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Abstract: In this paper, we study the stochastic vector-valued Burgers equations with non —
periodic boundary conditions. We first apply a contraction principle argument to show local existence
and uniqueness of a mild solution to this model. Then, towards obtaining the global well-posedness, we
derive a priori estimates of the local solution by utilising the maximum principle. Finally, we establish,
by means of the weak convergence approach, the Freidlin-Wentzell type large deviation principle for 3D
stochastic Burgers equations when the noise term goes to zero.
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1 Introduction

This paper is concerned with 3D positive viscosity stochastic Burgers equations prescribed on a bounded
open domain D C R3. Fix any 7 > 0 and let (Q, F,P, {Fr}rer0.17, UBk()}icr0.17)kery) be a stochastic
basis. Without loss of generality, here the filtration {F;};c0,r] is assumed to satisfy the usual conditions
and {Br(")}se0,71, k € N, are independent (one-dimensional) {F}scj0,71—Wiener processes. We use E to
denote the expectation with respect to P. We are concerned with the Cauchy problem for the 3D Burgers
equations with stochastic forcing

du = VAu + (u - Vyu)dt + GdAW(t), on[0,T] x D, (1.1)
ut,x) =0, te€[0,T],x=(x1,x,x3)€ 0D C R3,

w0, x) = ug(x), x = (x1,%,x) € DCR’,
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where the unknowns are the 3D vector-valued random fields u(z, x) = (u; (¢, x), ua(t, x), u3(t,x)) € R3¢ €
[0,T] and x € D. The parameter v > 0 in system (1.1) stands for the viscosity, W(¢) = > ;> Bx(Dex, t €
[0, T], is a cylindrical Wiener process defined on a given (separable) Hilbert space H with (e)i>1 being
a complete orthonormal base in H, and the coefficient G is a Hilbert-Schmidt operator which will be
specified later. To simplify the notations, we set d; = dx;, i = 1,2,3. Moreover, A = 8% + 6% + 6% is the
Laplace operator, V = (01, 02, 03) is the gradient operator.

The mathematical study of the Burgers equations were originated in a series of articles by Burgers
(see [13]) in the early 1940s (and also in earlier papers by Beteman [6] and Forsyth [26]). As is known,
the deterministic Burgers equations are not a suitable model to describe turbulence, since it does not
perform any chaos even if a force is added to this model. Specifically, all the solutions to (deterministic)
Burgers equations will converge to a unique stationary solution as time goes to infinity. However, when
the force is changed to be a random one, the result is completely different, for details, see for instance
[14, 18, 32, 30]. In addition, the stochastic Burgers equations have also been applied to study the dynam-
ics of interfaces in the work of [34]. One dimensional (i.e., scalar valued) stochastic Burgers equation
has been fairly well studied. By an adaptation of the celebrated Hopf-Cole transformation, Bertini et
al. [5] solved the one dimensional Burgers equation with additive space-time white noise, where the
nonlinearity in the equation was formulated in Wick product. Moreover, Chan [15] utilised Hopf-Cole
transformation to study the scaling limit of Wick ordered KPZ equation involving additive space-time
white noise. Later, Da Prato et al. [18] studied the Burgers equation based on semigroup property for
the heat equation on a bounded domain. E, Khanin, Mazel, and Sinai [24] establish the existence and
uniqueness of a stationary distribution and obtained the convergence of stationary distributions in the
limit when viscosity tends to zero. In [4], Bakhtin, Cator, and Khanin study the long-term behavior of
the Burgers dynamics for the situation where the forcing is a space-time stationary random process. In
particular, they construct space-time stationary global solutions for the Burgers equation on the real line
and show that they can be viewed as one-point attractors. In [2], Bakhtin consider the Burgers equation
with random boundary conditions. Concerning the one-dimensional Burgers equation with viscosity co-
efficient defined on a bounded domain driven by multiplicative Gaussian noise, Da Prato and Debussche
[16] succeeded to obtain its global well-posedness. Furthermore, Gyongy and Nualart [29] extended the
results of Da Prato and Debussche to the Burgers equation defined on the whole line. By establishing the
exponential tightness, Gourcy [27] show that a large deviation principle holds for the occupation measure
of the solutions to the stochastic Burgers equations with small noises, which describes the exact rate of
exponential convergence. When the Gaussian force is replaced by Lévy jumps, Dong and Xu proved
its global well-posedness of the strong, weak and mild solutions as well as the ergodicity in [22, 20].
Later, Dong et al. generalized the noise to be a-stable process and showed the exponential ergodicity in
[21]. When the noise is changed to be space-time homogeneous random kick forcing, Bakhtin and Li
[3] developed its ergodic theory without any compactness assumptions. Concretely, the authors proved a
one force-one solution principle by applying the infinite-volume polymer measures to construct a family

of stationary global solutions for this system, and proving that each of those solutions is a one point



pullback attractor on the initial conditions with the same spatial average. When the initial condition for
the Burgers equation is random, Mohammed and Zhang [37] showed the global well-posedness. Wang
et al. [43] obtained the same result for the case that the noise is fractional Brownian motion. There are
lots of other works which are very interesting and meaningful for the stochastic one dimensional Burgers
equations. But here, we do not list them.

For the multidimensional Burgers equations, Kiselev and Ladyzhenskaya [35] proved the existence
and uniqueness of solution in the class of functions L*(0, T; L*(0))N L*0,T; Hé (0)). When the viscos-
ity v — 0 and the initial condition is zero, Bui [12] proved the convergence of solutions to the inviscid
Burgers equations on a small time interval. In the higher dimensional inviscid stochastic case, the sta-
tionary solution and a stationary distribution were constructed by Gomes, Iturriaga, Khanin and Padilla
in [31] based on a very delicate use of the Lagrangian formalism and the Hamilton-Jacobi equation.
Based on the stochastic version of Lax formula for solutions to the initial and final value problems for
the viscous Hamilton-Jacobi equation, Gomes, Iturriaga, Khanin and Padilla in [28] prove convergence
of stationary distributions for the randomly forced multi-dimensional Burgers and Hamilton-Jacobi equa-
tions in the limit when viscosity tends to zero. For the multidimensional generalised stochastic Burgers
equation in the space-periodic setting, Boritchev [7] proved that if the solution u of this equation is a
gradient, then each of Sobolev norms of u averaged in time and in ensemble behaves as a given negative
power of the viscosity coefficient u, which gives the sharp upper and lower bounds for natural analogues
of quantities characterising the hydrodynamical turbulence. Moreover, the author established the exis-
tence and uniqueness of stationary measure. Recently, Khanin and Zhang [33] generalized the results
of [24] to arbitrary dimensional Burgers equation by using Green bundles method, which is complete
different from the approach used by [24].

The purpose of this paper is two-fold. In the first part, we aim to show global well-posedness of
3D stochastic Burgers equations with non — periodic boundary conditions. Due to the dimensionality
of this equation is 3, the proof process is of great challenge. Our proof strategy mainly consists of the
following procedures. Firstly, we change the stochastic Burgers equations into the random Burgers equa-
tions. Then using delicate and careful techniques in partial differential equations we establish a general
frame to obtain the local existence and uniqueness for stochastic hydrodynamic systems. For the detail,
one can see the Proposition 3.2. Here, we should mention that in [6], the local existence and uniqueness
for the multi-dimensional stochastic Burgers equations are established in C([0, T']; L?(D; R3)), under the
assumption the boundary conditions are periodic. At the present work the boundary conditions are non-
periodic, the local existence and uniqueness for the multi-dimensional stochastic Burgers equations are
established in C([0, T]; H') (see the notations in Section 2). In the following step, we try to prove the
global well-posedness of stochastic 3D Burgers equations. A natural method is energy estimate. But we
find that, the high dimensionality causes certain difficulties. For instance, when estimating the L?—norm
of v, we encounter ||v||i4, which can not be controlled by the dissipative term ||Vv||iz. How to get around
the difficulty, a nice method was given by [35], and then the method was extended to the stochastic case

in [9]. Inspired by [9], we utilize the maximum and minimum principles to obtain the critical a priori



estimates for the velocity fields. In this case, we need the assumption that the noise acts only in one
coordinate to guarantee the application of these principles. Then, we succeed to obtain the L™ —estimates
of the local mild solution in the both time and space variables. Based on it, we further obtain the uni-
form H'—norm of the local solution with respect to ¢ € [0, 7.) where T, is the maximal existence time.
Finally, we end up with the global existence of u. The second part is devoted to establishing the Freidlin-
Wentzell’s large deviation principle (LDP) for the 3D stochastic Burgers equations, which provides the
exponential decay of small probabilities associated with the corresponding stochastic dynamical systems
with small noise. A crucial tool for establishing the Freidlin-Wentzell’s LDP is the weak convergence
approach, which was developed by Dupuis and Ellis in [23]. The key idea of this approach is to prove
some variational representation formulae about the Laplace transform of bounded continuous function-
als, which will lead to the proof of equivalence between LDP and the Laplace principle. In particular,
for Brownian functionals, an elegant variational representation formula has been established by Boué
and Dupuis [8], Budhiraja and Dupuis [10]. As an important part of the proof, we need to obtain global
well-posedness of the so called skeleton equation, whose global existence and uniqueness is proved by
the same method as in the proof of Theorem 3.1. To complete the proof of the large deviation principle,
we also study the weak convergence of the perturbations of the system (1.1) in the random directions of

the Cameron-Martin space of the driving Brownian motions.

The paper is organized as follows. Some preliminaries are presented in Section 2, the local existence
of the solutions and global well-posedness of 3D stochastic Burgers equations are given in Section 3
separately, the large deviations for 3D stochastic Burgers equations is established in Section 4. In the
present paper, C stands for a generic constant whose value may change from one line to the next, unless,
we give a specific description. we denote by C(a) a constant which depends on parameter a.

2 Preliminaries

Let us first introduce the notations which will be used later on. For p € Z, let LP(D;R>) be the vector-
valued LP—space in which the norm is denoted by || - ||z». In particular, when p = 2, denote by H :=
L*(D;R3) and its associated norm and inner produce are || - ||z and (-, -), respectively. Moreover, when
p = o0, L*(D;R?) denotes the collection of vector-valued functions which are essentially bounded on D
and the corresponding norm is denoted by || - ||z.

For m € N*, (W™P(D),|| - |lm,p) stands for the classical Sobolev space, see [1]. When p = 2, we

denote that H™(D) = W™2(D),
Nl = f \DOul?dx.
= i

0<[5|<m

Here, ¢ is a multi-index, that is, 6 = (J1, 52, 03) with non-negative integers 6;,i = 1,2, 3. 0] = 21.3:1 0;. It’s
well-known that (H™ (D), ||- ||z=) is a Hilbert space. Let C°(D) be the space of all infinitely differentiable
functions on D with compact support. For 1 < p < oo, denote by Wé’p (D) the closure of C°(D) in



WP(D). Set Hy(D) = Wé’z(D). Let H~'(D) be the dual space of H)(D).

2.1 Reformulation

Without loss of generality, we simply assume that the viscosity v = 1. In fact, we only need v to be
any strictly positive number. Denote A := —A, then A : H(l)(D) — HY(D) and D(A) = [H*(D) N
H(l) (D)]?. It is well-known that A is a positive, self-adjoint operator with discrete spectrum in H. Denote
by {en}n=12.. the eigenbasis of A and further suppose that its associated eigenvalues {a;},=12... 1S an
increasing sequence. Moreover, we know that {e,},=1 2. form an orthonormal basis in H.

For any s € R, the fractional power (A*, D(A?)) of the operator (A, D(A)) is defined as

o0
n=1

{ D(A%) = {u= 5% unen| X2y 0 lunl? < ool

ASu= 3" ajupe,, whereu= 3" uye,.

Set
lullgss = |A2ul, H® = D(A?).

It is obvious that (H?, || - |lgs) is a Hilbert space, and that (HO, || - llgo) = (H, || - |lz). Moreover, thanks to
the regularity theory of the Stokes operator, H® is a closed subspace of H*(D; R and || - ||gs is equivalent
to the usual norm of H*(D;R3). For simplicity, denote by H = Hy = H. It’s obvious that (H?, || - ||gs) is a
Hilbert space.

Define the bilinear operator B(u, v) : H' x H! - H ! as

(B2 = [ 200 - Do
D
for all z € H'. Based on the above, (1.1) can be written as follows

du(t) + Au(t)dt = B(u(), u(t))dt + GAW(t). (2.2)

2.2 Hypotheses

As stated in the introduction, we first establish the existence and uniqueness of local solutions to 3D

Burgers equations. To this end, we need the following hypothesis.

Hypothesis HO W is a cylindrical Wiener process in H defined on (Q,F ,P) with the form W(t) =
Dis1Br(ex, t € [0, T], where (ex)k=1 is a complete orthonormal base in H. We assume that GW(t)

has the following representative:

GW(t,x) = ) ke x)Bin) € R, ae. x € D,
k=1

3
. . 342 . . . .
and there exists a constant ¢ € (0, %) such that 32 | /lka/,?+ ® < co. That is, G is a Hilbert-Schmidt
3
operator from H to (H2*%5)3.



Next, in order to obtain the global existence of solutions to 3D Burgers equations, we need a stronger
condition on the noise. Actually, we require that the noise acts only on one coordinate to ensure that the
maximal and minimum principles are applicable to 3D Burgers equations. Specifically,

Hypothesis H1 Denote by {¢;}i=12.... the eigenbasis of A in the space L*(D;R") and its associated eigen-
values is still denoted by {ay}r=12.... Let ry 1= (&, 0,0),k = 1,2,---, and for any t € [0,T], we
assume that W(t) = Y1 Bc(Ori, t € [0, T] and

GW(t, %) = > VAr@Bu®) = (D VAe(x)Bi(1),0,0) € R®, a.e. x € D. (2.3)
k=1 k=1

2.3 An auxiliary process

Consider the following auxiliary equation:

dZ(t) + AZdt
Z(t, x)

GdwW (), on[0,T]x D, 2.4)
0, t€[0,T], xe€ oD,

with the initial value Z(0, x) = 0. It can be derived from [17] that (2.4) has a unique solution

Z(@t) = f e IAGAW (s).
0

By Theorem 5.20 in [17], we know that Z(¢) = Z(t, -) is Gaussian process taking values in H and for any
T > 0, it has a version Z(t, x), which is, a.s. for w € Q, a-Holder continuous with respect to (¢, x), for
any « € [0, %) (see Theorem 5.20 in [17]). In addition, it holds that

Proposition 2.1. Under Hypothesis HO, for any p, T > 0O, there exists a positive constant Cp, r such that

E sup IIZ(t)II < Cpr < oo, (2.5)
t€[0,T]

. R
that is, the process Z(t) takes values in H2, P—a.s. w € Q.

Proof. By the Holder inequality, it suffices to prove (2.5) holds for large p. Using the factorization
method, for ¢ € (0, %) in Hypothesis HO, it holds that

. t
aoz”mgfe*ﬂ%qu*nw,
T Jo
where
S
Y, = f e U (s = 1) SGAW(r).
0

(1 s’)

Choosing p > 1 large enough such that p <1,theng > 5~ By Holder inequality, we get

2p-1
IZ)l, 5 < (faﬂwﬁmywu < oS |Y]

H? L2r([0.71:E3) 20([0.7):H3)’

6



which implies

2
sup IIZ(t)II P < Cp.rIIYNI”
1€[0,T] L2P([0,T1]; HZ)

. 5 ~ . . . . . .
Notice that A*Y; ~ N(0, Qy), which is a Gaussian random variable with mean zero and the covariance

operator given by
~ S 5 *
Ox = f r e AAIGG e ™™ xdr.
0

For any p > 1, s > 0, referring to Corollary 2.17 in [17], it gives

A

s ~ O~ P o (o oy 3 P
ElATY > < Cp|Tr(Qs)|p=CP[Z<Qs€k,€k>] =G D] f re g dydr |
=10

S ad 3
2+2g 1 f r_zge—rdr]l’ < Cp[ Z a’;f +2§/lkr(—2§‘ " 1)]P
k=1

;+2g
(Yk oo,

IA

where we have used Hypothesis HO. Finally, we conclude that

[o9)

2 3426 . 1P
B sup IZOI < CprBIVIY o <Cprl Do ] <.
1€[0,T] L2P([0,TT;H?2) =l

3 Global well-posedness of 3D Burgers equations

In this part, we devote to establishing global well-posedness of 3D Burgers equations.

Definition 3.1. For any T > 0, a stochastic process u(t) is called a mild solution to (2.2) in [0, T], if for

P-a.s. w € Q, u satisfies

! t
u(t) = e Aug + f e IAB(u, u)ds + f e AGAW (s), Y1 € [0,T].
0 0

Moreover, u € C([0, T]; HY N L2([0, T]; H?)

Referring to Proposition 2.1 and Proposition 2.2 in [17], the mild solution to (2.2) is equivalent to

the following strong solution.

Definition 3.2. An (F;);>0—adapted process (u(t))ci0,r) is called a strong solution to (2.2) if P-a.s.
w € Q, W(®)eqor) € CUO, T, HY N L2([0, T1; H?), and satisfies

u(t)+fAu(s)ds=u(O)+f B(u,u)(s)ds+f GdW(s), P—-a.s.
0 0 0

forallte[0,T].



Let v(f) = u(t) — Z(#). A stochastic process u(t, w) is a solution to (2.2) on [0, 7], if and only if vis a
solution to the following problem on [0, T']:

dv+Avdt = Bv+Zyv+2Z)dt, on|[0,T]xD, (3.6)
0, te[0,T], xe€dD,

v(t, x)
with initial value v(0) = ug(x).
Definition 3.3. Ler Z be defined by (2.4) and T > 0. For P—a.s. w € Q, v is called a mild solution to
(3.6) on the time interval [0, T, if it belongs to C([0,T]; HY N L2([0, T); H?) and satisfies

f
() = e Aug + f e "IAB(v + Zv + Z)ds, t€[0,T].
0

Our first main result of the present paper reads as follows

Theorem 3.1. For any Fo—adapted initial value uq satisfying |[uollze V lluollgn < oo and any T > 0,
under Hypotheses HO and H1, there exists a unique global solution (u(t))cjo,1] to (2.2) in the sense of
Definition 3.2. Furthermore, the solution (u(t)).jo,1] to (2.2) is Lipschitz continuous with respect to the

initial data in H'.

Based on the above discussion, in order to prove Theorem 3.1, it suffices to prove the global well-
posedness of (3.6) in the sense of Definition 3.3. To achieve this, we first prove that for P—a.s. w € Q,
there exists a small positive constant 7.(w) and a unique mild solution v to (3.6) on a short time interval
[0, T.(w)). Then, by establishing uniform a priori estimates of this solution, we show the maximal

existence time 7, = +o0o, P—a.s..

3.1 Local existence and uniqueness of the strong solutions

In the sequel, w € Q is fixed. We shall prove the local existence of a mild solution to (3.6) by applying

the classical fixed point theorem.

Proposition 3.2. Assume ug is Fo—adapted initial value satisfying ||luo|lg < oo and Hypothesis HO is in
force, then for any T > 0 and P-a.s. w € Q, there exists 0 < T.(w) < T and v such that v is a unique mild

solution to (3.6) with the initial condition uy on the time interval [0, T (w)).

Proof. For arbitrarily fixed T > 0, let v be an (¥ (¢))>0—adapted process such that v € C([0, T']; H') and

define a mapping
t
L) = e My + f e AW+ 2)-VI(v+ 2Z)ds, te]0,T).
0
We will show that £ is a contraction mapping in the following space:

By ={veC0,T.y;H") : sup V@)l + sup 153 (D)l < R, v(0) = o},
t€[0,T) te[0,T)



where
R:=3( sup [1Zlkz + luoll )
t€[0,T]
and 7. < T will be chosen sufficiently small. Clearly, R and T. depend on w € Q.
For any v € 85" and 0 < 7 < T, , by Theorem 6.13 in [39], it yields

LD < lle™ Augllgn + fo le™ AW +2) - VIO + Z)llgndss
! 1
< ol + fo (t= 5 H (0 + 2) - V)0 + Dllads
<

t
_1
llollg + f (1= 972V + Zllep IV + 2)lluds.
0
By Agmon’s inequality, we have
1 1
lullzy < Cllull, lullZ, (3.7)
where C is a positive constant independent of ¢ € [0, T']. In the rest article, C is a positive constant which

is independent of time ¢ unless it is given a specific description. Hence, for ¢ € [0, T), it follows that

1Ll

IA

! . 1 1
lleeollg: + C f (t =972y + Zlig, v + ZI LIV + D)ll2ds
0
! 1 _7 3 1 1
< luollgn + Cf (t—s)" 25 26|v+ leﬁl(sﬁllv + Z|l2)2ds
0
R ! !
< 3 +CR2f(z—s)—%s—zldHCRZf(z—s)—ids
0 0

R ;
< 3+ CRA(1™ +12). (3.8)

For 0 <t < T, by Theorem 6.13 in [39], we deduce that

Z L At (" —A(t-5)
(G| LW < t53]leuollgz + 175 | le ((v+2)-V)(v + 2D)lgds
0

IA

!
gl + 17 f (t= 5+ 2) - V)0 + Dl ds
0

IA

!
1 1 1
1% ||uollg + 173 f(t— )72 (IVully, + llllzs g2 )dls.
0
By the Gagliardo—Nirenberg interpolation inequalities(see [41]), it gives
103
llullzs < Clluallglleell 5, - (3.9)

With the help of (3.7) and (3.9), it follows that

! 1 3
BILOge < 6 llugllg + Cr 5 f (t = )2l + ZI2, v + ZI12, ds
0
! !
1R 11 111 3 5 1 _1
< t26§+CR2tl3f(t—s) 2(s BsB||y||ge)2ds + CR t13f(t—s) 2ds
0 0
LR 2,3 .2
< t26§ + CR(173 + 1), (3.10)



Combining (3.8) and (3.10), we get
R ,
1Lt + 15 L0l < 3HCR+ RY)(13 + 12 + 113 + 13%),
For vi, v € By, it follows that

L) = Lv) = f eI +2) - V)01 +2) = (v + 2) - V(w2 + Z) [ds.
0

By utilizing Theorem 6.13 again in [39], it yields

L) = Lol < fo t e +2) D01+ 2) = (@24 2) - D02 + 2|5
< fo t(t — sy |1 +2)- V01 +2) ~ 2+ 2) - V)02 + Z)]“Hds
< [ = 97 HI +2) - V)01 — vo)lsds

+ j; t(t — )72 (V) = v2) - V)2 + Z)lladls
< fot(t— )2l + Zllrelve = wallgnds

!
_1
+ f (t = 9)2[vi = v2llpallV(v2 + Z)|| 4 ds.
0
Using (3.7) and (3.9), we get
! 1 1 1
LoD = Lol < € f (1= 9721 + ZIZ, v + Z s lIvr = vallends
0

! 1 3
_1 1 3
+C f (t = )72 Iv2 + ZUElv2 + ZIE,Ivi = vallds
0

L) + L(2).

We begin with the estimates of I, it yields

!
Lo < C f (t— ) PRER + 57 B 5T |y ll) 2 vy — vallgnds
0
t 1 7
< Cf(t—s)_ZR(1+s_26)||v1—vzllHlds
0
! 1 ! 1 1
< CRf(t—s) 2||vq —vzllHnds+CRf(t—s) 257356 ||vy — vyl ds
0 0
< CRGZ +1T) sup |vi — vallgr.

te[0,T)

Similarly, we have

1 5
L(#) < CR(t2 +1t52) sup ||lvi — vallg-
1€[0.T.)

10
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Combining (3.12) and (3.13), we conclude that

IL(0v1) = LIl < CREZ + 17 +157) sup [vy — vl (3.14)
t€[0,T)

Moreover, by Theorem 6.13 in [39], we get

tll3||£(v1) - L)l

t
< f le™ 94y + 2) - V(1 + Z) = (v + Z) - V)2 + Z)llgds
0
< b fo (1= 521 +2) - V)01 + Z) = (2 + 2) - V)2 + D)lnds
7 ! 1
< 1T fo(t =) 21 = v2) - V)1 + D)l dss

h fo (1= 522 + 2) - VY01 = vo)llds
=: I3(t) + I4(1).

For I3, by (3.7) and (3.9), we deduce that

I5(7)

<

IA

IA

IA

IA

1
Z _1
t”f(t—S) 2|vi = wallzelve + Zllged's
0
7 ! 1
+13 f(t—S)_zllV(w + DIV = v2)llpsd's
0
(! -1 1 1
Ct”f(t—S) 2lvi = vallZu v = vallnllvi + Zligeds
0
z ! _1 1 3 1 3
+T3 f(t— )2V + DIV + DI IV = v)ligll Vv = v)llg, ds
0
4 1
7 R} iz 11
Ct”f(t—S) 25736 lvy = vallg, (sTIve = vallg2) 2 (s [[vi + Zllg)d's
0

4 1 1
7 121 1 7 3 1 7 3
+CiTs f (t = )25 B 1vy + ZIE, (5T i+ Zlee) v = valld, (s lvi = vallge)Fds
0

!
7 1 21 7
CRth(t—s)_Zs_%ds( sup |[vi —wollgp + sup tﬁllvl—vzlle)
0

t€[0,T,) t€[0,T.)
3 7
CRtﬁ( sup |[vi —wallg + sup #53|jv; — V2||H2)- (3.15)
€[0,T.) 1€[0,T.)

Similarly, it follows that

I4(t) < CR(tS +1%) sup |[vi — vallg + CRGUS + 173 +12) sup t75]vy — vallgp. (3.16)

t€[0,T) 1€[0,T)

In view of (3.15) and (3.16), we conclude that

7 3 3 27
1BIIL1) = L0z < CRET +132 +1%) sup [[vi — vallg
te[0,T.)
3

5 1 7
+CR(% + 17 +¢2) sup 53|[v; — va|lge. (3.17)
te[0,T)

11



As a result, combining (3.14) and (3.17), it yields

IL01) = LODlgr + 15LE1) = L0

5 3 1 33 27
< CR(t3 + 113 +12 + 1% +t26)( sup vy —VZIIHI)
1€[0,T)
5 3 1 A
+CR(t52 + 173 +12) sup 13 [lvi — Vz”Hz
t€[0,T )

5 3 1 33 27 A

< 2CR(E? +15 +17 + 12 +1%)( sup [vi —valln + sup 175y = vallgz2)- (3.18)

t€[0,T ) te[0,T )

By (3.11) and (3.18), we can choose T, small enough to obtain

sup [[LW)llg + sup t%”L(V)“]H[ZSR, (3.19)
t€[0,T) t€[0,T,)

and

sup [L.Lv1) = LoDl + sup (T[LL0) — L)l

t€[0,T) t€[0,T)
1 7

< o sup i —valla + sup 155w = vallgp). (3.20)
2% 0.1, 1€[0.7,)

By the interpolation inequalities, we deduce that

IV +2)- VO + Dl < VO + D0 + 1V + Zllzg Iy + Zllge
1 3 1 3
< CIVO+Dligly + ZIIZ, + Cliv + ZIE v + ZI12,
1 2a a3 a3
< CRECH(EE|MZ, +13%)2Z)2,)
2 —& 2
< CR°t 2 + CR",
which implies that
!
f eI (v + 2) - V) + Z)ds € C([0, To); HY), 1€[0,T.), P—a.s.. (3.21)
0

Thus, for v € BITQ*, it holds that
L) € C([0,T.);H"), P-a.s.

By the virtue of (3.19) and (3.20), we deduce that £ maps BIT; into itself and is a strictly contraction
mapping in B;*. Hence, due to the contraction principle, £ has a unique fixed point denoted by v in B

which is the unique mild solution to (3.6) on the small time interval [0, 7T..(w)).

12



3.2 Global existence of the strong solutions

In the previous subsection, we have proven the existence and uniqueness of the mild solution for a short
interval of time, whose length depends on the initial data. In this part, we devote to proving the global
existence of a mild solution to 3D stochastic Burgers equations, when ug is Fo—adapted initial value
satisfying [luollze> V |luollg < oo. Let us consider the mild solution that corresponds to this initial data on
its maximal existence time interval [0, 7..). Specifically, fixed any w € €, we will establish a priori upper
estimates of this solution in the interval [0, 7,). In particular, we will show 7. = +oco by obtaining the
uniform H' norm estimates of this mild solution on the time interval [0, 7,.). The maximum and minimum
principles play a key role.

In the following, from (3.22) to (3.40), we try to establish a priori estimates for the local solution to
system (1.1) in H' space to obtain the global well-posedness of the system (1.1).

Under Hypothesis H1, for z € [0, T], x € D, it holds that

o0 (o8]

W(t,x) = > rBe(®) = () aBil0),0,0) € R, (3.22)

k=1 k=1

Then, it follows that

Z(t, x)

3 © !
f e_(t—S)AGdW = Z \//l—kf e_([_S)Arkdﬁk(s)
sl !
(D) VA f e dBi(5),0,0) = (Z1, 22, Z3).
k=1 0

For t € [0, 7.), denote

§ = ve W HVZ _ 70 (1 + V2 o), (3.23)
where I = (1,1, 1) and [|VZ||ere := sup  [VZ(t,x)| < sup [IZOIl_s.
’ (t,0)€[0.7.)XD 1€[0,7.) H2

Substituting (3.23) into (3.6), we have

AV +[(v+2)- VIV = (1 + IVZ|1=)P + (7 - V)Z — 8,9
= N Zllgors (1 + V2l )[(L + IVZIge) = (I - V)Z] = (Z - V)ze b+ 2l s
> N Zlere(1 + IVZIIere) = 1212V 2 > 0. (3.24)

Denote by v := (vi,va,v3), V := (V1, V2, ¥3). Then by (3.24), we get
AV3 + [(vi + Z))01 + v20 + v303]v3 — (1 + ||VZ||L§°)\_/3 —0,v3 > 0.

Note that under Hypothesis H1, the coeflicient of ¥3 is —(1 + ||VZ||;) instead of —(1 + [|VZ||r>) + 0323,
which guarantees the application of the maximum principle of parabolic equations (see Theorem 7, P174
in [40]). Then, it yields

max  v3(¢, x) < max v3(0, x),
(t,x)€[0,7.)XD xeD

13



then we deduce from (3.23) that

max_ [vs(t, x)e~ bHITZp)ds

] < max v3(0, x).
(t,x)€[0,7.)XD x€D

Thereby, we reach

Tk
max  vi(t, x)e % (I+IVZl| 0 )dls
(t,%)€[0,7:)XD

max  [vs3(f, x)e” KO+ sy

<
(t,x)€[0,7.)xD
< maxvs(0, x),
xeD
which implies
max  v3(¢, x) < max v3(0, x)eho (+IVZIp)ds (3.25)
(t,x)€[0,7,.)xD xeD
Moreover, set
1
9= ve~ hHIVZLDMS L 171 (1 4+ 192 op ), (3.26)

where I = (1, 1, 1). Substituting (3.26) into (3.6), we get

A+ [(v+2)- VP -(1+ ||VZ||L;<>)9 +®-V)Z-0,p
= |Zlgors (1 + IVZlIors) + IVZls — (I - V)Z] = (Z - V)Ze™ b HHIVZds
~NZlzers (1 + IVZIIe 1) + IZIs V2 < O.

IA

Denote by ¥ = (91, V5, 93) € R3, taking into account the fact that Zz = 0, we obtain
Af)3 + [(V1 + 7 )81 + v2(92 + V333]\'>3 - (1 + ||VZ||L;°)1’>3 - (9&3 < 0.
By the minimum principle of parabolic equations (see Theorem 7, P174 in [40]), we deduce that

min  V3(¢, x) > min v3(0, x), a.s., 3.27
(t,x)€[0,7.)XD 3( ) xeD 3( ) ( )

which implies

= [ a+IVZIl e )ds

min  [v3(¢, x)e ] = min v3(0, x).
xeD

(t,x)€[0,7.)XD
Thus,
min  v3(t,x) = min  vi(t x)e_fot(””VZ”L?’ )dseﬂ(””VZ”L?)ds
(t.)e[0,1)xD  ~ (t,x)€[0,7.)xD
S min  vs(t,x)e fol(1+||VZ||L;o)dse— [ (A+HIVZlle0)ds
T (,0)el0,1)xD ’
> 1)%1%(0, x)e b 1HIVZIe)ds (3.28)

14



By (3.25) and (3.28), we conclude that

 (1+||VZ||, 0 )d
sup [[vsllzs < [Ivollzmeh (HIVZe)ds, (3.29)
te[0,74)

Similarly, taking into account the fact that Z, = 0, we also have

 (1+||VZ|, 0 )d
sup [vallzs < [Ivollzmeh (HIVZeds, (3.30)
te[0,74)

In the following, we will estimate sup,cg r,) [[V1(DllLe. By (3.6), it follows that

8,\/] —Avy — [(Z] + V])C?] + VQC?Q + V353]V1 - V]@]Z]
= V282Z1 + V353Z1 + Zl(‘)lZl. (3.31)

Let
By = ve W VRS _ 711 o b sl e + alle IV 2L s (3.32)
Substituting (3.32) into (3.31), we get

AVy + [(Z +v1)01 +v202 +v303]01 — (1 + ||VZ||L> — 01Z1)V) — 0,7
= (L+IVZe)IVZ o2 WZl e re + vallzerse + valliers)
=IVZIle o (12| s + Ivalliere + VallLere)01Z:

(B Z) + D37y + 2,012y )e b HIVZILp)ds

[\

IVZl| oo (2l + vallzers + vallzers) = [vallee IVZ] e
=Vl IVZILy = IZlIzs IVZ] Ly
> 0.
By the maximum principle for parabolic equations (see Theorem 7, P174 in [40]), we have
max  7(¢, x) < max 7(0, x),
(t,x)€[0,7.)XD x€eD
which implies that

Tx
max  v(t, x) < maxv;(0, x)edo (HIVZIplds
(t,x)€[0,7.)XD xeD
Let
1
- - 1+||VZ]||;)ds
B1 = vie” TV L 1711 s s vallpops + Wl IV Zl o (3.33)

Substituting (3.33) into (3.6), we deduce that

AV + [(Z; + v1)61 +vy0h + V383]\31 — \v/l(l + ||VZ||L;° - 6121) -0 < 0.
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By the minimum principle for parabolic equations, we have

min  Vi(t,x) > minv(0, x
(t,0)€[0,7.)xD URY xeD 10, ),

which implies that

Tx
min vyt x) = minv; (0, x)e” b HIVZlig)ds,
(t,x)€[0,7)xXD xeD

Combining the conclusions about vy, we arrive at

T (1+||VZ]|, 0 )ds
sup [vi (@)l < [WO)]|gmeh VA (3.34)
te[0,74)

Combining (3.29), (3.30) and (3.34), we deduce that

T
T 4IVZI s I Qi )as

IA

sup vy
€l0,7.)

llueoll o0 < luollze

IA

C(zs, [luollzy) = Ci. (3.35)

In the following, we aim to establish H'-norm estimates of v based on (3.35) and Proposition 2.1.

Taking the inner product with v in (3.6), we get

! !
vl + 2f V()2 ds < lluollf; + 2f KB(v +Z,v + Z),v)lds. (3.36)
0 0
Note that, the last term of (3.36) can be written as

(Bb+Zv+2),v) ((v1 + Z1)01(v1 + Z1),v1) + (v202(vi + Z1),v1)

+Hv303(v1 + Z1),v1) +{(v1 + Z1)01v2, Vv2)
+(V202v2,v2) + (v303v2, v2) +{(v1 + Z1)01v3,V3)

+(v202v3, v3) + (1303V3, V3)
9
= >
Py
Clearly, it holds that
Ji = (v101v1,v1) +(Z101v1,v1) + (vi01Z1,v1) + (Z101Z1,v1).

By the boundary condition, it yields

3
<V181V1,V1>=f(V1)261V1dx=f@][(w) ]dx:O.
D D 3

By the same method, we deduce that J5 = Jg = 0.
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By Holder inequality and (3.7), we get

1 1
ClZi Nl lvillz lvilie < CNZilZ NZ 12 V1 ke v e,

3
vi101Zy,v1y < Clnill2lvillslloi Zillzs < CliZilkelvillglivillg, .

(Z101v1,v1)

IA

A

1 1
(Z101Zy,v1y < CInll2lZillsl101 211 zs < CllZillgZill 12015 vl

A

Combining all the previous estimates and by Proposition 2.1, we conclude that

/ 1 1 t J 3 1
f Nds < € sup (IZUIZNZ1IE) | Ivillenlvillads + C sup [1Zylls f [ R
0 1€[0,7,) 0 1€[0,75) 0

1 1 t
+C sup (IZilelZiIZIZ102,) f Vi llzdls
t€[0,7.) 0

1 ! 2 ! 2
< o fo w12, ds + C fo (1 + lIv1 IR )ds.

Similarly, by (3.35), we get

! ! !
ffz(s)ds < f|<V252V1,V1>|ds+f|(V23221,V1>|ds
0 0 0
A
< Clvillers f allv s + 121l s
0
<

1 f’ > ' >
— | Il dS+C(C1)f(1+|IV2|| )ds,
18 Jo H! 0 =

and

f]g(s)ds
0
t
fJ4(s)ds
0
fJG(s)ds
0
fJ7(s)ds
0

t A 1 A A
f (s < Clivallgsrs f sl sl < o f sl ds + C(C) f v3)Pds.
0 0 0 0

IA

! 1 ! A
Clvsllsrs f (v lls + 122 s v s < 7 f 112, ds + C(C) f (1 + vil)ds,
0 0 0

IA

! 1 ! !
Clvallzere f (ville + IZ1llD)Ivallg ds < ﬁf ||V2||H2{1d5 + C(Cl)f(l + [viliE)ds,
0 0 0

IA

t 1 t A
Clivallers f W2l Vallids < 7 f lIvallZ,ds + C(Cy) f IvaliZds,
0 0 0

IA

t 1 t !
Clvallzery f V3l Aville + 1Z1lleDd's < ﬁf I3l ds + C(C) f (1 + [viliZ)ds,
0 0 0

Based on the above estimates, we conclude that

A f
IR + fo IR, ds < lluol, + C(C) fo (1 + I(s)R)ds. (3.37)

By Gronwall inequality, we get

T
sup. (VD) + f @I dt < (luollfy + C(C1,1.))e ™ = Ca(ra, lluolls, luollz). — (3.38)
t€[0,71.) 0
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Multiplying (3.6) by Av and integrating over D, we have

Tt f
IR, +2 f W(IPads < lluoll, +2 f KB+ Z,v + Z), Avylds. (3.39)
0 0
The last term of (3.39) can be rewritten as

BOv+2Z,yv+2),Avy = ((vi +2Z)01(vi +Z)),Av1) + (v202(vi + Z1),Avy)
+(v303(v1 + Z1), Avy) +{(v1 + Z1)d1v2, Av)
+(v202v2, Ava) + (v303v2, Ava)

H(1 +Z1)01v3, Avs) + (v202v3, Avs)

+<V333V3, AV3>.

Similar to the above, we get
t ! t
2f KB+ Z,v+Z),Av)lds < f ||v(s)||H2{2ds + C(Cy) f a+ ||v(s)||%11)ds.
0 0 0
Hence,

! [
@iz, + fo Iv()IE-ds < lluol%, + C(C1) fo (1 + VI, ds.

By Gronwall inequality, we get

IA

T
sup [v@)liZ + f IV(s)IZads (lollZ, + C(x., C1))eCrCD
0

te[0,74)

C3(7s, lluollzes lluollg ) < 00 P —a.s.. (3.40)

Now, we are ready to give the proof of Theorem 3.1.
Proof of Theorem 3.1. Based on the above discussion, it suffices to prove the global existence of mild
solution to (3.6). Indeed, for any w € Q, let v(w) be the unique mild solution to (3.6) on the maximal
interval [0, 7.(w)). If for P—a.s. w € Q, it holds that 7.(w) = +o0, then we complete the proof. Otherwise,
there exists a set N’ whose measure is nonzero and for all w € N, it satisfies 7.(w) < +oco. In this case,
for all w € N, it holds that limsup,_,, _ [[v(z, w)|lg: = +oo, which is impossible from (3.40). Thus, we
have 7, = +oco, P—a.s..

Let u; and up be two solutions of (2.2) with initial data u;(0) and u,(0), respectively. Denote by
u =u; —up and uy = u1(0) — up(0). Then we have

Ot + Au = B(u, uy) + B(us, u). (3.41)

Multiplying Au in (3.41) and integrating with respect to spatial variable, it yields

dllu()I2,

2
o + 2||Aul

IA

2|(Au, B(u, uy))| + 2|(Au, B(uz, u))|
CllAull 2IVurll2llullze + CllAull 21 Vull 2 lluall s -

IA
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By (3.7), it follows that

1 3
CllAullp21IVullz2 Ml < Clloey lleg oal |2, eell ..

and
1 1

CllAull Vil lluallze < CllAulbellullg ol ezl

hence, by the Young inequality, we deduce that

A

! ! !
2 2 2 4 2 2
I, + f lAuRds < ul?, +C f i el ds + C f el s el
0 0 0

A

!
4 2
< C f heall, + ol ol i, s
0

Applying the Gronwall inequality, we get

T T
sup (), + f IAuIBds < ol exp{C f sl + Mol ol s .
t€[0,T] 0 0

Since u; € C([0, T]; HYN L*([0, T]; H?), i = 1,2, we obtain that u(?) is Lipschitz continuous with respect

to the initial data ug in the space H!. We therefore complete the proof.

4 Large deviations for 3D Burgers equations

In this part, we aim to prove large deviations for the strong solutions to 3D stochastic Burgers equations.
Let L(K1; Ky) (resp. L2(K1; K»)) be the space of bounded (resp. Hilbert-Schmidt) linear operators from
the Hilbert space K to K>, whose norm is denoted by || - || z(x,:x,) (I - | £,k :k5))-

Recall that W is an H—cylindrical Wiener process defined on (Q, 7 ,P) with the form W(¢) =
Y1 B, t € [0,T], where ry := (&,0,0),k = 1,2, - - with {&;}¢=12,... being the eigenbasis of A
in the space L*(D;RY) and its associated eigenvalues is denoted by {a}r=12,... We assume that GW(¥)
has the following representative:

GW(t, %) = > V4B = (D VAe(x)B(1),0,0) € R®, a.e. x € D,
k=1 k=1

3
satisfying >}/°, /lkozli 2 < oo for some ¢ € (0, %). G is a Hilbert-Schmidt operator from H to (H%”? )3,

ie, X3 ||Grk||;1%+2g < o0. Set K := ||Gll g,z and K := |Gl g, ey

4.1 The weak convergence approach and the main result

We will recall the weak convergence approach developed by Budhiraja and Dupuis in [10]. Let us first
recall some standard definitions and results from the large deviation theory (see e.g. [19])

Let {X?®} be a family of random variables defined on a probability space (€, ¥, P) taking values in
some Polish space &.
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Definition 4.1. (Rate Function) A function I : & — [0, 0o] is called a rate function if I is lower semicon-
tinuous. A rate function 1 is called a good rate function if the level set {x € & : I1(x) < M} is compact for

each M < oo.

Definition 4.2. (Large Deviation Principle) The sequence {X?®} is said to satisfy a large deviation prin-
ciple with rate function I if for each Borel subset A of &

— inf I(x) < lim infoglog P(X® € A) < limsup elog P(X® € A) < —inf I(x),
£— x€A

XEA? &—0
where A° and A denote the interior and closure of A in &, respectively.

Suppose that W(r) is an H-cylindrical Wiener process defined on a given probability space
(Q, F . {Frhiero.r1, P). The paths of W take values in C([0, T']; Y), where Y is another Hilbert space such
that the embedding H c Y is Hilbert-Schmidt.

To state the criterion obtained by Budhiraja and Dupuis in [10], we introduce the following spaces.
Set

A= {¢ : ¢ is an H-valued {¥;} — predictable process such that fOT |¢(s)|ﬁds < 00 P—a.s.};
Sy ={he PO, TLH) : [ h(s)ads < M;
Ay ={peA: dw)eSy, Pas.}.

Referring to [11], the set S s endowed with weak topology is a Polish space (complete separable metric
space) and is a compact subspace of L*([0,T];H). For e > 0, suppose G° : C([0,T],Y) —» &Eis a

measurable map. Set X? = G#(W) for £ > 0. Consider the following conditions

Hypothesis H2 Let G° : C([0,T];Y) — & be a measurable mapping.

(i) For every M < oo, let {h, : € > 0} C Ay If h, converges to h as S y-valued random elements in
distribution, then G¥(W(-) + # fd hs(s)ds) converges in distribution to G%( fd h(s)ds).

(ii) For every M < oo, the set Ky; = {Qo(fd h(s)ds) : h € Sy} is compact subset of E.
The following result is due to Budhiraja and Dupuis in [10].

Theorem 4.1. Suppose the Hypothesis H2 holds. Then X? satisfies a large deviation principle on & with

a good rate function I given by

1 T
I(f) = }{5 fo Ih(s)ids}, Vf €& (4.42)

inf
{heL2(10,T1;H): f=G( [, h(s)ds)

By convention, () = co.
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Consider the following 3D stochastic Burgers equations driven by small noise:

(4.43)

du® (1) + Aub(D)dt = BP(t), u®(1)dt + NeGAW (), xe D, te[0,T],
u®(0) = uo,

with [luollze Vluollg1 < oo. According to Theorem 3.1, under Hypotheses HO and H1, there exists a unique
strong solution of (4.43) in C([0,T]; H') N L?([0, T];H?). Therefore, there exists a Borel-measurable

mapping
G°: C(10,T1,Y) - C([0, T};H') n L*([0, T]; H?)
such that u®(-) = G5(W).
For h € L*([0, T]; H), consider the following skeleton equation

duy, + Aupdt = B(uy, up)dt + Gh(t)dt,
{ up + Auy, (up, up) () (4.44)

up(0) = uo,
with oz Vlupllg < oo. The solution uy,, whose existence will be proved in the next subsection, defines

a measurable mapping G° : C([0,T];Y) — C([0, T]; HY) n L2([0, T1; H?) so that go(fo' h(s)ds) := uy,.

Our main result of this section is

Theorem 4.2. Suppose the Hypotheses HO and HI are in place and ug is Fo—adapted initial value
satisfying |luollze> V lluollgn < oo. Then, u® satisfies a large deviation principle on C([0,TT]; H") with the
good rate function I defined by (4.42).

The rest of the paper is devoted to the proof of this main result.

4.2 A priori estimates of the skeleton equations

In this subsection, we firstly show that the skeleton equation (4.44) admits a unique solution for every
h € L*([0, T]; H) with h(r) = Z;ﬁ) hi(t)ry, where hy, is defined on [0, T'] and takes values in R for each
k(> 1). Then, we establish some properties of the solution to (4.44).

Theorem 4.3. Assume the initial value ug is Fo—adapted satisfying ||uollgn < oo, under Hypotheses HO
and HI, then for every h € L*([0, T1; H) with the form h(t) = (3} (1), 0,0) € L*(D; R?), there exists
a unique solution uy, to equation (4.44) in the space C([0,T1; H"Y N L*([0, T1; H?). Moreover, we have

T
sw{mmmwmg+f|mm@m%saﬁMwmmmmmr:%. (4.45)
heS y \r€[0,T] 0

Proof. Consider the following auxiliary equation:

dU(t) + AUdt
U(t, x)

Gh(t)dt, on][0,T]x D, (4.46)
0, t€[0,T], xe€ oD,
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with the initial value U(0, x) = 0. Clearly, (4.46) has a unique solution
t
U(r) = f e IAGh(s)ds.
0

We claim that under Hypothesis HO, the process U(f) € C([0,T]; H%). Indeed, for any 0 < y < o, for
any ¢ € [0, T'], by Holder inequality, we deduce that

f ZfAi /lke_A(t_S)rk(x)hk(s)ds| dx
D

5 2
f Z f ,j\//t_ke-“k“-s)rk(x)hk(s)ds‘ dx
D=

5
AT U@

1 ! 12
< a] e 2= 2 (x)ds f I (s))2ds)?| dx
LI« )'( )
0 f 5
< f( fa’]?/l e—2(l/k(t s) 2(x)ds f |hk(S)|2dS)
D =10 k=1
'3 (o]
< ||h(s)||2ds f r2(x) f @ A 2V dsdx
(J, meoneas) [ 357
! 00 5
< ([ noiRas) Y afa f 29 g
0 =1
t (o]
< f h(s)Ids) > af 4y < co.
0 k=1

Note that
t T t
U(r) = f e AGh(s)ds = (D VA f e MG (5)ds,0,0) := (Uy, Up, Us) € R,

Let Vh = u" — U, it satisfies
dv" + AV'dr = BV + U, V" + U)dr.

Thus, using the same method as in the proof of global well-posedness of (2.2), we achieve the result.

O
Now, we can define G° : C([0,T1;Y) — C([0, T1; HY) n L*([0, T]; H?) by
Oy = | if h= fo h(s)ds for some h € L*([0, T]; H), @47
0, otherwise.
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4.3 Compactness of u,

Let u, := uy, be the unique strong solution of (4.44) with h,, € S 5. In the following, we aim to prove the
compactness of u,. As in [25], we introduce the following space. Let K be a separable Hilbert space with
the norm | - [¢. Given p > 1,a € (0, 1), let W*?([0, T']; K) be the Sobolev space of all u € LP([0, T]; K)

such that ;
lu(r) — u(s)I%
f\f — Kius <
|t _ S|1+ap
endowed with the norm

T lu(r) - u(s)ly
P _ 14
|M|W"'1’([0,T];K) = f |I/l([)| dt + f f |t — S|1+‘1’17 dtds

The following result can be found in [25].

Lemma 4.1. Let By C B C B be Banach spaces, By and B, reflexive, with compact embedding of By in
B. Let p € (1,00) and a € (0, 1) be given. Let A be the space

A = LP([0,T]; Bo) N W*P([0,T]; By),
endowed with the natural norm. Then the embedding of A in LP([0, T]; B) is compact.

With the aid of Lemma 4.1 and the fact that W'-2([0, T]; X) ¢ W*P([0, T]; X) with X be a Banach
space and the given constants @ andp in Lemma4.1 , we have

Proposition 4.4. Under Hypotheses HO and H1, the sequence (up)nen, is compact in L*([0, T]; HY.

Proof. From (4.44), we have

u,(t) = uo—fAun(s)ds+fB(un(s),un(s))ds+fGhn(s)ds
0 0 0

= I+ 20+ T + T,

Clearly, ||J,1,||H < Cy. By (4.45), it follows that

T
1
212 2
|J |Wa2([0 T] H- 1) S Cjo‘ ||un(s)”H1ds S C2,a (¢S (09 5)

By
IB(Y, Y)llg-1 < CIIYIIHIIYII

T
3
c f el leloenl 1 e
0

T
C(T) sup Ilun(t)IIHfO lun(®)Idt < C(T, Co). (4.48)

0<t<T

H”

then, it gives

1BCtns w72 40.7451)

IA
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As a result of (4.45), we obtain

|J3|W”2([OT]]H[ 1) —C3(l ae(oal)

Moreover, by the Cauchy-Schwarz inequality, Hypothesis HO and (4.45), we have

A

t 2 t
f Ghyrdr| < =) f G| 2ozl ()l
S S

IA

!
K(t - s) f (P2 dr,

thus, applying the Fubini theorem, we get

! 2
| f Ghy(s)ds

Wae2([0,T1;H)
T\ [ Ghy(u)dul
|| Gh (s)dsllHdt+ e s

C4,a/

Al

|W" 2([0 T] H)

IA

for any « € (0, %). Collecting all the previous estimates, we obtain

1
Iun|W(y2([0 TIH-) = C5 (2] Ya € (0’ E)

for some constant Cs o > 0.

In view of (4.45), u,, are bounded uniformly in » in the space
A = L2([0, T]; H?) n W*2([0, T];H ™).

By Lemma 4.1, we obtain (u,),cz+ iS compact in L2([0,T]; HY).

As aresult of (4.45) and Proposition 4.4, we have

Corollary 4.5. There exists a subsequence still denoted by (up)nez+ and it € L*([0,T];HY n
L2([0, T1; Y N L2([0, T1; H?) such that

u, — it weakly star in L ([0, T];H'),

u, — i stronglyin LZ([O, Tl; Hl),

u, — iweaklyin Lz([O, T]; Hz).

4.4 Property of it

Throughout this subsection, we fix a sequence (4,),>0 C Sy such that h, — h weakly in L2([0,T); H)
and denote the corresponding solution of (4.44) by u,,. From Theorem 4.3 and Corollary 4.5, we know
the weak star limit of u,, exists, which is denoted by . The following proposition tells that i is exactly
the solution of (4.44) with h.
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Proposition 4.6. The above i satisfies

du(t) + Au(t)dt = B(u(t), u(r))dt + Gh(t)dt,
vu( ) + Au(r) (i(r), (1)) (0 (4.49)
12(0) = uo.
Before proving, we firstly introduce a lemma on the nonlinear term.
Lemma 4.2. Let u, — u strongly in L2([0, Tl; Hl) asv — 0, then forw € H!,
T T
f (B(uy(1), uy (1)), w)dt — f (B(u(t), u(®)),w)dt asv — 0.
0 0
Proof. By the triangle inequality, we have
T T
| f (Bt (1), (1)), w)dlt f (BG(D, u(n), w)d
0 0
T T
< [ B, =+ [ B, o was
0 0
=1+ .
By Hoélder inequality and interpolation inequality, we get
T
I < f Wl sV (e = )l sl [ 3
< f ol e — s e 1
1
< CTHmlia sup Nl f luy — w2, )’
t€[0,T]
Similarly, it follows that
T
N e
< f IWllgge lleey — ullHIIMllﬁl IIMII2 dt
% %
< Clwllg sup ||u|| f lluy — uIIHdt f IIMIIszt
1€[0,T]
Since u, — u strongly in L*([0, T]; H'), it gives I} + I, — 0. We complete the proof.
O

Proof of Proposition 4.6 Denoting an orthonormal basis of H! by {w;}»1. Taking a test function
¢(t) a continuously differentiable on [0, T'] satisfying ¢(T") = 0. From (4.44), we have

f (d“” (o, )dt + f (Atty, $()W )t = f (B, ), (6w j)dt + f (Ghy (D), $(OOW ).
0
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By integration by parts, we get
T T
—(uo, p(O)w;) — fo (un(1), ¢ (W j)dt + fo (un(1), (AW j)dt

T T
= fo (B(un, up), p()w j)dt + fo (Ghn(1), p()wj)dt.
Denote the above equality by symbols

Ji+ 1o(T) + J3(T) = Ju(T) + J5(T)

Since u, — it strongly in L*([0, T]; H') and by the Cauchy-Schwarz inequality, we obtain

T T
Jo(T)+ J3(T) — —j(; (), ¢’ (Hw)dt + j(; @), p(H)Aw j)dt.

It follows from Lemma 4.2 that
T
Ju(T) — f (B(it, i), p()w ;)dt.
0
By the triangle inequality, we get
T T
| fo (Ghatt), dew; )dt - fo (Ghe), pCeyw ;)]

T
= | fo (Gha(n) = (1), 90w )

- 0,

where we have used &, — h — 0 weakly in L%([0, T]; H). Based on the above, we have

T
Js(T) — fo (Gh(o), g(tyw,)dt.

From (4.50)-(4.52), for each j, we have
-[ " Gie), ¢ ow e + | " Gite) Aws)d
= (o, pO)w;) + fo " B . o0yw it + fo ' (Gho. o .
Actually, (4.53) holds for any ¢, which is a finite linear combination of w;. That is
- fo " Gie). ¢ 00t + fo " Gie). Ao

T T
= (0. O + fo (B 1), $(1)C)dt + fo (Gh(D), p(1)Cd.

Then, we get
d
E(ﬁ’ O + (A, ) = (B(it, i), §) + (Gh(1), O,
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(4.52)

(4.53)
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(4.55)



holds as an equality in distribution in L*([0, T]; H™1), which is exactly (4.49).
Finally, it remains to prove i1(0) = ug. Multiplying (4.55) with the same ¢(¢) as above and integrating
with respect to #. By integration by parts, we have

T T
- fo @), ¢’ ())dt + fo (@(2), Ap(1){)dt

T T
= ((0),9(0)0) + j(; (B, it), p()Q)dt + j(; (Gh(1), p(1){)dt. (4.56)
By comparison with (4.54), it gives (i1(0) — ug, ¢(0)) = 0, V¢ € H'. Choosing ¢ such that $(0) # 0, then
(1(0) — up, &) = 0, Y € H'.

We have 1(0) = uy. We complete the proof.
]
In the following, we will establish the continuity of i in H'!. Referring to [42], we introduce the

following criterion to prove continuity.

Lemma 4.3. For V and H are two Hilbert spaces (V' is the dual space of V) withV cc H = H' c V',
where V. CC H denotes V is compactly embedded in H. If u € LZ([O, T, V), % € L2([0, T1; V"), then
ueC(0,T]; H).

Proposition 4.7. Assume Hypotheses HO and HI hold, then it € C([0, T]; H").

Proof. In view of Lemma 4.3, we firstly need to prove ‘Zl—’;‘ € Lz([O, T1;H™"). From Proposition 4.6, we
know i € L>([0, T]; H?) N L>([0, T]; H!) and

dii

d—’: — —Ait + B, i) + Gh(p).

Since # is bounded in L*([0, T]; H?) and A is continuous linear operator from H2 to H, we deduce Al is
bounded in L*([0, T]; H). Similar to (4.48), we have

1B, @)l 220,71:m-1) < C.

Moreover, it follows from Hypothesis HO that

T
IGH s orys = fo IGR()IPdr

IA

T
fo IGIB, g s

IA

T
K f In(t)lEdt < KM.
0
As aresult, we get
di
dt
From (4.45), we know it € L*([0, T]; H?), then we conclude the result by applying Lemma 4.3.

e L*([0,T];H Y.
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By the uniqueness of (4.44), we have

Corollary 4.8. Assume Hypotheses HO and H1 hold, then it = uy,, where uy, is the unique strong solution
of (4.44) with h.

Now, we can obtain
Theorem 4.9. Assume Hypotheses HO and H1 hold, then u,, — 1t — 0 in C([0, T]; H"Y) as n — .

Proof. Recall u, := uy, is the unique strong solution of (4.44) with A, € S, and i be the solution of
(4.49) with i € S j;. Then, we deduce that

d, — ) + Alu, —)dt = [B(uy, u,) — B@, in)]dt + G(h,(t) — h(t))dt
= B(uy — it, uy)dt + B(it, u, — )dt + G(h,(t) — h(t))dt.

By the chain rule, we get

f
lun(t) — O, +2 f ey — 2
0

IA

2f (A(up — i), B(up — U, uy))ds + 2 f (A(up — it), B(tt, up, — i1))ds
0 0

t
+2f (A(u,, — 1), G(h, (1) — h(t)))ds
0
Il(t) + 12(1‘) + 13(1‘).

By Holder inequality and interpolation inequality, we deduce that

6(?)

IA

!
> f 1A — Dll2 [ Vitgll st — il s
0

1

! 1 1
€ [ = iy il = s
0

IA

1 ! - ! .2
< 5 [ = iEads + € [l el = 0, s
0 0

Using the same method, it follows that

t
L) < Zf A — D2l oIV (. = D)2 s
0

IA

g 1 1
Cfo lletn — il 122l Nl o et — Tellgn s

1 t .0 t . . "
< Ef |Iun—ullH2dS+Cf et/ g1 1l llean — Gll ds.
0 0

By Hypothesis HO, it yields

t
L) < f”“n_ﬁl|H1||G||L2(H;H1)||hn(t)_h(t)HHds
0

IA

!
Ck fo ity — il (E) — h(Dllsdis
~ 1 ! 1
CKM:? f||u,,—ﬁ||2 ds)’.
(], 2ds)
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Combining all the above estimates, we get
2 ' 2
lln (1) = @Ol + j(; lup — il ds

! 1 f
~ 1 vi2 2 v ~ 112
< CRM( [ oy ,ds)’ +C [ il il + Wil = 1, s
0 0

By Gronwall inequality, we deduce that

T
v 2 112
sup lun(t) — (D)%, + f ity — it 2l
t€[0,T] 0

T 1 T
~ 1 o bl v v
< CRM( f l — 13, ds)* exp{C f (lotnlleg oeallzz2 + il Nl el s .
0 0

By (4.45) and Corollary 4.5, we get

T
exp(C f (tallist el + Wil Wl )dls) < C(T. M, Co) < .
0
Since u, — &t — 0 strongly in L*([0, T]; H"), then
sup [lun(t) — (D2, — 0.
1€[0,T]

We complete the proof.

4.5 Proof of the main result

Proof of Theorem 4.2 Due to Theorem 4.1, it suffices to verify the two conditions in Hypothesis H2.

Step 1  First, we show that the set Ky = (G fo. h(s)ds) : h € Sy} is compact subset of
C([0,T];H'), where G° is defined in (4.47).

Let {u,} be a sequence in K); where u, corresponds to the solution of (4.44) with A, € S in place
of h. By the weak compactness of S j; in L*([0, T]; H), there exists a subsequence (which we still denote
it by {h,}) converging to a limit & weakly in S ). Denote by u, the strong solution of (4.44) with A.
Utilizing Corollary 4.8, it suffices to show that u,, — i in C([0, T];H"). Thanks to Theorem 4.9, we
complete the proof.

Step 2  Suppose that {h, : € > 0} Cc Ay for any fixed M < oo and h, converge to h as
S y—valued random elements in distribution. Recalling the definition of G® and by Girsanov’s theorem,
up, = GE(W() + \/Lg fd hs(s)ds) solves the following equation

{ dity, (t) + Ay, (t)dt = B(iay, (1), i, (1))dt + Ghedt + \eGdW (1), 4.57)

U, 0) = up.

In order to transform (4.57) to a deterministic model, we introduce an auxiliary process Z, written as

(4.58)

dZ.(t) + AZ(t)dt = \eGdW (1),
Z:(0) =0.
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Under Hypotheses HO and H1, by Itd formula, we have

T
limE YRG! Zo()|2xdt) = 0. 4.59
limB( sup IZ:(0I, + fo 1Zo(DlZpd) (4.59)

Since S is a Polish space, by the Skorohod representation theorem, we can construct a stochastic
basis (Q', #1,P!) and, on this basis, Sy ® Sy ® C([0, T]; H") N L3([0, T]; H?)-valued random variables
processes (he, I, Z,) such that the joint distribution of (he, Z,) is the same as (hg, Z), Ze — O P'— a.s. in
C([0, T1; H") N L2([0, T1; H2), the distribution of & coincides with & and b, — 1 P'-a.s. as S y—valued
random elements. Let X5, (@) be the solution of

{ dX;, (1) + AX;, (Ddt = B(X;, (1) + Z, X, (1) + Z)dt + Ghgdt, 4.60)

X;ZE(O) = Up.

The uniqueness of (4.60) implies that Xj, has the same distribution with &, — Z,.
By (4.59) and using similar arguments as Sect. 4.2, we get
X,

e

— X; inC([0, TI; H') P'-as.,

where

dX; (1) + AX; (t)dt = B(X; (1), X;(1))dt + Ghdt,
Xﬁ(O) = up.

Recalling the definition of G° and in view of Xj,, has the same distribution with i, — Z;, we know
iy, — Zg — wy, in distribution in C([0, T']; H'). Moreover, by (4.59), we obtain Z, — 0 in distribution in
C([0,T]; HY). Thus, i, — uyp in distribution in C([0, T']; H'). We complete the proof.
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