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Abstract

This paperdescribesa spectralmethodfor graph-matching. We adopta
graphicalmodelsviewpoint in which the graphadjacency matrix is taken
to representthe transitionprobabilitymatrix of a Markov chain. Thenode-
orderof the steadystaterandomwalk associatedwith this Markov chainis
determinedby the co-efficent orderof the leadingeigenvectorof the adja-
cency matrix. We matchnodesin differentgraphsby aligningtheirsequence
order in the steady-statewalk. The methodproceedsfrom the nodeswith
the largestleadingeigenvectorco-efficient. We develop a brushfiresearch
methodto assigncorrespondencesbetweennodesusingtherank-orderof the
eigenvectorco-efficients in first-ordern eighbourhoodsof the graphs. We
demonstratetheutility of thenew graph-matchingmethodon bothsynthetic
andrealgraphs.

1 Intr oduction

Recently, graph-spectralmethodshave providedpromisingresultsfor intermediatelevel
vision tasksincludingsegmentationandgrouping. This is a termappliedto a family of
techniquesthat aim to characterisethe global structuralpropertiesof graphsusing the
eigenvaluesandeigenvectorsof the adjacency matrix [3]. The techniquesfurnishedby
spectralgraphtheoryhaveprovidedpowerful solutionsto a numberof problemsin com-
puterscienceincludingroutingandinformationretrieval. In thecomputervisionliterature
therehavebeenanumberof attemptsto usespectralpropertiesfor graph-matching,object
recognitionandimagesegmentation.Umeyamahasaneigendecompositionmethodthat
matchesgraphsof the samesize[14]. Borrowing ideasfrom structuralchemistry, Scott
andLonguet-Higginswereamongthe first to usespectralmethodsfor correspondence
analysis[10]. They showedhow to recovercorrespondencesvia singularvaluedecompo-
sition on thepoint associationmatrix betweendifferentimages.In keepingmoreclosely
with the spirit of spectralgraphtheory, yet seeminglyunawareof the relatedliterature,
ShapiroandBrady[12] developedanextensionof theScottandLonguet-Higginsmethod,
in which point setsarematchedby comparingthe eigenvectorsof the point proximity
matrix. Herethe proximity matrix is constructedby computingthe Gaussianweighted
distancebetweenpoints. The eigen-vectorsof the proximity matricescanbe viewed as
thebasisvectorsof anorthogonaltransformationon theoriginalpoint identities.In other
words,the componentsof the eigenvectorsrepresentmixing anglesfor the transformed�
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points. Matching betweendifferentpoint-setsis effectedby comparingthe patternof
eigenvectorsin differentimages.ShapiroandBrady’s methodcanbeviewedasoperat-
ing in theattributedomainratherthanthestructuraldomain.HoraudandSossa[5] have
adopteda purely structuralapproachto the recognitionof line-drawings. Their repre-
sentationis basedon the immanentalpolynomialsfor the Laplacianmatrix of the line-
connectivity graph. By comparingthe coefficientsof the polynomials,they areableto
index into a large data-baseof line-drawings. In anotherapplicationinvolving index-
ing into large data-bases,SenguptaandBoyer[11] have usedpropertymatrix spectrato
characteriseline-patterns.Variousattributerepresentationsaresuggestedandcompared.
Shokoufandeh,DickinsonandSiddiqi [1] have shown how graphscanbeencodedusing
local topologicalspectrafor shaperecognitionfrom largedata-bases.

Although formally elegant, the main limitation of thesegraph-spectralmethodsis
their inability to copewith graphsof differentsizes.Thismeansthatthey cannotbeused
whensignificantlevelsof structuralcorruptionarepresent.However, Luo andHancock
[8] haveshownhow someof thesedifficultiescanbeovercomebyusingtheEM algorithm
in conjunctionwith thesingularvaluedecompositionusedby ScottandLonguet-Higgins.
However, this is aniterativemethodwhich is time consuming.

In this paperwe aim to investigatewhethergraph-spectralideascanbeusedin con-
junctionwith a simplenon-iterativesearchheuristic.We turn to theliteratureon Markov
chainsandrandomwalkson graphs[7, 6]. Supposethat thetransitionprobabilitymatrix
for a Markov chain is representedasa weightedgraph. The steadystaterandomwalk
on the graphassociatedwith the Markov chainis the sequenceof nodesdefinedby the
co-efficientorderof theleadingeigenvectorof thetransitionprobabilitymatrix [15]. This
propertyhasbeenexploited widely in the literatureon randomisedalgorithms[9]. For
instanceTishby andSlonim [13] have usedto for pairwiseclustering. The aim in this
paperis to exploit thepropertyto developagraph-matchingalgorithm.We matchgraphs
by aligningthesteady-staterandomwalksassociatedassociatedwith theiradjacency ma-
trices.

Thealignmentis performedusinabrushfiresearchprocedurewhichusestherankor-
derof thecoefficientsof theleadingeigenvector. This procedurehasfeaturesin common
with the methodof ShapiroandBrady which finds correspondencesbetweenweighted
graphsso as to minimise the Euclideandistancebetweenthe leadingeigenvector[12].
This methodis notoriouslysusceptibleto differencesin the sizesof the graphsbeing
matched.Ourmethod,on theotherhand,searchesfor correspondencesby combiningthe
rank-orderof thenodesandedgeconsistency constraints.As we shalldemonstrate,this
givesusimprovedrobustnessto sizedifference.

2 Eigenvectorsof the AdjacencyMatrix

We are concernedwith the problemof matchinga datagraph
�������
	�����
����

to a
modelgraph

�������
	�����
����
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arethe node-setsof the two graphs,
and,
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are their edge-sets.Our aim is to find
the correspondencesbetweenthe nodesin the datagraph

	��
and their counterpartsin

themodel-graph
	��

usingconstraintsprovidedby theedge-setof themodel-graph.We
denotetheresultingsetof correspondencematchesby thefunction "!# 	��%$&	�� from
the setof data-graphnodesto the setof model-graphnodes. Here we adopta graph-
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spectralapproachto theproblem.Thatis to say, we aim to usecharacterisethestructure
of the two graphsusingthe eigenvaluesandeigenvectorsof the nodeadjacency matrix.
The elementsof this matrix are unity if a pair of nodesare connectedto one-another
by an edgeandarezerootherwise. The diagonalentriesof the matrix aresetequalto
unity. As a result,the adjacency matrix for the data-graphis 1 if ' �%( or

� ' �)(*�,+-
 �
and0 otherwise.The adjacency matrix for the model-graphis constructedin the same
way andis denotedby . � . We areinterestedin the eigen-systemassociatedwith the
adjacency matrix. Theeigenvaluesof . � arefoundby solvingthepolynomialequation/ . �1032�4 / ��5 . The eigenvectors 6�7 associatedwith the eigenvalue

2 7 are found by
solvingthesystemof linearequations. � 6�7 �82 796�7 .

Our matchingalgorithmmakesuseof the leadingeigenvectors,i.e. thoseassociated
with thelargestpositiveeigenvalues,of theadjacency matrices. � and . � . Thereason
for this is asfollows. Let us considera a randomwalk on the graph

�����
	�����
����
.

The walk commencesat the node
(;:

andproceedsvia the sequenceof edge-connected
nodes< �=( : �)(?>@�9(BAC�EDBDED where

�F( 7 �)( 7HG : �I+3
 . Supposethat the transitionprobability
associatedwith themovebetweenthenodes

(BJ
and
(?K

is L JNM K . If therandomwalk canbe
representedby a Markov chain,thentheprobabilityof visiting thenodesin thesequence
above is LPO � L �Q(R:B�TSVU W?XYU7FZ : L[7Q\ : M 7 . This Markov chaincanbe representedusing the
transitionprobability matrix L whoseelementwith row ] andcolumn ^ is L JNM K . The
leadingeigenvectorof thetransitionprobabilitymatrixdeterminesthesteadystaterandom
walk for theMarkov chain[15]. Specifically, thesteadystaterandomwalk is determined
by the magnitudeorder of the co-efficientsof the leadingeigenvector. This condition
holdsprovidedthatadjacency matrix is real,symmetricandnon-negative. Theresulting
Markov chainis ergodicandhasasinglestationarystate.Hence,if theadjacency matrices
of themodelanddatagraphsaretaken to representtransitionprobabilitymatrices,then
we canattemptto find correspondencesbetweenthe two graphsby aligning therandom
walksassociatedwith their steady-stateMarkov chains.

To proceed,supposethattheleadingeigenvectorfor thedata-graphadjacency matrix
is denotedby 6`_� �a� 6`_� �cb;�d�BDQDFDQDFDF� 6`_� � / 	T� / ���ce while that for themodelgraphis denoted
by 6`_� �f� 6`_� �cb?�g�EDFDQDFDFD 6`_� � / 	�� / �h�he . The associatedeigenvaluesare

2 _� and
2 _� . The

designationof thetwo graphsas“data” and“model” is a matterof convention.Herewe
take the datagraphto be the graphwhich possessesthe largestleadingeigenvalue,i.e.2 _�8i 2 _� .

Our aim is to usethesequenceof nodesdefinedby therankorderof themagnitudes
of the componentsof the leadingeigenvectorasa meansof locatingcorrespondences.
The rankorderof thenodesin the datagraphis givenby the list of sortednode-indicesj � �k�F( : �9(B>l�)(?AC�EDFDQDFDQ�9( U WBmnU � where 6`_� �Q( : � i 6`_� �Q(?>?� i 6`_� �Q(?A;� i DQDFD i 6`_� �F( U W?moU � . The
subscriptp of thenode-index

(?qr+s	 �
is hencetherank-orderof theeigenvectorcompo-

nent 6`_� �Q( q � . Therank-orderedlist of model-graphnodesis
jt�u�a� ' :;� ' > � ' A �BDQDFDQDF� ' U W?mnU �

where 6`_� � ' :g� i 6`_� � ' > � i 6`_� � ' A � i DFDFD i 6`_� � ' U W?X�U � . To developour matchingal-
gorithm we will needto determinethe rank-orderof specifiednodes. Accordingly, we
definetheoperatorv �F( q � < � 6w_� � which returnsthe rank-orderp of thenodeindex

( q
in

theset <�x 	�� usingthecoefficientsof theeigenvector 6`_� .
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3 Corr espondenceMatching

Theideaunderpinningourgraph-matchingalgorithmis to usetherankorderprovidedby
the componentsof the leadingeigenvectorto locatecorrespondencematches.We pose
this asa brushfiresearchwhich is driven from the rank orderof the nodesin the data-
graph. In a nutshell, the idea is to traversethe rank-orderedlist of data-graphnodes,
commencingwith thenodeof largestco-efficientandterminatingwith thenodeof small-
estco-efficient. Thesearchis initialisedby placingthemodel-graphnodeof largestco-
efficient in correspondencewith thedata-graphnodeof largestco-efficient. We thenpro-
ceedby assigningcorrespondencesto thefirst-neighboursof eachdatagraph-nodeusing
therank-orderof model-graphnodeswhichsatisfyedgeconsistency constraints.

3.1 Seedingthe Algorithm

We commenceby placing the first ranked nodefrom the data-graphin correspondence
with thefirst rankednodeof themodelgraph,i.e. " �Q(R:E�n� ' : . Weproceedwith ourbrush-
fire search,by consideringthefirst-neighboursof thedata-graphnode

(;:
. Thecandidate

matcheswhich may be assignedto thesenodesandwhich satisfythe edge-connectivity
constraintsprovidedby themodelgrapharethefirst-neighboursof themodel-graphnode' : . For the datagraph,the setof first-neighbournodesis y �zc{ �}|~( / �Q(C�)( : �Y+-
 ��� and
the setof candidatecorrespondencesfrom the model-graphis y ��l� zc{c� ��| ' / � ' � " �Q(R:d���Y+
�� �

. We rank the nodesin the two setsaccordingto the coefficients of the leading
eigenvectorsof theassociatedadjacency matrix. We placenodesof thesamerankorder
in correspondencewith one-another. Theassignmentrule is� (�+ y �z {�� " �Q(*�n� '���v �Q(C� y �z { � 6 _� ��� v � ' � y �7 { � 6 _� �9� (1)

Wepropagatethisprocedureby visiting eachnodein thedata-graphin theorderspec-
ified by the ranked-list

jt�
. This is an iterative processwhich spreadslike a brush-fire

from theseednode
(R:

.

3.2 Propagatingthe Brushfire Search

Supposethatwe have reachedthe p`�H� rankednode,i.e.
(?q

, in the data-graph.To keep
trackof the nodesvisited andthe correspondencesassignedwe maintaintwo lists. The
first of theseis thesetof data-graphnodes� � �F(?qT� to whichcorrespondenceshaveyet to
be assigned.Thesecondis the list of availablemodelgraphnodes� � � ' q�� which have
yet to beplacedin correspondencewith thedata-graphnodes.Thealgorithmproceedsas
follows. First,wefind thesetof first-neighboursof thedata-graphnode

( q
which remain

withoutcorrespondences.This setis givenby � �z�� � � �z���� y �z9� . Sincewe arefollowing
achainof edge-connectednodes,thedata-graphnode

( q
will alreadyhavebeenassigned

a correspondencematchsinceit is oneof the first-neighboursof the node
( q G : which

wasvisited in the previous iterationof the algorithm. We would like to preserve edge-
connectivity constraintswhile assigningcorrespondencesto theunvisitedfirst neighbours
of
( q

. Hence,we find the setof nodesin the model-graphwhich areconnectedto the
assignedcorrespondenceof the node

(?q
. This setis givenby y ��@� z � � �}| ' / � " �Q(?q��g� ' ��+
�� �

. Thesetof nodeswhich preserve theedgeconsistency constraintsprovidedby the
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model-graphandwhich are available for assignmentto the nodesof the data-graphis� ��l� z � � � � � �Q(?qT� � y ��l� z � � .
We assigncorrespondencesfrom the setof model-graphnodes� ��l� z � � to the setof

date-graphnodes � �z � on the basisof the rank-orderof the coefficients of the leading
eigenvectorof theadjacency matrix. However, thetwo setsmaybeof differentcardinality.
If theset � �z9� is of smallersizethantheset � ��l� z9�l� , thenthenodeswith low rankleading

eigenvectorcoefficientsmay be discarded.If, on the otherhand,the set � ��l� z9�@� is null

(i.e. empty)or of smallersizethantheset � �z9� , thenwe mustfind analternative way of
assigningcorrespondences.To do thiswe introducenull or dummycorrespondences.We
thereforepadthe set � ��l� z��@� with L z�� � / � �z�� / 0 / � ��@� z9�@� / dummynodesdenotedby � .

Theranksof thesenodesare
/ � ��l� z9�l� /�� b , / � ��l� z9�C� /���� ,....., / � ��l� z9�C� /�� L z9� . Theresulting

setof paddedmodel-graphnodesis�� ��@� z � � � � ��l� z � �`� � U � m� � U G U � X�� ¡� �C¢ U (2)

Thecorrespondencesfor thenodesbelongingto theset � �z � areassignedasfollows� (£+ � �z���¤ " �F(*��� '[��v �Q(C� � �z9� � 6 _� ��� v � ' � �� ��@� z9�@� � 6 _� ��¥ (3)

Oncethe correspondenceshave beenassigned,then we updatethe two lists of nodes
availablefor correspondence.Theupdatedsetof data-graphnodeswhich have yet to be
assignedcorrespondencesis � � �F( q \ :E�n� � � �F( q �`0 � �z9� while thesetof nodesavailable
for assignmentis � � �Q( q \ :B�n� � � �F( q �P0 � �z�� .

This processis repeateduntill all of thenodesin the data-graphhave beenassigned
correspondences,i.e. � � �Q( q ���§¦ .
4 Experiments

We have conductedsomeexperimentswith the CMU housesequence.This sequence
consistsof a seriesof imagesof a modelhousewhich have beencapturedfrom different
viewpoints.To constructgraphsfor thepurposesof matching,wehavefirst extractedcor-
nersfrom theimagesusingthecornerdetectorof Luo,CrossandHancock[2]. Thegraphs
usedin our experimentsarethe Delaunaytriangulationsof thesepoints. The Delaunay
triangulationsof theexampleimagesareshown in Figure1a. We have matchedpairsof
graphsrepresentingincreasinglydifferentviewsof themodelhouse.To do this,we have
matchedthe first imagein thesequence,with eachof thesubsequentimages.In Figure
1 b, c andd we show the sequenceof correspondencematches.In eachcasethe left-
handgraphcontains34 nodes,while theright-handgraphscontain30, 32 and34 nodes.
¿FromtheDelaunaygraphsit is clearthattherearesignificantstructuraldifferencesin the
graphs.Thenumbersof correctlymatchednodesin thesequencearerespectively 24, 22
and21 nodes.By comparison,themorecomplicatediterative EM algorithmof Luo and
Hancock[8] gives29, 23 and11 correctcorrespondences.As the differencein viewing
directionincreases,the fraction of correctcorrespondencesdecreasesfrom 80% for the
closestpair of imagesto 60%for themostdistantpair of images.

We have conductedsomecomparisonwith a numberof alternative algorithms. The
first of thesesharewith our methodthe featureof using matrix factorisationto locate
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(a)

(b)

(c)

(d)

Figure1: Delaunaytriangulationsandsequenceof correspondences
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Figure2: Sensitivity studyresults.

correspondencesandhave beenreportedby Umeyama[14] andShapiroandBrady[12].
Sincethesetwo algorithmscannot operatewith graphsof differentsize,we have taken
pairsof graphswith identicalnumbersof nodesfrom the CMU sequence;thesearethe
secondandfourth imageswhich bothcontain32 nodes.HeretheUmeyamamethodand
theShapiroandBradymethodbothgive 6 correctcorrespondences,while both theLuo
andHancock[8] methodandour own give22 correctcorrespondences.

Finally, wehaveconductedsomeexperimentswith syntheticdatato measurethesen-
sitivity of our matchingmethodto structuraldifferencesin the graphsand to provide
comparisonwith alternatives. Herewe have generatedrandompoint-setsandhave con-
structedtheirDelaunaygraphs.We havesimulatedtheeffectsof structuralerrorsby ran-
domly deletingnodesandre-triangulatingtheremainingpoint-set.In Figure2 we show
thefractionof correctcorrespondencesasafunctionof thefractionof nodes.Weplot two
performancecurvesfor our new method.Thecurve labeled”Markov worstcase”shows
theresultif any of thenodesaredeletedfrom thegraph.Thecurve labeled”Markov best
case”shows the resultobtainedif the seednodeis protected.This latter result is much
betterthantheformer. In thecaseof randomdeletion,thefractionof correctmatchesfalls
to 80% whenthe fraction of deletednodesis 10%. By contrast,the ShapiroandBrady
methodgiveson a few percentageof correctcorrespondencesat this level of corruption.
Also shown on theplot aretheperformancecurvesfor theWilson andHancock[16] and
GoldandRangarajan[4] methods.In thecaseof randomnodedeletion,ourmethodgives
performancethat is betterthantheGold andRangarajanmethodbut worsethantheWil-
sonandHancockmethod. If the seednodeis protected,thenthe methodis comparable
with theWilson andHancockmethod.Themainconclusionto bedrawn from this study
is thatourmethodmayform thebasisof arobustalgorithmif amoresophisticatedsearch
procedureis used.

5 Conclusions

In this paperwe have describeda spectralmethodfor correspondencematching. The
methodmakesuseof abrushfiresearchprocedureto find correspondencesusingtherank-
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orderof theco-efficientsof the leadingeigenvectorof theadjacency matrix. Thesearch
procedurecommencesfrom the nodeof largestco-efficient andproceedsvia first-order
neighbourhoodsto assigncorrespondenceson thebasisof local rankorder. Themethod
provesto berobustto structuraldifferencesin thegraphsbeingmatchingandoutperforms
themethodof ShapiroandBrady.

Thereareclearlyanumberof waysin which themethodcanbeimproved.Currently,
we usetherank-orderof theeigenvectorco-efficientsto establishcorrespondences.The
robustnessof this procedureis clearly critically dependenton the stability of the seed
node. One future possibility is to treat the missingcorrespondencesas the statesof a
hiddenMarkov modelwhichcanbeusedto matchtheeigenvectors.
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