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Abstract

We address the problem of describing all graphs F such that Aut F is a symmetric group, subject to
certain restrictions on the sizes of the orbits of Aut F on vertices. As a corollary of our general results,
we obtain a classification of all graphs F on v vertices with Aut F s Sn, where

1980 Mathematics subject classification (Amer. Math. Soc): 05 C 25.

Introduction

It has been known since Frucht's paper [1] of 1938 that, given any finite group G,
there is a graph T such that the automorphism group of T is isomorphic to G.
For certain groups G, such as Sn, this result is obvious, and it is more interesting
to investigate the more general problem of describing all graphs T such that
Aut r = G. In this paper we address this problem for the symmetric groups Sn.
This was considered for graphs with less than 2« vertices in [2] and [3]. Here we
investigate the graphs T such that AutF = Sn, under the following far less
restrictive hypothesis:

, , all orbits of Aut T on the set VT of vertices of T have size
' less than \n{n - 1).
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It is an elementary consequence of (*) (see Proposition 1.2 below) that for n > 6,

all the orbits of Aut F o n F r have size 1 or n. Let t be the number of orbits of

size n. In Theorem 1.4 we show that T must satisfy various strong necessary

conditions; and we conjecture (1.5) that these conditions on an arbitrary graph A

are also sufficient to imply that Aut A = Sn. We prove Conjecture 1.5 for

1 < t < 4 (see Theorem 2.7). In particular this gives a classification of all graphs

T with A u t T = Sn (n> 6) and \VT\ < min{5«, \n{n - 1)}. This substantially

improves the results of [2] and [3], and also solves various problems raised in [3,

Section 4]. We include general descriptions of these graphs in an Appendix.

Finally, we remark that the methods of this paper will extend to the analysis of

graphs with automorphism group Sn under weaker hypotheses than (*) (see

Remark 3 after Theorem 2.7).

N O T A T I O N . If G is a permutation group on a set 12 and A c Q then G{A}

denotes the setwise stabilizer of A in G; and if ^ is a fixed set of G then G*

denotes the action of G on ¥ . Also Alt(fi) and Sym(fi) denote, respectively, the

alternating and symmetric groups on fi.

1. A general result and a conjecture

We begin with an elementary proposition.

PROPOSITION 1.1. Let n > 6 and let H be a proper subgroup of Sn with
\Sn:H\ < \n(n - 1). ThenHisAn, Sn_i or An_v

PROOF. If H is transitive and imprimitive on the n points with blocks of size a
and ab = n(a*l,b± 1), then \H\ < (a\)bb\, so

- 1) > \Sn: H\ > n\/({a\)"b\)

which forces n < 6, a contradiction. If H is primitive on the n points and

H ± An then a result of Bochert (Theorem 14.2 of [4]) gives \n{n - 1) > \Sn: H\

> [j(n + 1)]!, forcing n < 6 or n = 8. The latter is impossible (an easy check) so

this case cannot occur. Finally if H is intransitive with an orbit of size r then

\n(n - 1) > \Sn: H\ > ("), so that r is 1 or n - 1 and H is Sn_1 or An_x.

From Proposition 1.1 we see that if F is a graph with Aut T = Sn (n > 6) and

all orbits of Aut T on VT have size less than \n(n — 1) then these orbit sizes all

lie in (1 ,2 , n,2n). We shall easily show below (Proposition 1.2) that the orbit
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sizes 2 and 2« cannot occur, so for the remainder of this section we concentrate
on the set Sn of graphs defined as follows:

DEFINITION. Let F be a graph and let n > 2. Then F e Sn if and only if Aut F
has a subgroup G isomorphic to Sn such that all orbits of G on VT have size 1 or
n.

Let F e ^ , . Then we may take F to be a graph on tn + r vertices
{a n , . . . , aln,..., an,..., a,n, <j>v..., </>,.} such that Aut F has a subgroup G iso-
morphic to Sn with r fixed points <j>v..., <f>r and / orbits Ax, . . . , A, of size n,
where A; = { aa, ...,ain}(i = 1 , . . . , f )• It is clear that each subgraph A, is either
the complete graph Kn or the null graph Vn and that for any /, j , ty is joined to
all or no vertices in A,. For any /, j , k define

r;(«;*) = {aji e A , I aji is joined to aik in F } .

Then Tj(aik) is a union of orbits of the stabiliser Ga.t on Ay. Now if n ¥= 6 then
5n has just one conjugacy class of subgroups of index n, so we may assume in this
case that Ga,k = GUk for all /, j , k; and S6 has two conjugacy classes of
subgroups of index 6, one class containing the stabilizer of one of the 6 points
and the other containing a subgroup S5 transitive on the 6 points. Hence for any
n > 2 and any /, j , k we may assume that Ga,k is either transitive on Ay or has
orbits {ajk} and Ay \ {ajk} on Ay. Consequently Tj(aik) is one of the sets 0 , Ay,
{ajk} and Aj\{aJk}; and for any k, I, if Tj(alk) is 0(Ay, {aJk}, Ay\ {aJk})
then ry(a,7) is 0(Ay, {a,,}, A y \ {a>/} respectively).

Note that the above analysis goes through if we replace Sn by the alternating
group An. Using this analysis we now prove the result promised above.

PROPOSITION 1.2. Let T be a graph with AutT = Sn (n > 6) and suppose that
all orbits of Aut F on VT have size less than \n(n — 1). Then all these orbits have
size 1 or n.

PROOF. Write G = Aut F. By Proposition 1.1 all G-orbits on VT have size 1, 2,
n or In. Let H < G with H = An. Then all i/-orbits on VT have size 1 or n; let
those of size n be Ax, . . . , A, and let fix H = {^>l,...,<j>r). By the above analysis,
each A, is Kn or Vn, each fy is joined to all or no vertices of A, and, writing
A, = {an,...,ain}, we may choose notation so that Tj(aik) is one of 0 , Ay-,
{ajk} and ^\{aJk) and if Tj(aik) is 0 (A,, {a,*}, A,\.{«,*}) then F/a, , ) is
0(A-, {ay /}, A y \ { a y / } respectively) (any /, y, A:, / ) . It is clear from this that
AutF contains a subgroup K such that K = Sn, K has orbits A l 7 . . . , A, and fixes
each <j>j. Hence K = G and the orbits of G all have size 1 or n.
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We now resume our analysis of a graph F e Sn on vertex set Ax U • • • UA, U
{<#>!,...,4>r) as described above. From F we define a coloured graph F* with
vertex set {S1,...,S,,^>l,...,4>r} having 3 vertex-colours (white, black and red)
and 5 edge-colours (0,1, n — \,n and black) as follows:

(i) 8( is coloured white if A, is Vn, black if A, is Kn (i = 1 , . . . , t);
(ii) 4>j is coloured red (j = 1 , . . . , /•);

(iii) <j>j is joined to 8, by a black edge if fy is joined in F to all vertices of A,,
and by no edge at all if not;

(iv) </>(. is joined to <fy by a black edge if </>, is joined to <j>- in F, and by no edge
if not;

(v) the vertices 8,, Sj are joined by an edge coloured 0, 1, n - 1 or n as follows
(if n = 2 then the labels 1 and n — 1 should represent different colours):

si x x 6j if Tj(ajk) = 0 ,

s , i x t if T(a )= ( )

n-1

H * « »j if Tj(alk) = Aj,

(here X represents a black or a white vertex). The automorphism group Aut F* is
the group of permutations of VT* preserving all vertex- and edge-colours.
Clearly F can be reconstructed from F*; so F <-» F* is a 1-1 correspondence.

Now we define two further graphs from F*: firstly, Fo* is the subgraph of F*
on 8V..., St with all edges coloured 0 or n deleted and all edges coloured 1 or
n — 1 replaced by a black edge; secondly, Ff is obtained from F* by the
following replacements:

(1) replace all vertices 8,, <fy by black vertices St, fy;
(2) replace any edge coloured 1 or n by a black edge;
(3) delete any edge coloured 0 or n - 1.

Thus Fx* can be regarded as an uncoloured graph.
We aim to obtain necessary and sufficient conditions for Aut T = Sn purely in

terms of the smaller graphs F*, Fo* and Ff.

(* represents a red vertex)
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then r o * , r * are respectively 

Now consider a coloured graph T* with t = r = 2, that is, with VT* = 
{Sl,S2,4>1,(j>2}. Let T be the corresponding graph in Sn with VT = A2 U A2 U 

</>2}. It is easy to see that Aut T contains a subgroup isomorphic to Sn+l 

having orbits At U {<£,.} and A 2 U {<£,•} (where {iu i2) = {1,2}) on VT if and 
only if T* is isomorphic to one of the following 12 graphs: 

o I n-l n 
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(where °, • , * represent white, black and red vertices respectively). Denote this
set of 12 graphs by <#„. Note that the graphs in (Sn correspond to 6 graphs in Sn

and their complements.

LEMMA 1.3. Let F e Sn have vertex set Ax U • • • UA, U {tf>v...,if>r} as above

and let F * and Ft* be the graphs corresponding to F as above. Suppose that Aut F,*

contains an automorphism x = ( 8 ^ , ) • • • (8,<f>,) ( / ' j , . - . , / ' , all distinct) such that

(i) 4>t is joined to 8j in F * if and only if Sj is black (j = \,...,t), and

(ii) for any distinct, k, I the subgraph {8k, 8h <j>i ,<?>,} of F * lies in the set ^n of

12 graphs defined above.

Then F e <fn+1.

PROOF. For j = 1 , . . . , t put A'y = Ay U {>, }. By (i) each subgraph A'̂  is either
Kn + l or Vn + 1. Write ^ = 0Ljn+l (j = 1,...,/) and for any /, _/, /c define

r / (« , -J = {«;/ e A'yl«>/ is joined to a/yt in F } .

Then by (i) and (ii), Tj(aik) is one of the sets 0 , A'y, {a,^} and A'y\ {a,^} and
for any A:, /, if F/(a,,)is 0(A';, {ajk}, A'j\{aJk}) then r/(al7) is 0(A'7, {ay/},
A'y\ {a^} respectively). Also, since x e Aut Fj*, for any k £ {/j,...,/,} and any
y, >̂̂  is joined to all or no vertices of A';. From these facts we see that Aut F
contains a subgroup H = Sn+1 having orbits A'ls..., A', and fixing $k for
k£ { i ! , . . . , / , } . Hence r e / , + 1 .

T H E O R E M 1.4. L e / F e <fn Ziaue uer?ex i'e/ A1 U • • • u A , U {</>!,... ,^>r) fli
above and let F*, Fo*, Fx* 6e ?/ie graphs corresponding to F. Suppose that
Aut F = Sn. 27H?H

(a)AutF* = l;
(b) Fo* « connected (by the black edges);
(c) Aut Fx* contains no automorphisms ( 8 ^ ) • • • (8r<J>,), w/7/i / j , . . . , / ' , distinct,

such that

(i) <f>, is joined to Sj in F * if and only if 8j is black (j = 1,... ,t),

(ii) for any distinct k, I the subgraph {Sk, 8,, fy , <j>l } of F * lies in %>„.

PROOF, (a) Suppose that h e AutF* with h # 1. Define a permutation g on
VT as follows

(1) if S,h = 8; put aikg = ay, (* = 1 , . . . , n),
(2) for / = 1, . . . , / • put 4>,g = <j>,h.

It is easy to check that g e Aut F, which contradicts the fact that since Aut F = Sn,
Aut F has orbits Ax, . . . , A, and fixes each fy.
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(b) Suppose that Fo* is disconnected and let (5,^ , . . . ,5 ,J (« < :) be a con-
nected component of Fo*; write A = Uy_! A,. Then for any /? e VY \ A and any
j e ( 1 , . . . , u), /? is joined to all or no vertices in A; . Hence Aut F contains a
subgroup H s Sn with orbits A, i ( . . . , A,u and fixing every vertex in VY \ A. Since
u < t it is clear that H * Aut F, contradicting the fact that Aut F = Sn. Thus Fo*
is connected.

(c) This follows directly from Lemma 1.3.

It seems likely that a general converse of Theorem 1.4 holds; since we have only
been able to prove this when / < 4, we state the general case as a conjecture.

CONJECTURE 1.5. Let n, t be positive integers with n > t. Let Y* be a graph on
vertex set [81,...,8l,^1,...,if>r} with 3 vertex-colours (white and black among the
8t, red for the <J>,) and 5 edge-colours (0,1, n — 1, nfor edges between the 5,, black
for any other edges). Let Fo* and Ft* be the graphs defined from Y* as above and
suppose that these satisfy conditions (a), (b) and (c) of Theorem 1.4. Then if Y is
the graph on in + r vertices corresponding as above to F*, we have Aut F s Sn.

In the next sections we prove Conjecture 1.5 for 1 < t < 4 and give some
illustrations of its use in describing graphs F with Aut F s Sn. It should be noted
that we have introduced the condition n > t in Conjecture 1.5 solely for conveni-
ence in the proofs in §2, and that it seems likely that the conjecture is true for any
values of n and t with n > 3.

2. Proofs of Conjecture 1.5 for 1 < / < 4

The case t = 1. We prove Conjecture 1.5 for t = 1. Let F* be a graph on
{81,<j>1,... ,<j>r) coloured as in 1.5. We assume first that 8X is black. Writing
H = Aut Fj*, condition (a) of Theorem 1.4 means that

(1) HSi = 1,
condition (b) is vacuously satisfied and condition (c) means that

(2) H contains no automorphism (8l^>i) with 8y joined to <J>,.
Suppose then that (1) and (2) hold and let F be the corresponding graph on n + r
v e r t i c e s A 1 U {<f>v...,<j>r), w h e r e Ax = {an,...,aln} i s Kn s i n c e 8X is b l a c k .

Write G = Aut F. We show that G s Sn.
Since HSi = 1 it is clear that G,^ fixes F r \ A x pointwise; thus G^^ = Sn.

Suppose that there exists g e G \G { A i } . Then G{±ig) fixes VY\\g pointwise
and G{Ajg) = Sn, so if Ax n \g = 0 then HSi has a subgroup isomorphic to Sn,
contradicting (1). Hence Ax n Ajg * 0 . Write 2 = Ax U A:g. It is easy to see
that G{2j = (G( A ij ,G{ A i g }) s Sym(2) and that G{2} fixes F F \ 2 pointwise.
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Consequently 2 is a complete subgraph of F and if we choose c^ e 2 \ A1 then
(au<J>, ) G Aut F. This forces ( S ^ ) G Aut Ff, contradicting (2), as <f>h is joined
to Si.'

The case where fix is white follows from the above argument by considering the
complement of the corresponding graph F. Hence Conjecture 1.5 is proved for
f = 1.

Descriptions of the graphs characterized by this result can be found in the
Appendix.

The cases 2 < t < 4. We prove Conjecture 1.5 just for / = 4, as the cases t = 2
and / = 3 are similar and easier. In the proof we shall need, for 2 < u < 4 and
n > u, a description of all coloured graphs F* on {8±,..., 8U] which give rise as
in §1 to vertex-transitive graphs F on un vertices. We call F* vertex-monochrome
if all the vertices 5, have the same colour.

« = 2. The only graphs F* on {8X,82] which give rise to a transitive graph F
are

a J a

&!<> o B2 and 65̂ * * 62

where a is 0, 1, n — 1 or n (that is, F* is any vertex-monochrome graph on

{8i,S2})-
w = 3. Suppose that F* on {8i,52,53} gives rise to a transitive graph F. If F*

is vertex-monochrome then by the regularity of F it must be one of the following
graphs:

{ 0 , l , n - I , * } ) .

There are no further such graphs F*. For suppose that F* is not vertex-mono-
chrome. Then we may take F* to be

where a,b,c G (0,1, n - 1, n }. Since F is regular we have

a+b=a+c=b+c+n—1
so that b = c and a = c + n — 1. Thus c is 0 or 1, which forces A3 to be the
unique subgraph Kn of F, contradicting the transitivity of F.

u = 4. Suppose that F* on { 8V 82,83,84} gives rise to a transitive graph F. Let
au G {0,l ,n - 1, n] be the colour of the edge joining 8, and 8j. If F* is
vertex-monochrome then since F is regular of valency b, say, we have

al2 + al3 + a14 = al2 + a23 + a24 = a13 + a23 + a34 = a14 + a24 + a34 = b.
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This gives al4 = a 2 3 , au = a24, a12 = a 3 4 , so AutT* contains the subgroup 
V4 = ((Si52)(^A)> (8l83)(8284)). If 81 is black and 5 2 , S3, 84 are white then the 
regularity of T gives 2 (a 2 3 - al4) — n - 1 which is not possible since n > u = 4. 
And if o\, 6 2 are black and 5 3 , 84 are white then it is easy to see that any vertex in 
Aj U A 2 is contained in more subgraphs Kn of T than any vertex in A3 U A 4 , 
contradicting the transitivity of T. 

We summarise these results in a lemma: 

LEMMA 2.1. Let T* be a coloured graph on { 6 \ , . . . , 8U} (u < 4) which gives rise 
as in §1 to a transitive graph T on un vertices (n > u). Then T* is vertex-mono
chrome and Aut T* contains a subgroup S, where S = S2 if u = 2, S = S3 if u = 3 
andS = V4 ifu = 4. 

PROOF OF CONJECTURE 1.5 FOR t = 4. Let T* be a graph on {o \ ,8 2 ,8 3 ,8 4 , 
<#>!,...,4>r} coloured as in 1.5 and suppose that (a), (b) and (c) of Theorem 1.4 
hold. Let n be an integer with n > t = 4 and let T be the corresponding graph on 
4n + r vertices i 1 u A 2 U A j U A 4 U { ^ , . . . , ^ } (where A, = {an,...,<xin) 
for / = 1, . . . ,4). Write A = Aj U A 2 U A3 U A 4 and $ = {4>lt... ,<f>r), and let 
A* be the subgraph of T* on {6\, 82,53,54}. Also write <£, ~ 8j if </>, is joined to 
8j in T*. Put G = Aut T. By the construction of T from T* (explained in §1) it is 
clear that G has a unique subgroup H = Sn having orbits A1 ; A 2 , A3, A 4 , fixing 
each <f>,, and such that Ha = Hak for all /', j , k. We aim to show that G { A ) = H, 
which we establish in the following two lemmas. 

LEMMA 2.2. If g E GW\H then A,g # A, for some i E {1,2,3,4}. 

PROOF. Suppose that A,g = A, for all Then clearly g*lA* G AutT*, so 
g* = 1 by (a) of 1.4. Now = S„, so g A ' = h^ for some h E / / . Then g" 1 * 
fixes A t U $ pointwise and g~lh # 1 as g & H. Hence the sets 

A' = U { A , l ( g - ^ ) A ' = l ) , A" = U { A , | ( g ^ ) A l * 1} 

are both nonempty. Let K = ({g-lh)x\x e 7/>. Then /STA' = 1 and for A, c A" 
we have ATA- > Alt(A,) since ATA'<1 Sym(A,). Hence for any A, c A" and any 
aJk E A', a-fc is joined to all or no vertices of A,. Thus in Y*, any edge between a 
vertex of {5,| A, c A'} and a vertex of {5,|A, c A"} must be coloured 0 or n. 
This forces { S( | A, c A'} to be a union of connected components of the graph ro*, 
contradicting (b) of 1.4. 
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LEMMA 2.3. We have G{A) = H.

PROOF. Suppose false and pick g e G( A ) \ff . By Lemma 2.2 we have A,g =£ A,
for some i, so if L = (H, g) then L has at most 3 orbits on A. We prove the
lemma by obtaining a contradiction to the fact that Aut F* = 1. There are several
cases, depending on the number of orbits of L on A.

Case 1. L is transitive on A. For any i, j

exist ai
ik

A,, aj7
A; with aikg = ay7. For

,2,3,4}
distinct

write A, -» A;

h , . . . , i u <

- A . , . . .
= {1

if
,2
-»

there
,3,4}

• K(1 < u < 4) write [A,t • • • A, ] to mean that
Now H has orbits A1? A2, A3, A4 on A and L = (H, g) is transitive on A; it

is not hard to see from this that we may assume that one of the following holds
(i)[A1A2A3A4];

(ni)[A1A2],[A1A3 and[A2

(iv)[A1A2A3]and[A1A4];

Suppose that (i) holds. Then aUig = a2h, a2jig = a3j3, a^g = a4kt, a^g =
au for some iv i2, etc. Choose <#>a e O. If <j>a is joined to alt then <j>ag is joined
to a2,2, hence to every vertex in A2, so (j>ag

2 is joined to a3j}. Thus <j>a ~ 5 t =>
$aS

2 - K I" this way we see that </>a - Sx => <j>ag
2 ~ 83, <j>a ~ S2 =» ^>ag

2 ~ S4,
<f>a ~ S3 => <J>ag

2 ~ 5j and (>a ~ 84 => <j>ag
2 ~ S2. Also by Lemma 2.1 we have

(S1S3X52
54) G Aut A*. It follows that (g2)<1>(5153)(5284) e AutT*, contradicting

the fact that Aut T* = 1.
If (ii) holds then for any a e { 1 , . . . , r} we have </>a ~ S2 <=> >̂og ~ 8X <=>

4>a ~ 83 <=> </>a ~ 84. Hence any permutation of {82>^3>^4} fixing §! and each <pa

will be an automorphism of T* providing it is an automorphism of the subgraph
A*. By Lemma 2.1 we can take A* to be

where a,b,c <E {0,1, n - 1,«}. If a = b then (8254) e AutT*, if b = c then
(8384) G Aut F* and if a = c then (6283) e Aut F*, all of which are contradic-
tions. Hence, a, b, c are distinct and we may assume that either a = 0, b•= 1,
c S s w - l or a < 1, 6 = n — 1, c = n. Write w(a,7, a^ ) for the number of
mutual adjacencies of a 0 and a^, in the subgraph A of F. Then for any /, j , k, I

https://doi.org/10.1017/S1446788700031360 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700031360


56 Martin W. Liebeck [ i l l 

we have m(ali,alj) > n — 2 and m(a2k,a3l) < 2. However, by assumption (we 
are in case (ii)) there exist i, j , k, I such that avg = a2k, aXjg = a3h which 
forces m(au,aly) = m(a2k,a3/); hence « - 2 < 2 o r n < 4 , contradicting the 
fact that n > t = 4. 

In case (iii) we have <j>a ~ 8l <=> <£ag - S2 <=> <£a ~ 84 and <>a ~ 82 <=> <#>ag ~ 5X 

<=> <$>a ~ 83. Hence ( S ^ X ^ S j ) e Aut T* which is a contradiction. 
In case (iv) we see similarly that (8 1 5 2 )(5 3 5 4 ) e Aut T*, again a contradiction. 
Finally, suppose that (v) holds. Then <j>a ~ 83 <=> <j>ag ~ 8l <=> <j>a - 84 so 

(5 3 S 4 ) g AutT* if = c in the subgraph A*. Thus b # c. Suppose first that 
c < 1. Then m(a3i,a4J) < 2 for any /, j , so by application of g " 1 we see that 
m(alk, o u ) < 2 for any distinct A:, /. This forces a < 1 and < 1. Since b c we 
may take ft = 1, c = 0; as T0* is connected we have a = 1 and A* is 

i 

i 

Thus the subgraph A of T consists of n disjoint squares. Now aug = a2j for 
some /', j . Since a 3 , is the unique vertex of A opposite to au in the square 
containing av and a4j is similarly opposite to a2j, we must have a3ig = a4j. In 
this way we see that [A 3 A 4 AJ and [A 3 A 4 A 2 ] also hold. The usual argument now 
shows that 4>a ~ Sx <=> <j>a ~ 82 <=> <j>a ~ 83 <=> <j>a ~ 84 so that V4 ^ Aut T*, which 
is a contradiction. Similar arguments yield a contradiction if c > n — 1. 

We have now dealt completely with Case 1. 

Case 2. L has orbits Aj U A 2 U A3 and A 4 on A. In this case we may assume 
that either (i) [ A j A j A ^ , or (ii) [AXA2] and [A jA j ] holds. Using Lemma 2.2 for 
u = 3 and the fact that each vertex i n A 1 u A 2 u A 3 has the same valency, we see 
that the subgraph A* can be taken to be one of 

a 
8, Q 

a 
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for some a, b e {0,1, n - 1, n}. If (i) holds then g^S^S- , ) e Aut T*, while in
case (ii) we have </>a ~ 82 «=» <J>ag ~ 5X <=> <#>a ~ 83 so that (S253)

 G Aut T*. These
contradictions deal with Case 2.

Case 3. L has orbits Ax U A2 and A3 U A4 or Ax U A2, A3 and A4 on A. Then
either (i) [AXA2] and [A3A4], or (ii) [AXA2], [A3] and [A4], holds. In case (i) we
have g*(8152)(fi354)G AutT* and in case (ii), g9^^) <= AutT*, neither of
which can be so.

This completes the proof of Lemma 2.3.

To finish the proof of Conjecture 1.5 for t = 4 it remains to show that
G = G^y Suppose then that there exists g e G \ G { A ) . Put M = (GfAj.^fA})
= (H,Hg) and let %,...,% be the orbits of M on A U Ag. For each / let

LEMMA 2.4. If Xt± Si then there is a block system 38',. for M*' (possibly with
blocks of size 1), one of whose blocks Bt is contained in { a^ | j e Xi}, and such that

PROOF. Pick k e Xt, so that A^ c *,, The lemma is certainly true if Â , = %
(for then we take ^ , = tyt, that is, 38\ to be the set of blocks of size 1); hence we
may assume that Ak c 4^. Let ^ , be a block system for M*' such that |^ , | > 1
and 981 contains blocks of maximum possible size. Then Ma' is primitive. Let B,
be the block of ^ , containing akl. Certainly either Ak c Bt or A^ n B{ = {akl};
we show that the latter must hold. Suppose then that A^ c Bt. From the action of
H we have

(1) B( n A is a union of //-orbits Ay.
Next we show that

(2) /?, n Ag is a union of //g-orbits Ayg.
We prove this as follows: if |A^ n A,g| < 1 for all / then since n > t there exists
akm e A t \ Ag, so that Hg fixes akm. Now Ak c ^ so we can find / such that
Afc n A/g ¥= 0 . Also A^ c Bj, so /?, n A7g # 0 . Since / / g fixes aAm this forces
A,g c 5 ; . The action of Hg now gives (2). If \kk n A,g| > 2 for some / then
A,g c B; again, from which (2) follows as before. Hence (2) is established. Now
M = (H, Hg) and ^ is a union of sets Ay and Ayg on which M is transitive. It
follows from (1) and (2) that Bt = % contradicting the fact that |^ , | > 1.

Thus we have shown that Ak n Bt, = ( « H ) . Since Ha = Hai for all j , it
follows that B/C {a^j e Xj). Finally, Ma< is primitive and contains the
subgroup Ha' = Sn, so Ma> contains an element of degree at most 8. From this it
follows without much difficulty that Ma> > Alt(^?,) (see for instance the papers
of W. A. Manning referred to at the end of §15 of [4]).
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If Xi = 0 then ^, = Ajg for some j and M* ( = Sym(^,). Put ^ , = in this 
case (that is, let 3Si be the set of blocks of size 1). Choose notation so that 
Xt # 0 for /' = 1 , . . . , s0 and Xj = 0 for /' = s0 + 1 , . . . , s. For /' e {1, . . . , J 0 } 
let ^ / be the set of blocks of contained in A. Then |^?/| = r,« for some 
positive integer r,.. Write ^ = U? = 1 

LEMMA 2.5. The following hold: 
(i) ^ = * 0 ; 

(ii) \3S]\ = \^k\forallj,k^{\,...,s\, 
(iii) // \S8^ = b then M = Ab or M = Sb and M acts similarly on each 38j 

(J' = 

PROOF. If AT is the kernel of the action of A/ on J 1 then A" < G ( A } , so A" = 1 
since G { A ) = / / . Hence M acts faithfully on 2. Write N = M'. Then by Lemma 
2.4, N is a subdirect product of 1~I-=1 Alt(^?,) (that is, N projects surjectively 
onto each factor). Since each Alt(^?,) is simple, N is isomorphic to a direct 
product of some of the groups A l t ^ , ) and if we choose i0 such that \3St\ = 
max{ |^ ( | : i = 1 , . . . , s} then N has a minimal normal subgroup = Alt(I?,O). 
Now g £ G { A ) , so Hg + H and so M G ( A ) . Consequently \3St\ > n. Hence if 
X, = 0 then \3glo\ > \SS,\. Let 

J = {j\*fJ = Al t (# , )} and = (J »j. 

Then J c { 1 , . . . , s0}, 1^1 = | ^ , o | for all ; ' e j and N0 fixes 3S\3S^ pointwise. 
Write H0 = H'; then H0 = An and < Nf°. It follows that N0 acts 

similarly on all SSj (j^J) (whether \3Sia\ = 6 or not), and hence that A/0 

contains a nontrivial element x fixing each ^ " setwise ( / e / ) . Then x fixes 
38\3da pointwise, so x e G { A ) and so x e H. This forces J = { 1 , . . . , J 0 } . If 
s > s0 then A' has a subgroup L s An fixing U-IJ ^ , pointwise; clearly L < G( A ) , 
which is not possible as G { A } = H. Thus .s = s0, J = { 1 , . . . , s}, N = N0 and the 
lemma follows. 

LEMMA 2.6. I^e Ziaw |^?/| = n, that is, r, = 1 for all i. 

PROOF. By Lemma 2.5, M has a subgroup Nl fixing eacyh setwise and such 
that Nf- > Al t (^ / ) (i = l,...,s). Clearly Nx < G { A ) . Since G { A ) = / / = 5„ this 
forces | ^ / | = «, that is, r, = 1, for all /'. 

We can now complete the proof of Conjecture 1.5 for t = 4. First note that 
from the proof of Lemma 2.5, we have M £ G , A ) . Hence there exists k such that 
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Xk # 0 and Vk £ A (equivalently ^ £ * J ^ ) . By Lemma 2.6 we have | ^ | =
n + c where c > 0 is the number of blocks in SSk\Sd'k. Thus by Lemma 2.5,
Xt* 0 , \3i\ = n + c and Af*'= Sn+C (/ = l , . . . , s ) . Finally, choose B[ G
^ X ^ ' . There exists w e M with ma> = (B^'J. By Lemma 2.5, M acts
similarly on all ^ , , so m*' = (5 ,5/) for some 5 / G ^ , \ J1/ (i = l,...,s). Since
the kernel of the action of M on 38 is trivial, we have m2 = 1. Hence m =

(an^i,Xa2i^i2) "'" (a/i^/,) f° r s o m e 4v e $ (> = 1, • • •» 0- From this it follows
that ( S ^ , ) • • • (8,^,-) G Aut r\* and that for any distinct k, I the subgraph
{Sk,S,,<>,,</>,} of F* lies in the set #„ of 12 graphs defined in §1. This
contradicts (c) of Theorem 1.4.

This completes the proof of Conjecture 1.5 for t = 4.

We summarise the results proved in this section:

THEOREM 2.7. Let n, t be integers with 1 < t < 4 and n > t, and let T* be a
graph on { Sv..., 8,, 4^ , . . . , <j>r} coloured as described in Conjecture 1.5. Suppose
that (a), (b) and (c) of Theorem 1.4 are satisfied. Then if T is the corresponding
graph on tn + r vertices, we have Aut T = Sn.

The results 1.2, 1.4 and 2.7 give a description of all graphs Fono vertices with
Aut F s Sn (n > 6) and v < min{5«, \n(n — 1)}. This description is illustrated
below in the Appendix. For values of n with n < 6 there are some extra
possibilities which can easily be determined using the techniques of this paper.

REMARKS. 1. The restriction n > t in Theorem 2.7 is in fact unnecessary—it is
not hard to show that the result is true for any n, t with 1 < t < 4, n > 3.

2. The obstacle to a general proof of Conjecture 1.5 seems to he solely in
proving Lemma 2.3 in the general case; the subsequent steps of the proof for
t = 4 do not depend on the value of t and would remain largely unchanged in the
general case.

3. The methods of this paper could be used to study graphs with automorphism
group Sn having some orbit sizes greater than \n(n — 1). For example, suppose
that we only restrict all orbits to have size less than n(n - \){n - 2)/6. Then for
n large enough, the proofs of Propositions 1.1 and 1.2 show that all orbits have
size 1, n or \n(n — 1) (with the action of Sn in the latter case being that on the
set of pairs of points in an underlying set of size n). There are four possible
subgraphs on an orbit of size \n{n — 1): these are the complete graph Kin(n_l),
the triangular graph Tn and their complements. By introducing a suitable collec-
tion of colours to represent these subgraphs and the edges between them, we can
proceed in similar fashion to §1.
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Appendix

In this Appendix we give descriptions of some of the graphs characterized by
Theorems 1.4 and 2.7. In particular we describe all graphs F with Aut T = Sn and
|FF| < 3« (with n > 6). The reader will have no difficulty in extending these
descriptions to cover all graphs F with Aut F = Sn and

\VY\ < min{5n,|«(n - 1)}.

It is unfortunately necessary to introduce some fairly complicated notation for
these descriptions, so we include a number of small examples for illustration.

Throughout this Appendix, F denotes a graph on v vertices. For any n, let

For any t, r, n with n > t define

^i,r,n
 = { TI v = tn + r, Aut F = Sn has t orbits of size n and

r fixed points on VT].

Thus by Proposition 1.2, for n > 6 and v < \n(n — 1), we have

(1) ^v,n = U &j,(t-j)n + r,n

where v = tn + r and 0 < r < n. Thus to describe J^_n we must describe the
graphs in 9^r n. This can be done for t < 4 using Theorems 1.4 and 2.7, and we
now give such descriptions explicitly, starting with the simplest case t = 1. For
convenience, if Sf is a set of graphs on v vertices, define

where T denotes the complement of T.
(A) The case t = 1. We describe #1>r>n. Let JVlr be the set of (uncoloured)

graphs I\* on 1 + r vertices {Slt<^l5..., <j>r} such that H = Aut I\* satisfies
(1) HSi = 1, and,
(2) H contains no element ( S ^ , ) with 8X joined to </>,.

Each graph I\* in 3^x r corresponds as in Section 1 to a graph F on n + r
vertices as follows: F has vertex set Aj U {4>1,...,ipr}, the subgraph Ax is Kn,
the subgraph {</>!,..., (j>r) is as in Ff, and </>, is joined to all or no vertices in Al

according as <J>, is or is not joined to S1 in Ff. By Theorem 2.7 with t = 1, we
have Aut F s Sn, so that F is in ^i i r > n .

Now the graphs in 9X r „ are unlabelled, so we choose a subset JV°r of Jf\ r

containing exactly one member of each orbit of Symf^j , . . . , <f>r} on 3Vlr. Then
@*rn is in 1-1 correspondence, as described above, with Jf?i<r. We write this as
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In particular, for r < n we have by (1), &n*+r „ <-> jff^. This gives the results of
[3].

EXAMPLE. We illustrate this with r = 2 and r - 3. Each of 3V?2 and Jt?£
consists of just one graph:

0
1,3

*2

a n d ^i,3,» consist, respectively, of the graphs

and their complements.

(B) The case t = 2. We now describe ^ 2 r „ (n > 3). If Y e ^ 2 r „ and T* is
the corresponding coloured graph on {8X, 82, <j>r,..., <j>r) then by (b) of Theorem
1.4 the subgraph of r * on 6V 82 is one of the following:

where a is 1 or n - 1. Let Jf2r be the set of (uncoloured) graphs I\* on
{81,62,<f»1,... ,<J>r} such that H = Autl\* satisfies

(2) H contains no element ( S ^ X ^ i i ) s u c h t n a t t h e s u b 8 r a P h ( 8 v 52' <V */2
is one of

And let Jf2'r be the set of graphs I\* on [8V 82, ^ 1

(I) H8[82' = 1, and
such that
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Choose a subset Jf2r of $f2r containing exactly one member of each orbit of 
S y n ^ ^ , . . . ,<f>r} X Sym{S1,S2} o n ^2,n a r>d choose a subset ^ 2 ' ° containing 
exactly one member of each orbit of S y m ^ j , . . . , <$>r) on 2F2r. Then each graph 
r \* in Jif2r corresponds to a unique graph T in @ 2 r „ in which the subgraphs Aj 
and A 2 are both Kn (and a = 1 if 5X and 82 are joined in a = n - 1 if not). 
And each I\* in Jt2°r corresponds to a unique graph T in @ 2 r „ in which A: is 
Kn and A 2 is Vn\ the complement T then corresponds to the graph ( r i * ) + , which 
is the image of the complement T* under the transposition (8182). Hence if we 
write 

( ^ ) M { r M r * ) + } i r * e ^ ' ° ) 

then we have 

Note that if v = 2n + r < 3n and n > 6, then by (1), 

so the description of J 2^ n is given by (A) and the above. 

E x a m p l e . We illustrate the above by producing the graphs in & 2 0 n and @2 l, n-
Those in ^2,0,« correspond to the two coloured graphs 

1 n- l 
o • o • 

Thus ^ 2 0 „ consists of the corona Kn ° Kx (which is Kn with each vertex joined to 
just one further vertex) and its complement. This answers a question raised in [3, 
§4]. The graphs in ^ 2 a > „ are those corresponding to the coloured graphs 

S 2 5 2 6 2 

(where a is 1 or n — 1), together with their complements. 

(II) H contains no element (5i^,1XS2

</),2) such that the subgraph {8 t , 82, <t>h, </>,2} 
is one of 
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Descriptions similar to, but rather more complicated than those given in (A)
and (B), exist for t = 3 and t = 4. We leave these to the reader, and offer just one
further illustration.

(C) We describe 93fi „ (n > 4). By Theorems 1.4 and 2.7, S?3*0>B is in 1-1
correspondence with the following set 3f?3 0 of coloured graphs:

n-l n-1

(anyfte {0,1, n - 1, n}, a, d,fe {0,n}, c,e
Hence for n > 6,

u u u
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