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Abstract We consider the problem of global in time existence and unique-
ness of solutions of the 3-D infinite depth full water wave problem, in the
setting that the interface tends to the horizontal plane, the velocity and ac-
celeration on the interface tend to zero at spatial infinity. We show that the
nature of the nonlinearity of the water wave equation is essentially of cu-
bic and higher orders. For any initial interface that is sufficiently small in its
steepness and velocity, we show that there exists a unique smooth solution of
the full water wave problem for all time, and the solution decays at the rate
1/t.

1 Introduction

In this paper we continue our study of the global in time behaviors of the full
water wave problem, in the setting that the interface tends to the horizontal
plane, the velocity and acceleration on the interface tend to zero at spatial
infinity.

The mathematical problem of n-dimensional water wave concerns the mo-
tion of the interface separating an inviscid, incompressible, irrotational fluid,
under the influence of gravity, from a region of zero density (i.e. air) in n-
dimensional space. It is assumed that the fluid region is below the air region.
Assume that the density of the fluid is 1, the gravitational field is —k, where k
is the unit vector pointing in the upward vertical direction, and at time ¢ > 0,
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the free interface is X (#), and the fluid occupies region 2(¢). When surface
tension is zero, the motion of the fluid is described by

Vi+v-Vv=—k—VP onQ(), t >0,
divv=0, curlv=0, on (), t >0,
P =0, on X(¢)

(1, v) is tangent to the free surface (¢, X (¢)),

(1.1

where v is the fluid velocity, P is the fluid pressure. It is well-known that
when surface tension is neglected, the water wave motion can be subject
to the Taylor instability [2, 3, 29]. Assume that the free interface X (t) is
described by & = &(a, 1), where @ € R"~! is the Lagrangian coordinate,
ie. &(a,t) = v(&(a,t),t) is the fluid velocity on the interface, & (x,t) =
(vi +v-VVv)(&(, 1), t) is the acceleration. Let n be the unit normal pointing
out of Q(¢). The Taylor sign condition relating to Taylor instability is

apP
———=E:+k) -n>c>0, (1.2)
Jan
point-wisely on the interface for some positive constant cg. In previous works
[30, 31], we showed that the Taylor sign condition (1.2) always holds for
the n-dimensional infinite depth water wave problem (1.1), n > 2, as long
as the interface is non-self-intersecting; and the initial value problem of the
water wave system (1.1) is uniquely solvable locally in time in Sobolev spaces
for arbitrary given data. Earlier work includes Nalimov [20], Yosihara [33]
and Craig [10] on local existence and uniqueness for small data in 2D. We
mention the following recent work on local wellposedness [1, 5, 6, 15, 18,
19, 21, 24, 34]. However the global in time behavior of the solutions remained
open until last year.
In [32], we showed that for the 2D full water wave problem (1.1) (n = 2),
the quantities ® = (I — $)y, (I — $H)Y, under an appropriate coordinate
change k = k(a, t), satisfy equations of the type

3?20 —i,0=G (1.3)

with G consisting of nonlinear terms of only cubic and higher orders. Here
$ is the Hilbert transform related to the water region €2(¢), y is the height
function for the interface X(¢) : (x(«, 1), y(«, t)), and i is the trace on X (¢)
of the velocity potential. Using this favorable structure, and the L*° time de-
cay rate for the 2D water wave 1/11/2, we showed that the full water wave
equation (1.1) in two space dimensions has a unique smooth solution for a
time period [0, /€] for initial data € ®, where ® is arbitrary, ¢ depends only
on @, and ¢ is sufficiently small.
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Global wellposedness of the 3-D full water wave problem 127

Briefly, the structural advantage of (1.3) can be explained as the following.
We know the water wave equation (1.1) is equivalent to an equation on the
interface of the form

afu + | D|u = nonlinear terms, (1.4)

where the nonlinear terms contain quadratic nonlinearity. For given smooth
data, the free equation 8t2u + |D]u = 0 has a unique solution globally in time,

with L% norm decays at the rate 1/ t"T . However the nonlinear interaction
can cause blow-up at finite time. The weaker the nonlinear interaction, the
longer the solution stays smooth. For small data, quadratic interactions are in
general stronger than the cubic and higher order interactions. In (1.3) there is
no quadratic terms, using it we are able to prove a longer time existence of
classical solutions for small initial data.

Naturally, we would like to know if the 3D water wave equation also posses
such special structures. We find that indeed this is the case. A natural set-
ting for 3D to utilize the ideas of 2D is the Clifford analysis. However de-
riving such equations (1.3) in 3D in the Clifford Algebra framework is not
straightforward due to the non-availability of the Riemann mapping, the non-
commutativity of the Clifford numbers, and the fact that the multiplication of
two Clifford analytic functions is not necessarily analytic. Nevertheless we
have overcome these difficulties.

Let () : &£ = (x(o, B,1), y(a, B, 1), z(r, B, 1)) be the interface in La-
grangian coordinates (o, ) € R2, and let § be the Hilbert transform asso-
ciated to the water region Q(t), N =&, x &g be the outward normal. In this
paper, we show that the quantity 8 = (I — )z satisfies such equation

320 —aN x VO =G, (1.5)

where G is a nonlinearity of cubic and higher orders in nature. We also find
a coordinate change k that transforms (1.5) into an equation consisting of
a linear part plus only cubic and higher order nonlinear terms.! For v the
trace of the velocity potential, (I — $) also satisfies a similar type equation.
However we will not derive it since we do not need it in this paper.

Given that in 3D the L® time decay rate is a faster 1/¢, it is not surprising
that for small data, the water wave equation (1.1) (n = 3) is solvable glob-
ally in time. In fact we obtain better results than in 2D in terms of the initial
data set. We show that if the steepness of the initial interface and the fluid
velocity on the initial interface (and finitely many of their derivatives) are
sufficiently small, then the solution of the 3D full water wave equation (1.1)
remains smooth for all time and decays at a L°° rate of 1/¢. No assumptions

Twe will explain more precisely the meaning of these statements in Sect. 1.2.
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are made to the height of the initial interface and the velocity field in the fluid
domain. In particular, this means that the amplitude of the initial interface can
be arbitrary large, the initial kinetic energy %||v||i2 @0y S0 be infinite. This
certainly makes sense physically. We note that the almost global wellposed-
ness result we obtained for 2D water wave [32] requires the initial amplitude
of the interface and the initial kinetic energy %||V||i2 @) being small. One
may view 2D water wave as a special case of 3D where the wave is constant
in one direction. In 2D there is one less direction for the wave to disperse and
the L™ time decay rate is a slower 1/¢!/2. Technically our proof of the almost
global wellposedness result in 2D [32] used to the full extend the decay rate
and required the smallness in the amplitude and kinetic energy since we con-
trolled the higher and lower regularity norms of the solution all at once (see
Proposition 4.4 of [32]).> One may think the assumption on the smallness in
amplitude and kinetic energy is to compensate the lack of decay in one di-
rection. However this is merely a technical reason. In 3D assuming the wave
tends to zero at spatial infinity, we have a faster L time decay rate 1/¢. This
allows us a less elaborate proof and a global wellposedness result with less

assumptions on the initial data.
1.1 Notations and Clifford analysis

We study the 3D water wave problem in the setting of the Clifford Algebra
C(V,), i.e. the algebra of quaternions. We refer to [14] for an in depth discus-
sion of Clifford analysis.

Let {1, e1, €2, e3} be the basis of C(V,) satisfying

el~2:—1, eiej=—eje;, i,j=1,2,3,1i+#], e3=c¢erep. (1.6)
An element o € C(V») has a unique representation o = o + Z?:l oje;, with
o; € R for 0 <i < 3. We call oy the real part of o and denote it by Reo and
Zf;l o;e; the vector part of o. We call o; the ¢; component of o. We denote
G =e30e3, |0]? = Z?:o oiz. If not specified, we always assume in such an
expression o = og + 21'3:1 ojej thato; € R, for 0 <i <3. We defineo - & =
Z;:O oj&j. We call o € C(V2) a vector if Reo = 0. We identify a point or
vector § = (x,y,2) € R3 with its C(V») counterpart £ = xe1 + yes + zes. For

2 A method such as the one used in this paper by combining two estimates: one is that a quantity
which controls higher regularity norms grows very slowly in time as long as a low regularity
norm remains small (Proposition 3.5), another is that a quantity that controls the low regularity
norm remains small as long as the high regularity norms do not grow too fast (Proposition 3.6),
does not give an existing time anywhere near ¢°/€ for the two dimensional water wave due to
the slow L° time decay rate l/tl/z.
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Global wellposedness of the 3-D full water wave problem 129

vectors &, n € C(V,), we know

§n=-&-n+& xn, (1.7)

where & - 5 is the dot product, & x n the cross product. For vectors &, ¢, n,
£(¢ x n) is obtained by first finding the cross product ¢ x n, then regard it as a
Clifford vector and calculating its multiplication with & by the rule (1.6). We
write D = dye; + dyez + dze3, V = (dx, 9y, 8;), A =37 + 95 + 0. At times
we also use the notation & = (£, &, £3) to indicate a point in R3. In this case
V = (3¢, gy, Oz3), D = 0 €1 + 0,02 + Ogze3, A =07 + 9, + 9,

Let © be an unbounded® C? domain in R3, £ = 9 be its boundary and
Q€ be its complement. A C(V,) valued function F is Clifford analytic in 2
if DF =0 in Q. In particular, if F = Z?:l fiei, we have by (1.7) DF =
—divF +curlF. So F = Z?:l fiei is Clifford analytic in €2 if and only of
divF =0 and curl F =0 in Q.* Let

11
L) =-—m
) ¢ 3 (1.8)
K@) =—2DT@) =~ for =) &e,
1

where w3 is the surface area of the unit sphere in R3. Let& = &(a, B), (o, B) €
R? be a parameterization of ¥ with N = &, x &p pointing out of 2. The
Hilbert transform associated to the parameterization § = & («, 8), (o, B) € R?
is defined by

nxfap=po. [[ Kew.p)

— &, BN &y x g f (&, B do/dp’. (1.9)

We know a C(V>) valued function F that decays at infinity is Clifford analytic
in Q if and only if its trace on X: f(«, B) = F (&§(a, B)) satisfies

f=9sf (1.10)

3Similar definitions and results exist for bounded domains, see [14]. For the purpose of this
paper, we discuss only for unbounded domain €2 with a single boundary.

4The fluid velocity v satisfying (1.1) is a Clifford analytic function in 2 ().
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We know $)2. = I in L2. We use the convention §x 1 = 0. We abbreviate
fus@ ) = [[ K@ p) - 8@ BN x ) £ p)da'dp
= // K (&' —é)(é&, X E/;,)f/do/dﬁ/ =// KN' f'dd'dp'.

Let f = f(«, B) be defined for (o, B) € R?, and f decays at the in-
finity. We say f” is the harmonic extension of f to Q if Af" =0 in €,
fM&(a, B)) = f(a, B) and f" decays at the infinity. We denote by Ds f the
trace of D f" on X, i.e.

Dg f (e, B) =Df"(E (e, B)). (1.11)
Similarly Ve f (o, 8) = V f"(&(«, ), 0x f (@, B) = 3 f"(§ (e, B)) etc. In the

context of water wave where 2 (¢) is the fluid domain, we denote by V; f

(respectively V; f) the trace of V f " on (1), where f is the harmonic
extension of f to Q(¢) (respectively €2(¢)¢). We have

Lemmal.l 1.Let f = f(a, B), (o, B) € R2 be a real valued smooth function
decays fast at infinity. We have

/ / K@, B) — £ B) - (N x V'), fyda'df =0.  (1.12)

2. For any function f = Z? fiei satisfying f =9y f or f =—9Hsf, we
have

§g-0uf —6u-0pf =0. (1.13)

Proof Let f" be the harmonic extension of f to the domain 2. We know
D f" is Clifford analytic in 2. Therefore the trace of D f hon ¥ satisfies

D: f = 95D f. (1.14)

Taking the real part of (1.14) gives us (1.12).

For (1.13), we only prove for the case f = )y f. The proof for the case
f =—%x f is similar, since f = —$x f is equivalent to the harmonic exten-
sion of f to Q€ being analytic.

We have from f = §x f that D¢ f = 0. Therefore

3 3
Ep-af —Ea-Opf =) Opkidafide fi — ) duk;0pkide f; =0.

ij=1 ij=1
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Global wellposedness of the 3-D full water wave problem 131

Assume that for each 7 € [0, T'], 2(¢) is a C? domain with boundary X (¢).
Let 5(1) 1€ =&(ar. . 1), (o, f) € R% € € C2(R2 X [0, T), N = £ x £p. We
know N x V =£&gdy — &,0g. Denote [A, B] = AB — BA. We have

Lemma 1.2 Ler f € CH(R? x [0, T]) be a C(V») valued function vanishing
at spatial infinity, and a be real valued. Then
0. 5m01f = [[ K€ - 06 - &)
X (E/;/aa/ —&,0p) f'do'dp’, (1.15)
[0as N1 f = // K(E —&)(Ea — &)
X (5//3/8&/ —&,0p) f'do'dp’, (1.16)
05, 5501f = [[ K€ =& - &)
X (";‘//3/80/ —&,0p) f'do'dp’, (1.17)
[aN x V,ﬁz(z)]f=//K(€/—$)(aN— a'N')
X (“;‘//3,80/ —&,0p) f'do'dp’, (1.18)

92, 9501f = [ [ KE =06 —6) x €t — &30 dolap

+f/K(§’—S)(§t - &)

X (&l dor — L) £ dodB
+f/ DK E —E)E — &)
X (&l — EL,0) £ dodB)
+2//K<s/—s><st )

X (£ o — EL,0p) f] da'dp’. (1.19)

Proof Applying Lemma 3.1 of [31] component-wisely to f gives (1.15),
(1.16), (1.17). (1.19) is a direct consequence of (1.15) and the fact [a,z, Nzl
= 0:[0:, D=1y +[0¢, Hx(r)]19;. We now prove (1.18) for f real valued. Notice
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132 S. Wu

that aN x Vs f = aég0uHx0) f — a€udHx () f. From (1.16), we have
a0 Nz () f = 0&pl0a, Nz )] f + apHx (1) 0a f

= [[ aenk @ — 616 — 530 % Gpiw 0 £ delap
+a / / KN'8y f'do df’
=// aEpK (5" — &) & x (5400 — &,,0p) f'da/'dp’. (1.20)

Similarly

aSaaﬂﬁm)f:// ko K (5" — &) &p x (540 — &,,0p) f'da'dB’. (1.21)
Now for any vectors K, n,
§pKéq xn—EuKép x 1
=_K£:/3$0l XU+K5015/3 Xn—23§,3-K€a Xn+2§a‘K§ﬁ xXn
=—K&g x (o x 1) + K&y x (§g X 1)
+ Kép - (5o x 1) — K&y - (§p x 1) — 2(K X (§a X §p)) X 1)
= K(—8ufp-n+5p5a-1) —2K(a x5p) -1
+2K(8x x§p) -0 — 2K - n(6a X &p)
=Ko x &) xn—2K -n(5q X &p). (1.22)

In the above calculation, we used repeatedly the identities (1.7) and a x (b x
c¢)=ba-c—ca-b. Combining (1.20), (1.21) and applying (1.12) and (1.22)
with n = (5/’3,80,/ —&,08) f =N xV'f', we get

aN X VS5 f = / / K(E - £)alEa x £5) x (N x V' f)do/ d'.
Notice that
ﬁE(z)(aN x Vf) =/ K(S/ — F;f)a/N/ X (N/ e V/f/)do/d,B/.

(1.18) therefore holds for real valued f. (1.18) for C(V;) valued f directly
follows. O
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Global wellposedness of the 3-D full water wave problem 133

1.2 The main equations and main results

We now discuss the 3D water wave. Let X(¢) : £(o, B,1) = x(, B, t)e; +
y(a, B,)ex + z(a, B, t)es, (a,B) € R2 be the parameterization of the in-
terface at time ¢ in Lagrangian coordinates (o, 8) with N =&, x &g =
(N1, N2, N3) pointing out of the fluid domain (7). Let $ = Hx (), and

1P

IN| on”

We know from [31] that a > 0 and (1.1) is equivalent to the following nonlin-
ear system defined on the interface X (¢):

&1 +e3=aN, (1.23)
& = 9H&. (1.24)
Motivated by [32], we would like to know whether in 3-D, the quantity 7 =
(I — $)ze3 under an appropriate coordinate change satisfies an equation with
nonlinearities containing no quadratic terms. We first derive the equation for
7 in Lagrangian coordinates.
Proposition 1.3 We have
(En‘t2 —aN x V)&
=[] k@€ - 66~ 8 x 00 - g apF da'dp’
- [[ & -0 - &) x o - 092 da'dpen

~ [[ k& — o6 - ) x €~ 5097 da'dpen

(1.25)
Proof Notice from (1.23)
(37 — aN x V)ze3 = zi1e3 + aNjej + aNzes = & (1.26)
and from (1.24) that
(I = $9)& = [0, HIE (1.27)

(1.25) is an easy consequence of (1.15), (1.18) and (1.19) and (1.23), (1.26),
(1.27):
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134 S. Wu

(82 —aN x V) = (I — $)(3? —aN x V)ze3 — [3? —aN x V, H]ze3
= (3, H1& — [0} — aN x V, Hlzes

= [[ k6 - 016~ x €00 ~ &, aE da'dp’
~ [[ K& =616~ 8 x €yt — g7 del e
- [[axe — o6 - &) x o0 - o dadpe.

We see that the second and third terms in the right hand side of (1.25)
are consisting of terms of cubic and higher orders, while the first term con-
tains quadratic terms. Unlike the 2D case, multiplications of Clifford ana-
lytic functions are not necessarily analytic, so we cannot reduce the first term
at the right hand side of (1.25) into a cubic form. However we notice that
£, = x;e1 + y;ez — z;e3 is almost analytic’ in the air region (7)€, and this
implies that the first term is almost analytic in the fluid domain €2 (). Notice
that the left hand side of (1.25) is almost analytic in the air region. The or-
thogonality of the projections (I — $) and (I + $) allows us to reduce the
first term to cubic in energy estimates.

Notice that the left hand side of (1.25) still contains quadratic terms and
(1.25) is invariant under a change of coordinates. We now want to see if in
3D, there is a coordinate change k, such that under which the left hand side
of (1.25) becomes a linear part plus only cubic and higher order terms. In 2D,
such a coordinate change exists (see (2.18) in [32]). However it is defined by
the Riemann mapping. Although there is no Riemann mapping in 3D, we re-
alize that the Riemann mapping used in 2-D is just a holomorphic function in
the fluid region with its imaginary part equal to zero on X (¢). This motivates
us to define

k =k, B.t) =& B.1) — (I + H)z(e, B. )es + Rz(ar, B. ez, (1.28)
Here R =Re $):
Rf (o Bor) = — / / K@ B 1)
—&(a, B, 1)) -N/f(ot,,ﬁ/,t)dot,dﬁ/ (1.29)

5Since the order of smallness is what matters in this paper, here a quantity X of size O(eV),
in other words of order N, is said to be almost analytic in the fluid region 2 (¢) (respectively
in the air region Q2 (¢)), if (I — $)X (respectively (I + $)X ) is at most of size 0(€N+1), or
in other words at least of order N + 1.
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Global wellposedness of the 3-D full water wave problem 135

is the double layered potential operator. It is clear that the e3 component of
k as defined in (1.28) is zero. In fact, the real part of k is also zero. This is
because

/ f K(E —8) x (), x )7 esda df
= // (k- K —Eg&y, - K)Zesda' df’
=2 [[ € 3T € ~ &) - g€ - ) erdal ap
=2 [[ e - 0€ 20 - Ghrerda’
_ 2// L€' — £)(N]e1 + Njez) da’ dp’.
So

Hzez = Rzes + Zf/ ' —§)(Njer + Nyer)do' dB’. (1.30)

This shows that the mapping k defined in (1.28) has only the e; and e com-
ponents k = (k1, ko) = k1e1 + kper. If X (¢) is a graph of small steepness, i.e.
if z4 and zg are small, then the Jacobian of k = k(-,1): J(k) = J(k(?)) =
duk1dpka — dxkadgki > 0 and k(-, 1) : R? — R? defines a valid coordinate
change. We will make this point more precise in Lemma 4.1.

Denote V) = (3. 3p). Ug f(er. f.1) = f(g(et. B.1).1) = f 0 gler, . 1).
Assume that k = k(-, 1) : R2 — R? defined in (1.28) is a diffeomorphism
satisfying J (k(t)) > 0. Let k~! be such that k o k™! (a, B, 1) = e + Bes.
Define

¢ =Eok™! =re| +ves + je3,

(1.31)
u:g-‘tok_l, and w:EttOk_l.
Let
b=k ok,
(1.32)
Aokes=alJ(k)es =aky x kg, and N=§'O,X§'5.
By a simple application of the chain rule, we have
U '9Ux=8+b-Vi, and
(1.33)

U; ' (aN x VYU = AN x V = A(pdy — Sadp),
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136 S. Wu

and U, ' Uy =", with

rf@pn = [[ Ke@ o
— &, B )Gy X Ep) f, Bl 1) dadp’. (1.34)
Let x = ok~'. Applying coordinate change U, ' to (1.25). We get
(B +b-V1)?— AN x V)x

= / / K =) —u") x (480 — £dp)u’ da'dp’
- f/ K& —o)(u—u') x (M;g/aa’ - M;/aﬂ/)jlda/dﬂ/€3

—/ (' — 1) - VK@ — ) —u')
X (&l — £L,0)3 de'dBes. (1.35)

We show in the following proposition that b, A — 1 are consisting of only
quadratic and higher order terms. Let ' =ReH = Uk_lﬁUk, P =ae; + Bey,
and

A" = (I + 9)zes, A=+ 9H)ze3 — Kzes,

(1.36)
A= + H)zes, A=21" —Kzes.
Therefore
=P+ (1.37)
Let the velocity u = uye; + uzer + uzes.
Proposition 1.4 Let b =k; ok~ and A o k = aJ (k). We have®
1 —
b= E(H—H)ﬁ— [0 +b- V1, Hlzes
+ [0, +b-V1,Klzes + Kujzes, (1.38)

SFormulas for b and A similar to those in 2D [32] are also available and can be obtained in a
similar way:

I—-Hb=U-H)([3+b-V1,Klse3 —[0; +b- V], Hlze3 + Kuzez),
(I—H)(Ae3) =e3+ [0 +b -V, Hlu+[AN x V, H]\*
+ (I —H)(—AZp x (3uK3e3) + ALy x (9p/C3e3) + Adgh X Iph).

However we choose to use those in Proposition 1.4.
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Global wellposedness of the 3-D full water wave problem 137

1 — 1

(A—1e3= 5(—H+'H)w+ 5([3[ +b-V ,Hlu—1[0;+b-Vy,Hlu)
+[AN x V, H]ze3 — Alp x (04K3e3)
+ Ay x (3K3e3) + Ady A x dgA. (1.39)

Here Hf = esH(esf) = [[esKN es f'.
Proof Taking derivative to ¢ to (1.28), we get

ki =& — 0,(I + 9)ze3 + 0;Rze3
=& — zie3 — Hzre3 — [0;, Hlzez + 9, Rzes. (1.40)

Now

1 — 1 _
& —ze3 —Hzes =z +§,) — Ef)@z —&)

2
- 1 _ - 1 —_
=SB+ 395 =3O -DE. (14D
Combining (1.40), (1.41) we get
1 —_
ke = 5(53 — 9§ — [0, Hlzes + [0, Rlzes + Rzres. (1.42)

Making the change of coordinate U~ I we get (1.38).
Notice that A o ke3 = aky X kg. From the definition k =& — A™ 4 Rzez =
& — A, we get

ko X kﬂ =&y x &g +&p % g A* — &y x aﬁA*
— 5/3 X (0qRze3) + &4 X (3,3.@163) + 0y A X 3/3[\.

Using (1.30) and (1.13), we have
£ X 0g A" — &y X pA" = £y A" — E408 A = (N x V)A™.
From (1.23), and the fact that aN x Vzes3 = —aNje; — alNsep, we obtain

aky X £+ a(N x V)A*
=& tes+ U +9H)(aN x V)zes +[aN x V, H]ze3

1 _
=&y +e3— 5(1 +9)Er +&,) +[aN x V, Hlzes
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and furthermore from (1.24),

1 _
it — 5(1 +9)6E:+&,)

1 1 - £
= E(Sn — 9%) — E(gn + H84)

1

1 — — 1 —
= 5100, 9)8 = 2 Gy = HE1) = 5B + H8u)

1 1 — —
[0:, )& — 5[31, & + E(f) —9)é,.

N = N

Combining the above calculations and make the change of coordinates U~ 1,
we obtain (1.39).

From Proposition 1.4, we see that » and A — 1 are consisting of terms of
quadratic and higher orders. Therefore the left hand side of (1.35) is

(E)t2 — €20y +e10p)x — 0gAdy X + 04A0p x + cubic and higher order terms.

The quadratic term dgAdy x — dxA0px is new in 3D. We notice that this is
one of the null forms studied in [17] and we find that it is also null for our
equation and can be written as the factor 1/¢ times a quadratic expression
involving some “invariant vector fields” for 8,2 — €30y + e10g. Therefore this
term is cubic in nature and equation (1.35) is of the type “linear 4+ cubic and
higher order perturbations”.

We can now study the global in time behavior of small solutions of
the water wave equations using (1.35) and the method of invariant vec-
tor fields. In fact, in Sect. 3, we will see that it is more natural to treat
(8;+b-V1)>— AN x V as the main operator for the water wave equation than
treating it as a perturbation of the linear operator a} — e204 +e10g. We obtain
a uniform bound for all time of a properly constructed energy that involves
invariant vector fields of 8,2 — €204 + €1dg by combining energy estimates
for the (1.35) and a generalized Sobolev inequality that gives a L? — L*®
estimate with the decay rate 1/¢. We point out that not only does the projec-
tion (I — $) give us the quantity (I — $)ze3, but it is also used in various
ways to project away ‘“quadratic noises” in the course of deriving the energy
estimates. The global in time existence follows from a local well-posedness
result, the uniform boundedness of the energy and a continuity argument. We
state our main theorem.

Let |D| = /—ag,—ag, H(R?) = {f|(I + |D)*f € L*(R?)}, with

1A s = 1 T gs g2y = 1+ 1DD* fllz2®e)-
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Let s > 27, max{[5]+ 1,17} <1 < s — 10. Assume that initially

E,B,00 == (a, B, 2%, B)),  &(a, B,0) =1u'(a, B),
En(e, B,0) =’ (a, B),

and the data in (1.43) satisfy the compatibility condition (5.29)—(5.30) of
[31].7 Let T" = 8y, g, ady + Bag, €dg — P0y. Assume that

(1.43)

Z |’ |D|1/2ZO||L2(R2) + ||/ 3ZO||H1/2(R2> + ||F]u0||H3/2(]R2)
lil<s—1
0=0u.9

+ 1T 0% 1 g2, < 00. (1.44)
Let

€ = Z ||Fj|D|1/2ZO||L2(R2) + ||FjaZO||L2(R2)

ljl1<l+3
9=0q,0p

+ IT00 12 g2y + 1T 100 2 g2y (1.45)

Theorem 1.5 (Main Theorem) There exists €y > 0, such that for 0 < € < ¢,
the initial value problem (1.23)—(1.24)—(1.43) has a unique classical solu-
tion globally in time. For each time 0 <t < 00, the interface is a graph, the
solution has the same regularity as the initial data and remains small. More-
over the L™ norm of the steepness and the acceleration of the interface, the
derivative of the velocity on the interface decay at the rate %

A more detailed and precise statement of the main Theorem is given in
Theorem 4.6 and the remarks at the end of this paper.

Remark 1.6 In this paper, we consider only the case that the velocity v — 0
at the spatial infinity. One can also treat water waves with v— ¢ = (¢/,0) a
constant velocity at spatial infinity. Exact analogous computations lead to an
analogue of (1.35). This yields a result like Theorem 1.5 with v — ¢ at spatial
infinity. In Appendix B, we will indicate how to obtain an equation such as
(1.35) for 3D water waves with v — c¢ at spatial infinity.

Remark 1.7 Theorem 1.5 and its analogue for v — c at spatial infinity show
that there is a lower bound on the size of possible solitary waves in 3D since

"The compatibility condition basically requires that & 0,40 0 satisfy the water wave equations
(1.23), (1.24) initially. See (4.6) and the nearby paragraphs in this paper for more details.
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the L* decay of small solutions rules out small solitary waves. The same
statement holds for 2D water waves (see Proposition 4.6 and Theorem 5.5 of
[32]).8

In Sect. 2 we will give a set of invariant vector fields to the operator
8,2 — €20y + e10g and study their commutation properties with various oper-
ators appeared in the equations (1.35), (2.41), and (2.38). We will then prove
a generalized Sobolev inequality (in terms of the invariant vector fields) that
yields a dispersion estimate suitable for the energy method. Finally, relations
between various quantities introduced in the transformation of the systems
will be studied. In Sect. 3, two energy estimates will be proven. One shows
that a quantity which controls higher regularity norms grows very slowly as
long as a low regularity norm remains small (Proposition 3.5. Using Propo-
sition 2.4 or Lemma 3.3), another shows that a quantity that controls the low
regularity norm remains small as long as the high regularity norm do not grow
too fast (Proposition 3.6). Finally these two estimates are put together and a
properly constructed energy is shown to be uniformly bounded for all the
time when an a-priori assumption holds (Theorem 3.7). In the last section, we
prove the global well-posedness of the 3D full water wave problem by using
a local well-posedness result (Theorem 4.3), Theorem 3.7 and a continuity
argument.

Three appendixes are added at the revision: Appendix A contains a partial
list of various quantities introduced in this paper; Appendix B concerns wa-
ter waves with velocity v — ¢ at the spatial infinity; Appendix C discusses
normal forms for the water wave system.

The author would like to thank the referees for helpful remarks and sug-
gestions.

2 Basic analysis preparations

For a function f = f(«, B, t), we use the notation f = f(-,t) = f(¢),
IfOl2=1fOIllg2 =1 Dl 2wz
|fDloo = I1f @OllLee =1 f . Ol oo m2)-

2.1 Vector fields and a generalized Sobolev inequality

As in [32], we will use the method of invariant vector fields. We know the lin-
ear part of the operator P = (d; +b- V1)2—AN xVis L= 8,2 —ex0y +e10p.

8Non-existence of positively or negatively elevated solitary waves for 2-D infinite depth water
wave with or without surface tension was established in [28]; for 3-D finite or infinite depth
positively elevated water wave without surface tension it was established in [11].
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Global wellposedness of the 3-D full water wave problem 141

Although the invariant vector fields of 3 was not known, it is not difficult to
find them.’ Using a combined method as that in [4, 26], we find that the set
of operators

1
r= {a,, b g, Lo= 519 +ardy + Bop. and

wzaaﬁ—ﬂaa—%eg} (2.1)
satisfy
(97, Bl = [0e, P1 = [3p. Pl = [@, P]1 =0, [Lo.Bl=—-P. (2.2
Let Y =adg — B0y.Sow =71 — %63. We have
(3¢, 0] = [8:, 9] =[9;, Y] =[0a, dp] = [Lo, Y] =0,
[0:, Lol = %at, [0as Lol = [, 9g] = 0a, (2.3)
[0g, Lol = [04, Y] = 0g.
Furthermore, we have

[0;,0; +b-V ]=b-V,
[0,0, +b-V ]=(b) -V, forazaa,8ﬂ,

[Lo, 0 +b-Vi]= Lob—ib 'VL—§(8t+b'VJ_), :

1
[ZD',at—{-b-VJ_]:(ZD'b—Eey,b)-VJ_.

Let P*= (3, +b -V, )%+ AN x V. Notice that P = P~. We have
[0, P = £{(ALp):da — (ALa)idp} + {813 +b- V)b —by - Vib} -V,
+b - {0 +D- V)V +V L0 +b-V1)},
[0, PE] = £{(3(ALp)) 0o — (3(ALa))dp)

90ne may find using the method in [4] that for the scaler operator 8,2 + | D], the following are

invariants: d;, Oy, ag, Lo, Y, adr + %taalDl_l, Bor + %talngl_l. Those for P are then
obtained by properly modifying this set.
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+{0(3+b-V1)b—(3b)-V1b}-Vy
+(30) - {3 +b-V1)VL + V1 (3 +b-V1)}, ford =3y, dp,

[Lo, PE] = —P* £ {Lo(ALp)dy — Lo(ALy)dp),
(2.5)

+ {(3t +b- VL)<LOb - %b>} Vi
1
+ <L0b - §b> A@+b-V)VL+ V(8 +b-V1)},
[, P = £(T A) (40 — Ladp)
+ A(aﬁ (wk + %)»63)3(1 — Oy (wk + %)»63) aﬁ)

1
+(wb—§e3b>-{(8,—i—b-VL)VL—i—VL(B,—i—b-Vl)}

1
+ {(8, +b- VJ_)(@' — 563)[)} -V,.
For any positive integer m, and any operator P,

[T, P]= Zrm—f[r, piri—t. (2.6)
j=1
Let
K/ (@ B.1) = p.u. / f ke B o/ B 1) f(@ B 1) dod dB’

where for some t =0, 1, or 2, |[(at, B) — (¢, B))|'k (e, B, ', B'; t) is bounded,
and k is smooth away from the diagonal A = {(«, B) = (¢/, B/)}. We have for
f vanish fast at spatial infinity,

[0, K1 f (e, B, 1) = f / dik(a, B.o, B0 f (&, B 1) do df,

(9, K] f(a, B, 1) = f @+ k(e B,o', i) f(o, B/, 1)dod" dB’,

9 = 0y, 9p.
[Lo.K]f(a, B, 1)
=2Kf(a, B, 1)
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+ // (0580, + Bog +a'd, + poj + %t8t>k(a, B.a Bt (2.7
x f(@, B, t)da'dp’,

[T, K]f(a, B,1) :/ (C+Yk(a, B, o', B 0) f (@, B/, t)da’ dB’,

[8,+b-VL,K]f=ff(8,+b-VL+b’-Vl)k(a,ﬂ,a/,ﬁ/;t)
x £, B t)do dp’
+ // k(a, B, o, B ) div'd f(a', B/, t)de’ dB’.

One of the operators in (1.35), (2.38) and (2.40) is of the following type:

B, /)= p. [[ K& =006 =) x G0 = €3 @', B0 da' B

where Re g = 0. We have for I' = 9;, dy, dg, Lo, @,

IB(s. f) = f / K@ —0)(Tg—Tg)

X (Cé/aa/ —¢,0) f(, B, t)do’ dB’

+ff K¢ —0)(g—g)

X (0o — LT (', B, 1) dad’ dp’

+// K¢ —0)(g—g)

x (310 By — 3 TN 3p) f (', B', 1) dot’ dp’
+ f/((m — PN VKE -0 —g)
X (Lo — i) f (@, B 1) do dp (2.8)

where I'g = 8,2, ug, dgg, (Lo —1g, wg+ %ge3 respectively. (2.8) is
straightforward with an application of (2.7), the definition ¢ = P + A, and
in the case I' = L, the fact (£ - V)K(§) = —2K (¢) and (2.3); in the case
I' =w,thefact ((e3x&)-V)K (&) = %(@K(S) —K(&)e3),(2.3)and —e3a x
b+axbes+2(e3 xa) xb+2ax (e3 xb)=0,fora, beR3.

Before we derive the commutativity relations between Lo, @ and H, we
record
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Lemma 2.1 Let Q be a C? domain in R?, with its boundary ¥ = 02 being
parametrized by & = &(a, B), (a, B) € R2. For any vector n, and function f
on R2, we have

(mx&p)fa—(mx&x)fp

= (8o x &) - Ve) f — (- (8« x £p)) Dt f, (2.9)
—(- VK (§) (y x Eg) + (6o - VIK(E) (1 X £gy)
+ &g - VIKE)E, xn) =0, (2.10)

for & #£0.

(2.9) is proved in the same way as the identity (5.17) in [31]. We omit the
details. (2.10) is the identity (3.5) in [31].
We have the following commutativity relations between Lg, o and H.

Proposition 2.2 Let f € C Y(R2 x [0, T]) be a C(V») valued function vanish-
ing at spatial infinity. Then

iLo.H1f = [[ K@ =030 - 1= 2~ D)

X ({é,aa/ — ;&,aﬂ/)f/ dOl/d,B/, (2.11)
o s = [[ ke - q)(m ¥ 3hes — il - %xeg)

X (g/;,aa/ —¢L,0p) f do'dp’. (2.12)

Proof Using (1.15), (1.16), (1.17) and argue similarly as in the proof of
(1.18), we can show that

[Lo, H1f = f/ K (&' =) (Lo¢ — Log") x (80 — £odp) fda'dB.
Using integration by parts and (2.10), we can check the following identity:
/f K& =) =) x (¢pda — £odp) f/do'dp’ = 0.

(2.11) then follows from the fact that (Lo — )¢ = (Lo — I)A.
(2.12) is obtained similarly. First we have by using (1.16), (1.17) that

TS = [[ K@ = 000 =) x (6 — Gt da'dp
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We now check the identity

1
slentlf = [[ K@ = 0)enx ¢ =) x € = cyp f daldp

Using integration by parts, we have

/ / K& =) (e3 x (6 =&)X (Gprder — §odp) f/da dp’
— [[@k @x -
X $gr — g K (e3 x (¢ —¢") x &) f'do dp’
+ /f K(g" = 0)((e3 x gg) x &g — (e3 x L) x o) f'de’ dp’
= [[ e x & -0k~ on' s el ap
+// K —¢)es x N f'da’ dp’

= %/f(egKN'—K/\/'/e3)f’do/d,8/= %[%,H]f.

Here in the second step we used (2.10), and the identity (@ x b) x c=ba -
¢ —ab-c.Inthe last step we used the fact ((e3 x §) - V)K(§) = %(eﬂ((é) —
K (£)e3) and e3 x N = %(e3j\/' — Ne3). (2.12) therefore follows since Y¢ —
e3x{ =Th—e3 x h=wh+ 5hes. O

In what follows, we denote the vector fieldsin (2.1) by I'; i =1,...,5, or
simply suppress the subscript and write as I". We shall write

k k1 ko k3 ks ke
RS N WSS WS Al B

for k = (k1, k2, k3, k4, ks). For a nonnegative integer k, we shall also use rk
to indicate a k-productof I';.i =1, ..., 5.

We now develop a generalized Sobolev inequality. Let o] = o, o = 8. We
introduce

1 _ .
Q(j)Ej.z:I:oej8,+§t80,j|D| 'H, j=1,2, (2.13)
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where H = (€204, — elaaz)lDl_l. Therefore HZ = I. We also denote Qal. =
Q0;.10 Let P* = 82 £ (€234, — €19a,). Notice that P = P~. We know

PE=PE49,(b- V) +b- Vi3 +b-V))
+ A(hpde — Aadp) £ (A — 1)(20y — €19p). (2.14)

Let P4(d) be a polynomial of dy;, j = 1,2, homogeneous of degree d, with
coefficients in R. We have

Lemma 2.3 1.

1
32, +32)985, = i<8a1 (23, + Lod, — Et‘ﬁi) + BazTa,),

. (2.15)
(8(31 + 822)9(:;:2 == :I:(Bo,z <28t + L()at - Etmi> — 80‘1 Tat) .

2.

||ID|S2§]-F(I)IIL2 < 22 10, TXF ()|l 2 + tIBEF @) 2. (2.16)
k<1
3.
[[, Pii(3)|DI"1=RID|", forT'=Lo. Y, 1=0,1,

(2.17)

[Q0, Pa+1(3)|D|™1 = R,

where R is a finite sum of operators of the type Py(3)|D|7%, and need not be
the same for different I', Qqj, j =1,2 0r =0, 1.

Proof (2.17) is straightforward using Fourier transform. We prove (2.15) for
Qo1 = €, the other cases follows similarly. We have

Oy 202 — 0o, 01 = Y0y,
By Q01 + e, Q02 = —28; — Lod; + %I‘B.
Therefore
(3g, + 03,)201 = da, <—2a, — Lod; + %ﬁp) — D, Ty

(2.16) is straightforward from here. O

100ne may check that [Q01(e20u; — €19a;) — 33re2, B = 0, [Q2(e20a; — €19ay) +
%8[61, B] = 0. These are some of the invariant vector fields for 93, not included in (2.1).
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Proposition 2.4 (Generalized Sobolev inequality) Let f € C®(R>**!) be a
C(V») valued function, vanishing at spatial infinity. We have forl =1, 2,

(L1 + lorg | + le2) |8 f (@1, 02, )|
S Y AT*a FO N + 1T e, £ Ol 2)

k=4,j=1,2

+1 ) IBTEF Ol 2. (2.18)

k<3

Here a < b means that there is a universal constant c, such that a < cb.

Proof Let rt = alz + oz% , 70r = 010y + @20y,. We have

s 1 » 1
> Qoj=—rdi+<t3:\DIT'H,  Lo==td +rd
= 2 2

therefore
t 2 o; t2
§ : J 2 -1

Also

2 2
1 1
§ 0j0q; = —13:0; — SHIDIH, § & jLody; = S1rord; + 292
1 1

gives
1 2 2
EtZonaaj|D|_1H +) ajLode; |DIT'H
1 1

1
=r20?|D|"'H — th' (2.20)

Let g be a C(V,) valued function, i = 8,|D|*1Hg. From (2.19), (2.20) we
have (i is the complex number in this proof)

1
r20.(g +ih) — ZtZi(g +ih)=F, (2.21)

where

2
t o
F=rLog+ 3 21 :TQOjg
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2 2
(1 _ -
+z<5z§ Q0,00;1DI”" Hg + ) o Lode; | D] 1Hg).
1 1

i2 it2
Using (2.21) we get r29, (ei_r (g+ih)= e F, therefore. (Recall by defin-
ition, components of a C(V,) valued function are real valued.)

o0
. . 1 .
lg(re'®, )] <|(g +ih)(re' )] S/ —2|F(Se’9,t)|ds (2.22)
;S

and this implies that

2
: 1 [ _
|g(re’9,z)|2§r—2/ s(|Log|2+§ |Lody, | D Hg|?) ds
1

r

2 2 o0
t [—
+r—4§ / s(1Q0;81* + 900, |DI "' Hg|*) ds.
j=1""
(2.23)

Now in (2.23) we let g = Tkaa,f. Using Lemma 1.2 on p. 40 of [22], and
(2.17), (2.3), we obtain

2w
|00y fre®™ DS / 7% 00, f (re', )7 db
0

k<2

2 2
5 (ZZ I1DIS20; Y5 F 017, + ||afr"f<r>||iz).

j=1k<2
(2.24)

A further application of (2.16) gives

2 2
. 1 t
B £ (re' ™ O S = Y D I 0a; FOI5 + 5 ) IT 0 £ (013

k<3 j=1 k<3

4
+ 5 Y IBrF 013, (2.25)

k<2
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From a similar argument we also have
~1 i) |2
|0q,, | D|” " Hy, f(re'™, 1)

1 2 2
S YD I OB+ Y IT*a f (013

k<3 j=1 k<3

4
+ IR Ol (2.26)

k<2

Case 0: [t| +r < 1. (2.18) follows from the standard Sobolev embedding.
Case 1: t <rand |t] +r > 1. (2.18) follows from (2.25).
Case2: r <tand |t| +7r > 1. We use (2.20). We have

2

1o 202 1y —1 1 1
2! f =179,1D] Haalf—itX;onaaj|D| Hig, f
j:
2
— > " ajLode, |DI " Hoy, f. (2.27)

j=1
Using (2.26) to estimate the first term, the standard Sobolev embedding and

Lemma 2.3 to estimate the second and third term on the right hand side of
(2.27). We obtain (2.18). O

Finally, the following Proposition shows that the term dgAdy x — 0o A0g X
in (1.35) posses the desired null structure.

Proposition 2.5 Let f, g be real valued functions. We have

2
aoqfaazg - 8tx2faot1g = ;{:Fat(e2aa| - elatxz)ng
+ Q25 (€200) — €190) f dar8
— Q€28 —€190,) f dg).  (228)
The proof is straightforward from definition. We omit the details.
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2.2 Estimates of the Cauchy type integral operators

Let J € CHRERY, A; e CYRY),i=1,...,m, F € C®°(R!). Define (for
x,y eRY)

fdy.
(2.29)
isodd, i.e. ki (x,y) =

J(x) — J(y)) I (Ai(x) — A ()
Ix — ¥l |x — y|d+m

C](J,A,f)(x)=p.v./F(

)H,m=1(Ai(x)_Ai()’))
|x_y|d+m

Assume that k{ (x, y) = F(J()ICJE:;\(”
—k1(y,x).

Proposition 2.6 There exist constants ¢y = c|(F, ||VJ|L»), c2 = c2(F,
IVJ| L), such that 1. For any f € L2(RY), VA; € LR, 1 <i <m,

I1C1(J, A, Pllp2wey < ctllVALllpooway - IV Al pooway | f 1l L2Ray-
(2.30)

2. Forany f € L°(R%), VA; e L*(R?), 2<i<m, VA € L*(R?),

IC1(J, Ay Ol p2@ay < 2llVAL L2way IV A2 oo ray -+ -
X [V Am oo way Lf I Lo (ray- (2.31)

Proof (2.30) is a result of Coifman, Mclntosh and Meyer [8, 9, 16].

We prove (2.31) by the method of rotations and the inequality (3.17)
in [32]. We only write for d = 2, the same argument applies to general cases.
Let Ry f(x) = f(e'%x), x = (x1,x2) = x1 +ix2 € R?,

K(J,A,f)(x):p.v./ F(
RI

L (Ai(x) — Aj(x +71))
X rm+1

J(x)—J(x+r))

r

fx+r)dr.

We have, from the change of coordinate formula: fRZ gly)dy =
Jr Jo g(re'?)|r|dr d9 and the assumption that k; (x, y) is odd, that

Ci(J, A, f)(x)= /ﬂ R, 'K(RgJ, RoA, Ry f)(x)d6
0

where for A = (Ay, ..., An), RgA = (RgA1, ..., RgA,). (2.31) now follows
from the inequality (3.17) in [32]. O
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Let J, A;, F be as above, define (for x, y € R%)

CZ(JvAvf)(x)Ip.v./F<M>
lx =yl

y I (A (x) — A (y))
|x _ y|d+m—l

Ay f(Y)dy.  (2.32)

J()—-J ) ) L, (Ai () —Ai ()
[x—y| [x—y[dtm=T

Assume that kx(x, y) = F(
ka(y, x).

iseven, i.e. ko(x, y) =

Proposition 2.7 There exist constants c; = c1(F,||VJ]|L=), ¢
c2(F, |V J L), such that 1. For any f € L*(R?), VA; € L*[R%), 1
1 <m,

Al

1C2(J, A, Pl 2rey = ctllVAL Loy == IV Amll oo ey Lf | L2 e -
(2.33)

2. Forany f € L°(R%), VA; e L*(R?Y), 2<i <m, VA, € L*([R?),

IC1(J, A, Pllp2wey < 2llVALTL2wRae) IV A2l oo qray - -
X IV Am |l oo ey | f | oo (re)- (2.34)

Proposition 2.7 follows from Proposition 2.6 and integration by parts. We
also have the following L* estimate for C(J, A, f) as defined in (2.29).

Proposition 2.8 There exists a constant ¢ = ¢(F, |VJ ||, |[V>J || 1), such
that for any real number r > 0,

IC1(J, A, e < C(H(IIVAiIILoo +IV2Aill) (1 fll o + 11V fll o)

i=1

m
+ [ TIVAill<l £l Inr
i=1

= 1
+[TIVAil=I£l2 =77 ) (2.35)
i=1

The proof of Proposition 2.8 is an easy modification of that of Proposi-
tion 3.4 in [32]. We omit.
At last, we record the standard Sobolev embedding.
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Proposition 2.9 For any f € C*®(R?),

1 lzse SUFl 2 + IV fllz2 + 1V £l 2 (2.36)

2.3 Regularities and relations among various quantities
Leto=(3;+b-V1)y,

En@) =Y (1@ +b-VOI x Ol + 10 +b- VDT o@)3). (237)

ljl<m

In Sect. 3, we will use (1.35) and (2.41) for x and v to obtain energy esti-
mates, and the estimates concern the quantity E,,(¢). So in this subsection, we
give estimates of the L? norms of derivatives of various quantities involved in
(1.35), (2.41) in terms of E,,(¢), and the L° norms of derivatives of various
quantities in terms of that of dx, dv, 0 = dy, dg. Eventually the generalized
Sobolev inequality will be used to estimate the L norms of the derivatives
of dx and dv in terms of E,, () (Lemma 3.3).

We first present the quasi-linear equation for u = & o k~! and a formula
for a;. These are very much the same as those derived in [31] and will be
used to get a local wellposedness result. We also give the equations for A* =
(I + H)jze3 and v. The equation for A* is an auxiliary equation and will be
used in the proof of Proposition 3.6.

Proposition 2.10 We have 1.
(@ +b- V)2 + AN x Vyu= U (@ N), (2.38)
where
(I = H)(U; (e N))
=2 [[ K@ = 3w = ) x (6 — €3 de
[ K@ =00 (=) xadyuy = = 'y x ) de'd
2 [[ K@ = 0= x (Gt — gy’ dedap

+ //((u/ —u) - VIK (&' =) —u) x (9, — ¢y dp)u’ da'dp’.
(2.39)
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2.

(3 +b-V1)?+ AN x V)

=—(H—-H)Ww —e3 / / K& =) —u') x (40 — &oydp)u’ da'dp'e;
2 [[ K@ == w) x h — g3y deldplen
[ K@ =0ty x s, = (=) x s da'de
+2 / / K& =) —u') x (640 — §opdpuzda’dpes

—i—/ (' —u) - VK =) —u') x (£48y — ¢4,9p)3 dod'dp'es.

(2.40)
3,
(B +b- Vi) — AN x V)o
- % ok AN X VX + Alpxe — taXp)
F @b V(@ bV —AN xV)x. (241

Proof (2.38) is derived from (1.23), (1.24). Taking derivative to ¢ to (1.23),
we have & — aN; = a,N. Using (1.13), (1.24), we derive

Ny = =& X &1 + 60 X E1p = =610 + Eaip = —N x V§&;.
Therefore
§r +aN X V& =a;N. (2.42)

Now to derive an equation for a; N, we apply (I — ) to both sides of (2.42).
We get

(I = $9)(@N) = (I — 9)(Ey + (aN x V)E) =[37 +aN x V, Hl&

(2.39) then follows from (1.19), (1.18) and an application of the coordinate
change U, I An application of the coordinate change U, 'to (2.42) gives
(2.38).

We can derive the equation for A* in a similar way as that for y. We have

(02 +aN x V)A* = (I + )32 + aN x V)ze3 +[0> + aN x V, Hlzes.
(2.43)
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Notice that (8,2 +aN x V)ze3 = —&;, and

(I + 9)&; = e3(&r — HEn)es + (9 — e39e3)éy = e3ldr, DlEres + (H — 9)E;,

(2.40) again follows from Lemma 1.2 and then an application of the change of
coordinate U, 'to (2.43). We remark that the right hand sides of both (2.38),
(2.40) are of terms that are at least quadratic.

(2.41) is obtained by taking derivative d; to (1.25), then make the change
of variable U, I O

We present some useful identities in the following. Proposition 2.11 com-
bined with Proposition 2.12 for example, will be used to put the first term on

the right hand side of (1.35) into cubic in the energy estimates.

Proposition 2.11 For f* satisfying f* = +H f*, and g being vector val-
ued, we have

J] K@ =016~ &) x G = i £+ deldf = 1 = W) VE D).
(2.44)

Proof We only prove for f satisfying f = Hf. We know f(«, B,t) =
F(¢(a, B,1),t) for some F analytic in (¢). From (2.9), we have

/ / K (g — &) x (550w — Cdp) f'do'dp’
= /f KN'(g =) Vi f' = =H) (g V{ /)

where in the last step we used the fact that 8; f= Hag f, since ag f is the
trace on X(¢) of the analytic function dg, F, i =1, 2, 3. Il

Define

== [[ tax k@ ~or@ g ndddp = [[ N&y da'ap'
(2.45)

Proposition 2.12 For C(V;) valued smooth functions [ and g, we have

[ r-a1= [[oe)-e ana (2.46)

(H* —H) f = f/{K@/ CO N AN+ K@ =) x NV =AD"
(2.47)
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Proof Both identities are straightforward from definition. We omit the de-
tails. O

Let 0; = {o}; denote the ¢; component of o.

Lemma 2.13 Let Q be a C? domain in R with 3Q = X being parametrized
by &£ =&(a, B), (a, B) € R2, and N = §y x &g, = % Assume that F is a
Clifford analytic function in Q. Then the trace of VF; : Ve F; = VF;(§(a, B))
satisfies

1

1
VeF;=n( —— (630 — £408) F +{ —
£ n( |N|(€ﬂ §a0p) +{

N (6p0q —éo,a,g)F} ) i=1,2,3.

. (2.48)

1

Proof Weknow DF =0in Q. Therefore nDs F = —n- D¢ F +n x D F =0.
This implies

1

n'VSFi:{nXVSF}iZ{U\”

(Sﬂaa - éaaﬂ)F} -

1

Therefore

VgF,-=—nnV§E:n(n-V§Fi—nxV§Fi)
1 1
= —(£p0y — Eq0p)F { — —(£800 — E40p) Fi ). (2.49
“({|N|(Sﬂ §a0p) } v (6p0a — Sadp) ) (2.49)

1

O

The following identities give relations among various quantities. We note
that the right hand side of each of the identities is of quadratic or higher
orders.

Lemma 2.14 We have

;4 x = (H —H)zes + Kzes, M4 x=(H—H)zes, (2.50)
a3 +N -e1 = (041 X dgA) - eq,

(2.51)
083 4+ N ey = (0gh x 0gA) - ez,
N —e3 — 94 X €3 + 0L X e] = 0g A X 0, (2.52)
w—WN—e3)=(A—-1DN, (2.53)

2@+ @ +b-V)x)=H—-H)u—2[3;+b-Vi, Hlzes, (2.54)
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QW+ @ +b-V)O)=(H—H)w+[0;+b-V,H—Hlu
— 200, +b-V)[d +b-V., Hlzes, (2.55)

(H—ﬁ)f:—zf/K./\//fUrz/ (K\Ny — KaoNDes f/, (2.56)

where K = Kie1 + Kaex + Kzez, N = Njey + Naex + Nzes, and f is a
function.

Proof (2.50), (2.52), (2.56) are straightforward from definition, (2.53) is
(1.23) with a change of coordinate U~ !, Notice that the 3 component of
A is 3, therefore (2.51) follows straightforwardly from (2.52).
We now derive (2.54) from the definition of 7 = (I — $)ze3. We have
20, =2(1 — $)zse3 — 2[0;, Hlzes = (I — H) (& — &) — 2[3;, Hzes
=—(I — 9)&, —2[0;. Hlze3 = —2&, 4 (H — HE, — 2[9;. Hzes.
(2.57)

Here in the last step we used (1.24). (2.54) follows from (2.57) with a change

of coordinate U, ! (2.55) is obtained by taking derivative d; + b - V| to
(2.54). g

In what follows, we let [ >4, [ +2 <q <2l, & =&(a, B,1),t €[0,T]
be a solution of the water wave system (1.23)—(1.24). Assume that the map-
ping k(-, ) : R? — R? defined in (1.28) is a diffeomorphism and its Jacobian
J(k(t)) > 0, for t € [0, T']. Assume for d = 9, 9g,

/o, T993, T/, +b-V)x. T/ (@ +b-Vi)oeC(0,T], L2(R?)),
for |j| <gq. (2.58)

Let ¢ € [0, T'] be fixed. Assume that at this time ¢,

> AT arm 2 + IT7 9312
|j1<l+2
d=0y,0p

+ 0@l + 1T @ +b - VDu®)[2) < M, (2.59)

1
1Z(a, B,1) — ¢, B, 1) = Z(|Ol —d[+1B-8'D
fora, B,a’, B/ eR.

We will take M < My, where My > 0 will be made clear in the following
analysis. For the rest of this paper, the inequality ¢ < b means that there is
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a constant ¢ = c(My) depending on My, or a universal constant ¢, such that
a<cb.a~bmeansa <band b <a.

Lemma 2.15 We have for m < 2l, and any function ¢ € Cgo (RZ x [0, T)),

I3 +b- VL, T"1p (02
S ATb@lz Y 19T g0

J<I+2 ljl<m—1
0=04,0p

+ Y bl Yo 18T ¢

ljl<m ljl1<i+1
=0, 0p

+ > 1@ +b- VO g0,
[jl<m—1
' (2.60)
10, +b- VL, T 0]l

S | LT P S ] KT P

J=I+2 ljl<m—1
9=0q,0p

+ Y Ab@la Y- 190 ¢l

ljl=m ljl<i+1
9=00,0p

+ > AT @ +b- V)W)

ljl=m—1

Proof (2.60) is an easy consequence of the identities (2.4), (2.6) and Propo-
sition 2.9:
m
[0 +b- VL, T"lp=Y T3, +b- V., TIT g
j=1 u

The following proposition gives the L? estimates of various quantities in
terms of that of y and v. Let t € [0, T'] be the time when (2.59) holds.

Proposition 2.16 Let m < q. There is a My > 0, sufficiently small, such that
for M < My,

Z (IT™ A (@) ]l2 + [IT™ A" (2)[l2 + IT™ 3 x ()12 + [IT™33() [|2)
9=0,0p

+ T u@ll2 + IT"w @2 + 1T 0 + b - VOAD) 2
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+ T @ +b- VDA O]
S U@ +b-VOT x @2+ 110 + b V)T o(0)]2),  (2.61)

[jl<m
IT"b(@)ll2 + D™ (3 + b - V)b 2 + IT" (A = D@2
SMo Y (1@ +b-VOT xOl2 + 13 +b- VT o)),

|jl<m
(2.62)
D AT @ +b- VOOl + T @ +b- V)o@l
ljl<m
~ U@ +b-VOT x @l + 10 + b V)T o(0)]2).  (2.63)
[jl<m
Proof We prove Proposition 2.16 in five steps. Notice that
[T, H] = e3[T, Hles, [T, K] = Re[T, H]. (2.64)

Step 1. We first show that for m < ¢, there is a My sufficiently small, such
that if M < M,

Db+ ITaxO S Y I3l (265
ljl<m ljl<m
d=0q,0p d=0,3p

Let 0 = 0, or dg. From the definition A = (1 4+ H)3e3 — K3e3, we have
0L = (I +H)dzes + [0, Hlzez — [0, Klzes — Kdzes.

Using (2.6) we get

m
oA = Z "=, HIT 7 93e3 + (I + H)T™d3e3 + T [9, Hzes
j=1

m
= Y T"INKIN T 93e3 — KT™93e3 — T[9, Klzes.
j=1
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Therefore from (2.7), Lemma 1.2, (2.64), Propositions 2.2, 2.6, 2.7, 2.9, we
have

T2 S Y. IT70rml2 Y T8930

[jl<m ljl<i+2
9=0qy,0p
+(1+ > ||Ff'ax(r)||z) DI85l
|jl<i+2 lil<m
0=0q,9p
This gives us
Yoo Y. 1Mol (2.66)
ljl<m [j]1<m
0=0q,0p 9=0q,0p

when My is sufficiently small. The proof for the part of estimate for x in
(2.65) follows from a similar calculation and an application of (2.66). We
therefore obtain (2.65).

Step 2. We show that for m < g, there is a sufficiently small My, such that
if M < My,

YoAMumia Mo Y T80+ Y ITI@ +b-VOx®)]2

[jl<m [j]<m [jl<m
d=0y,0p
(2.67)
> M wolz
ljl<m
SMy Y 9301
[j|<m
d=04,08

+ Y AT @ +b- VOOl + 1T @ +b- V)o@ ). (2.68)

ljl<m

We first prove (2.67). From (2.54), similar to Step 1 by using (2.6), then ap-
ply (2.7), Lemma 1.2, (2.64), Propositions 2.2, 2.6, 2.7, 2.9, and furthermore
(2.65), we have for M sufficiently small,

IT™ @ + 3 +b - VX)) 2
S Y M@l Y M a0

ljl=m [j1<1+2
=00, 9p
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+ > Iu@®l Yo T 952 (2.69)
ljl<i+2 [jl<m
9=0y,0p

Now in (2.69) let m = [ 4 2. We get for My sufficiently small,

DT uml S Y, M@ +b-Vox®la  (270)

ljl=<i+2 lj1=l+2

Applying (2.70) to the right hand side of (2.69) and we obtain (2.67).
Similar to the proof of (2.67), we start from (2.55), and use furthermore the
estimates (2.65), (2.67), and the fact that (d; + b - V)3 = u3, we have (2.68).
Step 3. We have for m < ¢, there is a sufficiently small My, such that if
M < My,

> AT A= DOl + 1T @ + b - V)bO 2 + IT7b()]12)
ljl<m
<Mo > (IM83002 + M7 @ +b- V)Xl
ljl<m
9=04,0p
+ T @ +b-V)o@)]2). 2.71)
Starting from Proposition 1.4, the proof of (2.71) is similar to that in Steps
1 and 2, and uses the results in Steps 1 & 2. We omit the details.

We have
Step 4. There is My sufficiently small, such that for m < g, M < My,

YoM amI S Y AN @ +b- V)Xl

ljl<m ljl<m
9=00,0p

+ T3 +b-VL)o(@)]2). (2.72)
(2.72) is obtained by using (2.51), (2.53). We have
duj=—w-e1+(A— DN -e; + (Igr X IpA) - €;
therefore

T 003(1) 12
ST w2+ Y IT (A= DOl

[j1<m
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+ Y AMamla Y. dAM (A =Dl + 1T 90 ).

ljl<m ljl1<i+2
9=0,.0p =04, 9p

Now we apply estimates in Steps 1-3, we get (2.72). Finally

Step 5. Apply Lemma2.15to ¢ = x and ¢ = (d; +b- V) x, and use results
in Steps 1-4, we obtain (2.63). From definition we know A* = 23e3 — x =
2)3e3 — x and (0 +b - V1 )A =u — b. Combine Steps 1-4 and apply (2.63),
we obtain (2.61), (2.62). This finishes the proof of Proposition 2.16. Il

We now give the L estimates for various quantities in terms of that of
Vix,and V v. Lett € [0, T] be the time when (2.59) holds.

Proposition 2.17 There exist a My > 0 small enough, such that if M < My,
1. for 2 <m <1l we have

> (M OAO) oo + 1T AR (1) ]oo + T 83(1)|00)

[jl<m

=0, 9p

S Y M ax (0o (2.73)
[jl<m

9=00,0p

2.for2<m <l — 1, we have

MMl S Y (M axMleo + T/ 000)0):  (274)

ljl<m [jl<m
9=00,0p 3=00,p

3.for2<m <l —2,we have

Yo IMw®le S Y. (T0x Ol + T700(N)|0),  (275)

|j1<m |jl<m+1
3=0y,3p
D AT (A= DOloo + T @ +b- Vb))
ljl<m
2 . .
SEVLO Y (Max(le + D000 ) and  (2.76)
[jl<m+1
3=08y,0p
. 1 .
Y b0l S EH® D T 0% (1)l 2.77)
|j1<m [j1<m+2
9=080,0p
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4.forl+1<m<q—2,we have

D IT78A@e0 + T8 (D)oo + IT785() oo

[j|<m
0=0y,98

S D M ax®le

ljl<m
9=0,9p

—i—E;ﬁz(t){%—i- > |Fjax(t)|oo(1+lnt)}; (2.78)

LjI<[221+1
0=0q,9p

S5.forl <m < q — 4, we have

Y M ou()w

ljl<m
9=00,0p

172

. 1 .
S ) |F]an(t)|oo+Em+3(t){;+ > (M ax®)leo

|j|=m <[22 ]+1
9=0a,9p lJ'a:aj,aﬁ
+ 1T 80(1)]00) (1 + lnt)}, (2.79)

here [s] is the largest integer < s.

Proof We will again use the identities in Lemma 2.14.
Step 1. We use (2.50) to prove (2.73) for 2 < m <. Taking derivative 9 to
(2.50), 0 = 9,4 or dg, we get

N+ dx =[0, H — Hlzes + (H — H)dzes + [0, Klzez + Kdzes. (2.80)
Using (1.16), (1.17), (2.64), (2.6), (2.7) and Propositions 2.6, 2.9, we obtain

D M@+ @)leo

[jl<m

8=08y,0p

S D Maalee Y T80l
[jl<m |jl<m+2
9=0y,0p 0=0q,0p
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+ ) 030l Y (IT/0A 2+ IT795(1)12).

ljl=m ljl<m+2
9=0,0p 9=0q,0p

Using Proposition 2.16, we have that for My > 0 small enough,

D MOl S D ITax®lee+Mo Y IT705(1)]co

ljl<m jl<m |jl<m
3=00,0p 3=0a,0p 9=0y,0p
(2.81)
Similar argument also gives that
Y IM0r (1)
ljl<m
9=0q,0p
S D M axX®lee+ Mo Y T 0500 (2.82)
|jl<m ljl<m
3=0,0p d=0y,0p

On the other hand, from the definition we have 23e3 = A* + yx, this implies

3 30l S Y. IMaxOleo+ Y. IT/0R*(E)]eo. (2.83)
ljl<m ljl<m [j]<m

9=0,9p 9=0q,0p 9=0q,9p

Combine (2.82), (2.83), we have for M small enough,

D MMl S Y. IMx(Mle and

[j]<m [jl<m

8=0y,0p =0y, 98
D0 S D T axX (0.
[j]<m [j1<m

=00, 3p 9=00,0p

Applying to (2.81), we obtain (2.73).

Step 2. We prove (2.74) for 2 <m <[ — 1. The argument is similar to
Step 1.

Starting from (2.54), using (1.15), (2.64), (2.6), (2.7) and Propositions 2.6,
2.7, 2.9, we have

T (3t + 30) (1) |oo
S Y0 AT+ IT70300) Y 1M du@)leo

[j1<m+2 ljl<m
=00, 0p 9=0q,0p
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+ Y (MM + T703()00) Y T 0u()]l2.
[jl<m |jl<m+2
3=0y,0p d=0y,0p

Argue similarly for dgu and using (2.73) and Proposition 2.16, we obtain for
2 <m <[ —1and My small enough,

Yo IMumle S Y (T ax®)]eo + 1T 90(0)]o0)-

ljl<m ljl<m
9=0,0p 3=0,0p
Step 3. We prove (2.75) and (2.76) for2 <m <[ — 2.
From (2.53), using (2.52), (2.73) and Proposition 2.16, we get

DM w0l S Y (T(A= D)oo+ T 9A0]00)

ljl<m ljl<m
9=00,0p

> (M (A= DOoo + T70x(1)]o0). (2.84)

[j|<m
9=0,0p

On the other hand, from (1.39), using similar argument as in Steps 1 and
2 and using (2.73), (2.74), Proposition 2.16, we have for M small enough,
2<m<l-2,

DI A= D)oo

ljl<m
SENLO D M w)s
[jl=m
,i/izm( > (|Ffax<r>|oo+|Ff'an<r>|oo)). (2.85)
|jl<m+1
d=04,0p

Combining (2.84), (2.85), we obtain for My small enough,

Y M A- DO S },{iz(r)( > <|rfax(r)|oo+|rf'an<r>|oo>)

ljl=m ljl=m+1
9=0,0p

(2.86)

(2.75) therefore follows from (2.84), (2.86). Using (1.38), the estimate for
Z‘ jl<m [T/ (3; +b-V1)b(t)|s can be obtained similarly. We omit the details.
Step 4. We prove (2.77). We first put the terms [0; +b - V1, H]3, [0; + b -
V1, K] in (1.38) in an appropriate form for carrying out our estimate. We
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know 23e3 = A* + x and A* (or x) is the trace of an analytic function in 2 (¢)
(or (1)) respectively. Using (1.15), and Proposition 2.11, We have

2[00, +b-Vi, Hlzes=1[0;+b -V, HIN+[0, +b- VL, Hlx
=u-v;/\*—H(u-v;x*)—u-vgx —Hu - Vg x).
(2.87)

Notice that [0; + b - V1, K]3 =Re[d; + b - V1, H]3. Now using (1.38), and
Proposition 2.9, Lemma 2.13, Proposition 2.16, (2.73), we obtain

Y bl SE/H® > T 0x(0)]oo-

ljl<m jl<m+2
9=04,0p

Step 5. We prove (2.78).

Let/+1<m <g —2and d = 9y, dg. Applying Propositions 2.9, 2.6, 2.8
with r =¢, and (2.61), (2.73) to (2.80), we get the estimate for dA:

IT"0A(D) oo S IT™ 9% ()]oo

1/2 i
m/+2(r>{ Yo IMaxMleo( +1nz>}.
Lj1<[2521+1
3=0, 08

Similar argument gives the estimate for d1.*. The estimate for 93 follows since
3=A"+X.
Step 6. (2.79) is obtained similarly by using (2.54). We omit the details. [
For the L2, L™ estimates of % ok~ !, we have the following Lemma.
Lemma 2.18 Let f be real valued such that

I —H)(fN) =g, (2.88)

t € [0, T] be the time when (2.59) holds. There exists a My > 0, such that if
M < My,

1. forO<m <[+ 2, we have

ST ol S Y M gl (2.89)

[jl<m [jl<m
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2. forl+2<m<gq,

DI oIS Y Mgl Y ITarml:

lj1<m [j1<I+2 [jl<m
d=0y,08
+ Y IM g
[jl<m
3. forO<m <lI,
DI Dl S Y MMl
ljl=m lil<m
+ Y Mol Y T g®. (2.90)

lj1=1 ljl<m+2
3=080.0p

Proof The proof follows similar idea as that of Lemma 3.8 in [32]. From
(2.88), we have

(I —H)(TIFYN) =TI g + [T, HI(fN) — (I — H)(TI (FN)
— TV HIN). (2.91)

Let R=T7g+ [/, HI(fN) — (I —H)TI(fN) — (I'V £)N). Multiplying
e3 both left and right to both sides of (2.91), we obtain

(I +H)((T/f)N)=R. (2.92)
Here we used the fact that f is real valued. Therefore

2T fes =T/ fFN 4+ e3) + TV f (=N + e3) + H(T/ f (N 4+ N))
+(H—-H)T/fN)+R—R. (2.93)

Lemma 2.18 is then obtained by applying (2.6), Lemma 1.2, Proposition 2.2,
(2.56), Propositions 2.7, 2.9, 2.16 to (2.93) and by an inductive argument. We
omit the details. O

Let KC* be the adjoint of the double layered potential operator K:

K*f(a,ﬂ,t):/ N-KC =0 f@,B,t)da"dp’. (2.94)

@ Springer



Global wellposedness of the 3-D full water wave problem 167
Proposition 2.19 Let f(-, 1) be a real valued function on R?. Then
1.
(I £LHN - VES)
=t ([ x K@ =00 Gyt s~ cp frda'dp. 299
2. Att € [0, T] when (2.59) holds,
V-V f O +N -V fDll2
S D 10Dl +10501e0) D 13fDl2.  (2.96)
d=0y,0p d=0y,0p
3. Att €0, T] when (2.59) holds,
IN-VEfO+N-VE FDl2
S D (M0 + 10730 ) ILF D)2 2.97)

1<j=<3
9=00,0p

Proof From definition, we know N - V; fand N - Vg f are the normal deriva-
tives of the harmonic extensions of f into €2 () and Q2 (¢) respectively. (2.95)

is basically the equality (3.13) in [31]. Therefore
N-VIf+N -V f=K* N -V f+N-V.f) and
N VS f+N-V f
=K*WN -V f+ NV f)

2 [ x K@ =00 (hu s~ g £ deldp'

This implies
N-VIf+N -V f
=K?WN -V f+ NV, f)

2 [ X K =00 G = ot £ de '

(2.98)

From (2.98), (2.96) is straightforward with an application of Proposition 2.6.
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To prove (2.97), we rewrite
J[ & x K@ =0 @t = eyt s dad’
Y //(/\/ x K)- ¢l f do'df’ — g //(N x K)- ¢l f do'dp’
~ [[ @t a0 x K& =00 dadp

+ / (0 + dp)N x K (&' —¢)) - ¢, f da'dp’. (2.99)

Here we just used integration by parts. (2.97) now follows from (2.98), (2.99)
with a further application of integration by parts and an application of Propo-
sition 2.6. (Notice that N - £ =N - £ =0.) O

3 Energy estimates

In this section, we use the expanded set of vector fields I' = {9;, 9y, dg, Lo =
%;a, +a0y+B0g, w =adg— By — %63} to construct energy functional and
derive energy estimates for the water wave system (1.23)—(1.24). Our strategy
is to construct two energy estimates, the first one is for a quantity involving a
full range of derivatives of (d; +b-V1)x and (9; +b - V1 )b and we will show
using Lemma 3.3 that it grows no faster than (1 + 7)€ provided the energy
involving some lower orders of derivatives of (d; +b -V )x and (0; + b -
V1 )b is bounded by ce?. The second one concerns the aforementioned energy
involving the lower orders of derivatives of (d; +b-V_)x and (d; +b- V)b,
and we will show it stays bounded by ce? for all time provided initially it
is bounded by %ez and the quantity involving the full range of derivatives of
(0s +b-V1)x and (0; + b - V1 )v does not grow faster than (1 4 1)® for some
8 < 1. Together these two estimates imply a uniform boundness result (see
Theorem 3.7).

We first present the following basic energy estimates. The first one will be
used to derive the estimate for the full range of derivatives, and second one
the lower orders of derivatives.

Lemma 3.1 (Basic energy inequality I) Assume that 0 is real valued and
satisfying
0 +b-V1)0+ AN - VS0 =G (3.1)

and 0 is smooth and decays fast at spatial infinity. Let
_ (L 2 +
E@ =[] Z1@+b-V.)0(@ B 1) +OWN - V)b(e, B, t)dadB. (3.2)
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Then

t

dE</f2G(a +b-V)0dadp
dr = ] atorTo v
—ok_1

a
u

a
Proof Let 6" be the harmonic extension of 6 to Q(t). Make a change of
coordinate to (3.1) and (3.2), and use the Green’s identity, we have

+2||VV(t)||L°°(sz(r)))E(l)- (3.3)
LOO

07 +aN-V)(©@ok)=Gok and
_ 1 2 fi2
E(t) = 19,6 0 k)2 da dp + Vo' 2av.
a Q@)

We know
d (1 ) 2 ) o 5
= || 2100 ok)Pdadp = || Z8,(00k) 82O 0k)— —|3,(Ook)|* der dB.
dt a a a2

To calculate % fQ(t) |VO"2dV , we introduce the fluid map X (-, ) : 2(0) —
Q(t) satisfying 0, X (-, t) = v(-, 1), X (-, 0) = I. From the incompressibility of
v we know the Jacobian of X (-,7): J(X(#))=1.Let Dy =09; +v-V, we
know

3
D,VO" — VD" =—> " Vv;0;,0". (3.4)
j=1
Now applying the above calculation, we have

d

= Ve 1>dv

dt Q)
d

=— IVOM(X (-, 1), )| dV
dt Q(0)

zzf D,V@h-Veh(X(-,t),t)dV:2/ D,Vo".veav
Q(0) Q1)
3
=2/ vD,0" - vo"dv —2 / Vv;0;,0" - vo"dv
Q@) Q(1)

j=1
= 2// 3;(0 o k)(N - v;)(e ok)dadp
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3
—22/ Vv,d,0" - vo"dv. (3.5)
j=1

In the last step we used the divergence Theorem. So

dE

2
= _ f 29,0 0k)G ok — 218,(® 0 k)>der dB
dt a a2

3

—22[ Vv,dg,0" - Vo' dV. (3.6)
1 JQ(1)
j=1

Making a change of variable U, Uand using the Green’s identity gives us
(3.3). g

Lemma 3.2 (Basic energy equality 1) Assume that © is a smooth C(V>)
valued function satisfying ® = —H®, and

(3 +b-V])?— AN x V)O =G. (3.7)

Let
1
E(t):/fK|(8,+b-VL)®|2—®-{(./\/'x V)0, B. 1) dadB. (3.8)
Then
dE _ 264G +5-VO) - Y ok Y@ 4 b vy01 ldad
E‘f/ 2610 +b-V0O) ~ %ok |3 +b- V1)OF |dadp
—/ {(©-(upBy) — O - (uyBp))
YN XVO-[0+b-V,, HO)dadp

+%//{(_/\/-V;—FN‘V%T)@}'[at+b'VJ"H]®dad’B' (3.9)

Proof By making a change of coordinates U we know © satisfies

(32 —aN x V)®ok=Gok and
1
E(r) = // a(@ 0k); - (®ok) —Ook-{(6p0y —&£40p) (O ock)}dadp.
Therefore

dE 2 ar 2
$=// a(®°k)z'(®0k)n— ¥|(®Ok)t|
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—Ook-{(§p0a — §1a9p)(® 0 k)}
—(@ok); - {(N xV)(®ok)}

—@ok-{(NxV)(@ok),}}dad,B. (3.10)
Now from the assumption ® = —H® = %(1 — H)®, we have

1 1
(®ok) = 5(1 —9)(Oock) — E[S;,)’J]@ok

and

[0, H]O ok = H([3;, H]O o k). (3.1

Using integration by parts, and the fact that for ® satisfying & = +HP, N x
V=N - Vgtdx” and N - V;E is symmetric, we have

//@ok-{(NxV)(@ok),}dadﬁ

=%//®ok~{(NxV)(I—ﬁ)(@ok)t}dad,B
—%/f@ok-{(NxV)[B,,F)]@ok}dadﬂ

=%f/(NxV)@ok-{(l—ﬁ’J)(@Ok)t}dOld,B
_%//(N.v;)(aok-{[at,ﬁ]@ok}dadﬁ

:/ (NxV)®ok-{(®ock)}dadpB
+/ (N x V)® ok - {[8, 9]0 ok} da dp
_%//(N.v;+N.vg)@)ok-{[a,,ﬁ]@ok}dadﬁ-

Sum up the above calculation and make a change of variable U, ! gives us
(3.9). O

"We know ® = £6® implies ® is analytic in Q(#) or Q(1)°, i.e. D¢ ® = 0, therefore N x

V¢=N4V5td>.
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In what follows in this section we make the following assumptions on the
solution. Let [ > 6,/ 4+2<q <2l, £ =&(«, B,t), t € [0, T] be a solution
of the water wave system (1.23)—(1.24). Assume that the mapping k(-, ) :
R? — R? defined in (1.28) is a diffeomorphism and its Jacobian J (k(t)) > 0,
for ¢ € [0, T']. Assume for 0 = 9y, 9,

TJan, T783, /(@3 +b-Vi)x, T (@ +b-Vi)oeC(0,T], L>(R?),
for |j| <gq. (3.12)

and

sup E (IT7ar@) 12 + 1T 330112 + 1T 0 (1) |l
0.7 j1<142
9=00,0p

+ T/ (3 +b- V)o@ 2) <M, (3.13)
|€(Ol, /37 t) - g(a/’ 13/’ t)l

1
ZZ(|a_a/|+|:3_:3/|) fOI'O[,ﬂ,Ol/ﬁ/GR,

where 0 < M < My, M is the constant such that all the estimates derived in
Sect. 2.3 holds and such that |A — 1| < %

We have from the generalized Sobolev inequality Proposition 2.4 the fol-
lowing

Lemma 3.3 Let2 <m <min{2] —7,q — 5}, t € [0, T]. There exists Mg > 0
sufficiently small, such that for M < My,

> (0 X ()]oo + 10T 0() |oo)

li|<m
3=0q,0p

,}ﬁs(z)(wt > |arfx(t)|oo+|arfn(z)|oo). (3.14)

li|<[2F2 142
9=0q,0p

In particular, for 5 <m <min{2[ — 11, g — 5}, we have

g2

D (AT X (D)oo + 10T 0(D)|o0) S ——E, L 5(0). (3.15)

li|<m
0=0y,08

I+
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Proof Let t € [0,T], i <m < min{2] — 7,q — 5}. From Propositions 2.4
and 2.16, we have

z<|ar"x<r)|oo + 19T 0(1) | o)
1/2

SELO+t Y AP x @l + 1B, (3.16)

k| <3+i

We estimate ||‘J3Fkx (#)]l2 and ||‘BFkn(t) |l using (1.35), (2.41). We know for
¢=x, v,

Prip =T*Pe + [P, T*1p + (P — P)Iop.

Let k <3 +m <min{2/ —4,q — 2}. We know E;1»(t) < M. Using (2.6),
(2.5), (2.14), Propositions 2.16, 2.17, we have for ¢ = x, v,

1P, THe ()12 < Ey% (1) Z (180 X (D)oo + 10T 0(1)|o0).  and

lil<t41+2
0=0a.05
(3.17)

||(‘~]3—7’)Fkx(l)||2§Ek+1(l) Z (10T x (1) oo + 18T (1) |oo),

|i]<4
9=00,0p

. . (3.18)
1B = PMFo@)ll S E/S@ D (8T % (D)loo + 18T 0(1) o)

li|<4
9=00,0p

We now estimate ||Fk73x ()]l2. From (1.35), (2.8), we know there are two
types of terms in T'*Px. One are terms of cubic and higher orders. Collec-
tively, we name such terms as C. Another type are quadratic terms of the
following form:

Q= f/ K =T u—-T"u")x (£ 0ar — £, 9" " dod' dp’.
For the cubic terms C, we use Propositions 2.9, 2.6, 2.7, 2.16, 2.17. We have

ICOISE?® Y (00 (Ol + 10T 0(0)]00).  (3.19)

lil<[51+2
3=03y,0p
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For the quadratic terms Q; with j < [%] + 1, we use Proposition 2.7,
and 2.16, 2.17. We have

10,01 SEZ® Y (00 (Ol + 18T 0()]00).  (3.20)

lil<(51+1
d=0y,0p

To estimate ||Q;(?)[|2 for k > j > [%] + 1, we rewrite it by using Proposi-
tion 2.11:

0; = [[ k& = ot~ tu)
X (L — L) (U + M)+ (I = NI da' dp’
E %(1 — (@ u- VHU +H)M i)
— %(1 +H) (M u- VT = H)T i),
Applying Proposition 2.6, Lemma 2.13, we obtain

1Q; 2 SITu@llz Y 19U +H)T* i (1)]o
d=0y,0p
+10(I = H)T* i1 (1) | oo)
SIPu@ll Y (10U +H)TE i) oo + [0TFii(1)] o).
d=0y,9p
We know from the fact —Hii = i1'2 that
(I +H)T* T ia =T (—H + H)yi — [T*7, H]a.
Applying (2.56), (2.6), Propositions 2.9, 2.6, 2.7, 2.16, 2.17, we get
1/2

DU +HT T i0loo S E 50 Y 10T X0l

li|<k—j+2
9=0,9p

SO MO

li|<k—j+2
9=0q,9p

12(1.24) gives Hu = u, therefore —Hii =1i.
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Here we used the fact Ej12(f) < Mg. Therefore for k > j > [%] +1,

10,01 SEP® > (00 (Ol + 18T 0(0)]0).  (3:21)
lil<(51+2
9=04,0p

Sum up (3.19)—(3.21), we have

ITPx O S EP0 > (0T %0l + 10T 0(0)|o).  (3.22)

lil<(51+2
9=0q,0p

A similar argument gives that

1/2 i i
IFPola SE O Y. (0T % (D)loo +18T70(0)|o0).  (3.23)
li|<r§1+2
9=00,0p

Combine (3.17)—(3.23), we obtain

IBr x O SEL@® > (80 Oloo + 10T 0(1) o),

li| <max{[§]+2,4}
=048
) 1/ . . (3.24)
1B ol SESSO D (0T X (0)]oo + 10T 0(1)|oo).
li| <max{[§]+2,4}
9=08y,0p

This gives us (3.14). For ¢+ <1 (3.15) can be obtained from the Sobolev
embedding and Proposition 2.16. For ¢ > 1, (3.15) is obtained by first ap-
plying (3.14) to the case 5 <m <[ — 3, i.e. when [mT%] + 2 <m and
m + 5 <1+ 2 and using the fact E; 11 (1) < M?2; then applying (3.14) to the
case m <min{2/ — 11, g — 5}. We know in this case [mTH] +2<I1-3. 0O

In what follows we establish two energy estimates.
3.1 The first energy estimate
The first energy estimate concerns a full range of derivatives. We use

Lemma 3.1 and (1.35), (2.41).
Assume that ¢ is a C(V;) valued function satisfying the equation

(B 4+b-V.)>— AN x V)¢ =G?. (3.25)
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Let ®/ = (I — H)['V¢p. We know for P = (3; +b - V1)> — AN x V,

(B +b-V1)?— AN x V)®/ = —[P,HI[V¢ + (I — H)[P, T/ 1o
+( —H)I/G?. (3.26)

Notice that &/ = —H®/ implies N x V&/ =N - Ve &/ . Therefore

(@ +b- VL) + AN -V =G, (3.27)
where
GY =[P, HIM ¢+ (I —H)[P. T 1p + (I — H)[ G?
+AW VI +N V)P
Define

o= [[ 51645900 @ poP
+ @7 (V) (a, B, 1) dad. (3.28)

We know [ &7 - (N - V)P (a, B, 1) dadB = [q,) IV{®}'[*dV > 0. Let
Fa) =Y (FJ(t)+ F{ () (3.29)
\jl=n
and VJ/ = (I — H)[Vo, [TV = (I — H)T'J x. We have

Lemma 3.4 Let n < q, t € [0, T]. There exists My > 0 small enough, such
that for M < My,

1 j 2
> [[ J0a@+ b Vi@ s

ljl<n

+ 10 +b- VOV (a, B, 1)1?) daedB ~ E, (1). (3.30)

Proof Notice that '/ ¢p = %(1 +H)I ¢+ %dﬂ. We know Hy = —x. So for

p=x, v,
(I +H)T x =—[TY, Hlx,
, ) ) (3.31)
(I+H)Vo=—[T"Y,Hlo—-TY[o,+b -V, Hlx.

(3.30) follows by applying Lemma 1.2, Proposition 2.2, (2.6), Proposi-
tions 2.6, 2.7, 2.9, and (2.61) to (3.31). Il
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We now state the following energy estimate.

Proposition 3.5 Let 3 <n <min{2l — 4, g}, t € [0, T]. There exists Mo > 0
sufficiently small, such that for M < My,

dF, (1) . .
=S ) (Xl + T80 |0) Fa (). (332)
lil<[51+2
d=0y,9p

Proof Let¢ = x, v, |j| <n.From (3.27), applying Lemma 3.1 to each com-
ponent of ®/ then sum up, we get

dF? (1)
J ¢ b1/2
o SIGOIRAF; )
a
+ (‘ Et ok +2||VV(I)||L°°(Q(t))>F]¢(t)- (3.33)
LOO

Notice that v is Clifford analytic in €(#). From Lemma 2.13, and the maxi-
mum principle, we have

VYVl S 101 )] + 101 (1) 0o (3.34)

Applying Lemma 2.18 (2.90), Proposition 2.9, 2.6, 2.7, 2.16, 2.17 to (2.39),
we obtain

a . ,
—ok™ < Y AMaxOleo+ IM0(Ne).  (3.35)
¢ =3

0=0y4,98

We now estimate ||G‘j.> (t)|l2 for ¢ = x, v. We carry it out in four steps. Let
¢ ¢ ¢ ¢ ¢
GJ-=G].’1+GJ.’2+GJ.’3+GJ.’4, (3.36)

where G% | = —[P, HITV¢, G%, = (1 =H)[P, TV1p, G¥ y = (1 ~H)[V G2,
and G, = AW - VI + N - V)@l
Step 1. We have

IG5 Dl S D 10u@®leo(IIT x D ll2 + 13 +b- VOT x (1)),
0=0q,0p

IG5, Ol25 D 18u®lee(IT 0@)l2 + 13 + b - VT 0(0) 12).

9=0,9p
(3.37)

@ Springer



178 S. Wu

This is obtained by using Lemma 1.2 and applying Propositions 2.6, 2.7, 2.9.
Step 2. We have that for ¢ = x, v,

167,002 S Y (T x@)leo + T 00| Eyj (012, (3.38)

li|<[51+2
9=04,9p

This is basically (3.17).13 The estimate for the operator (I — H) can be ob-

tained by applying Proposition 2.6.
Step 3. From Propositions 2.19, 2.6, we have

IG%,0 125 D" (194)oo +105(0l) Y 1077 x (D)2,

azaouaﬁ 8:30198;‘3
: - - (3.39)
1G22 S D (190 + 187310 ITT0(1) 2.
1<i<3
0=00r.9p

Step 4. We have that

IGO0l S Y. (T Xl + T 00| E 2 @0),  (3.40)

li|<[51+2
3=080.0p
j j 1/2
1G5, Y. (MMl + T30 E 2. (341)
li|<[5]+2
3=080.0p

(3.40) is obtained by using Proposition 2.6 and (3.22).

However we cannot derive (3.41) from (3.23), since there is a loss of deriv-
ative in (3.23). This “loss of derivative” is due to the term Aug ), — Aug xp
in G°. To obtain (3.41) we need to take advantage of the projection operator
I — 'H. We rewrite the term

(I = H)TV (Augxa — Auaxp)
= (I —H)(AT ug x4 — AT ug xg) + (I — H)(T7 (Aug xo — Aug xp)
— ATV ug xo + AT ug xp), (3.42)

in which we further rewrite, using the fact u = Hu,

(I —H) (AT ug xo — ATV ug xp)

13Notice that (3.17), (3.22) (used in Step 4.) in fact hold for k < min{2/ — 4, ¢}.
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=T p, Hlu Axy — [TV 8y, Hlu Axg

3
+ > ([Adaxi. HIT dpu — [Adpxi, HIT dau)e;.  (3.43)
i=1
Here y; is the e; component of x. Now with all the terms in appropriate
forms, (3.41) results by applying Propositions 2.6, 2.7, 2.9, and Proposi-
tion 2.16, 2.17.

Sum up Steps 1-4 and (3.34), (3.35), and applying Propositions 2.16, 2.17,
Lemma 3.4, we get (3.32). Il

3.2 The second energy estimate

We now give an estimate that involves some lower orders of derivatives. We
use Lemma 3.2 and (1.35), (2.41). . . .
Assume that ¢ satisfies (3.25) and let &/ = (I — H)I'/¢. We know P/
satisfies (3.26), i.e.
PO/ =G,

where
G;’.’ = —[P,HITV ¢+ (I —H)[P,. T/ ¢+ (I —H)T/G?. (3.44)

Define
Fff(t)=/f%l(&,—i—b'VL)dﬂ'lz—CDj-(Nx V)®/ (a, B, 1)dadB. (3.45)

We know — [ &/ - (N x V)®/(a, B, 1) dadB = [q ). IV{®/}2dV > 0.
Let

3= ®) +FL (1), (3.46)

ljl<n

‘We have

Proposition 3.6 Let [ >15,g>1+49,t € [0, T]. There exists My > 0 small
enough, such that for M < M,

dSi+2(1) _ g2

dt ~ l+2(t)E

1+In(t +1)\?
12, 1)2 +In(r + )) . (3.47)

Boebo(<

Proof Let ¢ = x, 0, |j| <[+ 2. We also use j to indicate |j| in this proof.
Assume ¢ > 1. The argument can be easily modified for + < 1. Applying
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Lemma 3.2 to &/, we have

dF? (1) 2 s .
- =f/{ZGj-{<at+b-vL>d>f}

1 .
& Ok~ 1 +b- Vl)¢/|2}dozd,3
a

—f (D - (up®]) — &7 - (ug®))
+ N XV [3,+b-V, HI®/}dadpB
+%//{(N-V;+N’-Vg)¢j}-[8,+b-Vl,H]<I>jdozd,B.

(3.48)

Using Lemma 2.18, (2.39), Propositions 2.6, 2.7, 2.9, 2.8 with r =¢, and
Propositions 2.16, 2.17, we obtain

< Y Mulee Y M w(n)loo(1 +1n1)
li|<1 lil=<1
9=00,0p

ok AG)
a

o0

+ Y (D@ oo + T w () loo) (191 |12

li]<1
9=04,9p
1

+ IIw(t)Ilz);
+ Y MuOB+ Y Ml

ji1<2 ji1<1

9=04,0p 9=04,0p
X(Z|riw(z>|oo+ > |F"au<r>|§0)
lil<2 ji]<2

0=0y4,98

S Y (Max e + |F"an(r>|oo>{(|r"ax<t>|oo
82(195,33,3

+T730(1) o) (1 + Int) —|—E1(t)1/2%}. (3.49)
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We now estimate [N xV®/-[8+b -V, H]1®/ do dB. We know [d; + b -
Vi, HI®) = +H)[0; +b- VL, HI[/¢. Therefore using Proposition 2.12,
we have

/ N x VD - [3,+b-V,, HD dadp
=/ (I +HHN x VOI} - (8, +b-V, HIT ¢pdadB. (3.50)

Now

(I + HON x V&) = (H* = H)N x V&’ + (I + H)N x V&I
= (H* = H)N x V&) — [N x V, H]®/.

Using (1.16), Proposition 2.6, we get

(I +HHIN x V&I (1) |2 S Z (10X () |00 +183(D) 1) 10T D (1) 2.
9=04,0p
(3.51)
On the other hand, we have from (1.15), Proposition 2.8 with r =1,

||[a,+b-vl,H]rf¢<z>||25||u<r>||z< > 1M g (0)eo(1+Int)

[i|<j+1
3=080,0p

; 1
+ > T ¢(l)||2;>- (352)

lil<Jj
9=0q.9p

Combining (3.50)—(3.52), and further use Propositions 2.16, 2.17, we obtain

‘/ N x Vd)j-[8,+b-Vl,H]<I>jdozd,B‘

1/2 1/2 i
SELOE® Y IMax0)le
li|<2
d=0q,0p
. . 2 1
x( Z (|r’ax(z)|oo+|Flan(t)|oo)(1+1nz)+EJ‘./+1(t);).
li|<j+1
9=0q,0p

(3.53)
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The estimate of the term [ {(N - V§++/\/'~ Vg)cbf} 8 +b-V, HI®/ dadp
can be obtained from Proposition 2.19 and (3.52). We have

V {(N~V;+N-V§)<I>j}-[8,+b-Vl,H]<Djdad,B‘

SEPOE @0 Y |Fi8X(t)|oo< Y (M ax 0w

li|<2 li|<j+1
0=l 0p 9=04.9p
12,1
+|F 00(1)|00) (1 —I—lnt)—{—Eﬁ_l(t); . (3.54)

Now

Lo (@ +b /
[[ 6% @+ 9007 daap

= L 06?1 46 v dad
- X_ j'{(t+’J_) }05,3

+ // GY (@ +b- V)P )dadp. (3.55)

The term ff(% - l)G? A@; + b -V )P/}dadB can be estimated as the

‘N(——l)G A0 +b-V )q)j}d(xdﬁ

SIA- 1|oo||Gf(t)||2||(3t +b-V)P (1)

We know Gf Gd’1 + Gd’2 + G‘f where G‘f i =1,2,3 are as defined in
(3.36). Using (3.37), (3.38), (3.40), (3.41), and notice that the »n in these in-
equalities can be replaced by j. We have by further applying Proposition 2.17

that
//(Z - I)Gj A@ +b- V)P }dadB

SEj®) Y (M 9x®)leo + M 80(1)]oo)

li]<3
9=0,0p

x> (X (0)]so + T 90(1)|oo). (3.56)

li|<[41+2
3=0q.,0p
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We now estimate the terms [ Gf @ +b- V)P }dadp and [[{(D -

(u,gCI)({[) — /. (uaéé))}da dp for ¢ = x, v. We carry out the estimates
through six steps.
Step 1. We consider the term [ G?’l A@;+b-V )P/ }dadp for p = x, v.
We first put the term [ G?l (@ +b -V, )P/ }dadp in the right form for

estimates. We know (8; +b -V )®/ = (I —H) (3 +b-V )TV — [ +b-
V., H]T/¢. Using Proposition 2.12, we have

// G‘f’l (@ +b-V, )/ )dadp
= [[ 1 =068, (@ +b- T g)dads
+ [[0t=1068)- 1@+ b VT g)dads

—// G%\ [0 +b- Vi, HIT p}dadp, (3.57)
where by applying (1.19), (1.18), and the change of variable U ~!, we know

~6f,=2 [[ k' = o)
X (s = C0p) @]+ - VT ¢/ do'dp’
+ // K& —o){u—u") x (u%,ao,/ - u;,aﬁ/)F/j¢/}da/d,3/
+/ (' —u) VK@ =) —u)

X (& d, — EL AT ¢/ do/dp’. (3.58)

Let J{ =2 [ K(¢' = 0)u—u') x (¢80 —£,8p) () + -V ¢’ do'dp'.
To estimate the term [[{(I — H)G?l} A@; +b-V)IVgpldadB, we use
Proposition 2.11 to further rewrite

(I—H)J;”:(I—H)/fl((u—u/)
X (& — 5405 +H)(@] +b - V)T ¢/ do/dp’, (3.59)
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and notice that Hy = —x,sofor¢p = x, v,

(I+H)O +b- VO xy=—[8+b -V, HITV
— (0 +b- VI, Hlx,

(I+H) @ +b-VOIVo=(I +H)[0,+b-VL,T/]o (3.60)
+[H, T710; +b- Vi)
— /[ +b- V1) Hlx.

With (3.57)-(3.60), [/ G?’l A@;+b-V1)®/}dadp is in the right form for
estimates. Using Lemma 1.2, Proposition 2.2, (2.6), Propositions 2.6, 2.7, 2.8
with r =1, and 2.16, we get

I =IO S Y [u®lealld +H)@ +b- VI x ()]
9=04,0p

< Y 1u®IeE P Y MM
0=0y,0p li|<j
0=0y4,0p
1/2
+ Y umloE; (1)

9=0,9p

x( > |arfx<r)|oo(1+1nr)+E,‘-/2<r>%)

lil<j+1
3=0q,0p
(3.61)
and
I =IO Y. 1uMleE ) Y 100 A0
0=0q,9p lil<j
3=0a.0p
+ ) |au<r>|ooE}/2<t>< Y (AT X ()]s
0=3a.9p li1<[41+2
3=04,0p
; 12,1
10T DOl +In0) + E}(0) ). (3.62)
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Applying Propositions 2.6, 2.7, 2.8 with r = ¢, and 2.16, 2.17 to other terms
in (3.57) and using (3.37), (3.52), we obtain for ¢ = x, v,

Vf G‘ji.’vl-{(az-l-b-vl)d)j}dadﬂ‘

SEj®) Y (0T x(®)loo + 10T 0(1)]0o)

[i]<2
8=0,p
1/2 i
x{(Ejiz(r) Y T X ()]0
li|<[41+2
3=0q.,0p

. . 1
+ > (AT (D)oo + 10T 0(D)0o)) (1 + Int) + E}fz(z);}.

li|<j+1
9=00,0p

(3.63)
Step 2. We consider the term [ G% A@ +b-V,)P/}dadp for ¢ = x.

From (1.35), we know G* consists of three terms GX = I} + I + I3. In
particular, the first term

h= [ K@ = 00—ty x G~ ¢y do'ap
=5 [ ke -ou-w)
X (LB — Lordp) U + HYu' + (I —HHu'Ydo'dB’.  (3.64)
Rewriting
(I —H) I = [T, HIL + T/ —H) 14, (3.65)
where using Proposition 2.11, we deduce
(I-Hnh=U- H)% /f K@ —w—u)
X (L0 — Lo 0p )T + H W'y do'dp’
- [[ k@ = ow-w)
X (L0 — Lo0p) T + HWydo'dB';  (3.66)

@ Springer



186 S. Wu

furthermore from (1.24), we know (I +H)u = (—H +H)u. Now with (3.64)—
(3.66), all the terms in GX ()= — H)[/GX are in appropriate forms for
carrying out estimates. Usmg Propositions 2.6, 2.7, 2.8, and 2.16, we obtain

IG5l S EJ2@0) Y (MA@ + T 95(1)00)

lil<j
9=0,0p

(Y |F8u(t)|oo(1+lnt)+E1/2(t)%).

li|<[41+2
3=0q,0p

Further using Proposition 2.17, we get for ¢ = y,

‘// Gj.{3 (3 +b-VL)d>j}dozd,B‘

1/2
S,Ej<r>{ Y M 0x(O)leo + E;5(0)
li|<j
8=0.0p
. 1
x< Z |rlax(z)|oo(1+1m)+;>}
lil<[41+2
9=00,0p
x( D AMax®leo
li|<({1+2
8=0,0p
12,1
+ | 8n(t)|oo)(1+lnt)+E (z); ) (3.67)

Step 3. We consider the term [/ G% A@ +b-V,)P/ }dadp for ¢ = v.
From (2.41), we know

13_(I—H)FJ(E ok VAN x Vy + A(UgXa — UaXp)
+ (0 +b- VL)G)(). (3.68)

In this step, we will only consider the estimates of ||( — H)T'/ (%’ ok AN x

VOO, I = HTI(@ + b - VOGH)®Il2 and [|(I — H)TV (A —
D(ugxa — taxpg))(®)|l2. We will leave the estimate of ||(/ — H)I'/ (ug xo —

uqxp)(t)|l2 to Step 5.
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First, we have by using (2.39), Lemma 2.18, and Propositions 2.6, 2.7, 2.8,
2.9, and 2.16, 2.17 that

H (I —H)Ir/ <% ok AN x VX>(t)
2

SEPw Y <|F"ax<r)|oo+|r"an(r>|oo)< Y Arax®leo

li|<[{1+2 lil<[{1+2
d=04,08 =048
12,1
+ T 00(1) |00 (1 +Inr) + E; (z); ) (3.69)

And using Propositions 2.16, 2.17, we have

1T = H)T ((A = 1) (up xXa — taxp))Dll2

SELR® Y (Max®le +IM80(0|0)®.  (3.70)
li|<({1+2
3=0q,9p

We handle the estimate of || (I —H)[V ((3; +b- V1 )G*)(2)|» similar to Step 2
by rewriting the term (I — H)['V (9, + b - V1) I, where [} is as defined in
(3.64), as the following:

(I —=HT/ @ +b- VI = [TV, HI3 +b- V) +T/[d+b- Vi, HI
+T7 @ +b- VU ~H) (3.71)
and use (3.66) to calculate (I — H)I;. We get, by using Propositions 2.6,
2.7,2.8 withr =¢, and 2.16, 2.17 that
I —=H)TI (@ +b- V)G D)2
g2

]H(;)( > (M ax®leo

li|<[41+2
9=04y,0p

2
+ T 80(1) |0o) (1 —I—lnt)—l—EJl-/z(t);) . (3.72)

Step 4. We consider the term [ G?,z A@; +b- V)P Ydadp for ¢ = x
and v.
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We know

J
G%,=U—MIP.Tlp =Y (I - H)II [P, T g,
k=1

A further expansion of (2.5) gives that for I' = 9, 9y, dg, @,
[T, P]=—{(T(A = 1)(£pda — Cadp) + A(DpT 10y — 3 1'20p)}
+ (@ +b-V)b—Tb-V, b} V)
+Tb-{(B +b-V)VL+ VL@ +b-VD)}, (3.73)

where I'f = 8, f. 0o f, dpf. o0 f + 5 fes, U'f =8 f. daf, 3 f. (& — Se3) f
respectively. Also

[Lo. P = —P — {Lo(A — 1)(¢p0u — Cadp)
+ A@p(Lo — DAdy — 8a(Lo — D)}

1
—I-{Lo(a;—i-b-VJ_)b— (Lob—zb) ‘VJ_b} -V

1
+ (Lob— Eb) @ +b- VOV + V1@ +b-VD}.
(3.74)

Therefore typically there are three types of terms in [P, T/ ]¢ = Z,{zl ik
[P, T1T*~1¢. The first type (C) are of cubic and higher orders and are con-
sists of the following:

T/MIHA = 1)(Lp80 — Cdp))T g, =01, k=1,..., ],
T8I, +b-V)by- VT, T/ HTip. v b} v T g,
T/ MIb - (3 +b-V)VL+ VL@ +b- V)T g,

(3.75)
The second type (Q) are quadratic and are consists of the following:

T/ MA@pT 20, T 1 — 3, T 205 T 1)), i=0,1, k=1,...,

T/ A0pre3d, TF 1 — B rezdg T 1))
(3.76)
And the third type is of the form I'/"*PI*~1¢ for some 1 < k < j, which
can be treated in the same way as in Steps 2—6. We first consider the terms of
the first type (C) and let the sum of these terms be C(¢). We have, by using
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Propositions 1.4, 2.6, 2.7, 2.8 with r = ¢, 2.16, 2.17 that

(I =H)C@)l2

Y AT A= DOl + 1T @ + b - VOO |2 + T b(1) 12)

lil<j
x Y g0

li|<[41+2
9=00.0p

+ > UM A= D@l + 1@ + b VDb ll2 + IIT b1 [12)

lil<(41

x Y AT (0)]oo

lil<Jj
9=00.0p
+ Y ||F"b<r>||oo<2||r"b(t>||z > 1)
li|<[{1+1 lil=J li|<[§1+2
9=0y,0p
+ > T Y |ar"¢<r)|oo)
li1<[$] lil=J

d=04.0p
. . 1
< E}”(r){(l +Inr) Y (D0 ()]s + T 90()]0o) + E}/Q(z);}
li|<[{1+2
d=04,0p

x { Y I0x(O)loo + 1T 00(0) oo + E (1)

lil<j+1
9=00,0p

. 1

x( Z |F’8X(t)|oo(1+lnt)+;>}. (3.77)
li|<[ L5142
9=0y,9p

We also give the estimates of the following two cubic and higher order terms
in (3.76). First we have for¢p = x, v, k=1,...,j,i =0,1,

(I —H)TI (A = 1)(@pT A3, T 1 — 8, T 285 T* 1) (1)} 12
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SEP@m Y (00X (0)]eo + T 80(1) 00)*. (3.78)

li|<[41+2
d=0y,9p

Recall definition (1.36): A = A* — K3e3. Wehave for¢p = x, v, k=1,...,J,
i=0,1,

(I — H)T/ (8T K3e30, TF g — 8, T K3e305TX 1 0) (1)} 12

SEP® Y (Mx®lee + I 90(1)]c) (1 + In1)

li|<[{1+2
9=04,0p

1 . .
+tE/ (7 Z (M0 x (Dloo + IT*d0(1) |oo)- (3.79)

li|<({1+2
3=, 9p

Therefore the only terms in (3.76) that are left to be estimated are the follow-
ing

T/ 1 0, T 1 — 9, I 1* 0T 1),
[/ {81 %e30, TF 1 p — dun*e3dp T 1), i=0,1, k=1,...,].

(3.80)
Step 5. We consider the term (/ — H)Fj(uﬂxa — Ug xp) in G;’.’3, the term

JT{®7 - (up®) — ua @)} da dp for ¢ = v in (3.48), and those terms in (3.80)
for ¢ = v. Without loss of generality, for terms in (3.80) with ¢ = v, we will
only write for

T/ {85 TA* 3, TF 1o — 8, TA* 95T o).

Using (2.28), we rewrite

2
0gudy X — dqudg x =;{Tu 0r(e20q — €10p) x

+ dpu 2, (€200 — €10p) X
— Dt 5 (€200 — e10) ), (3.81)

. ) .
35”8(1(1)] — 8au8ﬁ®] =;{Tu 0;(e20y — elaﬁ)cbf

+ dpu 2, (€200 — €10p) D
— S Qpy(e2d0 — €13p) D'}, (3.82)
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and
9 TA*3gT 1o — 9028, 1o
2 * k—1
= ;{—3t(€23a —e1dp) LA YT o

+ Q7 (€284 — e13p)TA* 95T o
— Q(e28y — e13p)TA* 3T o). (3.83)

Notice that [QOI’ €20y 6135] = Fepo;, [ng, €0y — elaﬁ] = te10;. Using
Propositions 2.16, 2.17 and (2.15), (2.17), we get

11 = HOTY (dpudax — dattdpx) (D)2

1
S- ( EGET DB Iad e x(r)uz)

lil<j
x> (00 X (D)oo + 10T 0(1)|oo)
li|<({1+2
9=04.,08

1
t( Eff0+1 3 T x(t)llz)

lil<[5]

XY (T (D)oo + T 0 0o).
li|<j
=0y, 9p

Further applying (3.24) and (2.2), we obtain

| (1 = )T (Bpuude x — dudp x) ()]

£l/2

. : 1
J+1(t)( Z (10T X (D)oo + 10T 0() |00) + ;)

li|<[41+2
3=080,0p

XY (AT X (D)oo + 10T 0(1)]0o)

li|<[§1+2
=00, 08

2 ; ; 1
E/ <r>( 3 |ar’x(t)|oo+|ar’n<r>|oo+;)
li|l<[41+2

9=00,9p
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j j 1/2
x( > 100 X (D)oo + 10T 0 (D)oo + E5(0)
lil<j+1
3=0,3p

i i 1
(22 (O X Oloo + 10T 0(0)loe) (1 +In1) +— ) ). (3.84)
li|<[41+2
9=0y.0p
Similarly,

|(0pude®’ — duudg®’) ()],

1 .
DB (RIOIREEL JONS
i=1,2
9=0,0p

+ 181 (1) ] 00 | R0i (€200 — €135) DY (1) [12).
For ¢ =0, 0 = 0y, dg, we know

8,00/ = 9,01 —H)T /o =0,(I —H)aT7v — 3,[9, H][V v
= (I —H)3,0T v — [9,, H]dT /v — 8,[9, H]T/ v. (3.85)

Therefore using Propositions 2.8, 2.9, 2.16, we have

; ; 12 .1
10;0D7 ()]0 < Z (|rlav(t)|oo(1 +Int) + Ejfrz(t);) (3.86)
i<j+2
9=04,0p
Using further Propositions 2.16, 2.17, 2.3, we obtain
1(9puda ®’ — doudg @) (1)ll2

12 ~ N
Ej/ () E (|F‘8v(t)|oo(1 +Int) + Ejiz(t);)
i<j+2
9=0a.9p

+ D AT (Oloo + T 80(1)oo)

i<2
9=0y,0p

1
x( EZ @) + 195~ <I>f<r>||z) (3.87)
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We know from (3.37), (3.38), (3.41) the estimate of | P~ ®/ (¢) |2 = || G‘J’. ®ll2.
Using further (2.14), Propositions 2.16, 2.17, we have

1/2 i i

20 (M0l + ITT80(1) o)
i<[$1+2
9=04,0p

B~/ (1)l S E

+ Y (XDl + T 00O Ef5(1).  (3.88)

i<4
0=0q, 8}3
Therefore

1(8pudy @7 — B,udg®’) (1)1

1 . 1
<EPO Y <|F‘av(t)|oo(1+1nt)+Ejl./+22(t);>

i<j+2
9=0q,0p
. . )
+ Y (T 0xM)loo + T 00(1)|00) E 5 (1)
i<2
9=04,0p
1 . _
X (;—i— Z IF’Bx(t)Ioo—i-IF’Bv(t)loo). (3.89)
i<[$1+2
9=0q,3p

The estimate for [|[(1 — H)TV 5 {dgTA* %~ 1o — 9, TA*3gT Lo} () |2 is
similar: we have from (3.83) thatfork =1, ..., j,

(I —H)TI ™ {35TA* 3, TF 1o — 8, TA* 3T o} (1) 12

| Y) [ oy
SSETM Y M0l

i<j+l1
3=0y,0p
L 1 o .
+;(E/+1(t>+t > F)»*(t)llz) > 1T o0
lil<j—1 lil<(41+2
0=0y,0p
|y ey ;
+;<E/ O+t Y TP rx*(z)nz) > Moo,
i<[41— i|<j—1
=t S

Notice that

PITA* = (P — PO + [P, TIA* + TPTA*.
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Using (2.40), (2.14), (2.5), Propositions 2.6, 2.7, 2.8, 2.9, 2.16, 2.17, we get
fork<j—1,

ITSBETA* (1) Il

1
;lfzm( 3 (Moo + T av(z>|oo)<1+1nr)+E‘/2<z>;).

15[2]+2
E
(3.90)
Therefore
e H)Ff—k{aﬂm*ao,rk—ln — 3, TA* 35T o) (1) |1
1 2 i 1/2
/ (t){ Y M ax (Do + E 50
i<j+l1
3=0,0p
. 1
x ( > |F'ax<r>|oo<1+1nr>+;)}
i<(H+2
9=04y,0p
+< Y (M X Oloo + T780()]0o) (1 +In1) + )
i<[$14+2
3=0y.,0p
1/2 j 1/2 i
x <Ej/ Y IMevMlee+EfG Y |F’an(t)|oo). (3.91)
i|<j—1 <[4
D50 35 # ggﬂ;ﬁ g

Step 6. Finally, we consider the term [[{®/ - (ug @l — uadDé)}doz dp for
¢ = x in (3.48), and the remaining terms
T/ T A 9, TF 1 — 9, TIa* 9T 1y},

Fj_k{aﬂ)\-*E?aaaFk_lX — 80[)\‘*638}31"](—1)(}’ i = O’ 1’ k= 1’ e ’j
(3.92)

in (3.80). Without loss of generality, among terms in (3.92), we will only
write for

T/ g A%, T 1y — 8, TA* 95T 1 ).

Notice that the ideas as that in (3.82), (3.83) doesn’t work here, since we
do not have estimates for ||®/(¢)]|, for ¢ = x, and for ||TFk_1)((t)||2. We
resolve these issue by using commutators.
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We first consider [[{®/ - (ug ol — anD/é)}da dp for ¢ = x. Using inte-
gration by parts, we have

/ {®7 - (up®), — ua @)} dadp = —/f{cb/{; (®)) — ) - )} der dp.
Now for ¢ = x, we have, by using Proposition 2.12,
//{aa(l —H)M x - u®}) — dp(1 = H)T - (ud))} doedp
- —/ (00, HITT - @) — (85, HIT 3 - (ubd)} der dp
+ [ [0t = Hr Ty @) - = 13T 1 ) dadp
+[ (0T - (I = H)®h)) — 9T x - (I — H) ()} derdp.
(3.93)

We further rewrite the term [[{d,T/ x - (I — H)(u@é)) — 3Ty - (I —

H)(ud)ﬂ,))} dadB. We know Hu = u. Let fD{ be the e; component of ®/, for
i=0,...,3. We have

8uT7 x U = H)(udp®] e)} — BpT x - {1 — H)(u 0a D] €)}
= 0o - ([0p®), Hluer) — 35T x - ([0 D!, Hlue;)
= %8,(6280, — e1dp)T ) AT D!, Hlue; — [, HI(udpg D! e;)
+ [B. H) (do @] )} + %{Qo‘l (e20y — e10p)T x - [Bp @] Hlue;
— Q5 (200 — €13p)T x - [0, D), Hlue; ). (3.94)
Further applying integration by parts gives us:
// 0 (e20y — e13p)T x - (1T D!, Hlue; — [, HI(udpd! e;)
+ [, H1(ud, P e;)} da dp
=—// 20,77 x - 0, ([T D!, Hlue; — [ar, H](udp D! e;)
+ [, H](ud, P e;)} da dp
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+ // e19, T x - dp{[ Y D!, Hlue; — [ar, H](udp D! e;)
+[B, H1(udy D e;)} da dp. (3.95)
Through (3.93)~(3.95) we have put [[{®/ - (up @ — g @)} der dp for ¢ = x

in the right form for estimates. Using Propositions 2.6, 2.16, Lemma 2.3, we
obtain

/{q>f-(uﬂq>g—uaq>g)}dadﬂ
Z {1 (1) oo + 133()|c) EJ (DD (1) 0o
3=0y,9p

1/2 1/2

(DEJZ 0190 (loo + BT x 0 12E}

1 .
+1E) (D107 (1)]oc

1 .
+ ;Ej(t)|aTq>‘/(t)|oo}-
We know for ¢ = x, 3 = 9y, g, ad/ = (I —H)(’)FJX — [0, H]FJX Using
Proposition 2.8, 2.9, 2.16, we have
2
997 (1)]oo + TP (D)oo S Y I ax(r>|oo<1+1nt)+Ej/+1<r>
i<j+2

Therefore by further using (3.24), we arrive at

V/{qﬂ (up @), — ug®})} dot dﬁ‘

. 1
< ( DORINEIGING! +lnt)+E]1.f1(t);>

i<j+2

. . 1
E”zE}fl( > <|F'ax<r)|oo+|Ffan<r>|oo>+;). (3.96)

lil<[41+2
9=0y,9p

At last we give the estimate of ||(/ —H)(I"/~ k{aﬂm* B k=1 — 8, A% 0g
T~y D@2 fork =1, ..., j. We first rewrite,

(I = H) (T35 TA* 9, TF 1 — 8, T 85 TF 1y )
=T/ 7KI = H){3pTA* 9, TF 1y — 9, T 8T 1 x)
+ [0/ % H{OT A 8, T Ly — 8, TA* 9T 1), (3.97)
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Let Fk_l)(i be the e; component of Fk_lx. Using the fact HA* = A*, we
rewrite further

(I — H){3pTA* 9, TF 1y — 3, T 85T 1y}
= 0, TF i[85 T, HIA® — 9T% ! i[9, T, HIA
+ [8a T i, H = H¥18gTA* — [95T% L yy, H — H* 18, 0"
+ [8e 75 i, H¥ 15T — [Ty, H* 19, T A (3.98)

and in which we rewrite [3, ¥~ x;, H*]9gTA* — [9T% ! x;, H*]0, A" us-
ing the idea of (2.28):

t
—5{[aark—1xi, H*19pT A" — [8pT% !y, H¥ 10, TA)
= (=[YT* i, H* 4+ 8T [, H*]
— 3 TF i [B, H* D3y (€280 — €18p) A
+[0sT* i, H¥ 19, (€200 — €195)TA*
— (3. T* i, H*1Q3, (20, — €18)TA*). (3.99)
Using (3.97)—(3.99), and Propositions 2.6, 2.7, 2.16, 2.17, we have
j—k * k—1 * k—1
11 = )T 3 Ta* 8, T x — 8, DA% 3T 1 x D ()l
SEP0 Y IMax0le

i <[4 14+2 0=04.9p

x( oo 8x(t)|oo(1+lnt)+El/2(t);>

li|l<[41+2
3=00,0p

1L 12 -
+ B0 Y M0l

i<j
=00, 08
1 g2 o .
+t( o+ Y i F)»*(I)Hz) > 1T X (®)leo
lij<j—1 li1<(§1+2
3=0y,9p
L(gin iy * i
+t( (1) +1 Z IT'PTA* )12 |-|;1|F 30X (1) co-
L1— l=j—
lil<[$1-1 a:ai,a,g
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Further using (3.90), we arrive at

1T = H)(T/ 3T A3 T — 8, TA* 0T X H (D)2

. . 1
s( 3 <|r’ax<r)|oo+|F’8v(r>|oo><1+1nr)+;)

i<[41+2
0= 00095

x(Ejl./z Y MaxOle+EL Y |rfax(z)|oo). (3.100)

lil<j li1<141+2
3=0u,0p a;ai,aﬁ

Combine (3.48), (3.49), (3.53), (3.54), (3.56), (3.63), (3.67), (3.69), (3.70),
(3.72), (3.77), (3.78), (3.79), (3.89), (3.91), (3.96), (3.100), notice that for
[>15,qg>1+49, [%]+3+5§l+2andl+4§min{2]—11,q—5}.
Applying (3.15), we obtain (3.47). O

3.3 A conclusive estimate

We now sum up the results in Lemma 3.3, Propositions 3.5, 3.6.

Let [0, T'] be the time period when the a-priori assumption 3.13 holds, M
be such that furthermore Lemmas 3.3, 3.4, Propositions 3.5, 3.6 hold. Let
€, L > 0. Assume that §;42(0) < €2, F143(0) < €2, and Fj9(0) < L2.

Theorem 3.7 Let [ > 17, g >1+ 9,1 <n <[+ 9. There exists g9 > 0, de-
pending on My, L, such that for € < gg, we have 1.

Fu(t) < FnOYA +0Y2, fortel0,T; (3.101)
2.
FI2W < (cL+De, foriel0,T], (3.102)

where c is a constant depending on M.

Proof Weknow forl > 17,1 <n<[49<¢q,5< [%]+2§min{2]—11,q—
5} and [5] 4+ 7 <1 + 2. From Lemmas 3.3, 3.4, Proposition 3.5, we get for
tel0,T],

dF, E @) <0
® M) "EEZF, (1) < 1 (M) HEZF ),

where co(Mp), c1(Mp) are constants depending on My. Therefore

Fot) < Fn(O)A +OM® forref0,7], 1 <T, (3.103)
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where M;(v) = c1(Mo) supyg ;) ,\5(). Applying (3.103), Lemma 3.4 to
Proposition 3.6, we obtain,

dF142(1) o1+ +0)>
% = CZ(MO)ELSllJ/rzz(t)(l + )M )<l‘+—1>
for t € [0, 7], (3.104)

where c3(Mp) is a constant depending on My. Let g = min{m,

m}, where ¢ = c2(Mo) [;°(1 + 1)"32(1 + In(1 + 1))?dt, and

€ < g¢. Therefore cl(Mo)SllJ/rzz(O) < }‘. Let 0 < T1 < T be the largest such

that My (T) < 4. From (3.104) we get

1
311422(0 < EELC +e forte[0,Ty].

This implies M1(T1) < ¢y (Mo)(%Lc + 1Deg < % So T1 =T or otherwise T
is not the largest. Therefore (3.101), (3.102) holds for ¢ € [0, T]. O

4 Global wellposedness of the 3D full water wave equation

In this section we prove that the 3D full water wave equation (1.1), or equiva-
lently (1.23)—(1.24) is uniquely solvable globally in time for small data. This
is achieved by combining a local wellposedness result for the quasilinear sys-
tem (2.38)-(2.39)—(1.38) and Theorem 3.7.

In what follows all the constants c(p), c;(p) etc. satisty c(p) < c(po),
¢i(p) < ci(po) for some pg > 0andall 0 < p < pg.

We first present two lemmas. The first shows that for interface that is a
graph small in its steepness (and two more derivatives), the change of coordi-
nate k defined in (1.28) is a diffeomorphism. The second gives the regularity
relation on quantities before and after change of coordinates.

Lemma 4.1 Let & = (a, B, z(, B)), k =& — (I + $)zes + Rzez be defined
as in (1.28), P = («, B).

1. Assume that N =Y =2 [8'dz]l2 < oc. Then for d = dy, 08,

d=0a.9p

[0(k — P)loo <c(N)N 4.1

for some constant c(N) depending on N. In particular, there exists a No >
0, such that for N < No, we have [d(k — P)los < 4, 3 < J(k) <2, k:
R? — R? is a diffeomorphism and

1
7l — | +1B =B < lk(e, B) —k(e', O] < 2(le — &'| + 1B — B]).
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2. Let q > 5 be an integer, and T = {0y, dg, Lo, w}. Assume >

ljil=q—1
=09

IT/3z||y1/2 = L < 0o. Then
> Mok = Pl <e(L)L (42)
l71<g—1
=0y, 08

for some constant c(L) depending on L.
Proof Notice that for P = (a, 8), k— P = —$)ze3+ Rze3, and for d = 9, 9,
d(k — P)=—[0, Hlzez — H0ze3 + [0, Klzez + Rzes.

(4.1) follows directly from applying Lemma 1.2, (2.6), (2.7), Proposi-
tions 2.6, 2.7, 2.9; the inequality (4.2) follows with a further application of
Lemma 6.2 of [31] and interpolation. The rest of the statements in Lemma 4.1
part 1 follows straightforwardly from (4.1). g

Lemma 4.2 Let g > 5 be an integer, 0 < T < 0o. Assume that for each t €
[0,T], k(-,1) : R? > R% is a diffeomorphism, and there are constants 0 <
c1, €2, 1, n2 < 00, such that py < J(k(t)) < uo and c1|(e, B) — (o', B')| <
k(o B, 1) —k(a', B/, )| < c2l(a, B) — (', B)] for (o, B), (&, B') €eR%, 1 €
[0,T]. Let s =0 or %

1. Let T' = {8y, dp, Lo, @'}, and assume ) |ji<q-1 IT/3(k — P)O0)|| s <

\
a:aa.aﬂ
L < o00. Then

D AT (f o) O lms <) Y T (O as,

lil=q lil=q
AT ok YO ms <L) Y ITI (O s
lj1=q l/1=q

2. Let I' ={0;, 0y, 08, Lo, @w}. Assume fort € [0, T], ZIjISq—l 773k —
9=0,,0p
PYO i < L. Y 1zg1 Tk @) |1 < L. L < 00. Then for t € [0, T,

D ATI(f o k)Ollms < @) Y NTI (O las.

lil1<q l/1=q
AT ok @O llms < (L) D ITI (O as.
li1=q li1=q

Here c(L) is a constant depending on L and cy, c2, 41, w2, and need not be
the same in different contexts.
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Proof The proof of Lemma 4.2 is similar to that of Lemma 5.4 in [32]. The
main difference is here we use the relations

1
adgf — P f=TF, ady f +Bopf =Lof — Efazf

to derive that

(=B, a) (a, B) 1
Vif= (x2+,82Tf+ 21 B (Lof— Elatf>

and for I' = w, L, we use the identities
T(fok =gk ™ - @V fok™) =9k~ (BVfok™,
Lo(fok™)=8,k"1 - (@Vfok™ )+ gk~ - (BVfok™)

1
+ 510 (f 0 k~h.

The proof follows an inductive argument similar to that of Lemma 5.4 of
[32], and in the case s = %, the proof further uses Lemma 6.2 of [31] and
interpolation. We omit the details. O

We now present a local well-posedness result. Similar to (5.21)—(5.22) in
[31], we first rewrite the quasilinear system (2.38)—(2.39)—(1.38) in a format
for which local wellposedness can be proved by using energy estimates and
iterative scheme. Let n = |NT| From (1.23) we know n = i = 2% From

[wtes]”
(1.23)—(1.24), and the fact that A > O for nonself-intersecting inter?ace (i.e.

the Taylor sign condition holds, see [31]), we know A|N| = |w + e3| and
(AN x VYu = |w + e3|n - V;u. Let f=( — H)(U,:l(atN)). From the
fact that a; is real valued, we know Uk_l(a,N) =-n(l + IC*)_I(Re{ﬁf}),
where K* = Re iHi. Therefore (2.38)—(2.39)—(1.38) can be rewritten as the
following:

@ +b-V) u+an-Viu=—a(I+K£)7 Refif})),  (4.3)

where

w + e3
w4+ e3|’

a=|w+es|, n= w=(0;+b-V)u,

1 _
b= E(H —H)u—[0;+b-Vi, Hlzes+[0; +b- V1, Klzes + Kuzes,

1
(8t+va_)§=uv u=§(”+H”)5
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7 =2 [[ K& = 0w - w) x G - gyt dedap (4.4)
+ f f K@ = 0w — ) x uy)ly — (= ') x )84y ) dad'dp’
2 [ K@ = 0= u'y x G~ ey @+ b VU dolap
[ @ =K@ = =) x (64, = i da'dp.

(4.3)—(4.4) is a well-defined quasilinear system. We give in the following the
initial data for (4.3)—(4.4). As we know the initial data describing the water
wave motion should satisfy the compatibility conditions given on pp. 464—
465 of [31].

Assume that the initial interface ¥ (0) separates R> into two simply con-
nected, unbounded C? domains, X(0) approaches the xy-plane at infinity,
and assume that the water occupies the lower region €2(0). Take a parame-
terization for £(0) : €9 = £%(«, B), (a, B) € R?, such that Ny = £ x sg is
an outward normal of ©(0), |£0 x sg| >, and |E%a, B) — €9/, B))| >
Col(a, B) — (o', B))] for (o, B), (&', B') € R? and some constants p, Co > O.
Let

£, 8,00 = (%1% =%, B), & B,00=1u"(a, B),

4.5)
En(a, B,0) =" (a, B).

Assume that the data in (4.5) satisfy the compatibility conditions (5.29)—
(5.30) of [31], that is u’ = Hx(oyu’, and

w” = —e3 + (ng - e3)ng — no(1 + IC’S)_I(Reno[a,, Nz 0)luo
+ f);(o)(no x e3)}), (4.6)
where ng = ‘%—3', E(O) =noHzono and Kj = Reﬁ*;:(o). Assume that

k(0) = ko = &% — (I + $H5(0))2%3 + £92%;, where R0 = Re (o), as de-
fined in (1.28) is a diffeomorphism with its Jacobian vy < J(kg) < vy,

and c|(a, B) — (@', B))| < lko(a, B) — ko(e’, B))| < c2l(x, B) — (&', B')| for
(a, B), (&, B/) € R? and some constants 0 < vy, v2, ¢, ¢ < 00. Let

=00 =P+2%0),  u,0=u0),

4.7
B +b-Vu(-, 0 =uw(),
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where
WOo=e%k'O-pP, WO =ulokyt),
(4.8)
w’() =1’ oky ' ().
Let s > 5 be an integer. Assume that for I' = 9, dg, Lo, @,
D T 930N gz + 1T 6 g + 1T 06| 412
ljl<s—1
9=080,3p
+ 1T w0 2 + 1T 8w 2 < 0. (4.9)

We have the following local well-posedness result for the initial value prob-
lem (4.3)—(4.4)—(4.7) with a non-blow-up criteria.

Theorem 4.3 (Local existence) 1. There exists T > 0, depending on the norm
of the initial data, so that the initial value problem (4.3)—(4.4)—(4.7) has a
unique solution (u,¢) = (u(a, B,1),¢(a, B, 1)) for t € [0, T, satisfying for
ljl <s—1,T =0y, 0dg, Lo, @, d =0y, 0p,

ra(c — P),Tu, T79u € C([0, T], H'/*(R?)), @i
Tw, T/ ow e C([0, T], LA(RY)), '

and &y x &gl > v, [¢(a, B, 1) — C(, B/, )| = Cil(a, B) — (&', B)] for all
(a, B), (&', B) e R®> and t € [0, T1, for some constants Cy, v > 0.

Moreover, if T* is the supremum over all such times T, then either T* = o0
or

> I w2 + IT u@) 2
li1<[514+3
(. B) — (o', B

+ p
@p)£ p) [C(a, B, 1) — ¢ (e, B/, 1)

¢ L°°[0, T™). 4.11)
LOO

1
i ‘ Ca X G0
2. Let P : R?> — R? be the identity map: P(x, B) = («, B) for («, B) € R?,
he( 1) =b(h(-,1),1),  h(,0)=P(), (4.12)
and T < T*. Then for t € [0,T], h(-, 1) : R2 — R? exists and is a diffeo-

morphism, with its Jacobian c{(T) < J(h(t)) < ca(T) for some constants
c1(T),c2(T) > 0; and £(-,t) = ¢ (h(ko(-), t),t) is the solution of the water
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wave system (1.23)—(1.24), satisfying the initial condition (4.5). Furthermore,
hko(-),t) =k(-,t) for t € [0, T*), where k(-,t) is as defined in (1.28), and
é_ ok=§,uok={-’,, w0k=-§[[.

Proof The proof of part 1 is very much the same as that in [31]. The main
modification is to use the vector fields I' = 9y, dg, Lo, = instead of using
only dy, dg as in [31], and use d; + b - V| instead of 9;,. We omit the details.

Let T < T*. Notice that for the solution obtained in part 1, b = b(-, t) is
defined for ¢ € [0, T']. Furthermore by applying Lemma 1.2, Proposition 2.2,
(2.6), (2.7), Propositions 2.6, 2.7, 2.9, Lemma 6.2 of [31] and interpola-
tion, and (4.10), we know for @ = 9, dp, and |j| <s — 1, Vb, I'V9b €
C([0, T1, H'/?(R?)). Therefore for |j| < 3, 8/b € C([0,T],C(R?» N
L>®(R?)). Thus from the classical ODE theory we know (4.12) has a
unique solution A4(-,¢) on [0,T], h(-, 1) : R2 > R?is a diffeomorphism
with ¢; < J(h(1)) < c2, c3|(ar, B) — (@', B)| < |h(a, B, 1) — h(a', B, 1)| <
cal(a, B) — (&, B))] for («, B), (¢, B') € R%, t € [0, T] and some constants
O<ci<oo,i=1,...,4;and 3/ (h — P) € C([0, T1, H'/2(R?)), for | j| <.
Letu=uohoky, & =¢ oh oky. From the chain rule we know u = &;, and
for t € [0, T*), (u, &) satisfies the quasilinear system (5.21)—(5.22) in [31].
Therefore as was proved in [31], & solves the water wave system (1.23)—
(1.24) with initial data satisfying (4.5). Furthermore, for k as defined in
(1.28), we know k; = (h o kg); (see (1.42)), and k(0) = (h o ky)(0). Therefore
k(-, 1) = h(ko(-), ) for t € [0, T*), so k(t) : RZ - R? is a diffeomorphism
and J(k(t)) > 0 for each t € [0, T*). w o k = &, follows straightforwardly
from the chain rule. O

Remark 4.4 Let & be the solution obtained in Theorem 4.3. As a consequence
of Theorem 4.3 part 2, we know for 7 € [0, T*), the mapping k = k(-, 1) de-
fined in (1.28) is a diffeomorphism and the solution (u, ¢) for (4.3)—(4.4)—
(4.7) coincides with those defined in (1.31). Recall A = ¢ — P. Notice that
IA=u—b—b-ViA 0u=w—>b-V, u.By taking successive derivatives
to ¢ to (2.38) (or equivalently (4.3)), we know that in fact for |j| <s — 1, and
' =0, 0y, 0g, Lo, @, 3 = 0y, 0p,

T/,0, TIOA, T u, T 8,u, T/ 9u € C([0, T*), H'/*(R?)),
, , , (4.13)
Tw, T o,w, T/ ow e C([0, T*), L2(R?)).

Remark 4.5 Notice that n = S(ko_l(-), t) =<¢ o h(-,t) is a solution of the wa-
ter wave equation (1.23)—(1.24) with data n(-, 0) = £° o k5 (), n,(-, 0) =
uf oko_l(-). Let |j|<s—1,and I = 9, 9y, 0g, Lo, @, d = 0y, 5. Using
(4.13), Lemma 1.2, Proposition 2.2, (2.6), (2.7), Propositions 2.6, 2.7, 2.9,
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and Lemma 6.2 of [31] and interpolation, we know that the function b de-
fined in (4.4) satisfies ['/b, ['V9b € C([0, T*), H'/2(R?)). Therefore we
have for % the solution of (4.12), '/ (h — P),T78,(h — P),T73(h — P) €
C ([0, T*), HY2(R?)). This implies the solution 7 satisfies

T8, T/ a(n — P), T/ d,n,, TV an, € C([0, T*), H'/*(R?)),
4 ) (4.14)
T/ 90, T/ 8y € C([0, T*), L2(R?)).

From Proposition 2.9, we know there is N; > 0 small enough, such that

whenever ) <2 187aA()]l2 < N1, [0 A (1) oo +10gA (1) |00 < ;this in turn
0=0q, /3
implies that

1 1
& (. Bot) = ¢(', B/, D] = Z(Ia o[+ 18— BD, 1S X Cpl = 7

and £(1): ¢ =¢(a, B, 1), (o, B) € R? is a graph.
We now present a global in time well-posedness result. Let s > 27,
max{[ 1+ 1,17} <1 < s — 10, and the initial interface 2(0) be a graph

given by £ = («, B, 2%(«, B)), satisfying N = Z = 18792012 < No,
where Ny is the constant in Lemma 4.1, part 1. Therefore the correspond-
ing mapping k(0) = ko defined in (1.28) is a diffeomorphism with its Jaco-
bian 1/4 < J (ko) <2 and 3 (je — /| + |8 — B']) < |ko(e, B) — ko(e', B)| <
2(Ja — a’| + |8 — B’|). Assume that the initial data satisfies (4.5)—(4.9), and
for I' = 0y, dg, Lo, @,

L= Y [I0/[D|"2%+ 179202

[j1<I+9
9=0q,0p

T 1) 12 4+ 1T w02 < o0, (4.15)
here 3° =200 ko_l. Let

e= > DI + 1T702° 2 + 1776’ o + T/ w02, (4.16)
[jI<I+3
9=04,08

and assume € < Nj. An argument as that in Remark 4.4 and an application of
Lemma 1.2, Proposition 2.2, (2.7), (2.6), Propositions 2.6, 2.7, 2.9 gives that
for I' = 0;, 0y, dg, Lo, @,

Mo= > (179202 + 117 95°|12
|JjI<I+2

=00, 0p
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+ T 0O)[l2+ 173 +b- V1)o0)[|l2) <ci(e)e <oo  (4.17)

and a further application of Lemma 6.2 of [31] and interpolation gives that
(for € > 0 small enough such that c;(€)e < M)

§142(0) < c2()€?,  Fiy3(0) < c3(e)é?,

Fi4+9(0) = c4(L) < o0.

(4.18)

Here c;(p), i =1, 2, 3, 4 are constants depending on p.
Take My such that 0 < My < N; and all the estimates derived in Sect. 3
holds.

Theorem 4.6 (Global well-posedness) There exists €g > 0, depending on
My, L, where L is as in (4.15), such that for 0 < € < €, the initial value
problem (1.23)—(1.24)—(4.5) has a unique classical solution globally in time.
For 0 <t < o0, the solution satisfies (4.13), (4.14), the interface is a graph,
and

(141 Y (3T (Dloo +18T70(1)|00) S F)15(1) < C(Mo, L)e. (4.19)
[jl<i-3
9=04,0p

Here C(My, L) is a constant depending on My, L.

Proof From Theorem 4.3, Remarks 4.4, 4.5, we know there exists a unique
solution & = £(-, 1) for ¢ € [0, T*) of (1.23)—(1.24)—(4.5), with k(-, 1) : R?> —
R? as defined in (1.28) being a diffeomorphism, A, u, w as defined in (1.31),
(1.36) satisfying (4.13) for t € [0, T*), and n = £ o ko_1 satisfying (4.14).
Applying Lemma 1.2, Proposition 2.2, (2.6), (2.7), Propositions 2.6, 2.7, 2.9,
Lemma 6.2 of [31] and interpolation, and the fact that 3(-, t) = 30(-) + fot (u3—
b-V13)(,s)ds, here uj is the e3 component of u, we have F,(t), §,() €
C! [0, T*) forn <1+ 9. Let 0 < €] < N; be small enough such that for € <
€1, Mo <ci(e)e < % Let 71 < T, be the largest such that for ¢ € [0, T7),
(3.13) holds. From Theorem 3.101, Lemma 3.4, we know thereisa 0 < ¢ <
€1, such that when 0 < € < €2, supjg 7,y Ei+2(t) S Si42(t) < c(Mo, L)%e?
for some constant c(My, L) depending on My, L. On the other hand from
Proposition 2.16 we have that for ¢ € [0, T7),

> AT @z + 1T 93 12 + T 0@)ll2 + 1T/ B, + b - VL)o()]12)
|j1<l+2
9=0y,0p

< C(Mo)Er42(t)'/?,
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where C(Mp) is a constant depending on My. Taking €y < €3, such that

C(Mpy)e(My, L)eg < %. Therefore when € < ¢, we have for t € [0, T7),

> AT @l + 1T 95 12 + T o@)ll2 + 1T/ B, + b - VL)o()12)

[j1<I+2
=0, 0p

- 3My .

- 4
This implies that 77 = T* or otherwise it contradicts with the assumption that
T is the largest. Applying Proposition 2.16 again we deduce that

> T w2 + T u(@) 2 € LP[0, T). (4.20)
ljl<i+2
Furthermore from My < N we have

(e, B) — (o', BN + 1

o €L®[0, T
wpriiw g 12 B D) — £, B 01 ga % 25 (0] B 075

(4.21)
and 3(¢) : ¢ = ¢ (-, 1) defines a graph for ¢ € [0, T*). Now from our assump-
tion we know [%] 4+ 3 <1+42. Applying (4.11), we obtain T* = c0. (4.19) is
a consequence of Lemma 3.3. 0

Remark 4.7 As a consequence of (4.19) and Proposition 2.17, the steepness,
the acceleration of the interface and the derivative of the velocity on the in-
terface decay at the rate %

Remark 4.8 Instead of (4.9), (4.15), (4.16), we may assume for |j| <s — 1,
and I' = 9y, dg, Lo, @,

> I 820 e + T e + T 000 g1 < 00; (4.22)

ljl<s—1
=00, 0p

L= > IMDI"* 2 + 1IT702% 2 + T 4112
|Jj1<I+9
9=0u,9p
+ 1010?15 < o0; (4.23)
and let

e= > ITDI2Y + 1170200y + 1T/ ul g2 + T 00, (4.24)

[1<I+3
=00, 0p
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We know from Lemma 4.1 and Lemma 4.2 that (4.22), (4.23), (4.24) implies

Z IT79A0 12 4+ 1776l g3 + ITF w0 g1 <00 and (4.25)

[jl<s—1
9=04,0p

> D20 4+ 1179202 + 1T 6l gz + T w12

[jI<I+9
=0, 08

<cs(L)L < o0, (4.26)

> ITIDM 20 + 117 92002 + 1T 6 gz + T w2

[J1<I+3
=008

<cs(e)e <00 4.27)
for some constants c5(L), ce(€) depending on L, € respectively. There-
fore the same conclusions of Theorem 4.6 hold, and furthermore by using
Lemmas 4.1, 4.2, we have for £ = n o kg the solution of the initial value
problem of the water wave equations (1.23)—(1.24)—(4.5), and |j| <s — 1,
I' = 0, 34, 9g, Lo, @, (notice that ko = ko(a, B) is independent of 7).

r/o,€,T/0(€ — P), TV 0,&, T/ 0& e C([0, T*), H'*(R?),

T/9&,,T78,&, € C([0, T*), L>(R?)).

Appendix A: Notations

Here we summarize a partial list of quantities introduced in this paper.

LetX(¢): &£ =£&(a, B,t) =x(a, B, t)e1 + y(a, B, t)ey + z(a, B, t)es be the
interface at time ¢ in Lagrangian coordinates (o, 8), and §) = $x(;) be the
associated Hilbert transform (see (1.10)). We defined:

1. 1= — H)zes.
2. The change of coordinates k given in (1.28):
k=k(e, B, 1) =§(a, B, 1) — (I + H)z(a, B, 1)e3 + Rz(a, B, )es, (A.1)

where & = Re$) is the double layered potential operator. Define

Ugf(a’/gvt) = f(g(a’ﬁvt)’t) = fog(a’/gvt)'
3. We then defined (see (1.31), (1.32))

¢ =Eok ! =re; 4+ vey + ze3,

(A.2)
u=%&ok !, and w=¢&; 0k ;
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b:ktok_l,

(A3)
Aokes=al(k)es =aky x kg, and N =&y x Lg;

4. y=mok = - ‘H)3e3, where Uk_lf)Uk = H is the Hilbert transform
associated to ¢.

5. Let L = Re’H. We defined by P = ae; + Ber = («, B) the horizontal
plane,

A" = (I + 9)zes, A= (I + 9H)ze3 — Rzes,
2= (I 4+ H)zes, A =21" —Kjes.

So ¢ =P + A. See (1.36).
6. We definedv= (0, +b-V_,)x.
7. We defined (see (2.37))

(A4)

En@) =Y (1@ +b-VOI x5+ 10 +b-VOT 0(0)]3). (A5)

ljl<m

8. For a Clifford number o € C(V>), we defined o = e30e3.

Appendix B: Traveling waves

Here we consider the full water wave equation (1.1) with the interface X (z)
tending to the horizontal plane, and the velocity v — ¢ at the spatial infinity,
where ¢ = (cy, ..., cy—1,0) is a constant vector. We consider only the case
n = 3 and are interested in the global in time behavior of solutions with small
initial data. The analysis in the main body of this paper carries over without
difficulties to this case, so we only indicate what would be the transformed
equation (1.25), what would be the change of coordinates k and relations
between various quantities in this framework. We adopt the same notations as
in the main body of this paper.

Let X(¢) : £ =&(w, B, t) be the interface in Lagrangian coordinate («, B).
Assume v — ¢ at the spatial infinity. Then (1.1) is equivalent to

gl‘l‘+e3:aNa

B.1
& —c=9H¢ —o). B

First, Proposition 1.3 still holds. The same proof, with & replaced by & — ¢
in various places, works. Let w = (I — $)ze3.

Proposition B.1 We have

(37 —aN x V)7
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=[] K€ ~6)6 — 8 x 00— g opFdadp’
- [[ k&~ o6 - &) x @0 - 0002 deldper
~ [[ 4k @ — 616 - &) x €0~ 5007 da'dpes. B2)
The change of coordinates is a small modification of that in (1.28):
k=k(a, B, t)=5§(,B,t) —ct — (I +9H)z(a, B, t)ez + Kz(a, B, 1)e3 (B.3)
where 8 = Re §) is the double layered potential operator.
Now we also have the following proposition, showing that » and A — 1 are
quadratic.
Proposition B.2 Letb =k, ok~ and A o k = aJ (k). We have
1
b=sH-H)@—c) =3 +b-VL. Hlzes
+[0; +b-V1,Klzes + Kujzes, (B.4)

1 — 1
(A—1es = 5(—H+H)w+ 5([8; +b-V,, Hl(u—-c)

— [0 +b- VL, H]l(u—c))
+[AN x V, H]zez — ALp X (0,K3e3)
+ ALy x (35K3e3) + Adoh X g (B.5)

Here Hf = e3H(es f) = [[e3KNe3f".

Proof The same proof as that of Proposition 1.4, with & replaced by & — ¢
works. OJ

The relations between quantities is a small modification of that in
Lemma 2.14. The main change is in (B.10).

Lemma B.3 We have

;4 x = (H —H)zes + Kzes, M4 x = (H — H)zes, (B.6)
0x3=—N -e1 + (g1 X dgA) - ey,

B.7)
3/33 =—-N-ey+ (Og A X 8,3%) - e,
N:e3+3akxe2—8ﬂkxe1+8‘x}»x 0gA, (B.8)
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AN —e3=w, (B.9)
2@ —c+ @ +b-Vi)x)=(H—-H)@—c)
—2[8,+b- V1, Hlzes, (B.10)
2+ 0 +b- V) =(H-—H)w+ [0 +b- VL, H—H]@ —c)
—2( +b-V)[d +b-Vi, Hlzes, (B.11)

(H—ﬁ)f:—zf/K.MfUrzf (KiNy — KoNDes ', (B.12)

where K = K1e1 + Kaex + Kzez, N = Njey + Naex + Nzes, and f is a
function.

For the 2D water wave one may do similar modifications. We omit.

Appendix C: Normal Forms

Since the publication of [32], there have been questions on whether one may
just use a normal form transformation containing only linear and quadratic
terms (we call such transformation a bilinear transformation) and obtain the
same results as in [32] and the present paper. Indeed, if the projection (I — £))
and the change of coordinate k as in (1.28) together produce a quantity
7w ok™! = (I — H)je3 that satisfies (1.35) which doesn’t contain quadratic
terms, then the quantity consisting of the linear and quadratic parts of this
transformation only should also satisfy an equation without quadratic terms,
since the terms of cubic and higher orders in the transformation should be
redundant in canceling the quadratic terms in the water wave equation.

We recall that the method of using only linear and quadratic terms for
the transformation was carried out successfully by Shatah [23] in obtaining
a global well-posedness result for the Klein-Gordon equations in R3. The
advantage of this method is that it is algorithmic.

A key requirement for the method of normal forms to work is that the
transformed quantity and the original unknown should be equivalent in the
various norms involved in the course of analysis. We will see in this note that
retaining only the linear and quadratic terms in our transformation fails for
the water wave equation, as this partial transformation doesn’t give a quantity
that has equivalent norms as the original unknown in the functional space
considered in this paper. The failure is due to the coordinate change part of
the transformation.

In what follows, we first use the method of Shatah to find a bilinear trans-
formation that cancels the quadratic terms in the water wave equation; we next
analyze the partial transformation containing only the linear and quadratic
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parts of the transformation (I — H)3e3. We then give some concluding re-
marks.

In this note, we sometimes do not observe consistency of notations with
the main body of the paper. For example, &, 1 here denote variables in the
Fourier space, & denotes the hight of the interface.

Let f be the Fourier transform of f, and

B(f,g) = / e E (e, ) £ ()& (n) d dn (C.1)

be a bilinear operator. We call m (&, n) the Fourier symbol of B. In particular,
if m(&,n) =1, then B(f, g) = fg. We note that if a normal form transforma-
tion is given by

V=U+B(U,U)

and if B is bounded: ||B(U,U)| < ||U||2, then ||V || = |U|| provided |U || is
sufficiently small.

C.1 The bilinear normal form transformation

Assume that the interface at time ¢ is a graph given by X(¢) : (X, z) =
(X, h(X,1)), X € R"!, and let ¢ be the velocity potential, (X, t) be the
trace of the velocity potential: (X, t) = ¢ (X, h(X, 1), t). The system (1.1)
is equivalent to (see [27])
oth = Gh)y,
{atw__(h)—wl|vlmz+é(G(h)l/fﬁ-Vh-V‘/f)z ©2
e 2 2(1+[VA[%) ’
where G(h) = /1 + |Vh|?Vy, Vy is the Dirichlet-Neumann operator asso-
ciated to (1), V.= (0, ..., 0y, ;) for X = (x1, ..., x,-1). Notice that the
right hand sides of the equations in (C.2) are dependent of VA, Vi only.
Furthermore, we know (C.2) can be expanded as the following (see [27])
dth =|D|Y — Vh-V¢ +[h, |IDI|D|Y + C1(Vh, V), (C.3)
oy =—h— 5|V + 3(DIY)* + Co(Vh, Vi),

where C;(Vh,Vyr), i = 1,2 are terms of cubic and higher orders in Vh
and Vi, [D| = /—V -V = /—A. (C.2) is equivalent to (1.23)—(1.24). We
choose to work on (C.2) here for the sake of convenience.

We first find the bilinear norm form transformation that cancels out the

quadratic terms in (C.3). The ansatz (C.6)—(C.7) we use is similar to that of
Shatah [23].
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Let MT denote the transpose of a matrix M, (€, n) = m(n, £); C denotes
a term that is at least of cubic order in %, V; the Cs appearing in different
equations and contexts need not be the same.
—(" — (0 ID] _(9 _(C
LetU—(w),A—( ),Q—( 1),C—( 1),Where

-1 0 0> C
Ql(n)=/<n-s — nlIEDA( — &)Y (&) dE
=f(n-<n—s>— Inlln — EDAE Y (n — £) dE, (C.4)

. 1 N
Qz(n)=/5((77—5)-é+|n—§|l§|)1ﬂ(§)¢(n—$)d$-

We can rewrite (C.3) as

U =AU+ Q +C. (C.5)
Let

V=U+B(U,U), (C.6)
where B(U, U) = ( (")) is bilinear, with

Bi(F,G)(n,1)

e (KiEn—8 LiEn—8) 4,
-/ (E’t)(Mi@,n—g) Ni(s,n—@)G(" s0ds (ED

‘We know
B, U)(n,t)=/(fl(§,t)Ki(%‘,n—é)ﬁ(n—é,t)
+UE DN En—E)Y(n—E, 1)) dE
+/ﬁ<s,r><Li L M) E 0 — B —E.0)dE. (C8)

We want to find K;, L; + 1\7[,-, N;, i =1,2 so that V satisfies an equation of
the form

,V=AV +C. (C.9)

We calculate

0,V=0U++B@O,U,U)+ B(U,9,U)
=AU + Q+ B(AU,U)+ B(U, AU) + C,
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AV =AU + AB(U, U).
In order for V to satisfy 9,V = AV + C, we need
0+ B(AU,U)+ B(U, AU)=AB(U, U). (C.10)

Letmi(,n =& =n-m—8&) —Inlln —&|,m&,n—§&) =n-&—Inlél
myE,n—&=m—§&)-&+|n—E£&||&|. Solving (C.10), we find

Ko=N=M;=L1 =0,

(Ly+ Mp)(E,n— &)

_ _Un—8&[+ 181 = InDCmy +m2) — 2|n — &[Gty +m2)
(In = &1+ 181 = 1nh? — 4I&11n — & ’

1 ~ 1 -
Ki&,n—-§= 5(L2+M2)(§, n—=%8+ §(L2+M2)(77 —§,6),

(C.11)

1 ~
Ni(E.n—§)=— E(mz +I15[(L2 + M2)(§,n—§)
+ 10— El(Ly + M2)(n — £, §)).

Notice that the denominator (|n — &| + |&| — |n)> — 4|€||n — &| = 0 if and
only if £ =0 or n =0 or n — & = 0. To understand better the nature of the
zeros of (|n — &| + |€] — [n])? — 4|€||n — &| = 0, we present the following
identity.

Lemma C.1 We have'*

((In — &1+ 161 — 1D — 4I€lIn — EN((In — &I+ 1] + InD)* — 4IE1In — &)
= —16|¢[In — &[>+ (nl* — (In — &1 — 1EDD. (C.12)

The checking of the identity (C.12) is straightforward, we omit the details.

Remark C.2 The following identity holds:

[T '+ D=2 + (=17 153

i,j=0,1

= (In— €|+ &1 — InD> — 4[€]In — &. (C.13)

14The identity (C.12) was found during our effort in finding a nonlinear normal form transfor-

mation for the water wave equation in 3D. Multiplying (|n — &| + |§]| — |n|)2 —4l&|ln — &| by
the factor (|n —&| + |&] + |r;|)2 —4)&||n — €| is natural in the Clifford analysis framework.
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Now
nl? = (In— &l — 1ED* =2(n — &) - & +2|n — £]|&];
therefore
(Inl* — (In — &1 — 1ED*)* < 4I&lIn — &lInl>. (C.14)
On the other hand,

(n—&l+1E1+1nD* =4 lIn =&l = (n—€l—1ED>+ > +2(n— &I+ 1E DIl

So

(In— &1+ &1+ InDInl < (In — & + &+ [nD)* — 41&|In — &|
=2(In =&+ &1+ nD nl. (C.15)

Combining (C.12), (C.14), (C.15), we obtain

In—&l+ 18 +Inl _ 1
160 —&llEllnl —  (n—&1+1&l = InD> —4|Elln — &|
_ =&+ 181+ Inl (C.16)
6ln — &[1€1In]

Notice that |m], [m1], |m2| < 2min{|§|[n — &1, |&]Inl, [nlIn — &[}. Therefore

(Lo + M) (E,n— &) S |n— &,
|K1(€,n—8)| S In—El+ €], (C.17)
INi(E,n—E) SIEln — &

Moreover we have
lim (Ly + M2)(€, 0 — &) = [,
£—>0
lim K (& §)= : In]
T K16 —§) = 5|
im ,n—&)=—|&|.
n—£—0 1S 1 2
C.2 Analysis of the bilinear normal form transformation

Notice that in this paper, the unknown of the water wave equation is
(|D|'2h, |D|y) and only (|D|'/h, |D|¥) and its derivatives are assumed
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small and localized.!>-'® We remark that it makes sense to take (|D|'/2h,
| D|yr) as the unknown for the water wave equation (C.2) since the right hand
sides of the equations in (C.2) are dependent on Vi, Vi only.

We are also interested in understanding the normal form transformation for
the case when (i, |D|"/ 21&) is assumed small and localized. In what follows
we find the bilinear normal form transformations that cancel out quadratic

terms in the water wave equation for the unknowns Uy = E;U = |D|* EqU =
IDI*h here E. — IDI* 0

(|D|s+l/21//)9w Cre Lig —( 0 |DJFH12

the bilinear normal form transformation for Uy is given by Vs = EV:

), s =0o0rs=1/2.1tis easy to see that

Vs = Us + BS(USa Us),

where B (U, U;) = EsB(E_sUg, E_ Uy), and B is as given by (C.7)—

(C.11). We have By(F, G) = (57" o). with

Bis(F,G)(n,1)

[ ar KisGn—8 LisEn—8\a
—/F @’”(M,-,s@,n—s) N,-,s@,n—s))G(” 5:0)ds, (C.19)

where

KisEn=8 =& In—&1°K1(§,n = &),
NisEn—& =l 1g] ™ 2 — &7 12N (5, — ),
(Lo + Mas)(E,n —£) (C.20)

=PV I — &7V (L + M) (8, — 6),
KZ,S = N2,s = Ml,s = Ll,s =0.

If s =0, i.e. if (h, |D|"/?¢) is the unknown and assumed small and local-
ized, we see from (C.17) that the Fourier symbols K; o, L; o+ 1\71,30 and N; o
of the bilinear operator By are locally bounded. We know from the Coifman-
Meyer theory [7] that the Fourier symbol being bounded is the most basic
assumption for obtaining boundedness of the bilinear operator.!” For By in
particular, its boundedness properties can be derived from results in harmonic
analysis [7, 25] by using the identity (C.12) and inequality (C.14).

15we say a function f is localized if f tends to O at the spatial infinity.

161 ¢t the trace of the velocity v(X, h(X,1),t) = (vi,..., Vi), X =(x1,..., Xy _1). From the
chain rule, we have 9y, =v; +vpdyh,i=1,..., n—1.

17Here we restrict ourself to discussing the type of bilinear operators given by (C.1) only.
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On the other hand when (|D|'/2h, |D|y) is taken as the unknown and
assumed small and localized as in this paper, i.e. when s = 1/2, we know
from (C.18) that of By, the Fourier symbols: (L2 1,2 + MQ’]/Z)(%_, n—=E&)
has a small divisor 1/|£|'/2, Ky 1/2(§,n — &) has small divisors 1/|&]'/?
and 1/|n — &|'/2. We will see next that the difficulty of these small divisors
amounts to proving such inequality | f | ;2gs-1) S [1DIY2 ]| f2(ga-1). This
is impossible even if f satisfies moment conditions. '3

C.3 The bilinear partial transformation of (I — H)3e3

We now analyze the partial transformation consisting only of the linear and
bilinear terms of (I — H)zes = U, ' (I — 9)ze;.

First it is not difficult to see that the bilinear term in the projection
(I —$)zes is abounded operator belonging to the class considered in Proposi-
tions 2.6, 2.7 and has locally bounded Fourier symbols. On the other hand, if a
normal form transformation G is exactly obtained from the original unknown
g by a change of coordinates k!, i.e. G(X) = g(k~ (X)), with k(X) — X a
small quantity, then from the Taylor expansion

GX)=gk ' (X)) =g(X)+VegX)- (k" "(X)—=X)+---, (C21)

the partial transformation consisting only of the linear and quadratic terms in
G(X)is

G1(X)=g(X)+ Vg(X)- (k" 1(X) — X).1° (C22)

To obtain |G ]| & ||g|| in various norms || - || for small ||g]||, one cannot avoid
engaging the smallness of the norms of k<~ '(X) — X, and the dependence
on Vg in the quadratic term can also be problematic. On the other hand,
Lemma 4.2 shows that for the full coordinate change G = gok™!, |G| ~ | g||
in various norms || - || provided the norms of Vk~! — I are finite, here I is the
identity map; we do not need to know the norm of the primitive k= (X) — X
itself if we consider the full coordinate change. As we know, the composition
of the partial transformation consisting of the linear and bilinear parts of the
projection (I — §) and the coordinate change U, ! gives in part the bilinear
normal form transformation obtained in (C.20) (for s = 1/2). We conclude
that the coordinate change U~ ! has in part taken care of the difficulty of the

small divisor associated to the case s = 1/2 considered in this paper.?’

18We remark that for periodic domains Td, such inequality ||f||L2(’]1"1) < |D|1/2f”L2(Td)
holds for f satisfying the moment condition de f=0.

19This suggests an algorithm to handle problems where the bilinear normal form transforma-
tion contain small divisors attributable to a change of coordinates.

20Note that the differences between 8t2 — iady and Btz + | D] in 2D; Btz — €30y + e10p and
8,2 + | D|, and the two quadratic terms in (1.35) in 3D are not accounted for here.
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Indeed, after some further analysis and reformulation of the water wave
equations, we realized that the small divisor could be taken care of by a prop-
erly constructed coordinate change, we therefore looked further for a better
understanding of the bounded part of the bilinear normal form transforma-
tion. While for 3D water wave it was quite difficult, it was possible for us
to find that the projection (I — $)) is responsible for the bounded part in the
bilinear normal form transformation for the 2D water waves. We then used
the knowledge of the 2D water wave to derive corresponding results for 3D.

And indeed when applying an ODE method such as the method of normal
forms to a PDE, the least one should take into consideration is the possibility
of a better coordinate system.

Finally, we mention the recent work of Germain, Masmoudi, Shatah
[13], in which they assumed smallness of (%, |D|1/21//) in L2(|x|2dx) N
WO l(dx) N HN (dx) for some large N initially and studied the global ex-
istence and scattering of the 3D water wave through analyzing the space-time
resonance. Here H” is the L? Sobolev space with N derivatives, W! is
the L' Sobolev space of 6 derivatives. As discussed earlier, this is the case
when the bilinear normal form transformation have locally bounded Fourier
symbols. While their method is algorithmic, and applicable to some other
problems [12], we note that their assumptions on the initial data implies some
quite strong decay properties of the velocity potential ¢. As we know ([25],
p. 117)

1
= </ +/ +/ )—2_1/2|D|1/2w<y>dy,
il Jiviz2i Swisyi<em/ X =yl
‘(f +/ )%l/zwﬂ/zw(y)dy‘
yl<siel Jiyiz2/ X =yl

S |x|3/2<|||D|“2w|wdx) + D12l 2 )

where

and

/

1 2
. _plr 4
/%|x|s|y|§zx| i Pl dy

1
= 761),)
/(/%|x|<|y|<z|x| lx — y|3/2
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1
X —————(ID|"2y(y) 1> dy |Ix| dx
Lij<lyl<2px] X = yP3/2

|x /2 P
. Llyl<lx]<2| \mdx DIV =y (DI dy
fySXS y —_

§/|y|2||D|l/2w<y>|2dy.

So if ¥ satisfies |D|'/2y € L1 (dx) N L?(|x|*dx) as assumed in [13], it is

necessary then that ¢/ (x) decays at a rate no slower than 1/|x

|3/2 as |x| —

oo. This is a rather restrictive assumption on the initial data. As while it is
physically reasonable to assume the velocity field v — 0 at the spatial infinity,
the velocity potential itself does not decay, in particular does not decay at such
rates at the spatial infinity in general.
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