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A Mode-IIl crack problem in a functionally graded material modeled by anisotropic
strain-gradient elasticity theory is solved by the integral equation method. The gradient
elasticity theory has two material characteristic lengths € and €', which are responsible
Sfor volumetric and surface strain-gradient terms, respectively. The governing differential
equation of the problem is derived assuming that the shear modulus G is a function of x,

i.e., G=G(x)=GyeP*, where G, and B are material constants. A hypersingular integro-
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differential equation is derived and discretized by means of the collocation method and a
Chebyshev polynomial expansion. Numerical results are given in terms of the crack
opening displacements, strains, and stresses with various combinations of the parameters
€, €', and B. Formulas for the stress intensity factors, Ky, are derived and numerical

results are provided. [DOI: 10.1115/1.2912933]

1 Introduction

This work is a continuation of the paper on “Gradient Elasticity
Theory for Mode III Fracture in Functionally Graded Materials—
Part I: Crack Perpendicular to the Material Gradation” by Paulino
et al. [1] (hereinafter referred to as Part I). In Part I, the authors
considered a plane elasticity problem in which the medium con-
tains a finite crack on the y=0 plane and the material gradation is
perpendicular to the crack. In “Part II,” the material gradation is
parallel to the crack (see Fig. 1). In Part I, the shear modulus G
(that rules the material gradation) is a function of y only, G
=G(y)=Gye?; while in Part II, it is a function of x, i.e., G
=G(x)=Ge*. An immediate consequence of the difference in
geometry, which is indicated in Fig. 1, is that the location of the
crack in Part [ is rather irrelevant to the problem and thus can be
shifted so that the center is at the origin point (0, 0). On the other
hand, if the material gradation is parallel to the crack, then the
location of the crack is pertinent to the solution of the problem.

The method of solution is essentially the same in both Parts I
and II, i.e., the integral equation method. However, because of
differences in the geometrical configurations, some changes are
expected. For instance, in Part I, the crack opening displacement
profile is symmetric with respect to the y-axis, while in Part II, the
symmetry of the crack profiles no longer exists. Thus, some inter-
esting questions arise.

* How are the crack opening displacement profiles affected by
the gradient elasticity and the gradation of the material?

* How are the stresses influenced under the gradient elastic-
ity?

* How are the stress intensity factors (SIFs) calculated?

* How do the results compare to the classical linear elastic
fracture mechanics (LEFM)?

We will address all the above questions. The remainder of the
paper is organized as follows. First, the constitutive equations of
anisotropic gradient elasticity for nonhomogeneous materials sub-
jected to antiplane shear deformation are given. Then, the govern-
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ing partial differential equations (PDEs) are derived, and the Fou-
rier transform method is introduced and applied to convert the
governing PDE into an ordinary differential equation (ODE). Af-
terward, the crack boundary value problem is described, and a
specific complete set of boundary conditions is given. The gov-
erning hypersingular integrodifferential equation is derived and
discretized using the collocation method. Next, various relevant
aspects of the numerical discretization are described in detail.
Subsequently, numerical results are given, conclusions are in-
ferred, and potential extensions of this work are discussed. One
appendix, providing the hierarchy of the PDEs and the corre-
sponding integral equations, supplements the paper.

2  Constitutive Equations of Gradient Elasticity

A schematic demonstration of continuously graded microstruc-
ture in functionally graded materials (FGMs) is illustrated by Fig.
2. The linkage between gradient elasticity and graded materials
within the framework of fracture mechanics and its related work
has been addressed in Part I. For the sake of completeness, the
notation and constitutive equations of gradient elasticity for an
antiplane shear crack in a FGM are briefly given in this section
and particularized to the case of an exponentially graded material
along the x-direction.

For an antiplane shear problem, the relevant displacement com-
ponents are as follows:

u=v=0, w=w(xy) (1)

and the nontrivial strains are as follows:

1 ow

1 ow
€=, -
2 ox

6}'7=5(?y

The constitutive equations of gradient elasticity for FGMs are
[1,2] as follows:

2)

0, =Nx) €8+ 2G(x) (€ — €°V7€;)) — LGN () ](d,e) 5,
- 2€2[akG()C)]([9k€lj) (3)

7= Nx) €45+ 2G(x) € + 20" v €,;0,G(x) + G(x)de;;]  (4)

NOVEMBER 2008, Vol. 75 / 061015-1



-a a X
Material gradation perpendicular to the crack.

c d X

Material gradation parallel to the crack.

Fig. 1 A geometric comparison of the material gradation with
respect to the crack location

Mkij=2€/VkG(x)€ij+2€2G(X)(9k6l-j (5)

where ¢ is the characteristic length of the material responsible for
volumetric strain-gradient terms, €’ is responsible for surface
strain-gradient terms, o; is the stress tensor, and m;j is the
couple-stress tensor. The Lamé moduli A =\(x) and G= G(x) are
assumed to be functions of x. Moreover, d;=d/dx;. The parameter
€' is associated with surfaces and v, d;v;=0, is a director field
equal to the unit outer normal n;, on the boundaries.

For a Mode-III problem, the constitutive equations above be-
come

Oy =0y, =0, = Oa Oxy = 0

0. =2G(x)(€,, — €*V7€,.) - 20[0,G(x)](d,€..) # 0

0,,=2G(x)(e,, - €*V7€,) - 207[9,G(x)](d,€,.) # 0

e = 2G(x) €2 de, Ox

- -
Ceramic  Ceramic Transition Metallic Metallic
phase  matrix region matrix phase
with with
y metallic ceramic
inclusions inclusions
X

Fig. 2 A schematic illustration of a continuously graded mi-
crostructure in FGMs
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Fig. 3 Geometry of the crack problem and material gradation

My, =2G ()€ 2(95_VZ/ ox
Byxe=2G(X) (e ) dy — €' €,,)

oy = 2G(x)(€23q,z/0y* -t'e,,) (6)

If G is constant, i.e., the material is homogeneous, then the con-
stitutive equations [3,4] are' as follows:

Oxx =0y, =0,;= 0, Oy = 0

0, =2G(e, - *V?¢,) # 0
0,.=2G(e,, - €*V?€,) # 0
Mys = 2G 0 9e, [ x
My: = 2GE* €, | ox
By =2G(0% e, Jdy — €' €,,)

My, =2G(£%0€, /0y — €' €,,) (7)

It is worth to point out that each of the total stresses o, and o, in
Eq. (6) has an extra term than the ones in (7) due to the material
gradation interplay with the strain-gradient effect [2].

3 Governing Partial Differential Equation and Bound-
ary Conditions

By imposing the only nontrivial equilibrium equation

do,, do,,
Hay Pz (8)
ox dy

the following PDE is obtained:

i[G(X)(ﬂ _€2v2ﬂ):| + i[G(x)<@ _ €2v2@>:|
ox ox

ox dy dy dy
PC(x) Pw  IG(x) Pw  IG(x) Fw ]
_p2 - _ =
e[ o ol ax a0 o Ay’ 0 O

If the shear modulus G is assumed as an exponential function of x
(see Fig. 3),

G=G(x) = Gye™
then PDE (9) can be simplified as

(10)

w & w
— OV =280V L V- 20250 1 g7 20 (1)
ox ox ox

or

lAccording to the geometry of the problem (see Fig. 3), it is the upper half-plane
that is considered in the formulation. The crack is sitting on the x-axis, which is on
the boundary of the upper half-plane. Thus, the outward unit normal should be
(0,-1,0), and not (0, 1, 0). Based on Eq. (5), or the last equation in Eq. (5) of Ref.
[4], the sign in front of €” in the expression for both u,,. and . should be “—
instead of “+.”
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Table 1 Governing PDEs in antiplane shear problems

Cases Governing PDE References
€=0,B=0 Laplace equation: Standard textbooks
VZw=0

€=0,B8+#0 Perturbed Laplace equation: Erdogan [7]
(V2+Bal dx)w=0

€+0,8=0 Helmholtz-Laplace equation: Vardoulakis et al. [4]
(1-€°V*)V2w=0 Fannjiang et al. [5]

Zhang et al. [8]
t#0,8#0 Equation (11): Studied in this paper

(1 - 5@23 - €2V2>(V2 + Bi>w= 0
ax ox

J J
<1—,8€2——€2V2)<V2+,B—)w= (12)
ox ox
which is the governing PDE solved in the present paper.
It may be seen, from a viewpoint of perturbation, that PDE (12)
can be expressed in an operator form, i.e.,
Holow=0, Hz=1 —;%ﬂi—ezvz L =V2+,8i (13)
B=B ’ B ox ’ B ox
where Hp is the perturbed Helmholtz operator, L is the perturbed
Laplacian operator, and the two operators commute (Hglg

=LgHp). By sending B— 0, we get the PDE [4,5]
(1-€2V)V?w=0 or HLw=0 (14)

where the Helmholtz operator H=1-¢2V? and the Laplacian op-
erator L=V? are invariant under any change of variables by rota-
tions and translations. FGM creates the perturbation and ruins the
invariance. However, the perturbing term “—B¢%(d/dx)” in Lg.
which is not purely caused by the gradation of the material, in-
volves both the gradation parameter B and the characteristic
length € (the product of B and €2). It can be interpreted as a
consequence of the interaction of the material gradation and the
strain-gradient effect [2].

If we let € — 0 alone, then the perturbed Helmholtz differential
operator Hg will become the identity operator, and one reduces

PDE (12) to
V2 0 )
< +,8 w=

the perturbed Laplace equation, which is the PDE that governs the
Mode-III crack problem for nonhomogeneous materials with
shear modulus G(x)=GyeP* [6,7]. The limit of sending £ — 0 will
lower the fourth order PDE (11) to a second order one (Eq. (15)),
and a singular perturbation is expected. By taking both limits 8
—0 and ¢ —0, one obtains the harmonic equation for classical
elasticity. Various combinations of parameters € and B with the
corresponding governing PDE are listed in Table 1.

One may notice that in the governing PDE (12), there is no
surface term parameter €’ involved. However, €’ does influence
the solution through the boundary conditions. By the principle of
virtual work, the following boundary conditions can be derived
and are adopted in this paper:

(15)

0,,(x,0)=p(x), x e (c,d)
wx,00=0, x & (c,d)
My (£,0) =0, -0 <x< + (16)

The first two boundary conditions in Eq. (16) are from classical
LEFM, and the last one, involving the couple-stress w,,., is
needed for the higher order theory. This set of boundary condi-
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tions is the same as those adopted by Vardoulakis et al. [4] An
alternative treatment of boundary conditions can be found in Ref.

[9].

4 Fourier Transform
Let the Fourier transform be defined by

©

Fwm(@=W@=-—=] wlx)e™dx (17)
Then, by the Fourier integral formula [10],
F W@ =wx)=—7=| W(Ee ¢ (18)

—o

where F~! denotes the inverse Fourier transform. Now, let us
assume that

1 (7 _
wx,y) = ,=f W(Ey)e ™ dé (19)
N2m) .,
where w(x,y) is the inverse Fourier transform of the function
W(¢,y). By considering each term in Eq. (11) and using Eq. (19),
one obtains

FW FW\
- £2v* f EW(E,y) 2§ZX+F)W%§

(20)

- [ PW\
B€2V2%= \%f <i§3W(§,y)—i§W)e'”§d§ 1)
Vi =— <- gZW(g,y)+i—Vf)efx§d§ (22)

2 p2

el B [ eweyetar
p) f CiOWenedE  24)

Equations (20)—(24) are added according to Eq. (11), and after
simplification, the governing ODE is obtained:

ezd—4 QO +2ipE+ 1)d—2
dy* l ay*

+ (0P8 +2iB0E - B8+ E + i/ag)] w=0 (25)
5 Solutions of the ODE

The corresponding characteristic equation to the ODE (25) is
ON = QOE +2iBOE+ 1)N\?

+ (2B - BE+ E+iBE)=0 (26)
which can be further factorized as
[N = (1 +iBCE+ )N - € -ipd) =0 (27)

Clearly, the four roots \; (i=1,2,3,4) of the polynomial (27)
above can be written as

___],;‘ 2 62 2_L,3—f
MR S e
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Table 2 Roots \; together with the corresponding mechanics theory and type of material

Number Mechanics theory
Cases of roots Roots and type of material References

€=0,B=0 2 +|¢ Classical LEFM, Standard textbooks
homogeneous materials

€=0,B#0 2 \; and \, in Egs. Classical LEFM, Erdogan [7]

(28) and (29), respectively ~ nonhomogeneous materials

€#0,8=0 4 =g, =Ve+1/€2 Gradient theories, Vardoulakis et al. [4]
homogeneous materials Fannjiang et al. [5]

€+0,8#0 4 The four roots Nj—N\, Gradient theories, Studied in this paper

in Egs. (28)—(31)

nonhomogeneous materials

1 2 &2 2 Bg 29
A, = \E\\f‘+ﬁf +&+ \2\'/—\§4+,8§2+§2 (29)

1 -
Ay = ,—Ew/\s‘(fz + 11002+ BPE+ &+ 102
\‘J

- £e (30)
V2 \V(@+ 122+ B8+ &+ 1162
l I
Ng= ,—E\/\J(gz + 1002+ BE+ €+ 142
v
= B (31)
VZAN(E+ 1)+ BPE+ E+ 142
If B—0, then the imaginary part of each root \; (i=1,...,4)

disappears. Thus, we have exactly the same roots found by Vard-
oulakis et al. [4] and Fannjiang et al. [5]. The root \; corresponds
to the solution of the perturbed harmonic equation V2w
+Bdw/dx=0, and the root A3 agrees with the solution of the per-
turbed Helmholtz equation (1—B8¢29/dx—€>V?)w=0. Various
choices of parameters € and 8 with their corresponding mechanics
theories and materials are listed in Table 2. In contrast to the four
real roots found in Part I, the four roots here are all complex and
admit a more complicated expression.

By the symmetry of the geometry, one can only consider the
upper half-plane (y>0). By taking account of the far-field bound-
ary condition

w(x,y) =0 as x> +y? — + 0 (32)
one can express the solution for W(&,y) as
W(£y) =A(§eM + B(§)eM (33)

where the nonpositive real part of | and A3 has been chosen to
satisfy the far-field condition in the upper half-plane. Accordingly,
the displacement w(x,y) takes the form

wix,y) = L— f [A(§eMY + B(§)eM e d ¢ (34)
N2

Both A(£) and B(§) are determined by the boundary conditions.

6 Hypersingular Integrodifferential
proach

Equation Ap-

By substituting Eq. (34) into Eq. (6), we have
0,.(x,y) =2G(x)(e,, —€2V26 ) = 2049,G(x)]d,€ €,

= —G@ f [NA(E)M e ™dE, y=0 (35)
N2
and
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JE€,.
ﬂy,vz(xv)’) = 2(;(/‘7)(62_;);b - €,€,Vz>

G(x) f {(€\] = €' N DA(HeM

+(€2)\§—6’)\3)B(§)e”3"}e"'"§d§, y=0 (36)

From the boundary condition in Eq. (16) imposed on the couple-
stress fyy, (i.e., ttyy (x,0)=0 for —e0 <x <), one obtains the fol-
lowing relationship between A(§) and B(§):

B = ﬁzi;—“}A(g) P(B.OA® (37)
with
0N, - N2 CE+iBCET e v iBE
pBO= CN-ON OB iBEF U+ (CE +ipCEF 1)
(38)
Denote

1 ) .
o) = S50 = = f (—iOIA( + B dg
X 2m)_,

= FN(-i9lAd + B(O]} (39)
The second boundary condition in Egs. (16) and (39) implies that

¢(x)=0, x&[cd] (40)

d
f d(x)dx=0

which is the single-valuedness condition. By Egs. (39) and (40),
we obtain

and

(41)

o d
(- i9[A(§) +B(§)]= % J P(x)e"tdx = L— J B(r)e'dr
2w, 2w ),

(42)
By substituting Eq. (37) into Eq. (42) above, one gets

A —_— i 43
= \zw[<—l§>[1+p<ﬁs>]U et (4
where
1 _(CE+IBCEF )+ UNE +iBE+ 1/ (44)
L+p(B&)  1+0VE+iBe+ 1162 —0\VE +iBe

By replacing the A(£) in Eq. (35) by Eq. (43), one obtains the
following integral equation in the limit y — 0™

Transactions of the ASME



lim o, (x,y) = lim Q M(BE)
y—0* y—0* =
x| — f d(r)eidr |Memivige
(o1 +p(ﬁ 13l
MBE }
= lim —= v
}L(r 2 a0 )f [ (—i8l1+p(B.8)]°
Xe' H)fdgdr (45)
=lim — (t) J K(&,y)ed = dédr,
v~>0+ 2
—oo < x < (46)
with
(B
Kigy) =—1BE 7)

i +pB.O]°

Equation (46) is an expression for the stress o,,(x,y) in the limit
form of y— 0%, which is valid for x e (—00,00) Note that for the
(first) boundary condition in Eq. (16), o0,,(x,0)=p(x), x is re-
stricted to the crack surface (c,d). It is this boundary condition
that leads to the governing hypersingular integrodifferential equa-
tion (see Eq. (55a) below). However, when SIFs are calculated, x
takes values outside of (c¢,d), and the integral (46) is not singular
(see Eq. (55b) below).

We split K(&,y) into the singular part K..(¢,y) and the nonsin-
gular part N(&,y):

K(&y) =K.(&y) + N(£,y) (48)

where K..(¢,y) is the nonvanishing part of the asymptotic expan-
sion of K(&,y) in the powers of &, as |£— . When y is set to be
0, we have

ok
2

¢ 3B
K(60) =~ i€l i+ o |d +

|:(€/)2 3€2B2 :|l§
+| =] +

2¢ 8 |4
Note that the real and the imaginary parts of K..(£,0) given in Eq.

(49) are even and odd functions of &, respectively.
In view of the following distributional convergence,

(49)

- A 0ty
J B [ig¢le7 1M el98ag — TS (50)
) ) ,V*’O+ _2
f_ w[l&le“f'y]e‘“-”ﬁdg—» s (51)
0 y~>0+
J [ige e 9¢qe — 278 (1 —x) (52)
y=0t
f [lﬂe—ﬂy] i(t—X)§d§ _2 (53)
o r—x
y—0*
(1T 9égg — . 27 8(t - x) (54)

with 8(x) being the Dirac delta function, we obtain the limit
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d o
limf f K.(&y)e S ™dép(r)dr

y—0*
_GL -2
T . (t-x)3

€' ('
+ k(x,t)} d(1)dr + Eqﬁ’(x) + 'BT(ﬁ(x) =p(x),

_Lf" ~26
), -0

+k(x,t)}¢(t)dt, x<c orx>d

3B¢°
2(t - x)?

1=3B2%8 —[€'1(20)

t—x

c<x<d
(55a)

3802

. 1302848 -[€'1(2€)
2(t - x)?

r—x

(55b)

where £ denotes the finite-part integral [11], and the regular ker-
nel k(x,7) is given by

k(x,1) = f N(£,0)e/Véqg (56)
0

Equation (55a) is a Fredholm integral equation of the second kind
with the cubic and Cauchy singular kernels.

7 Numerical Solution

To numerically solve the unknown slope function ¢(r) in Eq.
(55a), we follow the general procedure outlined in the Part I pa-
per. For the sake of clarity and completeness, each step is pre-
sented below and particularized to the problem at hand (see Figs.
1 and 2).

7.1 Normalization. By the change of variables
t=(d-c)s/2+(c+d)/2 and x=(d—c)r/12+(c+d)/2 (57)

the crack surface (c,d) can be converted into (=1,1), and the
main integral equation (55a) can be rewritten in normalized form

1 jC —2(¢/a)*  3(t/a)*(apP)
) | (- r)? B 2(s = r)?
2 2 , 2
1= 3(UaP@p) ng_ - [(Clay@uaP (m)}@ s
+ wq)/(r) + (aB)(l'/a) d(r) = @e—ﬁ[aﬁ(wd)/ﬂ, |r| <1
2 G,
(58)
where
a=(d - c)/2 =half of the crack length (59)
O(r) = plar+ (c+d)/2), P(r)=plar+(c+d)/2) (60)
K(r,s) =ak(ar+ (c +d)/2, as + (c + d)/2) (61)

and k(x,r) is described by Eq. (56).
Note that in Eq. (58), G(x) has been written as

G(x) = GoeP* = GoePd0mrllerd2T) G laBr(poB) (el ld=)

where aB=(d-c)B/2 and (d+c)/(d—c) are two dimensionless
quantities. Together with the terms €/a and €'/a that appear in
Eq. (58), the following dimensionless parameters are defined:

C=¢la, €' =C"laand B=apB (62)
They will be used in the numerical implementation and results.

7.2 Representation of the Density Function. To proceed
with the numerical approximation, a representation of ®(s) is cho-

NOVEMBER 2008, Vol. 75 / 061015-5



sen so that one can evaluate the hypersingular and the Cauchy
singular integrals by finite part and Cauchy principal value, re-
spectively (see Refs. [11,12]). For the cubic hypersingular integral
equation (58), the solution ®(s) can be represented as

D(s) = g(s)V1 - 5 (63)

where g(*1) is finite and g(*1)#0 [5]. By finding numerical
solution for g(s), one can find the approximate solution for ®(s).
The representation (63) of ®(s) is suggested by the following
asymptotic behavior of the solution around the crack tips:

3/2
B

Displacements ~ r strains ~ \r, stresses ~ > (64)

reported in Refs. [1,5].

7.3 Chebyshev Polynomial Expansion. In view of Eq. (63)
and the fact that {U,,(s)} are orthogonal on (-1,1) with respect to
the weight function \f‘rsz, g(s) can be most naturally expressed
in terms of the Chebyshev polynomials of the second kind U,,(s).
However, the orthogonality is not required in the implementation
of the numerical procedures, and either Chebyshev polynomials of
the first kind 7,,(s) or of the second kind U,(s) may be employed
in the approximation, i.e.,

g(s)= >, a,T,(s) orgls)= >, A,U,(s)

n=0 n=0

(65)

The coefficients a,,’s or A,’s are numerically determined by the
collocation method. As shown by Chan et al. [6], the two expan-
sions should lead to consistent numerical results. In this paper, the
expansion in terms of U, (s) is adopted, i.e.,

O(s) =1 - 522 A,U,(s)

n=0

(66)

where U,(s) is defined, as usual, by

sin[(n + 1)cos™(s)]

U,(s)= , n=0,1,2,... (67)

sin[cos™(s)]
Note that the single-valuedness condition (41) or, equivalently,
flﬁb(s)ds:O implies

AO = O (68)

Thus, the running index n in Eq. (66) can start from 1 instead of
0.

7.4 Evaluation of the Derivative of the Density Function.
The term ®'(r) in Eq. (58) is evaluated using the expansion (66)
and the fact that

d — n+1
—[U, (V1 =1?]=- — — (), n=0
dr V1 - r2

(69)

Thus

2(n+1)A T,(r)

\l—rno

[0} (r)——|:\l—r EA U, ( r):|

n=0
(70)

7.5 Formation of the Linear System of Equations. The A,
coefficients are determined by transforming the integral equation
(55a) into a system of linear algebraic equations in terms of the
A,’s. By replacing ®(s) in Eq. (58) by the representation (66), and
using Eq. (70), one obtains the governing integral equation in
discretized form

061015-6 / Vol. 75, NOVEMBER 2008

'u (v)\l—s 3€23 'u (9)\1—5
_2€2 ﬂ
nz; T -r)? % T (s—r)2
378 [TV <A, (U=
. 1__3_(1) 5 A Ld
8 2€ n=1 T -1 §=r

V’l — 52U, (s)K(r,s)ds

+E

n=1 -1

- —Emm () + LT S A0

2\1—7‘ n=1 n=1
P(r)
=—, <1 71
oM an

We have used the running index n that starts from 1 (see Eq. (68)).

7.6 Evaluation of Singular and Hypersingular Integrals.
Formulas for evaluating singular integral terms in Eq. (71) are
listed below:

1 N 2
1 U,(s)V] -
—f Lds:—T,Hl(r), <1, nez' (72)
m) ,  s-r
1L U1 =5
—]L Lzsczs:—(n+1)un(r), <1, nez'
w)_, (s=r
(73)
1[! U, (s)V1 = 5*
—F 0
w)_, (s-r)
-1, n=0
=\ (2 +n)U,,,(r) = (n*+3n+2)U,_(r) lr] <1
> , n=1
4(1-r°)
(74)

The details of the calculation can be found in Ref. [13].

7.7 Evaluation of Nonsingular Integral. By combining all
the results obtained so far in the numerical approximation, one
may rewrite Eq. (71) in the following form:

%

iy
2)2An[<n + 1)Uy (r) = (02 + 30+ 2)U,_, ()]

2(1-
_322@_(1)2]
8 20

V1 = 52U, (s)KC(r,s)ds

o
3 e 104,000 - {1

n=1

XEA +1(r)+2 A

n=1 -1

- —E<n+1>A +,(r>+—ﬁ\1—r22A U,
PAY 1—r,,1 n=1

P(r

=%, <1 (75)

The regular kernel in Eq. (75) is actually a double integral, i.e.,
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1
V1 = 52U, (s)ak(ar,as)ds

1
f V1 = 52U, (s)K(r,s)ds = f
1

-1

1
=f V1 = 52U, (s)
-

Xf aN(&,0)sin[aé(s — r)]déds
(

0

(76)
The Fourier sine transform in Eq. (76) can be efficiently evaluated
by applying fast Fourier transform (FFT) [14]. The integral along

[-1,1] can be readily obtained by the Gaussian quadrature
method [15].

8 Stress Intensity Factors
In classical LEFM, the SIFs are defined by

K{iy(d) = lim \2m(x - d)0,,(x,0) (x> d) (77)
x—d*
and
K§i(o) = lim V27(c - x)0,.(x,0) (x<c) (78)

X—C

After normalization, the crack surfaces are located in the interval
(=1,1). The density function ®(z) is expanded in terms of Cheby-
shev polynomials of the second kind U,, which, when substituted
into Eq. (55b), give rise to the following formulas for |r|>1 (see
Ref. [13]):

1fl U, (s)V1 —5*

i
- T, ds=— F—T\"V -1/ , n=0 (79)
-1

1 Jl U, (s)V1 - 2

- 3 ds=—(n+l)<1— l)
(s=r) P -1

™

X(r—m\*'rz—]), n=0 (80)
r

S

IJI U,l(s)\e”l -2

p (s=r)?

-1

4

-1 | n—1
:7(n+ 1)<r—7\e‘r2— 1)

|r| 2 5

[2
_——\ -_— 1

o[ S

n|1-- + ,
V-1 (P -1)°
The highest singularity in Egs. (79)—(81) appears in the last
term in Eq. (81) and it behaves like (”>—1)7%? as r—1* or r—
—17. Motivated by such asymptotic behavior, we define the SIFs
for strain-gradient elasticity as

n=0 (81)

CKyy(d) = lim 2\27(x - d)(x - d)o,.(x,0) (x>d) (82)

X*’d"‘

{Ky(c) = limi 2\2m(c - x)(c=x)0,(x,0) (x<c¢) (83)

xX—cC

Thus,
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CKyy(d) = lim 2\27(x - d)(x - d)o,(x,0) (x> d)

X*)d+
. d-c c+d
=lim 2\/ 27 r+ —d|(ar-a)
r—1* 2 2
d-c c+d
Xa,, r+ 0l (r>1)
N2 2

=2a\2ma lim (r - )(r— Do, ((d-c)r/2

r—1%

+(c+d)/2,0) (r>1)

=2a\2ma lim V(r—1)(r - 1)Goe“'("’eﬁ(d*”)/2

r—1%

X(-zez) L) .
ma* GRS r)? y
By using Eq. (66) in conjunction with Eq. (81), we obtain from
Eq. (84)

(r>1) (84)

—(=2¢
Ky(d) = 2v’27m(—>GoeBd lim (r - 1)*?
a

r—17"

S -+ A i
—n o
x> —(r——\e"rz—l)
r

n=0 2

|"‘ 2 r—Tyr -1
X n(l— > + A
Vre=1

%

=\7aGoeP(t/a) >, (n+ 1A, (85)
n=0
Similarly,
Ku(c) = maGoeP(€/a) >, (= 1)"(n+ 1)A, (86)

n=0

9 Results and Discussion

The numerical results include crack surface displacements,
strains, stresses, and SIFs.

9.1 Crack Surface Displacements. The (normalized) crack
surface displacements shown in Figs. 4-8 are obtained by inte-
grating the slope function (see Eq. (87) below). Figure 4 shows a
full normalized crack sliding displacement profile for a homoge-

neous medium (B=0) with the strain-gradient effect. The crack
profile in Fig. 4 is symmetric because the material is homoge-
neous. Figures 5 and 6 are for classical LEFM. Figures 7 and 8 are
for the strain-gradient theory. As <0, the material has larger
shear modulus at the left side of the crack than at the right side,
and thus the material is stiffer on the left and more compliant on
the right, as shown in Figs. 5 and 7. Similarly, Figs. 6 and 8
illustrate the case of >0 and confirm that the material is stiffer
on the right and more compliant on the left. The variation of the
shear modulus destroys the symmetry of the displacement pro-
files. The most prominent feature is the cusping phenomena
around the crack tips, as shown in Figs. 4, 7, and 8. The difference
between Figs. 5 and 6 and Figs. 7 and 8 is the cusp at the crack
tips. In Figs. 5 and 6, one may observe that the profiles have a
tangent line with infinite slope at the crack tips, which is a com-
mon crack behavior exhibited in the classical LEFM. However,
such is not the case in gradient theory as evidenced by the nu-
merical results shown.

NOVEMBER 2008, Vol. 75 / 061015-7



Normalized displacement, w(x,0)

-1 0 1
Normalized crack length, x

Fig. 4 Full crack displacement profile for homogeneous mate-
rial (8=0) under uniform crack surface shear loading ,,(x,0)
=-p, with choice of (normalized) ¢=0.2 and ¢'=0

9.2 Strains. We have used the strain-like field, ¢(x) (the slope
function), as the unknown density function in our integral equa-
tion formulation. The normalized version, ®(x), with various ?is
plotted in Fig. 9. Note that ®(*=1)=0 while in classical LEFM,
®(*1)= *o0. The vanishing slope is equivalent to the cusping at
the crack tips. The (normalized) crack displacement profile w(r,0)
can be obtained by

r r N
w(r,0) = f O(s)ds = f V-2 AU (s)ds — (87)
—~1 n=0

-1

As € decreases, ®(x) seems to converge to the slope function of
the classical LEFM case in the region away from the crack tips,
where ®(x) is very different from its classical counterpart near the
crack tips.

9.3 Stresses. Similar to classical LEFM, the stress oy,(x,0)
diverges as x approaches the crack tips along the ligament (Fig.

14

G(=Ge"*

x/a

Fig. 5 Classical LEFM, i.e., {=¢'—0. Crack surface displace-
ment in an infinite nonhomogeneous plane under uniform
crack surface shear loading o,(x,0)=-p, and shear modulus
G(x)=GyeP*. Here, a=(d-c)/2 denotes the half crack length.
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G(X)=G,e
X
[ =01 1
0.25 B
[ 0.5 1
I 1.0 i
15 |
2.0
0 i i i
0 0.5 1 15 2
x/a

Fig. 6 Classical LEFM, i.e., {=¢’'—0. Crack surface displace-
ment in an infinite nonhomogeneous plane under uniform
crack surface shear loading o,(x,0)=-p, and shear modulus
G(x)= GyeP*. Here, a=(d-c)/2 denotes the half crack length.

10). Moreover, the sign of the stress changes, and as € decreases,
the interior part (i.e., the region apart from the two crack tips) of
O'yz(x,O) seems to converge to the solution of classical LEFM.
The finding of the negative near-tip stress is consistent with the
results by Zhang et al. [8] who also investigated a Mode-III crack
in elastic materials with strain-gradient effects; this negative stress
may be considered as a necessity for the crack surface to reattach
near the tips. The point worth noting here is that not all strain-
gradient theories possess the negative-stress feature near the crack
tips. For instance, the strain-gradient elasticity theory for cellular
materials [ 16] and elastic-plastic materials with strain-gradient ef-
fects [17], which fall within the classical couple-stress theory
framework, shows a positive-stress singularity near the crack tip.
On the other hand, the strain-gradient theory proposed by Fleck
and Hutchinson [18], which does not fall into the above frame-
work, predicts a compressive stress near the tip of a tensile
Mode-I crack [19,20].

w(x,0/(ap,/ G,)

0 0.4 0.8 1.2 1.6 2.0

Fig. 7 Crack surface displacement in an infinite nonhomoge-
neous plane under uniform crack surface shear loading
0,,(x,0)=—-p, and shear modulus G(x)=G,e’* with choice of
(normalized) ¢=0.10 and ¢’ =0.01. Here, a=(d-c)/2 denotes the
half crack length.
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G(x)=G ™ .

0 0.4 0.8 1.2 1.6 2.0

x/a
Fig. 8 Crack surface displacement in an infinite nonhomoge-
neous plane under uniform crack surface shear loading

0,,(x,0)=-p, and shear modulus G(x)=G,e’* with choice of

(normalized) ¢=0.10 and ¢’ =0.01. Here, a=(d-c)/2 denotes the
half crack length.

9.4 Stress Intensity Factors. Besides using ¢(x) as the un-
known density function, one may also use displacement w(x) to be
the unknown in the formulation of the integral equation (see Ap-
pendix). By rewriting Kﬁl in terms of the coefficients in the ex-
pansion for w, one obtains (see Ref. [6]) the following.

e With 7, expansion,

K§(o) .
— - P (—1)a, (88)
GoNm(d-c)/2 0
N
KS(d
WD _

GoV(d - c)/2 0

* With U, expansion,

8 T T T T T
~———classical LEFM

o(x/a)

0 02 04 06 08 10 12 14 16 1.8 20
x/a

-4

Fig. 9 Strain ¢(x/a) along the crack surface (c,d)=(0,2) for
B=0.5, ¢'=0, and various ¢ in an infinite nonhomogeneous
plane under uniform crack surface shear loading o,(x,0)=
-p, and shear modulus G(x)=G,ef*. Here, a=(d-c)/2 denotes
the half crack length.
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T T
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|' 0.0001
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5,,(x/a,0)/G,
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2.04 x/a 2.06 2.08

-30

2.00 2.10

Fig. 10 Stress o,(x/a,0)/ G, along the ligament for ﬁ:o.s, ¢

=0, and various ¢. Crack surface (c,d)=(0,2) located in an in-
finite nonhomogeneous plane is assumed to be under uniform
crack surface shear loading o,(x,0)=-p, and shear modulus
G(x)=GyeP*. Here, a=(d-c)/2 denotes the half crack length.

N
Kin(c) _ Bc 1y
—G(Nm_e %( D"(n+1)A, (89)
N
Eld) s (s 1)a,

Go\W(d—C)/z 0

Table 3 contains the (normalized) SIFs for the case of classical
LEFM by using both 7, and U, expansions [see Egs. (63) and
(65)]. The SIFs in Table 3 have been obtained by using Egs. (88)
and (89), and they are close to the results reported by Erdogan [7].

Table 4 contains the SIFs for strain-gradient elasticity at 7

=0.1 and €'=0.01. One observes that the dependence of Kyy(c)
and Kyy(d) is similar to the classical case reported in Table 3.

10 Concluding Remarks

This paper has shown that the integral equation method is an
effective means of formulating crack problems for a FGM consid-
ering strain-gradient effects. The theoretical framework and nu-
merical analysis has been utilized to solve antiplane shear crack
problems in FGMs by using Casal’s continuum. The behavior of

Table 3 Normalized SIFs for Mode-lll crack problem in a FGM
€=¢'"—0)

U, representation T, representation

B(d—c) K(c) Ku(d) Kiy(c) K(d)
2 poNT(d=c)12  po\T(d—c)I2  poyT(d—c)/2 po\s“‘ﬂ'(d—c)/Z
-2.00 1.21779 0.55672 1.21779 0.55672
-1.50 1.17801 0.63007 1.17801 0.63007
-1.00 1.14307 0.72845 1.14307 0.72845
-0.50 1.09036 0.85676 1.09036 0.85676
-0.10 1.02289 0.97312 1.02289 0.97312
0.00 1.00000 1.00000 1.00000 1.00000
0.10 0.97312 1.02289 0.97312 1.02289
0.50 0.85676 1.09036 0.85676 1.09036
1.00 0.72845 1.14307 0.72845 1.14307
1.50 0.63007 1.17801 0.63007 1.17801
2.00 0.55672 1.21779 0.55672 1.21779
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Table 4 Normalized generalized SIFs for a Mode-lll crack at ¢
=0.1, ¢{=0.01, and various values of 8

B K(c) K(d)
po\e"ﬂ'(d—c)/Z poNm(d—c)/2
-2.00 1.23969 0.49938
-1.00 1.12585 0.67600
-0.50 1.04849 0.80248
-0.10 0.96814 0.91658
0.00 0.94385 0.94385
0.10 0.91677 0.96828
0.50 0.80277 1.04854
1.00 0.67637 1.12584
2.00 0.49938 1.23969

the solution around the crack tips is affected by the strain-gradient
theory, and not by the gradation of the materials. Also, the integral
equation formulation has been found to be an adequate tool for
implementing the numerical procedures and to assess physical
quantities such as crack surface displacements, strains, stresses,
and SIFs. Further experiments are needed for justifying the physi-
cal aspects of the method. Future work includes extension of the
theory to Mode-I crack problems.
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Appendix: Hierarchy of Governing Integral Equations

In this appendix, we list the type of the physical problem under
antiplane shear loading, its governing PDE, and integral equation
associated with the choice of the density function. The corre-
sponding references in the literature are also provided.

1. Classical LEFM, Homogeneous Materials (G = G,)

» PDE: Laplace equation V>w(x,y)=0.
e Integral equation with the density function ¢(x)
=ow(x,0)/dx:

f ¢([)dt—p(x) c<x<d

e Integral equation with the density function ¢(x)

=w(x,0):
JL t=po)

Many standard textbooks have covered the Laplace equation (see,
for example, Ref. [21]).

(A1)

c<x<d (A2)
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2. Classical LEFM, Nonhomogeneous Materials (G=G(y)

=G0€w)

* PDE: Perturbed Laplace equation (V2+y(d/dy))w(x,y)
=0.

* Integral equation with the density function ¢(x)
=dw(x,0)/dx:

o t

G f [_Lx”zy(x,t)](p(z)dz:p(x), ~a<x<a

(A3)

Erdogan and Ozturk [22] have investigated this problem as
bonded nonhomogeneous materials with an interface cut.
3. Classical LEFM, Nonhomogeneous Materials (G=G(x)
=G()€B x)

e PDE: Perturbed Laplace equation (V2+8(d/dx))w(x,y)
=0.

e Integral equation with the density function ¢(x)
=dw(x,0)/dx:

G(x)} [ +—10g|t x|+ N(x, l)]¢(t)dt

=px), c<x<d (A4)

e Integral equation with the density function ¢(x)
=w(x,0):

@H LB
T ). (t-x)? - 2(t —x)

c<x<d

+ N(x, z)] G(t)dt

=p(x), (A5)

The regular kernels N(x,?) in Eq. (A4) and N(x,7) in Eq. (A5) can
be found in Ref. [6]. Erdogan [7] has studied this problem for
bonded nonhomogeneous materials.

4. Gradient Elasticity, Homogeneous Materials (G= G)

e PDE: Helmholtz—Laplace equation (1—¢2V?)V?w(x,y)

=0.
e Integral equation with the density function ¢(x)
=ow(x,0)/dx:
d 2 ' 2
1 -2¢ 1-(€'1€)14
— Kot - t)dt
Wf{(l_x)3+ RS x>}¢()
pkx)
_d’ ()="- (A6)
Gy

Fannjiang et al. [5] have studied Eq. (A6) in detail.
5. Gradient Elasticity, Nonhomogeneous Materials (G=G(y)
_Goew)

e PDE: (1—y02(3/dy)—€>V?)(V*>+ y(d/ dy))w(x,y)=0.
e Integral equation with the density function ¢(x)
=w(x,0)/dx:
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Gy L] 200 SCYIB+ L y4+1- (€104

T)_, (t-2x)° t—x

+ky(x,1) (p(0)dt + G 12+ €*y) ' (x)

=px), |xl<a (A7)
This is the Part I paper by Paulino et al. [1].
6. Gradient Elasticity, Nonhomogeneous Materials (G = G(x)

= Goeﬁ)‘)

e PDE: (1-B¢%(d/dx)—€>V?)(V2+ B(d/ ox))w(x,y)=0.
e Integral equation with the density function ¢(x)
=ow(x,0)/dx:

1L -2 3¢ +1—3€2,82/8—[€’/(2€)]2
T) . (t-x)° 2(t-x)? t—x

+k(x,1) (p()dt + %q&'(x) + BTeld)(x)

=p)/G,

This is the main governing integral equation (55a).
e Integral equation with the density function ¢(x)
=w(x,0):

c<x<d

f’ 2 3€2B2
p 1-{=] -
1]L —66> 3028 26 8

) -0 (=%’ (1-x)?

T

r\2 203
()]
+ +k(x,0) | pl0)dt
t—x
oy B, ey o
+ 2¢>(X)— 3 ¢(X)—[€<2€) +8€2]¢(x)
_pW)
__G(x)’ c<x<d
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