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ABSTRACT

We consider gradient Yamabe solitons on multiply warped product manifolds. We find the
necessary and sufficient conditions for multiply warped product manifolds to be gradient Yamabe
solitons.
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1. Introduction

Let (M, g) be a semi-Riemannian manifold. If there exists a smooth vector field X € x (M) and a real number
p such that the scalar curvature of M satisfies the following equation

1
(scaly —p) g = 5Lxg, (1.1)

where Ly is the Lie derivative along to X, then (M, g) is called a Yamabe soliton. The Yamabe soliton is said to
be shrinking, steady or expanding if p > 0, p = 0 or p < 0, respectively. If X = grady for some smooth function
@ on M, then we say that (M, g, gradey, p) is called a gradient Yamabe soliton with potential function ¢. Thus, the
equation (1.1) turns into

(scaly — p) g = Hessop, (1.2)

where Hessyp denotes the Hessian of . When ¢ is constant, a gradient Yamabe soliton turns into a trivial
Yamabe soliton. If p is a differentiable function on M then we obtain an almost Yamabe soliton. In particular, for
gradient vector field, we obtain an almost gradient Yamabe soliton [1].

In [11], Ma and Miquel studied the scalar curvature of Yamabe solitons. In [2], Cao, Sun and Zhang studied
every complete nontrivial gradient Yamabe soliton admits a special global warped product structure with a
one-dimensional base. In [7], He studied a complete gradient steady Yamabe soliton on warped product. In
[12], Neto and Tenenblat studied gradient Yamabe solitons conformal to an n-dimensional pseudo-Euclidean
space. In [16], Tokura, Adriano, Pina and Barboza studied gradient Yamabe soliton on warped product
manifolds with limited warping function, and for the compact base. For other developments about Ricci
solitons and gradient Ricci soliton; [3], [5], [8], [9], [10], [13], [17]. Motivated by the above studies, in the present
paper, we consider gradient Yamabe solitons on multiply warped product manifolds. We find the necessary
and sufficient conditions for multiply warped product manifolds to be gradient Yamabe solitons.

2. Preliminaries

Let (B,gp) and (F;,gr,) be r and s; dimensional semi-Riemannian manifolds, respectively, where i €
{1,2,...,m} and also M = B x F}; X F3 X ... x F},, be an n =r 4+t dimensional semi-Riemannian manifold,
m

where t = > s;. Let b; : B — (0,00) be positive smooth functions for 1 < i < m. The product manifold M =
i=1
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B Xy, Fy xp, Fy x ... X3, F;, endowed with the metric tensor

g=7"(98) @ (b1 om)? 07 (9r,) B . @ (bm 0 7) 07 (9F,) 1)

where 7 and o; are the natural projection on B and Fj;, respectively, is called the multiply warped product. The
functions b; : B — (0, 00) are called warping functions and each manifolds (F;, gr,) and the manifold (B, gg) are
called fiber manifolds and the base manifold of the multiply warped product, respectively for 1 < i < m ([4], [14],
[15]). We shall denote scal, scalp, scalp, = Ap, the scalar curvatures of the M, B and Fj, respectively.

Now, we give the following lemmas:

Lemma 2.1. [14] Let M = B xy, Fi Xp, F> x ... Xy, F,,, be a multiply warped product with metric g = gg & bigr, &
@02 gr, If XY € x(B)and V € x (F;), W € x (F}), then

i) VxY is the lift of PV xY on B,

i) VxV = VyX = Xy,

0 ifi # j,

iii) VyW = F,iVVW _ (Q(‘Z,iW)) gradp (bz) lfl =
Lemma 2.2. [14]Let M = B xy, Fy Xp, F> x ... X, Fy, be a multiply warped product with metric g = gg & bigr, &
. @ b2, gF, . Then

~ Apb |~ scalp, - |lgradgb;|?
Scal:scalB—QZsi b, + _Zsi(si_l)i

2 2
i=1 i=1 b; i=1 b;
UL 9B (gradgb;, gradpb;)
- E S; 851 .
e , bib;
i=1 3=1, I#1

3. The gradient Yamabe soliton on multiply warped product

Let ¢ be a potential function of a gradient Yamabe soliton on multiply warped product (M, g).

Proposition 3.1. Let M = B x;,, Fy Xp, Fy X ... Xy, Fy, be a multiply warped product with g = gg ® bigr, ©...®
b2, gr,,. If the multiply warped product (M,q) is a gradient Yamabe soliton with potential function p : M — R, and
there exists a pair of orthogonal vectors (X,, X,) of the base, such that Hessg () (X,, X,) # 0 then the potential function
¢ depends only on the base.

Proof. Assume that M = B x3, F| X3, F» X ... X3, Fy, is a gradient Yamabe soliton with potential function
¢ : M — R. Using the equation (1.2) and Lemma 2.2, we have

m

; 9 " Agb; - scalp, 1 ||gradeiH2
scalp — ZsiT—i—Z 72 —Zsi(si— )T

i=1 g i=1 i i=1

m m
radgb;, gradgb
Y sis?2 (9 o~ gradsb) _ \ (X0 X)) = Hessp (X0, X)), (3.1)
i=114i=1, l#i il
"L Apb = scalp, & |lgradsb; ||
{scalB —2ZSiTil —|—Z 72 _ZSi (si — 1) TZ
=1 i=1 K =1 K
A radpb;, gradgb,
3 Y sl e )y G(X,Y) = Hessp (X,,Y)), (3.2)
i=1 =1, l#¢ il
" Apb; | N scalp, & lgradgb;||”
{scalB—ngi b, —|—; 2 —Z;si(si—l)T

- g5 (gradgb;, gradsb) 2
—ZZ 8i81 bib, —pp | D bigr (Y., V)

i=1
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= Hessp (Y,.Y)), (3.3)

where X1, Xy, ..., X, € x(B)and Y1,Y5,...,Y; € x (F;) for1 <:<rand1 <) < t. Using the equation g (X,,Y,) =
0, we obtain Hessy (X,,Y,) = 0.
From Lemma 2.1 in [6], we can write

@ (X,Y) = 2(z) + bi(x)vi (y) (3.4)

where z: B— Rand v; : F; — R. Then, we have Hessy (X,, X,) = Hesspy (X,, X,). Using the last equation

in (3.1), we obtain

m
Apb; l dpb;
{scale—QZSz b Zscap —Z si (s — )7‘@74@[)23 ”

i=1

m

" (gradpb;, gradpb
SN s (g E;blg )\ (X0 X)) = Hesspo (X, X,). (3.5)
i=1i=1, I#i ¢

Substituting the equation (3.4) in (3.5), we find

T Aph & ! - dpb;
{scalBQZsi ? +ZSCGF ZSZ w

i=1 i=1 l i=1

m m

dgbi, gradsby)
3N sis?2 (gra ib gradsb) 5 (X, X,) = Hesspz + v;Hesspb.
N . . )
i=1 i=1, l#3

By the use of the equation Hessg (¢) (X,, X,) = Hesspb; (X,, X,) # 0, we can write

Hesspz (X,, X))
Hesspb; (X,, X))’

Vv, = —

(3.6)

From the equation (3.6), we obtain that the potential function ¢ depends only on the base. O

From Proposition 3.1, we consider a multiply warped product gradient Yamabe soliton
(M = B x4, F1 Xp, Fo X ... X3, Fin, G, gradep, p) , splitting of the form ¢

o(X,Y) )+ Z on(Y (3.7)

where g € C* (B) and ¢y € C* (F;).
Now, we give the following Theorem:

Theorem 3.1. Let (M = B x;, Fy ><b2 Fy x ... Xy, Fn, g, grade, p) be a gradient Yamabe soliton on multiply warped
product given by p(X,Y) = )+ Z ©r(Y"), then one of the following cases occurs

(1) M is the Riemannian product between a trivial gradient Yamabe soliton and m gradient Yamabe solitons,

(2) M is the Riemannian product between (m + 1) gradient Yamabe solitons,

(3) M is the multiply warped product between an almost gradient Yamabe soliton and m trivial gradient Yamabe
solitons.

Proof. Assume that M B xp, F1 Xp, Fo X ... X3, Fp, is a gradient Yamabe soliton with potential function
o(X,Y) = po(X) + Z or(Y).For X1, Xs,..., X, € x(B)and Y1,Ys,....Y; € x (F;) where1 <¢:<rand1<3<¢,

we have Hess (¢) (Xz, Y]) = 0. Using part ii) of Lemma 2.1, we find

Hess(9) (X,Y) = X, (% (0) - 2y, () =0 (338)
Using the equation (3.7) in (3.8), we obtain
X, 0) - 20y () w0 - 3 Xely oy < 39
(] k=1 K3
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Then, b; are constant or ¢(X,Y") = ¢o(X)+ constant. We investigate the proof in three cases:
(1) Let b; be constant or ¢(X,Y) = po(X)+ constant. In this case, M = B xp, F1 Xp, Fo X ... X, Fy, is @
Riemannian product and we have

" scalp,
(scalB + Z szl - p) 9B (X,, X;) = Hesspyo (X, X,), (3.10)

(scalB + Z SCZQZF"' ) (X,,Y,) = Hessp (X,,Y)) =0, (3.11)

(scalB + Z ScalF > (Z bigr, (Y., ) = Hessp (Y,,Y)) . (3.12)

From part iii) of Lemma 2.1, we can write

Hessg (Y,,Y,) =Y, (Y, () — (MVy,Y)) ¢

=, (% () + L0 1 grad, (0) () -7 97, ()
Z bigr, (Y., Y))
= Hessp,pr (V2,Y;) + fgradjg (b)) (). (3.13)

Using the equation (3.13) in (3.12), we obtain

Z bzngi (Y;a Y})

= Hessrpr (V,,Y)) + = —————gradp (b;) (¢). (3.14)

Since scalp, is a constant on B, we find from (3.10) that B is a gradient Yamabe soliton of the form

<B , 9B, gradpo, — > chiFl + p> Moreover, since ¢(X,Y’) = ¢o(X )+ constant, we have from the equation (3.14)

i=1

that F; are trivial gradient Yamabe solitons of the form (Fi, gr;, grad0, — (Z bf) scalp + (Z bf) ,0> . This
=1 =1
proves the first assertion of the theorem.

m
(2) Let b; be constant or ¢(X,Y) = ¢o(X)+ > @i, where ¢ is not necessarily constant. In this case,
k=1
M = B xy, F1 X, F» x ... X, F, is a Riemannian product and we have

(SCGZB + Z Scalel ) 9B (Xla X ) HeSSBSOO (Xlan)a (315)

<scazB +Z scoln —p) 7(X.,Y,) = Hessp (X,,Y;) =0, (3.16)

" scalp, T
(scalB + Z bQFl _ p) (Z bgr, (Yl,YJ)> = Hessp,pi (Y,,Y))
i=1 ( i=1
Z bzngi (YYWYYJ)

+ ﬂb— gradp (b;) (). (3.17)
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Since scalp, is a constant on B, we find from (3.15) that B is a gradient Yamabe soliton of the form

<B, 9B, gradpg, — > ScalFl + p ). From the equation (3.17), we obtain that F; are gradient Yamabe solitons of

=1

the form (Fi, gr;, gradpy, — (Z bf) scalp + (Z bf) p> . This proves the second assertion of the theorem.
i=1

i=1 =
(3) Let b; be non constant or p(X,Y) = ¢(X)+ constant. In this case, we can write

" Agb; " scalp. i radgb;
{scalB—QZSi :_ + sz’—Zsi(si )w

i=1 v i=1 i i=1

ULRNL (gradpb;, gradgb
*Z Z §;8 gB g L g B l)*p gB(XuXJ):HeSSBQOO(XzaXJ)a

_ bzbl
i=14i=1,1#3i
" A = scalp, lgradpb; I”
{scalB—QZsi b, + . b2 _Zsi(si )T
=1 =1 ’ i=1
m m d bz drb
Z Z 5, B lgra ibagm CL 9(X,,Y)) = Hessp (X,,Y)) = 0,
Py V1

m

Apgb; " scalp. i radgb;
scalp —2281'75 + bQFl —Zsi (si — )7“9 bQB I
i=1 g i=1 @ i=1

bib;

From the equation (3.13) and ¢(X,Y") = ¢o(X )+ constant, we find

{scalB—QZSl 4 ZSCG/ZF _Z i(si )W

i=1

m

-3 Z sis 2 gradif};;gmdel B (Zb gr, (Y2, ])

i=1 3=1, l#3

Z b ‘9r, (Y2, Y))
b—igmdB (b;) (o) -

Since b, are positive for 1 < i < m, by equation (3.21) we obtain
(Z scalp, — ) (Z b2gF v,,Y, ) =0,
=1

where

- Al & radpb;
W = (Z bf) <scalB — 2281- Z — Zsi (si — 1) lg bf ||
i i i=1

i i 9B (gradgb;, gradpby) gradB (b:) (¢1)
- N biby b;

—p

N dpb;, gradpb -
72 Z SislgB (gradpbi, gradpb;) —p (begp (}Q,YJ)> = Hessp (Y,,Y)).
] 3 3 i=1

(3.18)

(3.19)

(3.20)

(3.21)

Since ¢ depend only on B, we have that ¢ is constant on F;, then by equation (3.21),we have that F; are a trivial
gradient Yamabe solitons. Moreover, by equation (3.18) we have that (B, gg) is a gradient almost Yamabe

soliton of the form

scal -
(ngBagra‘dSOOa_ l o Z

i=1

i ||9mde [
si ( e

b2
=1
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i i 95 (gradpbi, gradsb)
_ 551 _
— _ biby
i=1i=1,1#3
This proves the third assertion of the theorem. O

The above theorem denotes us that if we take the potential function depending only on the base then
the fibers F; are constant scalar curvature. Then, we will take a gradient Yamabe soliton with potential
function of the form ¢(X,Y) = ¢o(X)+ constant on a multiply warped product, the base conformal to an
r-dimensional pseudo-Euclidean space, and the fibers chosen to be scalar constant spaces. Let (R", gr) be the
pseudo-Euclidean space, r > 3 with coordinates X = (X1, ..., X,.), g,; = 0,5¢,; and let M = (R",g) x3, F;" be a
multiply warped product where § = J;gr, F; a semi-Riemannian scalar constant manifolds with curvatures

m

Ar, , t=>Y 5 >1,b;,¢,0: R" = R, smooth functions, and b, are positive functions. Then, we obtain necessary

i

i=1
and sufficient conditions for the multiply warped product to be a gradient Yamabe soliton.
Now, we give the following Theorem:

Theorem 3.2. Let (R", gr) be a pseudo-Euclidean space, r > 3 with coordinates, X = (X1,...,X,) and g,, = 0,y€,,,
let M = (R",g) Xp, F1 Xp, Fo X ... Xy, Fp, be a multiply warped product where g = #gR and F; semi-Riemannian

m
scalar-constant manifolds with curvatures Ap,, t = > s; > 1, b;, ¢, : R” — R, smooth functions, and b; are positive

i=1
functions. Then, the multiply warped product (M, g) is a gradient Yamabe soliton with potential function  if and only if
the functions b;, ¢, ¢ satisfy

o o
ha 2 Ty — 22
Pr,z, + e + 5 Fo 0 1#7, (3.22)
{(r -1 <2¢Z €k Dryar — rzemik)
k k

72251 k bi

i=1i=1, l#1i
= Prz, + 2¢x1 Pz, — € Z 614%@-’1%7 (323)
5 g
{(T - 1) <2¢ Z €k‘¢a;ka;k -r Z Gkﬂﬁik)
k k

m 2 e (bi>$k$k —(n—2) (bzk: €k Dy (bi)mk

2D s b,

i=1
I D ST
i=1 ¢ i=1 g
oo (Pamen) )| L
=D D sy —p = D ekt (b, (324)
=1 i—1, I il P
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Proof. Assume that M = (R",g) xy, F1 X4, Fo X ... X, F), is multiply warped product with gradient Yamabe

soliton structure. So, we have
(scaly — p) g = Hessgp.

For X, X5, ..., X, € x(B) and Y1, Y53, ...,Y; € x (F};), we can write

{50@%—22:5,A i —I—ZSCZ;FZ' _Zsi (si — nga;ib”

i=1 i=1 g i=1

LR g (gradzb;, gradzb; -
Y Y st oredsh) A g x ) Hessge (X.0X)).

b;b;
i=14i=1, l#i

m

{scalg— QZSZAIbe Z scalF _ Z 5 (5 — ngal:lQb H
i=1 v =1

DI L fzélgrad ) 50 = Hessge (X, 7)) =0,
=1 i=1, l#1 v

{scal§225iAb§_bi Jrz SCZQZFi 7251 (si — ||gra;i2b H

i=1 g i=1 ( i=1

& g (gradzb;, gradzb m
_ Z - Z -Sislg (g !]biblg g l) —p (Z bzng7 (}/;7}/})> = HGSS§Q0 (Y;,Y}) .

i=1
It is well known that for the conformal metric § = J gr, the Christofel symbol is given by

k o (’sz =k ¢9L’k =t B (bx-b

r,=0,T, , T = €ex , I, = .
! / ¢ ¢ ¢
Then we get
gba:l ¢m_7
H688§Q0” = QOg;lz] ¢ Qoz] + ?30:1:17 1 # J-
Pu, Py,
Hessgpn = Qu,a, P Pz, — & Z ekj@xkv 1=

k
From [16], the Ricci curvature is given by

Ric; = % {(r —9)pHess, b+ [¢>AgR¢> —(r—1) |ng¢|2} gR} .

Thus, we have the scalar curvature on conformal metric

scaly = (r — 1) (2¢Agm¢ —r \vgk¢|2) (r—1) <2¢Z R rzemik) )

k

Since ¢ : R” — R, we obtain
Hessgp (X,, X)) = Hesszp (X,,X,), V1,

On the other hand, we have

Sca’lFigFi = )\FigFi
7()/17Y = Z blngi ()/175/])
i=1
A bi = ¢2 Z Ek xkxk (’I’L - 2) ¢Z €k¢$k (bl)azk
k

m

> 9 (gmdgbi,gmdgbi) =62 e (b7),,
=1 k

=1

S g(gradgbi,gradb) = #* S S Yer (bi),, (b, -

i=1, 1#% i=14i=1,1#i k

<.

Ms

Il
_

%

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Substituting the equations the equations (3.30), (3.31), (3.33) in equation (3.26), we find

{ r—1) <2¢Z€k¢mm - T26k¢§fk>

k

¢? ka ek (0i)y, 0, — (0 —2) ¢2k: €kPay, (bi)y,

72%81 bi

=1

<.

DRI 7
i=1 i=1 *
<¢2 2}; ex (bi)y, (bl)a:k) .
— 5i81 : —Po 75
=1 3=1, l#3 bzbl ¢

The last equation is the equation (3.23). Similary, replacing the equation (3.29) into the equation (3.27), we
obtain
Pz, Pz,

Pz, Pz, =0,
¢ ¢

Pz, T +
which is the equation (3.22). Similar way of equation (3.13), we get
Hessgp (Y,,Y)) =Y. (Y, () = (MVY)) ¢

z’ b2gr, (Y., Y))

= Hessp,pi (V2,Y;) + gradg (b;) ()

bi
== > e (bi),, b, (3.34)
v k

Then substituting equations (3.31), (3.33) and (3.34) in equation (3.28), we find

{ r—1) <2¢Zek¢m —rzemik)

k

¢? Xk: €k (bi) g0, — (0 —2) ¢Zk: €xbay (bi),,

i=1

L P (¢22€k (biz)w;)
+Z bgl_zsi(sz_l) 8 b2

i=1 i=1

m L (0 ke 2
— Z - Z 8; 81 k biby —P (= %Zekd)xk (bl)ak :

O

The converse is a straightforward computation. This completes the proof.
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In order to obtain solutions for equations in Theorem 3.2, we consider b;, ¢ and ¢ invariant under the action

T
of an (r — 1)-dimensional translation group, and & = ) ajxy, ai € R be a basic invariant for the (r — 1)-
k=1
dimensional translation group, then we get

Theorem 3.3. Let (R, gr) be a pseudo-Euclidean space, r > 3 with coordinates, X = (X1, ..., X,) and g;; = 0;;¢€;,
let M = (R",q) xp, F1 Xp, Fo X ... Xy, Fy, be a multiply warped product where g = #gﬂ@ and F; semi-Riemannian

scalar-constant manifolds with curvatures A\, t = > s; > 1, b;, ¢, ¢ : R" — R, smooth functions and b; > 0. Consider
=1

the function b; (§) , ¢ (&) and ¢ () , where & = Z Tk, o € Rand Z €103 = €k, OF Z exa; = 0. Then, the multiply
k=1 k=1
warped product (M,g) is a gradient Yamabe solzton with potential function ¢ if and only if the functions b;, ¢, p satisfy

¢’ +2Z/w =0, (3.35)
m 2 b1 / _9 / /
i {(r -1) (206" - ()7) -2 )= =200 b))
m ) L 2 (b:) (br)’
;51 (si —1) ( E ) _;Z_;#SZSZ( o ') + oo
=p— Abi (3.36)
i=1
€ko {(7" -1) <2¢¢” r (¢')2> -2 Y S (¢ (b)" — (n —2) 60/ (b))
=1 bl
m ¢2 (b;)Q m m 2 b, " (Y (i b12>
- Z S; (Sl 1) ( b2 ) - Z S; 81 (¢ (b)b ( l) ) - li; ¢2 (b;) (p/
i=1 i i=1 i=1, l#i il i
m )\Fi
=r=> (3.37)
=1 ?

s
where e, = Y exai. Moreover,
h=1

and

T
where > epai = 0.
k=1

Proof. Assume that b; (€), ¢ (£) and ¢ (€) are function of &, where £ =Y agzy, ax € R and Y epai = €, or
k k=1

T
> exai = 0, then we obtain
k=1

¢11 = ¢/a27 (bxlxj = ¢//alaj7 (bz)m = (bz)/ Ay, (338)

7

(bi)zlzg = (bi>/l 0y, Pg, = 90/0427 Pr,z, = QONO‘ZO‘]- (339)
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Replacing the equations (3.38) and (3.39) in (3.22), we find

/
<<p/’ + 22@’) a0, =0, Vi#) (3.40)
If there exist 1, 3,0 # j such that «,a; # 0, then we have from the equation (3.40)
¢/
¢ +2¢<p =0. (3.41)

Similarly, using the equations (3.38) and (3.39) in the equations (3.23) and (3.24), we obtain

{(r -1 <2¢¢” Y e —r(@)* > ekai>
k

k

m <¢>2(bi>";ekai—(n— ) 6" (b Zekak)

=1
v (67 0 S ena)
F, &
—|—; 02 —;si(sz—l) 0
m m ¢2( % bl)/zekak>
N Z Z 551 bb : -P %
i=1i=1, I£i i ¢
2 <Z5
=¢"a’ + 2 q <p Zekak (3.42)

and

{(r —1) <2¢¢” > eraf —r (@)Y ewi)
k

k
m <¢2 (b)Y exai — 2) p¢’ (b kaak>
i=1 g
moy (¢>2 (v))? b ekai)
+ Z sz - Z S; (Sz — 1) b2
i=1 i=1 7

m m <¢2 (bi)/ (bl)/§€kai)
_Z: Z S$; 851 blbl —p

= <— > o* () @' Y _enai. (3.43)
)
By the use of the equation (3.41) and }_ e,a} = €, in (3.42), we find
%

{@« 1) (260" - () —2 30 (LS = (=D 00 0))

i=1
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M
Cdlkg

«
I
—

i=1 i=1,1

In the same way, using equation (3.41) and = €y, in (3.43), we get

m CAR A,
S )Zz AT s -
2 ek
k

REHCERGIED WSS

b;
=1
m (¢2 (b:)2> m m (¢2 (bl)l (bl)/)

_ ZS,L (si — 1) 72 — Z Z SiS1 b

i=1 @ i=1i=1, I#i i
(i bl2> m A

LA T vE

i=1

Hence, if we take Y e,a? = ¢, then we obtain the equations (3.35), (3.36) and (3.37).
%
Now, taking >" e, = 0 in equations (3.35), (3.36) and (3.37), we have
i

(@” + 2:@/@’) =0 (3.44)

and

-3 = (3.45)
i=1

Now, we need to consider the case o, = 1 and ay, = 0 for k # ko. In this case, equation (3.40) is trivially satisfied

and since equation (3.43) does not depend on the index :, we have that equation (3.43) is equivalent to equation

(3.37). Finally, we need to show the validity of equation (3.35) and (3.36). Taking © = ko, thatis, oy, = 1, 1in (3.42),

we obtain
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and for ¢ = ko, that is, a, = 0, we get
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However, the last equation are equivalent to equations (3.35) and (3.36). This completes the proof. O
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