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The current field of relativistic quantum chemistry (RQC) has been built upon the no-pair and no-
retardation approximations. While retardation effects must be treated in a time-dependent manner
through quantum electrodynamics (QED) and are hence outside RQC, the no-pair approximation
(NPA) has to be removed from RQC for it has some fundamental defects. Both configuration space
and Fock space formulations have been proposed in the literature to do this. However, the former
is simply wrong, whereas the latter is still incomplete. To resolve the old problems pertinent to the
NPA itself and new problems beyond the NPA, we propose here an effective many-body (EMB)
QED approach that is in full accordance with standard methodologies of electronic structure. As a
first application, the full second order energy E; of a closed-shell many-electron system subject to
the instantaneous Coulomb-Breit interaction is derived, both algebraically and diagrammatically. It
is shown that the same E; can be obtained by means of 3 Goldstone-like diagrams through the stan-
dard many-body perturbation theory or 28 Feynman diagrams through the S-matrix technique. The
NPA arises naturally by retaining only the terms involving the positive energy states. The potential
dependence of the NPA can be removed by adding in the QED one-body counter terms involving
the negative energy states, thereby leading to a “potential-independent no-pair approximation” (PI-
NPA). The NPA, PI-NPA, EMB-QED, and full QED then span a continuous spectrum of relativistic
molecular quantum mechanics. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4811795]

. INTRODUCTION <
X .
The last decade has witnessed fast developments of HE =(f )?’{a‘? } ’ a‘I; = apdg; “)
relativistic quantum chemistry (RQC), as symbolized by
the advent of the so-called exact two-component (X2C)! HY = ig‘ffq afi}, al! = a;a;axar,
relativistic Hamiltonians (for recent reviews see Refs. 2-4). ®)
What is equally important in this context is the observation 8y = 8py — 8pg = &pg — &qp>

that, under very mild conditions, four- and two-component

relativistic approaches can be made fully equivalent in all the . 33 g b . .
aspects of simplicity, accuracy, and efficiency through the 8pg = / / dridry @, (r)e,(r2)g(l, 2)g, (r)es(r2).  (6)
generic ideas of “quasi-four-component” (Q4C)° and “from ) ) X i
atoms/fragments to molecules”®® (or something similar® '%). They dlffer formally only in tl}e chk operator f* generating
In essence, the no-pair projected Dirac-Coulomb-Breit the orbitals. Yet, a subtlety lies in that the bare Coulomb,

(DCB) Hamiltonian HECB and its Q4C ( HS4C) and X2C Coulomb-Gaunt, or Coulomb-Breit operators, viz.,

(Hfzc) variants share the same generic second-quantized g(1,2) = gc(1,2) + gg(1, 2), (7)
normal-ordered form’ as the Schrodinger-Coulomb (SC)
Hamiltonian (H3°), viz., 12 Ll ©
HXWX = EWX, WX = wX|0), st e’
(1
X = SC, X2C, Q4C, DCB, gs(1,2) = ga(1, 2) + g,(1, 2), ©
HY = H + H + HY. @ g6(1,2) = ===, (10)
12
HY = (0|H}|0), 3) 1,y=2% @)@ ) g
8gll, 3
2r1n 2ry,
) Author to whom correspondence should be addressed. Electronic mail: can all direCtly be used for g(1, 2) (6) in the case of Q4C,
liuwjbdf @ gmail.com. but they must be transformed appropriately in the case
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of X2C. As a very good approximation,!' the Gaunt or
Breit interaction can be treated at the mean-field level
through fX?¢/Q4C while only the bare Coulomb term is
adopted for the fluctuation potential (5) of X2C/Q4C. Then,
X2C/QA4C is computationally very similar to those approx-
imate two-comment (A2C) approaches'>!? that combine
some approximately transformed one-electron operator 4%C
with the bare Coulomb operator. Although defined only
algebraically, the spin separations of the no-pair DCB, Q4C,
and X2C Hamiltonians are still possible, leading to a series
of new Hamiltonians that are infinite order in scalar relativity
and finite order in spin-orbit coupling.'* In this regard, the
sf-X2C+DKH,, Hamiltonian by combining the spin-free
(sf) part of X2C with the nth order Douglas-Kroll-Hess'?
(DKH,,) type of spin-dependent (sd) terms is particularly
promising.'””> The no-pair Hamiltonian axis,'® going from
SC through sf-A2C, sf-X2C, A2C, sf-X2C+DKH,,, X2C,
and Q4C to DCB, can now be regarded as completed. Any
orbital-based correlation methods for parameterizing the
wave function WX through the wave operator WX can directly
be used (for recent reviews see Ref. 17). However, one has
to be aware that the no-pair approximation (NPA) itself has
several drawbacks: (a) Being defined only at matrix level, the
H f (X = DCB, Q4C, X2C) Hamiltonians are incompatible
with the so-called explicitly correlated methods'®?" because
of two reasons. First, integrals like ( pq|ﬁ,gl fi2lrs) and
(pql flzﬁrd f12|rs) must be evaluated analytically to achieve
fast convergence,?' but the required relativistic operator /1,
is not available in such Hamiltonians. Second and more
seriously, just like any second-quantized Hamiltonian, such
Hamiltonians have only a finite spectrum limited by the given
basis such that the effect of the correlation factor fi, is just
null for an obvious reason: The ri;-dependent two-electron
basis functions try to simulate an orthogonal complementary
correlation space but which is not part of the Hamiltonians.
(b) At variance with the nonrelativistic full configuration
interaction (FCI), the no-pair FCI (more precisely, complete
active space CI) energy is always dependent on the potential
used to generate the orbitals.?? This is a direct consequence of
ignoring the correlation space spanned by the negative energy
states (NES) of the Dirac operator. An immediate question is
then whether the combination of a no-pair calculation with
only radiative quantum electrodynamics (QED) corrections
is meaningful at all: The missing contribution of NES to
correlation?® is of the same order of (Za)? as the leading QED
corrections. A recent numerical study24 indeed shows that,
for the ionization potential of the gold atom, the already good
agreement between the no-pair calculation?> and experiment
is worsened instead of improved when the corrections due
to one-electron self-energy and vacuum polarization are
included. This is likely due to the missing correlation of NES,
approximately 3% of the total correlation.

It turns out that the two problems in (a) can be resolved by
introducing an extended no-pair DCB Hamiltonian,'®2° viz.,

_ PHcsP PH,
H+=( cs ch>’

(12)
QHcsP QHcsQ

P = (O () + VIO Q)+ VH(Q2),  (13)
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OQn=>01-0") -V )1 -0%2)-V~(2)
x (1 = VHOHVT()). (14)

Here, H¢s is the first-quantized configuration space (CS)
DCB Hamiltonian for N-electrons moving in the field of the
clamped nuclei

N N
Hes =) D)+ Y g, j), (15)

i i<j
D == D() + Vexh (16)
Dy = ca - p + Bmc?, (17)

o - - Zae
Vert(F) = qext (7). Geus(F) =Y ————, q=—e=—1,
A |r - RAl

(18)

where Dy is the free particle Dirac operator, V,,, js the nuclear
attraction, ¢ = 1/« is the speed of light, p = —iV is the linear
momentum operator, and & and B are the usual 4 x 4 Dirac
matrices. The O, VT, and V~ operators in Egs. (13) and (14)
are the respective projectors for the occupied positive energy
states (PES), unoccupied PES and NES defined by the given
basis. The projectors P, and Qi are to act on the conven-
tional and explicitly correlated subspaces, respectively. The
so-defined Q1, is formally in line with the filled Dirac picture:
Both O and V'~ can be viewed as occupied. It ensures strong
orthogonality to the “reference” O" + V~ as well as or-
thogonality to the conventional correlation subspace spanned
by orbital products. Moreover, it has minimal unphysical
contamination from the NES and the correct nonrelativistic
limit. Further combined with the coalescence conditions of
relativistic wave functions,26-27 four-component relativistic
explicitly correlated methods can then be made fully parallel
to the nonrelativistic counterparts.’® A first implementation
along this line was just reported by Ten-no and Yamaki.”®
It can be envisaged that the treatment of no-pair correlation
shall soon reach an accuracy of approximately 1072 eV
for systems containing heavy elements. At that stage, the
intrinsic O(Za)? uncertainty of the no-pair correlation energy
must be removed to make the accuracy really valid. This can
only be achieved by further accounting for the contribution of
NES to correlation. The question is how. This is probably the
single final issue left with RQC from a formal point of view.*
It is also related to the exponible as how to bridge seamlessly
RQC and QED, the two mutually exclusive subfields.

There have been two approaches in the field of RQC
for handling the NES, i.e., the configuration space (CS)
approach®*3 associated with the empty Dirac picture and the
Fock space (FS) approach®’~*! associated with the filled Dirac
picture. While they yield identical results for one-electron
properties of any order, the two approaches are completely
different in the contribution of NES to two-electron properties
beyond first order, including electron correlation.'® In the lat-
ter regard, the CS approach is completely illegitimate for both
mathematical and physical reasons. Mathematically, it suffers
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from the (in)famous continuum dissolution problem,*> which
implies essentially that the first-quantized configuration space
DC/DCB Hamiltonian (15) does not have any bound elec-
tronic states and even its discrete states are characterized by
complex energies and are hence resonances of finite life times.
The latter further implies that the DC/DCB Hamiltonian is
not self-adjoint (Hermitian). Although deduced only from a
crude model*? and numerical experimentations,**~33 such de-
ductions are further confirmed by firmer formal evidence.?®*+
The CS approach is also physically wrong: It conserves the
number of electrons, at variance with the true physics where
it is the charge instead of the number of particles that is con-
served. In other words, the CS approach treats the NES as
if they were energetically positive, just like the unoccupied
Ls spin orbitals of He2s?. This is more clearly seen from the
“recovery”!'® of the CS approach from QED by replacing the
Feynman electron propagator

Sp(x2, x1) = —i {0|T[$(x2)¢" (x1)]1]0),

‘ i ‘ (19)
P(x) = bpep(Fle™" " + bPoy(F)e™ "
= —i (0|01, — 1)(x2)$'(x1)
—O(t; — K¢ (x1)P(x2)[0) (20)
B /+°° R AG A Gy
T ) 2mw—e€ +ine ’
t €{p, p} 21
with the “configuration space propagator”
Sc(xa, x1) = —i (0T [p(x2)p! (x1)1]0),
_ . (22)
O(x) = a,pp(F)e™ """ + azps(Fre "
= —iO(ty — 1)(0lp(x2)¢  (x1)
+ ¢ (x1)$(x2)|0) (23)
3 /*“’ do @G iwinm
B oo 2w — € +inle] '
te{p, p). (24)

Here, the implicit summations over ¢ in Egs. (21) and (24) in-
clude both PES (p) and NES (p), whether occupied or not.
While Sg(x,, x1) (21) propagates the PES forward in time
(through the Heaviside function ®(#, — #;) or equivalently
the lower-half-plane poles €, — in) and the NES backward
in time (through the Heaviside function ®(#; — t,) or equiv-
alently the upper-half-plane poles €3 +in), Sc(x2, x1) (24)
propagates both the PES and NES forward in time. Since
the replacement of Sg(xy, x1) with Sc(x2, x1) changes the
nature of NES completely, it is clear that the CS approach
is not an approximation of QED, the Holy Grail of electro-
magnetic interactions between charged particles. In particu-
lar, the anti-correlating contribution of NES in the CS ap-
proach (i.e., energy increasing when included in the corre-
lation treatment)**= is not part of QED effects, sometimes
claimed though. Again, this should not be confused with
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the anti-correlating contribution of 1s to He2s?>: While the
Schrodinger He2s? is truly unstable, the Dirac Hels? is cer-
tainly stable even in the presence of NES. In sum, the CS
approach should definitely be dumped even if the DC/DCB
Hamiltonian were self-adjoint and had bound states. In other
words, the first-quantized configuration space DC/DCB equa-
tion cannot be solved as it stands. Instead, the NPA is here
a conceptual must instead merely of a technical means* to
avoid the continuum dissolution problem.

Rather unexpectedly, as far as the correlation contribu-
tion of NES is concerned,?® the FS approach®’*! differs also
from QED although they share the same framework. It will
be shown here that the previous comparison'® of FS with
QED was “unfair”: The FS second order energy contains
some radiative terms that were not ascribed to correlation and
were hence excluded deliberately from QED.'%22 The two ap-
proaches do agree with each other when the same radiative
and non-radiative Feynman diagrams are considered. There-
fore, the FS approach should be regarded as an important step
for going beyond the no-pair RQC. Nonetheless, the FS ap-
proach is still incomplete: Only those radiative Feynman di-
agrams featured by photon self-energy and vertex correction
are captured, whereas those radiative Feynman diagrams fea-
tured by electron self-energy and vacuum polarization are all
missed. Note in particular that the former appear at second
and higher orders, whereas the latter enter already at first or-
der. It will be shown here that the missing electron vacuum
polarization and self-energy can be captured in a natural man-
ner through an effective one-body potential. Here, the newly
introduced “charge-conjugated contraction” of Fermion fields
plays the key role, see Sec. II A. The resulting Schrodinger-
Coulomb-like effective Hamiltonian can account for all kinds
of virtual-pair effects due to non-retarded interactions, and
meanwhile is fully compatible with with the standard many-
body theories of electronic structure. To confirm this, the full
second order energy of a closed-shell system of N-electrons
are to be derived in three different ways in Sec. II B. The
present findings lead naturally to a new definition of RQC
as “theory for anything due to non-retarded interactions,”
whereas QED accordingly as “theory for anything due to re-
tarded interactions.”

Apart from the Einstein summation convention over re-
peated indices, the following convention is to be adopted
throughout the work: The occupied PES are to be denoted
by {i, ], ...}, whereas the unoccupied PES and NES by {a, b,
...} and {i, J, - - -}, respectively. Unspecified orbitals are de-
noted as {p, ¢, r, s}. When necessary, the NES will explicitly
be designated by {p, g, 7, §}.

Il. EFFECTIVE MANY-BODY QED APPROACH
A. The non-retarded QED Hamiltonian

The so-called no-photon FS Hamiltonian is defined
253641

Hes[b] = f aF($ DDSD) + 5 f / d7\dir e P ()
x g(r1, r)@(F)d(F1)}, (25)



014108-4 W. Liu and I. Lindgren

where the curly brackets indicate normal ordering. The field
operator ¢(7) is defined as

¢(F) = bpp,(F) + b 9p(F),  b,10;0) = b[0;0) =0,

(26)

where b, (b”) annihilates (creates) an electron of positive en-
ergy €,, whereas b (bp) creates (annihilates) a positron of
positive energy |e;| = —¢;. Inserting the expression (26) for
¢(7) into Hrs[b] (25) leads to 4 and 16 terms for the one- and
two-body parts, respectively. Close inspections reveal that the
Hamiltonian (25) is based on three essential ingredients:

(I) Second-quantize the matter field ¢(7) in terms of the
PES and NES of a mean-field operator A, viz.,

he, = €p0,, h=D+U. 27

Various choices can be made for the counter po-

tential U: (a) U = —V,,,, the free-particle picture;45
(b) U =0, the Furry picture;46 (c) U = Vyp, the Fuzzy
picture;*’ (d) U = V., the extended Furry picture. It
appears that the appearance of unoccupied NES im-
poses no particular problem on solving Eq. (27) rep-
resented in a finite basis, as long as the basis is con-
structed according to, e.g., the restricted kinetic balance
(RKB) condition*® and meanwhile the electrons are, in
each iteration cycle, assigned to the lowest PES. Even
full variational safety*’ can be guaranteed via the dual
kinetic balance (DKB) condition.””

(II) Introduce the particle-hole picture. That is, the NES are
reinterpreted as holes (virtual positrons). This is dic-
tated by the charge conjugation symmetry. The charge
conservation further dictates that the operator b? (in-
stead of bj) must accompany b, in the field operator
¢(r) (26). This can be seen as follows. Both b, and bP
increase the charge of a state by one unit; b, does this
by destroying an electron, whereas b” does this by cre-
ating a positron. Thus, the field operator ¢(7) always
increases one unit of charge. Similarly, the field oper-
ator ¢f(7) always decreases one unit of charge. There-
fore, the operator ¢]L(7)¢(7) conserves the charge.

(II) Introduce the concept of normal ordering. Effectively,
this will change the sign of the negative energy €; and
meanwhile get rid of the infinite energy of the other-
wise filled Dirac sea.

Additional remarks should be made here.

(1) At first glance, it is quite puzzling that the mean-field
equation (27) is usually solved under the empty Dirac
picture but the field quantization (26) actually adopts
the filled Dirac picture. Yet, as shown by Dyall and
Faegri,40 variation of the expectation value of Hgs[b]
over a single determinant wave function |a) = |N;0)©
leads to precisely the same equation (27), provided that
the vacuum |0; 0) itself is “floating,” i.e., updated self-
consistently. Therefore, the mean-field calculation with
the empty Dirac picture is perfectly justified. The situa-
tion would be different if a frozen vacuum (e.g., the free
particle one) is considered. In this case, (unrenormal-
ized) vacuum polarizations would arise from the one-
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body potential V,,, + U already at the mean-field level.
Therefore, the Hamiltonian Hgs[b] (25) should be clas-
sified into two types, with the associated vacuum |0; 0)
frozen’’=3? or floating.**#! The latter is more appealing
for bound states, where virtual pairs are only created by
the fluctuation potential and represent pure correlation
effects when the screening potential U is chosen to be
the Hartree-Fock potential V.

(2) The same Hamiltonian Hgg[b] (25) along with a float-
ing vacuum |0;0) was discussed by both Dyall*’ and
Kutzelnigg.*! However, the former focused only on
the stationarity conditions for mean-field calculations,
whereas the latter advocated strongly that the Hamilto-
nian Hgg[b] is the only acceptable relativistic many-body
Hamiltonian under the no-photon approximation, pro-
vided that the polarization of the floating |0;0) is also
taken into account.

(3) As explained before,'® the Hamiltonian Hrg[b] (25) can
be rewritten as

1
Hyslal = Di{al}, + S gp, {al)'}

S8platd], (28)

1
= eolaf), —Uglag), + e lats), @9
where the subscript n emphasizes that the normal or-
dering is taken with respect to the vacuum |0; N)
= Hlfv a’7|0; 6), manifesting the filled Dirac picture. This
form is more akin to nonrelativistic quantum mechan-
ics and is operationally much easier when deriving the
energy expressions (cf. Sec. II B 1).

In short, the Hamiltonian Hgg[b] (25) together with the
polarization of the floating |0; 0), or equivalently the Hamilto-
nian Hpg[a] (28) together with the polarization of the floating
|0; N), defines the no-photon Fock space approach proposed
by Kutzelnigg.*! However, the so-introduced “vacuum polar-
ization” refers actually to “photon self-energy” rather than
“electron vacuum polarization,” as clearly seen from the anal-
ysis in Sec. II B 2. Both electron vacuum polarization and
electron self-energy are missed by taking only the normal-
ordered two-body interaction, the second term of Eq. (25)
or (28). The question is how to incorporate such terms into
the Hamiltonian in the same way as above. To achieve this
goal, we first notice that the normal-ordered Hamiltonian (28)
arises actually as follows:

Hgsla]l = H — (0; N|H|0; N) (30)

1
= eplat}, —utfar), + 3edart), 6D

where the unnormal-ordered Hamiltonian H reads

1
P4 — ¢ gl — gl 4+ —o's
al =e€pa, —Uja, + 58

1
H:D;f)aéﬂl——g g H8pq

rs yZ
2°5ra Grs -

(32)

Going from Egs. (30) to (31) is the usual normal order-
ing, apart from that the contractions among the occupied
NES are excluded. Otherwise, we would obtain the following
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Hamiltonian:

Hesla) = Hrslal + g'{a? (33)

This is just the second-quantized Schrodinger-Coulomb
Hamiltonian if the NES ; are interpreted as the occupied HF
orbitals. For the present case, it can readily be shown that even
the first order energy £V of Hcs[a] (33), i.e.,

EV = EQ) +g7, (34)
EW = Loy (35)
np — Zgij i

is incorrect, as compared either to E{}) (35) or E M (62). As
a matter of fact, Hcs[a] (33) corresponds to a truly filled
Dirac sea, at variance with Hgs[a] (28) where the filled
Dirac sea is introduced only as a formal step to avoid con-
ceptually the so-called radiation catastrophe associated with
the empty Dirac sea. The second term of Eq. (33) arising
from the contractions only within the NES amounts to treat-
ing the PES and NES asymmetrically. If we start with the
free-particle Dirac equation, we usually interpret the PES
(g1) as electrons and the NES (g;) as positrons, but we can
equally interpret the PES as positrons and the NES as elec-
trons. The situation remains unchanged when switching on
the internal Coulomb interaction %, which is exchangeable
with respect to the charges: q;g» = +1 for both g, = ¢»
=—land q; = ¢» = +1; q1g» = —1 for both ¢; = —1, ¢»
=+41and gq; = +1, g» = —1. The charge conjugation symme-
try is broken only when an external field ¢..,(¥) is introduced
through the minimal coupling principle, i.e., g, (7), which
is different for different charges. The question is: What is the
mean-field interaction between the PES and NES before the
external field is switched on? Such a mean-field, generated
from the contractions of the Coulomb interaction through nor-
mal ordering, must be symmetric with respect to the PES and
NES. To achieve this, we introduce here a “charge-conjugated
contraction” (CCC) of the Fermion operators, viz.,

/LB = (vacl%[A, Bl|vac), (36)

such that
AB = {AB} + A|_'B 37

It is understood that the expansion (37) includes all possible
numbers and combinations of contractions. For the present
case, we have |vac) = |0; N) and hence

1
a’a, = {a’ay}, — =67,

5% €p,€q >0, (38)

- _ 1 -
a’az = {alap}, + =87

5% €5,€5 <0, (39)

which can generally be written as

1
af = (a’az), — 587sen(e,).  VPES.NES.  (40)

J. Chem. Phys. 139, 014108 (2013)

By applying this relation repeatedly we obtain
1
ald = {al?} — E{Sr”agsgn(e,) + 8%aPsgn(e,)
— 87alsgn(e,) — 8Palsgn(e,)},

+ — (8787 — 8757)sgn(e, )sgn(e,), (41)

FNg

which leads to

1 , 1 rs n 1 5
Egp‘;a{’;’ = 581;(1 {afs"}n—l— QZ{aé }n+ ggﬁé’sg“(ep)sg“(eq)’
(42)
where
- _ I_.,
Q) = Q) + 0} = —58u58n(c0), (43)
=g 1 g
0} = —58usenew). (44)
~ 1 g
0}, = 3 gpuseneu). @)

The implicit summations over @ in Q and Q include all the
PES and NES, whether occupied or not. Together with the
one-body term of Eq. (32), we obtain the desired Hamiltonian

1
Hoeplal = ep{ap}, — Up{af}, + S &) {al},+ Q3 {af},

(46)

= Hyslal + 0, Q= Q4{a’}, @7

normal ordered with respect to the Dirac vacuum |0; N). By
further introducing the particle-hole picture we would obtain
a Hamiltonian Hggp[b] normal ordered with respect to the
genuine vacuum |0; 6). It is seen that Hogpla] (or Hoep[b]) is
just an extension of the original FS Hamiltonian Hgg[a] (29)
(or Hpg[b]) by adding in the one-body term Q. Since it is in
full agreement with the non-retarded part of QED (vide post),
it may legitimately be called “effective QED Hamiltonian.” It
differs from Hcs[a] (33) only in the second term. That is, only
the Q term of Hogpla] (47) arising from the CCC (36) looks
peculiar as compared with nonrelativistic quantum mechan-
ics. To reveal the physical meaning of this term, we calculate
the induced charge density

le]

Pup(F) = = =-(0; N[¢' (), $()10; N),
(48)
O(F) = ap,p,(F) + apps(r)
= @ —niy
;- +r)),
ny =y ghop, no=Y ¢hos, (49)
p p

where the summations in n; and n_ involve the whole PES
and NES, respectively. By virtue of the identity ny +n_

=iy +na_ =2i_ with iy and 7_ (= fi;) being the free-
particle number densities, we have
pup(F) = —lel(n_(r) — n_(r)), (50)
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which is clearly the vacuum charge polarization. It is hence
clear that the O term (44) corresponds to the electron vac-
uum polarization. Equation (49) implies that the NES are oc-
cupied by electrons, whereas the PES by positrons. Since the
two pictures are equivalent thanks to charge conjugation sym-
metry, they should be averaged with an equal weight, viz.,
1/2. The Q term (45) then corresponds to the electron self-
energy as the exchange of (. It is also clear that, in the case
of Coulomb interaction, the vacuum polarization is larger in
magnitude than the self-energy. However, the opposite is true
for the exchange of a transverse photon not considered here,
which contributes to the self-energy but not to the vacuum po-
larization. When both contributions are considered, the elec-
tron self-energy becomes larger than the vacuum polarization
typically by one order of magnitude for light atoms. However,
the vacuum polarization increases more sharply as the nu-
clear charge increases, such that it becomes comparable with
the self-energy for heavy atoms, see Ref. 24 for most recent
numerical results. It also deserves to be mentioned here that
the formally quadratically divergent O can readily be regular-
ized and renormalized, whereas the regularization and renor-
malization of the linearly divergent Q are only possible to-
gether with the transverse-photon contribution. Nevertheless,
this will not affect the subsequent discussions: One can sim-
ply regard Q as the total electron self-energy wheresoever it
appears.

In summary, in addition to the three ingredients (I)-
(IIT) mentioned in the beginning, a fourth ingredient, i.e., the
charge-conjugated contraction (36), should also be invoked to
make the no-photon FS approach*' complete.

B. The second order energy

The previously defined Hamiltonian (46) taking |0; N)
as the vacuum is fully compatible with standard many-body
theories. To show this, we derive the lowest order energies in
different ways.

1. Treating the occupied PES as holes

To follow nonrelativistic quantum mechanics as closely
as possible, we first calculate the energy as the difference be-
tween the W(N; N) and W(0; N) states'®

E = (W(N; N)IH|W(N; N)) — (W(0; N)|H[W(0; N)),

(51)
H=Hy+ Vo+ Vi+ Vs, (52)
N+N

Hy= ) en+eplap}, (53)

1 N+N N+N
Vo= 5(Var) - Z e+ Z o, (54)
Vi = (v1>‘;,{aq ) (55)

1 .

Vo= g et} (56)
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where the one-electron integrals are defined as

(V4 = (Vur)h + (V)i (67
(Vur)h = g%, (58)

(V! =—Us+ 0%, 01=09+0% (59
Note that the normal ordering has been taken with respect to
the reference |N; N ), as indicated by the summation over m
in (53) and (54). Since the Vg term in (54) and (55) emerges
only for systems of more than one positive energy electrons, it
does not apply to the W(0; N) state. The analogy with nonrel-
ativistic formulation is revealed by regarding the second term
on the right hand side of Eq. (51) as the HF reference energy
and the left hand side as the correlation energy. Therefore, fol-
lowing the standard many-body perturbation theory (MBPT)
we obtain immediately

N+N

N N
E(O) = Z €m — Zem = Zeiv (60)

N+N N+N

ED = %(VHF)f - ; U, + ; O

N N
= ur+y " on (61)

1 i
= (EVHF—U+Q) ) (62)

i

E® = E? + EY, (63)

EP = (V){(VDLAL + (VDAVDLAY — (V)i(V)EAL

— (MATAL, (64)
2) _ 1 =ab =mn A ab 1 =rq lj Pa
E2 4gmng Amn|mn lj;]_Zg” |pq =i,j,a,b
(65)
1 —ab =ij A ab 1 —ab =i 1 —ia _1]
= 78 8 * 58;; Ein ATy — 58] 18ia A
Ui o7 Al
- Zg;igij A;‘j‘v (66)
At = A= L e
Pe,—€ P e, + €, — € — €

Here, all the terms with a global negative sign stem from
the W(0; N), whereas the others from the W(N; N) state. The
two terms of Eq. (65) can nicely be represented by the same
Goldstone-like diagrams shown in Fig. 1. It is just that the
particles and holes as well as the one-body potential are inter-
preted differently.
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G‘(”)'G £><3 GZ(Z;ZE

FIG. 1. Diagrammatical representation of the second order energy (65). (a)
two-body direct; (b) two-body exchange; (c) one-body. The horizontal dashed
line represents the instantaneous Coulomb/Breit interaction. For the W(N; N)
state, the particles (upgoing lines) and holes (downgoing lines) are {a, b} and
{i, j. 1, j}, respectively. The one-body potential represented by the square is
V1 (57). For the \11(0;1\7) state, the particles and holes are {a, b, i, j} and
{i, j}, respectively. The one-body potential is V| (59). A global negative sign
should be inserted to the terms of W(0; N).

2. Treating the occupied PES as particles

The previous derivation of the energy is truly simple and
can readily be extended to arbitrary orders. Yet, the expres-
sions are too compact to elucidate the various contributions.
For this purpose, the occupied PES should be treated as parti-
cles. This amounts to directly calculating the left hand side of
Eq. (51) by using the Hgepla] Hamiltonian (46) yet without
explicitly referring to the vacuum |0; N).

Consider a one-dimensional model space defined by the
projector P = |&)(@| with @ = |N; N). The zeroth and first
order energies of |@) can readily be obtained as

Z &, (68)

1
~gmial} 1@)  (69)

EO = (&lep {ap} &) = (alealla) =

EW = (@l(Q - U)j{af}, +

2
.o 1 ;
= (@|(Q — U/} + 2g,’;’ak’,|a> (70)
1 i
:(EVHF—U—i-Q)‘. (1)

The first order wave operator Q) = (1 — P)Q"P normal
ordered with respect to |0; N) contains a’, a, and a; types of
operators but no a?, viz.,

J. Chem. Phys. 139, 014108 (2013)

X = Q"A!, (74)
= Q"A!, (75)
X5 = g Ay (76)

The corresponding potential that can be contracted with QD
reads

I+ Wil + 5

V=WZ{ 2gpq{

af!}, + ghplall}

1 _ -
+ygilalt), + O3lag), + Oblal), + 03far),
+0hfal), o

The terms in V (77) and Q) (72) can be represented by the
diagrams shown in Figs. 2 and 3, respectively, in the same
ordering as they appear in the equations. The following rules
for contracting the V and Q( operators should be followed
up: (1) The NES must all be contracted; (2) Zero contractions
leading to unlinked terms should be discarded; (3) At least
one pair of particle creation and annihilation operators should
be retained. Further using the relations given in Appendix A,
we obtain

28
H =PVl - P)QVP = ZS(I) (78)
=1
where
S = Wixylar), - Wixflag), (9
S@ = WiXxuwfali}, — g X7 {all},. (80)
SQ) = gpy Xi{ab?}, — waxials} (81)

1 1
S = sep X {alth, + SgmXianl, 62

Q) = xtfal), + Xlai), + 3 falt ], + X7 (alh), 2
+%X'L{ v+ X{al} + XHal} +X4al} S(5) = gy Xrwdabin), — gpaXuiali},,  (83)
+X7{ar},, (72) S6) = —waxiay}, — g xMal’},, (84)
where
XY= WAL W =-U, (73) S(7) = gry Xiar}, + Wixil{al} (85)
R — X - ) )
b a0 Hoxat A
(1) 2) (3) (5) (6) (7)
(8) (9)

FIG. 2. Diagrammatical representation of the potential (77). Free orbital lines directed upwards and downwards represent PES and NES, respectively. The
internal orbital lines for the electron vacuum polarization (6) and (7) and self-energy (8) and (9) can be both PES and NES, whether occupied or not. Both the
dashed and wavy lines represent the instantaneous Coulomb/Breit interaction. The cross indicates the counter potential —U.
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VY e e

(1) (2) 3) (4) (5) (6) (7)

FIG. 3. Diagrammatical representation of the first order wave operator (1 (72). Free orbital lines directed upwards and downwards represent PES and NES,
respectively. The internal orbital lines for the electron vacuum polarization (6) and (7) and self-energy (8) and (9) can be both PES and NES, whether occupied
or not. Both the dashed and wavy lines represent the instantaneous Coulomb/Breit interaction. The cross indicates the counter potential —U.

S®) = g X Hal} — ghXP{al} (86) S@7) = 04x4{al}, — wixlal} . (105)
$O) = ~gpXii{ar), + gppxital), 6D S@8) = 03Xy af}, — WiX/ e}, (06)

i } Every term of the S(J) operators can be represented by a time-
S10) = —gr Xyl {aly} —ghe X aly},. (88)  ordered Feynman diagram shown in Fig. 4. Reversely, each
term of S(/) can also be obtained by joining systematically

S(11) = g;% X;’f’ {a ,,7;} ’ (89) the bottom lines of the diagrams in Fig. 2 and the top lines

n of the diagrams in Fig. 3, demonstrating the equivalence of
) the diagrammatic and algebraic derivations. Note in passing
S(12) = —g Xpd{alt} . (90)  that the number of the so-joined diagrams can considerably
be reduced if the Q and —U potentials are summed up in
S(13) = g7 X" {“5;1} — 01 Xtvuﬁ {ai)u } , ) Figs. 2 and 3. However, the. “primitive. diagrams” in Fig. 4 are
e " P @in more transparent for a detailed analysis. They are also closely
_ U related to the time-unordered Feynman diagrams shown in
S(14) = g X {ald}, — 05X/ {an ), (92)  Fig. 5. The calculation of the second order energy
i _ E® = (a|Hj}|a@) = @V o™V |a) (107)
S(s) = Qixuifaln} — g Xiali},, 93 y L
" " is further facilitated by the following identity:
A vw u rs ¥4 v P1P27 Pm—1Pm -y
S(16) = 03 xyaln}, — g Xi el Ob @lap gz ,1e)
i — (54{55’"a5l'q'?-fféf’"’;2"”’1" _ 35»; la(ZI(II;%::;IPm;?{pm—I
 Aavulpl AP m 4142 Gm—2Gm— - =24
SAT) = 0 X, {a“ }” QpXi {aq }"’ ©3) _§Pm gP\PrePm-aPu-t . _ §Pw PP Pu2Pei
qm—2 4192 "qmGm—1 q2 “q19m - Gm-29m—1
s(18) = 0y Xifar), - 03X/ {ai),.  ©6) —spra ) @y, oy, (108)
o o where {n,,} are the occupation numbers (0 or 1) of the PES
S(19) = 04 Xulql}, — 05 X! {al},. (97)  in |&). Repeated use of Eq. (108) can be made to obtain the
fully contracted result. Moreover, intermediate states leading
SQ20) = 07X {a?} — 0’ XPla'} . 08 to zero energy denominators are excluded because of the un-
(0= 23X, ta }” Q5 X: {aq }” %) derlying intermediate renormalization. The results read
- SO @1y — ina _ witwi Al _
S@h = g Xi{ar}, + 05X {a),, 09 ET() = WIW, AL - WiWwiag, W =-U, (109)
S(2) = gy Ki{af), + 05X:T{al),.  (100) E®Q) = Wi (Vip) 7 = Vi WAL (110)
S(23) = —gs X {al}, — 04X a"},.  (101) EDG) = (Vur){ WoAf = Wi (Var)iA;, - (111)
o ~ . 1 . 1 . 55
R _ q u 2 _ = —i —1] =1 3
SQ4) = —gppXal}, — 03X ey}, (102) E®@4) = Zgﬁququiqu pa=klab T Zg,%gu! A%
cu g P Voabsii nab o L sak Sij pak saj sij aai
825) = wikylal}, — 03X/ {ay},. (103) = 78 8apAij T 581 8ak A i joun + 8ij B Aij
u 549 y P N
S(26) = WiXilal}, — 0%X!{a)},, (104) + 1858 Ay (112)
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(1) (2) 3) (4) (5) (6) (7)
(8) 9) (10) (11) (12) (13) (14)
(15) (16) (17) (18) (19) (20) (21)
o O
O - O
(22) (23) (24) (25) (26) (27) (28)
- © O —O O
O O O
(29) (30) (31) (32)  (33) (34) (35)
- O
plo b qb feo foo o )e
(36) (37) (38) (39) (40) (41) (42)
---- - Q--- --=X Q--- ---X
O-- : O X
(43) (44) (45) (46) (47) (48) (49)

FIG. 4. Time-ordered Feynman diagrams for the S-operators (79)—(106) with instantaneous interactions.

i 1 i = | (Var)?(Var). A? — g9 g AY
k k k HF HF
EQ(5) = [gﬁ’g;iAfl = 58] g;’kAZ]h,:l,a [ ’ R A A
1 i

- ngfgijkA?ﬂi#;ék}
511 5kT A l_k/'_ifAkj 4tk

— |88 N — =g N,
878k 2kj 2g”gk‘] ij J (Vi )V )iAi N
— | WHFR\VHEF) 2 T 87,81 2

4P 1_ BT it kT ki 1_k‘_'7 ki
= [g,-“j B A — gg?jkg;iA?]f‘] - [g§§gkf A — 5818 Az |- (113)
. E®(6) = —Wlg Al —gWAL  p=j.a,
L ki if Ak . .
2gi;gk‘,~Ai;} i#jFk (114)
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,,,,>< - - - 7777>< -
1[1,2] 2[3.4] 3[5,6] A[7,8]
0 : —0-
8[15,16] 917,18 10[19,20] 11[21]
~-© ~-© ~-©
~-©
1527,28)  16[29,30]  17[31,32] 1833,34]
¥ o o
O
22[41,42]  23[43,44] 244546 25[47,48]

12[22]

~-©

19(35,36]
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X---- X
6[11,12] 7]13,14]
O
13[23,24]  14[25,26]
L )
20[37,38)] 21[39,40]
~-©
---X ---X
27[51,52] 28[53,54]

FIG. 5. Non-retarded Feynman diagrams for the second order energy. The numbers in brackets refer to the diagrams in Fig. 4. The retarded diagrams are

obtained by replacing one or two Coulomb photons with transverse photons.

EX() = JA’P +g’”WfA” p=j.a, (115)
(2) _ pq Pq pi U —
®) =g~ g,,qA — & gp,A,], p.q =kl a,b,
(116)
EP©9) = —g; gquqp+g~~g,’Alp p.g=kl ab,
(117)
2 _ ii pj jr pj il jp
E¥(10) = gp,A +8;; gp,A -8 g,pA
+gP’g;’pA’” i#j.p=k.a, (118)
E(z)(ll) — gll? IA/P _glpg]pAJP i # j’ p= k,a,
(119)
E®12) = gug;,jA"f g/ jg'pjjA , i#j,p=ka,
(120)
E?13) = (V)i OLAY — Qi(Vyp)ial,  (121)
E@(14) = (V) 0L A — OW(Vip)iAl, - (122)
ED(5) = 04(Vup),AY — (Vup)iOIAL  (123)
E?(16) = 0f (Vur), Al — (VuplQIAL  (124)
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E@(17) = 0 0, A¢ — 0L Q1AL (125)

E®@(18) = 0 0, A¢ — 0L Q1AL (126)

E®@(19) = 0¢ 0\ A? — QL Q1AL (127)

E®@0) = 0¢ 0\ A? — 0L QIAL (128)

EP(21) = ”’Q’A” + 0% ,’/,A"’ p=j.a, (129
E®P22) = ’pr A” + Qf ,’IJ,A’” p=j,a, (130)
E®(23) = —g Q] A? — Q" AT, p=j.a, (13D)
E®Q4) = —g" OIAY — 0" A, p=j.a, (132)
E®Q25) = W/ 0L Al — OIW/ AL p=ja, (133)
E®26) = W/ QLAY — QIWIAL  p=j.a, (134)
E®Q7) = Q/WIA! —WIQIAL  p=ja, (135)
E®@8) = O/WIA! —WIQIAL  p=ja. (136)
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The terms from E?(4) to E(28) can be regrouped as

5
D EPU) = (Vur) (Varp), A = (Var) (Vap)i Al
I=4

1 —a a 1 =1 1 1 i 1
+4g,f’g¢,bA ”+Zg’gl,JA’ +8 ’g,,’A
1-k1 27 Ak
+§ ij ijif i#j#k’ (137)
7 ~ -~
D ER) = WAVRp), AL + (Vi) WA
I1=6
+ Wi (V)] AL+ (Vi )i W] AL (138)
’ 1 1 _pi i
®) 5Pq i pq 5PLsi) A DI
> EPW) =28 RN 38785850
=8
p.q=klab
T 1
__ =ia=l] Ala —pabst Aab
- g[jgiaAif + 2gl] gab
_Lgugiinu —glegl Al
20ijoij Tij 0 %ijdia ij
aj 1] aj —lj lj
+85848i7liz; T8 g,]A
1_kj _ij A kj
+ 5858k A i (139)
Z E(Z)(I) -tp JAJP gPJg;J] , i 75 j, p= k, a
1=10
= g4zl AL+ (Vup)i(Vip) Al
_—(lj—l] aj
ijoaj Tijlij
_ij -if =kj ~ l] kj
— 2878 A~ BB Ao (140)
16
D EQ) = (Vur)! QLAY + OF(Vir), A
=13
— QUVup)l AL — (VypkQIAL - (141)
20 5
> EA(I) = 0f QLAY — QIQIAL (142)
=17
24 - oL
Y EPW) = (Vur)f QL AL + Q4 (Vur), A
1=21
+ O VPl AL+ (Vyp)  QIAL  (143)
28 . y
> EDD) = W QL AL+ Of W) A= W] O] AL — 01w AL
1=25
(144)
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The one-body terms in Eqs. (109)—(111) and (137)—(144) can
be summed up, leading to

EY = B, + EG,. (145)

ER | = (Vur — U)(Vir — UYL AY
+(Vir — U (Vigr — U), A

~USUIAY — UIUI AL (146)

Evs, = [(Vir = U) Q) + @ (Vir — U, + Q7 Q,]A
+[(Vip) O + 04 (Vig )} ] A
—[0i0] - Ui 0] - 0iU[]A]

where El(cs1 arises from the one-body terms of E®(I) (I

=1,...,12), while E{,zs)l from the one-body terms of E(I)
(I =13, ..., 28). The former agrees with the previous FS re-
sult, see Egs. (54)—(56) of Ref. 16. It can readily be shown
that the sum of E;zs)l (146) and Ei,zs)l (147) leads to the com-
pact expression shown in Eq. (64). The two-body terms in
Egs. (137), (139), and (140) (i.e., E¥(I) with [ = 4, 5; 8, ...
12) can be summed up, leading to

(147)

1 1 . T
@ _ L w b ~ab b —ia =
By = 485 gabAu + 2gza, Z)Aa 2 77 ia ij
L oij 577 Al
— 8halal, (148)

which agrees with Eq. (66) and also with the FS result (see
Egs. (58)-(61) of Ref. 16).

Compared with the procedure adopted in Sec. II B 1,
the above procedure is very lengthy but helpful in identify-
ing various contributions. For instance, the FS/QED energy
Eéz) (148) appears as a sum of both non-radiative and radia-
tive contributions (see Sec. II B 3 (E) for further discussions).
More specifically, the former includes E®(4) (uncrossed lad-
der; cf. Fig. 5(4)), E®(5) (three-electron two-photon; cf.
Fig. 5(5)), as well as E?(12) (crossed ladder; cf. Fig. 5(12)),
whereas the latter includes E®(8) (combined electron and
photon self-energy:;’! cf. Fig. 5(8)), E¥(9) (double vertex
correction; cf. Fig. 5(9)), E?(10) (single vertex correction;
cf. Fig. 5(10)), as well as E(11) (photon self-energy; cf.
Fig. 5(11)). In contrast, for the special purpose of explor-
ing correlation-only contributions of NES,>* only the non-
radiative terms E®(4), E?(5), and E?(12) were considered
deliberately in the previous QED treatments.'®?> This ex-
plains the “apparent discrepancy” between FS and QED ob-
served previously:!® Different contributions were considered.
After all, the time-dependent QED and time-independent
MBPT approaches should yield the same results for instan-
taneous interactions, as long as the same set of diagrams is
considered.

It is also interesting to note that the last, positively val-
ued term of Eéz) (148) arises as a sum of the fourth term
of Eq. (137) (actually the last term of E@4) (112)) and
the third term of Eq. (139). The former is non-radiative (cf.
Fig. 5(4)) and correlating, whereas the latter is radiative (cf.
Figs. 5(8) and 5(9)) and anti-correlating. Therefore, if only
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TABLE I. The spectrum of relativistic Hamiltonians. SC: Schrodinger-Coulomb; A1C: spin-free part of A2C; A2C: approximate two-component; X1C: spin-
free part of X2C; X2C: exact two-component; Q4C: quasi-four-component; DCB: no-pair Dirac-Coulomb-Breit; PI-DCB: potential-independent DCB; eQED:

effective (non-retarded) QED.

Interaction g(0;1,2) glw; 1,2)
Speed of light c=00 c=137
Virtual pairs 0 1? all
Hamiltonian SC AlC, X1C, A2C, PI-DCB eQED QED
X1C+DKH,, X2C,
Q4C, DCB
Methodology Standard many-body theory Time-dependent perturbation theory®

2One-body virtual pairs, see Eq. (150).
PFor the retarded part of QED.

non-radiative contributions of NES (i.e., Figs. 5(4), 5(5), and
5(12)) are characterized as correlation,'®2? viz.,
1 N TR T
2) ~ab - b _ij - _kj ~ k
Eyc = 785 8 A + 7858 A + 5878 Al

- %gf;g;jjAglpzi,j,k,a;i;éja (149)
the NES would be correlating rather than anti-correlating.
Nonetheless, even if all the contributions are included, as
should (cf. Sec. II B 3 (E)), the second correlating term of E;z)
(148) would strongly diminish the last two anti-correlating
terms. This is different from CS, where the two terms involv-
ing the NES (see Eqgs. (24) and (25) of Ref. 16) are both anti-
correlating.

The NPA is obtained by neglecting all the terms involving
the NES. As shown numerically by Sapirstein,?? if the last
terms of Egs. (109)—(111) arising from the counter potential
—U (cf. Figs. 5(1)-5(3)), viz.,

Ege = (Vup)iU Al + US(Vigp)l AL — UIUI AL (150)
are retained, the potential dependence of the NPA can be
removed to a large extent, thereby leading to a “potential-

independent no-pair approximation” (PI-NPA). The corre-
sponding Hamiltonian for Eq. (1) reads

1
—DC C rs
H PP = Epop + (fPP)i{al} + zgpq{af;’ b
(151)
2
E,er = (0|HPB|0) + ER,

where all orbital indices refer to PES, except for EE,ZC) (150).
At this stage, the whole spectrum of the Hamiltonian axis can
be established, see Table 1.

3. The S-matrix approach

The S-matrix formulation®>® of QED is well estab-
lished. Herewith we only recapitulate briefly a few essential
points:

(A) In the QED literature, the 4-current operator J* is
oftentimes written as

JHx) = —lel{p!(x)catp(x)}, x=Ft, o' =(c", ),

(152)

where the field ¢(x) in the interaction representation is already
defined in Eq. (19). The problem resides in that this form of
J#, viz., normal ordered with respect to |0; 6), excludes by
construction the electron vacuum polarization represented by
a tadpole (i.e., a Fermion loop connected with a single inter-
action, see Fig. 2(6)). This is correct only for free particles.
For bound states, it is the symmetrized form of J* that should
be adopted, viz.,

1
JH(x) = —§|e|[¢T (x), cat p(x)]

1 N f !
—§|6|C(Ol )pa(¢p¢a - d’ad)p)v ( 53)

which reduces to Eq. (152) in the special case of free parti-
cles. By virtue of the identity for time ordering of Fermion
operators

TI:AB%(CD — DC)EF - ] = T[ABCDEF ---], (154)

J# (153) can simply be written as a single product
Jx) = —lel¢ (x)ca’ (x)
when writing the interaction Hamiltonian density, viz.,

H(x) = —ep! (X)ca" Ay()P(x), Ay = (fexs. —A) (156)

(155)

= ¢ () (Vorr (x) + ec@ - A(x))p(x).

The electron vacuum polarization then arises correctly from
the so-called “equal-time contraction” (ETC),>

A@)B(t) = (0:0|T[A(t)B(®)]]0; 0)

(157)

~ 1 ~
= (0;0|§[A(I), B(1)1/0;0). (158)

This is taken into account automatically by the electron prop-
agator (19), viz.,

pop®) = 1eli TFIS(x1, x1)] = —%(n_(a (),

(159)

where use of the spectral representation of Sy (21) and the
half-pole integral 1,,(0, ;) (B9) has been made to arrive at
the second equality. Equation (159) is obviously the same as
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Eq. (49). As such, the previously introduced CCC (36) is
just the time-independent equivalent of the above ETC (158).
However, the former allows one to generate both the electron
vacuum polarization Q (44) and self-energy Q (45) due to the
Coulomb interaction in a time-independent fashion. Had the
ETC been defined as

AM)B(@) = lir{)l (0;01T[A@®)B(t + m)1/0;0),  (160)
—_ ”*) +
we would obtain
pup(F) = leliTr[Sp(x1, x1)] = —leln_(F),  (161)

which corresponds to the contraction (33). This form of ETC
holds only in the nonrelativistic limit, where the holes are the
occupied PES. It is hence clear that the electron vacuum polar-
ization and self-energy are a direct consequence of the charge
conjugation symmetry and are hence intrinsic QED effects.
(B) In the QED literature, the energy relative to the vac-

uum is oftentimes written as>>
o|S|o ~
E = IVAL + constant, |a) = |N;0)©,
V—"’ =12 (o]Sla)c
(162)

where the subscript “C” indicates that only connected dia-
grams are to be included. This should be viewed with caution.
It can be demonstrated (vide post) that the disconnected but
linked diagrams should also be included to cancel precisely
the y ~! type of divergences. That is, the subscript “C” should
be replaced with “L” for linked diagrams. The first and second
order energies can then be evaluated as

P1P2Pm V74192 Gm

EV = hm ) Y {(@1SDla), + [2(a]15Pa), — (@1SVl)2 ]},
(163)
E@—hm {[3<a|S“>|a> — 3(a|SV ) (@ SPer) ]

+ [4<oc|s<‘”|a>L — 2(a|S? )7 1} (164)

(C) The nth order S-matrix defined as

g _ G4 s

= - x| dx, T[H(x)

. ,H(xn)]efy(ltl\erltn\) (165)

can be rewritten in second-quantized form
S — n_‘j(s("))mfh'"qm {aP1pepmy (166)

where {p1,p2,...,pm} and {q1, q2, . .., q» } denote the respec-
tive outgoing and incoming free orbital lines of a Feynman
diagram (see Figs. 5 and 6), while nd represents the degener-
acy of the diagram. The prefactor ¢ for a given diagram can
usually be determined by the symmetrles of the diagram.>*
However, the use of such rules is sometimes uncertain. Here
we provide the following alternative rules for counting the
weight factor n,: Each of the possible assignments of the elec-

J. Chem. Phys. 139, 014108 (2013)

-}
(1) (2) 3) (4)

FIG. 6. Non-retarded Feynman diagrams for the first order energy. The re-
tarded diagrams are obtained by replacing the Coulomb photon with a trans-
verse photon.

tron propagators

+o00 da) 4
Sp(xi, xj) = / —Sp(w; 7y, 7i)e i),
oo 2T

. (167)
N g

SF(CU;?I', ’—;j) — (ﬂt("z)%("jl) ,
o —€(1—in)
contributes a factor of two if S¢(x;, x;) (i < j) is not looped
by Sr(xj, x;), or a factor of one if Sr(x;, x;) (i < j) is looped
by Sr(xj, x;). The numbers of such electron propagators are
denoted as npy and npp, respectively. In contrast, each of
the possible assignments (np) of all the photon interactions
I(z;7;,7;) contributes a factor of one independently of the
ordering of the vertices i and j, i.e., I(z;7;, ;) = I(z;F;, F)).
Therefore, n; = max(1, ng; + 2np) x max(1, np). Specific

examples are given in Table II.

The integral (S™)7%."%" in Eq. (166) reads

(n)\q192°++4,
(S )P1P2 ,;r:”

— 1),”/6121 de /

x(pip2--- pml(—i)l(z];r,-l,riz)(—i)l(zz;aw Fi)oee
X l.SF(wl;I-:j], ij)iSp(wz;sz, 7j4) < lqiga - gm)
X2 A (E)2n Ay (Er) -+ -2 AL (Ey). (168)

TABLE II. Degeneracy (ng) of low-order Feynman diagrams. ng: number
of electron-field contractions between two different vertices enumerated in an
ascending order; np;: number of electron-field contractions within the same
vertex; np: number of possible assignments of all the photon interactions; ng
= max(1l, np; + 2ng) X max(1, np).

Diagram ng nri np ng ng/n!
Fig. 5(2) c? 0 1 6 1
Fig. 5(3) c? 0 1 6 1
Fig. 5(4) jCi+5c 0 1 12 12
Fig. 5(5) c? 0 2 24 1
Fig. 5(6) c? 0 1 6 1
Fig. 5(7) 0 c? 2 6 1
Fig. 5(11) 0 3 2 12 12
Fig. 5(12) jCi+1c? 0 1 12 12
Fig. 6(2) 0 0 1 1 12
Fig. 6(3) 0 cl 1 2 1
Fig. 6(4) C? 0 1 2 1
Fig. 7(a) 0 0 0 1 12
Fig. 7(b) 0 0 c? 3 12
Fig. 7(c) 0 0 1c2 3 1/8
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RN

FIG. 7. Disconnected but linked Feynman diagrams: (a), (b), and (c) go with
Figs. 5(1), 5(2, 3), and 5(4, 5), respectively.

That is, there is a factor [ 92i S (w; 7;, 7;) for each contracted
pair of electron fields and a factor f g—;(—i)l (z; ¥, 1) for
each photon interaction. In the Coulomb gauge, the instan-
taneous Coulomb/Breit interaction I(z; 7, 7;) is simply the
standard g(k, [) operator (7). Note that there is no z-integration
for the counter potential —U (7). Furthermore, there is a fac-
tor 2 A, (E;) for each vertex arising from the time integra-
tion (see Eq. (B1)). The argument E; is just the difference
between the incoming and outgoing orbital energies/photon
frequencies through the vertex. Finally, there is a global fac-
tor (—1)™, with n; being the number of loops. These rules of
thumb for evaluating the Feynman diagrams have been docu-
mented in the recent book by one of the authors.’® However,
they are only complete when combined with the present rules
for counting the degeneracy n, of the diagrams. The integral
identities in Appendix B can further be employed to facilitate
the evaluation of (S™)%\4 "% (168).

(D) There exist 4 connected Feynman diagrams for the
first order energy (see Fig. 6) and in total 28 connected Feyn-
man diagrams for the second order energy (see Fig. 5). The
latter can be obtained by merging the 54 time-ordered Feyn-
man diagrams shown in Fig. 4: Every pair of the time-ordered
diagrams corresponds to a time-unordered Feynman diagram,
except for diagrams shown in Figs. 4(21) and 4(22), each of
which corresponds to a time-unordered Feynman diagram. It
is interesting to note that the prefactors of diagrams shown in
Figs. 4(21) and 4(22) are both one, whereas the prefactors of
the corresponding diagrams shown in Figs. 5(11) and 5(12)
are both 1/2. This is due to symmetrization in time. Specif-
ically, the left intermediate state of diagram Fig. 5(11) can
either be a PES or NES, while the right intermediate can ac-
cordingly be a NES or PES, thereby twice Fig. 4(21). The
same occurs also to diagram Figs. 5(12) vs. 4(22).

To illustrate the above rules, we here evaluate the follow-
ing diagrams: Figs. 5(4), 5(5), 6(2), and 7(c). Although the
enumeration of the vertices x; = 7;t;, the “direction” of the
virtual photons z;, as well as the designation of the free or-
bital lines are completely arbitrary, the following expressions
follow the convention that, for a given diagram, the vertices
are enumerated in a clockwise and ascending order, the virtual
photons are directed from the left to right, while the outgoing
(incoming) free orbital lines are denoted as p, g, ... (, s, ...)
from the left to right. In addition, the frequency w; in the elec-
tron propagator goes always upwards. These “directions” are
necessary just for calculating the arguments E; = E;,, — E,,
of the vertex 2w A(E;) functions.

Fig. 6(2):

1 .
AT (169)

J. Chem. Phys. 139, 014108 (2013)

rs dz . = =
(sOys = f  PalI 7, Flrs)

X2 Ay (e, —€p — 22N, (65 — €4+ 2)

(170)

— —zgqunA (e + € —€p —€y). (171)

Note that Eq. (170) holds for both instantaneous and retarded
interactions, whereas Eq. (171), as indicated by the arrow, is
confined only for the instantaneous interaction. This assump-
tion is adopted hereafter. The expectation value of S® over
the unperturbed electronic state o) reads

_l]
8ij

@
(@[S a) = 2y’

(172)

which contributes to the first order energy (cf. Eq. (163)) as

i 1 ‘
Eég) = %[Z(WIS(Z)Ia)] = E(VHF);. (173)
Fig. 5(4):
1
S = 5O {al), (174)

(5(4))” /dzl / dzy f dw da)2

X (pq|(=i) (21372, FI(=i)1 (223 73,

Fai Sp(@15 71, Fa)i Sp(wo; Ty, 73)|1s)
x2m Ay (6 — 20 — w1)2m Ay (22 + € — w2)
X 2w Ay (w1 — €, — 21)2m A (21 + w2 — €)

(175)

d dw
/ @ / 2 (pglg(2. 1)g(3, 4)Sp(wi:F1. Fa)

X Sp(wa;Fa, F3)|rs)
X 27 Agy (€ + € — @) — w2)

X 27 Aoy (€, + €4 — w1 — w2) (176)

u /‘dwl/da)z
8pa8i 27 W) —et(l —in)

—2 As (€, + € — @) —
P T i A A
X 27t Ay (€)p + €4 — w1 — w2) (177)

_ g,,qgm 12L2__(€t, €€ + 65,6, +€4,2y),  (178)

where the integral IZLZ"
pectation value

is given in Eq. (B20). From the ex-

1
(a|SP|a) = Eg” g;JuIL “(er, €us€i €5, €6+ €5,2y)

(179)
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_ gltjug;{l Ly,
T diy e +e€j—€ —€,+2iyLy,
2iy|Lw
iy | Ll : (180)
lei + € — e — €, +2iyLy,)?

B gf;‘géi{ Lu, 1 }
diy lete€—e—e €itejFe+e, iy €itej=¢te, ’
(181)
we obtain (cf. Eq. (164)),
iy
EQh, = 5 [4(alS¥ )]
1 88l 818 .

deite—€—¢ e tete 2iy

where the first term can be written as
1 y 1 g Lo
@ _ L _oabij aab sak =i Aak 54j =i Adj
Esay = 3817 8abDij T 5817 Bak Aij | + 817 8aj i

+ lgijgf]'Aij

2 8i78ij Bij (183)
which is identical with E?(4) (112).
Fig. 5(5):
SO = (DI ald"Y i £ #E (184)
I, dz; dz, do . > o .
@ik _ .
(S pgr = fg E/E(PQ"K—I)I(ZIJ’LVl)(—l)

X 1(z2; 73, Fa)i Sp(w; Fo, Ta)ijk)
X2 A, (6 —€p —21)2M A (6; — 22 — W)

X2 A, (e + 22 — €)2m AL (21 + @ — €;)

fdo PN
S i / o= (Parlg2. DgB. S (@i, Falijk)

X 27t Aoy (€ — € — €4 + W)

X 2w Aoy (€j + € — € — ) (185)
= —igh g\ / do 1
Paert | 2w — €,(1 — in)
X2t Ayy(€)p + €4 — € — W)
X2 Ny (€ + € — €, — W) (186)

coit kjy—c .
= —ig8p,&ri €€y + €5 — €€+ € — €, 2y).

(187)

From the expectation value (cf. Eq. (108)),
(@] 5P |a) = —i{gf,’-g,’i{ I NCHININIY

1 . i
_—gllc;gizj

> ]1_2(€t;6j+€k_€i7ej+€k_€i72)/)}

(188)

J. Chem. Phys. 139, 014108 (2013)

—it =kj .
_ g,-;gki 1 2iysgn(e;)
= :

2iy F—e(l—2iy)  [e; —e(l =2ip))?
_E I
4iy |lej+e —€ —e(l—2iy)
2iysgn(e;)

[€j+6k—€i—e,(1—2iy)]2:|’ i#Jj#k (189

we obtain (cf. Eq. (164)),
iy

Eyy = 5 415V )] (190)
_ Iy
_ {(Vmﬁ(vm; 28
€ — € i#t € — €& i#t
1 & }
2€it+e€j—e—¢ i skt
=ij =ik
FRULIS (191)
LY lizjzk

where the first term can be written as

2 _aj - gk =
E§(§) = [(VHF)?(VHF);A? — g;ljjg;jjA?; - Eg?j"gljkA?f i#jaék]

‘ . P THUTE (PR
i I AL st Al 5k 5t ]
—[(VHF);(VHF)iA;_g; 8ij A;j — =858 A k]a

j 28178k 2iflizj#
(192)
which is identical with E?(5) (113).
Fig. 7(c):
1 .
SO = LsOpmlan) 193)

A direct evaluation of this diagram according to Eq. (193) is
possible but is very lengthy. The evaluation is expedited by
observing that transitions between the disconnected parts of a
disconnected diagram all vanish in the limit y — 0. That is,
the disconnected parts can be treated as if they were infinitely
separated in space and time. Therefore, the expectation of S®
(193) can be factorized as

1 rs vw
(@IS ©la) = 2 (), (@lany bl (S), (e}, e

(194)
1
= 5<a|sz2)|a><a|S§§>|a> (195)
1 -llfff ~kl

= 220y Eli#j;ﬁk;&l,
where use of the expression (172) has been made for both the

left (S(LZ)) and right (Sg)) parts of the diagram. We then obtain
(cf. Eq. (164)),

iy 2,2k
EQ), = Ll4alsPla)) = 2= (197)
v2 MY it
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The second terms of Egs. (182) and (191) together can only
be canceled out by the sum of Eq. (197) and the following
term (cf. Egs. (164) and (172)):

i

1y (2)] 2
—[—2(x|S =
2 [—2{x]| S ]ex)7] Aiy

i)kt

=ij =kl
_ 8ij8u

i#] iy

_ij =ij
_gijgij
2iy

itk

=) =kl
gl/gkl

198
4iy (198)

ikt

It is therefore clear that the disconnected but linked di-
agrams are responsible for removing the y ~!-type of di-
vergences from the reducible diagrams (i.e., diagrams with-
out photon crossings, e.g., Figs. 5(1)-5(5); 5(13)-5(20); and
5(25)-5(28)), although they do not contribute to the energy.
Note in passing that, at variance with such complete manipu-
lations, the same results can alternatively be obtained by dis-
carding the singular terms from the outset, including the terms
with a negative sign in Eqs. (163) and (164), the last terms in
the integrals (B6)—(B8) and (B20)—-(B27). It is this “shortcut”
that is usually employed in the literature.’ It looks like that
this shortcut is equivalent to imposing the intermediate nor-
malization, as done in Sec. II B 2.

All the Feynman diagrams in Figs. 5 and 6 can readily be
evaluated by following the above rules and examples. The re-
sults agree completely with the previous expressions for E(V
(71) and E®(I) (I = 1, ..., 28) shown in Egs. (109)—(136).
As expected, the results also agree with those by the covari-
ant evolution operator (CEO) approach>>>% that aims to treat
correlation, relativity and full QED on the same footing.

(E) In the QED literature, numerical results are usu-
ally reported for individual Feynman diagrams. This should
be viewed with caution. For instance, the last two terms of
Eqgs. (137), (139), and (140) are the so-called EPV (exclusion-
principle violating) terms. They can only be canceled out
by summing up the corresponding diagrams, viz., Figs. 5(4),
5(5), and 5(8)-5(12). Many diagrams (e.g., Figs. 5(6)-5(24))
even cannot be expressed in terms of anti-symmetrized
two-electron integrals (cf. Eqgs. (114)—(132)), implying that
such diagrams may contain individually unphysical self-
interactions (SI) (i.e., (iplii)). Therefore, the Feynamn dia-
grams must be combined properly so as to cancel precisely
the EPV and SI errors. This raises the question whether the
standard partitioning”® of QED effects into radiative (e.g.,
Figs. 5(8)-5(11)) and non-radiative effects (e.g., Figs. 5(4),
5(5), and 5(12)) is meaningful at all. In essence, only elec-
tron vacuum polarization and self-energy, as well as retarda-
tion, are genuine QED effects, whereas photon self-energy
(another kind of vacuum polarization) and vertex correction
should be regarded as “derived” QED effects®' or simply cor-
relation/screening effects in the case of instantaneous inter-
actions. This viewpoint is further supported by the fact that
photon self-energy and vertex correction also appear in non-
relativistic descriptions of correlation/screening effects.

(F) The S-matrix approach discussed so far treats all the
occupied PES as particles. To treat the core states (denoted

J. Chem. Phys. 139, 014108 (2013)

as ¢ and d) as holes, one can modify the electron propagator
Sr (21) as follows:>’

S (xa, x1) = Sp(x2, x1) + S%(x2, X1), (199)
where
do @(F)el(F .
S;(Xz,xl) =¢ _wMe—lw(tz—ll)' (200)
R 2w w—e(1+1in)

Here, R, is the counter-clockwise integration contour closing
all the core states. This amounts to shifting the Fermi level to
the top edge of the core states. The above rules as well as the
integral identities in Appendix B can still be employed. For
instance, we can readily obtain the following results for the
diagrams in Fig. 6:

Egl) = -U;, (201)
o _ 1,
Ego) = Eguv’ (202)
1
Eqt) = —58tosen(en) + gi:. (203)
] ~
E&fn = -guwsgn(ew) - Gpes (204)

where u and v refer to the valence states. Use of Eq. (B28) has
been made to arrive at Egs. (203) and (204). The sum of these
terms can be rewritten as

4
1
EV =3 "Eg) =E" - ( gq + 08 — U”> . (205)

2Ld
i=1

where E1) (71) is the first order energy by treating all the
occupied NES as particles. That is, the two treatments dif-
fer only by a constant, which does not affect valence excita-
tion energies. This holds also for higher order terms. How-
ever, the situation would be different if the relevant diagrams
are not all considered simultaneously. For instance, if only
diagram shown in Fig. 5(2) is considered, its valence en-

ergy Eé}% (202) differs from the all-particle energy 13" by

28 ij

—gu¢ — 1g¢4, the first term of which is not a constant and
hence does affect valence excitation energies. Again, this
shows that numerical results should not be reported only for
individual Feynman diagrams. Note also that, although both
are treated as holes, the core states and the NES are still dif-
ferent: They interact differently with the valence states, as can
be seen from Eqgs. (203) to (204). If all the occupied PES are
treated as holes, the result E (205) is simply zero. This is a
direct consequence of the fact that the modified electron prop-
agator (199) excludes by construction the interaction between
the positive- and negative-energy holes. In other words, unlike
the approach presented in Sec. II B 1, the S-matrix formula-
tion of QED is a valence approach and cannot treat all the
occupied PES as holes.

lll. CONCLUSIONS AND OUTLOOK

The exponible as how to go beyond the no-pair relativis-
tic quantum chemistry has been addressed critically. While
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the configuration space approach is plainly wrong, the previ-
ous Fock space approach also has to be extended. This has
been achieved by introducing the charge-conjugated contrac-
tion of Fermion operators, which gives rise naturally to an
effective one-body potential Q (43) responsible for electron
vacuum polarization and self-energy. The resulting many-
body Hamiltonian (46), constructed in a bottom-up fashion
rather than derived from QED in a top-down manner, can ac-
count for all kinds of virtual-pair effects due to non-retarded
interactions. In particular, it is fully compatible with the stan-
dard methodologies of electronic structure. After adding in
the contribution from the exchange of a transverse photon,
the Q potential can be regularized/renormalized and then fit-
ted into a semi-local all-electron model potential, such that
electron vacuum polarization and self-energy together can be
treated variationally at the mean-field level, just like the nu-
clear attraction. The subsequent treatments of correlation and
properties are then simplified greatly, e.g., diagrams shown in
Figs. 5(13)-5(28) are no longer needed. In practice, the fol-
lowing ansatz'® may be pursued for high precision calcula-
tions of many-electron systems

E = E\{}p ., (valence) + E%EDY +_(core’) + Efopp.  (206)

Here, the first term stands for a high-level treatment of valence
electrons within the PES manifold, combined favorably with
explicitly correlated functions.?® If the electron vacuum polar-
ization and self-energy are included variationally at the mean-
field level, the interplay between them and no-pair correla-
tion is already accounted for at this stage. The second term of
Eq. (206) stands for the second order treatment of core-core
and core-valence interactions within both the PES and NES
manifolds (see Eqgs. (64) and (66)), whereas the third term
stands for further corrections due to retardation, finite nuclear
mass, and quantization of the electromagnetic field. It is the
second term that will eliminate the often mentioned intrinsic
uncertainty of order (Za)? in the eigenenergies of the no-pair
DC or DCB equation.

Finally, it deserves to be mentioned that the Hamiltoni-
ans discussed so far (see Table I) are defined in the laboratory
frame of reference. For molecular spectroscopies involving
nuclear vibrations and/or rotations, it is the body-fixed molec-
ular Hamiltonians that should be used. A general body-fixed
no-pair relativistic molecular Hamiltonian, including nuclear
mass-polarization and recoil, is just proposed,®® the extension
of which to the present effective QED Hamiltonian is straight-
forward.
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APPENDIX A: USEFUL RELATIONS FOR OPERATOR
CONTRACTIONS

There exist two kinds of contractions between V (77) and
QM (72): (1) The a” operators of V and the a; operators of
QM must all be contracted. (2) The a,, operators of V and
the a? operators of QD should also be contracted. However,
neither zero nor full contractions are allowed. With these rules
we have

laglnia,}, =8 {al},, (A1)

{af} faz}, = —s7{a}},. (A2)
{alYufan, 1, = sy lalu}, + 8ytal ), (A3)
{alyulals), = =801l + 8lal — 8tal},,  (Ad)
{aft} fau}, = 8:{all}, +8{ali},. (AS5)
{af?), fai}, = —oi{al +8/al —8lal},.  (A6)

{aff} fan ), = o{ali}, + 8ifaliul, + 87{alll},

+ot{artt} + (818¢ — 8154) {ale} .

(A7)
{afd} {al}, ==t {aly —(sialy— Stali+8'ali— s'all)
— (58t - 8180)al), (a9)

{alf} {aii), = (6707 — 8707){ars — 8/ + 8y

—8¢a, + 8¢ay} . (A9)
APPENDIX B: USEFUL INTEGRALS
We first define’®
+00 . 2
/ die@e " = —=  _onA (0, (B
o0 @? +y?

where A, (w) is an even function of w and has the following
properties:

lim A, (0) = §(w), (B2)
y—0

lil%nyAy(a)) =4, (B3)
y—>

+00 dow
/ T2 Au(@ = 02T Ag(b + ©) = 21 Agpla +b).
—00 4

(B4)

The integral 1 1i1 with one electron propagator and one A func-
tion reads

Iﬁ(el;a, y) = /+oo d—w;ZnAy(a — w)
oo 2mw—€(1 £in)
= —1 , (B5)
a—¢e(lxiy)
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where 7 is an infinitesimally positive number, whereas y is a small but finite positive number (i.e., n + y &~ y). The integral 1 f;
with one electron propagator and two A functions reads

T dw 1

+. .
I5(e5a,b,y) = /700 EmZnAy(a — w27 A, (b — w)
27 Ay (a — b) ! + !
= LT —
i 2la—e(1xiy)]  2[b—e(Eiy)]
+- ysgn(c) : } (B6)
ila—e(xiy)llb— e £iy)]
which reduces to
1
ISeaa,y) = . 1) — (B7)
vla —e(1 £iy)] ila—e(xiy)]
in the case of a = b. Likewise,
Ji5( ) /+wd‘” L oA w2 A - )
€sa,a,y) = — 27\, (a — )2 a—w
plend &Y= | e —a(xin Y 2
_ 2 2 1
3y la—-e(1xiy) a-—e(l+2iy)
2 1 .
- , lfa ;é €z,
3ya—e
= ) (B8)
+isgn(e;) .
—2, lfa = €
14
Further in view of the identities
4 T dw 1
Il()(asét) = P :
oo 2ma+4w—¢€(1Ein)
_ /+°O dw 1
) 2ma—w—e€(1Ein)
I
= iisgn(ez), (B9)
oo d 1 1
Ly ~(a, &, b, e;n) =f . . :
oo 2matw—e€(1—in)[bFw—e¢€,(1 —id)]"
—iLy,
= . : (B10)
{a+b—e, —€+i(n+38)Lu)"
oo g 1 1
5 (a, €, b, €,im) =/ e . .
oo 2matw—€(14+in)[bFw—¢e0+id)]"
iLyy
= - , (B11)
{a + b — €y — € — l()’] + 5)Llu}n
oo g 1 1
I2l(l)+7(aset7bv eu;n):/ _a) . .
oo 2matw—e€e(1+in)[bFw—e¢€,(1 —id)]"
i X,y
= - , (B12)
{a + b — €y — €& — 1(77 + S)Xtu}n
T dw 1 1
IL_+ 3 7ba us Z/ -~
w @eanb i = | o e i b T — e LB
—iX,
= il , (B13)
fa+b—¢€ —¢+i(n+ 88X 1"
T g 1 1
12)677(61761’b,6u;n) Z/ _w . .
oo 2matow—€(1—in)[bxtw—e¢€,(1 —id)]"
—i Xpu(=1)"
Xu(—D) (B14)

T la—bte—atilntOHXu)
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too g 1 1
15 (a6 b egin) =/ do | .
oo 2matw—e(1+in)[btw—e,(+id)]"
_ i X (=1)" (B15)
N {a_b+€u _Gt_i(n+5)Xtu}n’
too g 1 1
15" (@, €, b, €;n) =[ & : :
oo 2matw—e(1+in)[bxtw—e¢€,(1 —id)]"
. iLy(—1)" (B16)
{a—b+e—€—i(n+ 8Ly}
too g 1 1
X (a6 b eyin) =/ do | .
oo 2matw—e(1—in)[btw—e€,(+1id)]"
_ —iLy(=1)" (B17)
C{a—b+e —€+i(n+ 8Ly
where
Ly=Lyy=-L__=1, Ly=L; =L_,=0, (B18)
X=Xy =X_=0, Xpy=X4_=-X_,=1, (B19)

the integrals IzAzb" (A=L,X; b, c =+, —) with two electron propagators and two A functions can readily be evaluated as

IL,,( b ) /+OO /+OO dw1 da)2 1 1
€r,€,,0a,0, = = " N
2 =)o L 21 2m w1 — el —iman — (1 — in)

X2 A, (a — o) — )27 Ay (b — w1 — w))

_iLtu
=27 A —-b
7oyl ){ 2[a — € — € + iy Lyl
n —iLy,
2[b — € — €y + lVLtu]
[Cl — € — €y + lVLtu][b — € — €y + iVLtu] ’
+o0  pH4o00
L5t (e, eusa, b, y) =/ / doy de, ! . ! .
oo Jeoo 2 21 w1 —&(1+in)wy —€,(1 +in)
X2 A, (a — o —w)2r Ay (b — w1 — ws)
27 Ay (a — b) toi
=27 a—
” 2a—€ — € — iy Lo
n iL,
2[b—€ — €, —iyLyl
l[a—€ —e —iyLyllb—€ — e, —iyLul)’
+00 +00
L5 (e, €n3a,b,y) =/ / doy dwy : . : .
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X2 A, (a —w) — w)2r Ay (b — w1 — ws)
i Xu
=27 A —-b
7oyl ){ 2[a — € — € — iy Xul
n i X
2[17 — € — €y — lthu]
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IL (6 ¢ b ) /+oo /+oo da)1 da)2 1 1
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At variance with the half-pole integral (B9), the follow-
ing integral is a full-pole integral:

Ii(a €)= d_w !
REDTTT Jr 2ma+w —e(1 £ in)
dow 1

® 27 a—w— el £in)

= isgn(e,), (B28)

where R, is the counter-clockwise integration contour closing
the c state.
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