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Cast specimens of Mg and of several Mg-Zn binary alloys with a wide range of grain sizes were
deformed in tension and compression. The k values calculated from the Hall–Petch (H-P) plots
of the tensile 0.2 pct proof stress increased with the Zn content, from 0.24 MPa m1/2 for pure
Mg to ~0.66 MPa m1/2 for the 2.3 at. pct Zn alloy; k values measured from compression tests
were larger, typically by 0.05 MPa m1/2. When the strength measurements were corrected for
the pseudoelastic strain resulting from elastic twinning, the k values generally increased, and the
difference between tension and compression was eliminated. This showed that the larger k
values obtained in compression using uncorrected data were an artifact of the pseudoelastic
effect. The apparent friction stress varied between about 14 MPa for pure Mg to very low or
negative values for the most dilute alloy, increasing again to about 8 MPa for the most con-
centrated alloy. The use of strength data corrected for pseudoelasticity effects is necessary for a
consistent analysis of the grain size hardening.

DOI: 10.1007/s11661-010-0599-2
� The Minerals, Metals & Materials Society and ASM International 2011

I. INTRODUCTION

THE Hall–Petch (H-P) equation[1–4] takes the form

ry ¼ ro þ kd�1=2 ½1�

where d is the grain size and ry is the yield strength. The
term ro is usually interpreted as a friction stress suitably
modified by the Taylor factor and k as a stress intensity
factor related to the difficulty in transferring slip from
grain to grain and to the nucleation of multiple slip
within grains.[5,6]

Experiments show that Eq. [1] describes the relation-
ship between the strength and grain size in both cubic
and hexagonal metals.[7–11] However, in the case of Mg
and its alloys, the literature[11–15] shows large discrep-
ancies in the values of both ro and k. There are several
reasons that may account for the apparently contradic-
tory observations from different laboratories in pure
Mg[7,9] and its alloys.[16–18] First, the strong dependence
of both parameters on orientation texture affects ro and
k in opposite directions.[9,19] Second, both parameters
depend on the deformation mode (slip or twinning) and,
therefore, on the proportions of each,[20–23] this being
especially important in pure Mg.[24–26] Third, the strain
at which the yield strength is determined[10,27,28] can
depend on the individual investigator. Fourth, solid

solution effects on both ro and k are important and are
yet to be quantified, as explained in more detail below.
Solid solution effects on the strength of Mg are

anisotropic;[29] in dilute Mg-Zn and Mg-Al alloys, solute
atoms harden the basal plane,[30–32] whereas they cause
solid solution softening of the prism and pyramidal slip
systems.[33–35] In concentrated Mg-Zn alloys (c = 0.5 to
2.6 at. pct, where c is the solute concentration), Zn
causes extensive hardening, which has been ascribed to
short-range order.[32]

Extension {10-12} twins are preferentially activated at
low strains in compression[25,29] creating a tension/
compression (t/c) asymmetry in the yielding behavior,
which may be quite pronounced in the presence of
intense basal texture[13,36] although less so in random
polycrystals.[29] The twinning stress in Mg and its alloys
appears to have a stronger dependence on grain size
than does yield by dislocation slip,[13,21–23] as it does in
other face-centered cubic, body-centered cubic, and
hexagonal metals.[20,37–39] A larger k value should,
therefore, be expected whenever twinning dominates,
in particular for large grain sizes and in compression,
whereas, for small grain sizes, typically below ~30 lm, a
reduced k should be expected.[13,22] An opposite view is
held by Jain et al.[18] who argue that since slip precedes
twinning, twinning should not have a direct effect on k,
at least in tensile deformation and as long as dislocation
plasticity is the dominant deformation mechanism. The
presence of solute increases the activation stress for
twinning[24] more than for slip; therefore, any twinning
effects on the yielding behavior are expected to be less
intense for the alloys[25] than for the pure metal.
In-situ neutron diffraction studies in pure Mg and Mg-

Al alloys,[40,41] cyclically loaded and unloaded, showed
that many of the {10-12} extension twins formed during
straining are elastic and partly revert upon unloading.
Keshavarz and Barnett[42] also showed that many grains
that do not twin during the loading cycle do twin upon
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unloading. The overall effect is a pronounced pseudo-
elastic strain and large hysteresis loops upon loading-
unloading.[25,40,42–44] The pseudoelastic effect is larger in
pure Mg, in compression, and for small grain
sizes.[25,40,43] Aluminum in solution causes a mild
decrease of the pseudoelastic effect, whereas Zn causes
a far larger decrease.[25,43] The pseudoelastic strain adds
to the total strain as the material is loaded, introducing a
systematic error in the offset strain at which the strength
is measured[45] and, hence, upon the H-P parameters.[26]

The H-P parameters of Mg alloys may thus depend on
the loading direction (because of the t/c asymmetry), the
solute concentration (because of the anisotropy of the
solid solution effects), and the prior thermomechanical
history (because of texture effects). In addition, the
measurement of the yield strength may be affected
systematically by the pseudoelasticity stemming from
elastic twinning: (a) for small grain sizes, a transition
from twinning-dominated to slip-dominated deforma-
tion can be expected; and (b) solute in solution is also
expected to decrease the incidence of twinning at low
strains in comparison with the pure metal. None of these
important effects on the H-P relationship of Mg and its
alloys has yet been quantified.

The present work examines the solute dependence of
the H-P constants in cast (orientation texture-free) Mg
and Mg-Zn alloys, in tension and compression, account-
ing for pseudoelasticity effects. The Zn contents cover
both dilute (c<0.5 at. pct Zn) and concentrated (up to
2.3 at. pct Zn) solid solutions. Magnesium-zinc alloys
were selected for the study as they can be grain refined by
chemical means, using Zr, without having to use strain-
anneal methods, which are known to introduce orienta-
tion textures.[9] This method carries two undesirable side
effects. First, an unknown solid solution effect will exist,
especially in pure Mg, through the formation of Zr-rich
cores.[46] Second, as the smallest grain size that can be
practically achieved with this method is only ~20 lm, the
range of grain sizes that can be explored is somewhat
limited.

II. EXPERIMENTAL DETAILS

A. Materials

Magnesium of commercial purity was melted in an
electric furnace and Zn was added to produce tar-
get alloy compositions of 0.4, 0.8, and 2.3 at pct Zn (1,
2, and 6 wt pct Zn respectively). Predetermined
amounts of a Mg-25 wt pct Zr master alloy were added
to the liquid to produce four different grain sizes for
each Zn content. The grain refining effect of Zr depends
on the presence of evenly distributed insoluble particles
throughout the melt.[47,48] Thus, the melts were mechan-
ically stirred for several minutes prior to casting to
maximize the dissolution of Zr while evenly distributing
the remaining (insoluble) Zr particles. Pouring was done
at 1053 K (780 �C) into sand molds to produce plates
measuring 175 9 150 9 33 mm. To further reduce the
grain size through increased solidification rate, several
castings were made in small cylindrical steel molds,

preheated to 473 K (200 �C). The cylindrical castings
were either 70 mm in diameter and ~150 mm tall or
20 mm in diameter and ~130 mm tall.
The compositions of the castings were determined by

inductively coupled plasma atomic emission spectrom-
etry, and the amounts of soluble and insoluble Zr were
determined using the method of Qian et al.[48] These
compositions, the grain sizes, and the identification keys
to the alloys are listed in Table I.
Solution heat-treatments of the cast plates and cylin-

ders were done at different temperatures to follow the
solidus line in the Mg-Zn phase diagram, as recom-
mended by Lagowski and Meier,[49] with the extended
times for the more concentrated alloys used by Blake and
Cáceres[50] and Mann et al.[27] The Mg-0.4Zn and Mg-
0.8Zn alloys were solution treated at 793 K (520 �C) for
3 hours, and the Mg-2.3Zn alloy was solution treated at
723 K (450 �C) for 9 hours, after which the specimens
were quenched in water. Longitudinal sections of the
heat-treated cast plates were polished and etched to
reveal the grain structure. The grain size was measured
by a linear intercept method, and no corrections were
applied to obtain the true grain size.
The flow curves of fine-grained pure Mg of earlier

experiments by Andersson et al.[11] were also used for the
analysis. The grain size of the pure Mg used in these
experimentswas reassessedon the original specimens using

Table I. Chemical Composition, Casting Method (Permanent

Mold (PM) or Sand Mold (SM)), Grain Size, and Identifica-

tion Key to the Alloys Studied; for the Determination of Solu-

ble and Insoluble Zr, See Ref. 48

Zn
(at. pct)

Zr Total/
Soluble (at. pct)

Grain
Size (lm)

Casting
Method Key

0* 0.36/— 19 PM Mg
0 0.18/0.12 37 PM Mg
0 0.22/0.12 40 PM Mg
0 0.17/0.12 91 SM Mg
0 0.0008/0 670 SM Mg
0 0.01/0.002 747 SM Mg
0 0.001/0 1440 SM Mg
0.37 0.17/0.07 30 PM 0.4
0.37 0.26/0.09 39 PM 0.4
0.38 0.32/0.10 60 SM 0.4
0.31 0.01/0.005 150 SM 0.4
0.36 0/0 211 SM 0.4
0.32 0.02/0.006 245 SM 0.4
0.70 0.16/0.002 25 PM 0.8
0.66 0.34/0.08 41 PM 0.8
0.84 0.20/— 65 SM 0.8
0.76 0.05/0.04 163 SM 0.8
0.71 0.01/0.008 305 SM 0.8
0.82 0/0 375 SM 0.8
2.29 0.16/0.09 46 PM 2.3
2.10 0.31/0.13 48 PM 2.3
2.11 0.27/0.07 81 SM 2.3
2.13 0/0 197 SM 2.3
2.10 0.008/0.003 344 SM 2.3
2.18 0/0 500 SM 2.3

*This set of specimens was from earlier work by Andersson et al.[11]
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both linear intercept and electron backscatter diffraction
after noting a discrepancy with the published data.*

B. Mechanical Testing

Cylindrical tensile specimens with a gage length of
40 mm were machined from the cast plates. The gage
diameters were varied from 6 to 24 mm to ensure a ratio
of gage diameter to grain size, D/d, above 35.[6] For
compression testing, cylindrical specimens were used
with gage length 40 mm and diameter 20 mm, ensuring
that D/d ‡ 40 applied for all materials, except for the
two or three coarsest grain-sized pure Mg samples
(Table I).

Monotonic tension and compression testing was per-
formed on about half of the specimens, for all grain sizes
and compositions, at a crosshead speed of 0.7 mm/min.
Tensile testing was continued to fracture, whereas com-
pression was usually stopped at about 4 pct. In order to
measure the pseudoelastic strain, the rest of the specimens
were subjected to a procedure of cyclic loading-unloading
at predetermined strains along the flow curve, as
described elsewhere.[25] For experimental convenience, a
crosshead speed of 0.01 mm/min was used for unloading
at very low strains, switching to 0.7 mm/min at strains
>1 pct; no strain rate effects could be detected to
invalidate this procedure. More than 300 specimens were
tested in the experiments, with an average of ~70 data
points per alloy for the H-P plots and a minimum of 21
points for alloy 2.3 tested in compression.

Strain was measured using an averaging system
composed of two identical extensometers on opposite
sides of the specimen. This arrangement compensates
for bending strains caused by misalignments of the load
train. A sampling rate of 250 s�1 was imposed on the
analog-to-digital converters to average out the noise

from the servohydraulic system while preserving the
resolution in load and strain. Carefully aligned, hydrau-
lically controlled collet grips were used to further ensure
uniaxial loading during the tensile tests. Compressive
testing was done between platens with curved seats that
were aligned to be parallel by closing the platens
together and loading before tightening into place. This
overall setup enabled measurements to be made at
strains as low as ~4 9 10�5.

III. RESULTS

A. Grain Microstructure

The mean grain size at different positions in the cast
plates was constant to within ±30 pct for any of the
large-grained pure Mg castings, and within ±15 pct for
the rest of the materials. The mean values of the grain
sizes of similarly cast plates differed by less than 10 pct.
The grain microstructure was equiaxed and uniform for
the finer grain sizes, especially for the alloys, as shown
by Figure 1(a), but it was increasingly less uniform for
the largest grain sizes. The coarsest-grained pure Mg
developed columnar grains, as shown in Figure 1(b).
The specimens in these cases were machined from the
center of the plates to avoid the columnar grains as
much as possible, as indicated in Figure 1(b) by the
circle representing the tensile specimen gage diameter.
Since texture strongly affects the yield strength of

these alloys, it is important to verify that the castings
have a random or near-random texture. This is, for
example, clearly not the case for the columnar grain
region at the edges of the pure Mg castings (Fig-
ure 1(b)). Four samples were chosen for a texture
analysis: pure Mg and the Mg-2.3Zn alloy, both with
the finest and coarsest grain sizes. Texture was assessed
by measuring the {0002} pole figures using X-ray
diffraction, and these did not reveal any preferred
alignment of crystallographic orientation.

Fig. 1—(a) Grain structure in alloy 0.8Zn (grain size = 305 lm); (b) macro photograph of pure Mg. The circle indicates the location of the ten-
sile specimens cross section (gage diameter = 18 mm) machined from the plate (grain size inside the circle = 747 lm).

*The original publication[11] reports the grain size for this material
as 36 lm, whereas the present measurements yielded 19 lm.
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B. Mechanical Testing

The grain size strengthening in pure Mg and alloy
2.3Zn, in tension and compression, is illustrated by the
flow curves of Figures 2(a) and (b), respectively, and
Figure 3 shows the effect of solute concentration at
(nearly) constant grain size. Significant scatter was
encountered in the strength at large grain sizes in all
of the compositions studied, which accounted for most
of the dispersion of results in the H-P plots described
later. The reasons for this inconsistency are thought to
lie with the non-uniformity of grain size within the cast
plates and, in the case of pure Mg, with the presence of
columnar grains.

Figure 4(a) is a monotonic tensile loading curve,
followed by one full unloading-loading cycle, for a pure
Mg specimen, illustrating the pseudoelastic strain cre-
ated by elastic twinning. The initial loading slope here
and in all experiments was close to 44 GPa, but this only
held for applied stresses of less than a few MPa, above
which ‘‘preyield’’ microstrain was evident. Figure 4(b)
shows that the strain hardening rate at low strains
increases, and the amount of pseudoelastic strain
decreases, with the Zn content. (The meaning of the
thin dashed lines in Figures 4(a) and (b) is explained in
relation to Figure 7 and the permanent set strength
data.)

Figure 5 shows the relationship between the pseudo-
elastic strain and the (unloaded) permanent strain (i.e.,
the plastic strain) for pure Mg in compression, for
different grain sizes, and for fine-grained alloy 2.3Zn.
Note that for small-grained Mg, the pseudoelastic strain
is generally larger than the permanent (unloaded) strain.
Prior studies of the pseudoelastic effect in the materials
of this work[25] and in alloy AZ91[43] show that for given
compositions and for the smaller grain sizes, pseudo-
elasticity is more marked in compression and tends to
develop later in strain as the solute content increases.

C. H-P Plots Using On-Load Proof Stress Data

The on-load 0.2 pct proof stress was determined in
tension and compression. Here, ‘‘on-load’’ means that
0.2 pct is the sum of the plastic and anelastic strains
(Reference 45, Section 13.1 and Figure 6). The data are
plotted as H-P graphs (termed ‘‘Ordinary Hall–Petch
plots’’) in Figure 6(a) for pure Mg and Figure 6(b) for
all materials. The lines of (least-squares) best fit to the
different sets of data resulted in the values listed in
Table II, with the apparent friction stress, ro, deter-
mined as the ordinate intercept, and k as the corre-
sponding slope. Figure 6(a) includes tensile data for
pure Mg from Hauser et al.[51] (solid circles). The
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Fig. 2—Tensile (solid lines) and compressive (dashed lines) flow curves for (a) pure Mg; (b) alloy 2.3Zn. The 0.2% offset strain is indicated by a
straight line with gradient 44 GPa. The numerals next to each curve are the grain sizes in lm. The flow curves for the 19 lm specimens in (a)
are from Ref. 11. Note that Fig. 6 shows the specimen-to-specimen variation at constant grain size.
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Fig. 3—Effect of increased Zn on the flow behavior at near constant
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2.3Zn: 81 lm. Figure 6 shows the specimen-to-specimen variation in
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present set of data and those of Hauser et al. are
remarkably consistent with each other (as are the
respective k and ro values). Note that Hauser et al.’s
material was grain refined by a strain anneal method
(i.e., without using Zr).**

D. Hall-Petch Plots Corrected for Pseudoelasticity

Figure 2 shows that for large grain sizes, at the 0.2 pct
offset strain, the specimens are already well into
generalized plastic deformation, whereas for small grain
sizes, the strength is measured in the high strain
hardening region to the left of the ‘‘knee’’ in the flow
curve. This inconsistency of the standard 0.2 pct offset
strain method for measuring the strength of Mg has
already been pointed out by Andersson et al.[11] Mann
et al.[26] argued that this inconsistency is largely caused
by pseudoelasticity effects and can be eliminated when
the procedures illustrated in Figures 4 and 7 are applied.
Figure 4 shows that upon unloading, as the pseudo-

elastic effect reverts to zero, the true (unloaded) perma-
nent plastic deformation can be measured. Thus,
specimens of each grain size and Zn content were
cyclically loaded and unloaded at increasing strains, and
plots of stress vs (unloaded) true plastic strain were
constructed, as shown in Figure 7. It is noted in passing
that this procedure is a more exact version of that
recommended in the ISO Standard for tensile testing.[45]

The correction described in Figure 7 was applied to
the specimens for which loading/unloading data were
collected (about half of all specimens of this study) as
part of a prior study on pseudoelasticy.[25] The rest of
the specimens were deformed monotonically, and data
for the pseudoelastic strain were not obtained. To
correct the strength data for the pseudoelastic strain in
the monotonic specimens, average values for the
pseudoelastic component at the 0.2 pct permanent
plastic strain, read from Figure 5 or similar plots
previously published,[25] were added to the nominal
offset strain to obtain a true permanent (0.2 pct) offset
strain. Offset strains thus corrected are shown in
Figures 4(a) and (b).
Figures 4 and 7 show that once corrected for pseudo-

elasticity the yield strength is measured well into the
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Fig. 4—(a) Tensile loading, followed by unloading-loading, for pure Mg, showing the magnitude of the pseudoelastic strain. ep and ea indicate
the permanent plastic and pseudoelastic strains, respectively; (b) the pseudoelastic effect for different Zn contents, under tensile deformation. The
thin dashed lines indicate the offset strains used to determine the permanent set strength (see text). The numeral next to each dashed line indi-
cates the offset strain corrected for pseudoelasticity. Grain sizes: Mg: 91 lm; 0.4Zn: 60 lm; 2.3Zn: 81 lm.

Fig. 5—The pseudoelastic strain (ea, defined in Fig. 4(a)) as a func-
tion of the permanent plastic strain (ep), for pure Mg of different
grain sizes and small grained alloy 2.3Zn, all tested in compression.
The solid line indicates when the two strains are the same. The solid
down triangles on the upper right corner (19 lm) correspond to An-
dersson et al.’s specimens.[11] The dashed vertical line indicates the
0.2% offset permanent strain. The right y-axis is the calculated
amount of elastic twinning (see Section IV).

**Wilson and Chapman[9,19] compared Hauser et al.’s data with
their own obtained with heavily textured Mg and concluded that the
former had only a weak orientation texture.
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regime of general plastic deformation for all materials
(i.e., past the knee in the flow curve). The correction for
pseudoelasticity is more important for small grain sizes
and for the pure metal, as anticipated from Figure 5.
The flow stress data corrected for pseudoelasticity were
used to create the graphs of Figure 8, termed ‘‘perma-
nent set strength’’ H-P plots; the parameters of best fit to
Figure 8 are listed in Table III.

The permanent set k values are larger than for the
ordinary H-P data of Table II by, on average,
0.05 MPa m1/2. This difference is relatively more signif-
icant for the pure Mg and the more dilute alloys; more
importantly, the values for tension and compression are
now very close to each other and do not show the
systematic t/c bias evident in Table II. This suggests that
the higher k values obtained in compression using the
ordinary H-P plots are largely an artifact created by the
pseudoelastic strain being larger for the pure Mg and

the lower alloys, for smaller grain sizes and in compres-
sion (Figure 5).
The ro and k values of Tables II and III are plotted in

Figures 9 and 10, respectively, as a function of the Zn
content. Figure 9 shows that that the friction stress goes
through a narrow minimum at 0.4 at. pct Zn, and for
the higher alloys, it remains generally lower than for the
pure Mg. As the alloys are stronger than the pure metal
in both tension and compression (Figure 3), it is odd
that their friction stresses should be lower. Note, too,
that the apparent friction stress is lower for compression
loading for Mg and the Mg-Zn alloys. Figure 10 shows
that k increases monotonically with the solute content,
rapidly for the lower concentrations, and then more
slowly, both for the ordinary and permanent set strength
data.

IV. DISCUSSION

A. Scatter of Experimental Data

The most irritating experimental issue affecting the
present sets of data is the inconsistency of the grain size
strengthening, particularly at large grain sizes. Possible
reasons for the scatter in strength are the presence of Zr-
rich cores, the free surface effects, the relatively large
dispersion of grain sizes around the average value
(±30 pct for large-grained pure Mg and ±15 pct for
the rest), and the columnar grains in large-grained
pure Mg.

1. Effect of Zr
The mean concentration of Zr in solution varied from

zero (for the coarsest grain sizes) to 0.13 at. pct (for the
finest grain sizes). This low concentration should have
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Fig. 6—Ordinary Hall–Petch plots for (a) pure Mg; (b) all materials. For clarity the pure Mg data points have been removed from (b). In these
and the H-P plots of Fig. 8 the crosses and solid lines denote tensile data, the triangles and dashed lines denote compression. The solid circles in
(a) are tensile data from Hauser et al.[51] See Table II for the numerical values of the Hall–Petch parameters.

Table II. Ordinary Hall–Petch Constants Using (0.2 pct
On-Load Offset Strain) Strength Values, Determined from the

Lines of Best Fit of Fig. 6; the Error Given Corresponds to

One Standard Deviation of This Fit

Alloy Testing Direction ro (MPa) k (MPa m1/2)

Mg tension 11.8 ± 1.4 0.22 ± 0.01
comp. 8.5 ± 1.5 0.26 ± 0.01

Mg-0.4Zn tension 2.7 ± 1.9 0.37 ± 0.02
comp. –6.8 ± 1.4 0.43 ± 0.01

Mg-0.8Zn tension 9.1 ± 2.2 0.42 ± 0.02
comp. 0.2 ± 2.1 0.51 ± 0.02

Mg-2.3Zn tension 7.7 ± 3.0 0.65 ± 0.03
comp. 1.7 ± 3.5 0.66 ± 0.04
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no significant effect on the yield stress. However, it is
known that Zr-rich cores exist in cast Mg-Zr alloys.[46]

The concentration of Zr at the center of the cores may
be as high as 0.5 at. pct, decreasing to nearly zero some
20 lm away from the nucleating particle. Larger grains
may have several cores. The solid solution hardening (or
softening) introduced by the Zr is unknown, adding a
degree of uncertainty to the data.

2. Effect of the free surface
Kocks[6] pointed out that the effect of the grains on

the surface of a polycrystal may be, in his words, well
nigh impossible to model theoretically. A common

arbitrary criterion for measuring true polycrystalline
properties is that fewer than 10 pct of the grains should
sit on the surface of the specimens, something that can
be achieved by making the specimen diameter-to-grain
size ratio>30. In the present experiments, this ratio was
>35 for the tensile specimens and >40 in all the
compression specimens, except for the coarsest-grained
pure Mg (Table I). The plastic anisotropy of Mg is likely
to ensure that grains near or on the surface deform by
basal slip even with extremely low Schmid factors,
exacerbating any free surface effects in large-grained
specimens, and it may be the case that a specimen
diameter/grain size ratio of 35 is too small for Mg.
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size = 91 lm) and alloy 2.3Zn (grain size = 81 lm). The symbols on the solid lines identify the points where the pseudoelastic strain was measured.
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Fig. 8—Hall–Petch plots for the permanent set strength method. (a) Pure Mg; (b) all materials. The pure Mg data points have been removed for
clarity. See Table III for the Hall–Petch parameters.
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3. Effects of grain size distribution and texture
With regard to the large dispersion of grain sizes, it

may be tempting to suggest that the scatter in the
strength data in the H-P plots is associated with a either
a bimodal size distribution or mild texture effects.
Bimodal distributions are common in high-pressure
diecast Mg alloys[52,53] and are sometimes observed in
recrystallized wrought Mg alloys,[54] but there was no
obvious evidence for bimodality in our castings (except
for the large-grained pure Mg). As noted in Section III–
A, no evidence could be found of texture in any of the
castings.

Two points can be made to assert that these several
effects (A1 to A3) are minor. First, there is a near-
perfect match of our data with those of Hauser et al.[51]

(solid circles in Figure 6(a)), which lacked both Zr
coring and columnar grain effects. Second, the scatter
of data in these experiments was much smaller than
that reported by others,[11,18,55] most likely because of
the large diameter/grain size ratio used in the test
specimens.

B. Twinning Effects on k

The right-hand y-axis of Figure 5 represents the
volume fraction of elastic twinning, fet, that would
produce a given amount of pseudoelastic strain, ea,
calculated as[56] fet = m(ea/et), where m is the Schmid
factor (taken as 0.5 for a random polycrystal) and
et = 0.13 is the {10-12} twinning shear strain. Figure 5
shows that at the 0.2 pct offset strain and for a given
grain size, fet in the pure Mg is several times larger than
for the 2.3Zn alloy. The predicted volume fraction of
elastic twins at the 0.2 pct offset strain ranges from 1 pct
for the 2.3Zn alloy to 4 pct for the pure Mg. No attempt
was made in these experiments to measure the actual
volume fraction of elastic twins which, by necessity, can
only be a fraction of the total amount of twin-
ning.[25,40,43] However, the calculated amount of elastic

Table III. Hall–Petch Constants Using Permanent Set
Strength Values (Strain Corrected for Pseudoelasticity),

Determined from the Lines of Best Fit of Fig. 8; the Error

Given Corresponds to One Standard Deviation of This Fit

Alloy
Testing
Direction ro (MPa) k (MPa m1/2)

Mg tension 14.0 ± 1.8 0.28 ± 0.02
comp. 8.7 ± 1.4 0.27 ± 0.01

Mg-0.4Zn tension –2.3 ± 2.4 0.49 ± 0.02
comp. –7.4 ± 1.6 0.49 ± 0.02

Mg-0.8Zn tension 8.2 ± 2.4 0.49 ± 0.02
comp. 1.6 ± 2.4 0.53 ± 0.03

Mg-2.3Zn tension 8.3 ± 3.3 0.72 ± 0.03
comp. 5.7 ± 3.7 0.67 ± 0.04
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Fig. 9—The apparent friction stresses, r0, derived from (a) the ordinary Hall–Petch plot; (b) the permanent set strength plot (Tables II and III,
respectively). The error bars indicate one standard deviation.
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twinning at yield for the 2.3Zn alloy (fet ~1 pct) appears
consistent with SEM observations by Keshavarz and
Barnett[42] in alloy AZ31, which indicate that at 1 pct
strain, twins cover an area fraction between 2 and 6 pct.

Barnett[21] suggested that a transition in the dominant
deformation mechanism, from twinning at large grain
size to slip at small grain size, should occur. Such a
transition implies a decreased k value for small grain
sizes, and experiments in very fine-grained alloy AZ31
appeared to support this hypothesis.[13,22] In the present
case, the material that exhibited the largest tendency to
twin was pure Mg, and the twin/slip transition in k
should be most evident in the ordinary H-P plot of
Figure 6(a). The data do not support the idea of a
transition and nor for that matter do any of the alloys in
Figure 6(b). Jain et al.[18] showed that the volume
fraction of twinned material in AZ31 is only mildly
dependent on grain size for grain sizes above 30 to
40 lm. In addition, these authors argued that as long as
dislocation plasticity precedes twinning, the latter
should not have a direct effect on k. The fact that
correcting for pseudoelasticity eliminated the difference
in k values between tension and compression also seems
to support this view. It thus appears that the slip/twin
transition is only evident at finer grain sizes than we
have been able to produce.

C. Solute Effects on ro and k

The behavior of the friction stress in Figures 9(a) and
(b) is puzzling. The alloys exhibit a smaller apparent
friction stress than pure Mg, contrary to what can be
expected from the overall increase in the alloy strength
with solute content (Figure 3). It may be argued that the
friction stress reflects the solid solution softening effects
on prism slip,[57] but specific data are required to
elucidate this point. Figure 9 shows that the apparent
friction stress is negative for the dilute alloy and this is
not physically meaningful. Similar behavior has been
noted for ordered Ni3Al,[58] and in both that work and
ours, it must be concluded that the H-P paradigm does
not always apply for very large grain sizes. It is
noteworthy that Ni3Al had a much higher k value in
the ordered state than in the disordered one, in keeping
with other Ll2 structures.

[7,59]

The monotonic increase in the k values with the Zn
content exhibited by the data in Figure 10 is broadly
consistent with the notion that any form of hardening
that restricts multiple slip, particularly long-[7,59] or
short-range order,[8,60] should increase the k value for
the concentrated alloys. On the other hand, the data in
Figure 10 do not reflect the solid solution softening
effects of the dilute alloys,[33] which, by making prism
slip easier, can be expected to decrease the k value of the
more dilute alloy[57] in comparison with pure Mg. Since
twinning is more prevalent at low strains in pure Mg
than in the alloys,[24] it is speculated that profuse
twinning may account for the low k value of the pure
metal. Likewise, this is an aspect that requires further
work. We note that Gd has a strong solid solution
strengthening effect on Mg, comparable with that of
Zn.[61,62] Small angle X-ray diffraction studies[63] have

shown that Mg-Gd alloys develop short-range order, as
is also likely in Mg-Zn alloys,[32] and we suggest that the
solute concentration effects on k are likely to be as high
in Mg-Gd as they are in Mg-Zn.
By and large, the present results show that all prior

work on H-P effects in Mg, using ordinary H-P plots,
has very likely underestimated the actual k values
because of the systematic errors in the measurement of
the yield strength caused by the pseudoelastic effect,
especially for the pure Mg and the leaner alloys. This
criticism applies to earlier work by the present
authors[11,27] as much as those of others. These errors
can be avoided by using permanent set strength data
determined with the methods described in this work.
Once the correction for pseudoelasticity is applied, the
measurement of the strength is consistent across the
range of grain sizes and solute contents; in particular,
correct (larger) k values are obtained and the difference
between tension and compression is eliminated.

V. CONCLUSIONS

The following conclusions can be drawn from this
work:

1. The H-P stress intensity factor, k, obtained using
the on-load 0.2 pct offset strength data increased
with the concentration of Zn, from ~0.24 MPa m1/2

for pure Mg to ~0.66 MPa m1/2 for the most con-
centrated alloy (2.3 at. pct Zn); the k values were
generally larger in compression.

2. Correcting flow strength data for pseudoelasticity
ensures consistency in the way the strength is mea-
sured and drastically reduces the dependence of the
k values on the testing direction. After correcting
for pseudoelasticity, the k values range from
~0.28 MPa m1/2 for pure Mg and ~0.7 MPa m1/2

for 2.3 at. pct Zn alloy.
3. The larger k values in compression of the uncor-

rected strength data appear to be artifacts resulting
from the elastic twinning, being more pronounced
in pure Mg metal, in compression, and for small
grain sizes.

4. The apparent friction stress was generally lower for
the alloys than for pure Mg metal and, indeed, for
the 0.4Zn alloy, was even slightly negative.

5. An increase in k value associated with a transition
from slip to twinning was not seen in these experi-
ments, and it may be that such a transition occurs
at finer grain sizes than we were able to access.

6. Scatter of data seems to be inherent to Mg and
Mg-Zn alloys, most likely as a manifestation of the
plastic anisotropy consequent upon the hcp crystal
structure. The use of a specimen diameter/grain
size ratio larger than 35 may be necessary for these
metals.

7. All prior work on H-P effects in Mg and its alloys
using ordinary H-P plots based on on-load proof
stress data has underestimated the k values because
of the systematic errors introduced by the pseudo-
elastic effect. These errors, which are more significant
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for the pure Mg and the less concentrated alloys, can
be avoided by using permanent set strength data
determined with the methods used in this work.
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Mater. Sci. Eng. A, 2008, vol. 486, pp. 545–55.
19. D.V. Wilson: J. Inst. Met., 1966, vol. 98, pp. 133–43.
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