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Graded Lagrangian formalism in terms of a Grassmann-graded variational bicomplex
on graded manifolds is developed in a very general setting. This formalism provides the
comprehensive description of reducible degenerate Lagrangian systems, characterized by
hierarchies of non-trivial higher-order Noether identities and gauge symmetries. This is
a general case of classical field theory and Lagrangian non-relativistic mechanics.
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1. Introduction

Conventional Lagrangian formalism on fiber bundles Y — X over a smooth mani-
fold X is formulated in algebraic terms of a variational bicomplex of exterior forms
on jet manifolds of sections of Y — X [2, 9, 16, 17, 19, 30, 36, 37]. The cohomol-
ogy of this bicomplex provides the global first variational formula for Lagrangians
and Fuler—Lagrange operators, without appealing to the calculus of variations. For
instance, this is the case of classical field theory if dim X > 1 and non-autonomous
mechanics if X =R [19, 20, 35].

However, this formalism is not sufficient in order to describe reducible degener-
ate Lagrangian systems whose degeneracy is characterized by a hierarchy of higher-
order Noether identities. They constitute the Koszul-Tate chain complex whose
cycles are Grassmann-graded elements of certain graded manifolds [7, 8, 19]. More-
over, many field models also deal with Grassmann-graded fields, e.g. fermion fields,
antifields and ghosts [19, 21, 35].

These facts motivate us to develop graded Lagrangian formalism of even and
odd variables [8, 17, 19, 34].

Different geometric models of odd variables are described either on graded man-
ifolds or supermanifolds. Both graded manifolds and supermanifolds are phrased
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in terms of sheaves of graded commutative algebras [5, 19]. However, graded man-
ifolds are characterized by sheaves on smooth manifolds, while supermanifolds are
constructed by gluing of sheaves on supervector spaces. Treating odd variables on a
smooth manifold X, we follow the Serre-Swan theorem generalized to graded mani-
folds (Theorem 7). It states that, if a graded commutative C°° (X )-ring is generated
by a projective C°°(X )-module of finite rank, it is isomorphic to a ring of graded
functions on a graded manifold whose body is X. In accordance with this theorem,
we describe odd variables in terms of graded manifolds [8, 17, 19, 34].

We consider a generic Lagrangian theory of even and odd variables on an n-
dimensional smooth real manifold X. It is phrased in terms of the Grassmann-
graded variational bicomplex (28) [4, 7, 8, 17, 19, 34]. Graded Lagrangians L
and Euler-Lagrange operators §L are defined as elements of terms S%"[F; Y] and
o(SL"[F;Y]) of this bicomplex, respectively. Cohomology of the Grassmann-graded
variational bicomplex (28) (Theorems 13 and 14) defines a class of variationally
trivial graded Lagrangians (Theorem 15) and results in the global decomposition
(33) of dL (Theorem 16), the first variational formula (37) and the first Noether
Theorem 20.

A problem is that any Euler-Lagrange operator satisfies Noether identities,
which therefore must be separated into the trivial and non-trivial ones. These
Noether identities obey first-stage Noether identities, which in turn are subject
to the second-stage ones, and so on. Thus, there is a hierarchy of higher-stage
Noether identities. In accordance with general analysis of Noether identities of dif-
ferential operators [33], if certain conditions hold, one can associate to a graded
Lagrangian system the exact antifield Koszul-Tate complex (62) possessing the
boundary operator (60) whose nilpotentness is equivalent to all non-trivial Noether
and higher-stage Noether identities [7, 8, 18].

It should be noted that the notion of higher-stage Noether identities has
come from that of reducible constraints. The Koszul-Tate complex of Noether
identities has been invented similarly to that of constraints under the condi-
tion that Noether identities are locally separated into independent and depen-
dent ones [4, 13]. This condition is relevant for constraints, defined by a finite
set of functions which the inverse mapping theorem is applied to. However,
Noether identities unlike constraints are differential equations. They are given
by an infinite set of functions on a Fréchet manifold of infinite-order jets where
the inverse mapping theorem fails to be valid. Therefore, the regularity condi-
tion for the Koszul-Tate complex of constraints is replaced with homology regular-
ity, Condition 27, in order to construct the Koszul-Tate complex (62) of Noether
identities.

The second Noether theorems (Theorems 32-34) is formulated in homology
terms, and it associates to this Koszul-Tate complex the cochain sequence of ghosts
(71) with the ascent operator (72) whose components are non-trivial gauge and
higher-stage gauge symmetries of Lagrangian theory.

1350016-2



Graded Lagrangian Formalism

2. Variational Bicomplex on Fiber Bundles

Given a smooth fiber bundle Y — X, the jet manifolds J"Y of its sections pro-
vide the conventional language of theory of differential equations and differential
operators on Y — X [12, 26]. Though we restrict our consideration to finite-order
Lagrangian formalism, it is conveniently formulated on an infinite-order jet mani-
fold J*°Y of Y in terms of the above-mentioned variational bicomplex of differential
forms on J°°Y. However, different variants of a variational sequence of finite jet
order on jet manifolds J"Y are also considered [1, 27, 38|.

Remark 1. Smooth manifolds throughout are assumed to be Hausdorff, second-
countable and, consequently, paracompact and locally compact, countable at infin-
ity. It is essential that a paracompact smooth manifold admits the partition of
unity by smooth functions. Given a manifold X, its tangent and cotangent bun-
dles TX and T*X are endowed with bundle coordinates (z*,3*) and (2, %)) with
respect to holonomic frames {0y} and {dz}, respectively. By A = (A;---\z),
Al = k, A+ A = (A1 -+ \), are denoted symmetric multi-indices. Summation
over a multi-index A means separate summation over each index \;.

Let Y — X be a fiber bundle provided with bundle coordinates (z*,%%). An
r-order jet manifold J"Y of its sections is provided with the adapted coordinates
(2,9, y}\)| Al<r- These jet manifolds form an inverse system

Y &gy gy I gy (1)

where 7._,, » > 0, are affine bundles. Its projective limit J*°Y is defined as a
minimal set such that there exist surjections

0 J®Y - X, a5 J®Y =Y, w:J®Y — JVY, (2)

k

obeying the relations 7.° = 77 o ¢ for all admissible k and 7 < k. One can think
of elements of J*Y as being infinite-order jets of sections of ¥ — X.

A set J>®Y is provided with the coarsest topology such that the surjections
7o (2) are continuous. Its base consists of inverse images of open subsets of J"Y,
r =0,..., under the maps n>°. With this topology, J>*Y is a paracompact Fréchet
(complete metrizable) manifold [17, 19, 37]. It is called the infinite-order jet mani-
fold. One can show that surjections 72° are open maps admitting local sections, i.e.
J*®Y — J"Y are continuous bundles. A bundle coordinate atlas {Uy, (z*,y%)} of

Y — X provides J*Y with a manifold coordinate atlas

ozxH

Wduy’i} dy = O\ + Z ?Ji—w\aiA- (3)

0<|A|

{(75) " (Uy), (=, yi) Yo<)als Y =

Theorem 2. A fiber bundle Y is a strong deformation retract of an infinite-order
jet manifold J*®Y [2, 16, 19].
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Corollary 3. By virtue of the well-known Vietoris—Begle theorem [11], there is an
1somorphism

H*(J®Y;R) = H*(Y;R) (4)

between the cohomology of J*®°Y with coefficients in the constant sheaf R and that
of Y.

The inverse sequence (1) of jet manifolds yields a direct sequence

O (X)L O (V)p Bn0f e 0r Lo (5)

of differential graded algebras (henceforth DGAs) O*(X), O*(Y), O = O*(J"Y)

*

of exterior forms on X, Y and jet manifolds J"Y, where 7]_;* are the pull-back
monomorphisms. Its direct limit O} consists of all exterior forms on finite-order jet
manifolds modulo the pull-back identification. It is a DGA which inherits operations

of an exterior differential d and an exterior product A of DGAs O}.
Theorem 4. The cohomology H*(OZ%,) of the de Rham complex

0-R—-0° L0 L, (6)
of a DGA O} equals the de Rham cohomology H\, (Y') of a fiber bundle Y [1,9, 19].

One can think of elements of O as being differential forms on an infinite-order
jet manifold J>*°Y as follows. Let & be a sheaf of germs of exterior forms on J"Y
and 6: the canonical presheaf of local sections of &. Since 7]._; are open maps,
there is a direct sequence of presheaves

& ILE L e

Its direct limit & is a presheaf of DGAs on J®Y. Let Q% be a sheaf of DGAs
of germs of & on J®Y. The structure module Q*_ = T'(Q*) of global sections
of Qf_ is a DGA such that, given an element ¢ € Q¥ and a point z € J*Y, there
exist an open neighborhood U of z and an exterior form ¢*) on some finite-order jet
manifold J*Y so that ¢|y = 75°*¢¥)|;;. Therefore, one can think of Q% as being
an algebra of locally exterior forms on finite-order jet manifolds. In particular, there
is a monomorphism Of — QF_.

A DGA Of is split into a variational bicomplex [15-17, 19]. If Y — X is a
contractible bundle R"*P — R™, a variational bicomplex is exact [30, 36]. A problem
is to determine cohomology of this bicomplex in a general case. One also considers
a variational bicomplex of a DGA QF_ [2, 37]. It is essential that a paracompact
space J®Y admits a partition of unity by elements of a ring Q% [37]. This fact
enabled one to apply the abstract de Rham theorem (Theorem A.1) in order to
obtain cohomology of a variational bicomplex Q%  [2, 37]. Then we have proved that
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cohomology of a variational bicomplex O}  equals that of a variational bicomplex
Qr [15-17, 19, 32].

Remark 5. Let Y — X be a vector bundle. Its global section constitute a projective
C°(X)-module of finite rank. The converse is also true by virtue of the well-known
Serre—Swan theorem, extended to an arbitrary manifold X [19, 31]. In this case, a
DGA O of exterior forms on Y is isomorphic to the minimal Chevalley—Eilenberg
differential calculus over a real commutative ring C*°(Y’) of smooth real functions
on Y. Jet bundles J"Y — X also are vector bundles. Then one can consider a
differential graded subalgebra P C O of differential forms whose coefficients are
polynomials in jet coordinates y4, 0 < |A| < r, on J"Y — X. In particular, P?
is a C°°(X)-ring of polynomials of coordinates y%. One can associate to such a
polynomial of degree m a section of a symmetric tensor product ?\7/L(J *Y)* of the
dual of a jet bundle J*¥Y — X, and vice versa. A DGA P* is isomorphic to the
minimal Chevalley—Eilenberg differential calculus over a real ring PY. Accordingly,
there exists a differential graded subalgebra P35, C OF of differential forms whose
coefficients are polynomials in jet coordinates y%, 0 < |A|, of the continuous bundle
J>*Y — X. This property is coordinate-independent due to the linear transition
functions (3). In particular, PY, is a ring of polynomials of coordinates 3%, 0 < |A],
with coefficients in a ring C*°(X). A DGA P2 is the direct system of the above-
mentioned DGAs PC. It is split into a variational bicomplex. Its cohomology can

be obtained [15, 17, 19, 34].

We follow this example in order to construct a Grassmann-graded variational
bicomplex.

3. Differential Calculus Over a Graded Commutative Ring

Let us start with the differential calculus over a graded commutative ring (hence-
forth GCR) as a generalization of that over a commutative ring.

By a Grassmann gradation (or, simply, a gradation if there is no danger of
confusion) throughout is meant a Zs-gradation. Hereafter, the symbol [-] stands for
a Grassmann parity.

An additive group A is said to be graded if it is a product A = Ay & A; of two
additive subgroups Ag and A; whose elements are called even and odd, respectively.

An algebra A is called graded if it is a graded additive group so that

laa] = ([a] + [a'])mod 2, a € Ay, a' € Ay

Its even part Aj is a subalgebra of A, while the odd one A; is an A-module. If
A is a graded ring, then [1] = 0. A graded ring A is called graded commutative if
aa’ = (—1)lll’]g/q,

Given a graded algebra A, an A-module @ is called graded if it is a graded
additive group such that

lag] = [ga] = ([a] + [g))mod 2, ac A, ¢eQ.
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If Ais a GCR, a graded A-module @ is usually assumed to obey the condition
qa = (—1)llldqg.

In particular, a graded R-module B = By & B is called the graded vector space.
It is said to be (n, m)-dimensional if By = R", B; = R™.

Let K be a commutative ring. A graded algebra A is said to be a K-algebra if
it is a C-module. For instance, it is called a real graded algebra if I = R.

Let A be a GCR. The following are standard constructions of new graded .A-
modules from the old ones.

e A direct sum of graded modules is defined just as that of modules over a com-
mutative ring.

e A tensor product P ® ) of graded A-modules P and @ is an additive group
generated by elements p ® q, p € P, q € Q, obeying relations

p+p)Qq=p@q+p ®q, PR(+q¢)=pRq+p{,
ap@q=(-DPlpg 2 qg=(-1)Plpgaqg, ac A

In particular, a tensor algebra ® P of a graded .A-module P is defined as that of
a module over a commutative algebra. Its quotient AP with respect to an ideal
generated by elements

pop + ()PP 9p ppeP

is a bigraded exterior algebra of a graded module P with respect to a graded
exterior product

pAp =—(=1)FFIp Ap.

e A morphism ® : P — (@ of graded A-modules seen as additive groups is said to
be an even (respectively, odd) morphism if ® preserves (respectively, change) the
Grassmann parity of all graded-homogeneous elements of P and if it obeys the
relations

o(ap) = (~1)!"ad(p), pe P acA

A morphism @ : P — @ of graded .A-modules as additive groups is called a graded
A-module morphism if it is represented by a sum of even and odd morphisms.
A set Hom 4(P, Q) of graded morphisms of P to ) is naturally a graded A-
module. A graded A-module P* = Hom 4(P,.A) is called the dual of a graded
A-module P.

A real graded algebra g is called a Lie superalgebra if its product [-, -], called
the Lie superbracket, obeys relations

[e,e] = (=) g,
(~DFEIE e, [, ] + (~DETE [ [, e]] + (- ), e, ] = 0.
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Obviously, an even part gg of a Lie superalgebra g is a Lie algebra. A graded vector
space P is called a g-module if it is provided with an R-bilinear map

gx P> (ep) —epelP, [ep]=([] +[p))mod2,
[e,e'lp= (g0 — (—1)EIET o 6)p.

Let A be a real GCR. Let P and ) be graded A-modules. The real graded
module Hompg (P, Q) of R-linear graded homomorphisms ® : P — @ can be endowed
with the two graded A-module structures

(a®)(p) = a®(p), (Pea)(p)=P(ap), ac A peP
called A- and A°®-module structures, respectively. Let us put
6,0 =a® — (-1 P eq, aec A

An element A € Homg (P, Q) is said to be a @-valued graded differential operator
of order s on P if §,4,0---00d,,A = 0 for any tuple of s+ 1 elements ay, ..., as of A.

In particular, zero-order graded differential operators coincide with graded .A-
module morphisms P — . A first-order graded differential operator A satisfies the
relation

3q 0 0y A(p) = abA(p) — (—1)PHADEpA (ap) — (—1)P2aA (bp)
b (—1)MIAHAHED — g g he A pe P

For instance, let P = A. A first-order ()-valued graded differential operator A
on A fulfills the condition

A(ab) = A(a)b + (—DIBgA D) — (=1)PIFEDIA A (1), a,b e A

It is called a Q-valued graded derivation of A if A(1) = 0, i.e. the graded Leibniz
rule

A(ab) = Ala)b + (—DBIgA®),  a,b e A,

holds. If 0 is a graded derivation of A, then a0 is so for any a € A. Hence, graded
derivations of A constitute a graded A-module ?(.A, @), called the graded derivation
module.

If @ = A, a graded derivation module 9.4 is also a real Lie superalgebra with
respect to a superbracket

[w, /] =uonw — (=) ou,  wu' € A (7)
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Then one can consider the Chevalley—Eilenberg complex C*[0.A4; A] where a real
GCR A is regarded as an d.4-module [14, 19]. It reads

0—-R-A-L A AL CP oA AL -
k
C*0A; A] = Homp (/\DA, A). (8)

k
Let us bring homogeneous elements of A0A into the form
ELN - Ep NErg1r N N€g, € € (UA)(), € € (DA)l.
Then an even coboundary operator d of the complex (8) is given by the expression

de(eqr N Nep Nep A+ Neg)

_Z ) teic(er A - o ANErANELA )

S
+ Y (—)icler A Aep ANer A€o Ne)
j=1

+ > (=D)e(lei gl Aer A BB Aer AEL A A Es)
1<i<yj<r

+ Y el AEL A A N A E e A
1<i<j<s

+ > D)l At A B Aer AL A Aey),
1<i<r,1<5<s

(9)
where the caret ~ denotes omission.

It is easily justified that the complex (8) contains a subcomplex O*[0.A] of A-
linear graded morphisms. It is provided with a structure of a bigraded A-algebra
with respect to a graded exterior product

GNP (U1, Upts)
= > Seni I b uy i ) (ugy, - ug),  (10)
1 <o ;g1 < <Js
where u1,...,u,+s are graded-homogeneous elements of 9.4 and
ZT‘]I 'js

Up A Ay = Sgnit s gy N ANug, ANugy N A,

The coboundary operator d (9) and the graded exterior product A (10) bring O*[0.A]
into a differential bigraded algebra (henceforth DBGA) whose elements obey rela-
tions

oN¢ = (~DIIIHRIG A g d(gpng') =dpnd +(~1)pndg.
It is called the graded Chevalley—Eilenberg differential calculus over a real GCR A.
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In particular, we have
O'p A = Hom 4 (0 A, A) = 0A*. (11)

One can extend this duality relation to the graded interior product of u € 0.4 with
any element ¢ € O*[d.A] by the rules

u](bda) = (—=1)"Ppu(a), a,be A,
ul(@ A @) = (u]g) A ¢ + (= 1)IPHIG A (u]¢").
As a consequence, any graded derivation u € dA of A yields a derivation
Ly =uldp+d(u|p), ¢ O PA], uecdA,
Lu(¢A¢) = Lu(¢) A¢' + (=) ALy (¢),

called the graded Lie derivative of a DBGA O*[0.A].

Note that, if A is a commutative ring, the graded Chevalley—Eilenberg differen-
tial calculus comes to the familiar one.

The minimal graded Chevalley—Eilenberg differential calculus O*A C O*[0A]
over a GCR A consists of monomials agda; A --- A dag, a; € A. The corresponding
complex

0 R—- AL 04 L. 0k L. .. (12)

is called the bigraded de Rham complex of a real GCR A.

4. Differential Calculus on Graded Manifolds

As was mentioned above, we follow Serre-Swan Theorem 7 below and consider a
real GCR A of graded functions on a graded manifold. Then the minimal graded
Chevalley—Eilenberg differential calculus O*A over A is a DBGA of graded exterior
forms on this graded manifold [17, 19, 34].

A real GCR A is called the Grassmann algebra if it is a free ring such that

A=A® A =R (A)?) & Ay,

i.e. a Grassmann algebra is generated by the unit element 1 and its odd elements.
Note that there is a different definition of a Grassmann algebra [25].

Hereafter, we restrict our consideration to Grassmann algebras which are finite-
dimensional vector spaces. In this case, there exists a real vector space V such that
A = AV is its exterior algebra endowed with the Grassmann gradation

2k 2k—1
AMN=REPAV, M= 1V (13)
k=1 k=1

1350016-9



G. Sardanashuvily

One calls dim V' the rank of a Grassmann algebra A. Given a basis {c'} for a vector
space V, elements of the Grassmann algebra A (13) take the form

a = Z Z ail...ikcil ~~~ci’f,
k=0,1,... (i1--ig)
where the second sum runs through all the tuples (i1 --- i) such that no two of
them are permutations of each other.
A graded manifold of dimension (n,m) is defined as a local-ringed space (Z,%)
whose body Z is an n-dimensional smooth manifold and whose structure sheaf
A = Ay @2y is a sheaf of Grassmann algebras of rank m such that [5, 19]:

e there is an exact sequence of sheaves
0-R—-ALCF -0, R==A +(A)?,

where C7° is a sheaf of smooth real functions on Z;
e R/R?is a locally free sheaf of C°-modules of finite rank (with respect to point-

wise operations), and a sheaf 2 is locally isomorphic to an exterior product

2
CA%O (R/R?).
Sections of a sheaf 2 are called graded functions on a graded manifold (Z,2l).

They make up a real GCR 4(Z) which is a C*°(Z)-ring, called the structure ring
of (Z,20). Let us recall the well-known Batchelor theorem [5, 19].

Theorem 6. Let (Z,21) be a graded manifold. There exists a vector bundle E — Z
with an m-dimensional typical fiber V such that the structure sheaf A of (Z,2d) is
isomorphic to the structure sheaf Ap = Sxp+ of germs of sections of an exterior
bundle NE*, whose typical fiber is a Grassmann algebra A = NV*.

Though Batchelor’s isomorphism in Theorem 6 fails to be canonical, we restrict
our consideration to graded manifolds (7, g), called simple graded manifolds mod-
eled over a vector bundle £ — Z. Accordingly, the structure ring Ag of a simple
graded manifold (Z,Ag) is amodule Ag = AE*(Z) of sections of an exterior bundle
AV

The above-mentioned Serre—-Swan theorem and Theorem 6 lead to the Serre—
Swan theorem for graded manifolds [7, 19].

Theorem 7. Let Z be a smooth manifold. A C>*(Z)-GCR A is generated by some
projective C*°(Z)-module of finite rank if and only if it is isomorphic to the structure
ring A(Z) of some graded manifold (Z,2) with a body Z.

Given a simple graded manifold (Z,Ag), a trivialization chart (U; 24, y?) of a
vector bundle E — Z yields its splitting domain (U; 24, ¢*). Graded functions on
it are A-valued functions

f = Z%fm”'ak(z)cal "'Caka (14)
k=0
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where fq,...q, (2) are smooth functions on U and {¢*} is a fiber basis for E*. One calls
{24, ¢} the local basis for a graded manifold (Z,2g) [5, 19]. Transition functions
y'* = p¢(z*)y’ of bundle coordinates on E — Z yield the corresponding transfor-
mation ¢/ = pg(z*)c® of the associated local basis for a graded manifold (Z, )
and the according coordinate transformation law of graded functions (14).

Given a graded manifold (Z,2), let 924(Z) be a graded derivation module of its
real structure ring (7). Its elements are called graded vector fields on a graded
manifold (Z,2). A key point is that graded vector fields u € 0.A4g on a simple
graded manifold (Z,2g) can be represented by sections of some vector bundle as
follows [17, 19]. Due to a canonical splitting VE = E x E, the vertical tangent
bundle VE of E — Z can be provided with fiber bases {0, }, which are the duals of
bases {c®}. Then graded vector fields on a splitting domain (U; 24, ¢?) of (Z,Ug)
read

u=ud4 4+ u 0y, (15)
A u® are local A-valued functions on U. In particular,
0a00p =—=0p00,, 0400, =0,004.
The graded derivations (15) act on graded functions f € Ag(U) (14) by the rule
u( fo-.pc® - -cb) = uAaA(fa...b)ca e ukfa...bakj (c*-- ~cb). (16)

This rule implies the corresponding coordinate transformation law

where u

WA=ul, W = ptdd +utoa(pd)d

of graded vector fields. It follows that graded vector fields (15) can be represented
by sections of a vector bundle Vg which is locally isomorphic to a vector bundle
ANE* @z (E @z TZ).

Given a real GCR Apg of graded functions on a graded manifold (Z,2g) and
a real Lie superalgebra 0.Ag of its graded derivations, let us consider the graded
Chevalley-Eilenberg differential calculus

S*[E; Z] = O*[pAg] (17)
over Ap. Since a graded derivation module 0.Ag is isomorphic to a module of sec-
tions of a vector bundle Vg — Z, elements of S*[E; Z] are represented by sections
of an exterior bundle AV of the AE*-dual Vi — Z of Vg which is locally isomor-
phic to a vector bundle AE* @z (E* &z T*Z). With respect to the dual fiber bases
{dz2} for T*Z and {dc’} for E*, sections of Vg take the coordinate form

¢ = oadz + dadc®, ¢ =pg by, lu = da+pg P0a(pf)dre?,
b4, fa are local A-valued functions on U. The duality isomorphism S'[E; Z] = 0. A%
(11) is given by a graded interior product
ulg =utpa+ (=1)Plug,.

Elements of S*[E; Z] are called graded exterior forms on a graded manifold (Z,2g).
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Seen as an Apg-algebra, the DBGA S*[F;Z] (17) on a splitting domain
(U; 24, ¢) is locally generated by graded one-forms dz*, dc’ such that

dzA Ndet = —dc* A dzA, dét Nded = de? Adc.

Accordingly, the coboundary operator d (9), called the graded exterior differential,
reads

dp = dz N Osd + dc® A 0,0,

where derivatives 04, d, act on coefficients of graded exterior forms by the formula
(16), and they are graded commutative with graded forms dz4, dc®.

Lemma 8. The DBGA S*[E;Z]| (17) is a minimal differential calculus over
Ag [19].

The bigraded de Rham complex (12) of the minimal graded Chevalley—Eilenberg
differential calculus S*[E; Z] reads

0->R— AL SYE; 2] SHE 2] - (18)

Its cohomology H*(Ag) is called the de Rham cohomology of a graded manifold
(Z,2E). In particular, given a DGA O*(Z) of exterior forms on Z, there exists a
canonical monomorphism

0*(7) — S*[E; 7] (19)

and a body epimorphism S*[E; Z] — O*(Z) which are cochain morphisms of the
de Rham complex (18) and the de Rham complex of O*(Z). Then one can show
the following [19, 34].

Theorem 9. The de Rham cohomology of a graded manifold (Z,Ug) equals the de
Rham cohomology of its body Z.

Corollary 10. Any closed graded exterior form is decomposed into a sum ¢ =
o + d§ where o is a closed exterior form on Z.

5. Grassmann-Graded Variational Bicomplex

Let X be an n-dimensional smooth manifold and ¥ — X a vector bundle over X.
In Remark 5, we mention a polynomial variational bicomplex of a DGA PX . The
latter is the direct limit of DGAs P where P} is the minimal Chevalley—Eilenberg
differential calculus over a ring P° of sections of symmetric tensor products of a
vector jet bundle J"Y — X.

Let (X,2g) be a simple graded manifold modeled over a vector bundle £ — X.
Any jet bundle J"E — X is also a vector bundle. Then let (X, A ;) denote a simple
graded manifold modeled over a vector bundle J"E — X. Its structure module A jrg
is a real GCR of sections of an exterior bundle A(J"E)* where (J"E)* denotes the
dual of J"E — X. Let S*[J"E, X| be the minimal Chevalley—Eilenberg differential
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calculus over a real GCR Ajrg. It is a BGDA of graded exterior forms on a simple
graded manifold (X, A -g). There is a direct system

S*E; X| =S [J'E; X —---S*[JE; X]— -

of BGDAs S*[J"E, X|. Its direct limit S [F; X] is the Grassmann-graded coun-
terpart of the above-mentioned DGA PX. A BDGA SI [F;X] is split into a
Grassmann-graded variational bicomplex which leads to graded Lagrangian for-
malism of odd variables represented by generating elements of the structure ring
Apg of a graded manifold (X,g) [17, 19, 34].

Note that the definition of jets of these odd variables as elements of structure
rings of graded manifolds A ;- differs from that of jets of fibered-graded manifolds
[23, 29], but it reproduces the heuristic notion of jets of odd variables in Lagrangian
field theory [4, 10].

In order to formulate graded Lagrangian theory both of even and odd variables,
let us consider a composite bundle ' — Y — X where F' — Y is a vector bundle
provided with bundle coordinates (z*,y%, ¢%). Jet manifolds J"F of F — X are also
vector bundles J"F — J"Y coordinated by (z*,v%,¢%), 0 < |A| < 7. Let (J7Y, 2,
(where JUY =Y, 2y = Ax) be a simple-graded manifold modeled over such a vec-
tor bundle. Its local basis is (z*,9%,¢%), 0 < |A| < 7. Let S} [F;Y] = Sf[JF; J7Y]
denote a DBGA of graded exterior forms on a graded manifold (J"Y,%,.). In par-
ticular, there is the cochain monomorphism (19):

Or=0*JY)— SF;Y]. (20)
A surjection 77T : J"TY — J"Y yields an epimorphism of graded manifolds
(rr L wm ) (Y ) — (JTY L),

including a sheaf monomorphism 771 : 77 +1*Q( — A, 1 where 77 71*2l,. is the
pull-back onto J" 1Y of a continuous fiber bundle 2,. — J"Y . This sheaf monomor-
phism induces a monomorphism of canonical presheaves A, — 2,1, which asso-
ciates to each open subset U C J"t'Y a ring of sections of 2, over 77 T1(U).
Accordingly, there is a monomorphism

ﬂ_T‘—Fl* . SS[F’ Y] — ST.O+1[F7 Y] (21)

of structure rings of graded functions on graded manifolds (J"Y,2(.) and
(J™FYY 2, 41). By virtue of Lemma 8, the differential calculus S}[F;Y] and

Sy 1[F;Y] are minimal. Therefore, the monomorphism (21) yields a monomor-
phism of DBGAs

TSI Y] o S [F Y. (22)
As a consequence, we have a direct system of DBGAs
S F; YIS SHF Y] = ) [F Y] S SEF Y] — (23)

Its direct limit S’ [F;Y] consists of all graded exterior forms ¢ € S*[F,; J"Y] on
graded manifolds (J"Y,2,) modulo the monomorphisms (22).
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The cochain monomorphisms O} — S[F;Y] (20) provide a monomorphism of
the direct system (5) to the direct system (23) and, consequently, a monomorphism

O, — SLIF; Y] (24)

of their direct limits. In particular, S* [F;Y] is an O -algebra. Accordingly, the
body epimorphisms S [F;Y] — O} yield an epimorphism of OY_-algebras

SLIF:Y] — O~ (25)

It is readily observed that the morphisms (24) and (25) are cochain morphisms
between the de Rham complex (6) of a DGA O, and the de Rham complex

0-R—SLF;Y]-LSLIFY] - -SSP Y]— - (26)

of a DBGA S% [F;Y]. Moreover, the corresponding homomorphisms of cohomology
groups of these complexes are isomorphisms as follows.

Theorem 11. There is an isomorphism
H* (8L [F;Y]) = Hpr(Y) (27)
of the cohomology of the de Rham complex (26) to the de Rham cohomology of Y .

Proof. The complex (26) is the direct limit of the de Rham complexes of DBGAs
S}F;Y]. In accordance with the well-known theorem [19, 28], the direct limit of
cohomology groups of these complexes is the cohomology of the de Rham complex
(26). By virtue of Theorem 9, cohomology of the de Rham complex of S*[F;Y]
equals the de Rham cohomology of J"Y and, consequently, that of Y, which is
the strong deformation retract of any jet manifold J"Y because J*Y — J*~1Y are
affine bundles. Hence, the isomorphism (27) holds. a

Corollary 12. Any closed graded form ¢ € SX[F;Y] is decomposed into the sum
¢ = o + d& where o is a closed exterior form onY .

One can think of elements of S [F;Y] as being graded differential forms on
an infinite-order jet manifold J>*Y. Indeed, let GX[F;Y] be a sheaf of DBGAs
on J"Y and @: [F; Y] its canonical presheaf. Then the above-mentioned presheaf
monomorphisms A, — A, yield a direct system of presheaves

g*[F;Y]—)@T[F;Y]—) @:[F,Y]—) e
whose direct limit @; [F;Y] is a presheaf of DBGAs on an infinite-order jet mani-
fold J®V. Let Q* [F;Y] be a sheaf of DBGAs of germs of a presheaf &__[F;Y].
One can think of a pair (J*Y, Q% [F'; Y]) as being a graded-Fréchet manifold, whose
body is an infinite-order jet manifold J>°Y and a structure sheaf QY_[F’; Y] is a sheaf
of germs of graded functions on graded manifolds (J"Y,2,). The structure module
Q[P Y] =T(Q%[F;Y]) of sections of QF_[F;Y] is a DBGA such that, given an
element ¢ € Q% [F;Y] and a point z € J>Y, there exist an open neighborhood U
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of z and a graded exterior form ¢*) on some finite-order jet manifold J*Y so that
dlu = 7oy

In particular, there is a monomorphism S [F;Y]— QX [F;Y]. Due to this
monomorphism, one can restrict S [F;Y] to the coordinate chart (3) of J>®Y
and can say that S [F; Y] as an 0% -algebra is locally generated by elements

(cj{,dxA,HX = dc}y — c§+Ad:c’\,9}'X = dyf& = y§\+Ad:c)‘), 0 <A|,

where ¢4, 6% are odd and dz*, 6% are even. We agree to call (y*,c?) the local
generating basis for S* [F;Y]. Let the collective symbol s# stand for its elements.
Accordingly, the notations sﬁ of their jets and 0/‘% = dsﬁ — strAdx)‘ of contact
forms are introduced. For the sake of simplicity, we further denote [A] = [s%].

A DBGA S:[F;Y] is decomposed into SO [F;Y]-modules SE"[F;Y] of k-
contact and r-horizontal graded forms together with the corresponding projections

hy : SE[F;Y] — SE*F;Y], h™:SL[F;Y] — SY™[F;Y].

Accordingly, a graded exterior differential d on S* [F;Y] falls into the sum d =
dy + dg of a vertical graded differential

dy oh™ =h™odoh™, dy(p)=04A04p, o¢€SL[F;Y],
and a total graded differential
dpohy =hgodohy, dgohy=hood, dy(¢)=dx*Adr(e),

dy = Oy + Z strAaﬁ.
0<|A|

These differentials obey the nilpotent relations
d3; =0, di =0, dgdy+dydg =0.

A DBGA S [F;Y] is also provided with a graded projection endomorphism

1
0= 3 Too ko STONFY] - STON(EY),
k>0

o(e) = > (~1)!MNoA Alda(04]9)], ¢ € SO,

0<[A]

such that pody = 0, and with a nilpotent graded variational operator
§=pod:SY"[F;Y] — SETVE;Y).

These operators split a DBGA S%[F;Y] into a Grassmann-graded variational
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bicomplex
dv T dy T dy T —5T
0 SOl g dH gln 2 pgley g
dv dy dv -6
0—-R— ngo o ngg I, ngén — ngén (28)
T T T
0-R— 0%x)%L ox)L... ovx)L o
f f !
0 0 0

We restrict our consideration to its short variational subcomplex
0— R — S [FY] S0 8L [P Y] 0 SN [P Y] 2o o SYF: Y] (29)
and a subcomplex of one-contact graded forms
0 = SIF Y|S0 SLHE Y] - S0 S [F Y] o(SKP[F3 V) = 0. (30)

Theorem 13. Cohomology of the complex (29) equals the de Rham cohomology
of Y.

Theorem 14. The complex (30) is exact.

These theorems are proved in Appendix B.

6. Graded Lagrangian Formalism

Decomposed into the variational bicomplex, a DBGA S [F;Y] describes graded
Lagrangian theory on a graded manifold (Y,2(r). Its graded Lagrangian is defined
as an element

L=LweSF;Y], w=dz' A ANdz",
of the graded variational complex (29). Accordingly, a graded exterior form

SL=04NEaw =Y (=)M9A N dp (04 L)w € o(SL"[F;Y]) (31)
0<|A|

is said to be its graded FEuler-Lagrange operator. We agree to call a pair
(8%"[F;Y], L) the graded Lagrangian system.
The following is a corollary of Theorems 13 and B.3 [17, 19].
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Theorem 15. Every dy-closed graded form ¢ € SE™<"[F;Y] falls into the sum
¢ = hoo +du€, &€ ST F;Y],

where o is a closed m-form on Y. Any d-closed (i.e. variationally trivial) graded
Lagrangian L € SO [F;Y] is the sum

L =hoo+dy&, €€8SEMEY],
where o is a closed n-form on Y .

The exactness of the complex (30) at a term SL."[F; Y] results in the following
17, 19].

Theorem 16. Given a graded Lagrangian L, there is the decomposition
dL = 0L —dgZr, Ee€SYF;Y], (32)

SL= L+ 30k AP My, wy = 0w, (33)
s=0

FYv = QUL — dyFRVe ™ o k=1,2,.. .,

where local graded functions o obey the relations o'y = 0, 01(:’“”’“_1)"'”1 =0.

Proof. The decomposition (33) is a straightforward consequence of the exactness
of the complex (30) at a term SL"[F,Y] and the fact that o is a projector. The
coordinate expression (34) results from a direct computation

—dpE = —dp[0AFy + 02FY - 02 Fy

+ 04

Vsi1Vs "

AVS Vgl v v
o NFR7TT T Awy = [04dAF + 0 (FE 4 daFRY)
b O (BT G EA L

= [0Ad\F) + 02(04L) + - - + 07 @5 ML) 4 Aw

Vs41Vs V1

= 02 (d\F} — 0aL) Aw +dL = —6L + dL. O

The form =7, (34) provides a global Lepage equivalent of a graded Lagrangian L.

Given a graded Lagrangian system (SX [F;Y], L), by its infinitesimal transfor-
mations are meant contact graded derivations of a real GCR S [F;Y]. They con-
stitute a S [F; Y]-module 082, [F; Y] which is a real Lie superalgebra with respect
to the Lie superbracket (7). The following holds [17, 19].

Theorem 17. The derivation module 0S8, [F;Y] is isomorphic to the SO [F;Y]-
dual (SL[F;Y))* of a module of graded one-forms S:[F;Y]. It follows that a
DBGA SI [F;Y] is the minimal Chevalley—FEilenberg differential calculus over a
real GCR S [F;Y].
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Let 9]¢, ¥ € 08% [F;Y], ¢ € SL[F;Y], denote the corresponding interior prod-
uct. Extended to a DBGA SX [F;Y], it obeys the rule

I N0) = (W]¢) Ao+ (~1)/!HIVIG A (9]0),  ¢,0 € SLIF; Y.

Restricted to the coordinate chart (3) of J>*Y, the algebra S [F;Y] is a free
SY [F; Y]-module generated by one-forms da?, Hf. Due to the isomorphism stated
in Theorem 17, any graded derivation 9 € 082, [F; Y] takes the local form

0 =020\ + 9404+ Y R0, (34)
0<|A|

where 04 |dyE = 6568 up to permutations of multi-indices A and ¥. Every graded
derivation ¥ (34) yields a graded Lie derivative

Ly¢ = 9)dé + d(9]|¢), Lyg(pAo)=Ly(d) Ao+ (—1)IpALy(0),

of a DBGA S [F;Y].
A graded derivation ¥ (34) is called contact if a Lie derivative Ly preserves an
ideal of contact graded forms of a DBGA S* [F;Y]. It takes the form

¥ =vg + vy =0y + |00+ Z dp(v? — sﬁv“)@ﬁ ) (35)
|A|>0
where vy and vy denotes the horizontal and vertical parts of ¥ [17, 19]. A glance

at the expression (35) shows that a contact graded derivation ¥ is an infinite-order
jet prolongation of its restriction

v =09\ + v, (36)

to a GCR SY[F;Y]. Since coefficients ¥ and 9" depend on jet coordinates yi,
0 < |A], in general, one calls v (36) a generalized vector field.

Theorem 18. A corollary of the decomposition (33) is that the Lie derivative
of a graded Lagrangian along any contact graded derivation (35) obeys the first
variational formula

LyL = vy ]6L + dp(ho(V]EL)) + dv (va Jw)L, (37)
where Z1, is the Lepage equivalent (34) of L [6, 17].

A contact graded derivation ¢ (35) is called a variational symmetry of a graded
Lagrangian L if the Lie derivative LyL is dpg-exact, i.e. LyL = dgo.

Lemma 19. A glance at the expression (37) shows the following: (i) A contact
graded derivation V¥ is a variational symmetry only if it is projected onto X . (ii)
Any projectable contact graded derivation is a variational symmetry of a variation-
ally trivial graded Lagrangian. (iii) A contact graded derivation ¥ is a variational
symmetry if and only if its vertical part vy (35) is well. (iv) It is a variational
symmetry if and only if a graded density vy |0L is dy-ezact.
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Note that generalized symmetries of differential equations and Lagrangians of
even variables have been intensively studied [3, 26, 30].

Theorem 20. If a contact graded derivation ¥ (35) is a variational symmetry of
a graded Lagrangian L, the first variational formula (37) restricted to Ker 0L leads
to the weak conservation law

0~ dy(ho(V]EL) — 0).

For the sake of brevity, the common symbol v further stands for the generalized
graded vector field v (36), a contact graded derivation ¥ determined by v, and a
Lie derivative Ly.

A vertical contact graded derivation v = v0,4 is said to be nilpotent if v(v¢) =
0 for any horizontal graded form ¢ € S%*[F,Y]. It is nilpotent only if it is odd and
if and only if the equality v(v4) = 0 holds for all v4 [17].

«— —
Remark 21. For the sake of convenience, right derivations v = 9 4v* also are
considered. They act on graded functions and differential forms ¢ on the right by
the rules

pa—

v(¢) = do|v +d(|v), V(pAY)= (1T v(d) A +dAV(P),

Opa| D5F = 5463

7. Noether Identities

Let (SX[F;Y], L) be a graded Lagrangian system. Describing its Noether identities,
we follow the general analysis of Noether identities of differential operators on fiber
bundles [33].

Without a loss of generality, let a Lagrangian L be even. Its Euler-Lagrange
operator 0L (31) takes its values into a graded vector bundle

VF=VFe \TX —F, (38)
F

where V*F is the vertical cotangent bundle of F' — X. It however is not a vector
bundle over Y. Therefore, we restrict our consideration to the case of a pull-back
composite bundle

F=YxF'-Y =X, (39)
X
where F1 — X is a vector bundle.

Remark 22. Let us introduce the following notation. Given the vertical tangent
bundle VE of a fiber bundle £ — X, by its density-dual bundle is meant a fiber
bundle

VE =V'E® \T"X. (40)
E
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If £ — X is a vector bundle, we have
VE=ExE, E=E@N\TX,
X X

where E is called the density-dual of E. Let E = E° @x E' be a graded vector

bundle over X. Its graded density-dual is defined as E = E' &) XFO. In these terms,
we treat a composite bundle F' as a graded vector bundle over Y possessing only an
odd part. The density-dual VF (40) of the vertical tangent bundle VF of F — X
is VF (38). If F is the pull-back bundle (39), then

VF = ((Fl S V*Y) ®/\T*X) @ F! (41)
Y Y Y

is a graded vector bundle over Y. Given a graded vector bundle £ = E° @&y E!
over Y, we consider a composite bundle £ — E° — X and a DBGA

PLIE:; Y] =S5 [E; E°. (42)

Lemma 23. One can associate to any graded Lagrangian system (SX [F;Y], L) the
chain complex (43) whose one-boundaries vanish on Ker L.

Proof. Let us consider the density-dual VF (41) of the vertical tangent bundle
VF — F, and let us enlarge an original algebra S [F'; Y] to the DBGA PX [VF;Y]
(42) with a local generating basis (s4,54), [54] = ([4] + 1)mod 2. Following the
physical terminology [4, 21|, we agree to call its elements 54 the antifields of antifield
number Ant[54] = 1. A DBGA P [VF;Y] is endowed with a nilpotent right-graded
derivation § = 0 AE A, where €4 are the variational derivatives (31). Then we have
a chain complex

0 Imd<> P VE; Y], < PL[VE; Y] (43)
of graded densities of antifield number < 2. Its one-boundaries 6®, ® € PO [VF;
Y2, by very definition, vanish on KerdL. O

Any one-cycle
o = Z @A’AEAALU S 'PO%TL[W, Y]l (44)
0<|A|
of the complex (43) is a differential operator on a fiber bundle VF such that it

is linear on fibers of VF — F and its kernel contains the graded Euler-Lagrange
operator JL (31), i.e.
§0=0, > ®MdpEaw=0. (45)
0<|A]
These equalities are Noether identities of an Euler—Lagrange operator L [6, 8, 33].
In particular, one-chain ® (44) are necessarily Noether identities if they are

boundaries. Therefore, these Noether identities are called trivial. Accordingly, non-
trivial Noether identities modulo the trivial ones are associated to elements of the
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first homology H1(8) of the complex (43). A Lagrangian L is called degenerate if
there are non-trivial Noether identities.

Non-trivial Noether identities can obey first-stage Noether identities. In order to

describe them, let us assume that the module H;(9) is finitely generated. Namely,

there exists a graded projective C*° (X )-module Cy C H1(d) of finite rank possess-
ing a local basis {A,w}:
Aw= > AMSaw, AP e S [FY], (46)
0<|A

such that any element ® € H; () factorizes as
=) o"FdzAw, =S [F;Y], (47)
0<|Z|
through elements (46) of C(gy. Thus, all non-trivial Noether identities (45) result
from Noether identities
SA, = > AMNEN =0, (48)
0<|A|

called the complete Noether identities.

Lemma 24. If the homology H(9) of the complex (43) is finitely generated in
the above-mentioned sense, this complex can be extended to the one-exact chain
complex (50) with a boundary operator whose nilpotency conditions are equivalent
to the complete Noether identities (48).

Proof. By virtue of Serre-Swan Theorem 7, a graded module Cg) is isomorphic to
a module of sections of the density-dual Ey of some graded vector bundle Ey — X.
Let us enlarge P [VF;Y] to a DBGA

PLl0) = P2 [T By |. (19)
possessing the local generating basis (s?,54,¢,) where ¢, are antifields of Grass-

mann parity [¢,] = ([A,] + 1)mod 2 and antifield number Ant[¢,| = 2. The DBGA

(49) is provided with an odd right-graded derivation §y = & + 3’“Ar which is nilpo-
tent if and only if the complete Noether identities (48) hold. Then dq is a boundary
operator of a chain complex

0 Ims <& PO VE; Y& P {0}, 2P {0} (50)
of graded densities of antifield number < 3. Let H,(dy) denote its homology. We

have Hy(d9) = Hp(0) = 0. Furthermore, any one-cycle ® up to a boundary takes
the form (47) and, therefore, it is a dp-boundary

b = Z O Ed=A,w = do Z O =6, w
0<[3| 0<|x|

Hence, H1(dp) = 0, i.e. the complex (50) is one-exact. O
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Let us consider the second homology Hs(dg) of the complex (50). Its two-chains
read

=G+ H= Z GT’AEArw + Z H(A’A)(B’E)EAAEZBW. (51)
0<[A] 0<|AL ]
Its two-cycles define first-stage Noether identities
So® =0, Y GMdaAw=—3H. (52)
0<|A]|

Conversely, let the equality (52) hold. Then it is a cycle condition of the two-chains
(51).

The first-stage Noether identities (52) are trivial either if a two-cycle @ (51) is
a dp-boundary or its summand G vanishes on Ker § L. Therefore, non-trivial first-
stage Noether identities fails to exhaust the second homology Hs(dg) the complex
(50) in general.

Lemma 25. Non-trivial first-stage Noether identities modulo the trivial ones are
identified with elements of the homology Hs(80) if and only if any 6-cycle ¢ €

52;”{0}2 is a do-boundary.
Proof. It suffices to show that, if the summand G of a two-cycle ® (51) is J-exact,
then ® is a boundary. If G = §V, let us write

® =60V + (6 — 0o)V + H. (53)
Hence, the cycle condition (52) reads

6o® = 6((6 — 00)¥ + H) = 0.

Since any d-cycle ¢ € fi;n{O}g, by assumption, is §p-exact, then (§ — o)V + H
is a dp-boundary. Consequently, ® (53) is dp-exact. Conversely, let ® € ﬁin{()}g
be a é-cycle, i.e.

0P = 2@(A’A)(B’E)§AA3§§;BW = Qq)(A’A)(B’E)?AAdEng =0.

It follows that ®AM B35 = 0 for all indices (A, A). Omitting a d-boundary
term, we obtain

PAMNB DG, — GANCTE) G

Hence, ® takes the form & = GAMNTE) G2 A, Saaw. Then there exists a three-chain
U = G'AMNEEZ, 54 4w such that

50U =0 +0=>0+G'WNEg, €5 w. (54)

Owing to the equality 60® = 0, we have oo = 0. Thus, ¢ in the expression (54) is

J-exact dg-cycle. By assumption, it is dg-exact, i.e. ¢ = Jp1). Consequently, a d-cycle
® is a dp-boundary ® = jo¥ — 7). O
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A degenerate Lagrangian system is called reducible if it admits non-trivial first-
stage Noether identities.

If the condition of Lemma 25 is satisfied, let us assume that non-trivial first-stage
Noether identities are finitely generated as follows. There exists a graded projective
C*>°(X)-module C(yy C Hz(dp) of finite rank possessing a local basis {A, w}:

Apw= > ANEyw+ Dy w, (55)
0<|A|

such that any element ® € Hy(dg) factorizes as

o = Z PEd=A w, O™F € SR Y], (56)
0<|=|

through elements (55) of C(;y. Thus, all non-trivial first-stage Noether identities
(52) result from the equalities

> ATRAAA, + 6hy, =0, (57)
0<|A|

called the complete first-stage Noether identities.

Lemma 26. The one-exact complex (50) of a reducible Lagrangian system is
extended to the two-exact one (58) with a boundary operator whose nilpotency con-
ditions are equivalent to the complete Noether identities (48) and the complete first-
stage Noether identities (57).

Proof. By virtue of Serre-Swan Theorem 7, a graded module C;) is isomorphic to
a module of sections of the density-dual E; of some graded vector bundle E; — X.
Let us enlarge the DBGA P._{0} (49) to a DBGA

possessing a local generating basis {sA, SA,Cr, Cr, t where G, are first-stage Noether
antifields of Grassmann parity [¢,] = ([A,] + 1)mod2 and antifield number
Ant[é,,] = 3. This DBGA is provided with an odd right-graded derivation ¢; =

do + 3“Arl, which is nilpotent if and only if the complete Noether identities (48)
and the complete first-stage Noether identities (57) hold. Then ¢; is a boundary
operator of a chain complex

0 Im3 < PO VE, Y], 2P0 " (0}, 2P0 " (1), 2P0 (1), (58)

of graded densities of antifield number < 4. Let H,(d1) denote its homology. It is
readily observed that

Ho(61) = Ho(0), Hy(61) = Hy(dp) = 0.

1350016-23



G. Sardanashuvily

By virtue of the expression (56), any two-cycle of the complex (58) is a boundary

o= ) =N w=25 [ Y Oem,w

0<|E] 0<|E|

It follows that H2(61) = 0, i.e. the complex (58) is two-exact. O

If the third homology Hs3(d1) of the complex (58) is not trivial, its elements
correspond to second-stage Noether identities which the complete first-stage ones
satisfy, and so on. Iterating the arguments, one comes to the following.

A degenerate graded Lagrangian system (SX [F;Y],L) is called N-stage
reducible if it admits finitely generated non-trivial N-stage Noether identities, but
no non-trivial (N + 1)-stage ones. It is characterized as follows [7, 8].

e There are graded vector bundles Ey, ..., Ey over X, and a DBGA P* [VF;Y] is
enlarged to a DBGA
PN} = P [W@E)@-~@EN;Y], (59)
Y Y Y

with the local generating basis (s*,54,¢.,¢p,,...,Cry) Where €., are Noether
k-stage antifields of antifield number Ant[¢,, | = k + 2.
e The DBGA (59) is provided with the nilpotent right-graded derivation

bkr =0y =0+ Y OTAME .+ Y BTA,,, (60)
0<|A| 1<k<N
A w = Z AT w
0<|A]
+ ) (h(’”’“ 22 A2eg,, 524+ > wePL {k—1}ki,  (61)
o<z, IE|
of antifield number —1. The index £ = —1 here stands for s4. The nilpotent

derivation dkxr (60) is called the Koszul-Tate operator.

e With this graded derivation, the module fgf{N }<n+3 of densities of antifield
number < (N + 3) is decomposed into the exact Koszul-Tate chain complex

0 Im?d < POr[VE, Y]y < PO [0}, <2 PO {115
5N 1 KT KT
7? {N— 1INg1— > 73 {N}N+2 g P {N}N+3 (62)

which satisfies the following homology regularity condition.

Condition 27. Any drn-cycle ¢ € ﬁin{k}k% C ffi;"{k + 1}pys is a dgq1-
boundary.

Note that the exactness of the complex (62) means that any dx<n-cycle ¢ €
POk} ka3, is a dxyo-boundary, but not necessarily a 6 1-one.
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e The nilpotentness 6% = 0 of the Koszul-Tate operator (60) is equivalent to
complete non-trivial Noether identities (48) and complete non-trivial (k < N)-
stage Noether identities

E Te—1,A E Th—2,%—
Ark dA A’I”k_l Czrk72

0<|A| 0<%

=0 Y hleePAeg 5ea . (63)
o<l /=]

This item means the following.

Proposition 28. Any dx-cocycle ® € PL™{k} o is a k-stage Noether identity,
and vice versa.

Proof. Any (k + 2)-chain ® € P2 {k},.2 takes the form

C=G+H= Y G*'eppw+ > (HAD D5z, +w. (64)
0<|A| 0<3,0<E

If it is a dx-cycle, then

E T, A E Th—1,2=
G dp Ark Vs

0<|A| 0<[%]

+o | > HAIOPgo e, ] =0 (65)

0<3%,0<=

are the k-stage Noether identities. Conversely, let the condition (65) hold. Then it
can be extended to a cycle condition as follows. It is brought into the form

o | Y Ghen, + Y HWRe gy,
0<|A] 0<3,0<E

= — Z Grk’AdAhrk + Z H(A’E)(rk_l’E)EEAdEArk,l-
0<|A| 0<3,0<Z=

A glance at the expression (61) shows that a term in the right-hand side of this
equality belongs to P2 {k —2}, 1. It is a §x_a-cycle, then a §;_1-boundary §_1 ¥
in accordance with Condition 27. Then the equality (65) is a €x,, _,-dependent part
of a cycle condition

S Z Grk’AEArk + Z H(A’E)(kal’z)gEAEET;ﬂ_l — U | =0,
0<|A| 0<3,0<E

but §, ¥ does not make a contribution to this condition. O
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Proposition 29. Any trivial k-stage Noether identity is a Og-boundary ® €
P {k} ko

Proof. The k-stage Noether identities (65) are trivial either if a Ji-cycle ® (64)
is a dg-boundary or its summand G vanishes on KerdL. Let us show that, if the
summand G of ® (64) is 6-exact, then ® is a d,-boundary. If G = 0V, one can write

d = 5,0 + (6 — &)V + H.
Hence, the dx-cycle condition reads
0P = 5]@—1((3 — 5k)‘lf + H) = 0.

By virtue of Condition 27, any 0y_1-cycle ¢ € fi’)n{k — 1} k42 is dg-exact. Then
(6§ — 6x)¥ + H is a dp-boundary. Consequently, ® (64) is dj-exact. O

Note that all non-trivial k-stage Noether identities (65), by assumption, factor-
ize as

o — Z d=d= A, w, = € SU[F;Y],

0<|E|

through the complete ones (63).

It may happen that a graded Lagrangian system possesses non-trivial Noether
identities of any stage. However, we restrict our consideration to N-reducible
Lagrangian systems.

8. Second Noether Theorems

Different variants of the second Noether theorem have been suggested in order to
relate reducible Noether identities and gauge symmetries [4, 6, 18]. The inverse
second Noether Theorem 32, that we formulate in homology terms, associates to
the Koszul-Tate complex (62) of non-trivial Noether identities the cochain sequence
(71) with the ascent operator u (72) whose components are non-trivial gauge and
higher-stage gauge symmetries.

Remark 30. Let us use the following notation. Given the DBGA P._{N} (59),
we consider a DBGA

PLAN} =P [F@Eo@--~€BEN;Y}7 (66)
Y Y Y
possessing a local generating basis (s, ¢",c¢™,...,¢™), [¢"*] = ([¢,.] + 1)mod 2,
and a DBGA
PL{N} =P {W@Eo@"'@EN@E()@"'@EN;Y}, (67)
Y Y Y Y Y
with a local generating basis (s4,34,¢",¢™,...,¢"™,E.,Cp,,...,Cry ). Following the

physical terminology, we call their elements ¢"* the k-stage ghosts of ghost number
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ghl¢™*] = k+1 and antifield number Ant[c"*] = —(k+1). A C*°(X)-module C**) of
k-stage ghosts is the density-dual of a module C of k-stage antifields. The DBGAs
P.{N} (59) and P* {N} (66) are subalgebras of P*{N} (67). The Koszul-Tate
operator dxr (60) is naturally extended to a graded derivation of a DBGA P%L{N}.

Remark 31. Any graded differential form ¢ € S [F;Y] and any finite tuple
(), 0 < |A] < K, of local graded functions f* € S [F;Y] obey the following
relations [19]:

Yo g hw =Y (~1)MdA(fM)o Aw+dpo, (68)
0<[A[<K 0<|A]
Y. DWan(to) = Y n(f) dae,
0<|A|<k 0<|A|<k
= Y o AR e ()
0<|Z[<k—|A| AL
n(n(H)* = . (70)

Theorem 32. Given a Koszul-Tate complex (62), the module of graded densities
PYUINY is decomposed into a cochain sequence

0— SY"F; Y] PL"{NM —PLYNP ... (71)
u=u +u(1) 4. —I—U(N) _ uAaA + U0 + - _i_uerlarN_l? (72)
graded in a ghost number. Its ascent operator u (72) is an odd-graded derivation of

ghost number 1 where u (77) is a variational symmetry of a graded Lagrangian L
and the graded derivations uy,y (80), k=1,..., N, obey the relations (79).

Proof. Given the Koszul-Tate operator (60), let us extend an original grade
Lagrangian L to a Lagrangian

Le=L+Li=L+ Y c*Ajw=L+dokr| Y *ew (73)
0<k<N 0<k<N

of zero antifield number. It is readily observed that a Koszul-Tate operator dkr is
an exact symmetry of the extended Lagrangian L. € PL"{N} (73). Since a graded
derivation okt is vertical, it follows from the first variational formula (37) that

oL, oL, | T
5§A5A+ Z 5_—Ark w= |v*E4 + Z v o w=dgo,

Cro
0<k<N 0<k<N
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oL,
v = 5= =yt 4wt = ZCAU(AA Z Zc N,
A 0</A| 1<i<N 0<[A]
o= 2o _yme = ST argar N1 S (@ ()
567% A Tk+1 ' 2
0<|A| k+1<i<N 0<|A]|
(74)
The equality (74) is split into a set of equalities
d(c" A,
Mzi'Aw = uw = dyoy, (75)
054
3(cHA, 5(cTEA,
MgA + Z MAM w = dH0k7 (76)
054 osick  OCn

where k =1,..., N. A glance at the equality (75) shows that, by virtue of the first
variational formula (37), an odd-graded derivation

Y .
U = A88A7 UA = Z CAn(A;"A)A7 (77)
0<|A|

of PY{0} is a variational symmetry of a graded Lagrangian L. Every equality (76)
falls into a set of equalities graded by the polynomial degree in antifields. Let us
consider that of them which is linear in antifields ¢,, _,. We have

-
) -
. § : _2,2)(A,2)= -
— Crk hq(ﬂ:k 2 )( )CETk_QSEA EAW
0S4 _
0<|Z[,|=]
<_
Tk , ==
—}—(5 c"* E JAN Cgr . E A::f Cory,_ W = dHO}.
7"k: 1

o<z 0<|E|

This equality is brought into the form

Z (_1)‘E|d5 c'* Z hs’zki%z)(A’E)EETk—z gAw

0<|E| 0< X
Tl — T Y=
+Ft E AT’; 2 c_rk ,w=dgoy.
0<|E|

Using the relation (68), we obtain an equality

Z Tk Z h’,(j;k 272)(147;)527"1@ dEgACU

0<|E] 0<|x|

4oyt Z A:: f“c:rk LW :dHU;c' (78)
0<|E]|
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A variational derivative of both its sides with respect to ¢,, _, leads to a relation

Z dsu" = 185}1 u w2 :g(aﬁﬁQ),

0<% (79)
@'t = = N (ki AR Ry (¢ Eza),
0<%
which an odd-graded derivation
u) = w0, = Y (AT 0, k=1,...,N, (80)

0<|A]

satisfies. Graded derivations u (77) and u®*) (80) are assembled into the ascent
operator u (72) of the cochain sequence (71). O

A glance at the expression (77) shows that a variational symmetry w is a linear
differential operator on a C'°°(X)-module C(®) of ghosts. Therefore, it is a gauge
symmetry of a graded Lagrangian L which is associated to the complete Noether
identities (48) [18, 19]. This association is unique due to the following direct second
Noether theorem.

Theorem 33. A wvariational derivative of the equality (75) with respect to ghosts
c”" leads to the equality

or(uaw) = Y (~1)Mda(n(Af) ) = Y (~1)Hnn(a)) daga =0,

0<|A| 0<|A|
which reproduces the complete Noether identities (48) by means of the relation (70).

Moreover, the gauge symmetry u (77) is complete in the following sense. Let

Y CRGEEdzAw

0<|3|

be some projective C'*°(X)-module of finite rank of non-trivial Noether identities
(47) parametrized by the corresponding ghosts C**. We have the equalities

0= Y CRGd= | Y AMdpéa |w

0<|E| 0<|A]

= Z Z n(GR)ZCE | AN daEaw + dp (o)

0<[A] \0<[E]

= (=1)AMdy | AA n(GR)ECE | Egw + dpo
R

0<I[A]| 0<|E|
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= Y AL | D n(GR)FCE | Eaw + duo

0<[A| 0<|=|

= Z uf’AdA Z n(G%)ECg Eaw +dyo.
0<|A] 0<|E]

It follows that a graded derivation

dn | 3 m(GRFCE | utton

0<|E|

is a variational symmetry of a graded Lagrangian L and, consequently, its gauge
symmetry parametrized by ghosts C't. It factorizes through the gauge symmetry
(77) by putting ghosts

o= 3w
0<|E]
Turn now to the relation (79). For k = 1, it takes the form
Z dsu"0Zu? =5(a’)
0<%

of a first-stage gauge symmetry condition on KerdL which the non-trivial gauge
symmetry u (77) satisfies. Therefore, one can treat an odd-graded derivation

0

1 r T r r \A

U( ) - ocr’ u = 2 :CAIU(AH) )
0<|A|

as a first-stage gauge symmetry associated to the complete first-stage Noether
identities

Doty [ DD AMSma | =3 Y PP Dspss,

0<IA| 0<% 0<|=],|Z]

Iterating the arguments, one comes to the relation (79) which provides a k-stage
gauge symmetry condition, associated to the complete k-stage Noether identities
(63).

Theorem 34. Conversely, given the k-stage gauge symmetry condition (79), a
variational derivative of the equality (78) with respect to ghosts ¢ leads to an
equality, reproducing the k-stage Noether identities (63) by means of the relations
(69) and (70).

This is a higher-stage extension of the direct second Noether theorem to
reducible gauge symmetries. The odd-graded derivation wuy (80) is called the
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k-stage gauge symmetry. It is complete as follows. Let
> OG- EdeAw
0<|=]

be a projective C°°(X )-module of finite rank of non-trivial k-stage Noether iden-
tities (47) factorizing through the complete ones (63) and parametrized by the
corresponding ghosts C'*. One can show that it defines a k-stage gauge symmetry
factorizing through u(®) (80) by putting k-stage ghosts

T’k . § G’Iﬁk :. =
0<|E]

The odd-graded derivation u (80) is said to be the complete non-trivial k-
stage gauge symmetry of a Lagrangian L. Thus, components of the ascent operator
u (72) are complete non-trivial gauge and higher-stage gauge symmetries.

Appendix A
We quote the following generalization of the abstract de Rham theorem [24]. Let
0 1 p—1 P
O—>S—>Sgh—>Slh—> h—>S h—>S+1, p>1,
be an exact sequence of sheaves of Abelian groups over a paracompact topological
space Z, where the sheaves S;, 0 < ¢ < p, are acyclic, and let
hP
0—-T(Z, S)—>F(Z So)—>F(Z Sl)ﬁ —>F(Z S. )—>F(Z Sp+1) (A1)

be the corresponding cochain complex of sections of these sheaves.

Theorem A.l. The g-cohomology groups of the cochain complex (A.1) for 0 <
q < p are isomorphic to the cohomology groups H4(Z,S) of Z with coefficients in
the sheaf S [16, 37].

Appendix B
The proof of Theorems 13 and 14 falls into the following three steps [17, 19, 34].
(I) We start with showing that the complexes (29) and (30) are locally exact.

Lemma B.1. IfY = R""% — R", the compler (29) is acyclic.

Proof. Referring to [4] for the proof, we summarize a few formulas. Any horizontal
graded form ¢ € S%*[F; Y] admits a decomposition

b=do+d = /dAZ shoke, (B.1)

0<|A]|

where ¢g is an exterior form on R*""*. Let ¢ € S%™<"[F:Y] be dy-closed. Then
its component ¢ (B.1) is an exact exterior form on R"** and ¢ = dg¢&, where € is
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given by the following expressions. Let us introduce an operator
y X o 5ok e T
D™ = / D RO Oy A )OO, SR dat).

0<k

The relation [DTY, du]g = 5;5 holds, and it leads to a desired expression

n—m-1)_. ~
£=) mw Pp0, ],
k=0 ’ (B.2)
P():l, Pk:dyl"'dykD+V1"'D+Vk.

Now let ¢ € S [F;Y] be a graded density such that ¢ = 0. Then its compo-
nent ¢o (B.1) is an exact n-form on R™"** and ¢ = dy&, where € is given by the
expression

E= 3 3 (-1)Plsdds it g, (B.3)

|A]>0 S+E=A

We also quote the homotopy operator (5.107) in [30] which leads to the expression

1
d\
é-:/ I( xﬂ )\SA,d.%’M) )
. )

10) = 3 —wt L g | SR A B g pren=, 1)

— Al+1 A)I=!
i T m AL = (ut4)
(B.4)
where Al = A, !---A, ! and A, denotes a number of occurrences of the index y in
A [30]. The graded forms (B.3) and (B.4) differ in a dy-exact graded form. O

Lemma B.2. If Y = R""% — R", the compler (30) is evact.

Proof. The fact that a dy-closed graded form ¢ € SL™<"[F;Y] is dy-exact is
derived from Lemma B.1 as follows. We write

EDIUT (B.5)

where ¢4 € SL™[F;Y] are horizontal graded m-forms. Let us introduce additional
variables 54 of the same Grassmann parity as s4. Then one can associate to each
graded (1, m)-form ¢ (B.5) a unique horizontal graded m-form

d=> ¢hsh, (B.6)

whose coefficients are linear in variables 54, and vice versa. Let us put a modified
total differential

JH = dH + de)‘ A Z §>\+A53,
0<|A|
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=A
acting on graded forms (B.6), where 0 4 is the dual of d % . Comparing the equalities
dpsy = das’\s‘;‘+A, dp 03 = da™ A 9f+A,

one can easily justify that dg¢ = dg¢. Let the graded (1, m)-form ¢ (B.5) be dg-
closed. Then the associated horizontal graded m-form ¢ (B.6) is dg-closed and, by
virtue of Lemma B.1, it is dy-exact, i.e. ¢ = dg&, where £ is a horizontal graded

(m — 1)-form given by the expression (B.2) depending on additional variables 5.

A glance at this expression shows that, since ¢ is linear in variables Eﬁ, so is

€ =Y €454, Tt follows that ¢ = dy& where & = > €A A 04 Tt remains to prove the
exactness of the complex (30) at the last term o(SL"[F;Y]). If

o) = Y _ (-1t Afda(04]0)] = D (~1)IMNoA A fdaolw =0, o€ SL"

0<|A| 0<|A|

a direct computation gives

o=dpt, £=-Y_ Y (-1¥o2 ndsoliT i, O

0<|A| S+E=A

(IT) Let us now prove Theorems 13 and 14 for a DBGA QF [F;Y]. Similarly
to S&[F;Y], the sheaf Qf [F;Y] and a DBGA QF [F;Y| are decomposed into
Grassmann-graded variational bicomplexes. We consider their subcomplexes

0—R— Q% [F; Y] Q0P y] 4

L QUM Y] o( QL [F; YY), (B.7)
0 — QLR Y] QL [F; Y] 48

S QLR Y] - o(QLMFY]) — 0, (B.8)
0—R— Q" [F; Y] QUL [F; Y] 22

L QU R Y]S5 T (o(QL [F; V), (B.9)
0 — QLO[F; Y] 4L QLY F, Y] 22,

2L QLM [F Y] T (o( QY [F; YD) — 0. (B.10)

By virtue of Lemmas B.1 and B.2, the complexes (B.7) and (B.8) are acyclic.
The terms Q%*[F;Y] of the complexes (B.7) and (B.8) are sheaves of Q% [F;Y]-
modules. Since J*°Y admits the partition of unity just by elements of Q% [F;Y],
these sheaves are fine and, consequently, acyclic. By virtue of abstract de Rham
Theorem A.1, cohomology of the complex (B.9) equals the cohomology of J>*Y with
coefficients in the constant sheaf R and, consequently, the de Rham cohomology of
Y in accordance with the isomorphisms (4). Similarly, the complex (B.10) is proved
to be exact.
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Due to monomorphisms OF — S [F;Y] — QX [F;Y] this proof gives some-
thing more.

Theorem B.3. Every dy-closed graded form ¢ € Q%m<"[F;Y] falls into the sum
¢ = hoo +dpé, &€ QUMTF;Y], (B.11)
where o is a closed m-form on'Y. Any §-closed ¢ € Q%" [F;Y] is the sum
¢ =hoo +dué, &€ QUTF;Y], (B.12)
where o is a closed n-form on Y.

(ITT) It remains to prove that cohomology of the complexes (29) and (30) equals
that of the complexes (B.9) and (B.10).

Let the common symbol D stand for dg and 6. Bearing in mind the decompo-
sitions (B.11) and (B.12), it suffices to show that, if an element ¢ € SX [F;Y] is
D-exact in an algebra QF [F; Y], then it is so in an algebra S¥ [F;Y].

Lemma B.1 states that, if Y is a contractible bundle and a D-exact graded form
¢ on J>Y is of finite jet order [¢] (i.e. ¢ € SI[F;Y]), there exists a graded form
p € SL[F;Y] on J*®Y such that ¢ = Dg. Moreover, a glance at the expressions
(B.2) and (B.3) shows that a jet order [¢] of ¢ is bounded by an integer N ([¢]),
depending only on a jet order of ¢. Let us call this fact the finite exactness of an
operator D. Lemma B.1 shows that the finite exactness takes place on J*Y |y over
any domain U C Y. Let us prove the following.

Lemma B.4. Given a family {U,} of disjoint open subsets of Y, let us suppose that
the finite exactness takes place on J>®Y |y, over every subset U, from this family.
Then, it is true on J>®Y owver the union U,U, of these subsets.

Proof. Let ¢ € S [F;Y] be a D-exact graded form on J*Y. The finite exactness
on (78°)~1(UU,) holds since ¢ = Dy, on every (75°) "1 (Uy,) and [pa] < N([4)]).
O

Lemma B.5. Suppose that the finite exactness of an operator D takes place on
JY over open subsets U, V of Y and their non-empty overlap U N'V. Then, it is
also true on J®Y |yuv .

Proof. Let ¢ = Dy € S5 [F;Y] be a D-exact form on J>*Y. By assumption, it
can be brought into the form Dyy on (7§°)~1(U) and Dy on (75°)~1(V), where
py and ¢y are graded forms of bounded jet order. Let us consider their difference
ou — @y on (7)) HU NV). It is a D-exact graded form of bounded jet order
o — wv] < N([¢]) which, by assumption, can be written as oy — ¢y = Do
where o is also of bounded jet order [0] < N(N([¢])). Lemma B.6 below shows
that ¢ = oy + oy where oy and oy are graded forms of bounded jet order on
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(78°)~H(U) and (75°)~1(V), respectively. Then, putting
¢'lv = v — Dou, ¢'|v =pv+ Doy,

we have a graded form ¢, equal to D}, on (7§°) 1 (U) and D¢l on (75°)~H(V),
respectively. Since the difference ¢}, — ¢}, on (75°)~1(U N V') vanishes, we obtain
¢ = D¢’ on (75°)~1(U UV) where

’r 80/|U = Spéjv
Y = N, 1
¢'lv = ¢y
is of bounded jet order [¢'] < N(N([¢]))- O

Lemma B.6. Let U and V be open subsets of a bundle Y and o € & a graded
form of bounded jet order on (w5°)~H(U NV) C J®Y. Then, o is decomposed into
a sum oy + oy of graded forms oy and oy of bounded jet order on (7°)~H(U) and
(752)~1H(V), respectively.

Proof. By taking a smooth partition of unity on U U V' subordinate to a cover
{U, V'} and passing to a function with support in V', one gets a smooth real function
f on U UV which equals 0 on a neighborhood of U\V and 1 on a neighborhood of
VAU in UUV. Let (75°)* f be the pull-back of f onto (75°)~1(U U V). A graded
form ((w§°)* f)o equals 0 on a neighborhood of (75°)~!(U) and, therefore, can be
extended by 0 to (7§°)~1(U). Let us denote it as oyy. Accordingly, a graded form
(1 — (7&°)* f)o has an extension oy by 0 to (75°)~1(V). Then, o = oy + oy is
a desired decomposition because oy and oy are of the jet order which does not
exceed that of o. O

To prove the finite exactness of D on J°°Y', it remains to choose an appropriate
cover of Y. A smooth manifold Y admits a countable cover {Ug¢} by domains Uk,
¢ € N, and its refinement {U;;}, where j € N and ¢ runs through a finite set, such
that U;; N U =0, j # k [22]. Then Y has a finite cover {U; = U,;U;;}. Since the
finite exactness of an operator D takes place over any domain Uy, it also holds over
any member U;; of the refinement {U;;} of {U¢} and, in accordance with Lemma
B.4, over any member of a finite cover {U;} of Y. Then by virtue of Lemma B.5,
the finite exactness of D takes place on J*Y over Y.

Similarly, one can show that, restricted to S&"[F;Y], the operator o remains
exact.
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