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Gluing formulas for determinants of Dolbeault
laplacians on Riemann surfaces

RICHARD A. WENTWORTH

We present gluing formulas for zeta regularized determinants of
Dolbeault laplacians on Riemann surfaces. These are expressed
in terms of determinants of associated operators on surfaces with
boundary satisfying local elliptic boundary conditions. The condi-
tions are defined using the additional structure of a framing, or
trivialization of the bundle near the boundary. An application to
the computation of bosonization constants follows directly from
these formulas.

1. Introduction

Given a conformal metric p on a closed Riemann surface M of genus g and
a hermitian metric A on a holomorphic line bundle L — M, let O;, = 25251;
be the Dolbeault laplacian acting on sections of L. Determinants Det [}, are
defined as the zeta regularized product of eigenvalues and are functions of
p, h and the moduli of M and L (see Section 2.4; in the case of a kernel
the notation Det* Oy, is used to emphasize that the zeta function is defined
using only nonzero eigenvalues). In this paper, we derive gluing formulas for
Det* Oy, when M is cut along closed curves, generalizing analogous identities
obtained in [10, 16].

The main difference with the scalar case is an appropriate choice of
boundary conditions for [y, on a surface with boundary. Local complex lin-
ear boundary conditions for the d-complex do not exist, and it is common
instead to impose spectral boundary conditions (for gluing formulas in this
case, see, e.g.,[22] and the references therein). By contrast, in this paper
we introduce local elliptic boundary conditions for sections of holomorphic
bundles equipped with a framing, by which we mean a choice of trivializa-
tion near the boundary. These Alvarez boundary conditions are of mixed
Dirichlet-Robin type and come from the splitting of sections ® near the
boundary into real and imaginary parts (denoted ® and ®”) made possible
by the framing. The conditions are similar to those studied by Alvarez in [1]
for the case of traceless symmetric tensors — hence, the name — where there
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is a canonical choice of framing (see also [4, 9]). Because of the asymmetry,
the boundary conditions are manifestly not complex linear. In particular,
the d-operator and the Dolbeault laplacian must be regarded as real oper-
ators P, and Dy, respectively (see Section 2.1). The Alvarez conditions on
a section @ are then (®”, (Pr®)")|gp = 0. The advantage, however, is that
the boundary value problem is compatible with a similar BVP on the adjoint
bundle. This leads to an index theorem for P; and a generalization of the
Polyakov—Alvarez formula for Det* Dy, which measures the variation under
conformal changes of (p, h) (see Theorems 2.1 and 2.2). Moreover, on a closed
surface, Det* Dy, = (Det* ()2, so a gluing formula for Dy, provides one for
Oy, as well.

To state the main result, let I' C M be a collection of disjoint embed-
ded oriented closed curves, and let Mt denote the manifold with boundary
obtained by cutting M along I'. Then a line bundle L — M pulls back to
Mt (we use the same notation L). There is a difference map dr on sections
over Mt which measures the difference of boundary values on each of the
two components of Mt covering a component I'. With this notation, we
have the following.

Theorem 1.1. Given a framing of L near I, let {®;} (resp. {®}}) be
a basis for ker Dy, on M (resp. for ker D} on Mrp with Alvarez boundary
conditions). Let det(®;,®;) denote the determinant in (i, j) of the L*-inner
product on sections over M. Similarly for the sections ®; on Mr. Also
det(®;, ®;)r denotes the determinant in (i,j) of the L*-inner product of
restrictions of sections to I', and similarly for or®;. Assume the fram-
ing is generic in the sense of Definition 3.3. Then for any choice of Q,
a self-adjoint elliptic positive pseudo-differential operator of order one on T,
we have

Det*D¢
det(®}, ©7) u

det(dpfbf‘, 5F(I)?)F
det(®, &/)r

Det*D
[ © L Det*QNr,

det(@i,@j)]M -

where cg = 270 gnd Nt is a Neumann jump operator acting on sections
over I' associated to the boundary value problem on Mr. See Section 3 for
more details.

An important point is that because of the mixed boundary conditions,
NT is here an operator of order zero, rather than of order one as in the scalar
case [10, 16]. Following Friedlander—Guillemin [17], we define its determinant



Gluing formulas for Dolbeault laplacians 457

by choosing a regularizer @ (see the definition (3.9)). Actually, in this case
the dependence on the choice () is simply an overall constant cg.

In Section 4.1, we study the asymptotics of the determinant of the
Neumann jump operator as I' shrinks to a point. For the scalar case, this
was a key step in [33]. In a similar manner we find that the Neumann jump
operator takes a standard form in the limit and that the asymptotic behav-
ior of its determinant may be determined explicitly. As an application, the
gluing formula can be used to cut and paste determinants for line bundles
of different degrees. In particular, we give a new proof of a result on the
behavior of determinants on exact sequences

0— L— L(p) — L(p)lgpy — 0

when the line bundles are equipped with admissible metrics and M with the
Arakelov metric (see Section 4.2 for the definitions).

Theorem 1.2 (Insertion Theorem,[5, 8, 11]). Suppose h'(L) = {0}, choose
p € M, and let O(p) be the line bundle determined by the divisor {p}. Let
1, be a nonzero holomorphic section of O(p) vanishing at p, and let &y be a
section of L(p) = L ® O(p) that is nonvanishing at p. Let {w;}I", be a basis
of H(L), and set &; = w; ® 1, so that {&;}T, is a basis for H°(L(p)). Fiz
admissible metrics on L and O(p) and the Arakelov metric on M, and let
L(p) have the induced metric. Then

||2 Det* DL(p) _ Det*Of,
det(dzi, (fe)j> det(wi, Wj> ’

27|wo(p)

where (-,-) denotes the (hermitian) L?-inner products on sections of L and
L(p).

The equality above was proven in [11], and also in [8] (up to an overall
constant) using the families index theorem. A higher dimensional version is
proven in [5]. This formula is a key step in the proof of the bosonization
formulas on Riemann surfaces which relate zeta-regularized determinants
of Laplace operators acting on sections of line bundles to determinants of
scalar laplacians (see [2, 6-8, 11, 13, 15, 28, 31], and for their role in string
theory [12]). They are tantamount to a relationship between the metrics
defined by Quillen and Faltings on the determinant of cohomology [14, 23].
For the definition of an admissible hermitian metric and of the Arakelov
metric and Green’s function G(z, w) used below, see Section 4.2. Then in the
notation of [15, Theorems 5.9 and 5.11], the result states that for d > g — 1
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and M equipped with the Arakelov metric and associated Laplace-Beltrami
operator Ay, there are constants ¢, and §, depending only on the genus, and
€4.d depending only on the genus and degree (normalized so that g4 41 = 1),
such that for any holomorphic line bundle L of degree d with admissible
metric h and associated divisor [L] satisfying h'(L) = 0,

(1.1)

Det* O
L) = £4.404 €xp(cy/12) <

Det* Ay —1/2
det(wi, Wy

area(M) det Jm

o Uiz G0001) ([L] S on-s Q) |
=1

|| detwi(p;)|I®

where m =d — g+ 1, {p;}]", are generic points of M, {w;}", is any basis
for H°(M, L) and the pointwise and L?-metrics are taken with respect to h.
Here, Q is the period matrix for a choice of homology basis, ¥(Z,2) the theta
function and ¢ the Riemann divisor. We refer to [15] for the origin of these
constants, and in particular the distinction between ¢, and d,. The unknown
constants appearing in (1.1) have been determined by Gillet—Soulé [19] and
Soulé [29] and, using different methods, by Jorgenson [20] and in [33]. For
example, the result of [33, Theorem 1.3] is

cg = —8log(2m) + (g — 1)(24¢'(—1) — 1 — 2log ),

where ((s) is the Riemann zeta function. The remaining values follow from
Theorem 1.2. For completeness, we record the full result here. The following
is a generalization of the genus 1 computation in [15, p. 117].

Corollary 1.1. Fay’s constants 0, and €44 defined in [15, Theorems 5.9
and 5.11] have values

0g = (277)g+1 exp(cg/6),
€g.d = (27T)g_1_d.

2. The mixed boundary value problem
2.1. Real structures
We begin with a construction that is completely elementary but will nev-
ertheless serve to make precise the notions of a real operator and a real

structure used in this paper. Let V' be a complex Hilbert space with hermi-
tian inner product (-,-) and dual space V*. Let R : V* — V be the complex
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antilinear isomorphism given by the Riesz representation: f(a) = (a, R(f)),
forall a € V, f € V*. Note that the complex antilinear involution

1 VoV — VeV (avf);_»(jz(f),{]{_l(a))

satisfies (1(a1, f1),2(az, f2)) = ((a1, f1), (az, f2)) for the induced inner prod-
uct on V @ V*. Define

(2.1) Ve = Fix(1) = {(¢,R"(a)) :a € V}.

Themap 7:V — Vg : a— A = (a,R"!(a)) is then an R-linear isomorphism.
The real vector space Vg inherits a complete inner product (-, -) from V & V*,
and

(2.2) (ya1, ga2) = 2Re(ay, az).

Let T': V. — W be a (possibly unbounded) linear operator between com-
plex Hilbert spaces. Then RI1TR : V* — W* is also linear (with domain
R~1(DomT)). The associated operator (T,R7!TR):V @ V* - W & W*
commutes with the involution ¢ and hence induces a real linear map Py :
Vk — Wg that makes the following diagram commute:

V—1 Vi

Tl J |

W —— Wg

We call Pr the real operator associated to T'. Note that in the case W = V| it
follows that the spectrum of Pr : Vg — Vi coincides with the real spectrum
of T': V — V with twice the multiplicity: if a € V' is nonzero with T'a = Aa
and A € R, then ja and j(ia) are independent eigenvectors of Pr, both with
eigenvalue .

Finally, suppose that V' has a real structure. By this we mean a complex
antilinear involution ¢ : V' — V satisfying

(2.3) <UCL1,0’LL2> = (al,ag).

Then og = 700 057! gives an involution of Vi which, by (2.2) and (2.3), is
an isometry. Let Vg, V§' denote the +1, —1 eigenspaces of op, respectively.
Then we have an orthogonal decomposition Vg = V§ @ V. For A € Vg,
A=A+ A" where A" = (1/2)(A+ orA), A” = (1/2)(A — orA). We refer



460 Richard A. Wentworth

to A’ and A” as the real and imaginary parts of A. There is a natural
almost complex structure J on Vi given by JA = j(ig~1(A)). A calculation
shows that (JA;, JAs) = (A1, Ag), and J(V§) C Vg, J(V{) C V§. As a con-
sequence, if we define a symplectic structure on Vg by the pairing (A;, JA3),
then V3 and Vg are lagrangian subspaces (i.e., maximal isotropic).

2.2. Framed boundary conditions

We apply the construction of Section 2.1 to sections of hermitian holomor-
phic line bundles on M. Let M be a compact Riemann surface of genus g
with a (nonempty) boundary OM and inclusion 2 : 9M — M. Without loss
of generality, we may assume that M is obtained from a closed Riemann
surface by deleting finitely many disjoint coordinate disks. Each compo-
nent of M has an open neighborhood in M biholomorphic to an annulus
{r1 < |z| < r2}. We will refer to such a z as an annular coordinate.

Let L — M be a holomorphic line bundle. A holomorphic structure on L
is equivalent to a Dolbeault operator 9y, : Q°(M, L) — Q%1 (M, L) satisfying
the Leibniz rule. Equip M with a conformal metric p and L with a hermitian
metric A. The holomorphic and hermitian structures on L give a unique
unitary Chern connection D = (9, h), as well as an adjoint operator 52,
and similarly on L*. We will use the standard notation h°(L) = dimc ker Jr,
hY(L) = dimc coker 0y, = dimc ker 05 .

There is a natural hermitian inner product on the space Q°(M, L) of
smooth sections of L given by

<81,82>M—/ dA, (s1,52)h,
M

where dA, is the area form on M coming from the metric p. The dual space
is given by integration on M: Q°(M, L)* ~ QY1(M, L*). Then

(2.4) O% (M, L) c Q°(M, L) & QY (M, L")

is the real vector space constructed as in (2.1). Strictly speaking, here we
should work with the L? and Sobolev completions. These are defined using
the Chern connection D. Since this is standard, for notational simplicity we
omit this from the notation.

We can also carry out this construction on (0, 1)-forms:

(2.5) Q' (M, L) € QY(M, L) @ QVO(M, L*).
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Denote the isomorphisms of real vector spaces

90 : QO(M, L) — QX(M, L) : o+ ®,
71 QY (ML) — QRN (M, L) ¢ — O

or simply by 7 when the meaning is clear.
As in Section 2.1, define a (real, unbounded) linear operator Pp : Qﬂ%
(M,L) — Q?Rgl(M , L) making the following diagram commute:

QO(M, L) —2~Q%(M, L)

y B

OO (M, L) "= Q%' (M, L)

In terms of the decompositions (2.4) and (2.5), it follows that

(2.6) P = (%L (82)*) :

Now consider the boundary. There is an hermitian inner product on
Q°(OM,+*L) given by

(81,82>8M=/ dsp (S1,52)hs
oM

where ds, is the induced measure on M. Note that M inherits an orien-
tation from M and the outward normal. Hence, integration gives an identi-

fication Q°(OM,2*L)* with QY(OM,*(L*)). With this understood, let
(2.7) QY (OM,2*L) C Q°(OM,*L) @ Q' (oM, *(L*))

be the real vector space constructed as in the previous section.
The trace map

(2.8) Q°(M, L) — QYOM, 7" L) : ¢ — ¢lau

is induced by restriction. Using the Hodge star on M to identify Q! (M, L*)
~ QY(M, L*), and on OM to identify Q' (OM,2*L*) ~ QO(OM,1*L*), there is
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a similar restriction map
Qb (M, L) ~ QOM, L*) — QU(OM,*L*) ~ QY (OM,2*L*).

The restriction maps combine to give a trace map Q% (M, L) — Q% (M, 2*L).
We carry out the same construction with Q%!(M, L). Here, we define

Qp(OM,2*L) € QY(OM,2*L) & Q°(OM,*(L*)).

In this case, again using the Hodge star on OM the trace map Q%I(M ,L) —
Qi (OM,2* L) pulls-back the forms and restricts the section.

Definition 2.1. Let
B(OM,1*L) = QR (OM,*L) & Qk(0M,2* L)
be the space of boundary data. The trace map is the (real) linear map:
boar : Qp(M, L) — B(OM,0*L) : @ — (@, PLP) om
defined as above.

In order to define elliptic boundary conditions we will need real struc-
tures. These come from a choice of trivialization of L near OM.

Definition 2.2. A framing of a holomorphic line bundle L — M is a triv-
ialization (i.e., a nowhere vanishing holomorphic section) 77, of L near O M.

An important example of a framing is the following:

Example 2.1. Let L be defined by a divisor D compactly supported in M.
Then by construction L has a meromorphic section 77, with zeros and poles
exactly at D. In particular, 77, gives a framing of L. While 7y, is only defined
up to multiplication by a nonzero constant, we shall refer to any such choice
as a canonical framing.

Given a framing and a section ¢ of L defined in a neighborhood of OM,
write ¢ = (¢' +1ip")7, where ¢, ¢" are real valued functions. Then let
o(p) = (¢’ — i¢")7r. This defines a real structure on Q°(OM,2*L). As in Sec-
tion 2.1, the boundary values of ® € Q9 (M, L) therefore have real and imagi-
nary parts ®', ®”. The framing also gives a real structure on boundary values
of elements of Q¥ (M, L). Indeed, there is natural isomorphism T%* Mgy ~
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T(0M) ® C. Equivalently, the Hodge star gives a C-linear isomorphism s :
QOOM,1*L) ~ QY (OM,*L) with *?>=1. If oo is the real structure
on Q%(OM,2*L), then o1 = *0¢* is a real structure on Q'(OM,*L). We let
B'(OM,1*L) (resp. B"(OM,2*L)) be the subspaces of B(OM,1*L) consisting
of elements (&', ¥') (resp. (", ¥")).

e Note that there is a natural pairing of Q% (0M,2*L) and QL (M, 2*L)
defined as follows. If ® = j9(¢), ¥ = 51(¢)) then

(2.9) (P, U)gp = 2Re /8M<gp, ).

e The real structure defines an almost complex structure on Q% (M, 2*L)
and Qf (OM,1*L) as in Section 2.1. We extend this to an almost com-
plex structure on the space of boundary values B(9M,+*L) by defining

0 =J
Jon = <*J 0)
(for simplicity, we will denote this operator simply by J as well). This
almost complex structure and the pairing (2.9) give a symplectic struc-

ture on B(OM,1* L) defined by (f, Jg). As in Section 2.1, the subspaces
B'(OM,2*L) and B"(OM,+*L) are then lagrangian.

Definition 2.3. Let bl),, and b}, be the projections to the real and imag-
inary parts of bgyps. We call the equation bly, (®) = 0 (resp. bj,,(®) = 0)
the real (resp. imaginary) Alvarez boundary conditions.

Note that bj,, and b},, take values in lagrangian subspaces of
B(OM,1*L). We will use the same notation for the boundary map on
Q]%I(M, L); namely,

boar - Q' (M, L) — B(OM, 2" L) : ¥ — (Pf O, T)|, .
where Pz is the formal adjoint of Pr. Then bf,, and b, are defined simi-
larly.

Since we here assume that M # (), by a theorem of Grauert L admits
a global holomorphic trivialization 1 on M. Then 77,/1 is a nowhere van-
ishing holomorphic function in a neighborhood of dM. We define the degree
deg(7z) of a framed line bundle to be the winding number of 7/1 (with
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the outward normal, summed over all components of 9M ). Clearly, the def-
inition of degree is independent of the choice of trivialization 1. Note the
following two important examples.

Example 2.2. (1) Let s be a meromorphic section of L satisfying imagi-
nary Alvarez boundary conditions and with divisor (s) compactly sup-
ported in the interior of M. Then deg(7r) = deg(s).

(2) Let L = K%, where the framing is given by 71 = (—idz/z)? in local
annular coordinates near M. Then deg(7) = —qx(M). One can check
that the real structure is independent of the choice of annular
coordinate.

The Alvarez boundary conditions are of mixed Dirichlet—Robin type.
Indeed, fix a framing 77, of L, and let h = ||71||?>. Then on OM, define

1
(2.10) VL,h = _ian log A,

where n is the outward normal. Also, let Iy = (I + o) be the orthogonal
projections to the real and imaginary parts. Then it is easy to see that
bf,,(®) = 0 is equivalent to the conditions

(2.11) I_®[sn = 0,
(Vo + )L @lonm =0,

where n is the outward normal, V is the induced connection on the bundle
of real sections and S = vy, j,. Indeed, write ¢ = (¢’ +i¢”)77. The Alvarez
boundary conditions are ¢” = 0 and 9,¢' = 0 on M. A local unitary frame
is given by e, = h~1/27;. Since the connection form in the frame ey, is purely
imaginary, ey, is parallel with respect to V and the result follows from the
expression I, ® = (¢'h'/?)er.

2.3. Heat kernels and an index theorem

A straightforward calculation gives the following important integration by
parts formula. For smooth sections ® € Q% (M, L) and ¥ € Q%’I(M, L),

1
(2.12) (PL®, W) 5 — (@, P] W)y = 5 (@ W)onr,
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where the pairing (2.9) appears on the right-hand side. Define the laplacian
Dy, = 2P£PL on smooth sections Q% (M, L). Then from (2.12) we have

(2.13)
(Dp®1, ®2)ar — (P1, D P2) v = (bon (P1), J baar(92)),
(2.14) 2(Pp®1, Prds) — (@1, Dpds) = (8, J(Prds)) — (Prds)”, J&,)].

Notice that the right-hand sides of (2.13) and (2.14) vanish identi-
cally for Alvarez boundary conditions. This gives positivity and formal
self-adjointness of Dy. For the following result, see for example [18, Lemma
1.11.1].

Proposition 2.1. Assuming either real or imaginary Alvarez boundary
conditions, the formal adjoint Pz extends to an unbounded operator on
Q%’l(M, L) as the the L?-adjoint of Pr, on Q% (M, L). Moreover, Dy, extends
to an unbounded self-adjoint non-negative elliptic operator D on sections
Q% (M, L) satisfying real (resp. imaginary) Alvarez boundary conditions. A
sitmilar statement holds for the laplacian 2PLP£ on Q%Jl(M, L).

We now make a choice: henceforth, unless otherwise indicated, by Alvarez
boundary conditions we will mean the condition bf,,(®) = 0. We write D}
when we wish to emphasize that the laplacian Dy, is acting on the space of
sections satisfying Alvarez boundary conditions.

Remark 2.1. By (2.14), ker D}t C ker Pr. Hence, ker D7 is real isomorphic
to the space of holomorphic sections ¢ of L with local expression ¢ = ¢(z)7,
near OM, satisfying jm(cp(z))‘aM =0.

Remark 2.2. If ® is an eigensection of Dy satisfying Alvarez boundary
conditions with eigenvalue A # 0, then Pr® is an eigensection of 2PLP£
with the same eigenvalue A, also satisfying Alvarez boundary conditions.

This simple observation is the raison d’étre of the mixed boundary
conditions we have chosen. By contrast, if ¢ is an eigensection of [Jj, sat-
isfying Dirichlet conditions, then 07, is a formal eigensection of SLéz, but
does not necessarily satisfy an elliptic boundary condition.
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We also note the following

Proposition 2.2 (Serre duality). Fiz a framing 7, on L — M. Then with
respect to the duality

Q%(M, L) = (Q°(K ® L))",

the framing on K ® L* is induced by that on L and —idz/z, where z is
an annular coordinate near OM . In particular, with these Alvarez boundary
conditions, coker Pj, ~ ker Pz ~ (ker Pxgr-)'.

Proof. The usual proof of Serre duality applies, modulo the boundary con-
ditions. To understand these, choose a local annular coordinate z near dM.
Then with respect to the trivialization 77, a smooth section ¥dz € Q%(M, L)
satisfies Alvarez boundary conditions if Jm(ige %) = 0 and Im(0; (vdz)) =
0 on M. The corresponding section of QV(K ® L*) is ¢hdz = iziph(—idz/z),
and so the Alvarez conditions are Jm(izybh) = 0 and Im(9z(izph)dz) = 0 on
OM. But on OM, Jm(irh e %) = 0 is equivalent to Im(izph) = 0. In a simi-
lar way one shows that Jm(9;(iz1ph)dz) = —h Im(9 (1dz)). This proves the
proposition. O

In order to state a result for the small time expansion of the trace of
the heat kernel, we will need the following quantities. Let €17, ;, denote the
Hermitian-Einstein tensor (cf.[21, IV.1.2]). In a local holomorphic frame we
have

1
(215) QL7h =1ix F(éL,h) = _iAp log h,

where Fi, 1y is the curvature of the Chern connection. Note the following
special case.

Lemma 2.1. Let R, and k, denote the scalar and geodesic curvatures of
M and OM. With the hermitian metric on K induced from the metric on
M, Qg ,+ = —(1/2)R,. For the framing —idz/z, vk -1 = K.

For the short time expansion of heat kernels, we refer to [9, 18]. In
particular, we use the result in [30, Section 5.3] and the expression for S
in (2.11).

Proposition 2.3. Let L — M be a holomorphic line bundle on M with
framing 7r,. Let p and h be hermitian metrics on M and L, respectively.
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Then for any function f, the trace with the heat kernel for the operator Di
with Alvarez boundary conditions defined by 11, has the following short time
exTpansion:

A 1 1
Tr(fe_aDL) — 5z /M Af+ 12/ dA f(ﬁQLh + Rp)

1
Tor ), ds fr, —3vpp) + O(e?)

Theorem 2.1 (Index theorem). Let L — M be a holomorphic line bundle
on M with framing tr,. Then for Alvarez boundary conditions,

(2.16) index Py, = dimpg ker P;, — dimg coker Pr, = 2deg(7r) + x(M).
Proof. From Proposition 2.3, Lemma 2.1, Remark 2.2 and Proposition 2.2

index P, = hm {Tr( QEPEPL) _ Tr(e—zsPLpg)}

1
=5 /M dA(Qrn—Qrcre (ph)-1) — o /azw ds (VL,h — VKL~ (ph)-1)

1 1
:/ dAQQLh—f dSQVLh
2T M ’ 2T oM ’

1 1
— dA — dsk,.
+47T/M Rp+277/6M Sk

By the Gauss—Bonnet Theorem, the last two terms give the Euler character-
istic x(M). Write 7, = f1r, and let hg = ||11]|?>. Then near OM, h = | f|*ho
and

deg(7r) / ds o log | .
On the other hand,

/dAQLh— :—/ dAAlogho—{—/ ds 9y log h
dM

47T ds (—0p log hg + Oy, log h)

1
= / ds 0, log | f|* = deg (7).
47T OM
The result follows. U

Remark 2.3. By Example 2.2, if K7 on M is given the framing (—idz/z)?
for annular coordinates at each component of M, then deg(7x+) = —gx(M).
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Hence, by Theorem 2.1, index Pxa = (1 —2¢)x(M). This agrees with [1,
eq. (4.32)].

2.4. Determinants of laplacians

Following [24], we define determinants as follows. Suppose M is closed
with conformal metric p and a hermitian holomorphic line bundle L — M.
Let {A;}52; be the spectrum of Uy, and form the zeta function (g, (s) =
> x>0, - Then (o, (s) converges for Re(s) sufficiently large, and by a
theorem of Seeley [25] it is known that (g, (s) is regular at s = 0. Then
log Det* Oy, := —C’DL(O). A similar definition applies to Det* Dy, on M, and
to Det* D7 when M has boundary, L has a framing, and we use Alvarez
boundary conditions. When it is understood that the spectrum is strictly
positive, we will omit the asterisk and write Det [y, etc.

When M is closed, Dy, acting on Q% (M, L) is the same as [, acting
on Q(M, L), regarded as a real operator (see Section 2.1), and hence it has
the same spectrum but with twice the multiplicity. Taking into account also
the factor of 2 in the definition of the real inner product (see (2.2)), we
have the following

Lemma 2.2. If M is a closed Riemann surface with line bundle L — M.
Then for all X > 0,

Det(DL + )\) = [Det(DL + )\)]2.

Similarly,
Det* Dy, _ (o pory Det* Or 2
det(@i, (I)j) N det(wi,wj> ’
where {wi}l}-i(lm is a basis (over C) for HO(M, L) and {@i}?ﬁl@) is the asso-
ciated basis (over R) of ker Dy, given by

(2.17) Dgj = J(iw;), Paj—1 = j(wy)
forj=1,...,h0(L).
The main result of this section is the following

Theorem 2.2 (Polyakov—Alvarez formula). Let {®;}]%, {¥;}]_; be bases
forker Pr, and ker P , respectively, with Alvarez boundary conditions. Suppose
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the following relation for hermitian metrics: p = e*?p, h = e2'h. Then

Det*D¢ B Det*D7
det(@i, <I>j) det(\I!i, \If]):| (p.h) - [det(@i, (I)j) det(\Iji’ \I/j) o) GXP(S(U, f))v
where
1
S f) =~ [ AA{6VF V(o + 1)+ Vol
67T M
1
(2.18) ~or | dAp{6Q (0 +2f) + Ry(o +3f)}
T JM

g | dsilv o +20) = mlo +31).

Proof. The argument follows [1]; here we only sketch the ideas. Let {®;}
be an orthonormal basis of eigensections of D} with eigenvalues \;. Then
by Remark 2.2, if ¥; = (1/,/X;)PL®;, then {U;} is an orthonormal basis
of the subspace of eigensections of 2PLP2 with nonzero eigenvalues and
Alvarez boundary conditions. Let o = o(t), f = f(t) be one parameter fam-

ilies of conformal deformations; ¢ and f, their derivatives. One computes
the variation of eigenvalues:

Aj = =2X((6 + f)®;,®;) + 20 (f T, ;).

Then as in [1, pp. 148-149], the corresponding variation of the determinant
is given by

d R
% IOg Det D?j

—fo [y et
3

X, #0

= f.p-/ dt Yy {=20((6+ )@y, B5) + 24 (T, Tj)}e N

X, #0

=—f.p. /:O dt%{—Q Tr((6 + f)efthZP” + 2Tr(f'672tPLPLT)}.
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Applying Proposition 2.3 to the heat kernel expansions for the laplacians on
D} and Dj;.,

d *
7 log Det* D!

1 . . 1
-1 / dA, (601 p + R))(6 + f) + — / dA, (62 - ys + Ry)
™ Jm 67T M
1

o 1 :
— e [ syl =36+ P+ g [ syl = 3wt gy o)
T JoMm oM

3w

From Lemma 2.1 it follows that Qgp- pn)-1+ = —(1/2)R, —Qpp, and
VKL*,(ph)*l = Kp —VL,h- Hence,

(2.19) pn log Det* D} = “or /M dA,{6Qrn(0+2f)+ Ry(6+3f)}
1

— o= | dsp{rp(6 +3F) — Bvra(6 +2f)).
T JoM

We have the following variations with respect to conformal changes:

Rp = e_QU(Rﬁ — QA,;O'), QL,h = e—QU(QL’iL — Aﬁf),

kp=¢ (ks +0s0), vLp= e*U(VL’;L — Onf).

Plugging these into the above, the first term on the right-hand side of (2.19)
becomes

(2.20) — % /M AA60, (6 +2) + Ro(6 + 3/)}
—1/ dA{6Vf -V +12Vf-Vf+2Vo Vi +6Vo - Vf}
67T M
b [ dss{120000)] + 20005 + 6((000)5 + @) ),
T JoM

whereas the second term on the right-hand side of (2.19) becomes

- Bi dsp{rp(6 +3f) = 3v, (6 +2f)}
(2.21) [ oM _ .
— 5 [ dsp{(9a0)( +3f) + 3(Faf)(d + 2f)}.
™ JoMm

The last terms on the right-hand sides of (2.20) and (2.21) cancel. The
remaining terms can be integrated as in [1], giving the desired result. O
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Remark 2.4. Consider the following special cases:

(1) OM = (. Then the formula in (2.18) coincides with the result in [15,
Proposition 3.8]. Note that there is an overall factor of 2, from the
fact that the determinant Det* Dy, regarded as a real operator, is the
square of the complex laplacian (see Lemma 2.2).

(2) If L = K9, h the induced metric from M, and f = —qo, then (2.18)
coincides with the result in [1, eq. (4.29)] (see Lemma 2.1).

(3) If L is the trivial bundle O with the flat metric, then Alvarez boundary
conditions amount to Dirichlet conditions on the real part and Neu-
mann conditions on the imaginary part. Hence, the scalar determinant

is Det* D3 = [Det,, (A)][Detay. (A)].

neu.
(4) By Remark 2.2 and Serre duality Proposition 2.2 applied to the trivial
bundle,

Det* Dj = Det*(2PgP}) = Det* (2P, Py) = Det* D{.

3. Factorization of determinants
3.1. The generalized Dirichlet-to-Neumann operator

In this section we assume M has non-empty boundary. Let L — M be a
hermitian holomorphic bundle with framing 7. The following is clear.

Lemma 3.1. The real and imaginary Alvarez boundary conditions are com-
plimentary in the sense of [10, Definition 2.12].

Definition 3.1. The Poisson operator is characterized by the condition
Par(A) : B"(OM,* L) — Qg (M, L) : (f,g9) = Par(N)(f.9) = @,

where ® satisfies (D, + A\)® = 0, and b3, ,(®) = (f, ). The boundary oper-
ator is defined by

Apr(\) : B"(OM,*L) — B"(OM,2*L) : Apr(A) = Jblyp, Par(N).

Hence, Apr()) is the analog of the Dirichlet-to-Neumann operator. Like
the DN operator, Ay () is elliptic and, by (2.13) it is self-adjoint. In this
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case, however, it is a zeroth-order pseudo-differential operator instead of
first order.

In case A =0, the Poisson, and hence also boundary operators are not
necessarily everywhere defined nor are they a priori well defined. This can
be seen from the integration by parts formula (2.13). The Poisson operator
is defined at (f, g) only if (f, g) is orthogonal to the image by J of boundary
values of sections ® € ker Dy, satisfying imaginary Alvarez boundary condi-
tions. Similarly, given any such (f, g), the extension by the Poisson operator
is only well defined up to addition of such ®. With this in mind, set

(3.1) A = LTl (®) : ® € ker Dy, bl (®) =0}.

Proposition 3.1. On the orthogonal complement ofAjlf, the family Anr(N\)
extends continuously as X — 0 to an operator Ay (0) = Anpy.

Proof. Let {®7}9°, be a complete set of eigensections for D7 with eigenval-

ues {\;}32,, and \; = 0 if and only if i < n. Choose a smooth extension map

E :B"(0M,*L) — L*(M) satisfying b}, E = I, b, E = 0. To compute
M (A)(f, g) we need to solve the boundary value problem

(DL +M)® =0, byy(®)=(f9)
on M. From the definition of the extension, it suffices to solve
(DL +N® = (D + NE(f,9), b (®) =0,

for then ® = E(f,g) + ®. Moreover, by the assumption on FE, Jb’aM(;I;) =

1
j+ A

B
||
Mg

(DL +NE(f,9), 27 ) m @

—_

J

3

A

1
{A (DLE(f,9), @} )ar + (B, @) }@;-*
7j=1

1
)\j—i-)\

(DL +NE(f,9), ©7 ) m P
j=n—+1
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By (2.13), the first sum on the right-hand side reduces to (since
b7, (®4) = 0):

(bont (E(f,)), T bors(82)) + (E(f. 9). <1>;-*>M} 3!

> =

I
M-

<.
Il
-

(bloas (E(f,9)) T blyrs(B2) + ((f. ). @;>M} @

.
Il
-

Il
M-

1
|
(]
— =
> =

> =

((£,9). T Byt (@) + (E(f. ), q»;*m} @2,

<.
Il
—

Hence, if (f,g) € (Aj}}’){

n

AuN)(f,9) = =D _(E(f,9), ®})mJ by, &7
j=1

1
o a(Prt NE(9), 2T by 25
j=n+1

This clearly extends continuously as A — 0, the second term gives the orthog-
onal projection to (A3Y)L. O

Example 3.1. Consider the disk B. of radius € with the euclidean metric
and trivial line bundle, metric and framing. Then Aalj = {0} @ R. By direct
computation one shows that

09 aateon0 =3 (ot ) ()

where

(3.3) £(6) = Z Fn)em?,  g(0) = Zg(n)eme

nez n#0

and o(n) is the sign of n.
3.2. The generalized Neumann jump operator

Now suppose M is closed. Let I' C M be a union of simple closed disjoint
curves in M, and define Mr to be the surface with boundary obtained
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from M \T by adjoining a double cover of I'. We denote the connected
components of Mr by R, and by g; we mean the genus of R®. Note that a
conformal metric p on M induces one on Mr, and a holomorphic hermitian
line bundle L on determines one on Mr. In both cases, we use the same
notation for the objects on M and Mr.

Suppose that 77, is a framing of L — Mpr. We will always assume such
framings arise from local trivializations of L in a neighborhood of I' C M.
We have the following:

Lemma 3.2. Let d; denote the degree of L — R defined by framing 71,
and let d be the degree of L — M. Then d =", d;.

Proof. Let s be a meromorphic section of L with no zeros or poles on I,
and let s; denote the induced meromorphic sections of L — R®. Clearly,
d = deg(s) = ), deg(s;). Write 71, = fs for a nowhere vanishing function f
defined in a neighborhood of I'. Then the local winding number of 77, is
the sum of local winding numbers of f and s. On the other hand, for each
component of I'; the local winding numbers of f on the two copies in Mrp
cancel, since they are defined in terms of outward normals. Hence,

Z deg(TL)R(i) = Z deg(si) =d.
i=1 i=1

The additivity of the Euler characteristic and Theorem 2.1 imply

Corollary 3.1. Let M be a closed surface and I' C M a union of simple
closed curves dividing M into surfaces R?, i =1,..., £, with boundary. Let
Py, be the real operator associated to 0, on Q°(M, L), and on Q%(R®, L)
with Alvarez boundary conditions defined by a framing 11, Then

l

index(Pr) = Z index(Pr) g -
=1

Choose an orientation for I'. We define maps
br : Q% (M, L) — B(T,*L) := Q%(I',2*L) ® Q& (', 2" L)

(and b, bY) by restriction. The double cover OMpr — I' gives a diagonal
and difference map

wa B0, 0" L) — B(OMp,*L),

3.4
(3.4) or : B(OMr,*L) — B(I',*L).
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The maps 2a and ér depend on the choice of orientation of I'. We assume
that such an orientation has been fixed once and for all.
We now come to the following crucial definition:

Definition 3.2. The Neumann jump operator Np(\): B”(T,*L) —
B’ (T,+*L) is defined by the composition: Ny (A)(f, g) = oA, (N) (2a(f, 9))-

Then N () is a self-adjoint elliptic pseudo-differential operator of order
zero. Note that Np(A) is invertible for all A > 0, since the kernel would be
the boundary value of a global section in the kernel of Dy, + A. A calculation
similar to the one in [10, Proposition 4.4] leads to the following:

Proposition 3.2. Choose coordinates with p =1 on I' and an appropriate
gauge so that the unitary frame associated to 11, is parallel along I'. Then
the symbol of Np(\) is given by

UNF(A)(‘%‘?&) = 2(I + m(az,é))m\(f),

where ax(&) is a block diagonal with respect to the components of T, with

blocks equal to
1 A2 —i€
GESVEAG

and rx(x, &) is a matriz symbol with parameter (cf.[26, Definition 9.1]) sat-
isfying

105 0 A (2, Ol < Conn (14 €]+ IAY2) 727"
for all m,n > 0. The same estimate holds for i\(x,&) = drx(x,§)/dA.

Let
(3.5) x:B"(T,0"L) — B"(T,0"L) : (f,g) — (xg,*f).

Corollary 3.2. For A > 0 we have Np(A) = 2(1 + R(X\))A(X), where

(1) A(X) is an invertible elliptic pseudo-differential operator of order zero
satisfying

* AN) = —AN) " x.

(2) R(\) is a pseudo-differential operator with parameter of order —2 with
uniform bound O(A™1).
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Proof. Define

(36) A =@ (28 V),
(3.7) R(\) = %Np(/\)A(/\)_l I

acting on B”(T",1*L), where the covariant derivatives and laplacian are with
respect to the metric on M induced by p and the Chern connection. Then
(1) is clear from the definition, and (2) follows from Proposition 3.2 and [26,
Corollary 9.1]. O

As with the boundary operator, the jump operator is not everywhere
defined for A = 0. In order to rectify this, let Apr = Alfer ® A2V, where

Aker — [B(D) : & € ker D, € Q%(M, L)},
AR = {8pJ (b, (®)) : @ € ker Dy, € Q% (Mr, L), by, (9) = 0}

Notice that Ak ¢ Q%(T',2*L) @ {0}, A2 C {0} @ QL (T, +*L). In particular,
Allier il A%IV. Now Propositions 3.1 and 3.2 imply

Proposition 3.3. On the orthogonal complement of Ar, the family Np(\)
extends continuously as X\ — 0 to a zeroth-order operator Nr(0) = Nr.

We also record the following;:

Lemma 3.3. Assume coker P, = {0} on M and on M. Then dimp A} =
dimp A%IV.

Proof. Let V' = {b[.(®) : ® € ker Dy, b{"(®) = 0}. Then since any holomor-
phic section vanishing on I' must vanish identically, we have by the assump-
tion on cokernels Corollary 3.1,

dimp Ak = 2h9(L) — dimg V = dimg ker D — dimg V.

On the other hand, consider the surjective map ker D} — A%l". Any element
in the kernel corresponds to a global holomorphic section satisfying the extra
condition b{:(®) = 0. Hence,

dimg ker D} — dimg V = dimg A#Y

and the result follows. O
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3.3. Determinants of zeroth-order operators

Let T be a positive self-adjoint elliptic pseudo-differential operator of order
zero on the real Hilbert space L?(S1) @ L?(S') (where the L? functions are
real valued). The usual zeta regularization procedure does not apply to 7. In
order to define its determinant, we need to choose a regularizer. By this we
mean a positive self-adjoint elliptic pseudo-differential operator @) of order 1
on L?(S1). Given @, we extend it diagonally on L?(S') @ L?(S') and denote
this extended operator also by Q.

Next, define LogT as follows. Let v C C\ {Rez < 0} be a closed curve
containing the spectrum of 7. Then define

1
(3.8) LogT = 27Ti[ydz(logz)(z ~- 7)1
where log is the branch of the logarithm on C\ {Rez <0} with —7 <
arglog z < w. Then following [17], we set

(3.9) log DetoT = fp Tr(Q *LogT)|s=o.

While this definition of the determinant depends on (), it is neverthe-
less very suitable for our purposes. The main properties that we need are
summarized below. In this section and the next we will repeatedly use the
fact that if bounded operators A and B are such that both AB and BA are
trace class, then Tr(AB) = Tr(BA) (cf.[27, Corollary 3.8]).

Proposition 3.4. (1) Let B be a bounded operator satisfying BT =
T 'B. Then

B(LogT) = —(LogT)B.
(2) Suppose in addition that B is an involution that commutes with Q.

Then DetgT = 1.

(3) Suppose T'(e) is a differentiable family of positive elliptic self-adjoint
pseudo-differential operators of order zero. If dT(g)/de is trace class,
then

de

4 log DetgT'(e) = Tr <T(€)1d€§)> .
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Proof. For (1) note that

1 dz
1 — [ =q — T ' = (LogT)T 1.
(3.10) omi /., (log 2)(z = T') (LogT)

Indeed, from z=Y(z —T)" ' = (z = T)"'T~! — 271T~! we have

1 dz 1
1 —T)y = — [ dz(1 -7t
%L _ (log 2)(z = T) M/7 z(logz)(z = T)

1 dz

Because of the choice of contour, the second term vanishes. Now

Blz—T)=0(-TYB = (x-T"Y)'B=B(:z-T)".

Hence,
B(LogT) = 1 / dz(log2)(z =T 1)'B = L / dz(log2)(Tz — I)™'TB
27 J, 27 J,
1 dz
=—— [ =( -1 _1m~TB.
i | 5 Goe2) (7 =)

Next make a change of variables w = z~!'. Without loss of generality, we
may assume < is invariant under this change. Then by (3.10).

1 dz _ _
B(LogT):—% ?(logz)(z L_m-rB
Y
__ L d—w(lo w)(w—T)'TB = —(LogT)B
T o), w B s

For (2), it follows from (1) that

Ip Te(Q *Log T)|s—o = fp Tr(BQ*(Log T) B)|s—o
= /p Te(Q*B(Log T)B)|s=o
= —/p Tr(Q* Log T)|s—o-
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To prove (3) we have

-1 dT(e)
de

9 LogT(e) = 2% / dzlog (= — T(s)) (—T)",

de .

d
e log DetgT'(¢) = fpls=o ;m/vdz(log 2) Tr(Q™5(z — T(e)) ™

<O (. 1)
_ 2% [ dz(log2) T <(z ~T(e)) 2 dz;?)
(since dT'(€)/de is trace class)
= 2_731 ’ydz(logz)ai Tr <(z - T(a))_ldz(;ig))
- L 7 Loy ((z _ T(g))ldigf)>
=Tr (T(e)ldflf)) .

3.4. The Burghelea—Friedlander—Kappeler formula

Continue to assume M is closed with a collection of disjoint simple closed
embedded curves I'. We apply the definition of determinant in the previ-
ous section to the Neumann jump operator. Let () be a positive self-adjoint
elliptic pseudo-differential operator ) of order 1 on Q%(F, 1*L)". We use the
Hodge star to extend it as diag(Q, *Qx) on B”(T",2*L), which we continue
to denote by Q. The self-adjoint operator Nr(A) has nonzero real eigen-
values for A # 0, but is not positive. Hence, we define the logarithm and
determinant by

LogNe(3) = 5 Log(Nr (V)2

1
log Detg Nr(\) = 5 log Detg(Np(N))2.

In what follows, let (g(s) = TrQ~*, and recall that s = 0 is a regular value
of (the analytic continuation of) (g(s).

With this understood, we state the key factorization theorem (cf.[10,
Theorem A)).
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Theorem 3.1 (BFK formula). For all A > 0,
[Det(Dr, + AN)|m = cg [Det(D7 + M) v DetgNr (),
where cg = 2¢(0),

The rest of this section is devoted to the proof of this result. First, note
the following:

Lemma 3.4. Let wy, mo be the orthogonal projections onto the first and
second factors of B"(T',2*L), and set Np(\) = dNp(X\)/dX, and similarly for
the operators A and R. Then for all A > 0, mNElj\frm are of order —2, and
hence of trace class, for i = 1,2. Moreover,

(3.11) Tr(mNp 'Npy + moNp "Nrma) = Tr((1+ R(A) TTR(N)).

Proof. By Proposition 3.2, R()\) has order at most —2 on the circle, so the
operator on the right-hand side of (3.11) is indeed trace class. In terms of
the expression from Corollary 3.2,

Nr(N)™'Nr(A) = AQ) I+ R(V) T R(VAMN) + AN AW,

It therefore sufficient to prove that the operators m AN "'A(N\)m;, i = 1,2,
are trace class with opposite traces. But from (3.6) we have

ANTTAWN) = %(DF + )7 (;vr 01> .

The diagonal terms have order —2 on the circle and so are trace class with
opposite traces, and the result follows. O

The next result shows that in the special case of the Neumann jump
operator the dependence of the determinant on the regularizer @) is mild.

Lemma 3.5. The following hold for A sufficiently large:

(3.12) log Detg Nr(A) = (g(0) log2 + /01 de Tr((I +eR(\))'R(N)),

d log Detg Nr(\) = Tr((I + R(A\)"'R(N)).

(313) ¢
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Proof. From Corollary 3.2 and the definition (3.9),
(3.14) log Detg N1 (X) = ((0) log 2 + log Detg ((1 + R(X))A(N)).

On the other hand, R(\)A(X) has order —2 and so is trace class. Note also
that from Corollary 3.2(2), ||[R(\)|| = O(A71), so I +¢eR()\) is uniformly
invertible for 0 <e <1 and A sufficiently large. Now applying Proposi-
tion 3.4(3) to the family

T(e) = ((I +R(N)AN))?
and integrating the derivative in €, we have

(3.15)
log Detg((L + R(N))A(X)) = log Detg A(X) + /1 de Tr((I +eR(\))"'R(N)).
0

Hence, (3.12) follows from (3.14) and (3.15) if we can show log Detg A(\) =
0. Using Corollary 3.2 and Proposition 3.4(1), x Log A(\) = —(Log A(\)) *,
where « is given by (3.5). Since @ is a diagonal operator, x @ = @ x, and the
claim follows from Proposition 3.4(2). To prove (3.13), differentiate (3.12)
to find

d 1 . .
7 log Deto Nr(3) = / de Tr((I +eR) 'R —e(I +<R) 'R(I +eR)"'R)
0

= /1 de Tr((I +eR) 'R —e(I +eR)"'R(I +eR)™'R)
0

/1 d o |

= [ de—Tr(e(I+ecR) "R)

0 de

= Tr((I + R)"'R). O

Proof of Theorem 3.1. Let Dr,(\) = D, + X, D£(X) = D7 + X and Py (N),
Nr(A) the associated Poisson and Neumann jump operators. By the same
calculation as in [10, Corollary 3.8 and Lemma 3.6], we have

(3.16) Ne'Np = biD ' Pas1a,

d
(3.17) a(1og Det Dy, — log Det D7) = Tr(Pas0abl DY),
where we have omitted the spectral parameter from the notation. For sim-
plicity, set P = Pp2a and B = biiDZl. According to [10, Lemma 3.9], PB
is trace class. Let f(s) = Tr(D,°PB), which is holomorphic for fRes > 0.
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We claim that f admits an analytic continuation for Stes > —1/2. Indeed,
for Res > 0,

f(s) =Te(D; °PB) = Tr(BD;*P) = Tr(myBD} *Pmy) + Tr(maBD ° Pra).

But the operators m; BD7®Pr; are manifested to order —2 — 2s on L?(S%);
hence, the claim follows. Moreover, by (3.11) and (3.13) we have f(0)=
(d/dX)log Detg Np(A) for A sufficiently large. On the other hand, since PB
is trace class it is also true that f(0) = Tr(PB), and we conclude from (3.17)
that
Y = %(log Det Dy, — log Det D7)

for A large. Since the determinants are analytic in A, this proves the exis-
tence of the constant ¢ (alternatively, notice that (3.13) holds for all A > 0
by choosing an appropriate contour for the integral in (3.12)). The constant
cg may now be determined by the asymptotics as A — oco. By [10, Theo-
rem 3.12(2)], the claimed value for c¢g holds if we show that the second term
on the right-hand side of (3.12) vanishes as A — co. To see this is indeed the
case, set S(A) = Op + A acting on B"(T',2*L). It then follows from Propo-
sition 3.2 that S(A)R(\) is of order zero, and so it is bounded uniformly in
A (cf.[26, Corollary 9.1]). Now R(\) = S(A\)LH(S(AN)R(N)), so R()) is trace
class with Tr|R(\)| < CTr S(A\)~L. The eigenvalues {)\,}>; of S(A) have
asymptotics A, > an® + A\ — b, for a positive constant a and n sufficiently
large, and so by an explicit estimate Tr S(A)~! is O(A~/2). By the remark
in the proof of Lemma 3.5, I +cR(A) is uniformly invertible for 0 <e <1
and A sufficiently large. Hence,

log Detg Nr(A)

| Te((1 +=R(N)'R(N)| < CTr [R(N)| = O(AV/?)
uniformly for 0 < e < 1, and the result follows. O
3.5. The case of zero modes

The goal of this section is to extend the formula in Theorem 3.1 as A — 0.
We will need a preliminary definition.

Definition 3.3. A framing 77, near I is generic if b{. is injective on ker Dy,
C Q% (M, L).

Note that an equivalent condition to the one above is that the differ-
ence map Jr by, be injective on ker D7 on Mr. Indeed, if ® is a global
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section in ker Dy, then regarded as a section on Mp, we automatically have
or by, (@) = 0. If in addition, by\(®) = (®”,0) = 0, then ® € ker D}. Con-
versely, if ®* € ker D} and dr b}, (®*) =0, then since or by, (®*) =0
automatically, it extends to a global section on M.

Theorem 3.2. For a given framing 71, near I', let {®;} (resp. {®}) be
a basts for ker Dy, on M (resp. for ker Di* on Mr). Assume the framing is
generic in the sense of Definition 3.3. Then

Det*D
l: © L DetZQNF,

det(@i,(‘bj)]M @

Det* D7 det(or®;', or®;)r
det(@;‘,@;‘) u det(@é’,(l);.’)p
where Ny = Ny (0) is the operator defined on the orthogonal complement of
Ar in Proposition 3.3.

Proof. We apply Theorem 3.1 as A | 0. By the definition of zeta
regularization,

log Det(Dy, + A) = (log A) dimg ker Dy, + log Det™ Dy, + o(1),
log Det(D7 + A) = (log \) dimg ker D7 + log Det* D7 + o(1)

on M and Mr with Alvarez boundary conditions. Let m = dimg ker Dy, on
M, and n = dimpg ker D} on M. Hence, it is sufficient to compute limy_,
{logDetg N1 (A) + (n —m)log A}. The key point is that there are small
eigenvalues of Np(A), pj(A) — 0, j = 1,...,m, corresponding to global holo-
morphic sections of L, and large eigenvalues v;(\) — +o00, j =1,...,n, cor-
responding to ker Df. Moreover, it follows easily from the definition that

(3.18) log Det Np(A) = log(p1(A) -+ ptm (A)) + log(v1(A) - - v (N))
+ log Det, Nt + o(1).

We need therefore to compute the contribution from both the {u;} and {v;}.

Let p11(A),..., m(N\) be the small eigenvalues of Np()), and let
{Bj(M)}jL; be orthonormal with eigenvalues p;(A). Let {®;}7°; be a com-
plete set of eigensections for Dy on M with eigenvalues {\;}72,, A; = 0 if
and only if j < m. Let 7 : B”(T",+*L) — B"(T",+* L) orthogonal projection to
Allier. Then we compute

1 T T T mt
- (Mg oy
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where Ay, B1(\) : L2(T') — L?*(T) are given by

(3.19) = ((F,G),b{(2;))r b (®;),
7=1
Bi(\(F,G) =
Jj=m+1

m((Fa G), b:(®;)) L (D;).

To see this, let ® be a section of L — My, (Dp + \)® =0, with (F,G) =
ord by, (@), and or b, (@) = 0. Then by (2.13),

o0 o0 1
o= (0,0))r, D) = & (DL A)®i)ar
j=1 j=1"17
=1
=-> o (P @, T bors, )P,
j=1 "9
—_ i ! (or br ®, J br &;)®;
— )+ A

=1
:—Z (6r bp @, J b ®;)®;
SN+

=1
= ———(0rJ b &, b} ;) d;

=3 (R )b

and computing b{.(®) gives the result. We wish to relate the eigenvalues of
A; to the p;(A). Since

NE B (A) = 15 (VB (),
we have
(3:20) L0180 + BN = 47 (B, ()
7 B1(N)B;(A) = py (V)T B (0.

Since By () is uniformly bounded as A | 0, it follows that |7 8;(A)||z2(r) <

Cuj(A), for C independent of A. In particular, ||73;(A)|[z2r) — 1 as A |0,
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and so (after passing to a sequence A; | 0) there exist limits {3;(0)} which
give a basis for Allier. If we let v; be an orthonormal basis for Allier such that
Arv; = ojv;, and write

65 (A chk )k

then the (subsequential) limit C};(0) exists and is nonsingular. From (3.20)
we have

(3.21) HAlﬂﬁj()\) - TB;(A)

A
i (A) L2r)

In terms of the basis {v;},

A
A3 (N) — o Wﬁg ZCjk ( M)Uk,

so by (3.21), Cjr(AN)(or — (A/p;(N))) — 0, for all ],k Since (C) is nonsin-
gular, for each j, Cj;(0) # 0 for some k. Hence, ak = limy|o 5 (N) /X = 15
exists for each j, w1th Cikor = fi; Cjk Again using the fact that (Cji) is
nonsingular, we have

logdet Ay + log (H ,uj()\)) =mlog A+ o(1).

Finally, note that by choosing b{.(®;), j =1,...,m, as a basis in (3.19), we
have

det A = det(blfl‘(q)l)7 bii(q)J))v
(3.22) log (H M(x\)) = mlog A — log det(b{(®;), b1 (®;)) + o(1).

Let v1(A),...,vn(A) be the divergent eigenvalues of Np(A), and let
{B;(A)}j=; be orthonormal with eigenvalues v;(A). Let {®/'}°; be a
complete set of eigensections for D on Mr with eigenvalues {);}5°,, and
Ai = 0 if and only if ¢ <n. Let 7 : B"(T',+*L) — B"(T",+*L) be orthogonal
projection to A%IV. We also choose a smooth extension map
E :B"(T,2*L) — L*(Mr) satisfying bl E = I, bl E = 0. Then as above we
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compute

1 T ™ ™ 7rl
o= (b Ty

where As()\), Bo()\) : L?(T') — L%(T) are given by

(3.23)
AN(F9) = — S (1 0), 507 by (32))
1?1 E(5.0.8 a1} by, (87),
Bo(X A ((Dr, + N E(f,9), ®2) 161 by, (D2).
et

To see this, note that to compute Np(A)(f, g) we need to solve the boundary
value problem

(DL +A)® =0, by, () =1a(f9)
on Mrp. From the definition of the extension, it is sufficient to solve
(DL +N®=—(D+NE(f.9), bhy, (®) =0

for ®=FE(f,g9)+ ®, and by the assumption on £ the jump in b, ( ) gives
Nr(A)(f, ). Now

1
j+A

IoT

d=— (DL +NE(f,9), ®})n, @

j=1

_’{

J

|
3 |l

> =

Il
_

1
A

“

<
Il
3

+
o
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By (2.13), the first term on the right-hand side is (since bfj,, (®4) = 0)
_ —Z{ (boas. (E )),JbaMF(qJ;‘))+(E(f79)v‘bj)Mr}(I);
_ Z { B (E(f,9)), J blypy (84)) + (E(f, 9), <I>§‘)Mr} o
— Z { (bI(E(F, 9)), 00 by (81)) + (E(f, 9), Q?)MF} &

- Z { 9),0rJ by (21)) + (E(f, 9), @?)Mr} 7.

We again relate the eigenvalues of A2(0) to the v;(\). Since Np(A)B5H(A) =
vj(A)B; (), we have
(B24) AN+ TBAEN) = (5O,

T Ba(N) B (A) = v (A7 B N).

Since Ba(A) is uniformly bounded as A | 0, it follows that ”7‘(’lﬁf()\)HL2(F) <

Cyj_l()\) for C independent of A. In particular, [|735(A)[|2r) — Las A | 0,

and so the (sequential) limits {3;'(0)} give a basis for AWV Tf we let v; be
an orthonormal basis for A% Such that A2(0)v; = ojv;, and write

765 (A ZCjk ) Uk

then Cj;(0) exists and is nonsingular. From (3.24) we have
(3.25) 1A2(0)7 37 (A) = A (N 78] (Ml L2y < CA

In terms of the basis {v;},
A (0)mBE(N) — Avj(N)mB (A Z CirN) (o — A (),

so by (3.25), Cj(A) (o — Avj(X)) — 0 for all j, k. As before, limy o Avj(A) =
v exists for each j, and Cjroy, = 0;C;y, for all j, k. Hence, logdet A3(0) =
log([Tvj(A)) +mlog A + o(1). Finally, note that by choosing dr.J by, (97)
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as a basis in (3.23), we have

det A3(0) = det(dr by, (D7), dr by (97)),
(3.26)
log (H Vj()\)> = —mlog A + log det(dr by, (D7), r by (®7)) + o(1).

Putting together (3.18), (3.22) and (3.26) gives the result. O

We will later use the following special case of Theorem 3.2: let I' be a
simple closed connected curve separating M into components R™ and R®.
Then for any choice of bases {®;}™, for ker Dy, on M, and {®;"}!™,  and
{®>®}7 for ker D} on R and R®, we have

(3.27)
Det*Dy, Det*D7 Det*D7
Det’Dp 1 _
det(@;, ®;) ], | det(@7, @) | | det(@] P 01 |
det (7, P
( ! ])F Detzﬂ\ff

X .
det (7, @9’)1“
where

P4 =
! oM mi; <1< mp+ me

i—m17

{®?7(1)7 ISZSmla

extended by zero to the whole surface Mr.

Actually, for the purpose of degeneration it will be useful to also have
a slightly modified version of (3.27) in the case where the trivialization 77,
is, in fact, the restriction of a global holomorphic section. This is not a
generic situation in the sense of Definition 3.3, since the global section 77,
also satisfies Alvarez boundary conditions, and hence det(®}, ®7)r = 0 for
any basis. Similarly, since the jump of 77 is trivial, det(ép@f,ép@;) also
vanishes. This motivates the following:

Definition 3.4. Let 77, be a global holomorphic section of L — M, nowhere
vanishing near I'. We call the framing 77, good if the kernel of bf. on ker Dy, C
Q% (M, L) is precisely the R-span of 7. We say that bases {®;}7,,
{@HMym and {®;"®}"2 for ker Dy, on M and for ker Df on R™ and

i
R®  are adapted to 1, if ®1 = 77, @?7(1) = TL|R<1)7 @147(2) = TL|R(2>'
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For adapted bases the notation det*(®;, ®;)r will by definition denote
the determinant of the (11)-minor of (®;, ®;)r. Similarly for ®;. Then after
some linear algebra we have

Theorem 3.3. Let 1y, be a global holomorphic section giving a framing of L
near a simple closed separating curve T, and let {®;} (resp. {®, @;"(m})
be an adapted basis for ker Dy, on M (resp. on R™* with Alvarez boundary

conditions). Assume the framing is good in the sense of Definition 3.4. Then

Det*D7
4,32 gA, >
det(@;"®, &7

)

=g

I: Det*Dy, ]
M

det(®;, CI)]‘)

Det*D7 ]
A0 5A0
det(®;", ®; )R<1>
| det™ (@7, ®)r
det* (@7, (ID;’)F

R(®

Dethp.

Example 3.2. As a special case of Theorem 3.2, consider the two-sphere
5’12% of radius R cut along an equator I into two copies of the hemisphere H12%-
Choose the canonical bundle K with the canonical framing. Then ker D, and
ker D7 are both trivial, so the condition in Definition 3.3 is trivially satisfied.
Moreover, it is easy to see that cg Det Ny = 1. Using this and Remark 2.4 (4),

[Det* Dolgs, = [Det Dic]sz, = cq[Det Di]7 Det Nr = [Det* Dl
and so by Lemma 2.2 and Remark 2.4(3), we obtain the well-known formula:

[Det™ Algz = [Detyey. Al gz [Detdir. Al gz -

4. Asymptotics of determinants
4.1. Asymptotics of the generalized Neumann jump operator

The goal of this section is to prove the following. Let M be a closed Riemann
surface of genus g, and choose a coordinate neighborhood B with coordinate
z centered at p € M. Let B, = {|z| < ¢}, and set R. = M \ B.. Let L — M
be a hermitian holomorphic line bundle of degree d with a global holomorphic
section 77, that is nowhere vanishing on B. Also, assume coker P, = {0} on
M and on R, and that p=1 and ||77]| =1 on B.
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Proposition 4.1. If Ny, denotes the Neumann jump operator with respect
to Alvarez boundary conditions defined by a global section 1r,. Then ase — 0,

log DetyNe, — (Co(0) — 4h°(L) + 2) log 2.
By direct computation, as in [33] one proves

Lemma 4.1. For1/2>¢ >0, Ag. = S: +eU.Agr, (I + T-Ag,) 1U., where

s -5 (5520) (¢ ) ()

n#£0
U-(f,9)(0) = ; (j) <fg %)eme, |
.900) = 3 (S (0 ) (4)ee

for functions f,g in (3.3).
We also note the following estimates.

Lemma 4.2. Then assume 1/2 > ¢ > 0.

(1) (A. — S.) is trace class with norm bounded by 8¢2.
(2) Ue is trace class with uniformly bounded norm.

(3) If Ty is defined by
B —1/|n| io(n) f(n) oinf
To(f,9)(0) = g:; (_ia(n) 0 ) (Q(n)> ’

then (T. — Ty) is trace class with norm bounded by 8.

Lemma 4.3. Fore > 0 sufficiently small, I + T AR, s uniformly invertible
on the orthogonal complement of Ar.

Proof. 1t suffices to show that I + Tp AR, has no kernel on A%. But by a
direct computation, if (f,g) = —ToAR,(f,g), then Pr (f,g) extends to a
global section in ker Dry,. O
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Proof of Proposition 4.1. By Lemma 4.1 we have on the orthogonal comple-
ment of Ap_:

1 1 2 1
Log Nr, = log2 + 5 Log <2N1‘E> =log2+ 5 Log(I + C(¢)),
1
log Det,Nr, = (((0) — dimg Ar, ) log2 + 5 log Detg) (I + C(g)).

More precisely, assume the orientation of I" is chosen to agree with JR;,
and let f,g be functions as in (3.3). Let ¥ be the involution that sends
f(n) — f(—n) and g(n) — g(—n). Now using (3.2),

NI‘E =Ap. +XoAp. o2,

() =2 o )= ot 00 2] Gl
+ {trace class}

_ i0(n)g(n) \ ing
= ; 2 <—ia(n)f(n)) e’ + {trace class},
N%E = 41 + {trace class}.

Now by Lemma 3.3,

dimg Ap, = dimg ker Dy, — 1 + dimg ker D7 — 1 = 2dimg ker Dy, — 2
=4h%(L) — 2.

Since C'(g) — 0 in trace, the result follows from Proposition 3.4(3). O

Next, we assume L has a framing given by a global meromorphic section
with simple pole at p. It is easy to see that for an appropriate annular coordi-
nate on the disk L is isomorphic as a framed bundle to the canonical bundle
with canonical framing. In this case we have the following asymptotics.

Proposition 4.2. If Np_ denotes the Neumann jump operator with respect
to Alvarez boundary conditions defined by a global meromorphic section Ty,
with simple pole at p, then as e — 0,

log DetNr, + log(2/2) — (¢o(0) — 4h°(L) — 2)log 2.

Proof. The computation is nearly identical to the one above, except now
dimg Ap, = 4h°(L) + 1, and the constant mode (1,0) & Alliesr. By assump-
tion, Ar_(1,0) = (0,0), and by direct computation for the canonical bundle
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on the disk, Ap_(1,0) = (2/¢,0). Factoring this out from the determinant,
the result follows. O

4.2. Admissible metrics and asymptotics of S(o, f)

Recall the definition of the Arakelov metric (cf.[3, 14, 15, 32]). Given a com-

pact Riemann surface M of genus g > 1, let {A4;, B;}Y_; be a symplectic set

of generators of Hy(M) and choose {wl} _, to be a basis of abelian differ-

entials normalized such that fA wj = 0j;. Let ;; = fB w; be the associated
period matrix with theta function 9. Set

g

p=— Z(JmQ) wi A\ Wj.

29 i,j=1

Then [,, u=1. The Arakelov-Green’s function G(z,w) is symmetric with
a zero of order one along the diagonal satisfying 00 log G(z,w) = (i), for
z # w, normalized by

(4.1) / w(z)log G(z,w) = 0.
M
The Arakelov metric pa, = pa,(2)|dz|? is defined by
(4.2) log pa,(z) = 2 lim {log G(z,w) — log |z — w|}.

A hermitian metric h on a line bundle . — M of degree is d is admissible
in the sense of [14] if

(4.3) Ric(h) = —(27id) .

The Arakelov metric on M, considered as a hermitian metric on the anti-
canonical bundle K*, is admissible:

(4.4) Ric(pa,) = 4mi(g — 1)p.

In terms of the Hermitian—Einstein tensor and the scalar curvature, (4.3)
and (4.4) become

dA QL,h = (27rd),u,

4.5
(4.5) dAR,, = —8r(g—1)u.

For more details we refer to the papers cited above.
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We now return to the situation in the previous section. Let R. = M \ B,
where B. is the coordinate neighborhood |z| < € centered at a point p. Let
L — M be a holomorphic line bundle with admissible metric A, and let
L(p) = L ® O(p). Choosing an admissible metric on O(p) gives an admissi-
ble metric on L(p). Let &y be a global holomorphic section of L(p) that is
nonvanishing at p, and let 1, be a global holomorphic section of O(p) van-
ishing at p. Using the framings given by wo ® 1, Iand &y, respectively, then
on R., L and L(p) are naturally isomorphic as framed bundles, and their
hermitian metrics are conformal with factor f(z) = —log G(z,p). With this
understood, we have the following simple computation.

Lemma 4.4. Let Sc(f) = S(0, f) denote the Liouville action (2.18) on R..
Then S-(f) — 0 as e — 0.

Proof. Note that the local expression for the metric in the framing on L(p)
is continuous as € — 0. Hence, if we let i denote the metric on L(p) and h
that on L, then by (2.18),

1 1
S:(f) = —W/M dA,IV > — 27T/M dA, (A 5+ Ro)f

€

1
+ — / dSP(QVL(p),iL —Kp) f.
oM.

T
Using (4.1), (4.5) and the remark above,

1 1
sy [ st = [ s

€

1 1 1
:/ dApfAf—/ dApfénf—/ ds, kpf
™ J M. ™ JoM. ™ JOM.

1 / 1
~—— dA f@f—/ ds, k,f
™ JoM. P ™ JaM. per
which vanishes as ¢ — 0. O

4.3. Proof of Theorem 1.2

Let L — M with degL =d and h'(L) =0, and set L(p) = L ® O(p). Set
N=hr"L)=d—g+1 and m = 2N + 1. Let {w;}Y¥, be a fixed basis for
H°(M, L), and set @&; = w; ® 1,. We assume that the framings @y ® 11;1 and
wo are generic and good in the sense of Definitions 3.3 and 3.4. We will need
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technical results on degenerations of sections. The proofs of the following
two lemmas are straightforward and will be omitted.

Lemma 4.5. With the assumption h'(L) =0, ker Pz (and therefore also
ker Pz(p)) vanishes on Re for € > 0 sufficiently small.

Lemma 4.6. Let v; be the order of vanishing of w; at p. Then for any
sequence €, — 0 there is a subsequence (also denoted {ey}) and a collection
{wie } s Wme, = w0 ® ]l;l for all k, satisfying the following:

o The set {wi., }™, is a real basis for the subspace of ker 1, on R., with
Wie, = fienWo ® ]1;1 near p satisfying jm(fi,sk)hz‘zgk =0 (cf
Remark 2.1).

e Foreach1<j <N,

sup &, " woj—1,6,(2) —wj(z)] — 0,
2€R.,

sup € " waje, (2) —iw;(2)| — 0
ZeRsk

as k — oo.

Set ®,, = j(wo ® 1,1), D, = 7(@0) and Pppq = J(id). For 1 < i < m,
=

set @i, = J(Wie,), Pie, Wie, ®1,), and for 1 < j < N, set

Qo = J(iwj), Poj = J(iwey),
Qo1 = g(wj), Poj1 = g(w2).

We will need the following asymptotics for the sections chosen as above.

Lemma 4.7. Assume, without loss of generality, that the metric on M is
locally euclidean on a neighborhood of p. Then as k — oo,

det™ (B, D7 )or,, = det(®], ®))or,, (2mer]|Pm (D)) (par(p)ed)™ ",
det(Q;,Ek’ (p;:t?k)aRsk = det((P;:Ek’ ¢;,€k)aRak (pAT (p)ei)m

(where here because of the choice of indexing, det* denotes minus the deter-
minant of the m x m minor, unlike in Theorem 3.3).
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Proof. It suffices to prove an estimate for det<w2i7£k,w2j7ak>aR€k. Write the

expansion
f2i75k (Z) = E agll,)skzn
nez

(4)

7’rL Ek

(@) _2n

Note that the condition Jm(fa;.) =0 implies a = Gy skek , for

"\z|:€
n > 0. By Lemma 4.6, we have \al(f)g,c] # 0 and |e) vig)! 8,”| — 0, for n # v;.
Hence,

- 2
wolp
(Wi e, Wajer )0 R., E / a“k nakzz e df x M

(par(P)e})
_ NG <o (p)]?
~ 27r5k,1 Zag)gkag)akein X
= par(P)
—vi—v;+1 n—v; (i) _n—Vj=(j) deo(p)HQ
€ <W2z Er oy W27, z—:k>8REk = 27[-25 Op e € Opg, X
’ pAr(p)
nez
A 2
~ 2”‘(11(}.)0’257;]' % H(U()( )H 0(1)
© pAr(p)
Similarly,
—vi—v;—1 . . i N
e T @i @2c)on., = 2lalo20i; x |Go(p)]1? + o(1).

The second estimate in the lemma follows from this. The proof of the first
estimate is similar. O

We now turn to the proof of Theorem 1.2. On the one hand, for L we
may apply (3.27) to get

Det*Dy, Det*D7
(4.6) [] - Y [Det” Dic] 5.
det(q)i’q)j) det(q)zak CI)Js’C) R, o

det(®2. , P2 )

ierr ~g,en /L *
Det NF.
det(®/, ®7)p Q

On the other hand, from Theorem 3.3 applied to L(p), we obtain

(4.7) Det’Dr) | _ Det” D7 ) Det" D
' det(@;, ;) |, |det(®2,, B2 ) [EE

R.,
det(@f oo Pie)r Det$)Nr.
det™ (8" &)r




496 Richard A. Wentworth

Now on R.,, the framed bundles L and L(p) are isomorphic, and by
Lemma 4.4

Det* D4 | DPet'Dig,
det((b'iak’ q);},sk) R N det((/I;iAEk’ :I;;}Ek)
Ek ’ ’

R.,

By Proposition 2.2, Det*Dj = Det*Dg on the disk. Applying
Propositions 4.1 and 4.2 (using Lemma 4.5 and noting that h°(L(p)) =
(L) + 1),

cQDetngp ~ (2/€k)274h°([z(19))+27
CQDetaj\\fF ~ 9~ 4h%(L(p))+2

Hence,

Det*DL(p)
det(:I\)i, EI\)J)

~ ~ —1
(ex/2) det(®f, @4 )r [det(®;. , P4 )r
o chmH?BEk det* (@], ®7)r det(®7, ®7)r

y Det*Dy,
det(@i, (I)j) M )

Finally,
[P

B, = e |9 (D) par(p)-

Combining this with Lemma 4.7 and letting £ — oo, we have

I Det* D) _ Det*Dy,
m H OH (p) ~ = det(®,. . ’
det(@i,@j) M e( 13 J) M

The result now follows from Lemma 2.2.
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