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GO Shaping of Omnidirectional Dual-Reflector
Antennas for a Prescribed Equi-Phase Aperture

Field Distribution
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Abstract—A formulation is presented for shaping dual-reflector
antennas designed to offer an omnidirectional coverage. The
shaping procedure is based on geometrical optics (GO) principles
and assumes a uniform phase distribution for the aperture field.
Two distinct dual-reflector arrangements, based on the axis-dis-
placed Cassegrain (ADC) and ellipse (ADE) configurations, are
investigated. The GO shaping results are validated using the
accurate analysis provided by the method-of-moments technique.

Index Terms—Omnidirectional antennas, reflector antennas, re-
flector shaping.

I. INTRODUCTION

REFLECTOR antennas are widely used in microwave and
millimeter-wave communications and radar systems de-

manding large data rates. This is a consequence of their high ef-
ficiency capability, relative mechanical simplicity, and inherent
broadband characteristics. All these features are ultimately re-
lated to their quasi-optical operation behavior. Usually reflector
antennas are designed for maximum directivities (as in point-to-
point microwave links), but some attention has recently been de-
voted to reflector arrangements providing omnidirectional cov-
erage [1]–[9]. Among other uses, omnidirectional reflector an-
tennas are useful as base-station radiators for point-to-multi-
point radio links, such as local multipoint distribution services
(LMDS).

The work available in the literature covers both classical
reflector arrangements (i.e., geometries whose reflectors are
generated by conic sections) [2], [7]–[9] and shaped reflectors
[1], [3]–[6]. However, no study has yet been devoted to the
synthesis of highly-efficient omnidirectional dual-reflector
antennas, which are achieved by means of a uniform aperture
illumination. On this light, the objective of this work is to
present a simple and efficient dual-reflector shaping procedure
based on geometrical optics (GO) principles. This procedure
can be used to obtain an aperture illumination with uniform
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phase and polarization, and an arbitrary user-specified am-
plitude, starting from a prescribed circularly symmetric feed
radiation (and some other pertinent geometrical parameters).
The arbitrariness of the aperture field amplitude allows the
application of the present GO shaping procedure to geometries
aiming at maximum antenna directivity (i.e., by choosing a
uniform amplitude distribution) or low sidelobe levels (i.e., by
implementing a tapered amplitude distribution).

In the next section some basic geometrical features of om-
nidirectional dual-reflector antennas are briefly discussed. In
Section III we derive a GO shaping algorithm, suited for pro-
ducing an equi-phase aperture field. In Section IV we present
two case studies of omnidirectional dual-reflector configura-
tions shaped for uniform aperture illumination and maximum
directivity (according to GO principles). Two additional case
studies are investigated in the subsequent section, this time with
a tapered amplitude distribution imposed over the antenna aper-
ture to reduce the radiated sidelobe levels. All case studies dis-
cussed here are validated using accurate analyses based on the
method of moments (MoM) technique, which accounts for all
the electromagnetic effects present on the reflectors and feed
structure. This work terminates with some brief conclusions.

II. BASIC GEOMETRICAL FEATURES

There are four different types of dual-reflector antennas ca-
pable of providing omnidirectional coverages, but those based
on the classical axis-displaced Cassegrain (ADC) and axis-dis-
placed ellipse (ADE) seem to be the most appropriate ones for
yielding compact arrangements [8]. Such axially-symmetric ar-
rangements are depicted in Figs. 1 and 2, respectively, together
with some pertinent geometrical parameters. Inspection of these
figures indicate that the most relevant difference between the
ADC- and ADE-like configurations is that the principal ray (i.e.,
the ray leaving the antenna system focus, point , along the
symmetry axis and striking the subreflector at its vertex) meets
the main reflector at its inner (outer) rim in the ADC (ADE) ar-
rangement. The fundamental consequence of this is that, to a
first order, the ADE-like reflector system provides a reversal of
the feed illumination at the antenna aperture—a feature that can
be successfully exploited by the antenna designer.

Among the various antenna geometrical parameters, it is
useful to single out in Figs. 1 and 2 the width of the antenna
conical aperture, the main-reflector outer and inner projected
diameters ( and , respectively), the subreflector pro-
jected diameter , the distance from the reflector-system
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Fig. 1. Geometry of the ADC-like omnidirectional dual-reflector antenna.

Fig. 2. Geometry of the ADE-like omnidirectional dual-reflector antenna.

focus (which is also the origin of the coordinate systems
used here) to the subreflector vertex, the -coordinate of
the rim of the main-reflector central hole (i.e., the -coordinate
of point ), the subreflector edge angle , and the angle

between the rays reflected by the main reflector and the
symmetry axis. The angle corresponds to the direction of
maximum directivity of the omnidirectional antenna radiation
pattern in the elevation plane. Note that by making the
present geometries reduce to the configurations described in
[10]. Another important parameter is the path length , which
is imposed to be constant for any ray traveling from the system
focus to the conical aperture surface at point . Under a
GO perspective, this constant path length imposes the desired
uniform phase distribution over the antenna aperture.

III. GO SHAPING FORMULATION

Many GO reflector-shaping algorithms have been developed
since Galindo’s pioneering work [11] but, for the task at hand,
we present an alternative shaping procedure originally devel-
oped for directive circularly-symmetric dual-reflector antennas
[12]. The procedure is similar to that in [13], with the relevant
difference that Fermat’s principle is directly imposed instead of
Snell’s law to treat the reflection at the subreflector surface.

Referring to Figs. 1 and 2, let be the optical path
length of an arbitrary ray that departs from , reflects on the
subreflector surface at , and arrives at the main-reflector
surface at point , before continuing toward the antenna
aperture. Such path length must then obey Fermat’s principle
(and, consequently, Snell’s law at the reflecting point ), i.e.,

must be stationary with respect to the feed-ray angle,
namely . Consequently

(1)

Recalling that

(2)

where is the distance from to , and are the coor-
dinates of , and

(3)

are the coordinates of , one can show from (1) that

(4)

which is the first-order differential equation to be solved for the
reflector surfaces. In this work, the independent variable is as-
sumed to be . Hence, in (4) there are three variables to be de-
termined: the subreflector coordinate and the main-reflector
coordinates and .

The main-reflector coordinates and are obtained by
applying the conservation of energy along a ray tube and by
enforcing the desired constant path length from to the
aperture point . However, to render simpler equations it is ap-
propriate to define first an auxiliary tilted Cartesian coordinate
system (the , system depicted in Figs. 1 and 2) to describe
the main-reflector coordinates, such that

(5)

Now, from Figs. 1 and 2 one observes that the equal path-length
condition can be enforced by imposing

(6)

where is the -coordinate of the main-reflector point
and is the constant (and predetermined) -coordinate of the
antenna conical aperture surface. In practice, the value of is
arbitrary, as long as it is sufficiently large to prevent the aperture
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surface from intersecting the antenna symmetry axis. Substi-
tuting (2), (3), and (5) into (6), this last equation can be rewritten
as

(7)
To determine the corresponding -coordinate of (i.e.,
), conservation of energy is used [13]. However, as the

ADE-like antenna provides the reversal of the feed illumination
at the antenna aperture while the ADC-like antenna does not,
a distinction must be made between the two geometries in the
shaping algorithm. This can be accomplished by observing
that, for the ADC-like configuration (Fig. 1), the conical ray
tube emanating from with semi-angle is mapped at the
aperture with , while for the ADE-like antenna
(Fig. 2) the mapping occurs with . In these equa-
tions, and are the -coordinates of the main-reflector
points and , respectively, given by

(8)

Hence, for the ADC- and ADE-like antennas, conservation of
energy along the conical ray tube with vertex semi-angle
requires that

(9)

and

(10)

respectively, where is the circularly-symmetric feed power
density, is the desired aperture power density,

(11)

is the radial distance from the symmetry axis to the antenna
aperture, and

(12)

is the normalization factor that assures that all the feed power
intercepted by the subreflector is conserved at the antenna con-
ical aperture.

Once and are determined from (6)–(12), (5) can be
used to obtain and , which can be substituted into (4) to

yield a first-order non-linear differential equation where the only
unknown to be determined is . The subreflector coordinate
can then be obtained by stepping from 0 to and numer-
ically solving (4) using any one of the several widely available
techniques, with the following initial condition (see Figs. 1 and
2):

(13)

In the case studies discussed below, the fourth-order Runge-
Kutta method [14] was employed to solve (4).

IV. CASE STUDIES WITH UNIFORM APERTURE ILLUMINATION

Before proceeding to the shaping and analysis of two case
studies of omnidirectional dual-reflector antennas designed for
maximum directivity, it is convenient to establish associated
classical geometries to estimate the initial design parameters.
Because of its applicability, hereinafter it is assumed that

. Classical omnidirectional dual-reflector antennas with
are investigated in [8] and [9], where formulas and results

for geometries with relatively large radiation efficiencies are
presented. So, from [8] and [9] we have established, for the case
studies below, the classical ADC and ADE arrangements de-
picted in Figs. 3(a) and 4(a), respectively, together with appro-
priate optical paths (from to the antenna aperture) and feed
geometry (a coaxial horn with and ,
providing a subreflector-edge taper of about 13 dB without in-
cluding path-length loss). The coaxial horn was employed for
having an omnidirectional radiation pattern with a null at
and for providing a desirable vertical polarization [2], [5]–[9].
Alternatively, conical horns solely excited by the or
mode can be used, providing horizontal or vertical polarization,
respectively [3]. Relevant geometrical and electrical character-
istics of these antennas are summarized in Table I, including the
maximum directivity at and the radiation efficiency
(Eff. %) with respect to a uniform cylindrical aperture and ac-
counting for spilover losses.

The omnidirectional radiation patterns of the antennas, com-
puted by two methods, are depicted in Figs. 3(b) and 4(b), re-
spectively. For the aperture field analysis method (ApM), based
on the GO aperture field, the following model was adopted for
the field radiated by the TEM coaxial-horn feed [8], [9]

(14)

where and are the free-space wavenumber and wave
impedance, respectively, is the zero order Bessel func-
tion, and and are the internal and
external radii of the adopted coaxial horn aperture, respec-
tively. Equation (14) is simply the radiation field of a coaxial
aperture mounted on an infinite perfect electric conductor
plane and illuminated by the TEM mode of the corresponding
coaxial waveguide [15], and satisfactorily represents the main
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Fig. 3. Classical omnidirectional ADC antenna: (a) geometry and (b) radiation
pattern.

lobe of the actual feed radiation pattern [8]. Furthermore, the
MoM [16] results shown in Figs. 3(b) and 4(b) account for all
electromagnetic field effects, including interactions between
the reflector and horn structures, which explains the relatively
large sidelobe levels observed.

To demonstrate the method presented in this work, the GO
shaping formulation of Section III was applied to the above two
classical reflector systems to yield maximum-directivity config-
urations [i.e., geometries with constant aperture power density

], while maintaining the same values of , , , ,
, and of their classical counterparts. The feed radiation

model of (14) was used to specify the circularly-symmetric feed
power density in (9), (10), and (12) as

(15)

Fig. 4. Classical omnidirectional ADE antenna: (a) geometry and (b) radiation
pattern.

It is also important to mention that, as and
for the present case studies, and according
to (8), while we arbitrarily set in (11). The
shaped reflector surfaces of the ADC- and ADE-like config-
urations are depicted in scale (using solid lines) in Figs. 5(a)
and 6(a), respectively, together with their classical counterparts
(dashed lines). The radiation patterns are those of Figs. 5(b)
and 6(b), respectively, which depict the directivity improvement
provided by the shaping procedure. Relevant characteristics of
these two shaped reflector systems are also listed in Table I.

V. CASE STUDIES WITH TAPERED AMPLITUDES

The results of Figs. 5(b) and 6(b) indicate that the increase
in directivity, provided by the uniform illumination of the cylin-
drical antenna aperture, comes with a sidelobe level increase,
as expected from aperture radiation theory. Since this may be
undesirable in some applications, in this section we consider
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TABLE I
CHARACTERISTICS OF THE OMNIDIRECTIONAL DUAL-REFLECTOR ANTENNAS

OF FIGS. 3–6, 9, AND 10

the possibility of shaping the reflector surfaces for a tapered
amplitude distribution at the antenna aperture to reduce side-
lobe levels. Many tapered amplitude distributions have been
proposed for the blocked circular apertures commonly encoun-
tered in highly directive circularly-symmetric dual-reflector sys-
tems, and all of them can be readily extended to the present om-
nidirectional configurations. On this light it is relevant to men-
tion the authoritative studies conducted by Ludwig [17]. Based
on [17], here we propose an alternative amplitude distribution,
which is tapered toward the aperture rims to provide lower side-
lobes, and flat in the middle of the aperture to minimize the di-
rectivity loss due to tapering.

The proposed tapered aperture power density distribution is
given in terms of as

(16)
where is the -coordinate of the aperture point (see Figs. 1
and 2)

(17)

and the parameters , , , and (with ,2) control
the tapered distribution near and . Note
that for the present case studies and . Fig. 7
illustrates the typical behavior of (16), for the particular case of

Fig. 5. Omnidirectional ADC-like antenna shaped for a uniform aperture illu-
mination: (a) geometry (with the classical geometry of Fig. 3 in dashed lines)
and (b) radiation pattern.

, , , , , and
.

The distribution given by (16) has some interesting features.
Its first derivative is zero at and , yielding
a smooth transition between the tapered and flat regions, which
consequently reduces the associated diffraction effects. Besides,

imposes , which is the correct choice for
shaping ADC-like dual-reflector systems. That is required be-
cause the scattering from the subreflector tip, which is directed
toward the main-reflector rim , produces zero aperture power
density (according to GO principles). For the ADE-like config-
urations one must choose , which yields
instead.

The shaping of the tapered-aperture omnidirectional antennas
were conducted exactly as discussed in Section IV, but with

given by (16) instead. The parameters of (16) were chosen
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Fig. 6. Omnidirectional ADE-like antenna shaped for a uniform aperture illu-
mination: (a) geometry (with the classical geometry of Fig. 4 in dashed lines)
and (b) radiation pattern.

based on the results of Figs. 3–6. One observes from those radia-
tion patterns that the omnidirectional configurations shaped for
a uniform aperture have considerably larger sidelobe levels in
the region , when compared with their classical
counterparts. So, without any attempt to optimize the parame-
ters of (16), the tapered illuminations were arbitrarily specified
to approximately resemble the aperture illuminations of their
classical counterparts near and , while pro-
viding a relatively wide flat region to improve
the antenna directivity. For the ADC-like configuration we have
chosen , , , ,

, and . In turn, for the ADE-like antenna
we have selected , , ,

, , and . For comparison, Fig. 8
depicts these GO aperture power densities for identical feed ra-
diated power.

Fig. 7. Proposed tapered aperture power density.

Fig. 8. Normalized aperture power densities of the several antenna geometries
investigated.

The ADC- and ADE-like shaped geometries, and the corre-
sponding radiation patterns, are illustrated in Figs. 9 and 10,
respectively, while some important characteristics are listed in
Table I. Essentially, one observes that these configurations pro-
vide considerably lower sidelobe levels when compared with
their uniform-aperture counterparts (Figs. 5 and 6), while still
yielding directivities considerably higher than those of the clas-
sical configurations, as desired. Furthermore, one observes from
Fig. 10(b) that the ADE-like shaped antenna ended up with a
directivity larger than that of the uniform-aperture antenna of
Fig. 6. The cause for this has not been further investigated, but
it could be associated with second-order effects related to the
coupling between the sub- and main-reflectors.

Finally, by comparing the antenna geometries in Figs. 3–6, 9,
and 10 one observes that, for the shaped-reflector arrangements,
the specified aperture power density forces an additional redis-
tribution of the energy toward the aperture edge. So, at the lower
aperture region, the required ray mapping brings the main-re-
flector surface close to the symmetry axis ( -axis), yielding a
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Fig. 9. Omnidirectional ADC-like antenna shaped for a tapered aperture illu-
mination: (a) geometry (with the classical geometry of Fig. 3 in dashed lines)
and (b) radiation pattern.

slightly smaller main-reflector diameter , as listed in Table I.
Therefore, besides the gain and sidelobe improvements, the re-
flector shaping also provides a small reduction in the volume of
the cylinder that encloses the omnidirectional dual-reflector an-
tenna.

VI. CONCLUSION

A GO shaping procedure was developed for dual-reflector an-
tennas, whose axially-symmetric surfaces are suited for omni-
directional coverage. It was assumed that the GO field has a
uniform phase on the aperture conical surface, imposed by an
equal path length from the geometrical focus of the dual-re-
flector system to the conical aperture, while the field amplitude
is arbitrarily specified by the antenna designer. The performance
of the proposed GO shaping procedure was demonstrated on

Fig. 10. Omnidirectional ADE-like antenna shaped for a tapered aperture illu-
mination: (a) geometry (with the classical geometry of Fig. 4 in dashed lines)
and (b) radiation pattern.

two different reflector configurations, derived from the classical
ADC and ADE arrangements. Case-study antennas with uni-
form and tapered amplitudes were synthesized and their perfor-
mances verified using accurate MoM analyses.
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