GLOBALIZATION OF TWISTED PARTIAL ACTIONS

M. DOKUCHAEV, R. EXEL, AND J. J. SIMON

ABSTRACT. Let A be a unital ring which is a product of possibly infinitely many
indecomposable rings. We establish a criteria for the existence of a globalization
for a given twisted partial action of a group on A. If the globalization exists, it
is unique up to a certain equivalence relation and, moreover, the crossed product
corresponding to the twisted partial action is Morita equivalent to that corresponding
to its globalization. For arbitrary unital rings the globalization problem is reduced
to an extendibility property of the multipliers involved in the twisted partial action.

1. INTRODUCTION

The relationship between partial isomorphisms and global ones proved to be rele-
vant in diverse areas of mathematics, such as operator theory, topology, logic, graph
theory, differential geometry, group theory (with particular importance for geometrical
and combinatorial group theories) and semigroup theory (see [20], [21]). Moreover, it
naturally can be found as a significant feature even in the basics of Galois Theory of
fields, or in that of inner product spaces in the form of Witt Lemma (see [21]). The
latter was the origin to the term “Witt property”, naming an important situation in
which every partial isomorphism lies beneath a global one. Other remarkable related
properties which reflect certain “globalization” phenomenons are the so-called “HNN-
property” and that of “homogeneity” (see [21]).

When a group G is given and a partial isomorphism of a structure is attached to
each element of G such that the composition of partial isomorphisms respects the group
operation, we speak about a partial action of G. The formal definition of this concept
was given in [13], and the study of globalizations (also called enveloping actions) of
partial group actions was initiated in the PhD Thesis of F. Abadie [1] (see also [2]) and
independently by J. Kellendonk and M. Lawson in [20]. Further results on globaliza-
tions of partial actions of groups were obtained in [22], [8], [16] and [11]. In particular,
in [8] a criteria for the existence of a globalization for a partial group action on a unital
ring was given, which was further generalized for partial group actions on left s-unital
rings in [11], incorporating a new ingredient to the criteria, which is essential for the
s-unital context. One should notice that the concept of a globalization of a partial
action of a group on a ring A, as treated in [2], [8] and [11] (see also Definition 2.1
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below), has a rigid condition that A is an ideal in the ring under the global action.
This is imposed in the definition because of the way the restriction works: any global
group action on a ring canonically restricts to a partial action on a two-sided ideal.
However, it may happen that a given partial action restricts to a subring which is not
an ideal, and dropping the considered restriction from the definition one comes to the
so-called weak globalizations, on which interesting results have been obtained in [16].

Twisted partial actions of locally compact groups on C*-algebras were introduced in
[12] serving the general construction of C*-crossed products. The power of the notion
allows one to prove (see [12, Theorem 7.3]) that any second countable C*-algebraic bun-
dle with stable unit fiber can be obtained as a result of the construction. Its generality
permits to characterize important classes of C*-algebras as C*-crossed products (see
[15]). Twisted partial actions of groups on abstract rings and corresponding crossed
products were introduced in [9], in which an algebraic analog of the above mentioned
stabilization theorem was also proved. As a recent application of the construction, it
was proved in [14], that given a field F' with charF = 0 and a subnormal subgroup
H < N < G, there is a twisted partial action of the factor group G/N on the group
algebra F[N/H] such that the Hecke algebra H(G, H) is isomorphic to the partial
crossed product F[N/H]* G/N. Separability, semisimplicity and Frobenius properties
of crossed products by twisted partial actions were investigated in [4].

The globalization problem for partial actions on rings is essential for the further
study of general crossed products and related topics, in particular, the above men-
tioned result from [8] turned out to be useful in the Galois Theory of partial actions
[10], in M. Ferrero’s result [16], and in the series of recent preprints by D. Bagio, W.
Cortes, M. Ferrero, J. Lazzarin, H. Marubayashi and A. Paques [3], [5], [6], [7], [17].
Thus a solution for the globalization problem for the twisted context seems to be rather
desirable, which is our present purpose.

Our paper is organized as follows. After giving some preliminaries in Section 2,
we point out in Section 3 a Morita equivalence result with respect to the partial and
global crossed products, which is an immediate consequence of the arguments given in
[8] and [11]. In Section 4, we reduce the question of the existence of a globalization
of a twisted partial action of a group on a unital ring to an extendability property of
the multipliers involved. Next we pass to consider twisted partial actions on rings A
which are (finite or infinite) products of indecomposable unital rings, first giving in
Section 5 some preliminary facts on transitive twisted partial actions. In Section 6 we
construct a more manageable twisted partial action, equivalent to the given one. The
idea is borrowed from the corestriction map in Homological Algebra, which turns out
to be adaptable to the non-commutative partial framework. In Section 7 we establish
our main existence result whereas in Section 8 we prove that two globalizations of a
given twisted partial action of a group on A are equivalent in some natural sense from
the homological point of view, provided that the rings under the global actions are
unital.
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2. SOME PRELIMINARIES

We remind the reader that the multiplier ring of M(A) of an associative non-
necessarily unital ring A is the set

M(A) ={(R,L) € End(4.A) x End(A4) : (aR)b = a(Ld) for alla,b € A}

with component-wise addition and multiplication (see [8] or [18, 3.12.2] for more de-
tails). Here we use the right hand side notation for homomorphisms of left A-modules,
whereas for homomorphisms of right modules the usual notation is used. Thus given
Ry A=A A L:Agq— Ayanda € Awe write a — aR and a — La. For a multiplier
w=(R,L) € M(A) and an element a € A we set aw = aR and wa = La, so that one
always has (aw)b = a(wb) (a,b € A). Given a ring isomorphism ¢ : A — A’, the map
M(A) > w— pwe™' € M(A') where pwo™ = (¢ 'R, ¢ L), w = (R, L), is an

isomorphism of rings.

Definition 2.1. A twisted partial action of a group G on A is a triple

a = ({Dy}gec;{ay}gea; {wg,h}(g,h)erG>v

where for each g € G, Dy is a two-sided ideal in A, oy is an isomorphism of rings
Dy-1 — Dy, and for each (g, h) € GXG, wyy is an invertible element from M(Dgy-Dyp),
satisfying the following postulates, for all g,h and t in G :

(i) D} = Dy, Dy - Dy, = Dy, - Dy;

(ii) D1 = A and «a; is the identity map of A,

(i) og(Dy=1 - Dy) = Dy - Dyp;

() agoap(a) = wg7hagh(a)w;,1l, Va € Dyp-1 - Dp-14-1;
(v) w1y = wg1 =1;

(vi) ag(awn,e)wy ne = ag(a)wyg nwgn,t, Ya € Dy-1 - Dy - Dpy.

As it is commented in [9], it follows from (i) that a finite product of ideals Dy -Dj, . ..
is idempotent, and

ag(Dy-1 - Dy, - Dy) = Dy - Dygp, - Dy
for all g, h, f € G, by (iii). Thus all multipliers in (vi) are applicable.

We say that o is global if Dy = A for all g € G. Observe that given a twisted global
action

B = (Ba {/Bx}xeG’ {Ux,y}(z,y)erG)
of a group G on a (non-necessarily unital) ring B, one may restrict 5 to a two-sided
ideal A of B such that A has 1 4 as follows. Setting D, = AN By (A) = A-5,(A) we see
that each D, has 1 which is 1483;(1.4). Then putting oy = S5 |p,_,, the items (i), (ii),

—1>
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(iii) of Definition 2.1 are satisfied. Furthermore, defining wy y = tzy148:(14)Bey(14)
we have that (iv), (v) and (vi) are also satisfied, so we indeed have obtained a twisted
partial action on A.

Definition 2.2. A twisted global action
B = (B, {Bg}gEGa {ug,h}(g,h)GGxG)

of a group G on an associative (non-necessarily unital) ring B is said to be a globali-
zation (or an enveloping action) for the partial action a of G on A if there ezists a
monomorphism ¢ : A — B such that:

(i) ¢(A) is an ideal in B,

(ii) B =3 gcq By(p(A)),

(iii) o(Dg) = ©(A) N By(p(A)) for any g € G,

(iv) ooy = Bg0¢p on Dy for any g € G,

(v) plawgp) = @(a)ug n, p(wgra) = ugnp(a) for any g,h € G and a € DyDyy,.

If this is the case, we shall say that o is globalizable.

Our rings will be always associative, non-necessarily with unity in general. Given a
unital ring A, we shall denote by U(A) the group of invertible elements of .4, whereas
14 will stand for the unity of A. If 3 is a globalization for «, then B may have no unity
even when A is a ring with 14, if, however, B has 15, then we say that § is a unital
globalization and « is unitally globalizable. The multipliers w; , of a twisted partial
action will be also denoted by wlz, y].

3. MORITA EQUIVALENCE

It was proved in [8] that if « is a (non-twisted) partial action of a group G on a
unital ring A and f is a globalization of a with G acting (globally) on B such that 5
has 1z then the partial skew group ring A %, G is Morita equivalent to the (global)
skew group ring B *g G. The proof is easily adaptable for the left s-unital case, as
it was shown in [11]. We recall that a ring A is called left s-unital if for any a € A
there exists an element e € A such that ea = a. Equivalently, for any finitely many
ai,...,ax € A there exists an element e € A with ea; = a;,i = 1,...k (see [11, Lemma
2.4]). Any left s-unital ring is obviously idempotent, and for them the Morita theory
of idempotent rings developed in [19] is applicable. We also recall that given a twisted
partial action « of G on A, the crossed product A *, G is the direct sum:

P Dy,

geG
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in which the d,’s are symbols, and the multiplication is defined by the rule:
(agdg) - (bndn) = ag(agl(ag)bwwg,hégh'

Here wyj, acts as a right multiplier on ag (o, (ag)bn) € ag(Dy—1 - Dy) = Dy - Dy The

associativity of this construction was established in [9)].

We point out the next:

Theorem 3.1. Let o be a globalizable twisted partial action of G on a left s-unital
ring A and let B be a globalization of o with G acting globally on B. Then the crossed
products Axo G and B xg G are Morita equivalent.

Proof. We observe that the Morita context and the arguments given in [8] with
the adaptation for the s-unital case in [11] work nicely, and we give only a sketch of
the proof.

Since A is left s-unital, so too is B, as a sum of left s-unital ideals (see [11, Remark
2.5]). By [11, Theorem 3.1] each Dy is left s-unital and consequently, R = A%, G
and R’ = B *g G are also left s-unital. We view R as a subring of R’. Consider
M, N C Bx*g G given by

M = chug:cge.A and N = chug:cgeﬁg(fl)
geG geCG

The proofs of Propositions 5.1 and 5.2 of [8] do not use the fact that the ring has 1 and
work without essential changes in the twisted context. According to these propositions
M is an R-R’ - bimodule and N is a R'-R - bimodule. While checking this, one
should keep in mind that all ideals ,(A) (z € G) are idempotent, and therefore,
uly, z|Bz(A) = Bz(A)uly, z] = Bz(A) for any z,y,z € G, as invertible multipliers
preserve idempotent ideals.

Next, let 7: M@/ N — R and 7' : N®g M — R’ be given by 7(m®n) = mn and
7'(n ® m) = nm. Obviously 7 is an R-bimodule map and 7’ is an R’-bimodule map.
Similarly as in the proof of Theorem 4.1 of [11] one directly verifies that 7(M @z N) =
R and 7'(N @r M) =TR'.

The notion of the Morita context for idempotent rings is the same as for rings with
1 (see [19]), thus we have a Morita context (R, R’, M, N, 7,7') with idempotent R and
R', and surjective 7 and 7/, therefore by [19], the rings R and R’ are Morita equivalent.
O

4. REDUCING THE GLOBALIZATION PROBLEM TO AN EXTENDABILITY PROPERTY OF
MULTIPLIERS

If o is a globalizable twisted partial action of G' on a unital ring A, then each D,
(9 € G) is a unital ring, as ¢(Dy) = p(A) N By(¢(A)). In the non-twisted case the
converse is true by [8, Theorem 4.5]. In the twisted case, without imposing restrictions
on A, we are able to show in Theorem 4.1 below that the converse is true provided
that an extendability property of the partial twisting w is verified (the latter is also a
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necessary condition). if each Dy is a unital ring whose unity element is denoted by 1,
then 1,4 is a central idempotent of A such that Dy = 1,4, and for every g,h € G the
ring Dy N Dy, = Dy - Dy, is unital with unity 141;. Consequently M(DyDgyp) = DyDgp,
so that wyp, is an invertible element of D,Dyy, for any g,h € G. Moreover, by (iii) of
Definition 2.1,

(1) ag(ly-11p) = 1glgp,
for any g, h € G.

Theorem 4.1. Let o be a twisted partial action of a group G on a unital ring A
such that each Dy (g € G) is a unital ring with unity element 14. Then o admits a
globalization if and only if for each pair (g,h) € G X G there exists an invertible element
Wy p € U(A), such that wyplglgy = wgp, and

(2) org (W, 19_1) Wg,ht = 1g Wg,n Wyht,
for any g,h,t € G.

Proof. The “only if” part is obvious by taking wg = ugp - 14 for any g, h € G.

For the “if” part let F = F(G,.A) be the Cartesian product of the copies of A
indexed by the elements of G, that is, the ring of all functions from G into A. For
convenience of notation f(g) will be also written as f|, (f € F,g9 € G).

For g € G and f € F define B4(f) € F by the formula:

Bo(Nln = @p1 o f (g™ h)w, L ), he G

Obviously f +— B4(f) determines an automorphism §, of F. Define u, ), € U(F) by
setting

o~ o~ ~_1
Ugnlt = W1 gWy=1g W1 oy G hst € G

For arbitrary g, h,t,z € G one has that

~ ~
(ﬁg(uh,t)ug,ht”z — wz_l,g uh,t|g_1x wz717gug,ht|x —
~ ~ ~ ~ 1 1 ~ ~ 1
(’wx—l,g Wy=1g,h Wa=lgh,t wz_lg,ht w:p_l,g) (wft_lvg Wy—1g,ht w:ﬂ_l,ght) =
~ ~ ~ 1
Wg—1,g Wy=tg,h Wa—1gh,t Wy—1 gpys
and

(ug,hugh,t)‘x = ({Exfl,g ibwflg,h {E;—llgh) (ﬁmfl,gh 'Lszflgh,t w;—llght) =
@m71’g ’L/Exflg’h wzflgh,t w;*ll,ght’
which shows that
ﬂg(uh,t)ug,ht = Ug,hUgh,t,
i.e. u satisfies the 2-cocycle equality (vi) of Definition 2.1.
Next for any f € F and g, h,xz € G we compute
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(59 o Br(f))le = wx—l,g 5h(f)|g‘1w w;ll,g = Wy g W _19 hf(h 9 lm)w *llgh Wy, 1 Ly

Furthermore,

hﬂgh( ) 57]11)’12
1 (~ ~—1 ) 1:

-1 —1
Wy, 1g,hw -1 gh) T 1,ghf(h‘ g m)w -1.gh Wy, 1,gw:c lgh W, -1 gh
1 —1
z 1gh =19

(u
(wy
~ -1

We—1 g xlghf(h g x)w

and consequently,

(3) Bg © Bh(f) = Ug,h 5gh(f) U;}l,

i.e. u satisfies (iv) of Definition 2.1. Since trivially u14 = ug; = 1 for all g € G, we
have a twisted global action of G on F.
For any a € A the element al, belongs to D, and the formula

p(a)ly = O‘g—l(alg)v g €Gq,

defines a monomorphism ¢ : A — F.

Let B=)_ ccBy(p(A)), (9 € G). Our purpose is to show that the restriction of
to B is a globalization for a. Denote this restriction by the same symbol 8. We proceed
by checking property (iv) of Definition 2.2.

For g,h € G and a € Dy-1 we have

By(p(a))ln = @hfl,g@(aﬂg*lh@;}ll,g . @hfl,gahflg(algflh)@,}ll’g =
wh—17g04h—1g(alg—1h)1h—1 lh_1gw}}117g = wh_lygahqg(alg_l 1g—1h)w;rll,g7

in view of (1) and the equalities a = aly—1, wp-1 41,-11-14 = wp-1 4. On the other
hand,

w(ag(a))ln = ap-1(ag(a)ly) = ap-1(ag(a)lyly) = ap-1(ag(aly-11,-13)),

using again (1). Now the equality B4(¢(a))|n = ¢(ay(a))|n follows by (iv) of Defini-
tion 2.1, and (iv) of Definition 2.2 is proved.
Next we show that

(4) ©(Dy) = p(A) N By(p(A)),

for all g € G. An element from the right hand side can be written as ¢(a) = B4(¢(b))
for some a,b € A. Then for each h € G the equality ¢(a)|n = B4(¢(b))|n means that

Oéh—l(alh) = wh_l,gah_lg(blg_lh)w}:}%g'
Taking h = 1 this gives a = a,(bl,-1) € Dy, as w14 = 1, and, consequently, ¢(Dy) 2

©(A) N By(p(A)). For the reverse inclusion, given an arbitrary a € Dy, we see using
(1) and (iv) of Definition 2.1 that
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By(plag (@)lh = @15 an-1glay (@) 1g-1p) B L | =

Qp-10 ag(ag_l(a)lg_l Ly-1p) = ap-1(acy(ly-114-13)) = ap-1(aly) = ¢(a)ln,
for all g,h € G. This yields that p(a) = Bg(ap(ag_l(a))) for any g € G, and ¢(D,) C
©(A)NBy(¢(A)). Hence (4) follows and condition (iii) of Definition 2.2 is also satisfied.
Next we check that ¢(.A) is an ideal in B. To see this it is enough to show that

Bg(p(a)) - ¢(b),o(b) - Bg(p(a)) € p(A) for all g € G and a,b € A. For h € G, using
again (1) and (iv) of Definition 2.1, we have

By(p(@)ln - o(b)ln = Tp-1 g p(a)lg-1n @,y - p(b) 0 =
= Bhor g g 01y Ty - e (b1) = g (g aly-) 1) - s (b15) =
= ap-1(ay(aly-1)bly) = p(ag(aly—1)b) .
Thus §4(p(a)) - o(b) = ¢p(ag(aly-1)b) € p(A) and similarly o (b) - By(p(a)) =
@(bag(aly-1)) € p(A), as desired.

We show next that our u satisfies (v) of Definition 2.2. For any g, h,t € G, by (vi)
of Definition 2.1 we have

O(wgn)le = ap—1(wgple) = w1 gwi-14p, w;_117gh —
| 1t—1g1t—1gh {Et_l,g {Et_lg,h @t—l,gh = (80(1glgh)ug,h) |t
which gives
P(wg,n) = ©(1glgn)ug,n-
The latter equality readily implies p(awq ) = @(a)ugp for any a € DyDgyy, and the

second equality in (v) of Definition 2.2 follows similarly.
It remains to prove that

(5) ugpB=B=Bugy

for all g,h € G.
First observe that

ug,h p(a) = o(wgha)
for all g,h € G and a € A. Indeed, for any ¢ € G, using (2), one has

(ug,h‘P(a))‘t = @rl,g @rlg,h @15_—117911 a-1(aly) = Oétfl(wg,hlt) a-1(aly) = @(wg,h a)lt,
as claimed. It follows that
(6) ug.n p(a) € p(A),
for all g,h € G.

It is analogously seen that u;,ll pla) = go(w;}b a), so that

(7) ugp p(a) € p(A),
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for all g,h € G.
Next we work with the product 5;1(%,}1) (a) with arbitrary g, h,t € G and a € A.
Note that in view of (3),

ByN(f) = Ut_-lgt B (f) up— 4
for any f € F. Consequently, applying (2), we have
ﬁ;l(ug,h) p(a) = U;11’t Bi-1 (Ug,h) Ug—1 ¢ p(a) = U;}gt Ug—1 g Ut=1g h U,;llyh Ug—1¢ p(a),

which is contained in ¢(A) by (6) and (7). This yields that 8, ' (uy4) ¢(A) € p(A),
and applying 5; we obtain that

ug,n Be(p(A)) C Br(p(A)),
for all g,h,t € G. Hence uy, B C B, and one similarly shows that u;}LB C B. An

analogous argument gives Bug p,, Bug_,ll C B, and (5) follows. O

5. SOME REMARKS ON TRANSITIVE TWISTED PARTIAL ACTIONS

In this section we start our treatment of twisted partial actions on products of
indecomposable rings by making some preliminary remarks. Let

(®) A= R

AEA

where each R is an indecomposable unital ring and A is some non-necessarily finite
index set. It is directly verified that a decomposition of A into a product of indecom-
posable factors (blocks of A ) is unique up to a permutation of indices. Clearly, each
ideal of A which is a direct factor, i.e. is generated by an idempotent which is central
in A, has to be a product of some blocks. Thus, if a twisted partial action « of a group
G on A is given such that each D, is a unital ring, then for every g € G the ideal D,
is a product of some R)’s. It follows that a permutes the indecomposable factors in
the sense that if g € G and A € A are such that Ry C Dy-1, then ay(Ry) = Ry for
some X" € A. Note also that since each Dy is unital, wyj, € U(DyDyy) for any g, h € G,
and hence wg Ry is either 0 or Ry for any A € A, and similarly for Rywg ;. We shall
say that a is transitive if for any A\, X' € A there exists g € G such that Ry C D,
and ay4(Ry) = Ry. Fix an arbitrary block from (8) which shall be denoted by R;. It
is readily verified that « is transitive if and only if for any A € A there exists g € G
such that R1 € Dy-1 and ay(R1) = Ra.

Suppose that « is transitive and set
H=Stg(R1)={9€G:R1 C Dy1,04(R1) = Ri},

the stabilizer of Ry in G, and let A’ > 1 be a left transversal of H in G, i.e. G =
U gen 9H, a disjoint union. One may evidently assume that A 5 1 is a subset of A’ so
that Ry € Dy-1 for all g € A and (8) can be rewritten as
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(9) A=T[R,

geA
where Ry = ay4(R1).

For z € G denote by T the element of A’ with ZH = xH. Keeping our notation we
shall use the next easy properties.

Lemma 5.1. For g,x € G we have:

(i) ge N, R1 CDyr <= geA;

(i) g, Tg € A <= Ry C D1, and if this holds then az(Ry) = Rag;
(i1i) g € A’,Rﬂg D,-1 = geA.

Proof. (i) We only need to see the “=" part, so let Ry C D -1 for some g € A.
Then oy(R1) must be a block of A, so it equals R; for some t € A. Hence

Ri=a lto a(R1) = wl o«

9 g9 % o at(R1) wy—

g =

w w = ag-1,(R1).

gtg W1t ag-1(R1) w,

1 1
g Lt

g9 -9

g

Consequently, g~'t € H, and g =t € A.

(ii) Let g,7g € A. Then Ry C Dzg)-1 NDy-1, and since (Tg)"lxg € H, one has that
Q75 © Qzg)-1azg 18 applicable to Ry and by Definition 2.1 so t00 is aug = Qzg.(zg)-1ag-
Thus Ry C D(yg)-1 and using again Definition 2.1 we see that R, = a4(R1) C
g(D(zg)-1 N Dg-1) = D1 N Dy, so that a, is applicable to Ry. Moreover,

0z (Rg) = Wa,g0tag (Rl)w;,; = Wgyg w%7(@)_1xg 05 © U(zg)~12g(R1) Wag (zg)~12g w;,;

— -1 _ -1 _
= Wg,g w@7(@),1xg Ocmg(Rl) wzf%(@)f%g w%g g 'R;Bg,

and consequently a,(Ry) = Razg, as a(R,) must be a block.
Conversely,

RyCD,1=9g€ANRyCD,-1NDy =D, 1Dy =
Ri=a," (Rg) Ca, (Dy-1Dy) € Dy-1,-1 = Ry C Dy-1,-1 N Dyt iz =
Ri = ag)—1ag (R1) € (zg)—1ag(Py=1o-1 N Dy-15-175) € Diag)-1,

which gives g € A.

(iii) If R=1; € Dy-1 then by (ii) we have that ozx(Rw,lg) = (Rm,lg) = Ry, ie.

g €A O

Note that taking ¢ =1 in (ii) of Lemma 5.1, we have that
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(10) R1 C Dx—l — R1 C Dj—l,
for any = € G.

Given g € A, we denote by pr, : A — R, the projection map; the element pr,(a)
shall be called the g-entry of a. Using this notation one may write

a= ] pry(a)

geA

for any a € A. We shall work with multiplicative maps 0, : A — A, x € G, defined as
follows: for arbitrary a € A let 0,(a) = 14 if 271 ¢ A, and if z=! € A, 3 Ry C D,,
then

1z if g # 2T
0, (a) = A ’
pr, bz (a) { pr, a;l(prya), otherwise.

We shall frequently use the next obvious equality:
(11) 0x(a) = 0(aly)
for any x € G, a € Aand h € H = Stg(R1). We also need the following properties.

Lemma 5.2. For any x € G and g € A we have
(i) 12041 (aly-1,) = 1, 0,1 (a), for all a € A;

(1) 14 4-1 0 cg-1 0 0tz © a(;l_ilg)_l(a) = (1,1 9(719),1(&)), for all
@€ Pargye NPy NP1y

Proof. (i) Since 6,1 is multiplicative, it is enough to check that 1,0,-1(1,-1,) = 1.
If g ¢ A, then 0,-1(1,-1,) = 14, and our equality is clearly satisfied. Moreover,
the equality 6,-1(1,-1,) = 14 also holds if g € A and Ry C Dy-1,. If g € A and
R1 & Dy-1,, then the g-entry of 0,-1(1,-1,) is 0 and all other entries are 1’s. By (10)
and Lemma 5.1, R, € D,, and consequently 1,0,-1(1,-1,) = 1, holds also in this case.

(ii) Note that D(x_—lg)_lx_l N D(ﬂ)_l N D(x_—lg)_lz_lg is the set of all @ € A for

which ag-100a, oa~L_ s applicable. Denote by a; the left hand side of the equality

(z=tg)!
in (ii) and by as its right hand side. It is easy to see that if g ¢ A or x=1g ¢ A, then
a1 = 1, = ag, so suppose that g,z—1g € A. Evidently a;, as € D, and by the definition
of the ’s, for any ¢ € A with ¢ # g and R C D,, we have pr,(a1) = 1g, = pr,(az).
Furthermore, by Lemma 5.1, R4y € D, and

prg(a1) = pry(0g-1 0 ag-1 0y 0 0‘(;1_719)_1(“)) = pry(az o 04(_11_719)_1 (a)) =

prg(a:v(lm—l e(ﬂ)fl (a))) = prg(a2)7

and consequently a; = as. a
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6. GOING TO AN EQUIVALENT TWISTED PARTIAL ACTION

In this section we adapt to the partial and non-commutative context the idea of
the corestriction from Homological Algebra in order to produce a more manageable
twisted partial action, equivalent to the initial one. We give the following:

Definition 6.1. Two twisted partial actions of G on a ring A

o= ({Dm}CL‘EG7 {aac}xeGy {wx,y}(x,y)EGxG)
and
o = ({Dz}xeG7 {O‘;c}mEGa {w/z,y}(x,y)GGXG)a
such that each D, (x € G) is a unital ring with unity 1., shall be called equivalent if

there exists a function
Goxr—e,eU(Dy) CA

such that for all x,y € G and a € Dy—1 we have

(12) o (a) = epa(a)e;
and
(13) wgﬂy = ey 0 (eyly—1) Wy y 5;;.

Observe that in the above definition the twisted partial actions have common do-
mains D,. It is readily checked that the definition is correct, i.e. our relation is reflec-
tive, symmetric and transitive.

Lemma 6.2. Let

@ = ({Dz}zec; {1 fzea, {wx,y}(az,y)erG)
be a twisted partial action of G on A such that each D, (x € G) is a unital ring with
unity 1,. Given a function
Gor—e, €eUD,) CA,
define o, (x € G) by (12) and wyy (x,y € G) by (13). Then

of = ({Dx}weG’y {a;}xeC% {w;/r:,y}(x,y)EGxG)

is a twisted partial action of G on A.

Proof. The items (i), (ii), (iii) and (v) of Definition 2.1 are immediate, and the
verification of (iv) is straightforward. As to (vi), for arbitrary z,y, z € G we have

/ —1

! YWy yye = exax(lx-wyay(ezly_l)wy,zsqul)zs;lsxax(5yzlx-1)wﬁ,yzszyz

T

/

« (1$_1wy’2

= ez0,(1,18y) (o 0 e 11,1 1y71))wx,ywxy,ze;ylz,

by cancelling the &’s, and using the 2-cocycle equality for the w’s and (1). Now com-
posing oy o oy according to (iv) of Definition 2.1, we easily come to 1xw~fc7yw;y’z, as
claimed.

In what follows in this section we assume all notation from the previous one, in par-
ticular, A is a product of blocks as in (9), and « is a transitive twisted partial action of
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G on A. We remind that we shall write the element w, , also as w[x,y|, the standard
notation used in Homological Algebra for 2-cocycles. Since each D, has unity 1., we
can rewrite the 2-cocycle equality (vi) from Definition 2.1 as

(14) ozx(lx_lw[y, Z]) w[CC, yZ] = U}[CL‘, y] w[azy, Z]’ VfL’, Y,z € G
Set
(15) W[z, y] = 1514y H 0,1 (wlg 'z -2 1g, (x71g) "y -yl 1g)).
geA

Since Ry C Dy, for any h € H = Stg(R1), and

tz-a=lg, (a7lg) 7y yTlaTlgl e U(D, o, D

w|g— — — — S i R
9 lpg=1g Zg=lgy-(y=la—1g) 1)

1 1

with g7tz -2~ 1lg,g7 'z -y - (y~1z—1g)~! € H, it follows that w'[z,y] is an invertible
element in D, Dy, for all z,y € G.

Our goal in this section is the next:
Proposition 6.3. With the above notation,

of = ({Dz}zeas {O‘;t}xer {w;t,y}(x,y)EGxG)

is a transitive twisted partial action of G on A with

(16) wlz, y] = ag(eyl—1)ea w' [z, y] 5y, Va,y € G,
where ol (a) = ez ay(a)e, and

eo = 1o [[ 01 (wlg™ 2] wlg 'a - 27 Tg, (z7Tg)17") € U(D),
geEN

for all x € G and a € Dy—1. In particular, a and o/ are equivalent.

Proof. First note that by Lemma 5.1 and (10),
Rg C 'Dx — R C ,Dg*1m
and since

w[g_l,x] S U(D971D9711)7 w[g_lx ' $—1g, (x_lg)_l] S U(Dg x—1g D *1x)

—lyp.x—1lg g

and g~z - 2~ 1g € H, it follows that &, is an invertible element in D,. Thus by

Lemma 6.2, o/ is a twisted partial action, and it is clearly transitive, so it remains
to concentrate on proving (16). We have

wlz,y] = 1zlay H Hgfl(agq(w[:c,y]lg)),
geEA
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for any x,y € G by the definition of §,-1. Applying the 2-cocycle equality (14) for the
triple (¢~1, z,y), and using (11), we obtain

w[m, y] = 1x1my H ngl(w[g_l, x]w[g_lxv y] 1g—1x~x—71g 19—1x-y~m w[g_la xy]_l)a
geA
as g lw-x1g, g7 'w -y -y la—1g € H. Next, equality (14) used for the triples
(g7 w-a7lg, (x71g) " y) and (¢7'z-27lg, (z7lg) " -y -y~ laTlg, (y~la~lg) ™)

respectively gives

1

wlg™ e,y 1, o, = wlg T

v T T

1 1

a1y, Wl ) Tyl g wlg T e el (2 Tg) Ty,

and

wlg™te a7l (a7 g) Tyl e, =

-1

a1y, Wl lg) ™y y e g, (y e ) T L o )
1 1

wlg” zy -y talg, (yLz—1g)7!).

Making consecutive replacements in our expression of w|z,y|, we come to

z-ax1g, (z71g) "ty -y laTglw[g”

wlz,y| = ey (H fg-1 0 Cp-1p7-1g (a 1(@)71“719)) W' [, Ylewy,
geEA

where

-1

a4 =« 4

i (W[ T9) "l wl@ )y -y T Tg, (e ig) Y

T

1(%‘719)‘1-90‘19) € Demrg)-1 Diaig)-14 Pamigy-1 4 o1y

so that it remains to show that

(17) Lyes [[ 01 0y imr, (a L) 1o 1g) = Qa(eyle—1)ea,
geA

for any z,y € G.
It will be convenient to take in the above equality g running over A’; it does not
cause any harm by the definition of 1. Since a lies in D(x_—lg)_l we may write

z=1g)~ al

al — :a(

T\ 1 .— oQ -
(z=1g)~tz=1g 1

1
(z=Tg)—1 ( (x‘lg)‘l-x‘lg)’
so that when using this to the left hand side of (17) and composing a1, 7T, ©
Q=ig)-15 We obtain that
Loy € H Og-1 00, 1, =15 (a 1(71{]),1,93,1!]) = 1,14y H 99_1(w[g_1,:z] Q140
geN geN

a(;,l—ilg)—l (CL 1(@)71%719) w[g_lx ’ xilgv (:L‘ilg)_l]_l)a
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(@ 1g)~
and using (1), we have that the left hand side of (17) equals

since o (a 1(719),1%,157) S Dﬂpg—lz. Next, putting z = 1 in (i) of Lemma 5.2

111:1:1/ q gg_1 (w[g_lax] ag—lx(lx—la(;l,ilg),l (al(ﬁ),l_x,lg))
gen’

wlg™z a1y, (x71g) 7T =

Loy [] 05-1(ag-10 ax(1x_1a(—;jg)fl (alGrg)1p-14)))E0 =
geN’

Ly H Oy (ag-10az0 0‘(;1719)71 (a 1(@)71.»@*11(719)71@719))%-
geN

The latter, using both items of Lemma 5.2, equals

Ly H am(lx—le(;l_ilg)_l (al(rlg)q.xq 1(ﬂ)71.$71g))<€x =

geN
-1
ag(1,-11y H H(Flg)—l (a))er = ag(eyly—1)ea,
geN’
as v~ 1g runs over A’. O

7. EXISTENCE OF A GLOBALIZATION

In this section we prove the existence of globalizations of partial actions on rings
which are products of blocks. According to Theorem 4.1, it is enough to construct
Wz, y] = Wg,y € U(A) which satisfy the extended partial 2-cocycle equality (2). For
this purpose, keeping the notation of the previous sections, define for every z € G the
map &, : A — A, by

az(a) = ag(aly,—1) + 14 — 1,
with a € A, and set

(18) W, y] = az (&) e [, y] £y € U(A),

where

Er=cx+1q4— 1, eU(A),
and
wz,yl = T 0,-1(wlg -2 g, (z=1g)" -y -y La—lg]) € U(A)
Y g g 9 g y-y g )
geN’
with z,y € G. We have by (1) that 1;1,y04(¢y) = az(1,-11y6y) = agx(1,-1&,) and
consequently

Loloywlz, y] = wlz, y],
for all z,y € G.

We shall use the following composition law and 2-cocycle equality:
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Lemma 7.1. For every x,y,z € G and a € A we have

(19) az(1,-10y(a)) = 1,0[x, y] Gy (a) @z, y) "
and
(20) e; ag(Ly1w'ly, 2))es w'lz, yz] = Low'[z, y] w'[zy, 2].

Proof. Notice first that multiplying the left hand side of (19) by 1,, gives

az(1,-11,6y(a)) = ozx(ay(aly_1x_11y_1)) = w[$,y]flozxy(aly_lx_ﬁ*lw[x,y]fl =

Lo Ly @[, y) (@) W, y] 7,
which is the right hand side multiplied by 1,,. On the other hand, it is directly checked
that both sides multiplied by 14 — 15y equal 1,(14 — 1), which proves (19).

To prove (20), we first observe using (11), (i) of Lemma 5.2 and the obvious equality

t1te = t1ta, (t1>t2 € G)a that

az (1, i ly, z q ag(1 —19 Tg)-1 (1(E)71.9;711(17719)711(719)7133719 a)),
geN’

where

a=wlzlg) " y-ylalg (ylalg) T 2 27 lyla1g),

taking into account that z—1g runs over A’ when so too does g with fixed = € G. Next,
by (ii) of Lemma 5.2, (1) and the composition law (iv) of Definition 2.1, we obtain

é;lam(lx_u;’[% 2])éx =

~1 1 ~
€ (H 1 99*1 CQyg-100Qy (m,lg),l(l(z—ilg)fl,xfl 1(719)71 1(@)*1x*1g a))Ew =
geN
1, H 0,-1(w[g 'z -2 1g, (x71g) Ha,-1,0
geN
a(acl—il)—lU(Flgrlwl1(F)*11<ﬂ>nrlg a)wlg~'z-a7lg, (271g) 7)) =
Iy H 9 g 11‘ - ga( _19)—1] ag—lx.ﬁl(r—ilg)—lo
geN
at (1= 11— a)wlg 'z -x1lg, (x~ ! )_1]_1) =
@i\ @l @ Tg) ety WL 9\ 9

193 H 9971 (agflx-ﬂ U’(E)*lz*lg CL))

geN’

Now, 0,-1(b) = 6,-1(pryb) (b € A), by the definition of 6,1, and therefore,

61,_10(37(12:71{[;/[:1/, Z])Ex w,[$7 yz] -

Lo [ g1 (pri(a,r, o=, (pria)wlg 'z - 2=Tg, (z1g) ™" - yz - (" Ty~ Tz~ 1g) 7)),
geN
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because g 'z -x71g € H and Ry C D(E)_l-x_lg' Finally, the automorphisms pr; o

ap opry, h € H of Ry and the twisting pry(w[h,h']), h € H form a twisted global
action of H on Ry, and using the (global) 2-cocycle equality for the triple

(g7 'z 2 1g, (z7tg) "y -y talg, (y lalg) "t 2 2ty la1g),

in which each entry belongs to H, we conclude that

Eilaz(lm*”;/[y? z))es W'z, yz| =

Lo [T -1 (ori(wlg ™'z 27 Tg, (@7 1g) " -y -y~ T Tg]
geN

wlgTl ey -y Talg, (ylalg) Tt 2 2 iy~ la 1)) = L [a, y] w![xy, 2],

as desired. O

1 -1

Now we state the following;:

Theorem 7.2. Let A be a unital ring which is a (non-necessarily finite) product of
indecomposable rings. A twisted partial action

a = ({Ds}uecs {oatzec: {wlz, y]}(:p,y)EGxG),
of a group G on A is globalizable exactly when each D, (x € G) is a unital ring.

Proof. It was observed already that the existence of a globalization implies that
each D,,z € G is unital. For the converse let 1, be the unity of D, and assume first
that « is transitive. Keeping the above notation we show that the w[z,y]’s defined in
(18) satisfy

(21) ag(wly, 2] 1p-1) wlz, yz] = 1 wlz, y| wlry, 2],

for any z,y,z € G.
The left hand side of (21) equals

iy (15-180y (62)E, W' [y, 2]) e (14182 )10y (8y2) Ex W[, y2)Eay. "+ =
iz (1,-16y(82)E,) €2 sx—lamufl&/[g/, 2)) e W[z, y2)Eay. "t =
O‘x(lm—ldy(éz)) az(l —15y) Ex W [73 y] [:L'ya ]5:chz_1,

by using the definitions of &, and ¢,, and the equality (20). Now, applying (19) and
expanding W[z, y] ™! according to (18), we come to

e, 9] Gy (&) Dlos )~ o (Lei&y) o w'fos g w'loy, 21" =
B, y] Gay (E2) Enyr' [, 4] 8T A0 (Ey) M e an(1p18y) £0 w2, y) W' [y, 2)Emy.
which, after making the cancellations, gives
1yw[z, y] &wy(éz)éxytz’[xy,z]ézyz = 1, wlz, y| wlzy, 2],

which is the right hand side of (21), as desired.
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Finally, for a non-transitive a we partition the blocks of A into orbits, so that the
construction of the w’s and the verification of (21), is obviously reduced to the transi-
tive case. Our result follows now from Theorem 4.1. O

8. UNIQUENESS

In this section we extend Definition 6.1 permitting G to act on distinct rings, and
prove that any two globalizations of a twisted partial action of a group G are equivalent,
provided that the rings are products of blocks.

Definition 8.1. Let Ay and Ay be rings. We say that a twisted partial action

ap = ({Dg)}xEGa {al,m}zeGa {wl[l’, y]}(z,y)EGXG)
of G on Ay is isomorphic to the twisted partial action

Qo = ({D;»Q)}zeGa {QQ,x}wer {w2 [l’, y]}(x,y)EGxG)
of G on Ay if there exist a ring isomorphism ¢ : A1 — Ag such that
(22) ¢(D{M) = DY) vz € G,

poarzod t(a)=as.(a) Vo €G,ac D;Q,)l,

and
(23) ¢m,y wy [.%', y] (b:;,; = ’UJQ[CL‘, y] Vz,y € G

as multipliers of D;E,Q)Dg%) where ¢z, stands for the restriction of ¢ to Dg)DSy). Two
globalizations

p1 = (Blv {/Bl,ﬂﬁ}xEG? {ul[xv y]}(z,y)GGXG)

and

B2 = (B2, { B2,z freas {u2]®, Y|} 2 )caxa)
of a partial action

o = ({Dx}xEGa {a:(:}xGG’ {w[xv y]}(g,h)EGXG)

of G on A with embeddings o1 : A — Bi and pg : A — Bs shall be called isomorphic
if the actions B1 and Py are isomorphic with the ring isomorphism ¢ : By — Bs, and

P o1 = p2.
We proceed with the next:
Lemma 8.2. Let
a = ({Ds}sec, {owtece: {wlz, 1} g neaxa)
be a twisted partial action of G on a unital ring A and
B1 = (B, {1z }zec: {wr 2, ¥} wy)eaxa):

B2 = (B2, { B2,z faeas {u2l®, Y|} 2 )caxa)
be globalizations of o with embeddings 1 : A — By and ps : A — Bo. If

(24) o1 (ur[z,yle1(14)) = w2 (ualz, ylpa(14)) Va,y € G,
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then (81 and Bo are isomorphic.

Proof. Write w[z,y] = o7 (u1[z,y]e1(14)), z,y € G. By (ii) of Definition 2.2,

B = caBra(pi(A)) and Bo = > o B2.2(p2(A)), and we claim that the map
¢ : By — By additively determined by S .(¢1(a)) — Baz(p2(a)), a € A, is well
defined. For suppose that

Zﬁl,wi(%(ai)) =0,

and we want to be sure that ), 2 »,(¢2(a;)) = 0.
For all y € G and a € A we have ), 81,4, (¢1(a;i))B1,4(¢1(a)) = 0 and applying 6;1
we obtain

0= 305 0 Armlranle) =
ZUI Lyl By 0 Bra(er(@))uily ™ e (a) =
Zul yi 7y - ’LL1 [yil7xi]ﬂ1,y—1xi ((pl(ai))ul[yia$i]71u1[y717y]901(a) =

Zm Lyl Ty @i By (01(a)) e (Ly-ag Jua [y~ ) T ly T ylen (a),

1 1

since by (iii) of Definition 2.2, 8y 1., (p1(a:))e1(1y-1.,)ur [yt @] tualy ™, ylei(a) is

contained in

Bry—12;(P1(A)@1(A) = ©1(Dy-14,) = e1(A)p1(Lly-14,)-
Next in view of ¢1(1,-14,) = p1(ay-14,(1,-1,)) = B~ 1%(@1(1 1,,)) we have that the
above sum equals

Z urly ™yl Ty @l By, (e (@il o unly T T rualy T e (a) =

Zsol (@ly~" yl T ol wiay g, (0l )l 2] Tl yla),
which implies
(25) D aly oyl ey ey, (el ol 2l T aly T yla =0,
7

as (1 is a monomorphism. Applying (3, we obtain by a symmetric calculation that

D o (2(a5)) oy (2(a) = 0

for all y € G and a € A. It follows that ), 24, (¢2(a;))B2 = 0. Now By is a sum of
unital rings and therefore by Remark 2.5 of [11] it is right s-unital, i.e. for every b € Bo
there exists an element e € By such that b = be. Consequently, > . 2 ., (p2(a;)) = 0,
as claimed.

In a similar fashion, B2 ,(p2(a)) — Biz(ev1(a)), * € G,a € A also determines a
well-defined map ¢ : Bo — By and obviously, ¢/ 0 ¢ = ¢ o ¢’ = 1. Consequently, ¢ is a
bijection with inverse ¢’.
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Observe now that when proving (25) we have established that for all z, € G, a,b € A,

B1y 0 Bra(p1(a)p1(b) = ¢i1(c)

with

c=wly~ Ly aly ™ alay-1,(al-)wly T o] T aly T ylb,

and similarly with f2, and ¢s. This yields that ¢ maps Bi1z(p1(a)) - Biy(p1(b) =
Bry(Bry © Bra(p1(a)p1(0)) = Bry(p1(c)) to Bay(p1(c)) = Bo,u(pa(a)) - By (w2(b)), s0
that ¢ preserves multiplication. Since addition is obviously also preserved, ¢ is a ring
isomorphism.
It is immediately seen that for all x € G one has 32, 0¢ = ¢po 1, and po 1 = @o.
It remains to check that ¢ respects the twistings, i.e. the global version of (23). For
taking arbitrary z,y,z € G and a € A, we have

ui [z, Y]z (p1(a)) = Br-(Bri(u[z,y])e1(a) =
Br(ua[zh, 2] 7 By 1 ([, y))ua [z 2Jr(a) =
Brz(ulzh 2 [z dlua [ e ylua [z wy] T ua [ 2] () = Bz (e1(d)),

with

1 -1~

w[z_l, 3:]@[2_1:6, y]iﬁ[z_l, azy]_lﬁ[z_l

d=wlz"",z] , z]a,

by the global 2-cocycle equality and (24). Consequently ¢ maps

ur[z, y]B1,2(p1(a)) = B2 (¢1(d) = Ba,z(p1(d)) = w2z, ylBa,:(p2(a)),

by a similar calculation. It follows that ¢(u1[z,y]b) = us[z,y|d(b) for all z,y € G and
b € Bi. Analogously, ¢(bui[x,y]) = ¢(b)us[z,y] and thus

¢U,1[x,y] (ﬁil = UQ[l',y],
for all z,y € G, which is the global version of (23). O

If A is a product of blocks, then we are able to show that any two unital globalizations
of a partial action « of G on A are equivalent in a certain sense, specified below. For
this purpose we will show first that if 5 is globalization for o with B being the ring
under the global action, then B is also a product of blocks, provided that B has 15. We
first give the details for the transitive case in Lemma 8.3 below because of simplicity
of the notation; the general case is obtained similarly which we do in Proposition 8.4.

Observe next that if A is a two-sided ideal in a (non-necessarily unital) ring B and
A has 14 then 14 is central in B and A = Bl 4. Moreover, A is a direct summand
of B, for the complement of A in B is the annihilator of 14 in B. It follows that each
direct summand of A is a direct summand of B.

Lemma 8.3. Let A be a unital ring which is a (finite or infinite) product of indecom-
posable rings and let

o = ({Dx}:EEGv {ax}x€G7 {w[ﬂj, y]}(z,y)EGXG)

a transitive twisted partial action of G on A (in particular, each Dy, x € G, is a unital
ring). Let H, A and A’ be as in Section 5, and let

B = (67 {Bx}xEGa {u[x’ y]}(x,y)EGXG)
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be a globalization of v, with the embedding ¢ : A — B. Setting Ry = B4(¢(R1)), g € A,
the following holds:

(i) Bs(R1) = By(R1) < a7 'ye H.
(ii) Bz (Rg) = Rag for each g € A’ and z € G.

(iii) There is an embedding
BB =[] Ry

geN
which forms commutative triangles with the projections B — Rq and B — R4 for each
geN.

(iv) B has 15 if and only if 1 is an isomorphism. In this case [ is transitive.

(v) If « is unitally globalizable, then any globalization of « is unital.

Proof. Assume for simplicity of notation that A C B so that we can write Ry =
Bg(R1), with g € A’. We have that each block of A is a direct factor of B, and for each
g € A’ the ring R, is an indecomposable direct factor of B, which lies in A exactly
when g € A. Evidently Ry # Ry = Ry NRy =0 (g,9' € A’). We readily have that

H={ze€G:B:(R1) =R}
Next, an invertible multiplier preserves an idempotent ideal, so that
u[xvy]ﬁz(Rl) = Bz(Rl)u[xa y] = 52(731)7

for arbitrary x,y,z € G. In particular, each R, (g € A) is preserved by the u[z,y|’s.
Now, for x,y € G we have

Ba(R1) = By(R1) <= Ri=p," 0 B(Ra),
and the latter equals
uly ™y By 0 Be(Ra)uly Ly =
uly ™yl uly T By (R) uly ™ 2] uly T ] = By (Ra),

which gives (i).
Next observe that

Be(R1) = ulz, 7 2) "' Br o fr1,(R1)u[T, T~ 2] = R,
as T 'z € H. Therefore,
Bz(Rg) = u[x,g]ﬁxg(Rl)u[x,g]_l = Rag,
with z € G,g € A, proving (ii).
It follows from (ii) that
Bu(A) = [ [ Rag € B,

geEA
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for any z € G. Consider the direct product B" = [[ s
the product there is a unique homomorphism 1) : B — B’ giving commutative triangles
with the projections B — R, and B — Ry for each g € A’. Since B = Y~ .(A),
an arbitrary b € B can be written as b = By, (a1) +. ..+ B, (as) for some z1,... 2, € G
and ay,...,as € A. It is easy to see that one can choose the elements ay,...,as € A
so that if pry(fBy,(ai)) # 0 for some i and g € A’ then pry(3>;; Bs;(a;)) = 0, where
pr, denotes the projection B — Ry. It follows that 1 is injective, proving (iii).

Now observe that B has 15 exactly when there are finitely many x4, ...zs in G such
that B =) f;,(A). Consequently, there exists a partition

Rg4. By the universal property of

(26) AN=AUAU...UA,

into disjoint subsets such that

(27) II Ro € Boi(A)i=1,....5,
geEN;

and

(28) B=([[Ro)e...&(]] Ry =[] Ry
geA geAs geN’

This proves (iv).
Finally, if

(29) {Tig:geN,i=1,...s} =N,

for some z1,...2z; € G then one can obtain a partition (26) with (27) so that (28)
holds. Thus B has 1z exactly when (29) is verified. The latter condition, however,
depends only on A, G and «, and this proves (v). a

Now we pass to the non-necessarily transitive case. Suppose that A4 is a (finite or
infinite) product of blocks:

(30) A= H R)\,

AEA

i.e. each R is an indecomposable unital ring, and let

o = ({DI}:EEGv {a:p}xeG7 {w[x, y]}(z,y)EGXG)

be a twisted partial action of G on A such that each D, (x € G) is unital. If « is
non-necessarily transitive, then for a given block R its orbit is defined by oy = {Ry :
39 € G, R\ € Dy-1,4(Rx) = Ry }. These are the block-orbits of A with respect to a.
Thus we partition the blocks into a disjoint union of block-orbits, and let T C A be
such that {R, : p € T} is a complete set of representatives of the block-orbits. For
any € Y put O, = [[ Ry where Ry runs over o,. Then evidently

A=1] 0

peY
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The ring O,, will be called the orbit ideal corresponding to p. Clearly « restricts to a
transitive twisted partial action of GG on each orbit ideal.

Proposition 8.4. Let A be a unital ring which is a (finite or infinite) product of in-
decomposable rings and let o be a unitally globalizable partial action of G on A. If 3
is an arbitrary globalization of o with G acting (globally) on B, then

(i) B has 1g and B is a product of blocks;

(ii) Each block-orbit of B contains exactly one block orbit of A and this establishes a
one-to-one correspondence between the block-orbits of B and those of A,

(iii) The restriction of B to an orbit ideal of B form a globalization for a restricted to
the corresponding orbit ideal of A.

Proof. Write A as in (30) and assume the notation introduced above with respect
to the orbits. Assume also for simplicity that A C B. Given u € T, we have a tran-
sitive twisted partial action of G on O, by means of «, and let R, H(u), A(p), A (1)
correspond to R1, H, A and A’, respectively, in the notation of Lemma 8.3. Similarly
as in the transitive case we have an embedding

(31) v:B= I I Rue
reY geA’ (u)

where Ry, g = B4(Ry). Set O), = > 5 :(0,) C B. Clearly, if ' € Y, ' # p, then
Ry g N (’)L = 0 for any g € A(y'), in particular, O, is the unique orbit ideal of A
contained in (’)L. It is easily verified that § restricts to OZL giving a globalization for «
restricted to O,. Thus (iii) will follow from (i) and (ii) provided that the map O, +— O,
will give the announced correspondence.

Since « is unitally globalizable, we obtain as in Lemma 8.3 that there exist finitely
many elements z1,xo,...,zs € G such that

(32) {Tig:g € AMp),i=1,...s} = N(p),

for all 4 € Y. On the other hand, if (32) holds, then we see as in Lemma 8.3 that 1
is an isomorphism, and in particular, B has 13. Again (32) depends only on A, G and
a, so that any globalization of « is unital. This proves (i). For (ii) it only remains to
note that the O),’s (u € T) are the orbit ideals of B with O}, =[] crr(u) Ruvg- O

Before stating our main result on uniqueness, we give two more definitions.
Definition 8.5. Let
a1 = ({DS)}IEG; {al,m}xeGa {wl [ZL’, y]}(x,y)EGXG)

be a twisted partial action of G on a ring Ay and

Qg = ({Dg‘;Z)}xEG7 {a2,x}x€G7 {wZ [337 y]}(z,y)EGXG)
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a twisted partial action of G on a ring As such that all Dg(cl),D:(f) (x € G) are unital
rings. We say that oy is equivalent to oo if ay is isomorphic to a twisted partial action
of G on Az which is equivalent to ag in the sense of Definition 6.1.

The definition means that there exist a ring isomorphism ¢ : A; — A5 and a function
Gz e, cUDP)C Ay
such that (22) holds,

(33) par .o t(a) =erazla)e;t, Vo e G ac Dg(f,)l,

and

(34) dwi[r,y]) = ea 020(eylom) walr ylegy, Yo,y €G.

Observe that in this case the wj [z, y]’s are invertible elements in D&DD%), and

Gy wilz, y] ¢, used in (23) becomes ¢(w |z, y]).

Definition 8.6. Two unital globalizations

B1 = (B, {B1z}zec {wr[2, ¥} 2 y)eaxa)
and

B2 = (Ba, { B2,z fzea, {u2[2, Y]} (2 y)eaxa)
of a partial action

a = ({Da:}:r:er {O‘x}xGGa {w[w, y]}(g,h)EGXG)
of G on A with embeddings p1 : A — By and @9 : A — Bs shall be called equivalent if
B1 s equivalent to By in the sense of Definition 8.5 and, moreover,
P o1 = p2,
where ¢ : By — By is the involved ring isomorphism.
Theorem 8.7. Let A be a ring with 14 which is a (finite or infinite) product of
indecomposable rings and let
a = ({Dy}rec, {ateea {wr, v} @ y)eaxa)
be a unitally globalizable twisted partial action of G on A. Then any two globalizations
of a are equivalent.
Proof. Let
pr = (Bh {Bl,x}wEG’y {ul [l‘, y]}(x,y)erG)
and
P = (327 {52,$}z6G’7 {u2 [3?, y]}(x,y)erG)

be arbitrary globalizations of a with embeddings ¢ : A — By, @2 : A — Bs. By (i) of
Proposition 8.4, By and By are unital rings which are products of blocks. Then clearly
each B; (i = 1,2) is the product of the block-orbits, and (ii) and (iii) of Proposition 8.4
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permit to reduce our proof to the case in which « is transitive. Then by Lemma 8.3,
(1 and (B9 are also transitive. By the global case of Proposition 6.3, 81 is equivalent to

B’ = (Bi, AP teec, {ud 2, Y1} @ y)caxa)
and

By = (B2, {Bs 1 yaea: {us[, Y]} (zy)caxa)
is equivalent to B9, where

1

ujle,y) = [T B85 o prp i (uilg ™ - 27 Tg, (27 Tg) L -y -y~ TaTg)),

geN
Bl (@) = 072 Bia(@)nie,

Nig = H 5;}1 o Py, ry) (wilg™ 2wy w27 1g, (27 1g) ) € U(B),
geN

with 2,y € G, a € B;, and pr,, (g, denoting the projection B; — vi(R1), 1 = 1,2.
Now, let o/ be the twisted partial action equivalent to « given by Proposition 6.3. By
the definition of H, for any hi, ho € H we have that

DIy, (ry)Uilh1, o] = i(prg, w[h1, hal),

1

and since g~z -x71g, (x71g)"! -y -y~lo—1lg € H, it follows that

(35) il ylpi(1a) = @i(w'[z, y])
and consequently
iz, ylei(lelay) = @i(w'[z, y]),
with arbitrary z,y € G.
Next, by (ii) of Lemma 5.1 and (10), for g € A’ and = € G one has

Rg - 'Dx — R1 C Dgf1x.

Thus if Ry € D,, then
Ri1 CDy1Dy1, D wlg™ ', 2]

and
R1CDyor, 7715 Dgm1e D wlg ™ a - a7lg, (2719) 7",
so that
pro, ryuls ™ 7] = @i(prg,wlg ', 2]),
and

pr,ryulg - g, (271g) 7] = pi(prg,wlg 'z - 2~ 1g, (z1g)71)).
This yields that
ni,:c()pi(lcvl.ty) = 902'(533)7
for any = € (. Consequently,
Bia(pi(a)) = pi(as(a)),

for any a € D,-1, and we conclude that each 5] (i = 1,2) is a globalization of /.
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Next, (35) means that (24) of Lemma 8.2 is verified, and, consequently, 5] and 3} are
isomorphic globalizations of o/. It follows that 8; and (35 are equivalent globalizations
of a. O
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