dydt> ( / / 02dydt)
0 1

T 1/2
<CK1+ max (-, t)dt , 1=0,%£1,%2,...,
o [hi+1]

which implies (2.24);. Moreover, from (2.16) and (2.24);, one gets

// 02dydt</ sup (-, )/ fdydt < C(M), (2.25)

2

[ ([ > (/f/:*W)”

2

which yields

1=0,%1,+£2,.
On the other hand, motivated by [9], we multiply (2.5) by (v — 7) and integrate over
R to get
1d vl 4
~ (U—E)ngﬁ—,u/ —ydy+R/—ﬁydy
2dt R R U RU (227)
Vy_ 0
= —“v,dy+ R | —v,dy.
M/]R % Vyay + /]R uvy Y
Next we split up the second integral of (2.27) as follows:
0 6—6 [
~vydy = / vy dy + / —vydy = I + I5. (2.28)
R U R R Y

For I, we consider the following domains:
Ql(t) = {x | H(t,y) > Cog}v CO >> 17
t) = {z | 6(t,y) < Cob}.
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Then one trivially has
-1

< \/E z e Q) (2.29)
(% - log% -1 o

2.13), we have

DD

—~

and by the second inequality of
-1

(5 —log§—1)
Thus by combining (2.10), (2.13), (2.29) with (2.30), we get

DID®

<C, €M) (2.30)

S/ \/é‘v—y‘\/gw(z—logg—l)dx
Q1 (t) U ¢ 0 (2.31)
B 9 gl -
Qz(t 9 %%

S&/—ydy+C((5)max0+C.
R U z

While
I = dt/Olnudw-——/Oln —dx
(2.32)
= dt O(Z—In——l d$+/ —Ou dy,
notice that
/ —Oudy = / vy dy
— 2.33
J(5) e [ gt -
=— =) (v—7 =7, dy.
R\U/S Y RT
(2.32) together with (2.33) yields that
d [ -
123——/0(§—1n§—1)dx+0. (2.34)
Summing up (2.28), (2.31) with (2.34), we get
/ / —v,dydt| < 26/ / Hdydt+ C(4 / max 6 dt + CT, (2.35)

notice that ¥, > 0. Thus by summing up Lemma 2.1, Lemma 2.2, (2.27), and (2.35), we
get

/ ’ / vidydt < C(T). (2.36)
0 R
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And from (2.10), the Sobolev imbedding theorem, and (2.36), it follows that

T M T
/ {/ vidy + sup v2(o,t)} dt < C’(M)/ sup v2dt
0 -M [— M, M) 0 [—M,M)

< C(M) /OT /_1\;(1)2 + v2)dydt
< C(M).

For M € N, let ¢ € C§°(R) with ¢(y) =1 for |y| < M —1/2 and ¢(y) = 0 for |y| > M.
Multiplying Eq. (2.6) by ¢, we get

(¢0)y, 0¢y

u u

(2.37)

cv(df): = & [ } - RM + ovyd.
v u

Hence, we can decompose ¢ into ¢ = © + O where © and © satisfy the linear parabolic
equations in the domain (—M, M) :

cvOr =5 [%] — K—6y¢y + oy,
u |, U
O=0atz==M, (2.38)
®[t=0 = ¢00a
and
Cvétzﬁl% —‘/‘:[0—¢y—:| s
u u
v y

~ (2.39)

©O=0atx==%M,

Ol¢=0 = 0.

Notice that [1/u]; = —v,/u? € L2 (R4 x R), and 8,¢,,0v,¢ € LL (R4 x R) by (2.36)

loc loc

and {2.26). Therefore, we can apply Theorem 2.5 in [21, the estimate (2.26)] to obtain

18y ll 0,1y x (=, m1)) < C(M, ) (100l L1 (—ar,01) + 1By Pys TV L1 ((0,7) x (— M, M)
< C(M), forall p<3/2
(2.40)

To bound ©, we multiply (2.39) by © in L2((—M, M) x (0,T)), integrate by parts, and
employ (2.25) to arrive at

T oM _ T oM
/ / Oldydt < C / / 62dydt < C(M), (2.41)
0 J-M 0 J-M

which, combined with (2.40), results in (2.24)s. This completes the proof. |

3. Proof of Theorem 1.1. In this section, using the a priori estimates established

in Sec. 1 and the method of weak convergence, we pass to the limit and consequently
prove the existence of global weak solutions to (1.1)—(1.4).
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Let (p¢(z,t),v(z,t),0(x, t)) denote the approximate solutions of (1.1)—(1.4) given at
the beginning of Sec. 1 by mollifying the initial data. First we observe that in Eulerian
coordinates {(z,t), Lemma 2.2 implies

Cy < pf(z,t) < Co, Cy < 0%(z,t) Vz eR,t€[0,T], (3.1)
and (3.1), (2.16), Lemmas 2.3 and 2.1 imply that for any M € N,

T T
/ sup 8(-, t)dt < C,/ / lve |2dz dt < C(T),
0o R 0o Jr
T M
/ / {|ve|* + |6|*}dz dt < C(M), (3.2)
0o Jom

T M
/ / 62 Pdedt < C(M.p), p<3/2,
0 —M

and
Bat) At (8@ 0@t
/R{<pf<a:,t> %8 b ) 1)*( i % 1> (3.3)
+ (v°(z,t) — 17(x,t))2}dac <C Vvtelo,T],
where
pla,t) == — ! = ! o(z,t) = ! = 1,

u(r(z,t)) — uy)’
and r(x,t) is defined by (2.3) with p replaced by p*.
Recalling the definition of r(x,t) and (p(x),v(x)) in the introduction, using (3.1),
one finds that (5(z,t),9(x,t)) = (p(z),v(z)) = (p*,v*) for all £z > K and t € [0,T]
uniformly in €, where K is some large constant. Hence, from (3.3) and (3.1}, it follows

that
JA(Gie e e )+ (5 50 )

+ (v¥(z, t) — B(x))g}dx <C vte|o,T).

u(r(z,t)  v(y)

(3.4)

By (3.1) and (3.2) we can extract a subsequence of (p¢,v¢,0%), still denoted by (p¢,v¢,0¢),
such that as € | 0, the following weak or weak-* convergence holds:

p¢ — pin LS (Ry, L), 6° = 0 in LE (Ry x R)N LY (Ry, WLP) (p < 3/2), 55
v = vin L (R, L2 )N LE (Ry, HE ) N LE (Ry x R), ‘

loc loc loc
and
prot = pvin L5 Ry, o), p°(v)* = po? in LE, (Ry x R),
p0° = pB in Li, (Ry x R),  p*v0° = pvf in Ly (Ry x R), (36)

loc
P (vf)® = 03 in L3 (R, x R),

loc

where 57, pv2, pB, pv, and pv3 denote the weak or weak-+ limit of pevE,pf (v)2,p50° , pve0°,
and p¢(v¢)3, respectively.
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By the convexity of the function x —logz — 1 and (3.4), the inequality (3.4) still holds
for the limit functions; that is

/R{G; —1og§ —1> + (% —log%—l) +(v—v)2}(z,t)dx§c (3.7)

for t € [0, T], which, combined with (3.1) and Taylor’s expansion, gives
/(p —9)2(z,t)dz < C vVt e [0,T).
R

Now in order to justify that (p,v,8) is indeed a weak solution of (1.1)-(1.4), in view
of the definition of the weak solutions we have to show that

pv=pv, pv2=pv®, pf=pb, pvl=pvh, p3=pv’

(v)? — v? strongly in L (R, x R) (38)
hold. In the following we apply Lemma 5.1 in [15, p. 12] to justify (3.8).
First, by Egs. (1.1), (3.1), and (3.4), we find that
9,p° = 0,(pv°) uniformly bounded in L®(Ry, HL), (3.9
and by (3.2)s, we have
lv¢ —ve(- + & ) l22(0,1),62,) — 0 as [§] — 0, uniformly in e. (3.10)

Thus by (3.5), (3.9), (3.10), and Lemma 5.1 in [15], we conclude that p*v¢ — pv in the
sense of distributions, and therefore pv = pv. Since by virtue of (3.1), (3.2), and (3.4),
{pcv¢} is uniformly bounded in L (R4, LE ) and

B(pv) = —0,[p° ()] — RO (p°6%) + pd?v® (3.11)

is uniformly bounded in L2 (R, H }), we obtain in the same manner that pv? = pv?.
By virtue of (3.2); and the mean value theorem, ||6° — 6¢(- + &, %)l r(j0,77,L52) — O
(p < 3/2) as €] — O, uniformly in e. Thus again applying (3.5}, (3.11), and Lemma 5.1
of [15], one obtains pcv°f€ — pvé in the sense of distributions. Hence pvf = pvé. In the
same way we can show that pf = pf.
By (3.1), (3.2), and Eq. (1.3), one sees that 9;{p*( (”;)2 +cy09)} is uniformly bounded

in
L4/3 (R-H W71‘4/3) loc(R+’ 1oc )

loc loc

and p ((v Yy cy69) is uniformly bounded in LZ (R4 x R). Thus by (3.10) and Lemma

5.1 in [15],
(1}5)2 U2 ’1)2
€ €Y .9f — = —_ .
P < 7 +cyb v p 5 +evl)-v=p 5 +6)-v

which implies pv3 = pv?, where We have used the fact pv<8¢ — pvf, and p( +cyh)

denotes the weak limit of p ( i 0).
Finally, we show (v¢)? — 1)2 By (3.10) and (3.4), one sees that

[(v)? = (v)2(- +&, 2oy, 2,
< 20w = v (- + £, )l 20,1,

el o1y, 22, (3.12)

< Cllv* —v(- + &, ) L2(o.1).L2,) — 0 as [€] — 0, uniformly in €.
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From (3.12), (3.9), Lemma 5.1 in [15], and the fact that p¢(v¢)? — pv? and p > 0, one
gets

pv® = pf(v°)? = p?,
which gives v2 = v2. Hence, by Theorem 1 of [5], v*(z,t) — v(z,t) strongly in L2 (R, x
R). We have proved (3.8).

Now we multiply the system (1.1)-(1.3) with (p,v,8) replaced by (p¢,v¢,6) by ¢ €
C&(R4+ x R), integrate over (0,00) x R, and integrate by parts. Letting € | 0, applying
(3.5), (3.6), and (3.8), and summing up the results for (p, v, #) obtained above, we see that
(p,v,0) obtained in (3.5) is indeed a weak solution of (1.1)-(1.4). Finally, the estimate
(1.10) follows from (3.1) and (3.7). This completes the proof of Theorem 1.1. d

Acknowledgement. The authors would like to thank Professor A. A. Zlotnik for
useful comments. This work was supported by the Special Funds for Major State Basic
Research Projects (No. G1999032801), the NNSF, the CAEP, and the innovation grants
from CAS.

REFERENCES

[1] S. N. Antontsev, A. V. Kazhikhov, and V. N. Monakhov, “Boundary Value Problems in Mechanics
of Nonhomogeneous Fluids,” North-Holland, Amsterdam, New York, 1990
[2] A. A. Amosov and A. A. Zlotnik, Global generalized solutions of the equations of the one-
dimensional motion of a viscous heat-conducting gas, Soviet Math. Dokl. 38, 1-5 (1989)

[3] A. A. Amosov and A. A. Zlotnik, Solvability “in the large” of a system of equations of the one-

dimensional motion of an inhomogeneous viscous heat-conducting gas, Math. Notes 52, 753-763

(1992)

G. Q. Chen, D. Hoff, and K. Trivisa, Global solutions of the compressible Navier-Stokes equations

with large discontinuous initial data, Comm. Partial Differential Equations 25, 2233-2257 (2000)

[5] L. C. Evans, “Weak Convergence Methods for Nonlinear Partial Differential Equations,” CBMS No.

74, AMS, 1990

H. Fujita-Yashima, M. Padula, and A. Novotny, Equation monodimensionnelle d’un gaz visqueux

et calorifére avec des conditions initiales moins restrictives, Ricerche di Matematica XLII, 199-248

(1993)

D. Hoff, Global well-posedness of the Cauchy problem for the Navier-Stokes equations of nonisen-

tropic flow with discontinuous initial data, J. Diff. Egs. 95, 33-74 (1992)

[8] D. Hoff, Global solutions of the equations of one-dimensional, compressible flow with large data
and forces, and with differing end states, Z. Angew. Math. Phys. 49, 774-785 (1998)
[9] D. A. Iskenderova and Sh. S. Smagulov, The Cauchy problem for the equations of a viscous heat-

conducting gas with degenerate density, Comput. Math. Phys. 33, 1109-1117 (1993)

[10] S. Jiang, Global spherically symmetric solutions to the equations of a viscous polytropic ideal gas
in an exterior domain, Comm. Math. Phys. 178, 339-374 (1996)

(11] S. Jiang, Large-time behavior of solutions to the equations of a one-dimensional viscous polytropic
ideal gas in unbounded domains, Comm. Math. Phys. 200, 181-193 (1999)

[12] Y. L. Kanel, Cauchy problem for the equations of gas dynamics with viscosity, Siberian Math. J.
20, 208-218 (1979)

[13] A. V. Kazhikhov, Cauchy problem for viscous gas equations, Siberian Math. J. 23, 44-49 (1982)

[14] A.V.Kazhikhov and V. V. Shelukhin, Unigue global solution with respect to time of initial boundary
value problems for one-dimensional equations of a viscous gas, J. Appl. Math. Mech. 41, 273-282
(1977)

[15] P. L. Lions, “Mathematical topics in Fluid Mechanics, Vol. 2, Compressible Models,” Clarendon
Press, Oxford, 1998

[16] T. Nagasawa, On the one-dimensional motion of the polytropic ideal gas non-fized on the boundary,
J. Diff. Egs. 65, 49-67 (1986)

(4

6

(7




(17)

(18]

[19]
[20]

(21]

GLOBAL WEAK SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 449

T. Nagasawa, On the asymptotic behavior of the one-dimensional motion of the polytropic ideal gas
with stress-free condition, Quart. Appl. Math. 46, 665-679 (1988)

T. Nagasawa, On the one-dimensional free boundary problem for the heat-conductive compressible
viscous gas, In: Mimura, M., Nishida, T. (eds.), Recent Topics in Nonlinear PDE IV, Lecture Notes
in Num. Appl. Anal. 10, pp. 83-99, Kinokuniya/North-Holland, Amsterdam, Tokyo, 1989

M. H. Protter and H. F. Weinberger, “Maximum Principles in Differential Equations,” Prentice
Hall, Englewood Cliffs, New Jersey, 1967

D. Serre, Sur l’égquation monodimensionnelle d’un fluids visqueuz, compressible et conducteur de
chaleur, C. R. Acad. Sci. Paris, Sér. I 303, 703-706 (1986)

A. A. Zlotnik and A. A. Amosov, On stability of generalized solutions to the equations of one-
dimensional motion of a viscous heat-conducting gas, Siberian Math. J. 38, 663-684 (1997)




