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Gradient Flow for the One-Dimensional
Mumford-Shah Functional

MASSIMO GOBBINO

Abstract. In order to introduce a notion of gradient flow for the one-dimensional

Mumford-Shah functional M S(u), we consider a family {ﬁs} of regular func-
tionals, defined in spaces of piecewise constant functions, which converge in a
variational sense to M S(u).

Moreover, given an initial datum u, with M S(uo) < +00, and a family {uq.}
of piecewise constant approximations of #, we consider the evolution problems

wp(t) = —[VEue (1)),  ue(0) = ug, .

We show that for large classes of initial data, the family {u (¢)} converges,
as ¢ — 01, to a certain u(t), which is the solution of the heat equation with
homogeneous Neumann boundary conditions in a suitable variable domain. On
the other hand, we show that, for some special ug, the family {.(¢)} has infinitely
many limit points as ¢ — 0T,

Mathematics Subject Classification (1991): 58D25 (primary), 34G20 (secon-
dary).

1. — Introduction

In last years many variational problems with free discontinuities have been
studied. The canonical examples are the minimum problems related to the so
called Mumford-Shah functional, defined by

f(u)=/Q|Vu(x)}2dx+H”_l(Su),

where 2 is an open subset of R”, u belongs to the space SBV(£2) of special
functions with bounded variation (see Section 2), Vu is the approximate gradient

Key Worps: Mumford-Shah functional, I'-convergence, SBV functions, evolution equations,
gradient flow.
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of u, S, is the set of essential discontinuity points of u, and H"~! is the (n—1)-
dimensional Hausdorff measure.

This functional is the weak formulation in the space SBV (Q2) of the func-
tional introduced by D. Mumford and J. Shah in [21] to approach image seg-
mentation problems.

On the other hand, a competition between bulk and surface energies had
already been considered seventy years before by Griffiths [19] to model fractures
in materials.

By the semicontinuity and compactness theorem in SBV proved by Ambro-
sio in [1], variational problems involving F or more general functionals defined
in SBV can be solved using the direct methods of the calculus of variations.
Moreover, also the regularity of minimizers has long been studied after the
pioneering paper by E. De Giorgi, M. Carriero & A. Leaci [14}: the interested
reader can find appropriate references in the survey [3].

On the contrary, evolution problems with free discontinuities seem to be
a still unexplored research field, despite of the possible applications to fracture
dynamic. The prototype of these evolution problems is the gradient flow for
the Mumford-Shah functional.

A first difficulty is to establish what “gradient flow” means in this case,
since F(u) is neither regular nor convex, and therefore it is not possible to apply
standard theories, such as maximal monotone operators (cf. [8]). A possible
approach to a similar problem was considered by A. Chambolle and F. Doveri
in [12]. They studied a model of fracture propagation introduced by Ambrosio
and Braides in [4], based on the evolution by minimizing movements of the
two-dimensional Mumford-Shah energy, with a few additional assumptions on
the discontinuity set.

In this paper we pursue a different path. In the one-dimensional case, we
approximate F by means of regular functionals F, defined in Hilbert spaces of
piecewise constant functions, and then we define the gradient flow associated
to F as the limit of the gradient flows associated to F,. We recall that ap-
proximations of the Mumford-Shah functional are well studied in mathematical
literature (cf. [5], [6], [7], [10], [11], [18]), mainly because of the possible
numerical applications.

To be more precise, our strategy is the following.

(1) For ¢ > 0 we define

_ 2
(1.1 Fo(u) = 1 /arctan ((u(x+e) u(x)) ) dx
R

& &

for all u € L*(R) which are constant on each interval [zg, (z + De[, with z
integer. In Section 3 we prove some results of convergence of F, to F
(up to multiplicative constants).

(2) Given an initial datum ug € L*(R) N SBVi.(R), with F(ug) < +oc,
and a suitable family {uo.} of piecewise constant approximations of u
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(cf. Section 4.1 for the details), we consider for all ¢ > O the evolution
problem

(1.2) u(t) = —[VEI(u: 1)),  ue(0) = uge .

Since F, is regular, the standard theory of ODEs in Hilbert spaces provides
a unique solution u.(z) of (1.2), defined for all + > 0.

(3) We show that there exist a sequence {¢,} — 07, and a continuous function
u: [0, +oo[— leoc(]R) such that

(1.3) {te, ()} —> u(t) in L (R)

for all ¢+ > 0 (Theorem 4.4).

(4) We show that for large classes of initial data, the whole family {u.(¢)} con-
verges to a limit u(¢), which does not depend on {ug:} (cf. Theorem 5.4).
This unique limit « is the only candidate to be the gradient flow for the
Mumford-Shah functional with initial datum .

Roughly speaking, u(z) can be obtained by evolving ug, out of its singular
set, according to the (rescaled) heat equation with homogeneous Neumann
boundary conditions, and restarting the evolution (with the new initial da-
tum) whenever a singularity “disappears” (see Section 5.1 for the details
of this construction).

Finally, we prove that the Mumford-Shah energy is decreasing along the
trajectory.

(5) We show that for some special choices of ug there is a continuum of
possible limit points in (1.3), depending on the sequence {&,} and on the
family {ug.} (cf. Theorem 5.10). However, only one of these limit points
has the property that the function + — F(u(t)) is non-increasing, and this
limit can be characterized as in the regular case (cf. Theorem 5.9).

We hope that similar techniques will provide a definition of gradient flow for
the Mumford-Shah functional also in the n-dimensional case. For example, using
the finite difference approximations introduced in [18], it is possible to repeat
word-by-word in any dimension the steps (1)-(3) described above; however a
precise characterization of the possible limits seems to be a challenging problem.

We hope also to approach in a similar way evolution problems (with free
discontinuities) involving second order time derivatives.

We finally remark the analogy between our construction and the approx-
imation of motion by mean curvature (which may be thought as the gradient
flow of the area functional) by the Allen-Cahn equation (which is the (rescaled)
gradient flow of an approximation of the area functional): the interested reader
is referred to [20].

This paper is organized as follows: in Section 2 we give notations and
preliminaries; in Section 3 we prove some convergence results for the family
of functionals {I:"g} introduced in (1.1); in Section 4 we study the evolution
problems (1.2), then we prove (3) and some general properties of the possible
limits; in Section 5 we prove the results sketched in (4) and (5).
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2. - Preliminaries

In this section we fix notations and we recall basic definitions from the
theory of SBV functions and I'-convergence.

For all ¢ € R, the integer part of « is denoted by [¢] =sup{z € Z: z < «}.
Given A, B C R, we write A CC B if the closure of A, denoted by A, is
compact and contained in B.

The Lebesgue measure and the 0-dimensional Hausdorff measure of a set
B C R are denoted by |B| and H°(B) respectively. We recall that H°(B)
coincides with the number of elements of B, sometimes denoted also by #B.
The characteristic function of a set B C R is denoted by xp. We use standard
notations for the Banach spaces L?(R), and for the metrizable spaces L{ (R),

loc
whose metric is denoted by d L ®- All the functionals introduced in this paper,
0C

and also all the operations of lim, liminf, limsup, are intended with range in
the extended real line R = R U {400, —00}.

Even if the functions we consider depend only on one space variable, we
use vector notations such as Vu, Au, for differential operators with respect to
this space variable.

2.1. - Special functions of bounded variation

For the general theory of functions with bounded variation we refer
to [17], [22]; here we just recall some definitions and some basic results for
the one-dimensional case.

Let 2 C R be an open set. We say that u is a function of bounded variation
in €, and we write ¥ € BV(Q), if u € L'(Q) and its distributional derivative
is a real-valued measure Du with finite total variation |Du|(£2). We say that
u € BV(R2) if u € BV(A) for every open set A CC Q.

If u € BVioc(R), then for all x € R there exist

. 1 X 4 + ) 1 x+h

- = lim — s)ds, u = lim — ds.
W= lim o [ ) 0= lim o [ uts)ds
We denote by S, the discontinuity set of u, i.e.

Sy = {x eQ: ut(x)# u_(x)}.

It turns out that S, is a countable set. Moreover, u™ and u~ have a
derivative (in the classical sense) for a.e. x € Q. These two derivatives coincide
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for a.e. x € , and their common value is called the approximate gradient of u,
which is denoted by Vu.

Now let us write Du = D% + D°u, where D%u is absolutely continuous
with respect to the Lebesgue measure £!, and D’u is singular with respect
to £!. We call D% the “absolutely continuous part” of Du. Moreover, we call
the restriction D/u of D*u to S, the “jump part’ of Du, and the restriction
Dfu of D'u to Q\S, the “Cantor part” of Du.

With these notations we have the following decomposition:

Du = D+ D/u+ D‘u.
Moreover, it turns out that

D%u = Vu(x) L',
Diu=>Y (ut(y) —u"()s,,

yESu

where §,(A) =1 if y € A, and §,(A) =0 if y & A.

DeriNITION 2.1. Let 2 € R be an open set, and let 4 € BV (2). We say
that u is a special function of bounded variation, and we write u € SBV (), if
Dy = 0.

We say that u € SBVjo(R2) if u € SBV(A) for all A CC Q.

For all positive real numbers A, u, let us set
x/ |Vu(x)?dx+pH(S,) if u € LL (R)NSBVinc(R),
R

2.1) MS, () :={
+00 if ue L2 (R)\SBViec(R) .

It turns out that MS, ,(u) < +oo if and only if u has a finite set of
discontinuity points S,, and u € H L(R\S,).

The following semicontinuity and compactness result may be simply de-
duced from the general theory of [2].

THEOREM 2.2. Forall A > O, p > O, the functional M S, ,(u) defined in (2.1)
is lower semicontinuous in L} (R).
Moreover, if {u,} € SBViec(R) N L*(R) is a sequence such that

sup {MS; 1 (n) + ltnllo } < 00,
ne

then there exists a subsequence {u,, } converging in leoc (R) to some u € SBVioc(R).
Moreover

{Vu, } = Vu  weakly in L*(R);

. .
D'u — DJu  as Radon measures,
ng
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and
]iminf/ [V, (x)1* dx E/IVu(x)lzdx;
k—oo Jp R

liminf H°(S,,, ) > HO(S,) . m
k—oo k

2.2. - I'-convergence

DerINITION 2.3. Let X be a metric space, let {F,} be a sequence of

functions defined in X with values in R, and let F : X — R. We say
that {F,} [-converges to F, and we write

Fx)=T— lim F,(x),
n—>0o0

if the following two conditions are satisfied:
(i) for every x € X, and every sequence {x,} converging to x we have that

F(x) <liminf F,(x,) ;
n—>oo

(ii) for every x € X, there exists a sequence {x,} converging to x such that

F(x) = limsup F,(x,) .
n— oo
The I'-limit, when it exists, is unique, and stable under subsequences.
Finally, we say that a family {F,}..o of functions ['-converges to F as ¢ — 07,
if {F;,} T'-converges to F for every sequence {&,} — OF.
The reader interested to variational properties of I'-convergence is referred
to [13], [15].

2.3. — The heat equation

We recall some results about the heat equation that will be frequently used
in Section 5.
Let I = {a, b] be an interval, and let vy € H'(I). Then the problem

Ve (2, x) =20, (2, X) in [0, +oo[x I
{ ve(t,a) =uv(t,b) =0 V>0
v(0, x) = vp(x)

has a unique solution which depends continuously on vy (with respect to L2
convergence).

Moreover, for each y € [a, b], the function + — v(z, y) is continuous in
[0, +o0[, analytic in ]0, +oc[, and depends continuously (with its derivatives
of any order) on vy.

Furthermore, the following comparison result hold true: if u is a solu-
tion of the same PDE, with the same initial datum, and boundary conditions
u(t,a) >0, u,(t,b) <0 for all £ > 0, then u(r, x) < wv(¢, x) in [0, +oo[x 1.

Completely analogous results hold true if I as a half line, up to replace
the lost boundary condition by u(f) € L*, and L? and H', respectively, by
leoc and le)c‘
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3. — Approximation results

In this section we approximate the one-dimensional Mumford-Shah func-
tional by a family {F.} of regular functionals which are finite only in suitable
spaces of piecewise constant functions. We prove both the I'-convergence (The-
orem 3.10), and some higher order convergence results (Theorem 3.12, 3.13,
and 3.15) which will be crucial in Section 4-5.

3.1. - Definitions
In order to simplify many formulas we introduce some notations.

DeriniTION 3.1. For every p € R, and every function u : R — R, we set

u(x+py —ulx)
_— . if 0,

DPu(x) := { P ito#
0, if p=0.

The following properties of the operator D are an easy consequence of
the above definition (the simple proofs are left to the interested reader).

ProposITION 3.2 (Properties of D?). Forall p € R the following hold true.

() Linearity: given two real functions u, v : R — R, and two real numbers o, B,
we have that

3.1 D (au + Bv)(x) = aD’u(x) + BD’v(x), VxeR.
(i) Chain-rule: given two real functions f, g : R — R we have that
(32 DP(fog)(x) = (DOFP78W f)(g(x)) - DPg(x), VxeR.

(iii) Integration by parts: let Q@ C R be an open set, and let u, v € L*(R2). If either
u or v has compact support in 0, and |p| is small enough, then we have that:

(3.3) /Q u(x) DPv(x)dx = —/Q v(x) D”Pu(x)dx.

If Q =R, equality (3.3) holds without restrictions on p, and on the support of
uand v.

(iv) Approximation of derivatives: for all ® € Cé (R) we have that

3.4) DP® —> VO uniformly on R

as p — 0.

(v) Lipschitz continuity: for all p € [1, 4+0oc0] the operator u — D*u is well
defined and Lipschitz continuous in L? (R). O
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Properties (i)-(iv) show the analogy between the operator D? and the deriva-
tion operator.
For each ¢ > 0 we consider the function

1
(3.5) @ (r) = — arctan(er?), VreR,
£

and the space
(3.6) PC2:={u e L*(R) : u(x) = u(elx/e]), ¥ x € R},

so that each u € PC? is constant in the interval [ze, (z + 1)e[ for all z € Z.
Finally, we consider the functional

/ @e(Du(x))dx if u € PC%,
(3.7) R
+00 if u € L2 (R)\PCZ,

loc

defined for every & > 0, u € L2 _(R), with values in R U {+00}.

loc

ProposiTION 3.3 (Properties of 17‘8). For all ¢ > 0 we have that:

@) PC? is a ¢losed vector subspace of L?*(R), hence it is a Hilbert space with
respect to the usual scalar product of L*(R);
(ii) the restriction of F, to PC? is a real valued function of class C*;

(iii) for everyu € PC? the gradient of I:} in u is given by

(3.8) [VE@)] () = =D (¢ (D°ux))) ;
(iv) VF, isa Lipschitz continuous function on PCg.

Proor. Statements (i) and (ii) follow immediately from the definitions
of PC?, D¢, and ¢,.

In order to prove (iii), we use the standard relation between the differential
and the Gateaux derivative along a direction v € PCZ:

Fe(u 4 hv) — Fo(u)
h

— lim © / (9e(D°u(x) + hD°v(x)) — ¢:(D*u(x))) dx
h—0 h R

(VEe(u), v) 2 = Jim

=/¢;(D8u(x)) Dfv(x)dx
R

= - [ DD ) v dx,
R
where the last inequality follows from (3.3). This proves (iii).
Therefore the function V F is the composition of the three maps
u— D°u, v— ¢, (v), w— D%(w),

which are Lipschitz continuous. This proves (iv). O
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For every ¢ > 0, we now write D® as the sum of two operators, which
may be thought as the “absolutely continuous part” and the “jump part” of De.

DEFINITION 3.4. For every & > 0, and every function u : R — R, we set
and we define D®*u in such a way that

Dfu(x) = DSV u(x) + D* u(x), VxeR.
Moreover we set

IF(w):={x eR: D*Tu(x) #0}.

We remark that 371/4¢=1/2 is the maximum point of ¢..
The following estimates are a crucial tool in many proofs.

ProPoSITION 3.5. Let 135 be the functional introduced in (3.7), and let D*,
D*~, If beas in Deﬁmtzon 34.
Then forall u € L% (R) we have that

(3.9) < 2 e,
@y [ (puw)dx= [ (0 mue)ax < S hw.
R\L" () R T
Moreover
12 . 6 . 172
(3.1D) / |IDfu(x)|dx < — |lulloo Fs () + {~ IQIFe(u)}
Q T T

for every open set 2 CC R.

Proor. Since arctanr > % for r > 371/2 we have that

1
R = [ g(Due)de = Tt wl,

which is equivalent to (3.9). Moreover, since arctanr > %r for 0 < r <3712

we have that

Fe(u) z/ @ (Dfu(x)) dx > —/ (D°u(x))’d
R\Ig*(u) R\L ()

which is equivalent to (3.10). Finally, by Holder’s inequality we have that

/IDEu(x)ldxf/ |D8u(x)|dx+/ [Dfu(x)|dx
Q IFw +

Q\Ie(u)
_2Jul 2
/)
< = )|+|sz|‘/2</ |D€u(x)|2dx> ,
VAN

so that (3.11) follows from (3.9) and (3.10). O
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3.2. - Some lemmata
We now prove three general lemmata.

LEMMA 3.6. Let {e,} — 07, let {g,} be a sequence such that g, € Pan forall
n €N, and let g € L>(R). Let us assume that

(3.12) {gn} — g weakly in L*(R);
(3.13) sup [[D™ gull 2y < +00.
neN

Then g € H'(R), and moreover

{gn} — ¢ uniformly on compact sets ;
{(D™f"g,} —~ Vg  weakly in L*(R).

(3.14)
ProoF. By (3.12) we have that
M = sup||gnll 2@ < +00.
neN
Step 1. By (3.13) there exist a sequence {n;} — 07, and a function
h € L2(R) such that

(3.15) {D™*"k g, } = h weakly in L*(R).

Now let & € C°(R). By (3.3) we have that

/ gn, () DTk ®(x)dx = — / D™k g, (x) ®(x)dx,
R R

so that, passing to the limit as k — oo, and using (3.4), (3.12), and (3.15), we
obtain

/g(x) VO(x)dx = — / h(x) P(x)dx.
R R
Since @ is arbitrary, this proves that g € H'(R) (therefore g is continuous),

and & = Vg. Since this limit does not depend on the sequence {ny}, (3.14) is
proved.

SteP 2. We show that
(3.16) |82 (X) — gn | < M(Ix — y| +&)'/?,

for every n € N, and every x € R, y € R.
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To this end, let us set for simplicity 2 = [x/e], kK = [y/e], and let us
assume that 4 > k. Then by Cauchy Schwarz inequality we have that

18n(xX) — gn(M)| = |gn(hen) — gnlken)

h
=| D eD"galicn)
i=k+1
h 1/2
S%Wm—wﬂ{Ej%w*wm&ﬁ}
i=k+1

< (x —yl+e)'*M.

Step 3. We show that {g,} pointwise converges to g.
To this end, let us fix xg € R, and § > 0. By (3.16) we have that

x0+8 2 32
< / 18006) = galxo)| dx = 5 M 15+ e,
X0

x0+8
/ (8n{(x) — gn(x0)) dx

0

hence

2 x0+9 2
Sgn(x0) = 5 M 18+ " < / G0 dx < dgaio) + 3 M 15+ enl2.
X0

Taking the liminf as n — oo, and dividing by § we obtain
xg+8

.. 2 12 1
liminf g, (xp) — = M |8]"/° < —/
n—>00 3 5 X

2
g(x)dx < liminf g,(xo) + M 1812 .
0 n—00

Passing to the limit as § — 0%, and exploiting the continuity of g, we
finally obtain that

liminf g, (xo) = g(xo) .

Since we can argue in the same way with the lim sup, pointwise convergence
is proved.

Step 4. Uniform convergence follows in a standard way from pointwise
convergence and from (3.16). O

LemMa 3.7. Let {g.} € L%(R), and let g € L*(R) be such that
{g:} = g weakly in L*(R).

Then

3.17) lim inf gog(ge(x)) dxz/lg(x)lzdx,
+ JR R

e—0

where @, is the function defined in (3.5).
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Prook. Since it is enough to prove (3.17) for every sequence {¢,} — 0T,
we can assume that
M :=sup llgglle(R) < +00.

>0

Now for all A > 0 let us set
If, ={x eR: |g(x)] > Ae™'/?}.

Since
2

A
M > / g OPdx = 21t
Iy, e

it follows that ]IISI — 0 as ¢ » 0T, hence
g x;+ — 0 weakly in L(R),
A,e

and therefore

(3.18) 8 Xpyt — & WeaKly in L*R).
Moreover, since @,.(r) > arctan 4% r if 0 <r < A¢~V2, then we have that
A2
[elew)arz [ | o(aw)a
R IR

arctan A2 5
> VIR o+ |ge (x)|“dx
A,e

arctan AZ ,
T ||8sXR\1;€ 2@ -
hence by (3.18)

e arctan A2
hmlgf/R%(ge(x)) dx > -72—||g||L2(R)-

£—0

Taking the limit as A — 0%, (3.17) is proved. O
Lemma 3.8. Let {g.} € L2 (R)NL®(R), andletg € L*(R). Let us assume that

(3.19) Igelloo < &7'/2,

(3.20) ge — g weaklyin L*(R).
Then

(3.21) @.(ge) — 2g weakly in L*(R) .

where ¢, is the function defined in (3.5).
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Proor. By assumption (3.20), thesis is equivalent to show that
(3.22) ¢.(ge) — 28 = 0 weakly in L*(R).

To this end (looking at the explicit expression for ¢.) it is enough to
prove that

(3.23) e2g,* — 0 in L2 _(R).

loc

Since it is enough to prove (3.23) for any sequence {g,} — 0T, thanks
to (3.20) we may assume that

M :=sup|lg. ||L2(R) < +o00.
>0

Now let I CC R be a bounded interval, and let A > 0. Let us set
Ij,={xel: |gx|>A"?}.

Then we have that

2
2 2 +
”galle(R) > ”gEHLZ(IXS) = —8— IIA,SI ’

hence

M?¢

(3.24) 15, < Yo

By (3.19) and (3.24) we have that

M?%e
Jeat= [ et~ [, Gt <l At < S At
I I, nrf, A

hence

lim sup ||82g54||22(1 < AYI).
)
s—0F

Since A, and 7, are arbitrary, (3.23) is proved. O
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3.3. - I'-convergence and compactness

We now study the convergence of the family {I:"g} to the Mumford-Shah
functional. The following approximation lemma will be crucial in the sequel.

LEMMA 3.9. Let ug € L>®(R) with MSL%(uO) < +00.
Then there exists a family {ug.} € L*°(R) such that

(i) {I/t()g} - uO in le()c(R);

(i) |luoelloo < lluollco for all e > 0;

(iii) uos € PC? forall & > 0;
(iv) limsup,_,o+ F(uoe) < M, 3 (uo) forall & > 0.

ProOOF.

Step 1. Let us assume that u#p has compact support. Modifying # on a
negligible set (if necessary), we can assume that u is left continuous. Let us set

uge (x) == uglelx/e]) .

It is clear that {uo.} satisfies (ii) and (iii). Moreover, since u is left
continuous, {uq.} pointwise converges to u, hence (i) follows from Lebesgue’s
theorem.

In order to prove (iv), let us write

ﬁs(”Oa) = / (pa(DEMOS(x)) dx +/ (ps(Dsqu(x)) dx,
Ag R\A¢

where

Aci= | [ely/el edy/el + 1),

yeSuO

and let us estimate separately the two summands. The first one can be trivially
estimated by

A
Al _ T 4005,y
£ 2

(3.25) [ o (D)) dx <

(SRR

In order to estimate the second summand, we note that if x ¢ A,, then ug
is absolutely continuous in [g[x /€], e([x/e]+ 1)], hence, by Holder’s inequality:

(0e (x + &) — w0 (x))* = (uo(elx/e] + &) — uo(elx/e]))’

s(lx/el+1D) 2
/ Vuo(e)| de
elx/e]

e([x/el+1)
s/ |Vuo(t)|2d7:.
elx/el

IA

IA
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Thus, since arctan(x) < x for all x > O:

1 e([x/e]+1)
/ e (D¥uoe(x)) dx < —// |Vuo(e)|* d dx
R\Ag € JR Je[x/e}

1 e(z+1)
= —Ze/ |Vu0(t)|2dr=/|Vu0(r)|2dx.
€ 2€Z £z R

By (3.25) and this last estimate, (iv) easily follows.

Step 2. If up has not compact support, then we set

ug(x) if x € [—n,n],

<2 — %) won)  if x € [n, 2n],
Upn (X) 1= X

(2 + ;) ug(—n) if x € [-2n, —n],

0 if |x| > 2n.

It is clear that ug, has compact support, {ug,} — up in LIZOC(]R), and
lonlloo < lluolloo. Moreover, Sy, = SuyN]—n,n[, and

n 1
/R Viuon (0)2 dx = / (VoGP dx + = (uoP + lua(-mI?)
hence {MSL%(uO,,)} — MSL%(uO).

Since each up, may be approximated as in Step 1, by a diagonal argument
thesis is proved also in the general case. O

We are now ready to show that M Sl,% is the T'-limit of {F,} with respect
to the metric of L2 _(R).

loc

THEOREM 3.10. Let I:"S and M S, ,, be the functionals defined in (3.7) and (2.1)
respectively.
Then
T — lim Fy(u) = MS, z (),
=0t 2
where the I'-limit is computed with respect to the usual metric of leoc R).
Moreover, if {u.} € L°°(R) is any family such that

(3.26) sup { Fiate) + llelloo | < +00,

e>0

then {u.} is relatively compact in leoc (R), and every limit point belongs to S B Vi (R).
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PROOF.
Liminfpart. In [18] it is proved that

(3.27 lim iEf @e (Dfue(x)) dx > MSL%(u),
R

g->0

2

whenever {u.} — u in L} .(R). Since convergence in L (R) implies conver-

gence in L. (R), and
Fy(v) Z/(pg (D*v(x)) dx
R

for all v € LZ_(R), by (3.27) we have that

loc

11813(i)x+1f13;(u£) > MS) z (),

whenever {u.} — u in leoc(]R).

Limsup part. Follows in a standard way from Lemma 3.9, and from the
density of L>®(R) in L _(R).

loc

Compactness. For every € > 0, and every open set 2 CC R, we have that
u, € BV(Q), and

1Dugl(R) = > e|Duc(ez)] < / |Dfu, (x)] dx,
zez Q¢
£2€Q2
where Q. :={x e R: |x — y| < ¢ for some y € Q}.
By (3.11), and assumption (3.26), it follows that

sup {/ |ue(x)| dx + |Du£|(S2)} < 400.
Q

e€[0,1]

Therefore, by the standard compactness theorem for BV functions, there
exist a sequence {&,} — 0T, and u € BVj,(R) such that

{ue,} — u in L} (R).

Up to subsequences we can assume that the convergence is pointwise a.e.;
thanks to the bound in the L®-norm and Lebesgue’s theorem, this implies that
up to subsequences

{te,} — u in L%OC(R).

Finally, by the “liminf part”, it follows that MSI,%(u) < +oo, hence
u € SBVio(R). O
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3.4. — Convergence of gradients

Given a family {u.} — u, we now study the convergence of {D°u,} to Vu.
A first result is the following.

LemMma 3.11. Let {u,) € L®(R), and let u € L>(R). Let us assume that

ue —u inLE (R),

Sup ﬁe(us) + ”ug]loo} < +OO .

>0
Then u € SBVj,.(R) and
Dfu.(x)dx X Du weakly * as Radon measures.

Proor. By (3.11), and our assumptions, it follows that

sup [ |Dfu.(x)|dx < +o0
e>0 JQ

for every open set 2 CC R. Therefore, by the compactness theorem for Radon
measures, there exist a sequence {¢,} — 0", and a Radon measure u such that

D®"ug, (x)dx A w  weakly *.

Now let ® ¢ Cé (R), and let I CC R be a bounded open interval which
contains the support of ®. By (3.4) and (3.3) we have that

/u(x) Vo(x)dx :/u(x) Vo (x)dx = lim /usn(x) D" ®(x)dx
R 1 n—>00 I

= — lim [ D*"u,, (x) P(x)dx = —/Cb(x) du
1 I

n—>o0
=— / D(x)du.
R
Since @ is arbitrary, this proves that u = Du. By a standard argument, it
follows that also the whole family {D®u.} weakly * converges to Du. O

The following theorem improves both Lemma 3.11, and the “liminf part” of
Theorem 3.19, showing that assumption (3.26) forces the separate convergence
of {D* u,} and {D**u,}, respectively, to D% and D/’u.
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THEOREM 3.12. Let {u,} € L®(R), and let u € L°(R). Let us assume that

u. — u in L3 (R),

sup { £ @te) + oo } < +00.

>0

Then u € SBVi,(R) and

(3.28) D® u, — Vu  weakly in L*(R);

(3.29) Doty (x) dx X Diu weakly * as Radon measures .

Moreover for every y € S, and every § > 0 we have that

(3.30) liminf ¢ max |D%uy(x)| > 0.
e—0+t  xely—8,y+4]
Finally
(3.21) liminf | @, (D" us(x)) dx z/IVu(x)|2dx;
e—0T JR R
(3.32) lim inf / e (D" T us(x)) dx > = HO(S,,) .
=0T JR 2
PROOF.

Step 1. Let us prove (3.28). By (3.10) we have that

6 -
sup (DE’_ug(x))zdx < — sup F,(u;) < +00.
>0 JR T >0

Therefore there exist a sequence {g,} — 0%, and a function g € L?(R)
such that

(3.33) D*"~u, — g weakly in L*(R).

If we prove that g = Vu, (3.28) will follow by a standard argument.
To this end, let us observe that by (3.9) we have that

6 A
sup 1M (u:)] < — esup Fe(u,) =: Me;

>0 £>0

hence, for each n € N, the set I:r; (ug,) is the union of at most M intervals of
length &,. Therefore, up to subsequences, there exists a finite set

F={x,....xx}CR
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such that for all § > 0
(334) I} (ue,) CFs:={x€R: |x—y| <8 for some y € F or |x| >8"}

for n large enough. Without loss of generality, we can assume that F D S,.
By (3.34) for n large enough we have that

(335) DgnusnIR\Fg = Den,_ué‘an\FS .

Thanks to (3.33) the right hand side of (3.35) weakly converges to glr\Fs>
while by Lemma 3.11 the left hand side of (3.35) weakly * converges to
Du|g\rs, i€. to Vu(x)dx. This proves that g coincides with Vu for ae.
x € R\ F;. Since § is arbitrary and F' is finite, it follows that g = Vu for a.c.
x € R, and therefore (3.28) is proved.

SteP 2. Since
(ps(Dsua) = (D" ug) + ¢£(D8'+u6) )
(3.29) follows from (3.28) and Lemma 3.11

SteP 3. In order to prove (3.30) let us set
My = sup Foue),  Mp:= min [D/u({yD)| > 0.
By (3.29) and (3.9) for all § > 0 we have that
My < |D7ul(ly — 8,y +8D)

8

<liminf [ |D®%u.(x)|dx
e=0t J_g

< liminf I} (u max |Dfu.(x
= limin 1 ( E)lxe[y—5,y+8]| ()]

6M; .
< —— liminf & max |D°u.(x)|.
T g0t  xe€ly—8,y+8]

This proves (3.30).

Step 4. By (3.28) we can apply Lemma 3.7 with g. = D* " u,, and g = Vu.
This proves (3.31).

Step 5. Let us prove (3.32). To this end, let § > O be such that
(Sugls ' ={x e R: |x —y| <4 for some y € §,,}

has exactly HO(S,,O) connected components (this is true for every § small
enough), and let y € §,. By (3.30) there exists o, > 0 such that for ¢
small enough

max _ |Dfu.(x)| > aye”! > 3742,
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Therefore for ¢ small enough, I;' (ues) N1y — 68, y + 48[ contains at least one
interval J, . of length &.

Therefore
[epum)ax= 3 [ (0 tuw)ds
R vesy My
o>
> 2
Z arctan ( - )
yESuo
Taking the limit as ¢ — 0T, inequality (3.32) is proved. O

The following result will be crucial in Subsection 3.5 and Subsection 4.4.

THEOREM 3.13. Let {u,} € L*°(R), and let u € L*°(R). Let us assume that
u. — u inLi (R),
sup { £y (ue) + lcllo | < +00.
Then u € SBVioc(R) and
(3.36) @L(Dfus) — 2Vu  weakly in L*(R) .

PrOOF. Since ¢} llc <2712, by (3.9) we have that

A

2
< —= 1 Pllool I ()

JE

12 N

- “q)“oo\/E sup Fe(u,),
T £>0

’/ @i (D% Ve (x)) @ (x) dx
R

[A

hence

lim [ ¢, (D% u.(x))®(x)dx =0
e—=01 JR

for every ® € CJ(R). By a density argument this proves that
(3.37) @, (D" u;) —~ 0 weakly in L2(R).

Moreover, applying Lemma 3.8 with g, = D®>"u,, we have that
(3.38) @l (D*"ug) =~ 2Vu weakly in L2(R).

Since
@l (Dfu;) = @l (D" ue) + ¢, (D"Vu,),

thesis follows from (3.37) and (3.38). O
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3.5. — Convergence of slopes
We now study the convergence of the family {||Vﬁ“e I LZ(R)}-

DerINITION 3.14. For all u € L% (R) we set

loc

2\l Aull 2@ if MS;z@) <+oo, Vue H(R),
IVMSL%(u)l = { and Vu(y) =0 for every y € §,,
+00 otherwise,

where Au denotes the weak derivative of the approximate gradient Vu. We
recall that if Vu € H'(R), then Vu(x) is well defined for all x € R.

THEOREM 3.15. Let {u.} C L®(R), and let u € L*°(R). Let us assume that

ue — u inLi (R),

sup { Fu(ute) + luelloo } < +00.

£>0
Then
(3.39) liméEfHVﬁg(ue)Ile(R) > |VMS, z ().
£—>
Proor. If

lim inf |V F, (ue) || 2y = +00.,
e—>0t

then thesis is trivial. We can therefore assume that there exists a sequence
{e,} — 0T such that

(3.40) nli)ngo VvV F, (“6n)”L2(R) = ligg(i)gf”VFg(ue)HLz(R) < +00,
Now let us set
&n = (0:3,, (Denuen) .

Since D™ % g, = —VI:"S,, (ug,), by (3.40) and Theorem 3.13 we have that g,
satisfies the assumptions of Lemma 3.6 with g = 2Vu. It follows that Vu €
H'(R), and

(3.41) (p;” (D**u,,) — 2Vu uniformly on compact sets;

(3.42) Vﬁsn (Ue,) ~ V(2Vu) =2Au weakly in L*(R).
By (3.40) and (3.42), it follows that

liminf |V £ ue)ll 2y = 2 1 AU 2 -
g0t
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It remains to show that Vu(y) = 0 for all y € §,. To this end, let us
fix § > 0. By (3.30) there exists a constant o, > 0 such that

&n a)’
max _|D™u,, | > —,
x€[y—38,y+4] En

for n large enough, hence
2¢&,

3
oy

o
. ’ g / Yy
min ® D"y X < @ — <
xe{y—S,y+8]| 8"( 8"( ))l — Ten (8,,) B

Passing to the limit as » — oo, by (3.41) we have that

min  |Vu(x}|=0.
x€[y—4,y+4]

Since & is arbitrary, and Vu is continuous, it follows that necessarily
Vu(y) = 0. O

REMARK 3.16. For the reader familiar with the notion of descending slope of
a function defined in a metric space (cf. [16]), we observe that if u € L*(R), then

||Vﬁ‘6(u)|| 2w and VM Sly%(u)l are the descending slopes in u, respectively,
of the restrictions to L(R) of F, and M Sl.%. It is also possible to prove that

P — lim {Fe) + IVE@l 2 | = MS, 50+ VMS, 3 w)].

Indeed, the “liminf part” is a straightforward consequence of Theorem 3.10
and Theorem 3.15, while the “limsup part” may be proved refining the con-
struction of Lemma 3.9.

4. — Convergence of approximate gradient flows

In this section we study the convergence of the gradient flows relative to

the functionals {ﬁ’g} introduced in Section 3.
In order to simplify the notations, we set

X:={u € LY®R) N SBViec(R) : MSL%(H) < 400},
and we define on X the metric

dx(u, v) :=dpa g, )+ [Hltlloo = Vlloo] + 1MS) £ () — MS) 2 (V)]

is any metric in L _(R).

where d foc

2
Lloc &)
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4.1. - The approximate problem

In the sequel we assume that uo € X is a given function. Our aim is to
define the gradient flow relative to the Mumford-Shah functional, with uy as
initial datum.

To this end, we consider a family {ug.} € L*(R) satisfying the following
conditions:

(P1) {uoe} — uo in Li, (R);
(P2) lim,_, o+ [|toelloo = Iltt0lloo;

(P3) uge € PC? for all £ > 0;
(P4) lim, o+ F;(uo:) = MSy 1 (o).

Existence of families with the above properties follows from Lemma 3.9 and
Theorem 3.10. Moreover, since we are always interested to limits as & — 0T,
we may assume, without loss of generality, that

4.1 sup { Fu(utor) + lugelloo ) < +00.

>0

Then we consider the evolution problems

u,(t) = —[VE(ue(n)), 120,

Since VI:} is a Lipschitz continuous operator (cf. statement (iv) of Propo-
sition 3.3), the following result is a straightforward consequence of the standard
Cauchy-Lipschitz-Picard theorem for ODEs (cf. [9, Theorem VIL3]).

THEOREM 4.1. For every ¢ > 0, problem (4.2) has a unique solution u, €
C([0, +o0[; PC?), which depends continuously on the initial datum. O

In the sequel we sometimes denote by GF (13"8, uge) the unique solution
of (4.2).

4.2. — Basic estimates

PrOPOSITION 4.2. For every ¢ > 0, let u, be the solution of (4.2).
Then the following hold true.

1) F. -Energy equality. For all 0 < t, < t, we have that

~ ~ 7] ~ 5
Euue) = Fulue) = [ N9 F (0e(0) 2y de

3l

f
=/u%@m@®da

i

4.3)

In particular, the function t — F, (ue(t)) is non-increasing for t > 0.
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(ii) ﬁe-Energy estimate. For all t > 0 we have that

@4 Fe(ue() < Feluoe) -

(iii) Maximum principle. For all t > 0 we have that u.(t) € L*(R), and
(4.5) s (Dlloo < Huoslloo -

(iv) Holder estimate. For all 0 < t; < t, we have that

(4.6) et () — e (@)l 2 < (Feluo)) 1ty — 12]'/2.

Proor. (i) I:}—Energy equality. 1t is enough to integrate in [#, #;] the equality

d - I ’
E;(Feous)(t) = <VFS (ME(I))s us(t)>L2(R)

= N, O} 25 = =NV Ee (e )72, -

(ii) I:"E—Energy estimate. Trivial consequence of (4.3).
(ii1) Maximum principle. Let G : R — R be a function such that

(GD) G(r)=0forr <0, and G(r) > 0 for r > 0;
(G2) G is convex;
(G3) G is of class C?, and G” is bounded.

Let K = |lugelloo, and let us consider the function v, : [0, +oo[—> R
defined by

W) i= [ Gy = Kyds.
By (G1) and (G3), it follows that
G(r—K) < 1G"[loor”,
and therefore v, (¢) is well defined. Moreover, by (3.3) and (3.2) we have that
1/f;(t)=/RG’(ug(t)—K)u;(t)dx
=/RG'(u8(t)—K) D™ ¢, (D*u, (1)) dx
= — /]R DPG'(us(t) — K) ¢, (D°u(r)) dx
=— /R DA G (y () — K) DPul ()l (Dfu,(t)) dx <0,

where in the last inequality we exploited that D?G’(r) > O for every p and
every r (by (G2)), and that the function r — re,(r) is non-negative.
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Since by (G1) we have that ¥.(0) = 0, and ¥.(¢) > 0 for £ > 0, then
necessarily ¥.(¢z) = 0 for every ¢ > 0, hence u () < K.

In an analogous way it is possible to prove that u.(f) > —K for every
t > 0. This completes the proof of the maximum principle.
(iv) Holder estimate. By Holder’s inequality and (4.3) we have that

)
e (t1) — g (22l 2y < / 14, (1)) 2y T

f

1/2
n

s{ / ||u;(f))||iz(R)dT} lty — )/?
3|

~ |
1/2
=< (FS(MOS)) / |t — l‘2|1/2 .

4.3. — Passing to the limit

From now on we consider the space C°([0, 4-ocl; LIZOC(R)) endowed with
the topology of uniform convergence on compact sets. For the convenience of
the reader, we recall the following compactness result, which is a particular
case of the standard Ascoli theorem (proof is omitted).

LEMMA 4.3. Let {u,} < C°([0, +o0[; LZ_(R)). Let us assume that

loc
(i) for every t = 0, the family {u.(t)} is relatively compact in L,ZOc R);
(i1) there exists a constant M € R such that

lue(t) — ue@ll 2gy < Mty — 12]'/?
Jorevery e > 0, and every 0 < t; < t,.
Then {u.} is relatively compact in CY[0, +oo[; L% .(R)). O

loc

We are now ready to prove our main compactness result.

THEOREM 4.4. For every ¢ > 0, let u. be the solution of (4.2).

Then there exist a sequence {¢,} — 07, and a continuous function u : [0, +00[
— L% (R) such that

{Ue,} —> u in C°([0, +ool; LE (R)) .
Prook. It is enough to show that {u.} satisfies the assumptions of Lemma 4.3.
By the energy estimate (4.4), the maximum principle (4.5), and (4.1), it

follows that
sup {E(ue®)) + e lloo} < sup {Fouoe) + lluoelloo} < +00
> E>

for all + > 0. Therefore, by Theorem 3.10, assumption (i) of Lemma 4.3 is
satisfied.
On the other hand, assumption (ii) of Lemma 4.3, with
A 172
M= sulg (F,(uoe)) /
£>

follows from the Holder estimate (4.6). O
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The above theorem provides the candidates to be the gradient flow relative
to the Mumford-Shah functional with uo as initial datum, and justifies the
following notation.

DerINITION 4.5. For every ug € X we denote by GF(MS, z, ug) the set

of all possible limits in Theorem 4.4.
To be more precise, we say that a function u € C°({0, +oo[; LIZOC(R))
belongs to GF (M SL%, ug) if there exist a sequence {e,} — 0%, and a sequence

{toe,} © L™®(R) such that

{di2._ ) W06y, 0) + | 106y 10 = loc] + 1By t0e,) — M1 5 (o)} —> 0.
{GF (Foy, e, )} —> u in C*([0, +00f; Lige (R)) .

4.4, - First properties of the limit

PrROPOSITION 4.6. Let ug € X. Then every u € GF(MSL%,uO) has the
following properties.

1) u(0) = uy.
(i1) Forall 0 < 11 < t, we have that

1/2
lutt) — u@)ll 2@ < (MS) 2 @)’ — 0]
(iii) For allt > 0 we have that u(t) € X, and

le(®)lloo < lluolloos
MS) 5 (u(t)) < M| x (o).

(iv) The functionu (as afunction of (t, x)) is a distributional solution in 10, +00[ xR

of the equation

M ) DV

- = u),

ot
where D(Vu) is the distributional derivative (with respect to the x-variable)
of the approximate gradient Vu.

(v) Forae. t > 0we have that V(u(t)) € H'(R) (as a function of the x-variable),
and
(Vu())(x) =0, VxeSu-

Proor. Let {¢,} and {uq,} be as in Definition 4.5, and let us set for
simplicity g, := GF(F,,, Uge,)-
(1) Trivial.
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(ii) Since the L2-norm is lower semicontinuous with respect to L% _ conver-
gence, by (4.6) and (P4) we have that

lu(t) —u@)l 2@y < liminf |lug, (1) — U, (2) 1l 2w
o 12
< In — o] timinf (£, (uoe,) )
1/2
— It — 4] 1/2 .
= 10— 6l (MSy g o)) .
(iii) By (4.4), (P4), and the I'-convergence of {ﬁe}, we have that
MS, x (u(®)) <liminf Fy, (s, (1))
< liminf Fy, (uge,) = M Sy xz (uo) .
n—-oo 2

In an analogous way, since the L°°-norm is lower semicontinuous with
respect to L? _ convergence, by (4.5) and (P2) it follows that

loc
I (®) oo < Tim inf [z, (1)]loo

< liminf juoe, oo = lluolloo -
n—>00

(iv) Let ® € C5°(10, +o0[xR). By (3.8) and (3.3) we have that

/ /uen—dxdt=—/ /u'e G dx dt
o Jr ot o Jr "

X0
= —/ /D_E"(p;n(DS"usn)CDdx dt
0o Jr
o0
=+/ /(p;n(Ds"ugn)Ds"CDdxdt.
0o Jr
Passing to the limit, by (3.4) and (3.36) we obtain
/ /u—dxdt=2/ /VuVCDdxdt, vV & e C5°(10, +oo[xR).
o Jr Of 0 JR

This identity is equivalent to statement (iv).
(v) By Fatou’s lemma and (4.3) it follows that

o
. ~ 2
[ tmind 19, (e, () B 7 <

n—>oQ

fe.]
< liminf /0 IV Eey (e (D)) 1725y dT < M Sy z (uo) -

Therefore )
linrgiogf |VF, (uen (t)) ||L2(R) < 400

for a.e. t > 0. By Theorem 3.15, statement (v) is proved. O
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REMARK 4.7. In general there are infinitely many functions u(¢) satisfying
conditions (i)-(v) of Proposition 4.6 with a given uy. The heuristic reason of
this non-uniqueness is that no information on the evolving discontinuity set S,
is provided by Proposition 4.6. The evolution of the discontinuity set will be
analyzed in Subsection 4.5.

We now prove a semicontinuity property of the map
Uy — GF(MSL%,MO).
PrOPOSITION 4.8. Let {ug,} C X, and let ug € X be such that
nlggo dx(uon, ug) =0.

Moreover, let u, € GF(MSL%, Ugn) for each n € N.
Then:
() {un} is relatively compact in C°([0, +oo[; L, (R));
(1) every limit point of {u,} belongs to GF(M S, z, up).

ProoF. By statements (ii) and (iii) of Proposition 4.6, the sequence {u,}
satisfies the assumptions of Lemma 4.3. This proves (i).
In order to prove (ii) we can assume, up to subsequences, that

{un) — u in C°([0, +oo[; LL (R)) .

loc

Let dy be any metric on CO([0, +oo[; LIZOC(R)) which induces the topology
of uniform convergence on compact sets. Then for each k € N, there exists
n; € N such that

1 1
4.7 dx (uon, , uo) < % dy(un,u) < %
Moreover, since u,, € GF(M Slq%, Uon, ), by Definition 4.5 there exists &

and vo., € PCZ such that

0<g < —;
< & = X
A 1
dleoc(R)(UOSk’ uOnk) + |||v08k||00 - ”u0nk ”OOl + |Fsk(v0£k) - MSI,%(uOnk” = ﬁ ;

A 1
dY(GF(FEk’ vO&‘k)’ unk) < —2_12.

By these inequalities and (4.7) it follows that {g} — 0%, and {voe, } satisties

A 1
dL%OC(R)(UOEk’ o) + voeg lloo — lltolloo| + | Fep (Vog) — M Sy 2 (uo)| = x
A 1
dY(GF(ng,U()gk),u) =< E

By Definition 4.5, this proves that u € GF(MSI,%, ug). O
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Caution! The following very attractive properties are in general false for ele-
ments of GF(MS z, up) (cf. the discussion in Section 5):

o FALSE 1: the function t > M Sl’zn_(u(t)) is non-increasing;
e FALSE 2: for all £ > 0O

lim F, (ue, () = MS z (u®);

n—>00

e Faise 3: the function v(¢) = u(T + ¢t) belongs to GF(MSI,%,u(T)) for
all T > 0.

4.5. — Evolution of discontinuities

In order to study the evolving discontinuity set S,(), we now analyze the
map t — I} (u.(¢)). First of all, we examine the case t = 0, showing that
(P1)-(P4) force the set I} (uqe) to approximate Sug-

PROPOSITION 4.9. Let ug € X, and let {ug:} be any family satisfying properties
(P1)-(P4) of Section 4.1. Let 8 > O be such that

(Sup)s :={x €R: |x —y| <& forsomey € S,,}

has exactly ’HO(S,,O) connected components (this is true for every § small enough).
Then for every € > 0 small enough we have that:

(i) I (uqe) is the union of exactly ’HO(SMO) intervals of length ¢;
(ii) each connected component of (S,,)s contains exactly one of these intervals;
(iii) for every y € Sy, the sign of D*Vuy in the component of I (ug) contained
inly — 8,y + 8[ coincides with the sign of Diuo({y}).
PRrROOF.

Step 1. Let {&,} — O' be any sequence. By (3.31), (3.32), (P1), and (P4),
we have that

7
M8, 50 = [ Vo) dx + 2 H(S.y)
R
<liminf | @, (D U, (x)) dx + linm inf/ @en (D Vg, (x)) dx
R = JR

R—>00

< lim inf/ Pey, (Den U, (x)) dx
R

n—>00
= MS, z (uo),
hence
48) liminf | @e, (D Fug,, (1)) dx = = HO(S,y) -
e " 2

for every sequence {e,} — 0.
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Step 2. Let y € §,,. Arguing as in Step 5 of the proof of Theorem 3.12,
we can prove that, for & > 0 small enough, Ij (uoe) N ]y — 8, y + 8[ contains
at least one interval J, . of length ¢, and

+
e—>0 y€Su0

. T
4.9 liminf /J @ (D Vugs(x)) dx > 5 'HO(S,,O) )
¥,

In order to prove (i) and (ii), it will be enough to show that

Ly = |J 4y

yGSuO

for all ¢ small enough. To this end, let us assume by contradiction that there
exists a sequence {g,} — O, and that for each n € N there exists an interval I,
of length ¢, contained in

IF o)\ | Jyees -

yeSuO

Since arctanr > /6 for r > 3712 for all n we have that

/ Pen (D Vg, (x)) dx > —Z—,
In

hence by (4.9)

liminf | s, (D" uos, (1)) dx = 2 HO(Su) + %
R

n—>o0

which contradicts (4.8).

Step 3. By Theorem 3.12 the family of Radon measures {D®Fupe(x) dx)
weakly * converges to D/ug. Therefore, since |D/ug|({y — 8,y + 6} =0, it
follows that

lim 9o (D" uoe(x)) dx = Dlug(ly — 8,y +38) = D/uo({y}).

=0T J .

This proves (iii). O

We now need an abstract lemma about ODEs.
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LemMa 4.10. Let f : R — R be a Lipschitz continuous function, and let C, V

be real numbers such that f(C) = — f(—C) = V. Let y € C'([0, +o0[; R) be a
function such that

Y'®+ fOON <V, Vi=0.
Then for all T > 0 we have that
yM <C = |yl <C,  Vi=T.
Proor. Since z(r) = C is a solution of the ODE
7=V-fQ@,

and y is a sub-solution of the same equation, by the standard comparison
theorems for ODEs, it follows that

y(T)<C = y@) <C, Ve>T.
Moreover, w(t) = —C is a solution of the ODE
w ==V - f(w),
and y is a super-solution of the same equation. Therefore
y(T)>—-C = y() > —-C, Ve>T.

This completes the proof. O

We can now show that £ — I} (u.(?)) is a non-increasing map (with respect
to set inclusion).

PrOPOSITION 4.11. Let & > 0, and let u, be the solution of (4.2). Then
I (ue(12)) € L} (us(1) ,

whenever 0 < t; < t.
Proor. It is enough to show that for every T > 0, and every x € R, we
have that
|(Dfue(D) ()] < 3746712 = | (Do) (0)] < 374672,
Ve>T.

(4.10)

With an abuse of notation, let us set

ue(t, x) = (ue(1))(x) .
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Then we have that

(Dus(t, x)) = D*(u,(t, x))
= D*D™ %9, (D°u,(t, x))

1
= S{@i(Duc(t, x + ) + @i (Due(t, x — £))
— 2¢(Dus(t, %))},

hence
£ ! 2 ' & 2 14
(Dfus(t, 1)) + 5 GuD°uct, )| < 5 il

Therefore (4.10) follows applying Lemma 4.10 with

y(t) = Du.(t, x), C =3"4g—1/2,

2 2
f@r)= 8—2¢;(r), V=fO=-f(-C)= 8—2|I¢§I|oo- 0
We can now prove some properties of the map ¢t — S,().

PrROPOSITION 4.12. Letu € GF(MSI%, ug) for some uy € X.
Then we have that
(i) Sury C Sug forallt > 0;
(i1) the function t — HO(Su(,)) is lower semicontinuous;
(iii) the set{t > 0: y € S,()} is an open subset of [0, +00] for every y € Sy,
Proor. Let {e,} and {uq,} be as in Definition 4.5, and let us set for
simplicity u,, := GF(F,, ug,). Let t > 0, and let & CC R\S,, be any open
set. By Proposition 4.11 and Proposition 4.9 we have that, for all n large

enough,
L e, ) N QC I (ugs,) N2 =9,

hence

/Q | (D™ % ug, (1)) (x)| dx =0.

Since {D*"Vu,, (t)dx} A pi u(t) weakly * as Radon measures, it follows
that
(D/u®)(Q)=0, VQCCR\S,,.

This is equivalent to statement (i).
Statement (ii) follows from the continuity of u, and Theorem 2.2.
In order to prove statement (iii), we show that for all y € §,, the set

C,={t=0: y¢&S.pn}

is closed. Indeed, let {t,} € C, be a sequence converging to a certain 7. By the
continuity of # and Theorem 2.2, we have that {D/u(t,)} A D u(T) weakly *
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as Radon measures. Now let [y — 8,y + 81N S,, = {y} for some § > 0. By

statement (i) and our definition of C,, we have that S, N[y —8,y+48] =0
for all n, hence

0= lim ’Dju(t,,)
n—>oo

Ly — 8, +8) = |DIu(T)| Iy — 8,5 + 81)..

This shows that T € C,. 0

Caution! It is in general false that Su(ry) € Suy) for all 0 <4 <1, (cf. the
discussion in Section 5).

5. — Characterizations

In this section we characterize the elements of GF (M Sl’%, ug) defined in

Section 4 as the solutions of the (rescaled) heat equation with homogeneous
Neumann boundary conditions in suitable variable domains.

5.1. — Definition of a semigroup

We introduce the notion of regular and super-regular initial data. Moreover
we introduce two functions

Reg : X — 10, +0o0], SReg : X — 10, +o0],
and, for every ¢ > 0, we define a map
F: X —X.

To this end, we fix ug € X, and for all + > 0 we define F;(up) according
to the following construction.

(Step 1) Let v : [0, +oo[ - L*(R\S,,) be the solution of the rescaled heat
equation v; = 2 Av in the open set R\S,,, with homogeneous Neumann
boundary conditions on S,,, and initial datum v(0) = uo.

Since S, is a finite set, then for all + > 0 we can consider v(t) as
a function defined for a.e. x € R. In this sense it turns out that
v(t) e X

(Step 2) For every y € Sy, let us consider the function J, y : [0, +o0[— R
defined by .
Jugy @) == (D7v(®)){y}) .

It turns out (cf. Subsection 2.3) that J,,, is continuous in [0, +o0[,
analytic in ]O, +oo[, and depends continuously on wuo. Moreover,
Jug,y(0) # 0 for every y € Sy,.
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(Step 3)

(Step 4)

(Step 5)

(Step 6)

(Step 7)

5.2

MASSIMO GOBBINO

Let us set
Ty :=sup{r>0: Jyu,(t) #0, VyeS,, VYrel0r1]}.

Roughly speaking, T; is “the first time in which a discontinuity of ug
disappears”. By the discussion in (Step 2) it follows that 77 > 0.

If T} < +oo, then J,, y(T1) = 0 for some y € S,,. In this case, we
say that Ty is regular if there exists exactly one y € §,, such that
Jug,y(T1) = 0, and furthermore the function J,, ), changes its sign in
T, (i.e. it is positive in a right neighborhood of T;, and negative in a
left neighborhood of Tj, or viceversa).

We say that T) is super-regular if in addition J,:O’y(Tl) #+ 0.

We define
Fi(up) = v(), Vtel0, Tif.

If T} = 400, then the construction is complete. If 77 < +o0, then we
reiterate the construction. This means that we consider the solution
w : [Ty, +oo[— L*(R\Syxy) of the equation w;, = 2Aw in the
open set R\S,(z), with homogeneous Neumann boundary conditions
on Syry), and initial datum w(7T7) = v(T7). As in (Step 3) we define
T, > T as “the first time in which a discontinuity of v(7}) disappears”,
and then we set

Fi(ug) = w(t), Vtelli, Tl

It is clear that after each reiteration the number of discontinuity points
of F,(up) strictly decreases. Since ug has only a finite number of
discontinuities, then the construction will be complete (i.e. we have
defined F;(up) for all ¢ > 0) after a finite number of reiterations.

We denote by Reg(ug) the first reiteration time which is not regular
according to the definition given in (Step 3), with the convention that
Reg(up) = +oo if all the reiteration times (if any) are regular. In a
similar way we define SReg(ug) as the first reiteration time which is
not super-regular.

We say that ug is regular (resp. super-regular) if Reg(up) = 400
(resp. SReg(up) = +00).

— Properties of the semigroup

We state (without proof) some properties of {F;} that follow from the given
definitions, and from analogous properties of solutions of the heat equation with
homogeneous Neumann boundary conditions.



GRADIENT FLOW FOR THE ONE-DIMENSIONAL MUMFORD-SHAH FUNCTIONAL 179

PROPOSITION 5.1 (Properties of {F;}). The family { F;} satisfies the
(1) semigroup property: forall t > 0, s > 0 we have that

Ft+s - FtoFx .

Moreover for all uy € X the functiont — Fy(ug) has the following properties.
(i) All the properties of the elements of GF (M S, z, up) stated in Proposition 4.6.
(iii) Volume-energy equality: forall 0 < t; < t, we have that
n

IV (Fy o)) 172 gy = IV (Fy o)) 725, = 4 / IACF: o))II72 ) d7

n

where “A” denotes the distributional derivative of the approximate gradient.
(iv) Surface-energy monotonicity: the functiont — H°(S, (ug)) IS non-increasing.
(v) Mumford-Shah energy inequality: forall 0 < t; < t; we have that

n
M) 1 (Fy, (o)) — MS) 1 (Fyy (o)) > / VM, 5 (Fe(uo)) 2 d .
n
(vi) Holder continuity: for all 0 <t < t; we have that

5

2
1P ) = Pyl ey < [ 1VMS, 5 (FeCuo)ld.

1

and in particular
1/2
(.11 1By (o) — Fiy o2 < It — 22l /2{ MS; £ ()}, 0

REMARK 5.2. If ug € L*(R)NX, statements (v) and (vi) of Proposition 5.1
are equivalent to say that F;(ug) is a maximal slope curve (in the sense of [16])
for the Mumford-Shah functional in L?(R).

With the following result we motivate the definition of the semigroup,
relating F,(uo) with the elements of GF(MSL%, ug).

THEOREM 5.3. Letu € GF(MSL%, ug) for some ug € X, and let M > 0. Let
us assume that

5.12) Su(tz) - Su(tl), whenever 0 <ty <t <M.

Then u(t) = F;(up), forallt € [0, M].
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PROOF.
SteEpP 1. Let us set

Ty :=sup{t € [0, M]: Suwx) =S4, Y7el0,1]}.

Since by assumption we have that S,y C Sy, for all ¢ € [0, M], then from
statement (iii) of Proposition 4.12 it follows that 7, > 0.

STEP 2. By (iv) and (v) of Proposition 4.6 it follows that, for ¢ € {0, 711, the
function u(t) is the solution in the open set R\S,, of the equation u; =2 Au
with homogeneous Neumann boundary conditions on S,,, and initial datum
u(O) = Uug. .

This implies that 73 = min{T,, M}, where T is the first reiteration point
in the construction described in Subsection 5.1, and

u(®) = Fi(ug), Vtel0,T1].

Step 3. If f‘l = M, thesis is proved. If it is not, let us set
T, :=sup {t € [Ty, M]: Suery = Suerp VT € [T1,11}.

Arguing as in Step 1 and Step 2, we can show that f‘z = min{T», M},
and that _
u(t) = Fi(up), Vtell,Tr].

Repeating this argument (if necessary), in a finite number of steps thesis
is proved. O
5.3. — The regular case

The following result completely characterizes the elements of GF (M S LT ug)
before the first non regular reiteration time.

THEOREM 5.4. Letug € X, and let u € GF(MSL%, ug). Then

u(t)y = F(ug) Vit el0,Regug)l.

ProoF. Since u and F;(up) are continuous functions of time, it is enough to
show that
u(t)=Ft(u0)9 Vte[()’ M]v

for all M < Reg(uy).

By Theorem 5.3, we have only to show that u satisfies assumption (5.12)
for all M < Reg(up). To this end, since S,y S S, (statement (i) of Proposi-
tion 4.12), it is enough to show that

Aw =120 w e Su) N0, Regluo)l
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is a connected set for every w € §,,.

Let us assume by contradiction that this is not the case. Then, among all
the points of S,, which do not satisfy this property, let y be the one which
minimizes the length of the connected component of A, containing ¢ = 0, and
let T be such a length (clearly T < Reg(uo)).

Step 1. We have that

e A, is an open subset of [0, Reg(uo)[ (by statement (iii) of Proposition 4.12).

e T is the reiteration time in the construction of F;(ug) where the discontinuity
in y disappears. Indeed, since A, is an open set, by definition of T it follows
that [0, T[C Ay, and T ¢ A,. Therefore y € S,() for every t € [0, T[, and
Y & Su)-

o u(t) = Fi(up) for all ¢t € [0, T] (we can apply Theorem 5.3 with M = T).

o There exists T, > T such that y € S,(1,).

STEP 2. Let us assume, without loss of generality, that D/ug({y}) > 0. We
claim that

(5.13) Vu(@)) (y) =0, forae. tel0,T,]

(since y € Sy for ¢t € [0, T[, we already know that (Vu(t)) (y) = O in the
interval [0, T'[).

Let {e,} — 0T, and {uq:,} € L*(R) be as in Definition 4.5. Let us set for
simplicity u,, = GF (ﬁ‘en, Uoe, ), and let 6 > 0 be such that

(Sug)s :={x €R: |x —y| <& for some y € S,,}

has exactly HO(SuO) connected components. Since y € S,r,), and since

{D*n*u,, (T,) dx} A D/u(T,) weakly * as Radon measures, it follows that,
for n large enough, the set

C, = I;;(“En(T*)) N]y —§6,y+ 48[

contains at least one interval of length &,.
By Proposition 4.11 we have that

Cn C I (ue, ) N1y — 8,y +8[, V21el0, T,
and in particular
Cn C I (uoe,) N1y — 8,y + 81

By statement (ii) of Proposition 4.9 it turns out that C, is the only com-
ponent of I} (ug,,) contained in ]y — &,y + 8[. Since we have assumed that
D/ug({y}) > 0, by statement (iii) of Proposition 4.9 it follows that, for n
large enough, D®rVug,, is positive in C,, hence, by continuity, D**u,, (¢) is
positive in C, for all ¢ € [0, T,].
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Therefore

. ' ((D*n >0, V AR
(5.14) xe[yn_lgf;m g. (D ug, (1))(x)) = 0 t €0, 74]

Since

lim inf ||V £, (e, () 2y < +00

for a.e. t > 0 (cf. the proof of statement (v) of Proposition 4.6), applying
Lemma 3.6 with g, = ‘/’én (Denugn (t)) and g = 2Vu(¢), up to subsequences
we have that

¢r (D ug, (1)) — 2Vu(t)

uniformly on compact sets (as functions of the x-variable) for ae. ¢t > 0.
Therefore, passing to the limit in (5.14), we obtain that

Vu(t >0
xe[yrg§§+5]( u())(x) =

for a.e. ¢ > 0. Since § is arbitrary, (5.13) is proved.

SteP 3. With the same assumptions of Step 2, i.e. D/ug({y}) > 0, we claim
that

(5.15) (D/u@®)(y) =0, Vrel0 Tl
Indeed, with the same notations as in the proof of Step 2 we have that

(D/u®)(y) = (D/u®))([y — 8,y + 1)

= lim D Fu, (t)dx >0,

n—oxo Cn

where the last inequality follows since D®*%u, (r) is positive in C, for all
t €0, T,.].

SteP 4. Let us denote by S the last reiteration time before 7 (if T is the
first reiteration time, we set S = 0), and let us choose U €]7T, T,] in such
a way that Sy,\{y} = Sury)\{y} for all = € [T, U]. Let I be the connected
component of R\S,s) with y as infimum. Let v be the solution in [S, U[x[
of .the equation v, = 2 Av with homogeneous Neumann boundary conditions,
and initial datum v(S) = u(S)|;.

By (5.13) and by (iv-v) of Proposition 4.6, in [§, U[x I the function u (as
a function of (¢, x)) is a solution of the same equation, with the same initial
condition, but Neumann boundary condition equal to

(Vu@®)(y) = 0
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in y, and equal to zero in the supremum of I (if different from +00). By the
comparison result recalled in Subsection 2.3, it follows that u < v in [S, U[x 1,
hence

lim (v())(x) > lLim (u(®))(x), VtelS, UJl.
x—yt +

X—>y

Arguing in an analogous way in the connected component of R\S,s) with y
as supremum, it is possible to prove that

lim (v(#))(x) < lim (())(x), VieelS, Ul.

X—>y~ X—=>y~

Therefore by (5.15)

Juy @ = lim ©)®) = lim @) = (Dum) (yh 2 0

x—>y x—=>y~

for all + € [S,U[. This is a contradiction, since by the regularity of ug the
function J,(s5),, must change its sign in 7. The proof is thus complete. O

The above theorem shows that GF (M Sl,%» ug) consists of a single function,

namely F;(up), provided that ug is regular. Therefore F,(up) is the only can-
didate to be the gradient flow relative to the Mumford-Shah functional with a
regular initial datum ug.

ExaMPLE 5.5. Let ug € H'(R) € X. Then ug is super-regular, and the
only element of GF(MSI’%,uo) is the solution u : [0, +00[— H!(R) of the

equation u, = 2 Au with initial datum u,.

ExaMPLE 5.6. Let ug € X with Vug = 0. Then uy is super-regular and the
only element of GF(M Sl,%’ ug) is the constant function u(t) = ug. In this

case we say that ug is a stationary point for the Mumford-Shah functional. It
is easy to prove that up € X is stationary if and only if Vi, = 0.

5.4. — The general case

If ug € X is not regular, it may happen that G F (M Sly%, up) contains infinitely

many functions (cf. Theorem 5.10). However, we now show that F;(ug) always
plays a special role among these functions.

Before we state the precise result, we need two lemmata about the semi-
group {F;}. The first one may be considered as a lower semicontinuity property
of the function SReg.

LeMMA 5.7. Let {ug,} € X, and let ug € X be such that

{uon) —> uo  in LE (R);

(5.16) Supy = Sug VM EN.
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Then we have that
(5.17) liﬂ_l>iolgf SReg(ug,) > SReg(uy);

(5.18) {Fi(uon)} —> Fi(uo) in C°([0, SReg(o)[; L (R)).

PrOOF. We argue by induction on &k = ’HO(SMO).

If kK =0, then by (5.16) also HO(SMOn) = 0, hence uq, is super-regular for
each n € N. Moreover (5.18) follows from the continuous dependence on the
initial datum for the solutions of the heat equation.

Now let us assume that thqsis is proved for some k, and let HO(SMO) =k+1.
We distinguish two cases.

Case 1. Let us assume that SReg(up) is the first reiteration time in the
construction of F;(ugp). Then for each M < SReg(uy) we have that (we use
the notations introduced in Subsection 5.1)

Jugy®) #0, Vie[0,M], Vye€S,.
Since {Jyg,.y} = Jug,y in CO(0, MI; R) for all y € Sug. We have that
Jugny® #0, Y1e[0,M], Vye S,
for every n large enough. This proves that SReg(ug,) > M for n large enough.

Moreover
{F(uon)} —> Fi(uo) in C°([0, M]; L} (R)).

foc

Since M is arbitrary, (5.17) and (5.18) are proved in this case.

Cast 2. Let T < SReg(ug,) be the first reiteration time in the construction
of Fi(ug), and let y € §,, be the only jump point which disappears in T.
Since T is super-regular we have that

Jug,y(T) =0, J,;O’y(T) #0.
Since we have that {J,, ,} = Jy.y in Cc%(0, T1; R), and {J;onvy} - Jlio,y
in C°(10, T1; R), it follows that, for n large enough, the first reiteration time in
the construction of F;(uq,) is a super-regular time 7, , in which y disappears.
Moreover {7, ,} — T, and
(5.19) {Fr, ,(uon)} —> Fr(uo) in Li (R).
Since
SReg(uon) = Ty + SReg(Fr, ,(uon)) »
and since both Fr(ug) and Fr, ,(uon) have the same k discontinuity points,
by (5.19) and the inductive hypothesis we have that
liminf SReg(uo,) =T + ]imiorgf SReg(Fr, , (ton))
n—oo n— ,

>T 4+ SReg(Fr (uo)) = SReg(up) .

This proves (5.17). Finally, (5.18) may be proved combining the convergence
in [0, T (due to the continuous dependence on the initial datum for solutions of
the heat equation), and the convergence in [T, SReg(uo)[ (due to the inductive
hypothesis).

Therefore thesis is proved also in this second case. O
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In the second lemma we show that any trajectory F;(uo) may be approximated
by “asymptotically super-regular” trajectories.

LEMMA 5.8. For all ug € X there exists a sequence {uo,} < X such that

(5.20) {dx (ugn, uo)} —> 0;
¢.2D {SReg(ug,)} — +o00;
(5.22) {Fi(uon)} —> Fi(ug) in C°([0, +00)[; L}, (R)) .

Proor. By a diagonal argument, it is enough to show that for each M > 0,
and each ug € X, there exists a sequence {ug,} C X satisfying (5.20) and

limsup SReg(up,) > M ;

n—>o0
(5.23) {Fi(uon)} — Fi(ug) in C°([0, M1; L}, (R)) .

To this end, let us denote by B(ug, M) the set of reiteration times in the
construction of F;(ug) that are not super-regular, and contained in [0, M].

If #B(ug, M) = 0, thesis is trivial. Arguing by induction on #B(ug, M), it
is enough to show that every uy with #B(up, M) = k+ 1 may be approximated
by a sequence {ug,} € X satisfying (5.20), (5.23), and #B(ug,, M) = k for n
large enough.

Therefore let us assume that #B(ug, M) =k + 1, and let us set

T := max B(ug, M), S :=max B(ug, M\{T},
with the convention that § = 0 if B(ug, M) = {T}.

We distinguish two cases.

Case 1. We assume that there exists exactly one jump point y € §,, which
disappears in 7. In this case we can assume, without loss of generality, that
Diug({y}) > 0. |

Setting J,,,y(2) := (D’ F;(up))({y}), this implies that

(5.24) Jugy(T) =0,  Jyy (1) >0, Vee[0,T[,

hence, since J,,,y 1s analytic in 18, T], there exists § > 0 such that 7 —§ > S,
and

(5.25) () <0, Vtell —6,TI.

'
Juo,y

Now let us set

Uon 1= Up + ;X]—oo,yp
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It is clear that {ug,} satisfies (5.20). We claim that {u,} satisfies also (5.22),
and that

(5.26) #B(uon, M) =k

for every n large enough.
Indeed, since

1
Juon,y(t) = Juo,y(t) - ;

for all + > O such that J,, ,(t) > 0, then by (5.24) we have that, for n
large enough, J,,, , vanishes for some T, €]T — 8, T[. By (525), T, is a
super-regular point in the construction of F;(ug,). Moreover {T,} - T, and

1
(5.27) Fi(uon) = Fi(up) + pRARCST! Viel0, T,1,

hence
B(uon, M) N [0, T,] = B(uo, M)\(T}.

Therefore (5.26) will be proved if we show that SReg(ug,) > M — T for n

large enough. To this end, by Lemma 5.7, it is enough to prove that

(5.28) {Fr,(uon)} —> Fr(uo) in L2

loc

(R).
Since

Fr,, (uon) — Fr(uo) = (Fr, (on) — Fr, (uo)) + (Fr, (o) — Fr(uo)) ,

(5.28) follows from (5.27) and the time continuity of F;(up). This completes
the proof of (5.26). Moreover (5.22) easily follows from (5.27), (5.28), and
Lemma 5.7

Cast 2. There exist at least two jump points which disappear in 7. In this
case, let us assume by simplicity that there are only two such points y < z,
and that .

D’uo({y}) >0, D’up({z}) > 0.

As in Case 1 we have that

Juo,y(T) - Juo,z(T) = O,
Juo,y(t) > 01 Juo,z(t) > 07 V te [0’ T[a

and there exists § > 0 such that T —§ > §, and

/
J,:O’y(t) <0, J,, (0 <0, Ytell -4 TI[.
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We claim that there exists a sequence {a,} — 0T such that the sequence
defined by

1
Ugn = Uy + ; X1—o00,y[ + tn X1—o0,zf

satisfies (5.20), (5.23), and (5.26) for n large enough.
Indeed, arguing as in Case 1, we have that J,,, , vanishes for some T, , €
1T — 4, T which does nor depend on ¢,. Now we have that

Juon,z(t) = Juo,z(t) — O,

hence
J»:on,z(’) = Jt;(),z(t) <0

for all ¢+ €]T — 8, T[ such that J,, .(t) > 0. Therefore, if we choose «, =
Jug,:(Tn,y) — On, with o, small enough, then the function J,, . vanishes for

some T, ; €T, ,, T[ with J;On,z(T,,,z) < 0. In such a way we have that

B(uon, M) N[0, T, .1 = B(uo, M)\{T'}.
Arguing as in Case 1, it remains to show that
{F.o (o)} —> Fr(uo) in L{,(R).
To this end, let us write
Fr, (uon) — Fr(uo) = (Fr, . (uon) — Fr, , (ton))
+ (Fr, , (won) — Fr,, (uo))
+ (Fr,, (o) — Fr(uo)) -

The third summand is infinitesimal by the time continuity of the map F;(uo);
the second one is infinitesimal since it is equal to

1
; Xl—o00,y[ T ¥n X100,z 3

the first one is infinitesimal since by (5.11)
1/2
| Fr, . Gton) — Fri, Gaom)ll 2g < [T — Tyl V2 { M5y 5 (o) }

1/2
= |Tn,z - n,yll/2 {MSI’%(UO)} .

A similar construction works with an arbitrary number of points which dis-
appear in T. For example, if there are three such points y < z < w, then there
exist two sequences {a,} — 0T, {B,} — 0T, such that

1
Uon = up £  Xi—oot + UnX)—00,il £ BrXl—oo.ul

(the sign + of each perturbation depending on the sign of D’uq in the corre-
sponding jump point) has the required properties. O
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We are now ready to prove the special role of F;(up) among all the elements
of GF(MSL%,uo).

THEOREM 5.9. For all ug € X we have that
() Fi(uo) € GF(MSy 2, uo);
@) ifv e GF(MSI‘%, up), and the function t — MSL%(v(t)) is non-increasing,
then v(t) = F,(ug) forallt > 0.
ProoOF OF (i). Let {ug,} — uo be a sequence as in Lemma 5.8, and for each
neN,letu,¢c GF(MSL%, Ugn). By Theorem 5.4 we have that
un(t) = Fi(uon), Vit e€[0,SReg(uon)ll,
and therefore, by (5.21) and (5.22), it follows that
{un (1)} —> Fi(uo) in C°([0, +ool; Ly, (R)) .

loc
By the second statement of Proposition 4.8, this proves (i).
PROOF OF (ii).
STEP 1. We show that the function t — H°(S,() is right continuous.

Indeed, let T > 0, and let {t,} — T be any sequence. By the monotonicity
of MSI’%(v(t)) and Theorem 2.2, we have that

MS, 5 (u(T)) = liminf MS; 3 (i)
> liminf / Vo) 2 + = TiminfHO(Suq,)
n—>o00  Jp 2 n—>o0

> / IVU(T)P + = HO(Syry) = MS, = (v(T)),
R 2 2

hence
lim inf HO(Su@n)) = HO(Su(r)) -

Since the sequence {t,} is arbitrary, the right continuity of H%(S,(;) is proved.
STEP 2. We show that for~every T > ( there exists § > 0 such that
(5.29) Svy = Su(ry Ytell, T+9].

Indeed, by statement (iii) of Proposition 4.12, we have that {r > 0: S,¢) 2
Sy(ry} i1s an open set which contains T. Therefore (5.29) follows from the right
continuity of the integer valued function ¢t — HO(S,,(,)).

Step 3. In order to complete the proof, it is enough to show that v satisfies
the assumption (5.12) of Theorem 5.3 for all M > 0.

To this end, let us assume by contradiction that there exist 0 < 7; < T3, and
y € 8y, such that y € Sy,), but y & Sy(r). Let us set

Ty:=inf{t>Ty: y€ Syn}-

By (5.29) it follows that y € Syzy), hence T, > T;. This contradicts the
minimality of T, since by statement (iii) of Proposition 4.12 we have that
{t =0: y e Sy} is an open set which contains T,. O
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5.5. — A pathological initial datum

We finally give an explicit example of an initial datum #y € X such that
Fi(up) is not the unique element of GF(MSL%, ug).

THEOREM 5.10. There exists ug € XsuchthatGF(M S I, ug) has the cardinality
of continuum.

PRrOOF.

STEP 1. In order to define ug, let w : [0, +00[%x][0, 1] — R be the solution
of the problem

w(0, x) = 8x3 — 3x2 Vxel0,1],

w; =2 Aw in [0, +o0[ %[0, 1],
{ we(@, ) =w, ¢, 1)=0 Vt>0.

Let us consider the function ¢ : [0, +oo[— R defined by

Y) = w(t,0).
Then we have that ¥ (0) =0, and
d2
V() =2 —@8x*=3x3)| <O,
dx? o

1
lim ¥ () =/ 8x> —3x%)dx > 0.
t— 400 0
Therefore there exist

C:=rtn>1'(1)1 V() <O, T,:=min{r>0:9@) =C}.

Now let us set

C if x <0,
up(x) 1= { 8x> —3x2 if x €10,1],
10 fx>1.
It is clear that u¢ € X, and Su0 = {0, 1}.

STEP 2. Let u(t) = F;(uo), and let v : [0, +oo[— L*(R\S,,) be the solution
of v, = 2 Av with homogeneous Neumann boundary conditions on S,,, and
initial datum v(0) = ug. We claim that in the construction of F;(ug) there is
exactly one reiteration time, namely 7,, and that this time is not regular.

Indeed, setting Ju,,y(#) := (D’v(t)) ({¥}) as in Subsection 5.1, we have that

Jupo) =¥ (@ -C>0, Vi>0,
Juo,O(T*) = 0,
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while by the maximum principle it follows that

Juga(®) 2 10 — max {8x3 - 3x2} >0, Vi>0.

x€l0,1

Therefore T, is the first reiteration time in the construction of F;(ug), and T,
is not regular. By the maximum principle it follows also that 7, is the only
reiteration time.

STEP 3. We claim that there exists a sequence {¢,} — O such that, setting
1
Vos, (X) := ug(enlx/eal) + L X0,

1
Uosy (X) 1= uo(ealx/en]) — X
and . .
Uy 1= GF(Fens UOen)’ Up 1= GF(Fé‘y,’ qun) s

we have that

(5.30) (v} —> v, (up} —> u in C°([0, +oof; L} (R)),

loc

and, in particular, {u, v} C GF(MSL%, ug).

Indeed, let us set
1
vh = ug + — .
o 0 " X[0,1}

Then SReg(vg) = +00, and

1
Fi(vg) =v(®) + - X1 vi=0.

In particular
(R} — v in CO([0, +ool; L (R)) .

Moreover, for each n € N, we have that

{GF(ﬁ%, v(’)’%)} — F(v})

as k — oo, where
1
vy (%) := uo([kx]/k) + — xj0.15 -

% n

In an analogous way, if we set

n 1
Uy = Up — — X[0,1] -
0 nX[ 1
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then, for n large enough, we have that SReg(vg) = +o00, and

{Fup)} — u in C([0, +ool; L}, (R)) .

loc

Moreover, for each n large enough, we have that
{GF(ﬁl,u”l)} — F(up)
r 0f
as k — oo, where

1
g1 (x) == uo([kx]/k) — = Xj0.1) -
k n

Therefore our claim follows with a diagonal argument.

STEP 4. Since u(t) # v(t) for t > T,, then there exist T > Ty, and I CC R

such that
/u(T)dx ;é/v(T)dx.
I I

Let us assume, without loss of generality, that the left hand side is less than
the right hand side. Then we claim that for all A such that

/u(T)dx<A</Iv(T)dx,

1

there exists w € GF(MSL%, up) such that

(5.31) /w(T)dx =A.

I

Indeed, by (5.30) we have that

/un(T)dx <A< /U,,(T)dx
1 I

for n large enough. Therefore, since the solution of (4.2) depends continuously

on the initial datum, there exists «, € [% H such that, setting

Woe, = Uo(€a[x/€x]) + atnxi0,17 >
wy := GF(Fy,, woe,) ,

we have that

(5.32) /w,,(T) dx =\.

I
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Arguing as in Subsection 4.3, up to subsequences we can assume that {w,} —
w in C°([0, +oo[; LE.(R)), hence w € GF(MS, z.uo). Passing to the limit
in (5.32), we prove that w satisfies (5.31). This completes the proof of the
theorem. O
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