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Abstract

This paperdescribesa spectralmethodfor graph-matching. We adopta
graphicalmodelsviewpoint in which the graphadjaceng matrix is taken
to representhe transitionprobability matrix of a Markov chain. The node-
orderof the steadystaterandomwalk associatedvith this Markov chainis
determinedby the co-eficent order of the leadingeigervectorof the adja-
ceng matrix. We matchnodesin differentgraphsby aligningtheir sequence
orderin the steady-statevalk. The methodproceedsfrom the nodeswith
the largestleading eigervector co-eficient. We develop a brushfiresearch
methodto assigncorrespondencdsetweemodesusingtherank-orderof the
eigervectorco-eficientsin first-ordern eighbourhood®f the graphs. We
demonstratéhe utility of the new graph-matchingnethodon both synthetic
andrealgraphs.

1 Intr oduction

Recently graph-spectramethodshave provided promisingresultsfor intermediatdevel
vision tasksincluding sgmentationrandgrouping. This is a term appliedto a family of
techniqueghat aim to characteriseéhe global structuralpropertiesof graphsusingthe
eigervaluesandeigervectorsof the adjaceng matrix [3]. The techniquedurnishedby
spectralgraphtheoryhave provided powerful solutionsto a numberof problemsin com-
putersciencancludingroutingandinformationretrieval. In thecomputewisionliterature
therehave beenanumberof attemptgo usespectrapropertiefor graph-matchingobject
recognitionandimagesegmentation.Umeyamahasan eigendecompositiomethodthat
matchegraphsof the samesize[14]. Borrowing ideasfrom structuralchemistry Scott
and Longuet-Higginswere amongthe first to use spectralmethodsfor correspondence
analysiq10]. They shavedhow to recorer correspondencesa singularvaluedecompo-
sition on the point associatiormatrix betweerdifferentimages.Iln keepingmoreclosely
with the spirit of spectralgraphtheory yet seeminglyunawvare of the relatedliterature,
ShapircandBrady[12] developedanextensionof the ScottandLonguet-Higginsnethod,
in which point setsare matchedby comparingthe eigervectorsof the point proximity
matrix. Herethe proximity matrix is constructedby computingthe Gaussiarweighted
distancebetweenpoints. The eigen-\ectorsof the proximity matricescanbe viewed as
the basisvectorsof anorthogonakransformatioron the original pointidentities.In other
words, the component®f the eigervectorsrepresentnixing anglesfor the transformed
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points. Matching betweendifferent point-setsis effectedby comparingthe patternof
eigervectorsin differentimages.ShapiroandBrady’s methodcanbe viewed asoperat-
ing in the attribute domainratherthanthe structuraldomain. Horaudand Sossa[p have
adopteda purely structuralapproachto the recognitionof line-dravings. Their repre-
sentationis basedon the immanentalpolynomialsfor the Laplacianmatrix of the line-
connectvity graph. By comparingthe coeficientsof the polynomials,they areableto
index into a large data-basef line-dravings. In anotherapplicationinvolving index-
ing into large data-basesSenguptandBoyer[1]1] have usedpropertymatrix spectrato
characterisd¢ine-patterns Variousattribute representationare suggesteéndcompared.
Sholoufandeh Dickinsonand Siddiqi [1] have shavn how graphscanbe encodedusing
localtopologicalspectraor shaperecognitionfrom large data-bases.

Although formally elegant, the main limitation of thesegraph-spectramethodsis
theirinability to copewith graphsof differentsizes.This meanghatthey cannotbeused
whensignificantlevels of structuralcorruptionare present.However, Luo andHancock
[8] have shawvn how someof thesddifficultiescanbeovercomeby usingthe EM algorithm
in conjunctionwith thesingularvaluedecompositiorusedby ScottandLonguet-Higgins.
However, thisis aniterative methodwhich is time consuming.

In this paperwe aim to investigatewhethergraph-spectraildeascanbe usedin con-
junctionwith a simplenon-iteratve searctheuristic.We turn to theliteratureon Markov
chainsandrandomwalkson graphg7, 6]. Supposehatthetransitionprobability matrix
for a Markov chainis representecs a weightedgraph. The steadystaterandomwalk
on the graphassociatedvith the Markov chainis the sequencef nodesdefinedby the
co-eficientorderof theleadingeigervectorof thetransitionprobabilitymatrix [15]. This
propertyhasbeenexploited widely in the literature on randomisedalgorithms[9]. For
instanceTishby and Slonim [13] have usedto for pairwiseclustering. The aim in this
paperis to exploit the propertyto developa graph-matchinglgorithm.We matchgraphs
by aligningthe steady-stateandomwalksassociate@ssociateavith theiradjaceng ma-
trices.

Thealignments performedusina brushfiresearchprocedurevhich usesherankor-
derof the coeficientsof the leadingeigervector This procedurénasfeaturesn common
with the methodof Shapiroand Brady which finds correspondencdsetweenweighted
graphsso asto minimise the Euclideandistancebetweenthe leadingeigervector[12].
This methodis notoriously susceptibleto differencesin the sizesof the graphsbeing
matched Our method,ontheotherhand,searche$or correspondencdsy combiningthe
rank-orderof the nodesandedgeconsisteng constraints.As we shall demonstratethis
givesusimprovedrobustnesso sizedifference.

2 Eigernvectorsof the Adjacency Matrix

We are concernedwith the problemof matchinga datagraphGp = (Vp, Eym) to @
modelgraphGy = (Var, En). HereVp andVy, arethe node-setof the two graphs,
and,Ep C Vp x Vp andEy; C Vy x V) aretheir edge-sets.Our aim is to find
the correspondencesetweenthe nodesin the datagraphVp andtheir counterpartsn
the model-graph/a; usingconstraintgrovided by the edge-sebf the model-graphWe
denotetheresultingsetof correspondencmatchedy the function f : Vp — V) from
the setof data-grapmodesto the setof model-graphnodes. Here we adopta graph-
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spectralapproacho the problem. Thatis to say we aimto usecharacterisé¢he structure
of the two graphsusingthe eigervaluesandeigervectorsof the nodeadjaceng matrix.
The elementsof this matrix are unity if a pair of nodesare connectedo one-another
by an edgeand are zero otherwise. The diagonalentriesof the matrix are setequalto
unity. As aresult,the adjaceng matrix for the data-graphs 1if i« = j or (i,5) € Ep
andO0 otherwise. The adjaceng matrix for the model-graphs constructedn the same
way andis denotedby A,s. We areinterestedn the eigen-systenassociatedvith the
adjaceng matrix. Theeigervaluesof Ap arefoundby solvingthe polynomialequation
|Ap — Al = 0. Theeigervectors¢g; associatedvith the eigervalue \; arefound by
solvingthe systemof linearequationsdp¢; = A;¢;.

Our matchingalgorithmmakesuseof the leadingeigervectors,i.e. thoseassociated
with the largestpositive eigervalues of theadjacenyg matricesAp and A ;. Thereason
for this is asfollows. Let us considera a randomwalk on the graphG = (Var, En).
The walk commencesat the node j; and proceedsria the sequencef edge-connected
nodesS = ji,ja, js, ... Where(j;, ji—1) € E. Supposehatthe transitionprobability
associateavith themove betweerthenodesj; andj,, is P, . If therandomwalk canbe
representetdy a Markov chain,thenthe probability of visiting thenodesin thesequence
aboveis Ps = P(j1) HLZ‘{' P,y1,;. This Markov chain canbe representedising the
transitionprobability matrix P whoseelementwith row / andcolumnm is P, ,,,. The
leadingeigervectorof thetransitionprobabilitymatrix determineshe steadystaterandom
walk for the Markov chain[15]. Specifically the steadystaterandomwalk is determined
by the magnitudeorder of the co-eficients of the leadingeigervector This condition
holdsprovidedthatadjaceng matrix is real, symmetricandnon-neyative. Theresulting
Markov chainis ergodicandhasa singlestationarystate. Hence jf theadjaceng matrices
of the modelanddatagraphsaretakento representransitionprobability matrices then
we canattemptto find correspondencdsetweenthe two graphsby aligning the random
walksassociatedavith their steady-stat&arkov chains.

To proceedsupposehattheleadingeigervectorfor the data-graphadjaceng matrix
is denotedby ¢%, = (¢4 (1), -...., &% (|Vn]))? while thatfor the modelgraphis denoted
by ¢4, = (¢%5,(1),.....0%,(IVar]))T. The associatectigervaluesare X, and\3,. The
designatiorof the two graphsas“data” and“model” is a matterof corvention. Herewe
take the datagraphto be the graphwhich possessethe largestleadingeigervalue,i.e.
AD > Ay

Ouraimis to usethe sequencef nodesdefinedby the rank orderof the magnitudes
of the componentof the leadingeigervectoras a meansof locating correspondences.
The rank orderof the nodesin the datagraphis given by thelist of sortednode-indices
Op = (J1,J2,J35 s Jjvp|) Wheregp,(j1) > ¢5,(J2) > ¢p(is) > .. > ¢p(Jjvp)). The
subscriptr of thenode-ind& j,, € Vp is hencetherank-orderof the eigervectorcompo-
nent¢y, (jn). Therank-orderedist of model-grapmodesis Onr = (i1, 42,03, -, 4| vp|)
wheregy, (i1) > @3, (i2) > ¢3,(i3) > ... > ¢3,(ijy,,|). To developour matchingal-
gorithmwe will needto determinethe rank-orderof specifiednodes. Accordingly, we
definethe operatorR(j,, S, ¢3,) which returnsthe rank-ordem of the nodeindex j,, in
thesetS C Vp usingthecoeficientsof the eigervectorgy,.
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3 CorrespondencéMatching

Theideaunderpinningour graph-matchinglgorithmis to usetherankorderprovided by
the component®f the leadingeigervectorto locatecorrespondencmatches.We pose
this asa brushfiresearchwhich is driven from the rank order of the nodesin the data-
graph. In a nutshell,the ideais to traversethe rank-orderedist of data-graphmodes,
commencingvith the nodeof largestco-eficientandterminatingwith thenodeof small-
estco-eficient. The searchis initialised by placingthe model-grapmodeof largestco-
efficientin correspondenceith the data-grapmodeof largestco-eficient. We thenpro-
ceedby assigningcorrespondences the first-neighbour®of eachdatagraph-nodausing
therank-orderof model-grapmodeswhich satisfyedgeconsisteng constraints.

3.1 Seedingthe Algorithm

We commenceby placingthe first ranked nodefrom the data-graphin correspondence
with thefirst rankednodeof themodelgraphii.e. f(j1) = i1. We proceedwith ourbrush-
fire searchpy consideringhe first-neighbourof the data-grapmodej; . The candidate
matcheswvhich may be assignedo thesenodesandwhich satisfythe edge-connectity
constraintprovidedby the modelgrapharethefirst-neighbour®f themodel-grapmode
i1. For the datagraph,the setof first-neighboumodesis Nle’ = {j|(4,71) € Ep} and
the setof candidatecorrespondencesom the model-graphis N]{‘{jl) = {i|(4, f(j1)) €
E)}. We rank the nodesin the two setsaccordingto the coeficients of the leading
eigervectorsof the associate@ddjaceng matrix. We placenodesof the samerank order
in correspondenceith one-anotherTheassignmentule is

Vj € NIf(j) =i R(, NS, ép) = R, N, ¢3)] (1)

We propagatéhis procedureoy visiting eachnodein thedata-graplin the orderspec-
ified by the ranked-listOp. Thisis aniterative processwhich spreaddike a brush-fire
from theseednodey; .

3.2 Propagatingthe Brushfire Search

Supposehatwe have reachedhe nt”* ranked node,i.e. j,, in the data-graph.To keep
track of the nodesvisited andthe correspondencesssignedve maintaintwo lists. The
first of theseis the setof data-grapmodesL? (j,,) to which correspondencesave yetto
be assigned.The seconds thelist of availablemodelgraphnodesL? (i,,) which have
yetto beplacedin correspondenceith the data-grapmodes.The algorithmproceedsas
follows. First, we find the setof first-neighbour®of the data-grapmodej,, which remain
without correspondencedhis setis givenby C’]{f = Lfi N NJ{[’. Sincewe arefollowing
achainof edge-connectedodesthedata-grapmodej,, will alreadyhave beenassigned
a correspondenceatchsinceit is one of the first-neighboursf the nodej,,—1 which
wasyvisited in the previous iteration of the algorithm. We would like to presere edge-
connectvity constraintsvhile assigningcorrespondences theurnvisitedfirst neighbours
of j,. Hence,we find the setof nodesin the model-graphwhich are connectedo the
assignedcorrespondencef the nodej,,. This setis givenby Nﬁjn) = {i|(f(Jn),?) €
Ep}. Thesetof nodeswhich presere the edgeconsisteng constraintprovided by the
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model-graphand which are available for assignmento the nodesof the data-graphis
M —_ TM/(s D
Croy = L) NN
We assigncorrespondencefsom the setof model- grapmodesC ) [0 the setof
date- grapmodesC’D on the basisof the rank-orderof the coef|C|ents of the leading
eigervectorof theadjaceny matrix. However, thetwo setsmaybeof differentcardinality

If thesetCD is of smallersaethanthesetcf( ) thenthe nodeswith low rankleading
elgervectorcoef|C|entsmay be discarded.If, on the otherhand,the seth( - is null
(i.e. empty)or of smallersizethanthe seth‘f, thenwe mustfind an alternatie way of
assigningcorrespondencedo dothisweintroducenull or dummycorrespondence$Ve
thereforepadthe seth( ) With P = ICP| - |C’f(J y| dummy nodesdenotecby &.

Theranksof thesenodesare|Cf(J |+ 1 |C}‘{jn)| +2,..... |C)€‘{jn)| + P;,. Theresulting
setof paddednodel-grapmodess

‘M _ ICP |- joM, |
CiGin) = Crjuy U @ 7am) (2)

Thecorrespondencdsr the nodesbelongingto the setC’JI.z areassigneasfollows

Vi€ CP|f(j) =i e R(G,CPL, ) = R(E,CH; ), dh) 3)

Oncethe correspondencelsave beenassignedthen we updatethe two lists of nodes
availablefor correspondencelhe updatedsetof data-grapmodeswhich have yetto be
assignecorrespondencés L” (jn11) = L”(jn) — C} while thesetof nodesavailable
for assignmenis LM (j11) = LM (j,) — C.

This processds repeatedintill all of the nodesin the data-graphave beenassigned
correspondencesge. LY (j,) = 0.

4 Experiments

We have conductedsomeexperimentswith the CMU housesequence.This sequence
consistof a seriesof imagesof a modelhousewhich have beencapturedrom different
viewpoints. To construcgraphdor the purpose®f matching we havefirst extractedcor-
nersfrom theimageausingthecornerdetectorof Luo, CrossandHancocK2]. Thegraphs
usedin our experimentsarethe Delaunaytriangulationsof thesepoints. The Delaunay
triangulationsof the exampleimagesareshavn in Figurela. We have matchedpairsof
graphsrepresentingncreasinglydifferentviews of the modelhouse.To do this, we have
matchedhe first imagein the sequencewith eachof the subsequenimages.In Figure
1 b, c andd we shav the sequencef correspondenceatches.In eachcasethe left-
handgraphcontains34 nodeswhile the right-handgraphscontain30, 32 and34 nodes.
¢ Fromthe Delaunaygraphst is clearthattherearesignificantstructuraldifferencesn the
graphs.The numbersof correctlymatchedhodesin the sequencarerespectiely 24,22
and21 nodes.By comparisonthe morecomplicatedterative EM algorithmof Luo and
Hancock[8] gives29, 23 and 11 correctcorrespondenceds the differencein viewing
directionincreasesthe fraction of correctcorrespondencedecreasefrom 80% for the
closestpair of imageso 60%for the mostdistantpair of images.

We have conductedsomecomparisorwith a numberof alternative algorithms. The
first of thesesharewith our methodthe featureof using matrix factorisationto locate
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(b)

(d)

Figurel: Delaunaytriangulationsandsequencef correspondences
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Figure2: Sensitvity studyresults.

correspondenceendhave beenreportedby Umeyama[14] andShapiroandBrady[12].
Sincethesetwo algorithmscannot operatewith graphsof differentsize,we have taken
pairsof graphswith identicalnumbersof nodesfrom the CMU sequencethesearethe
secondandfourth imageswhich both contain32 nodes.Herethe Umeyamamethodand
the Shapiroand Brady methodboth give 6 correctcorrespondencesyhile boththe Luo
andHancock8] methodandour own give 22 correctcorrespondences.

Finally, we have conductedsomeexperimentswith syntheticdatato measurghesen-
sitivity of our matchingmethodto structuraldifferencesin the graphsandto provide
comparisorwith alternatves. Herewe have generatedandompoint-setsandhave con-
structedtheir Delaunaygraphs.We have simulatedthe effectsof structuralerrorsby ran-
domly deletingnodesandre-triangulatinghe remainingpoint-set.In Figure2 we shav
thefractionof correctcorrespondencessa functionof thefractionof nodes.We plot two
performancecurvesfor our nev method. The curve labeled’Markov worstcase”shavs
theresultif ary of thenodesaredeletedfrom thegraph.Thecurve labeled’Markov best
case”’shows the resultobtainedif the seednodeis protected. This latter resultis much
betterthantheformer. In thecaseof randomdeletion thefractionof correctmatchedalls
to 80% whenthe fraction of deletednodesis 10%. By contrast,the Shapiroand Brady
methodgiveson a few percentagef correctcorrespondencest this level of corruption.
Also shavn onthe plot arethe performancesurvesfor the Wilson andHancock{16] and
GoldandRangarajad] methodsIn the caseof randomnodedeletion,our methodgives
performancehatis betterthanthe Gold andRangarajamethodbut worsethanthe Wil-
sonandHancockmethod. If the seednodeis protectedthenthe methodis comparable
with the Wilson andHancockmethod.The main conclusionto be dravn from this study
is thatour methodmayform thebasisof arobustalgorithmif amoresophisticatedearch
procedurds used.

5 Conclusions

In this paperwe have describeda spectralmethodfor correspondencenatching. The
methodmakesuseof abrushfiresearchprocedurdo find correspondenceassingtherank-
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orderof the co-eficientsof the leadingeigervectorof the adjaceng matrix. The search
procedurecommencedrom the nodeof largestco-eficient and proceedsia first-order
neighbourhood$o assigncorrespondencesn the basisof local rank order The method
provesto berohustto structuraldifferencesn thegraphseingmatchingandoutperforms
themethodof ShapiroandBrady.

Thereareclearlyanumberof waysin which the methodcanbeimproved. Currently
we usethe rank-orderof the eigervectorco-eficientsto establishcorrespondences.he
robustnessof this procedures clearly critically dependenbn the stability of the seed
node. One future possibility is to treatthe missing correspondencess the statesof a
hiddenMarkov modelwhich canbe usedto matchthe eigervectors.
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