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1. Introduction

Let Y — X be a smooth fiber bundle and J*Y the Fréchet manifold of infinite
order jets of its sections. The differential calculus on J*°Y and its cohomology
provide the adequate mathematical description of Lagrangian theories on Y — X
in terms of the variational bicomplex [1,13,28]. This description has been extended
to Lagrangian theories on graded manifolds in terms of the Grassmann-graded
variational bicomplex of differential forms on a graded infinite order jet manifold
[3,5,6,14].

Different geometric models of odd variables are phrased in terms of both graded
manifolds and supermanifolds. Note that graded manifolds are characterized by
sheaves on smooth manifolds, while supermanifolds are defined by gluing of sheaves
on supervector spaces [4,15]. Treating odd variables on smooth manifolds, we follow
the Serre-Swan theorem for graded manifolds (Theorem 14). It states that a graded
commutative C°°(X)-ring is isomorphic to an algebra of graded functions on a
graded manifold with a body X iff it is the exterior algebra of some projective
C*(X)-module of finite rank. By virtues of the Batchelor theorem [4], any graded
manifold (Z,2) with a body Z and a structure sheaf 2 of graded functions is
isomorphic to a graded manifold (Z,2g) modeled over some vector bundle @ — Z,
i.e. its structure sheaf ¢ is the sheaf of sections of the exterior bundle AQ*, where
Q" is the dual of @ — Z. Our goal is the following differential bigraded algebra
(henceforth DBGA) 8% [F;Y] and its relevant cohomology.
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Let F — Y — X be a composite bundle where F' — Y is a vector bundle.
Jet manifolds J"F of F' — X are also vector bundles over J"Y. Let (J7Y,%,) be
a graded manifold modeled over J'F' — J"Y, and let S}[F;Y] be the DBGA of
Grassmann-graded differential forms on the graded manifold (J"Y,2l,.). There is
the inverse system of jet manifolds

YEJY o JTWER Y e (1)

Its projective limit J*°Y is a paracompact Fréchet manifold, called the infinite
order jet manifold. This inverse system yields the direct system of DBGAs

S Y| S SiF Y] =-S5 [F; Y] =2 SHF Y] — - 2)

where 7, * | is the pull-back monomorphisms. Its direct limit is the above-mentioned
DBGA SZ[F;Y] of all Grassmann-graded differential forms on graded mani-
folds (J"Y,2(,) modulo the pull-back identification. One can think of elements
of S&[F;Y] as being Grassmann-graded differential forms on a graded manifold
(J*®Y, o), called the graded infinite order jet manifold, whose body is J*Y and
the structure sheaf 2o is the sheaf of germs of elements of S [F;Y].

The DBGA S% [F; Y] is split into the above-mentioned Grassmann-graded vari-
ational bicomplex, describing Lagrangian theories of even and odd variables on
a smooth manifold X. Grassmann-graded Lagrangians and their Euler—Lagrange
operators are elements of this bicomplex. Its cohomology results in the global first
variational formula, the first Noether theorem and defines a class of variationally
trivial Lagrangians.

It should be emphasized that this description of Grassmann-graded Lagrangian
systems differs from that phrased in terms of fibered graded manifolds [19,24], but
reproduces the heuristic formulation of Lagrangian BRST theory [3,7]. Namely,
(J®Y, o) is a graded manifold of jets of smooth fiber bundles, but not jets of
fibered graded manifolds.

2. Technical Preliminary

Throughout the paper, smooth manifolds are real and finite-dimensional. They
are Hausdorff and second-countable topological spaces (i.e. have a countable base
for topology). Consequently, they are paracompact, separable (i.e. have a count-
able dense subset) and locally compact topological spaces, which are countable at
infinity. Unless otherwise stated, smooth manifolds are assumed to be connected
and, consequently, arcwise connected. It is essential for our consideration that a
paracompact smooth manifold admits the partition of unity by smooth functions.
Real-analytic manifolds are also considered as smooth ones because they need not
possess the partition of unity by real-analytic functions.

Only proper covers i = {U,} of smooth manifolds are considered, i.e. U, # U,
if © #. A cover Y’ is said to be a refinement of a cover U if, for each U’ € W',
there exists U € 4 such that U’ C U. For any cover 4 of an n-dimensional smooth
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manifold X, there exists a countable atlas {(U],¢,)} of X such that: (i) the cover
{U]} refines 4, (ii) ,(U]) = R™ and (iii) the closure UZ of any U, is compact [18].

Let m : Y — X be a smooth fiber bundle. There exist the following particular
covers of X which one can choose for its bundle atlas [18].

(i) There is a bundle atlas of Y over a countable cover 4 of X where each
member U, of il is a domain (i.e. a contractible open subset) and its closure U, is
compact.

(ii) There exists a bundle atlas of Y over a finite cover of X. Indeed, let ¥ be
a bundle atlas of Y — X over a cover 4 of X. For any cover il of a manifold X,
there exists its refinement {U;;}, where j € N and 4 runs through a finite set such
that U;; N U = 0, j # k. Let {(Usj,i;)} be the corresponding bundle atlas of a
fiber bundle Y — X. Then Y has the finite bundle atlas U; = U;U;;, ¥i(x) =45 (x),
x € U;; C U;, whose members U;, however, need not be contractible and connected.

Without a loss of generality, we further assume that a cover 4 for a bundle atlas
of Y — X is also a cover for a manifold atlas of its base X. Given such an atlas, a
fiber bundle Y is provided with the associated bundle coordinates (z*,%"), where
(z) are coordinates on X.

Given a manifold X, its tangent and cotangent bundles T'X and T*X are
endowed with the bundle coordinates (z*,4*) and (z*,,) with respect to holo-
nomic frames {dy} and {dx*}, respectively. Given a smooth bundle Y — X, its
vertical tangent and cotangent bundles V'Y and V*Y are provided with the bundle
coordinates (z*,y%,5') and (z*,%%,7,), respectively.

By A= (A1...2), |Al =k, A+ A = (A ... \;) are denoted symmetric multi-
indices. Summation over a multi-index A means separate summation over each of
its index \;. The notation

d=0x+ > yhia0l, dy=dy oo ody, (3)
0<|A|

stands for the total derivatives.

3. Finite Order Jet Manifolds

Given a smooth fiber bundle Y — X its r-order jet jI's is defined as the equivalence
class of sections s of Y identified by their r + 1 terms of their Taylor series at a
point z € X. The disjoint union J"Y = (J, . y jis of these jets is a smooth manifold
provided with the adapted coordinates

(SE)\, yz’ y}’\)M\Srv (x)\vyj\) 085 = (xAv 8/\57'(1')), yll)\JrA = wdﬂyx

For the sake of brevity, the index r = 0 further stands for Y. The jet manifolds of
Y — X form the inverse system (1), where «”._;, r > 0 are affine bundles.

Given fiber bundles Y and Y’ over X, every bundle morphism ® : ¥ — Y over
a diffeomorphism f of X admits the r-order jet prolongation to the morphism of
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the r-order jet manifolds

J®:JY 3 s = jip(®oso fh) e Sy
If ® is an injection or surjection, so is J"®. It preserves an algebraic structure. If
Y — X is a vector bundle, J"Y — X is also a vector bundle. If Y — X is an affine
bundle modeled over a vector bundle Y — X, then J"Y — X is an affine bundle
modeled over the vector bundle J'Y — X.

Every section s of a fiber bundle Y — X admits the r-order jet prolongation to
the section (J"s)(x) = jIs of the jet bundle J"Y — X.

Every exterior form ¢ on the jet manifold J*Y gives rise to the pull-back form
W]]:+i*¢ on the jet manifold J*¥*'Y". Let O be the differential graded algebra (hence-
forth DGA) of exterior forms on the jet manifold J*Y. We have the direct system
of DGAs

" 1% ook
OXLOY L0 . 0f 5 0F (4)
Every projectable vector field u = u*9,, + u'd; on a fiber bundle Y — X has
the k-order jet prolongation onto J¥Y to the vector field
GPu = uroy +ul; + Z [da(u — yLu”) + nyAu“]. (5)
0<|AI<Ek
Jet manifold provides the conventional language of theory of nonlinear differ-
ential equations and differential operators on fiber bundles [9,22]. A k-order differ-
ential equation on a fiber bundle Y — X is defined as a closed subbundle & of the
jet bundle J*¥Y — X. Its classical solution is a (local) section s of ¥ — X whose
k-order jet prolongation J*s lives in €.
Differential equations can come from differential operators. Let E — X be
a vector bundle coordinated by (z*,v4), A = 1,...,m. A bundle morphism & :
JFY — E over X is called a k-order differential operator on a fiber bundle Y — X.
It sends each section s of Y — X onto the section (£0.J%s)%(z) of the vector bundle
E — X. Let us suppose that the canonical zero section 6(X ) of the vector bundle
E — X belongs to £(J*Y). Then the kernel of a differential operator & is defined
as Ker& = £ 1(0(X)) € J*Y. If Ker€ is a closed subbundle of the jet bundle
J*Y — X, it is a k-order differential equation, associated to the differential operator
E. For instance, the kernel of an Euler-Lagrange operator need not be a closed
subbundle. Therefore, it may happen that associated Euler-Lagrange equations
are not a differential equation in a strict sense.

4. Infinite Order Jet Manifold

Given the inverse system (1) of jet manifolds, its projective limit J*°Y is defined
as a minimal set such that there exist surjections

T J®Y = X, 7 J®Y =Y, 1 J®Y — JbY, (6)
obeying the commutative diagrams 7° = 71X om2° for any admissible k and r < k. A
projective limit of the inverse system (1) always exists. It consists of those elements
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(oo Zryeees 2y o)y 20 € JTY ) 2 € JRY | of the Cartesian product I1: J*Y which
obey the relations 2z, = m¥(2;) for all k > 7. One can think of elements of J*Y as
being infinite order jets of sections of ¥ — X identified by their Taylor series at
points of X.

The set J*Y is provided with the projective limit topology. This is the coars-
est topology such that the surjections 72° (6) are continuous. Its base consists
of inverse images of open subsets of J"Y, r = 0,..., under the mappings 7 >°.
With this topology, J>°Y is a paracompact Fréchet (complete metrizable, but not
Banach) manifold modeled on a locally convex vector space of formal number series
{a}, d’, a@\, ...} [28]. Moreover, the surjections 72° are open maps, i.e. J*Y — J'Y
are topological bundles. A bundle coordinate atlas {Uy, (z*,4%)} of Y — X pro-
vides J*°Y with the manifold coordinate atlas

oo\ — i i Ozt i
{(m5°) 1(UY),($'\73/A)}0§\A|, yl)\+A = wduyx (7)

It is essential for our consideration that Y is a strong deformation retract of
J°Y [1,13] (see Appendix A). This result follows from the fact that a base of
any affine bundle is a strong deformation retract of its total space. Consequently, a
fiber bundle Y is a strong deformation retract of any finite order jet manifold J"Y".
Therefore by virtue of the Vietoris-Begle theorem [8], there are isomorphisms

H*(J®Y,R) = H*(J'Y,R) = H*(Y,R) (8)

of cohomology groups of J*Y, J"Y, 0 < r and Y with coefficients in the constant
sheaf R.

Though J*°Y fails to be a smooth manifold, one can introduce the differential
calculus on JY as follows. Let us consider the direct system (4) of DGAs. Its
direct limit O exists, and consists of all exterior forms on finite order jet manifolds
modulo the pull-back identification. It is a DGA, inheriting the DGA operations of
Or [23].

Theorem 1. The cohomology H*(O%,) of the de Rham complex

0-R— 0% Lol 4. (9)
of the DGA O, equals the de Rham cohomology of a fiber bundle Y [1].
Proof. By virtue of the well-known theorem, the operation of taking homology

groups of cochain complexes commutes with the passage to a direct limit [23].
Since the DGA O} is a direct limit of DGAs O

(e}

its cohomology is isomorphic to
the direct limit of the direct system

Hpgp(Y) = Hpp(J'Y) — -+ Hpp(J' 1Y) = Hpg(J7Y) — - (10)

of the de Rham cohomology groups Hj\ (J"Y) = H*(O}) of finite order jet man-
ifolds J"Y. By virtue of the de Rham theorem [20], the de Rham cohomology
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HER(JTY) of J7Y equals its cohomology H*(J"Y,R) with coefficients in the con-
stant sheaf R. Since Y is a strong deformations retract of J"Y, this cohomology
coincides with the cohomology H*(Y,R) of Y. Consequently, the direct limit of the
direct system (10) is the de Rham cohomology H*(Y,R) = H{jp (V) of Y. m|

Corollary 2. Any closed form ¢ € OF is decomposed into the sum ¢ = o + d&,
where o is a closed form on Y .

One can think of elements of O} as being differential forms on the infinite order
jet manifold J*°Y as follows. Let O be the sheaf of germs of exterior forms on J"Y
and O, the canonical presheaf of local sections of O* (we follow the terminology of
Ref. 20). Since 77_, are open maps, there is the direct system of presheaves

R, RPN WS

Its direct limit 5; is a presheaf of DGAs on J*°Y. Let T%_ be the sheaf of DGAs
of germs of 5; on J®Y. The structure module Q% = I'(T%)) of global sections
of T% is a DGA such that, given an element ¢ € QF and a point z € J®Y,
there exist an open neighborhood U of z and an exterior form ¢*) on some finite
order jet manifold J*Y so that ¢|y = 7p*¢¥)|;;. Therefore, there is the DGA
monomorphism Of — QF . It should be emphasized that the paracompact space
J*®Y admits a partition of unity by elements of the ring QY , but not 0%..

Since elements of the DGA QFf  are locally exterior forms on finite order jet
manifolds, the following Poincaré lemma holds.

Lemma 3. For closed element ¢ € QF_, there exists a neighborhood U of each point
z € J®Y such that ¢|y is exact.

Theorem 4. The cohomology H*(Q%) of the de Rham complex
0-R—Q% 4ol 4. (11)
of the DGA QF_ equals the de Rham cohomology of a fiber bundle Y [28].

Proof. Let us consider the de Rham complex of sheaves
d d
0—>R—>$go—>féo—>--- (12)

on J*Y. By virtue of Lemma 3, it is exact at all terms, except R. Being the
sheaves of QY -modules, the sheaves 7 are fine and, consequently acyclic because
the paracompact space J*°Y admits the partition of unity by elements of the ring
QY% [20]. Thus, the complex (12) is a resolution of the constant sheaf R on J>®Y.
In accordance with the abstract de Rham theorem (see Appendix B), cohomology
H*(Q%,) of the complex (11) equals the cohomology H*(J*Y,R) of J*Y with
coefficients in the constant sheaf R. Since Y is a strong deformation retract of
J>°Y, we obtain

H*(Q%) = H(JZY,R) = H*(Y,R) = Hpr(Y). O
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Due to the monomorphism O} — QZ_, one can restrict OZ, to the coordinate
chart (7) where horizontal forms dz* and contact one-forms 6 = dy} — y, yda*
make up a local basis for the 0% -algebra O, . Though J*Y is not a smooth man-
ifold, elements of O, are exterior forms on finite order jet manifolds and, there-
fore, their coordinate transformations are smooth. Moreover, there is the canonical
decomposition 0% = @O%™ of OF, into O -modules O%™ of k-contact and
m-horizontal forms together with the corresponding projectors

hy: OF — OF* pm . OF — Of™,

Accordingly, the exterior differential on O is split into the sum d = dy + dv of
the total and vertical differentials

dyohy=hgodohy, dyoho=hood, du(¢)=dz*Ad\(¢),
dyoh™=h"odoh™, dv(¢)=0\A0r¢, ¢,

such that dgody =0, dy ody = 0, dg ody + dy ody = 0. These differentials make
O%* into a bicomplex.
Let ¥ € 00Y% be the 0% -module of derivations of the R-ring OY..

Proposition 5. The derivation module 002, is isomorphic to the OY -dual (OL,)*
of the module of one-forms OL,.

Proof. At first, let us show that O, is generated by elements df, f € 0% . It suf-
fices to justify that any element of O is a finite O -linear combination of ele-
ments df, f € 0% . Indeed, every ¢ € OL is an exterior form on some finite order
jet manifold J"Y. By virtue of the Serre-Swan theorem extended to non-compact
manifolds [15,26], the C°°(J"Y)-module O} of one-forms on J"Y is a projective
module of finite rank, i.e. ¢ is represented by a finite C°°(J"Y)-linear combination
of elements df, f € C°(J"Y) C OY%. Any element ® € (OL))* yields a derivation
Yo (f) = ®(df) of the R-ring OY . Since the module O is generated by elements
df, f € 0%, different elements of (OL,)* provide different derivations of OY, i.e.
there is a monomorphism (OL)* — 00% . By the same formula, any derivation
9 € 00Y% sends df — J(f) and, since O is generated by elements df, it defines
a morphism ®y : O — OY . Moreover, different derivations ¥ provide different

morphisms ®y. Thus, we have a monomorphism and, consequently, an isomorphism
209, — (OL)*. |

The proof of Proposition 5 gives something more. The DGA OF_ is a mini-
mal Chevalley-Eilenberg differential calculus over the R-ring OY of smooth real
functions on finite order jet manifolds of ¥ — X.

Remark 1. Let K be a commutative ring and A a commutative K-ring. The mod-
ule 94 of derivations of A is a Lie K-algebra. The Chevalley—Eilenberg complex
of the Lie algebra 0.4 with coefficients in the ring A contains a subcomplex of



1342 @G. Sardanashvily

A-multilinear skew-symmetric maps [15]. It is called the Chevalley—Eilenberg dif-
ferential calculus over a KC-ring A. The minimal Chevalley—Eilenberg calculus is
generated by monomials agda; A --- A dag, a; € A. For instance, the DGA of exte-
rior forms on a smooth manifold Z is the minimal Chevalley—Eilenberg differential
calculus over the R-ring C*°(Z).

Restricted to a coordinate chart (7), OL is a free OY_-module generated by the
exterior forms da*, 0. Since 00%, = (OL)*, any derivation of the R-ring O takes
the coordinate form

9= +90'0+ Y 930, (13)
0<|A|
where 9 (s1) = 8{‘J clsjE = 6768 up to permutations of multi-indices A and ¥. Tts
coefficients ¥, 9%, ¥4 are local smooth functions of finite jet order possessing the
transformation law

8(El>‘ ) 8y/i ) 8y/i . ay/i . 8y/i
I m "o J m 1o A qJ A qu
I = axuﬁ .9 _—Wﬂ +—axﬂ9’ O = Z —aﬂ'ﬂ +_axﬂ9'
si<|a] Y2

Extended to the DGA O}, the interior product obeys the rule
(@A) =(0]¢) Ao+ (=1)1¢lg A (9]o0).

Any derivation ¥ (13) of the ring O yields a derivation (a Lie derivative Ly) of
the DGA Of, given by the relations

Ly¢ =9]dd +d(9]¢), Lo(pN¢')=Ly(¢) A¢'+dALy().

In particular, the total derivatives (3) are defined as the local derivations of 0%
and the corresponding Lie derivatives dy¢ = Lg, ¢ of OF,.

A derivation ¥ (13) is called contact if the Lie derivative L,, preserves the contact
ideal of the DGA O}, i.e. the Lie derivative L, of a contact form is a contact form.

Proposition 6. A derivation 9 (13) is contact iff it takes the form

0 =90\ +9°0; + > [da(9" — yp9") + y) 20" (14)
[A|>0

Proof. The expression (14) results from a direct computation similar to that of
the first part of Bécklund’s theorem [21]. O

A glance at the expression (5) enables one to regard a contact derivation (14)
as an infinite order jet prolongation of its restriction

v =190 + 90 (15)
to the ring C°°(Y). Since coefficients ¥* and ¥' depend on jet coordinates v, 0 <

|A|, in general, one calls v (15) a generalized vector field. Generalized symmetries of
differential equations and Lagrangians have been intensively studied [2,21,22,25].
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Any contact derivation admits the horizontal splitting

9 =vu+oy =0dy+ [0+ Y da(d -y 90} (16)
0<|A|

relative to the canonical connection V = dz* ® dy on the C°°(X)-ring O% . One
can show [14] that a vertical contact derivation

v =0"9; + Z dAvialA
0<|A|
obeys the relations
vldu¢ = —du(v]@), Lu(du¢) = du(Lu¢), ¢ € OL. (17)
They follow from the equalities
v|0h = v, du(vy) = Uf\+Adm/\, dub = dz* A 934—1\’

dy o v 0N = v4 0N o d,.

5. Variational Bicomplex on Fiber Bundles

In order to transform the bicomplex OF:* into the variational bicomplex, one intro-
duces the R-module projector

0=> %@ohk oh™  (¢)= Y (~)ME Aldr(D]]0)], ¢ €O, (19)
k>0 |[A|>0

such that pody = 0 and the nilpotent variational operator 6 = pod on O%" which
obeys the relation

dop—pod=0. (20)

Let us denote E; = o(O%"). Then the DGA O}, is split into the variational
bicomplex

T U U

0- oW oLt: okm .. ot & E -0
dVT dvT dVT dvT 75T
0-R— 0% &  o% & oYrE.. oW = oY
0—R— T(f)oxi Tlei... T(f)mxi... TO"(X)i 0
t f t t
0 0 0 0

(21)

Its relevant cohomology has been obtained as follows [13,27]. One starts from the
algebraic Poincaré lemma [25,29].
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Lemma 7. If Y is a contractible bundle R"*? — R™, the variational bicomplex
(21) is exact at all terms, except R.

Proof. The homotopy operators for dy, dyg, 6 and ¢ are given by the formulas
(5.72), (5.109), (5.84) in [25] and (4.5) in [29], respectively. O

Theorem 8. (i) The second row from the bottom and the last column of this bicom-
plex make up the variational complex

0-R— 0L WME0L.. Woon S Sy (22)

Its cohomology is isomorphic to the de Rham cohomology of the fiber bundle Y,
namely,

H*"(dy; Q%) = H*<"(Y), H"7"(6; Q%) = H*="(Y). (23)

(ii) The rows of contact forms of the bicomplex (21) are exact sequences.

Proof. Let % be the sheaf of germs of differential forms on J>®Y. It is split
into the variational bicomplex T3". Let Q% be the DGA of global sections of T7_.
It is also decomposed into the variational bicomplex QF*. Since the paracompact
space J*Y admits a partition of unity by elements of the ring Q% , the dy- and
d-cohomology of QF* can be obtained as follows [1,13,27,28]. Let us consider the
variational subcomplex of T%* and the subcomplexes of sheaves of contact forms

0> R— T Mgl Magondg S ... @ =T, (24)
0 ghodahl  dighn 0@ (25)

By virtue of Lemma 7, these complexes are exact at all terms, except R. Since
Tk are sheaves of Q) -modules, they are fine. The sheaves ¢ are also proved
to be fine (see Appendix C). Consequently, all sheaves, except R, in the complexes
(24) and (25) are acyclic. Therefore, these complexes are resolutions of the constant
sheaf R and the zero sheaf over J>Y, respectively. Let us consider the corresponding
subcomplexes

0—R— Q0 W0l .4 g0n i) (e, — .-, (26)
0— QROM okl dt gkn & (g ) 0 (27)

of the DGA Q. In accordance with the abstract de Rham theorem (see
Appendix B), cohomology of the complex (26) equals the cohomology of J>®Y
with coefficients in the constant sheaf R, while the complex (27) is exact. Since Y’
is a strong deformation retract of J*Y, cohomology of the complex (26) equals
the de Rham cohomology of Y by virtue of the isomorphisms (8). Note that, in
order to prove the exactness of the complex (27), the acyclicity of the sheaves €
need not be justified. Finally, the subalgebra O}, C Q% is proved to have the same
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dy- and d-cohomology as QF [12,27] (see Appendix D). Similarly, one can show
that, restricted to O’(;;", the operator p remains exact. O

Note that the cohomology isomorphism (23) gives something more. The rela-
tion (20) for p and the relation hod = duhg for hg define a cochain morphism of
the de Rham complex (1) of the DGA O} to its variational complex (22). The
corresponding homomorphism of their cohomology groups is an isomorphism by
virtue of Theorem 1 and item (i) of Theorem 8. Then the splitting of a closed form
¢ € OF in Corollary 2 leads to the following decompositions:

Proposition 9. Any dy-closed form ¢ € O%™, m < n, is represented by a sum

¢ =hoo +dul, £€OL", (28)
where o is a closed m-form on'Y. Any 6-closed form ¢ € OF™ is split into
¢ = hoo +dué, k=0, &€ 0Oyt (29)
6= o(0) +0(6), k=1, €€ 0%, (30)
¢=0(0)+6(), k>1, §€Ep, (31)

where o is a closed (n+ k)-form on Y.
One can think of the elements

L=LweO%, L= (-1)MNd\(0}L)0' Nwe By, w=dz' A+ Ada",
[A]>0

of the variational complex (22) as being a finite order Lagrangian and its Euler—
Lagrange operator, respectively. Then the following are corollaries of Theorem 8:

Corollary 10. (i) A finite order Lagrangian L € O%™ is variationally trivial, i.e.

O(L) =0 iff
L =hoo+dul, £€0%, (32)
where o 1s a closed n-form on 'Y .

(ii) A finite order Euler—Lagrange-type operator £ € Eq satisfies the Helmholtz
condition §(E) = 0 iff

E=0(L)+o(o), LecO%",
where o is a closed (n+ 1)-form on Y.

Corollary 11. The exactness of the row of one-contact forms of the variational
bicomplex (21) at the term OL™ relative to the projector o provides the R-module
decomposition

OL" =E,@dy(OL" ).
Given a Lagrangian L € O%", we have the corresponding decomposition

dL = 6L — dyZ. (33)
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The form = in the decomposition (33) is not uniquely defined. It reads
== ZFiAuS...ulglilsmyl Awy, inuk...ul _ a;/kulﬁ - d)\Fi)\uk...Vl + h;/k...ul’
s=0
wy = 8AJw,
where local functions h € OY obey the relations hY = 0, hgyk”k’l)"'ul = 0. It follows
that =5, = Z + L is a Lepagean equivalent of a finite order Lagrangian L [17].

The decomposition (33) leads to the global first variational formula and the first
Noether theorem as follows:

Theorem 12. Given a Lagrangian L = Lw € O%", its Lie derivative L,L along a

contact derivation v (16) fulfils the first variational formula
LyL = vy |6L + du(ho(¥]ZEL)) + Ldv (v |w), (34)

where Zp, is a Lepagean equivalent.

Proof. The formula (34) comes from the splitting of (33) and the relation (17) as
follows:
LyL = 9|dL +d(V|L) = [vy]dL — dy L A vy |w] + [du(ve | L) + dv(Lon |w)]
= vy |dL + du(vu]L) + Ldv (v |w) = vy |6L — vy |duZ + du (v | L)
+ Ldvy (vh |w)
= vy ]OL +du(vv]E +vu]L) + Ldv(va]w),

where vy |2 = ho(?]Z) since E is a one-contact form, vy|L = ho(v]L), and
+ L. o

L =

[1]
(1]

A contact derivation ¢ (14) is called a variational symmetry of a Lagrangian L
if the Lie derivative LyL = du€ is dg-exact. A glance at the expression (34) shows
that: (i) a contact derivation ¥ is a variational symmetry only if it is projected onto
X (i.e. its components ¥* depend only on coordinates of X), (ii) ¥ is a variational
symmetry iff its vertical part vy is well, (iii) it is a variational symmetry iff the
density vy |dL is dy-exact.

Theorem 13. If a contact derivation ¥ (14) is a wvariational symmetry of a
Lagrangian L, the first variational formula (34) restricted to Ker 6L leads to the
weak conservation law

Remark 2. Let a contact derivation ¥ (14) be the jet prolongation of a vector field
Y20y + 19°0; on Y. If ¥ is a variational symmetry of a Lagrangian L, then it is also
a symmetry of the Euler—Lagrange operator L of L, i.e. LydL = 0 by virtue of
the equality LydL = 6(LyL). However, this equality fails to be true in the case of
generalized symmetries [25].
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6. Polynomial Variational Bicomplex

Let Y — X be an affine bundle. Since X is a strong deformation retract of Y, the de
Rham cohomology of Y and, consequently, J>°Y equals that of X. An immediate
consequence of this fact is the following cohomology isomorphisms:

H"(du; O%) = HS'(X),  H°(6;0%) = H"(X),  H"(50%)=0.
It follows that every du-closed form ¢ € O%™<" is represented by the sum
¢=0+du, €O, (35)

where o is a closed form on X. Similarly, any variationally trivial Lagrangian takes
the form

L=o+dué, £ecO%,

where o is a closed n-form on X.
Let us restrict our consideration to the short variational complex

0—R— 00 WE0L.. o g (36)
and the similar complex of sheaves
0—-R—30 Mgol  dHgond g (37)

In the case of an affine bundle Y — X, we can lower this complex onto the base X
as follows.

Let us consider the open surjection 7% : J*Y — X and the direct image
X, = %L on X of the sheaf T . Its stalk over a point x € X consists of the
equivalence classes of sections of the sheaf % which coincide on the inverse images
(7°°)~Y(U,) of neighborhoods U, of z. Since 7°R = R, we have the following
complex of sheaves on X:

OHRH%&@’x&lﬁ"'@x&niW?GL (38)

Every point € X has a base of open contractible neighborhoods {U,} such that
the sheaves T%* of Q% -modules are acyclic on the inverse images (7°°)~(U,) of
these neighborhoods. Then, in accordance with the Leray theorem [16], cohomol-

ogy of J®Y with coefficients in the sheaves TU* are isomorphic to that of X with
0,%

coefficients in their direct images X%, i.e. the sheaves X%* on X are acyclic. Fur-
thermore, Lemma 7 also shows that the complexes of sections of sheaves T%* over
(78°)~1(U,) are exact. It follows that the complex (38) on X is exact at all terms,
except R, and it is a resolution of the constant sheaf R on X. Due to the R-algebra
isomorphism Qf = T'(X%,), one can think of the short variational subcomplex of
the complex (24) as being the complex of the structure algebras of the sheaves in
the complex (38) on X.

Given the sheaf X7 on X, let us consider its subsheaf % of germs of exterior

forms which are polynomials in the fiber coordinates v, |A| > 0, of the topological
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fiber bundle J*°Y — X. This property is coordinate-independent due to the tran-
sition functions (7). The sheaf % is a sheaf of C*°(X)-modules. The DGA P% of
its global sections is a C'°°(X)-subalgebra of QF . We have the subcomplex

0— R— PO, HpQl . Bp0n oo (39)

of the complex (38) on X. As a particular variant of the algebraic Poincaré lemma,
the exactness of the complex (39) at all terms, except R, follows from the form
of the homotopy operator for di or can be proved in a straightforward way [3].
Since the sheaves P%* of C°°(X)-modules on X are acyclic, the complex (39) is a
resolution of the constant sheaf R on X. Hence, cohomology of the complex

0— R— PO % pord dipon 3 g (40)

of the DGAs P%<" equals the de Rham cohomology of X. It follows that every
dy-closed polynomial form ¢ € P%™<" is decomposed into the sum

¢=0+dul, €€PL", (41)

where o is a closed form on X.

Let PX be C°°(X)-subalgebra of the polynomial algebra P% which consists of
exterior forms which are polynomials in the fiber coordinates y}. Obviously, P
is a subalgebra of OF . Finally, one can show that PZ have the same cohomology
as P* i.e. if ¢ in the decomposition (41) is an element of P%* then ¢ is so. The
proof of this fact follows the proof in Appendix D, but differential forms on X (not
J°Y) are also considered.

7. Differential Calculus on Graded Manifolds

We restrict our consideration to graded manifolds (Z, ) with structure sheaves 2
of Grassmann algebras of finite rank [4,15]. By a Grassmann algebra over a ring
K is meant a Zg-graded exterior algebra of some K-module. The symbol [-] stands
for the Grassmann parity.

Treating Lagrangian systems of odd variables on a smooth manifold, we are
based on the following variant of the Serre-Swan theorem [6].

Theorem 14. Let Z be a smooth manifold. A graded commutative C*(Z)-algebra
A is isomorphic to the algebra of graded functions on a graded manifold with a body
Z iff it is the exterior algebra of some projective C°°(Z)-module of finite rank.

Proof. The proof follows at once from the Batchelor theorem [4] and the classical
Serre-Swan theorem generalized to an arbitrary smooth manifold [15,26]. By virtue
of the first one, any graded manifold (Z,2) with a body Z is isomorphic to the one
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(Z,2Uq), modeled over some vector bundle @ — Z, whose structure sheaf 2 is the
sheaf of germs of sections of the exterior bundle

2
ANQ"=REQ"ONQ"D---, (42)
Z Z Z

where Q* is the dual of @ — Z. The structure ring A of graded functions (sections
of Ag) on a graded manifold (Z,2¢) consists of sections of the exterior bundle (42).
The classical Serre-Swan theorem states that a C'*°(Z)-module is isomorphic to the
module of sections of a smooth vector bundle over Z iff it is a projective module of
finite rank. O

Assuming that Batchelor’s isomorphism is fixed from the beginning, we associate
to (Z,2¢) the following DBGA S*(Q; Z] [4,15]. Let us consider the sheaf 92 of
graded derivations of 2. One can show that its sections over an open subset U C Z
exhaust all graded derivations of the graded commutative R-ring Ay of graded
functions on U [4]. Global sections of 92 make up the real Lie superalgebra 2.4¢
of graded derivations of the R-ring Ag, i.e.

u(ff) = u()f + )M fu(f),  f € Ag, u e Ag.

Then one can construct the Chevalley-Eilenberg complex of 0.4 with coefficients in
Ag [11]. Its subcomplex $*[Q; Z] of Ag-linear morphism is the Grassmann-graded
Chevalley—Eilenberg differential calculus

0—R— A L8Qi 2] % s*FQ; 2] % (43)

over a graded commutative R-ring Ag [15]. The Chevalley—Eilenberg coboundary
operator d and the graded exterior product A make $*[Q; Z] into a DBGA whose
elements obey the relations

GA G = (—1)Ie1 1+ 57 A dpnd)=dpnd + (—DIlpAnde.  (44)

Given the DGA O*Z of exterior forms on Z, there are the canonical monomorphism
0*Z — §*|Q; Z] and the body epimorphism S*[Q; Z] — O*Z which are cochain
morphisms.

Lemma 15. The DBGA §*[Q; Z] is a minimal differential calculus over Ag, i.e.
it is generated by elements df, f € Ag.

Proof. One can show that elements of 0.4¢g are represented by sections of some
vector bundle over Z, i.e. 0 Ag is a projective C*°(Z)- and Ag-module of finite rank,
and so is its Ag-dual S*[Q; Z] [14,15]. Hence, 0Aq is the Ag-dual of S'[Q; Z] and,
consequently, S'[Q; Z] is generated by elements df, f € Ag [15]. O

This fact is essential for our consideration because of the following [15]:

Lemma 16. Given a ring R, let K, K' be R-rings and A, A" the Grassmann
algebras over K and K', respectively. Then any homomorphism p : A — A’ yields
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the homomorphism of the minimal Chevalley—Eilenberg differential calculus over a
Zo-graded R-ring A to that over A’ given by the map da — d(p(a)), a € A. This
map provides a monomorphism if p is a monomorphism of R-algebras.

One can think of elements of the DBGA §*[Q; Z] as being Grassmann-graded or,
simply, graded) differential forms on Z as follows. Given an open subset U C Z, let
Ay be the Grassmann algebra of sections of the sheaf ¢ over U, and let S*[Q; U] be
the corresponding Chevalley—FEilenberg differential calculus over Ay . Given an open
set U’ C U, the restriction morphisms Ay — Ay yield the restriction morphism of
the DBGAs §*[Q; U] — S*[Q;U’]. Thus, we obtain the presheaf {U,S*[Q; U]} of
DBGAs on a manifold Z and the sheaf G*[Q; Z] of DBGAs of germs of this presheaf.
Since {U, Ay} is the canonical presheaf of the sheaf 2, the canonical presheaf of
6*(Q; Z] is {U, 8*|Q; U]}. In particular, $*[Q; Z] is the DBGA of global sections of
the sheaf &*[Q; Z], and there is the restriction morphism S*[Q; Z] — S*[Q; U] for
any open U C Z.

Due to this restriction morphism, elements of the DBGA S§*[Q; Z] can be writ-
ten in the following local form. Given bundle coordinates (z4,¢®) on @ and the
corresponding fiber basis {c?} for Q* — X, the tuple (24,c?) is called a local
basis for the graded manifold (Z,2g) [4]. With respect to this basis, the graded
functions read

1
fzzyfaln.akcal---cak’ (45)
k=0

where f,,...q, are smooth real functions on Z, and we omit the symbol of the exterior
product of elements ¢*. Due to the canonical splitting V@Q = @ x @, the fiber basis
{04} for vertical tangent bundle VQ — @ of @ — Z is the dual of {¢*}. Then
graded derivations take the local form u = u*94 +u®9,, where u* and u® are local
graded functions. They act on graded functions (45) by the rule

w(fa pc®--- ) = uAaA(fa___b)ca coch udfa,,.badj (). (46)

Relative to the dual local bases {dz} for T*Z and {dc’} for Q*, graded one-forms
read ¢ = ¢padz? + ¢odc®. The duality morphism is given by the interior product

ulp =uga+ (~1)lug,, weddo, ¢€S'Q;52).

The Chevalley—Eilenberg coboundary operator d, called the graded exterior dif-
ferential, reads

dp = dz NOad + dc® A Dy,

where the derivations 94 and 0, act on coefficients of graded differential forms by
the formula (46), and they are graded commutative with the graded differential
forms dz# and dc®.

Since $*[Q; Z] is a DBGA of graded differential forms on Z, one can obtain its
de Rham cohomology by means of the abstract de Rham theorem as follows:
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Theorem 17. The cohomology of the de Rham complex (43) of the DBGA S§*|Q; Z]
equals the de Rham cohomology of the body Z.

Proof. We have the complex
0—R-6&"Q;2] 5 6'Q: 2] - &F[Qs 2] - (47)

of sheafs of germs of graded differential forms on Z. Its members &*[Q; Z] are
sheaves of C*°(Z)-modules on Z and, consequently, are fine and acyclic. Further-
more, the Poincaré lemma for graded differential forms holds [4]. It follows that the
complex (47) is a fine resolution of the constant sheaf R on the manifold Z. Then,
by virtue of Theorem 26, there is an isomorphism

H*(8%(Q; Z]) = H*(Z;R) = Hpgr(2) (48)

of the cohomology of the complex (43) to the de Rham cohomology of Z. Moreover,
the cohomology isomorphism (48) accompanies the cochain monomorphism of the
de Rham complex of O*Z to the complex (43). Hence, any closed graded differential
form is split into a sum ¢ = o 4+ d§ of a closed exterior form o on Z and an exact
graded differential form. O

8. Graded Infinite Order Jet Manifold

As was mentioned above, we consider graded manifolds of jets of smooth fiber bun-
dles, but not jets of fibered graded manifolds. To motivate this construction, let us
return to the case of even variables when Y — X is a vector bundle. The jet bundles
J*¥Y — X are also vector bundles. Let P*, C O be a subalgebra of exterior forms
on these bundles whose coefficients are polynomial in fiber coordinates. In partic-
ular, P2 is the ring of polynomials of these coordinates with coefficients in the
ring C*°(X). One can associate to such a polynomial of degree m, a section of the
symmetric product V™(J*Y)* of the dual to some jet bundle J*Y — X, and wice
versa. Moreover, any element of P% is an element of the Chevalley—Eilenberg dif-
ferential calculus over P2 . Following this example, let F' — X be a vector bundle,
and let us consider graded manifolds (X, A7) modeled over the vector bundles
J"F — X. There is a direct system of the corresponding DBGAs

S*F; X] =S [ F; X] = - S* T F; X] = -,

whose direct limit S [F; X] is the Grassmann-graded counterpart of an even
DGA PZL.

In a general setting, let us consider a composite bundle FF — Y — X where F —
Y is a vector bundle provided with bundle coordinates (2, 3%, ¢*). Jet manifolds
J'F of F — X are vector bundles J'F — J"Y coordinated by (2,v%,q%), 0 <
[A] < r. Let (J7Y,%,) be a graded manifold modeled over this vector bundle.
Its local basis is (2, y4%,¢%), 0 < |A] < r. Let S}[F;Y] be the DBGA of graded
differential forms on the graded manifold (J"Y,2L,.).
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There is an epimorphism of graded manifolds (J™ 1Y, 2,.11) — (J"Y,2,.),
seen as local-ringed spaces. It consists of the surjection 777! and the sheaf
monomorphism 77 F1*2,. — 2,1, where 7/ t1*2(,. is the pull-back onto J 1Y
of the topological fiber bundle 2, — J"Y. This sheaf monomorphism induces the
monomorphism of the canonical presheaves A, — ﬁT_H, which associates to each
open subset U C J"'Y the ring of sections of 2, over n/t1(U). Accordingly,
there is the monomorphism of graded commutative rings A, — A,41. By virtue of
Lemmas 15 and 16, this monomorphism yields the monomorphism of DBGAs

SEES Y] = S [F Y] (49)

As a consequence, we have the direct system (2) of DBGAs. Its direct limit % [F; Y]
is a DBGA of all graded differential forms ¢ € S*[F,; J"Y] on graded manifolds
(J"Y,2,) modulo monomorphisms (49). Its elements obey the relations (44).

The monomorphisms O — S’[F;Y] provide a monomorphism of the direct
system (4) to the direct system (2) and, consequently, the monomorphism

OLY — SLIF;Y] (50)
of their direct limits. In particular, 8% [F; Y] is an OY Y-algebra. Accordingly, the
body epimorphisms S?[F; Y] — O} yield the epimorphism of 0% -algebras

SLIF;Y] — OL. (51)
The morphisms (50) and (51) are cochain morphisms between the de Rham complex
(9) of the DGA O%_ and the de Rham complex

0-R-SUIFY]SSLIF: Y] LSk [FY]—- (52)
of the DBGA S [F; Y]. Moreover, the corresponding homomorphisms of cohomol-

ogy groups of these complexes are isomorphisms as follows:

Theorem 18. There is an isomorphism
HY(SLIFY]) = HY(Y) (53)

of cohomology H*(SX [F;Y]) of the de Rham complex (52) to the de Rham coho-
mology HER(Y) of Y.

Proof. The complex (52) is the direct limit of the de Rham complexes of the
DBGAs S}[F;Y]. Therefore, the direct limit of cohomology groups of these com-
plexes is the cohomology of the de Rham complex (52). By virtue of Theorem 17,
cohomology of the de Rham complex of S¥[F;Y] for any r equals the de Rham
cohomology of J"Y and, consequently, that of Y, which is the strong deformation
retract of any J"Y. Hence, the isomorphism (53) holds. O

It follows that any closed graded differential form ¢ € S [F;Y] is split into the
sum ¢ = do + d€ of a closed exterior form ¢ on Y and an exact graded differen-
tial form.



Graded Infinite Order Jet Manifolds 1353

One can think of elements of S¥ [F;Y] as being graded differential forms on
the infinite order jet manifold J*°Y. Indeed, let G:[F;Y]| be the sheaf of DBGAs
on J'Y and @: [F;Y] its canonical presheaf. Then the above-mentioned presheaf
monomorphisms 2, — %A, 1, yield the direct system of presheaves

S[F;Y]| -6 [F;Y] > G.F;Y]— -, (54)

whose direct limit @; [F;Y] is a presheaf of DBGAs on the infinite order jet mani-
fold J°Y. Let T*_[F; Y] be the sheaf of DBGAs of germs of the presheaf &._[F;Y].
One can think of the pair (J*Y, T [F;Y]) as being a graded manifold, whose body
is the infinite order jet manifold J*°Y and the structure sheaf T [F; Y] is the sheaf
of germs of graded functions on graded manifolds (J"Y,2,.). We agree to call it
the graded infinite order jet manifold. The structure module Q% [F';Y] of sections
of TL[F;Y] is a DBGA such that, given an element ¢ € QX [F;Y] and a point
z € J*®Y, there exist an open neighborhood U of z and a graded exterior form
#*) on some finite order jet manifold J*Y so that ¢|y = W,‘jo*qﬁ(k) |- In particular,
there is the monomorphism S [F;Y] — QX [F;Y].

Due to this monomorphism, one can restrict SX [F;Y] to the coordinate chart
(7) and say that S* [F;Y] as an OY Y-algebra is locally generated by the elements

(1,cf\,da:>‘,0j‘{ =dc} — c‘;\JrAdx”\,Hf\ = dyf\ — y§\+AdxA), 0 <A,

where ¢}, 6% are odd and da?, 0 are even. We agree to call (v, c®) the local basis
for S [F;Y]. Let the collective symbol s# stand for its elements. Accordingly, the
notation sﬁ and 0;{‘ =dsy — sf+AdxA is introduced. For the sake of simplicity, we
further denote [A] = [s4].

Similarly to O, the DBGA S* [F;Y] is decomposed into S [F; Y]-modules
SETIF;Y] of k-contact and r-horizontal graded forms. Accordingly, the graded
exterior differential d on S¥ [F;Y] falls into the sum d = dug + dy of the total
and vertical differentials, where

du(¢) = da* Ada(g),  dy=0r+ D siia04.
0<[A|

Let 0SS [F;Y] be a S [F;Y]-module of graded derivation of the R-ring
SO [F;Y]. Tt is a real Lie superalgebra. Similarly to Proposition 5, one can show
that the DBGA S’ [F;Y] is minimal differential calculus over the graded com-
mutative R-ring 8% [F; Y]. The interior product 9]¢ and the Lie derivative Lyg,
¢ € SEIF;Y], ¥ € 0SL[F; Y], obey the relations

9)(pAo) = (@|¢) Ao+ (—-1)TEIg A (0]0),  ¢,0 € SLIF;Y]
Lyp = 9]do +d(9]¢), Lg(pAo)=Ly(¢) Ao+ (-1 A Ly(o).

A graded derivation ¥ € 0S [F;Y] is called contact if the Lie derivative Ly pre-
serves the ideal of contact graded forms of the DBGA S [F; Y]. With respect to the



1354 G. Sardanashuvily

local basis (2, 54, dz*, 04) for the DBGA S* [F; Y], any contact graded derivation
takes the form

0 =vp + vy =0y + [040a+ Y da(@? — 5004 | (55)
|A|>0

where vy and vy denotes its horizontal and vertical parts. Furthermore, one can
justify that any vertical contact graded derivation

0 =0404+ Y dpy00) (56)
|A]>0
satisfies the relations
V]dne = —du(V]¢), Ly(duod) =du(Lyg), ¢ € SL[F;Y]. (57)

9. Grassmann-Graded Variational Bicomplex

Similarly to the DGA 0%, the DBGA S [F;Y] is provided with the graded pro-
jection endomorphism

0= tzohohn,  Be)= Y (~DNOAA[dr(@Y0). @ € S2NFY)
k>0 0<[A]

such that g o dg = 0 and the nilpotent graded variational operator § = g o d. With
these operators the bicomplex BGDA S%[F;Y] is completed to the Grassmann-
graded variational bicomplex. We restrict our consideration to its short variational
subcomplex

0—R—S[F; V] LB SUF; Y] S0 [F; V]S By,
E; = o(Sy"[F;Y]), (58)
and its subcomplex of one-contact graded forms
0— SLO[F; V] B SLYF; Y] B S [F: Y] S By — 0. (59)
One can think of its even elements

L=LweSY'[F;Y], SL=0*AEsw= Y (-1)Mo* Adp(OAL)w € By (60)
0<[A]
as being a Grassmann-graded Lagrangian and its Euler-Lagrange operator,
respectively.

Theorem 19. Cohomology of the complex (58) equals the de Rham cohomology
HiR(Y) of Y. The complex (59) is exact.

The proof of Theorem 19 follows the scheme of the proof of Theorem 8. It falls
into three steps.
(i) We start with showing that the complexes (58) and (59) are locally exact.
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Lemma 20. IfY = R""* — R", the complex (58) at all terms, except R, is exact.

Proof. Referring to [3,10] for the proof, we summarize a few formulas. Any hori-
zontal graded form ¢ € S&* admits the decomposition

b6=do+d / S saan, (61)

0<|A|

where ¢g is an exterior form on R"**. Let ¢ € S%™<" be dy-closed. Then its
component ¢y (61) is an exact exterior form on R"™* and ¢ = dgé, where ¢ is
given by the following expressions. Let us introduce the operator

D+u¢ / d/\zké(méal,. . 1/\8((11 . 1)8“1 uk(b(xu Asy, dat).  (62)

0<k

The relation [D1, du]g = (555 holds, and leads to the desired expression
&= Z — 1) D+”Pk8 J(b Py=1, P.=d,, ---d, D" ... D" (63)
m+ k b ? 1 k

Now, let ¢ € S%™ be a graded density such that d¢ = 0. Then its component ¢g
(61) is an exact n-form on R"™* and ¢ = dgé&, where ¢ is given by the expression

=3 X ()P (o4

|A[>0 S+E=A
Since elements of S are polynomials in s%, the sum in the expression (63) is
finite. However, the expression (63) contains a dyg-exact summand which prevents

its extension to O% . In this respect, we also quote the homotopy operator (5.107)
in [25] which leads to the expression

! d\
g:/o 16)(a# s o) S (65)

16)= 3 Y ety | 3 ap A R = 0,00

=1
il m+ |[A]+ 1 o<l (b+ A=
where Al = A, -~ A, ! and A, denotes the number of occurrences of the index
in A [25]. The graded forms (64) and (65) differ in a dg-exact graded form. m|

Lemma 21. IfY = R""* — R", the complex (59) is exact.



1356 G. Sardanashvily

Proof. The fact that a dy-closed graded (1,m)-form ¢ € SL™<" is dy-exact is
derived from Lemma 20 as follows. We write

=Y ohAoR, (66)

where qﬁﬁ € 8% are horizontal graded m-forms. Let us introduce additional vari-
ables Ef of the same Grassmann parity as sf. Then one can associate to each
graded (1, m)-form ¢ (66) a unique horizontal graded m-form

6=> ohsn, (67)

whose coefficients are linear in the variables 54, and wice versa. Let us consider the
modified total differential

- =A
dH:dH‘f'de)\/\ Z §§+A6A7
0<|A|

acting on graded forms (67), where ah 4 is the dual of d54. Comparing the equality
stA = da? s)\JrA and the last equality (18), one can easily justify that dp¢ = due.
Let a graded (1, m)-form ¢ (66) be dg-closed. Then the associated horizontal graded
m-form ¢ (67) is dy-closed and, by virtue of Lemma 20, it is dg-exact, i.e. ¢ = dyé,
where ¢ is a horizontal graded (m —1)-form given by the expression (63) depending
on additional Varlables 54 A - A glance at this expression shows that, since ¢ is linear
in the variables 54, so is £ = . €454, Tt follows that ¢ = dg& where & = 3~ €A A04.
It remains to prove the exactness of the complex (59) at the last term Eq. If

o(o) = Y (~)MeA A [da(@4]0)] = Y (=DM A fdrohlw =0, o€ SL
0<[A| 0<[A|
a direct computation gives

o = dut, =30 > (—)PFed Adsoly . (68)

0<|A| S+E=A O

Remark 3. The proof of Lemma 21 fails to be extended to complexes of higher
contact forms because the products 64 A 05 and s4sE obey different commuta-
tion rules.

(i) Let us now prove Theorem 19 for the DBGA QX [F;Y]. Similarly to
SLIF;Y], the sheaf T) [F;Y] and the DBGA QX [F;Y] are split into the
Grassmann-graded variational bicomplexes. We consider their subcomplexes

0-R—T0[FY]E0 R Y] B0 y] S e, 69

0— LR Y] Bl F Y] Ml F Y] S ¢ — 0, 70

(69)
(70)
0—R— Q° [F;Y] % QUL[F,; Y] 1 Q0n (P Y] ST (), (71)
(72)

0— QLIF; Y] BQLIF; Y- Q}g[F;Y] L1(¢)) -0, 72
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where €; = o(TL"[F;Y]). By virtue of Lemmas 20 and 21, the complexes (69)
and (70) at all terms, except R, are exact. The terms T%*[F;Y] of the complexes
(69) and (70) are sheaves of Q% -modules. Since J*Y admits the partition of unity
just by elements of Q% , these sheaves are fine and, consequently, acyclic. By virtue
of the abstract de Rham theorem (see Appendix B), cohomology of the complex
(71) equals the cohomology of J*Y with coefficients in the constant sheaf R and,
consequently, the de Rham cohomology of Y in accordance with isomorphisms (8).
Similarly, the complex (72) is proved to be exact.

(ii) It remains to prove that cohomology of the complexes (58) and (59) equals
that of the complexes (71) and (72). The proof of this fact straightforwardly follows
the proof of Theorem 8, and it is a slight modification of the proof of [14], Theorem
4.1, where graded exterior forms on the infinite order jet manifold J°°Y of an affine
bundle are treated as those on X.

Proposition 22. Every dy-closed graded form ¢ € SE™<"[F;Y] falls into the sum
¢ =hoo +dug, &€ SY"TIF;Y], (73)

where o is a closed m-form on'Y . Any §-closed graded density (e.g. a variationally
trivial Grassmann-graded Lagrangian) L € SG"[F;Y] is the sum

L =hoo +dug, &eSYF;Y], (74)

where o is a closed n-form on Y. In particular, an odd §-closed graded density is
always dy-ezxact.

Proof. The complex (58) possesses the same cohomology as the short variational
complex

0—R— 00 WE0L.. o g (75)

of the DGA O} . The monomorphism (50) and the body epimorphism (51) yield
the corresponding cochain morphisms of the complexes (58) and (75). Therefore,
cohomology of the complex (58) is the image of the cohomology of OF,. O

The global exactness of the complex (59) at the term SL"[F;Y] results in the
following [14].

Proposition 23. Given a Grassmann-graded Lagrangian L = Lw, there is the
decomposition

dL = 6L — dyZ, EeSL" Y F;Y], (76)
== Z@A - A Fj{us"'l’lw,\, F,kayl _ 8kal/1£ _ d/\Fz\l/kal + hzkmy17 (77)

Vs
s=0

where local graded functions h obey the relations hY = 0, hg”’“”’“‘l)"'ul =0.
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Note that, locally, one can always choose E (77) where all functions A vanish.
The decomposition (76) leads to the global first variational formula for
Grassmann-graded Lagrangians as follows [5, 14].

Proposition 24. Let 9 € 08 [F;Y] be a contact graded derivation (55) of the
R-ring S [F;Y]. Then the Lie derivative LyL of a Lagrangian L fulfills the first
variational formula

LyL = Oy |6L + dig(ho(9|EL)) + dv (Ix |w)L, (78)

where Z;, = = + L is a Lepagean equivalent of L given by the coordinate expres-
sion (77).

Proof. The proof follows from the splitting (76) similarly to the proof of
Proposition 12. O

A contact graded derivation ¥ (55) is called a variational symmetry of a
Lagrangian L if the Lie derivative LyL = dy§ is dg-exact. A glance at the expres-
sion (78) shows that: (i) a contact graded derivation ¥ is a variational symmetry
only if it is projected onto X, (ii) ¢ is a variational symmetry iff its vertical part
vy is well, (iii) it is a variational symmetry iff the density vy |dL is dy-exact.

Theorem 25. If a contact graded derivation ¥ (55) is a variational symmetry of
a Lagrangian L, the first variational formula (34) restricted to Ker 0L leads to the
weak conservation law

Remark 4. If Y — X is an affine bundle, one can consider the subalgebra
P[F;Y] C S[F;Y] of graded differential forms whose coefficients are polynomi-
als in fiber coordinates of Y — X and their jets. This subalgebra is also split into
the Grassmann-graded variational bicomplex. One can show that, the cohomology
of its short variational subcomplex as like as that of the complex (40) equals the
de Rham cohomology of X.

10. Appendixes
10.1. Appendix A

To show that Y is a strong deformation retract of J*°Y, let us construct a homotopy
from J*°Y to Y in an explicit form. Let ), & < 1, be a global sections of the
affine jet bundles J*Y — J*~1Y. Then, we have a global section

v:Y 3 (2t y") = (@ ¥ yh = vaph o Yal—1) © 0 vy) € Y (79)
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of the open surjection 7g° : J*Y — Y. Let us consider the map

[0,1] x J®Y 3 (27,97, y)) — (@, ¢y, y)) € IV, 0< Al

A A . o (80)

U = Feyh + (1= f)ymh @' 0%),  [SI<k=Al

where fi () is a continuous monotone real function on [0, 1] such that
. 0 t<1-27% <l
fk()_ 1 t21—27(k+1). ( )

A glance at the transition functions (7) shows that, although written in a coordinate
form, this map is globally defined. It is continuous because, given an open subset
U, C J*Y, the inverse image of the open set (75°)~1(U,) C J®V, is the open
subset
(trs 1] % (M) ™H(UR) U (b1, 1] % (1221) ™ (e [Uk Ny (JE YD U -
U[0,1] x (7%) ™ (w6 [Uk N vy © -+ 0 vy (V)])

of [0,1] x J*Y, where [t,, 1] = supp f,. Then, the map (80) is a desired homotopy
from J*°Y to Y which is identified with its image under the global section (79).

10.2. Appendix B

We quote the following minor generalization of the abstract de Rham theorem ( [20],
Theorem 2.12.1) [13,28]. Let

h ho ht hP—1 h?
0—-85—=5—=5—— S—5S+, p>1,

be an exact sequence of sheaves of Abelian groups over a paracompact topological
space Z, where the sheaves S, 0 < g < p, are acyclic, and let

h h? hL 2! h?
0—-1(Z,5)=T(Z,8)—=T(Z,5)—=-- = I(Z,S,) = T(Z, Sp+1) (82)
be the corresponding cochain complex of sections of these sheaves.

Theorem 26. The g-cohomology groups of the cochain complex (82) for 0 < g <p
are isomorphic to the cohomology groups H4(Z,S) of Z with coefficients in the
sheaf S.

10.3. Appendix C

The sheaves €, in proof of Theorem 8 are fine as follows [13]. Though the R-modules
['(€k>1) fail to be Q% -modules [29], one can use the fact that the sheaves €4~ are
projections o(TX:") of sheaves of Q% -modules. Let {U;}ics be a locally finite open
covering of J®Y and {f; € Q% } the associated partition of unity. For any open
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subset U C J*Y and any section ¢ of the sheaf %" over U, let us put h;(¢) = fip.
The endomorphisms h; of T’;é” yield the R-module endomorphisms

¥ in hl o
hi =p0h;: ekﬁs’;;,"ﬂs’;"ﬁek

of the sheaves €. They possess the properties required for &, to be a fine sheaf.
Indeed, for each i € I, supp f; C U; provides a closed set such that h; is zero outside
this set, while the sum ), h; is the identity morphism.

10.4. Appendixz D

Let the common symbol D stand for dy and §. Bearing in mind decompositions
(28)—(31), it suffices to show that if an element ¢ € O is D-exact in the algebra
Q% then it is so in the algebra O} . Lemma 7 states that, if Y is a contractible
bundle and a D-exact form ¢ on J*°Y is of finite jet order [¢] (i.e. ¢ € OF), there
exists a differential form ¢ € OF  on J*Y such that ¢ = Dy. Moreover, a glance at
the homotopy operators for dg and 0 shows that the jet order [¢] of ¢ is bounded
by an integer N ([¢]), depending only on the jet order of ¢. Let us call this fact the
finite exactness of the operator D. Given an arbitrary bundle Y, the finite exactness
takes place on J>°Y|y over any domain U C Y. Let us prove the following.

(i) Given a family {U,} of disjoint open subsets of Y, let us suppose that the
finite exactness takes place on J*®Y |y, over every subset U, from this family. Then,
it is true on J°°Y over the union U U, of these subsets.

«@
(ii) Suppose that the finite exactness of the operator D takes place on J*Y
over open subsets U, V of Y and their non-empty overlap U N V. Then, it is also
true on J¥Y |yuv.

Proof of (i). Let ¢ € Of be a D-exact form on J>Y. The finite exactness on
(7§°)~1(UU,) holds since ¢ = Dy, on every (75°)~1(Uy,) and [pa] < N([¢]).

Proof of (ii). Let ¢ = Dy € OF, be a D-exact form on J*Y. By assumption,
it can be brought into the form Dyy on (75°)~}(U) and Dey on (75°)~H(V),
where ¢ and @y are differential forms of bounded jet order. Let us consider their
difference oy — ¢y on (75°) "1 (U NV). It is a D-exact form of bounded jet order
[pr — pv] < N([¢]) which, by assumption, can be written as gy — ¢y = Do,
where o is also of bounded jet order [o] < N(N([¢])). Lemma 27 below shows that
o = oy + oy, where oy and oy are differential forms of bounded jet order on
(75°)~1(U) and (7§°)~1(V), respectively. Then, putting

¢'lv=vu — Doy, ¢'|v =¢v+ Doy,

we have the form ¢, equal to D}, on (75°)~1(U) and D¢}, on (7g°)~1(V), respec-
tively. Since the difference ¢}, — 4, on (7§°) =1 (UNV') vanishes, we obtain ¢ = D¢’
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on (75°)~H(U U V) where

; def {‘P/|U =9,
v = e 1
¢'lv =y
is of bounded jet order [¢'] < N(N([¢])).

To prove the finite exactness of D on J*°Y, it remains to choose an appropriate
cover of Y. A smooth manifold ¥ admits a countable cover {U¢} by domains U,
¢ € N, and its refinement {U;; }, where j € N and ¢ runs through a finite set, such
that U;; N U = 0, j # k [18]. Then Y has a finite cover {U; = U;U;;}. Since the
finite exactness of the operator D takes place over any domain Uy, it also holds
over any member U;; of the refinement {U;;} of {Ug} and, in accordance with item
(i) above, over any member of the finite cover {U;} of Y. Then by virtue of item
(ii) above, the finite exactness of D takes place over Y.

Lemma 27. Let U and V be open subsets of a bundle Y and o € OF a differential
form of bounded jet order on (7w5°)~H (U NV) C J®Y. Then, o is split into a sum
ou + oy of differential forms oy and oy of bounded jet order on (7§°)~*(U) and
(78°)~Y(V), respectively.

Proof. By taking a smooth partition of unity on U U V' subordinate to the cover
{U,V} and passing to the function with support in V, one gets a smooth real
function f on UUV which is 0 on a neighborhood of U —V and 1 on a neighborhood
of V—U in UUV. Let (75°)*f be the pull-back of f onto (7§°)~*(U U V). The
differential form ((75°)* f)o is 0 on a neighborhood of (75°) ~1(U) and, therefore, can
be extended by 0 to (75°)~!(U). Let us denote it oy. Accordingly, the differential
form (1 — (7§°)* f)o has an extension oy by 0 to (7§°)~1(V). Then, o = oy + ov
is a desired decomposition because oy and oy are of the jet order which does not
exceed that of o. O
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