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1 Introduction

One of the main goals of relativistic heavy ion collisions(RHIC) is to probe the possible
transition from color confined and chiral symmetry broken vacuum to a deconfined and
chiral symmetric phase, named quark gluon plasma(QGP). It is of essential importance
to clearly understand phase transitions from theory side, in order to specify the possible
signals of phase transition from tremendous amount of experimental data.

Currently, from lattice simulations [1, 2], it is widely accepted that without density
effects the phase transition is a smooth crossover at temperature around T ' 0.150 −
0.170GeV. In relatively low energy collisions of heavy nuclei, a significant fraction of
baryon numbers might be left in the fire ball after collision. In such cases, the effect of
baryon number density nB or chemical potential µB could not be neglected. A first order
transition is likely to appear at large µB. In between them, there is a big possibility to see
a second order transition point, the critical end point(CEP), which is the main goal of the
recent beam energy scan project(BES) [3–5] in RHIC.

Besides, magnetic field and vorticity could also have significant impact on the hot/dense
nuclear matter, especially in non-central collisions. The charged nucleons pass through each
other at almost speed of light and such an large effective electric current might stimulate a
very strong magnetic field in the collision centre. The simulation shows that such a mag-
netic field could reach up to 0.1 ∼ 0.5GeV [6–9], though it only lasts for time scale of strong
interaction. As well, for the non-central heavy ion collisions, the angular momentum J is
shown to be in the range of 103~− 105~ [10, 11]. Both magnetic field and vorticity would
significantly change the property of hot nuclear matter. The magnetic effect has been well
studied from different methods, while the vortical effect attracts growing interests recently.
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Besides the interesting anomalous effects, like the chiral vortical effect [12–15] and
chiral vortical wave [16], vorticity would significantly change the phase transition [17–
22], either the location or the transition order. The location of CEP might shift towards
low temperature and large µB direction at large vorticity [17, 18]. Different from magnetic
field, the angular velocity ω couples with spin(or angular momentum) uniquely for different
charged particles. Thus, both the directions of spin of quarks and anti-quarks tend to be
parallel to the angular velocity. Correspondingly, scalar pairing would be suppressed in
rotating nuclear matter [17]. As shown in [18], there might be another critical end point in
the T −ω plane. These studies are mainly based on Nambu-Jona-Lasinio(NJL) model, and
the order parameters considered are mainly the chiral condensate 〈q̄q〉. Thus, only chiral
phase transition is relevant in those studies. However, the possibility of separation between
the deconfinement phase transition and the chiral transition has been discussed [23–25].
A natural question would be how deconfinement phase transition behaves under rotation.
Such kind of discussion is still quite limited in the literature.

It is quite interesting to see that both chiral phase transition and deconfinement phase
transition could be well studied from holographic method, motivated by the discovery of the
Anti-de Sitter/conformal field theory(AdS/CFT) correspondence [26–28]. Besides the top-
down brane systems [29–36], in bottom up approach, the Einstein-Maxwell-dilaton(EMD)
system [37–47]provides a good starting point to investigate deconfinement phase transi-
tion, while the chiral phase transition [48–58] and light meson spectra [59–68] could be
well described in the soft-wall model [69]. The order parameters of both chiral transition
and deconfining transition, chiral condensate 〈q̄q〉 and expectation value of Polyakov loop
〈L〉 respectively, could be easily extracted from holographic dictionary. Coupling the two
model actions together, it is possible to have the mutual interaction of these two kinds of
dynamics, chiral and deconfinement phase transitions might be described simultaneously,
for examples, see refs. [70–73]. Therefore, it could be quite interesting to extend such a
holographic study to consider the vortical effect on QCD phase transitions.

Then, we want to discuss the physical image of the deconfiment phase transition and
heavy-quark probe. A standard confinement/deconfinement phases in the dual boundary
QCD theory will lead to a first order Hawking/Page phase transition from thermal-AdS to
black hole on the gravity side. As discussed in refs. [72, 74], a small/large black hole phase
transition which corresponds to specious-confinement/deconfinement phases in the dual
boundary theory. Notably, the boundary dual of the small black hole phase does not exactly
correspond to confinement as it has a nonzero (albeit exponentially small) Polyakov loop
expectation value while showing linear confinement for larger distances at low temperatures
only. For this reason, we called this as specious-confined phase. Furthermore, the specious-
confinement/deconfinement phase transition temperature decreases with the chemical po-
tential and the corresponding first order small/large black hole phase transition line ter-
minates at a second order critical point, as predicted by the well-known lattice study [75].

To introduce the rotating effect in holography, one has to solve the dual back gravity
of rotating nuclear matter. In refs. [76–80], the authors take the Kerr-AdS black hole
and study the rotating effect. Generally speaking, the Kerr-AdS black hole could be a
good description at extremely high temperature, where the system tends to the conformal
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limit. At low temperature, certain non-conformal effect in the gravity system would be an
important supplement. Since such kind of effect could be introduced by the dilaton field
in the EMD system, we will try to construct the dual rotating hot and dense system in
this model. In principle, one has to solve the equation of motion up to certain boundary
condition, reflecting the rotating nuclear matter. In refs. [81–84], the authors obtain the
non-conformal rotating black hole solution by doing a coordinate transformation to the
static black hole solution. We think this scenario might be a good first approximation,
since it must be a solution to the Einstein equation, due to symmetry of the action. Thus,
we will follow this scenario and try to obtain a rotating solution and study the vortical
effect. To specify the exact boundary conditions and get a more realistic dual gravity
background would be left for the future. Also, as a preliminary test of the rotating effect,
we will focus on the deconfinement phase transition firstly.

The rest parts of this paper would be organized as follows. We will give a brief review
of the EMD system and try to obtain the dual rotating black hole solution to hot and dense
QCD matter in section 2. Then, we investigate the rotation effect on deconfinement phase
transition in pure gluon and two-flavor holographic QCD models in section 3. Finally, a
brief summary would be given in section 4.

2 The Einstein-Maxwell-Dilaton system under rotation

As mentioned above, the EMD system could give good description of deconfinement phase
transition. By self-consistently solving the equations of motion, one could obtain the dual
gravity background, from which the thermal dynamical quantities could be extracted. It
is shown that by carefully fitting the model parameter settings, one could get equation of
states(EoS) comparable to lattice simulations. For the compactness of this work, we will
briefly review the model first, and then discuss the extension to rotating case.

2.1 The Einstein-Maxwell-Dilaton system

Following refs. [39], the action of the EMD system takes the following form:

S = 1
16πG5

∫
d5x
√
−g

[
R− h(φ)

4 F 2 − 1
2∂µφ∂

µφ− V (φ)
]
. (2.1)

Here, g is the determinant of metric gµν . G5 is the 5D Newton constant. φ is the dila-
ton field. Fµν is the strength tensor of a U(1) gauge field Aµ, which corresponds to the
baryon number current. h(φ) and V (φ) are kinetic gauge function and dilaton potential
respectively, the form of which could be fixed by fitting the equation of state from lattice
calculation. Generally, if Fµν ≡ 0, the above action would describe the case with zero
chemical potential(µB = 0). To consider finite baryon number density effect, the boundary
value of time component of Aµ should be non-zero and Fµν 6= 0 correspondingly. From
previous studies, the EMD system could describe gluo-dynamics well. The phase structure
for light quark systems could be reproduced in such a framework [37–41, 71–73]. It could
be extended to heavy flavor system, and give good description on QCD phase diagram in
pure gluon system [73, 85], glueball spectra [62].
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Generally, to extract the relevant physical quantities from holographic dictionary, one
has to solve the dual background gravity first. Before going to rotating QCD matter, we will
give a brief review on the holographic dual of QCD matter in thermodynamic equilibrium.
Following previous studies, in this case, one could take the following metric ansatz

ds2 = L2e2Ae(z)

z2

[
−G(z)dt2 + 1

G(z)dz
2 + d~x2

]
, (2.2)

with L the AdS radius, Ae a warp factor describing the deformation from AdS metric, and
G a function breaking the Lorentz symmetry at finite temperature. In principle, if h(φ) and
V (φ) are fixed, then one can solve Ae and G from the equation of motion(EoM). However,
to guess the exact form of V (φ) might be complicated, while Ae is phenomenologically
relevant.

With the ansatz of metric above, we can get EoM from the action of the EMD system

φ′′ + φ′
(
−3
z

+ G′

G
+ 3A′e

)
− L2e2Ae

z2G

∂V

∂φ
+ z2e−2AeA′2t

2L2G

∂h

∂φ
= 0, (2.3)

A′′t +A′t

(
−1
z

+ h′

h
+A′e

)
= 0, (2.4)

G′′ +G′
(
−3
z

+ 3A′e
)
− e−2AeA′2t z

2h

L2 = 0, (2.5)

A′′e + G′′

6G +A′e

(
−6
z

+ 3G′

2G

)
− 1
z

(
−4
z

+ 3G′

2G

)
+ 3A′2e + L2e2AeV

3z2G
= 0, (2.6)

A′′e −A′e
(
−2
z

+A′e

)
+ φ′2

6 = 0. (2.7)

Generally, to solve the above equations, one has to take a certain form of the function
h(φ) and the dilaton potential V (φ). As in refs. [61, 85, 86], it could be more conve-
nient if one fixes Ae and h from QCD phenomena and solve V (φ) from the equation of
motion. This scenario is also named potential reconstruction approach in the litera-
ture [52, 71, 87, 88]. In this way, V (φ) would be a temperature and/or chemical potential
dependent quantity. We would emphasize that for a given functions of Ae and h, the form
of the dilaton potenial V (φ) can be fixed from the EOM but with temperature dependent
coefficients. In some sense, this is quite similar to the case in 4D finite temperature field
theory, the coefficients of interacting potential change with the medium thus are tempera-
ture dependent. Also, as shown in refs. [52, 86], this scenario is a good approximation to
the fixed potential approach. Therefore, we will follow this scenario in the current study.
According to the study in [72], the following deformed factor Ae(z) and h(φ) could give
good description of non-perturbative QCD phenomena

Ae(z) = −3
4 ln

(
az2 + 1

)
+ 1

2 ln
(
bz3 + 1

)
− 3

4 ln
(
dz4 + 1

)
, (2.8)

h(φ(z)) = e−cz
2−Ae(z). (2.9)

Therefore, we will follow this study and take the above form of Ae, h. Here, a, b, c, d are four
model parameters, which can be fixed by lattice data of equation of state. The best fitting
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c a b d G5/L
3 Tc

Nf = 2 -0.227GeV 2 0.01GeV 2 0.045GeV 3 0.035GeV 4 1.1 211MeV
Nf = 0 1.16GeV 2 0.075GeV 2 0.12GeV 3 0.075GeV 4 1.2 265MeV

Table 1. Fitted parameters and extracted corresponding critical temperatures from lattice results
on thermodynamic properties of pure gluon system and two-flavor system, respectively.

values of these parameters for two-flavor and pure gluon system are given in table 1, in the
upper line and lower line respectively. We will leave the details of fitting thermodynamic
quantities to the next section.

Having the above form of Ae and h, one can solve G and At from EoM. It has the
following form [72]

G(z) = 1− 1∫ zh
0 dxx3e−3Ae(x)

∫ z

0
dxx3e−3Ae(x) (2.10)

+ 2cµ2(
1− e−cz2

h

)2 ∫ zh
0 dxx3e−3Ae(x)

∣∣∣∣∣∣
∫ zh

0 dxx3e−3Ae(x) ∫ zh
0 dxx3e−3Ae(x)−cx2∫ z

zh
dxx3e−3Ae(x) ∫ z

zh
dxx3e−3Ae(x)−cx2

∣∣∣∣∣∣ ,
At(z) = µ

e−cz
2 − e−cz2

h

1− e−cz2
h

. (2.11)

Here, zh is the horizon of the black hole solution where F (zh) = 0, and µ is chemical
potential. One can identify the temperature of 4D system as the Hawking temperature,
which would be

T =
∣∣∣∣G′(zh)

4π

∣∣∣∣. (2.12)

As mentioned above, the dilaton potential could be solved from eq. (2.6). We take different
values of zh, µ and show the difference of the dilaton potentials at different T and µs in
figure 1(a) and (b) respectively. From the figure, we could see that the T, µ dependence of
V (φ) is very weak and different lines almost merge together. Therefore, the current scenario
could be a good approximation to the fixed potential approach. We note that after φ(z) is
solved, one can get the numerical form of h(φ) as a function of φ. We plot h(φ) in figure 2.
Different from V (φ), h(φ) is independent of T, µ. The temperature dependence of G(z) in
eqs. (2.3), (2.6) are cancelled exactly by that of V (φ).

Also, after extracting the other thermodynamic quantities, like entropy, pressure,
sound speed, one can obtain the information of phase transition of QCD. With the pa-
rameters in table 1, the phase transition is of first order type for pure gluon system and
crossover type for two-flavor system. To calculate the phase transition temperature, we
can use the order parameter(the expectation value of a single Polyakov loop) for the de-
confinement transition in a pure SU(N) theory and extract the transition temperature as
Tc = 265MeV. When adding the dynamic quark, we still assume that Polyakov loop is
an approximate order parameter. We also extract the pseudo-transition temperature of
two-flavor system from this order parameter and it locates at Tc = 211MeV. The results
of transition temperature are also summarized in table 1.
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Figure 1. V(φ) as a function of φ. (a) For different temperatures with µ = 0. Black, blue, red and
green lines are for T = 0.32GeV, T = 0.27GeV, T = 0.23GeV and T = 0.21GeV, respectively. (b)For
different µ with T = 0.21GeV. Black, blue, red and green lines are for µ = 0, µ = 0.2GeV ,µ =
0.4GeV and µ = 0.6GeV,respectively.

0 1 2 3 4
ϕ1.0

1.5

2.0

2.5

3.0
h(ϕ)

Figure 2. h(φ) as a function of φ.

2.2 Extend the EMD system to the rotating case

To obtain the dual gravity background to rotating nuclear matter, a natural approach is to
solve the equation of motion from the action in eq. (2.1), subject to the boundary condition
for a rotating 4D system. However, an exact solution might not be easy to get. It is quite
common that the distribution of the rotating system would depend on the distance to the
rotating axis. Thus, one has to solve a partial derivative equations to get such a solution.
Fortunately, if one only tries to get the qualitative behavior of the rotating matter at a fixed
radius, the scenario used in refs. [80–84] might provide a first approximation. According
to refs. [80–84], one can get the rotating extension from the static configuration through a
local Lorentz boost

t→ 1√
1− (ωl)2 (t+ ωl2θ), φ→ 1√

1− (ωl)2 (θ + ωt). (2.13)

Here, l is the radius to the rotating axis. θ is the angular coordinate describing the rotation.
ω is the angular velocity. Since we will focus on the qualitative results, we simply take
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l = 1GeV−1. Then, the corresponding transformation of the metric would be

ds2 = −N(z)dt2 + H(z)dz2

G(z) +R(z)(dθ + P (z)dt)2 +H(z)
2∑
i=1

dx2
i , (2.14)

with

N(z) = H(z)G(z)(1− ω2l2)
1−G(z)ω2l2

, (2.15)

H(z) = L2e2Ae(z)

z2 , (2.16)

R(z) = H(z)γ2l2 −H(z)G(z)γ2ω2l4, (2.17)

P (z) = ω −G(z)ω
1−G(z)ω2l2

, (2.18)

γ = 1√
1− ω2l2

. (2.19)

Here, G(z), Ae(z) are functions obtained in last section. For later convenience, we also
extract the ‘metric’ component ĝ00(different from the t − t component of metric g00) and
the z − z component of the inverse of metric g11 as

ĝ00 = −H(z)G(z)(1− ω2l2)
1−G(z)ω2l2

, (2.20)

g11 = G(z)
H(z) . (2.21)

The Hawking temperature can be calculated from the surface gravity κ as [89]

T =
∣∣∣∣ κ2π

∣∣∣∣ =
∣∣∣∣ lim
z→zh

−1
2

√
g11

−ĝ00
ĝ00,1

2π

∣∣∣∣. (2.22)

The difference of the gauge potential is defined as chemical potential, namely, µ′ = At|z=0−
At|z=zh

[90]. One thing we should notice is that the expression of the chemical potential
is different from the static case because of the Lorentz transformation of time and angular
component. Following refs. [82, 91, 92], the quark chemical potential under rotation can
be defined as

µ = Aµχ
µ|z=zh

− Aµχ
µ|z=0 . (2.23)

Here, χ is the Killing vector taking the form

χ = ∂t + Ω∂φ. (2.24)

The gauge field under the boost becomes

Aµ = γAtδ
t
µ + ωγAtδ

φ
µ. (2.25)

The angular velocity of the black hole at the horizon is Ω = −P (zh) = −ω [80, 81]. After
a short calculation, comparing with static case, the chemical potential would become

µ = µ′
√

1− ω2. (2.26)
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Figure 3. V(φ) as a function of φ. (a) For different angular velocities with µ = 0 and T = 0.25GeV.
Black, blue, red and green lines are for ω = 0GeV, ω = 0.3GeV, ω = 0.6GeV and ω = 0.9GeV,
respectively. (b)For different angular velocities with µ = 0.2GeV and T = 0.2GeV. Black, blue, red
and green lines are for ω = 0GeV, ω = 0.3GeV, ω = 0.6GeV and ω = 0.9GeV, respectively.

Note that, for numerical calculations, we always fix µ in our paper. At the end of this
section, we also check the rotational effect on the dilaton potential in figure 3. It can be
seen that angular velocity also has little effect on dilaton potential.

3 Gluodynamics under rotation

With all the preparation in the above section, we will study the thermodynamics and
phase transitions under rotation for pure gluon system and two-flavor system in this section.
Firstly, we will try to investigate the behavior of thermodynamic quantities under rotation.
Then we will examine the order parameter of deconfinement phase transition, i.e. the loop
operators.

3.1 Thermodynamic properties under rotation

Generally, there are two ways to get the thermodynamic quantities. One can start from
the free energy, i.e. the renormalized on-shell action, or from the Hawking-Beikenstein
formula for entropy. In principle, the two scenario should be equivalent. There is certain
uncertainty in adding (finite) counter terms in the former one, while in the latter one, there
is uncertainty when integrating the entropy density. Therefore, it is possible to match the
two scenario. For simplicity, we choose the latter one and start from the entropy density.
From the Hawking-Beikenstein formula, the entropy density of a rotating black hole can
be calculated as

s = Aarea
4G5V3

∣∣∣∣
zh

=
√
R(zh)H(zh)2

4G5
. (3.1)

Here, we take G5/L
3 = 1.2 by fitting lattice results of two-flavor system and G5/L

3 = 1.1
for the pure gluon system [93, 94], as listed in table 1. The free energy in the grand-
canonical ensemble is given below [95]

f = ε− Ts− µρ− ωJ. (3.2)
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Figure 4. Thermodynamic properties from lattice calculation and holographic QCD model with
fitted parameters for pure gluon system and two-flavor system,respectively. (a) Pressure as a func-
tion of T. (b) Energy as a function of T. (c) trace anomaly as a function of T. Blue solid line is
the results of holographic model and blue dot is lattice for pure gluon system both at vanishing
chemical potential and angular velocity. Black solid line is the results of holographic model and
green band is lattice for Nf = 2 both at vanishing chemical potential and angular velocity.

Here ε is the energy density of the system and J is the angular momentum per volume.
From refs. [10, 11], we know that QCD matter will carry a local angular velocity in the
range 0.01 ∼ 0.1GeV. Thus, we will calculate EoS with a reasonable range ω = 0 ∼ 0.2GeV.
Variation in the free energy density of a system with a given volume can be written as

df = −sdT − ρdµ− Jdω. (3.3)

For fixed values of the chemical potential µ and angular velocity, the free energy can be
computed by the following integration

f = −
∫
sdT. (3.4)

One can start from a given value of µ and ω, and get free energy by integrating the entropy.
We will first consider the two-flavor case. Considering the vanishing chemical potential

case, we set the pressure at T0 ≈ 180MeV to be zero, close to lattice of two-flavor system in
ref. [93]. Requiring f(T0) = 0 at µ, ω = 0, we are able to calculate the free energy density as

f =
∫ zh(T0)

zh

s
dT

dzh
dzh. (3.5)

Then one might extract the pressure as P = −f , the energy density as ε = f + sT +
µρ + ωJ , and then all the other thermodynamic quantities. Firstly, we take ω = 0, µ = 0
and compare our results with lattice data in figure 4. In this figure, we show the pressure
and energy density as a function of temperature. The solid black curve is our model result
for two-flavor system. The green bands are lattice results from ref. [93]. From the figure, we
could see that at finite temperature, our model calculation agrees well with lattice results
for two-flavor system.

Then, we turn on the angular velocity and examine the effect of angular velocity on the
EoS. We take ω = 0, ω = 0.1GeV, ω = 0.2GeV and solve the scaled entropy, pressure, energy
and trace anomaly as functions of T . The results are shown in figure 5. It is shown that
the scaled entropy, pressure and energy will increase with the increase of angular velocity
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Figure 5. Thermodynamic properties of the two-flavor system for different angular velocities:(a)
The entropy as a function of temperature for different angular velocities. (b) The pressure as a
function of temperature for different angular velocities. (c)The energy as a function of temperature
for different angular velocities. (d)The trace anomaly as a function of temperature for different
angular velocities. Black solid line is ω = 0, blue dashed line is ω = 0.1GeV and red dot-dashed is
ω = 0.2GeV for vanishing chemical potential. The unit of T, ω is GeV.
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Figure 6. For two-flavor system, The square of sound velocity (a) and the specific heat (b) as a
function of temperature for different angular velocities with ω = 0(black solid line), ω = 0.2GeV
(blue dashed line) and ω = 0.4GeV(red dot-dashed line). The unit of T, ω is GeV.
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and tend to constants at large T limit. However, the trace anomaly for different values
of ω will merge together at large T limit. From figure 5, those thermodynamic quantities
would be enhanced by the angular velocity, almost 7% from ω = 0 to ω = 0.2GeV in the
large T limit. It is also observed that this behavior is quite different from the chemical
potential effect [71].

Besides, the speed of sound C2
s and the specific heat CV also have information of phase

transition. Both of these two quantities are related to derivative of entropy with respect
to temperature

C2
s = ∂ ln T

∂ ln s , CV = T

(
∂s

∂T

)
. (3.6)

We show the behavior of the square of sound velocity and specific heat as a function of
T in figure 6 for vanishing chemical potential. From this figure, the square of sound velocity
will approach to the conformal limit 1/3 for different angular velocities at large T limit as
expected. The temperature scaled specific heat CV /T 3 will increase with the increase of
angular velocity and change from 23.3 for ω = 0 to 25.5, 33.2 for ω = 0.1, 0.2GeV at large
T region.

As for pure gluon system, the calculation is slightly different from two-flavor system.
Firstly, following ref. [72], we take c = 1.16GeV 2 by matching the holographic meson mass
spectrum to that of lowest lying J/ψ meson states. Again, we start from the free energy.
Following ref. [96], we require f (zh →∞) = 0 and define

f =
∫ ∞
zh

s
dT

dzh
dzh. (3.7)

Then, the other thermodynamic quantities under rotation can be computed in the
same way as in two-flavor system. In figure 4, we present our model calculation without
rotation with the blue solid line. We can see that the results agree very well with the blue
dots from lattice simulation [94]. The results for ω = 0.1, 0.2GeV are shown in figure 7.
We can find that the behavior of EoS under rotation for pure gluon system is similar to
the two-flavor case. The negative part of the specific heat and square of sound velocity
correspond to the thermodynamic instability in figure 8.

3.2 Deconfinement phase transition under rotation

From the above study, we could see that the phase transition for two-flavor system, as
well as pure gluon system with finite µ and large ω is crossover. We define the pseudo-
transition temperature where C2

s reaches its minimum. For pure gluon system with small
ω, the transition is a first order one and we will define the transition point where the
free energy of the low temperature branches and high temperature branches intersects in
figure 9. Under this definition, we could extract the transition temperature as a function
of µ and ω, and obtain the phase diagram in T − µ and T − ω plane.

We show the phase diagram of deconfinement for pure gluon system and two-flavor
system under rotation in T − µ and T − ω plane in figure 10 and 11, respectively. It
is shown that Tc = 0.265GeV for pure gluon system and Tc = 0.211GeV for two-flavor
system when µ = 0, ω = 0. Figure 10 (a) shows the deconfinement phase transition for
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Figure 7. Thermodynamic properties of pure gluon system for different angular veloci-
ties:Entropy(a), pressure(b), energy(c) and trace anomaly(d) as a function T at vanishing chemical
potential. Black solid line is ω = 0GeV, blue dashed line is ω = 0.1GeV and red dot-dashed line is
ω = 0.2GeV. The unit of T, ω is GeV.
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Figure 8. For pure gluon system, the squared speed of sound as a function of T at vanishing
chemical potential. (a) for different angular velocities ω = 0, ω = 0.4GeV and ω = 0.6GeV and the
specific heat(b) as a function of T at vanishing chemical potential of pure gluon system for different
angular velocities ω = 0, ω = 0.2GeV and ω = 0.4GeV. The unit of T, ω is GeV.
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Figure 9. For pure gluon system, the free energy as a function of T at chemical potential µ =
0.1GeV . (a)Angular velocities ω = 0.6GeV . (b)Angular velocities ω = 0.67GeV . The unit of T, F
is GeV.

pure gluon system in the T − ω plane with different chemical potentials. At vanishing
chemical potential µ = 0, the deconfinement transition is of first order phase transition in
the whole T−ω plane. With the increase of chemical potential, the critical end point(CEP)
shows up. Different from the chiral phase transition case shown in [18], the deconfinement
phase transition is of 1st order at small angular velocity and of crossover at large angular
velocity. When µ increases, the phase transition line is almost the same, only the CEP
shifts to smaller angular velocity along the phase transition line. Figure 10 (b) shows
the deconfinement phase transition in the T − µ plane for different angular velocities ω.
When ω = 0, the deconfinement phase transition is of 1st order phase transition in lower
chemical potential and of crossover at higher chemical potential, and the CEP is located at
(µE , TE) = (0.188, 0.256)GeV. When the angular velocity increases, the phase transition
line shifts down, and the location of the CEP shifts to the lower left plane.

The phase diagram of two-flavor system has be shown in figure 11. We can see that the
angular velocity and chemical potential will suppress the transition temperature and the
phase transition will be always crossover in the whole phase diagram. Since the angular
velocity is normalized, the transition temperature will decrease down to zero at ω →
1GeV . In the left panel of figure 11, we can see that small angular velocity has less
influence on transition temperature while large angular velocity leads to a quick decrease
of phase transition temperature. The right panel of figure 11 shows that the phase transition
temperature has weak dependence of chemical potential, which is similar to our previous
work and PNJL model of deconfinement transition of light flavor [24, 70, 97]. Besides,
rotation will lead to a anisotropic background which is in parallel with the analysis in
anisotropic theories [98, 99]. There it has been found that the presence of anisotropy leads
to easier dissociation of the QQ̄ and that in phase transitions anisotropy acts like a catalyst
decreasing the critical temperature.1

1Thanks Dimitrios Giataganas for this commment.
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Figure 10. Deconfinement phase diagram for pure gluon system in the T−ω and T−µ plane. Solid
line is first order transition and green point is the CEP. (a) Deconfinement phase diagram in the T−ω
plane for µ = 0, 0.1, 0.15GeV. Positions of CEP are located at (ωE , TE) = (0.67, 0.186), (0.43, 0.231)
respectively. (b) Deconfiement phase diagram in the T − µ plane for ω = 0, 0.5, 0.8GeV. Positions
of CEP are located at (µE , TE) = (0.188, 0.256), (0.139, 0.222), (0.068, 0.153) respectively. The unit
of T, µ, ω is GeV.
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Figure 11. Deconfinement phase diagram for quenched two-flavor system in the T − ω and T − µ
plane. (a) Deconfinement phase diagram for quenched two- flavor system in the T − ω plane for
µ = 0(black dashed line), µ = 0.2GeV(blue dashed line) and µ = 0.3GeV (red dashed line). (b) De-
confinement phase diagram for quenched two-flavor system in the T−µ plane for ω = 0 (black dashed
line), ω = 0.3GeV (blue dashed line) and ω = 0.5GeV (red dashed line). The unit of T, µ, ω is GeV.

3.3 Heavy-quark potential, Polyakov loop and spatial Wilson loop under ro-
tation

The above phase transition structure is obtained by analyzing the geometric phase tran-
sition, i.e. extracted from the thermodynamic quantities. To get more information of the
transition, we go further to investigate the order parameters, which reveals the symmetry
broken and restored in the transition. Since usually, the geometric phase transition would
be considered as deconfinement phase transition, we will examine the variation of the loop
operators relevant quantities in this section. Usually, the expectation value of Polyakov
loop is considered as the order parameter of deconfinement phase transition, and the heavy
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Figure 12. The quark-antiquark pair locating at −r
2 and r

2 is connected by a U-shaped string. z0
is the vertex of U-shape string. zh is the position of black hole horizon. (a)specious-confined phase.
(b) Deconfined phase.

quark potential and spatial Wilson loop reflect the color-electric and color-magnetic glue-
dynamics, which are also strongly correlated with deconfinement transition. Therefore, in
this section, we will study the rotating effect on those quantities.

In figure 12, we only consider a heavy-quark probe in the specious-confinement and
deconfiment phase for different temperatures. In the specious-confined phase, There is a
imaginary wall, the string can’t go beyond the wall with the increase of separate distance.
The quark-antiquark pair always is connected by a U-shaped string. In deconfiment phase,
there exists a maximum inter-quark distance beyond which the quark-antiquark pair will
dissolve. To be more clear, we draw the figure of inter-quark distance vs. z0 with different
temperatures at specious-confinement/deconfinement phase in figure 13. When we put
a heavy-quark probe into the system, we can see that the physical inter-quark distance
represented by solid line can go to infinity at low temperature(specious-confinement phase)
and quark-antiquark will dissolve at a maximum distance(deconfinement phase). In the
deconfinement phase, the U-shaped string will become two straight strings at a certain
distance. Nevertheless, the U-shaped string will always exist in the specious-confinement
phase. We can also refer to refs. [72, 100] about more analysis of heavy-quark free energy
in the specious-confinement and deconfinement phase.

According to holographic dictionary, the loop operators could be extracted by min-
imizing the area of string world-sheet, which is related to the string motion. Thus, we
transfer the metric to string frame from Einstein frame by setting As(z) = Ae(z)+

√
1
6φ(z),

see [72, 85] for details. As a concequence, the static metric in string frame is

ds2 = e2As(z)

z2

[
−G(z)dt2 + 1

G(z)dz
2 + d~x2

]
. (3.8)

The rotating background can be similarly written in the same way as before.

ds2 = −N1(z)dt2 + H1(z)dz2

G(z) +R1(z)(dθ + P (z)dt)2 +H1(z)
2∑
i=1

dx2
i , (3.9)

– 15 –



J
H
E
P
0
7
(
2
0
2
1
)
1
3
2

1 2 3 4
z0(GeV

-1)

0.5

1.0

1.5

2.0

2.5

r(fm)

(a)

0.2 0.4 0.6 0.8 1.0
z0(GeV

-1)

0.2

0.4

0.6

0.8

1.0

r(fm)

(b)

Figure 13. The quark-antiquark distance r as a function of z0. (a) specious-confined phase for
zh = 4GeV −1. (b) Deconfined phase for zh = 1GeV−1.

with

N1(z) = H1(z)G(z)(1− ω2l2)
1−G(z)ω2l2

, (3.10)

H1(z) = L2e2As(z)

z2 , (3.11)

R1(z) = H1(z)γ2l2 −H1(z)G(z)γ2ω2l4, (3.12)

P (z) = ω −G(z)ω
1−G(z)ω2l2

, (3.13)

γ = 1√
1− ω2l2

. (3.14)

Then, we put a static heavy quark-antiquark pair in the rotating background to probe
the phase transition. The string world-sheet action is defined by the Nambu-Goto action
and takes the following form

SNG = − L2

2πα′
∫

d2ξ
√
− det gab. (3.15)

Here, gab is the induced metric defined as

gab = gsMN∂aX
M∂bX

N , a, b = 0, 1, (3.16)

and α′ is the string tension. Here, XM and gsMN are the coordinates and the string-frame
metric, respectively.

To calculate the quark-antiquark potential, we consider the string ends at a static
quark-antiquark pair locating at x1 = −r/2 and x1 = r/2. A simplest parametrization of
the string world-sheet parameters is ξ0 = t, ξ1 = x1. Under this condition, the effective
Nambu-Goto action can be written as

SNG = − L2

2πα′T

∫ r/2

−r/2
dx1

√
k1(z) dz2

dx2
1

+ k2(z). (3.17)
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Here, we define

k1(z) = (R1(z)−N1(z))H1(z)
G(z) ,

k2(z) = −(R1(z)−N1(z))H1(z).
(3.18)

The expectation value of the Wigner-Wilson loop is then related to the on-shell string
action by

〈W (C)〉 =
∫
DXe−SNG ' e−Son−shell , (3.19)

where C denotes a closed loop in spacetime. The definition of the heavy-quark potential
is [101–103]

〈W (C)〉 ∼ e−V (r,T )/T , (3.20)

where r is the separate distance of quarks. So, to get the potential, one has to solve the
on-shell string world-sheet action.

To do that, following the standard procedure [74, 85, 100, 104, 105], we can define an
effecive ‘Hamitonian’

H = z′
∂L
z′
− L = k2(z)√

k1(z)z′2 + k2(z)
. (3.21)

Solving z′ form the equation

k2(z)√
k1(z)z′2 + k2(z)

= k2(z0)√
k2(z0)

, (3.22)

we can obtain the inter-quark distance and renormalized potential of heavy quark-antiquark
pair as

r=
∫ r

2

− r
2

dx= 2
∫ z0

0
dz

1
z′

= 2
∫ z0

0

[
k2(z)
k1(z)

(
k2(z)
k2 (z0)−1

)]−1/2
dz, (3.23)

V√
λ

= 1
π

(∫ z0

0
dz
(√

k2(z)k1(z)
k2(z)−k2 (z0)−

√
k2(z→ 0,ω→ 0)

)
−
∫ ∞
z0

√
k2(z→ 0,ω→ 0)dz

)
.

(3.24)

Here, z0 is the vertex of U-shape string as shown in figure 12. The effective coupling√
λ ≡ L2

α′ will be set it to 1, since we only focus on the qualitative behavior. In the above ex-
pression,

√
k2(z → 0, ω → 0) is a counter term to cancel the divergence near z = 0 and can

be calculated as 1
z2 . The potential of heavy quark-antiquark pair as a function of r is shown

in figure 14. From the figure, we could see that for pure gluon system, at T = 0.25GeV and
ω = 0, there is linear part in V (r, T ), showing confinement of heavy quarks. Actually, since
we are considering the time-like loop, the potential is related to the color-electric modes.
Then, when we increase ω, we could see that the linear part would be screened, which
might be considered as a signal of the deconfining quarks. As for two-flavor system, at
T = 0.25GeV, the linear part of quark-antiquark potential has already been screened and
ω would enhance the screening effect. Therefore, we could see that color-electric modes
are confined at small angular velocity and at large angular velocity they would deconfine.
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Figure 14. The potential of quark-antiquark pair as a function of separate distance at fixed
T = 0.25GeV and µ = 0 for different angular velocities ω = 0(black line), ω = 0.3GeV(blue line),
ω = 0.5GeV(red line), ω = 0.6GeV(green line) and ω = 0.7GeV(purple line). The unit of T is in
GeV and r in fm. (a) In the pure gluon system. (b) In the two-flavor system.

Then, we will move to the order parameter of deconfinement transition, i.e. the expec-
tation value of Polyakov loops [106]. Following [104], at finite temperature, the correlation
function of two Polyakov loops can be obtained in QCD from the free energy(or potential)
V (r, T ) of an infinitely heavy quark-antiquark pair at distance r:〈

P (~x1)P† (~x2)
〉

= e−
1
T
V (r,T )+γ(T ) (3.25)

with r = |~x1 − ~x2| and γ(T ) a normalization constant. The expectation value of a single
Polyakov loop

〈P〉 = e−
1

2T
V (r=∞,T ). (3.26)

Thus, from the long distance behavior of heavy-quark potential V (r, T ), one can get 〈P 〉.
If the quarks are confined, V (∞, T ) = +∞, and 〈P 〉 = 0 for a pure SU(N) theory, while
it is finite in deconfinement phase. We obtain the numerical results of 〈P 〉, as shown in
the left panels of figure 15 and figure 16. From the figures, we can see that both for the
two kind of systems, at low temperature, 〈P 〉 is rather small, showing the confinement of
color degrees. At high temperature, 〈P 〉 would increase to a finite constant, showing the
deconfinement of color degrees. Therefore, we could see that for both the two systems, the
geometric phase transition is really a description of deconfinement phase transition.

Furthermore, we could see from the order parameter that the rotation effect would
affect the transition a lot. Both for the two systems, the constant at large T limit will be
enhanced with the increase of angular velocity, which again shows enhancement effect on
the deconfinement from rotation. For the transition order and the location of transition
point, the two systems are different. We zoom in the area near the transition point in
the right panels of figure 15 and figure 16. It is shown that for pure gluon system, the
expectation value of a single Polyakov loop changes from multiple value to single value
with the increase of angular velocity, indicating the transition from first order transition to
crossover. However, for two-flavor system, the Polyakov loop is always single valued which
indicates the phase transition is always crossover. For the crossover transition part, we
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Figure 15. (a)In pure gluon system, the expectation value of a single Polyakov loop as a function of
T at µ = 0.15GeV for different angular velocities of ω = 0.3(solid black line), ω = 0.43GeV(dashed
blue line) and ω = 0.6GeV(dot-dashed red line). (b) An enlarged view of (a).The unit for T, µ is
in GeV.
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Figure 16. (a) In two-flavor system, the expectation value of a single Polyakov loop as a function of
T at µ = 0.15GeV for different angular velocities of ω = 0(solid black line), ω = 0.5GeV(dashed blue
line) and ω = 0.6GeV(dot-dashed red line). (b) An enlarged view of (a).The unit for T, µ is in GeV.

can define the pseudo-transition temperature where 〈P 〉 changes fastest, i.e. the location
of maximum |d〈P 〉dT |. Then, we find that the crossover line are very close to the one obtain
from thermodynamic quantities. For the first order phase transition, we still extract the
phase transition temperature from the free energy. There is a cross point of the free energy
which is defined as the first order transition point [72].

Finally, we will consider the color-magnetic sector, i.e. consider the loop in a space-like
contour, and investigate the spatial Wilson loop. From the dictionary, the spatial Wilson
loop can be calculated similarly but choosing a different way of parameterization, due to
the space-like property of the loop. Here, we can choose the string world-sheet coordinates
as ξ0 = x1, ξ

1 = lθ. Then, similar as the heavy quark potential, we get the spatial potential
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Figure 17. The spatial Wilson loop as a function of separate distance r at µ = 0GeV and T =
0.25GeV for different anugular velocities of ω = 0, ω = 0.5GeV, ω = 0.6GeV and ω = 0.7GeV. The
unit of T, µ, ω is GeV and r is in fm. (a) Pure gluon system. (b) Two-flavor system.

as

Vs√
λ

= 1
π

(∫ z0

0
dz
(√

K2(z)K1(z)
K2(z)−K2 (z0)−

√
K2(z→ 0,ω→ 0)

)
−
∫ ∞
z0

√
K2(z→ 0,ω→ 0)dz

)
(3.27)

with K1(z) = R1(z)H(z)
G(z) ,K2(z) = R1(z)H(z).

Inserting the string frame metric, one can get the numerical results of the spatial
potential, as shown in figure 17. From the figure, it can be seen that for both the two
systems, there are linear part at large distance in the spatial potential. The slope of
the potential would be enhanced by the angular velocity. The effect of angular velocity
on the spatial Wilson loop is similar to the temperature as shown in Lattice [107]. The
enhancement in the spatial potential shows the confinement of color-magnetic modes, which
is different from the color-electric modes.

4 Conclusion

We investigate the rotation effect to deconfinement phase transition in a holographic QCD
model, which is an simple extension of the EMD model in ref. [72] to finite angular velocity
case. By doing the local Lorentz boost, we obtain the 5D dual geometric background under
rotation and consider it as an approximate dual description of the 4D rotating QCD matter.

Firstly, we fix the model parameters by analyzing thermodynamic quantities without
rotation. We identify the Hawking temperature and Beikenstein-Hawking entropy as the
temperature and entropy of the 4D system. Then, from the thermodynamic relations we
could extract the pressure, energy density, trace anomaly, sound speed and specific heat.
By comparing the results to lattice simulations without rotation, we fix all the model
parameters. It is found that such a model could describe thermodynamics of both pure
gluon system and two-flavor system without rotation well. For pure gluon system, there is
a first order phase transition at around Tc = 0.265GeV, while for two-flavor system it is a
first order transition locating at Tc = 0.211GeV.
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Then, we consider QCD matter with finite baryon number density and under rotation.
It is shown that the T scaled entropy density, pressure, energy density and specific heat will
be enhanced by angular velocity. From the thermodynamic quantities, we could see that
the location of the phase transition varies with chemical potential µ and angular velocity
ω. For pure gluon system, the transition is always a first order one when µ = 0. At
finite µ, for a fixed ω, the transition temperature would decrease with the increase of µ.
But the decreasing rate is quite low, within 2.2% decreasing from µ = 0 to µ = 0.15GeV.
The transition temperature would decrease with ω as well. Furthermore, for finite µ, the
transition would turn to a crossover one at large ω. In between the first order line and
crossover region, there is a critical end point. The location of the CEP would shift towards
low temperature and small density with the increasing of ω. As for two-flavor case, it
is shown that the transition is always of crossover type. With the increasing of ω, the
transition temperature would decrease very fast to zero at ω = 1GeV. For a fixed ω, the
transition temperature would decrease with µ, but in a lower rate.

To get full understanding of the phase transition, and to check the physical contents of
the geometric phase transition, we investigate the order parameter of deconfinement tran-
sition, i.e. the loop operators. By extracting the expectation value of Polyakov loop, we
could see that both for pure gluon system and two-flavor system, around the phase tran-
sition point extracting from thermodynamic quantities, the Polyakov loop would undergo
a jump or fast increase. This confirms that the transition is a deconfinement transition.
Furthermore, one could see that the rotation effect would cause an enhanced screen effect
on quark-antiquark potential. For the spatial potential, which is controlled by color mag-
netic field, the slope of the linear part increase with angular velocity. From this results,
it seems that the coupling of angular velocity with color electric field and color magnetic
are different. But the details require further study, and we will leave them to the future.
In this work, we only consider deconfinement phase transition, and the results are just a
preliminary approximation to the full solution. It would be quite interesting to study chiral
phase transition together with deconfinement phase transition in a full HQCD model.
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