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1 Introduction

Extrapolation of the Standard Model of particle physics to high energies leads to the
remarkable conclusion that our vacuum is only a long-lived metastable state, in which the
Higgs field sits at a local minimum of the Higgs potential surrounded by a potential barrier
of width somewhere in the range 10!° — 10'GeV [1-3]. This raises an interesting question
about initial conditions, because, if the Standard Model is correct at these energies, then
somehow the Higgs field had to evolve into the metastable vacuum state during the early
stages of the universe [4].

The Higgs potential barrier depends strongly on the effective Higgs mass at high en-
ergies, and it is quite possible that gravitational corrections may be important. In the
relevant energy range, there is no reason to abandon General Relativity as ‘an effective
field theory’ description of gravity [5]. There are two contributions to the effective Higgs
mass, the ordinary one and the mass due to the coupling € RHH, between the Higgs field
‘H and the curvature R. We will assume that inflation is driven by an inflaton field, not the
Higgs field, which is assumed weakly interacting and makes no contribution to the Higgs
potential. The curvature coupling increases the height of the potential barrier around the



metastable minimum if (R is positive, and has the opposite effect when £R is negative,
making Higgs stability sensitive to the value of &.

Placing the Higgs decay into a cosmological context introduces an ambiguity in how
we define the spacetime geometry. In particular, we can perform a conformal re-scaling of
the metric which removes the curvature-coupling term, transforming the theory from the
original Jordan frame metric to the Einstein frame metric. It has been noted that quantum
calculations can sometimes lead to different results when done in the Jordan or the Einstein
frame [6, 7]. This is a puzzle, because we want to avoid a situation in which the Higgs
field is unstable in the Jordan frame and stable in the Einstein frame. The contradiction
would be best resolved by having an approach to quantisation which is consistent whatever
the choice of spacetime metric [8-11]. We shall show that there is a covariant quantisation
scheme which gives consistent results on Higgs instability.

The basic tool we use is an effective action which is covariant under field transfor-
mations [12-15]. This is a stronger requirement than General Covariance, or covariance
under spacetime coordinate transformations. The idea of a field-space covariant quantum
field theory (hereafter called covariant) is illustrated by the diagram in eq. (1.1). Quanti-
sation followed by a field redefinition should give the same result as starting from a field
redefinition and then quantising, i.e. the diagram should commute.
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Demanding covariance of the effective action guarantees covariance of the effective field
equations. Without covariance, there is a different quantum field theory for each choice of
field variables. Imposing covariance has another virtue. Terms are added to the classical
Lagrangian to fix the gauge freedom. Solutions to the usual effective field equations depend
on the choice of these gauge-fixing terms. However, in the covariant approach, the solutions
to the effective field equations are independent of the gauge-fixing terms.

Covariant approaches are widely used to quantise non-linear sigma models [16, 17],
but they are very rarely used for gauge theories. One reason they are not widely used is
that the gauge-fixing dependence of the usual effective action is not considered problem-
atic, since the dependence goes away ‘on-shell’ , i.e. the action takes the same value at
solutions to the effective field equations [18-21]. Furthermore, it is easy to show that the
Jordan and Einstein frame Higgs theories have equivalent perturbative expansions when
the background fields are on-shell and the Higgs field is small [22].

Using a covariant approach retains the gauge-fixing and frame independence off-shell,
for any range of Higgs field. On the other hand, covariant approaches are not totally
unambiguous, because there are two versions of the covariant effective action: T'[¢*, ]
which generates the 1PI diagrams but depends on an extra field ¢* [23], and the DeWitt
effective action I'[p] which does not generate 1PI diagrams [24]. Fortunately, both generate
the same effective field equations, and they agree on-shell. They are therefore equivalent
for questions of vacuum stability, so we will use the simpler DeWitt effective action.



Higgs vacuum decay is a situation where the effective action and the classical action
lead to very different qualitative behaviour [25-28]. Another example is Coleman-Weinberg
theory of massless electrodynamics, where quantum corrections to the effective action lead
to symmetry breaking. In these situations, we use solutions to the renormalisation group
corrected field equations with running coupling constants to determine the vacuum state
or to calculate tunnelling amplitudes [29]. Note that we use ‘on shell’ to refer to fields
which satisfy the effective field equations rather than the classical field equations. We
will investigate whether covariant and non-covariant approaches to the effective action give
different physical results by doing specific calculations of the running couplings in the Higgs
effective potential.

The renormalisation group corrected potential used here is constructed as follows.
The DeWitt effective action for the modulus of the Higgs field ¢ is written as a functional
I'(gi, &, guv» R), Where g; are running couplings depending on ppg, the renormalisation
scale. At one loop order, the explicit dependence on renormalisation scale has contributions
from all types of field in the standard model. These contributions are determined by
perturbation theory and depend on a set of second order differential operators A™(¢).
Following Coleman and Weinberg [29], the S functions can be obtained by comparing
coefficients in the renormalisation group equation for the Lagrangian,
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where the sign is positive for bosons and negative for fermions and ghosts. Renormalisation
of the fields is responsible for the anomalous dimensions v, and 7, (where we are using
the sign conventions of [28]). The functions by are polynomial combinations of coefficients
in the operators A™. General expressions for bs are known for many types of operators on
arbitrary spacetime backgrounds (e.g. [30]). Since the theory we are dealing with is not
renormalisable, the Lagrangian has an infinite series of terms which has to be truncated at
some inverse power of the the cutoff scale of the theory, which we naturally take to be the
Planck mass. At one loop, the by coefficient gives us terms up to order M, 4,

A change of variable from pup to t = In(¢/ugr) changes the functional form of the
couplings in the effective action from g;(ur) to g.(t),

F/(gg (t)v ¢/(t)7 giw (t)7 t) = F(gz (:U'R)7 (z)(/J'R)? Guv (MR)? NR)' (13)

The renormalisation group corrected Lagrangian is defined by the leading term,
L'(gi(t),#'(t), 9,,(t)). The dependence of the parameters on the Higgs field on ¢ is de-
termined by the renormalisation group, which implies

dg;  Bilg))

S 1.4
dt 1+ 7(95) (14)

subject to values fixed at a given (low energy) mass scale M.
The first thing to note about the Coleman-Weinberg method for calculating the 5 func-
tions is that it relies on the functional form of the effective action. Therefore a knowledge



of the effective action which is only valid for solutions to the background field equations is
not sufficient. The covariant effective action gives us an unambiguous off-shell formulation
and a unique set of beta functions. In order to construct this covariant effective action we
make use of the non-trivial geometry of the space of metrics and fields. In the general case
of a gauge theory with fields ¢! and action S[p], the covariant operator Ay for the field
fluctuations is given by [12, 13]
2
Apy = 5;;% +T5

The innovation of Vilkovisky and DeWitt was to put the second functional derivatives

0S
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into covariant form by introducing a field-space connection V; with connection coefficients
' ;7. The connection ensures that the effective action is covariant under field redefinitions.
In the Landau gauge limit A\; — oo, the connection coefficients reduce to the Levi-Civita
connection coefficients for the local metric on the space of fields. The final term in (1.5) is
a gauge-fixing term. Details of the covariant approach are given in section 2.

The connection term vanishes when the background field satisfies the classical field
equations i.e. §S/5p! = 0, and then non-covariant and covariant effective actions agree.
However, we might expect differing results when the background satisfies the quantum
corrected field equations. The beta-functions and the renormalisation group corrected
effective Lagrangians defined using non-covariant and covariant approaches need not be
the same.

In sections 4 and 5 we will calculate the Higgs parameter beta-functions in both co-
variant and non-covariant form in the Einstein and Jordan frames. As is well known, the
beta-function for the curvature coupling 3¢ oc 6§ — 1 in the Jordan frame. This standard
result cannot hold in a covariant approach, because £ vanishes in the Einstein frame and
therefore the covariant 3¢ cannot depend on .1 As expected, when we do the calcula-
tion, the non-covariant results are frame dependent whilst the covariant results are frame
independent. However, the combination p? + ¢R, which acts as an effective Higgs mass,
and the Higgs self-coupling A have the same scale behaviour in non-covariant and covari-
ant approaches. The leading behaviour of the renormalisation group effective potential
is therefore frame independent, and differences arise only in terms that are suppressed by
factors of M, 4. Our results for stability with the renormalisation group corrected potential
are therefore similar to those found previously [31].

In section 4 we will explore some of the consequences of the covariant approach. One
of these is that field redefinitions mix some of the parameters of the theory, and having
covariance leads to a set of relations between the beta functions for these parameters. These
relations can be used, for example, to completely determine the dependence of the beta-
functions on the curvature coupling £&. Another consequence of using a covariant approach is
that the path integral is independent of the gauge-fixing terms in the Lagrangian. Therefore
quantum tunnelling rates will be unambiguous. In non-covariant approaches, this issue is
non-trivial, and independence has only been demonstrated explicitly when the true vacuum
is not radiatively generated [32, 33].

'In fact, £ appears as a correction to the mass in the Einstein frame, and contributes to B2



In section 7, we look at a practical application of our results to the decay of the Higgs
vacuum during inflation. The running couplings make a considerable difference to the Higgs
decay rates when the curvature coupling is small. This is consistent with earlier work by
Herranen et al. [31], but we give more precise results and we confirm that the results
are the same in both the Jordan and Kinstein frame. We also find a regime in which
the Higgs potential has two maxima. We only consider vacuum decay using tunnelling
with the simplest type of instanton, thought recent work has shown the existence of more
complicated instanton solutions [34].

This paper focuses on the UV behaviour of the quantum theory and how this affects
the Higgs potential in de Sitter space. In many ways, though, the IR behaviour of Higgs
fields in de Sitter space is a more interesting subject. It has become apparent, initially
from stochastic theory [35-38] and also from infra-red expansions [39, 40], that a self-
coupled massless scalar field in a de Sitter invariant state acquires a mass squared of order
A/2H2 where H is the expansion rate. This limits the applicability of our results for
small curvature coupling. It also means that, when integrating the renormalisation group
equations for the effective mass in de Sitter space, we start with this IR mass, rather than
the low energy Higgs mass.

2 Covariant effective actions

The aim of this section is to introduce the field-covariant effective action and to give two
methods for evaluating the action to one loop order, specifically by taking the Landau
gauge-fixing limit and by decomposition into gauge-fixed and pure gauge modes, leading
to the results quoted in the introduction. Field components are denoted by indices I, J, ...
and gauge parameters by indices «, 3,.... Condensed notation is used throughout, with
contractions over I,J, ... denoting integration over spacetime and functional derivatives
with respect to the fields denoted by 0.

A field-covariant effective action can be constructed whenever there exists a covariant
notion of the distance between two field configurations. Formally, this means we have a
Riemannian geometry on the space of fields ¢! and geodesics can be defined [12, 13, 15].
This geometry allows us to replace an ordinary field displacement ¢! — ¢! with the covariant
tangent vector to the geodesic from ¢! to !, which we denote by o(¢, ). The metric can
also be used to define a field-space invariant volume measure D¢ for functional integration.

Our starting point is the covariant action of Burgess and Kunstatter [15, 23], defined
implicitly by,

Tl00s] / Dip IS8T /30707 6281 =0” 60,8 (2.1)

This depends on the effective field ¢’ and an arbitrary expansion point ¢!. The effective
action generates effective field equations for ¢!, in the the sense that

8IF[¢7 ¢*] =0 = <U[¢v 927]> = 07 (2'2)

where 0@, ¢] is the geodesic distance and ¢! is the field operator. In the covariant approach,
o' # (@), but instead ¢! is the classical field which is closest to the quantum field using the



invariant distance. Note that the effective field equations do not depend on the expansion
point ¢,. We make use of this fact and choose ¢! = ¢!, which defines the DeWitt effective
action [15, 24],

I[¢) = T[o,d] (2.3)

The DeWitt effective action generates the effective field equations using 9;I'[¢] = 0.
In a gauge theory, there are infinitesimal gauge transformations of the field ¢! of
the form
Sl = R ,e®, (2.4)

which leave the action invariant, i.e. R/,07.5 = 0. The gauge is fixed using a gauge-fixing
functional x“[¢, ], and then the path integral is modified as follows,

1 h
Slel = Sl + Srasx™x” + Strln Q%, (2.5)
This introduces a metric y,4 on the gauge parameters and a ghost operator
Q% = (rx")R' 5. (2:6)

Next, a procedure developed by Vilkovisky and DeWitt [12] generates the geometry on
field space which guarantees that the effective action is:

1. Covariant under field redefinitions of ¢!;
2. Independent of the choice of gauge fixing functional x;
3. Independent of the metric v,g.

The field-space geometry includes a local field-space metric G;; and a non-local field
space connection V. The metric allows an orthogonal decomposition of field variations
into pure gauge and gauge-fixed directions. Projection in the pure-gauge direction can be
done using

o', = RILN**Ryp, (2.7)

where indices are lowered using the metric tensors in the usual way, and the normalisation
factor appearing here is

NP = (R ,Rg) L. (2.8)

When this is applied to a gauge variation, o 709”7 = 6p!. The orthogonal projection in
the gauge-fixed direction is the DeWitt projection IT = I — II.
The local metric also generates a Levy-Civita connection on field space, denoted by

Dy, for example
DiD;S = 8;0;8 — TK ;05 S. (2.9)

In a gauge theory, the Vilkovisky-DeWitt connection Vj is not equal to the Levy-Civita
connection, but it is related to it by the projection operators,

VIiv,;s =11(D!'D,;S)1I. (2.10)



One of the disadvantages of using a covariant approach is that this expression is non-local.
However, we will now describe ways to deal with this non-locality at one loop.

At one-loop, the contribution to the covariant effective action obtained from a geodesic
expansion of the fields in the path integral is

rd = %tr In {H(DIDJS)H + (OIXC”)@JX&)} - %trln Q“s, (2.11)

For an actual calculation, we can reduce the amount of work by choosing a convenient
gauge-fixing functional, in particular the R¢ gauges in which 0rx* = )\;/ 2R1a, where )\, is
a constant gauge-fixing parameter. The one-loop effective action is then

h h
IO = Ztrin {II(D' DS+ A R Rya} = ~trln {A;ﬂRI&R,ﬁ} . (2.12)

If the covariant derivatives in (2.9) are replaced by ordinary functional derivatives, and the

projections are dropped, then the result is a non-covariant effective action contribution I' l(fc),

h h
D = Strin {0/0,8 + A R/ Rya} = <trln {A;/QRMRM} . (2.13)

If the background fields are ‘on shell’, specifically when 075 = 0, then the connection V; —

97, and the covariant and non-covariant results coincide, I(t) = Fl(l};). Most calculations are

done on shell, and eq. (2.13) is the traditional route to evaluation of the effective action.
We will show that the off-shell result can be simplified in two equivalent ways. Firstly

h I h I
M — Ztr In {H(D DJS)H} — %trln {R Rm} ) (2.14)

where the logarithms are interpreted in a particular way described below. If we have n

fields and m gauge variations, then there are n — m non-gauge fields but there are n — 2m

degrees of freedom. The ghost contribution accounts for the difference between these two.
The second method is to use the Landau gauge A\, — oo,

h h
D = lim —trin {D'D,S + A\ R°Ry.) — Ztrin {Al/QRIO‘R } , 2.15
Ag1_>oo2irn{ Jo T+ Ag Ja} ;T g 13 (2.15)
This appears to be more complicated, but the advantage of this method is that removing
the projection operators leaves an operator which is explicitly local in spacetime, making
it suitable for adiabatic expansion techniques.
For simplicity, we define the functional traces using Euclidean methods with

trln Ay = —i¢’(0, A) —i¢(0, A) In %, (2.16)

where A is a positive definite operator obtained from the Lorentzian operator Ay, by analytic
continuation of the time-like coordinate. This limits us to metrics with a valid analytic
continuation. The generalised zeta-function is defined by ((s, A) = trA™° and ug is the
renormalisation scale. We can read off the scaling of the Euclidean effective action I'p
from (2.15)

dFSEl) . I I 1/2451
pr gt = hklgnoo{—( (0,D'DyS + AR Rya) +2¢ (0,/\9 R aR@}. (2.17)
g



In Landau gauge, the operators are local, and it is possible to prove that (0, A) can be
expressed in terms of a local adiabatic expansion coefficient ba(A),

C0.4) = 155 [ ba(Wlgl Pt (218)

Eq. (2.17) is the origin of the renormalisation group equation (1.2) we gave in the intro-
duction. For Laplace type operators A = —V? 4 E, the expansion coefficient by(A) is
an invariant polynomial combination of the spacetime curvature and derivatives of E. In
ref. [41], it was shown that the expansion coefficients remain polynomial for some classes of
non-Laplacian operators relevant to the covariant effective action. In these cases, we can
use ba(A) to read off the rescaling behaviour of the terms in the effective potential or the
effective Lagrangian using the renormalisation group equation (1.2).

Since the scaling relations obtained from by are local, and the difference between co-
variant and non-covariant effective actions vanishes when 075 = 0, we can conclude that

arty ar'y
PR g R

= flors, (2.19)

where f! is a tensor polynomial expression of order A in the loop expansion. The non-
covariant results are mostly known already, so this relation provides both a check on new
covariant results and a possible route to finding the covariant S-functions. Furthermore,
we can combine the terms at one loop order into

(1) (1)
dl'y dr’ + f1
,UJRiC [90] = UR E [(10 !/ n'uR] —|—O(ﬁ2). (2.20)
dpr dpr

Note that this does not imply that the approaches are equivalent, because the covariant
action is covariant not invariant under field redefinitions. In the introduction, we described
how to construct the renormalisation group corrected Lagrangian £’ from the rescaling
behaviour of the action at one loop. Following the same procedure we see that the effective
actions I'” constructed from the covariant and the non-covariant effective actions are related
by a field transformation,

Thelel = Tgle — f1, (2.21)

where t = In(¢/M). After expanding out again
Thclel = Tle] — tff 9T [e] + O(%h?). (2.22)

At this point, we are unsure about the size of the O(t?h?) terms. In the one loop re-
sult (2.20), logarithms endanger the loop expansion when the logarithms are large. We
corrected for this by using the effective couplings. The new remainder term depends on
the combination ft. If we take the case where the remainder is small, and apply the
corrected field equations 9;I" = 0, as we might use to calculate tunnelling amplitudes
for example, then the non-covariant action has the same value as the covariant action.
However, we see that for large field values the remainder term may be large, and there



is a possible discrepancy between the non-covariant and covariant renormalisation group
corrected potentials even when on shell.

To obtain the two representations of the covariant effective action given earlier, first
split ! — (&7,07) into non-gauge and pure-gauge directions. Decompose the operator
DID;S as

DID;S=A=(%° (2.23)
ctd

Similarly decompose

00
RI“R;., =B = 2.24
e (29 -

Eq. (2.14) follows from this decomposition when we set Ay = 1 in the one-loop result (2.12).
Noting that the non-zero eigenvalues of RI*R;,, and R! “Rpg are identical,

h h h h h
r = Ztr Ina + Ztr Inb— gtr Inb = Ztr Ina — Ztr Inb. (2.25)

This recovers eq. (2.14).
For Landau gauge eq. (2.15), we start with the generalised zeta-function ((s, A).

Consider . -
_ s—1 —(A+XgB)t
(s, A+ \,B) 5 /0 dt Lt <e g ) (2.26)
If we rescale t,
S o -1
_ 9 s—1 — (B4, A
(s, A+ \gB) 5 /0 dtt5 er (e g ) (2.27)

Separate out the diagonal and non-diagonal parts,

tr (e_(B+’\91A)t) =tr <exp [— (Ago “ b ())\_1(1) t] exp [— (}\_01 i )\90 C) t]) (2.28)
c
g g

Only the even powers of )\g_l survive in the second exponential due to the trace. Of these,
only the leading term survives in the large A\, limit, and after rescaling ¢ back,

(s, A+ AgB) = ((s,a) + A;5¢(s,b+ A\, d) + O(A;57?) (2.29)
We use analytic continuation to s = 0 and then the limit Ay — oo,

C(0,A+X;B) ~ ¢(0,a) + ¢(0,b) (2.30)
¢'(0, A+ XgB) ~ ¢'(0,a) + ¢'(0,b) — €(0,b) In Ay (2.31)

So now the terms on the right hand side of (2.15) are

. h h h h
lim ?tr In{A+ X\;B} — ?tr In {/\;/Qb} = 2—itr Ina — Q—itr Inb (2.32)

Ag—r00 21

Therefore the Landau gauge result eq. (2.15) is equal to eq. (2.25) which is equal to the
gauge decomposition eq. (2.14).



3 The gravity-Higgs effective field theory

We take the point of view that the gravity-Higgs sector is a low energy effective field theory
for the spacetime metric g,,, and the Higgs doublet field H, in which non-renormalisable
terms are assumed to be suppressed by inverse powers of the reduced Planck mass, k =
M, 1 — (87G)'/? [5]. Since Higgs instability sets in at a scale below the Planck mass,
the renormalisable couplings will be expected to play the most important role. During
inflation, we suppose that the vacuum energy is dominated by an inflation field and takes
some fixed value Vj, and then the expansion rate in the Higgs vacuum is determined by
the Friedman equation H? = k2Vy/3.

For convenience, we replace the Higgs doublet by a set of four real scalars ¢, denoting
the gauge invariant magnitude of the field by ¢ and the projection orthogonal to ¢ by (%
The Lagrangian density for the gravity-Higgs sector £, with non-minimal coupling is

L4(9:9) = 5 3UO)R() o' — 5Gi5(0) 9" 0,06 gl = V(o) g%, (3.)

1
2k2
where 0, denotes an ordinary spacetime derivative. The non-minimal coupling terms are
contained in the function U(¢) multiplying the Ricci scalar R.

Each one of the scalar functions in the Lagrangian has an expansion in powers of &,

1 1 1
V(@) = Vot 5126 + 00" + Xero® + . (3.2)
Gij(9) = 6ij + ar®0i8;8" 0" + Br*650% + ... (3.3)

U(¢) = 1— x> + ...,

Most of the results we obtain have been truncated to O(k?¢?). We will use a wave function
renormalisation to the keep the leading order behaviour in R and G;; fixed. The anomalous
dimensions will be denoted by ~, and 74 respectivly. This keeps the effective Planck scale
fixed. Note that it is not possible to eliminate both coefficients o and g by redefinitions of
¢ if Gj; has a non-vanishing curvature tensor.

One of the questions we address is the effect of conformal rescaling of the metric from
the original Jordan Frame to the Einstein frame to remove the & term in the original
Lagrangian. We set the metric to be gg = U(¢)g, then

1 1 Vo i
L4(9m,0) = 5 5 R(9m) 9u]"? = 5Crij(9) i 0u6'00¢’ |gu|'/* = V() lgm['2,  (3.5)

where

Vi(¢) = UV (9) (3.6)
Grij(¢) = UGy + 3“_2[]_22;3; (3.7)

In a covariant theory it should be possible to calculate the beta functions by transform-
ing to the Einstein frame, rescaling the effective action, and transforming back to the
Jordan frame.

~10 -



If we expand the Einstein frame theory in powers of £ we have relationships between
the sets of Einstein frame and Jordan frame parameters,

i = 1+ 4€' Ko

Ag = A+ 4&K% .

{p=§-¢. (3.10)
Note that we have used a different & for the conformal transformation. Since we have
adopted a covariant quantisation approach, these relations also hold for the running cou-

plings up to field renormalisation factors. We differentiate the relations with respect to the
renormalisation scale keeping &’ fixed, and then set £ = £ at the end,

Bz (0, A, 1) = B (&N 12, .) + 482 By (E X 12, . ..) (3.11)
B/\(Ov )‘E'7 :U’2E7 v ) = ﬁ)\(gv )" :U’27 v ) + 4£H2ﬁy2(€7 )‘a Mz’ oo ) (312)

The beta functions § include anomalous dimension factors, for example
Be = Be — 274€ — g€ (3.14)

These relations can be used to evaluate covariant beta functions for non-zero curvature
coupling if we have results for minimal coupling.

Already, an unexpected result follows from (3.13), namely that the one-loop ¢ for
gravity-Higgs theory is independent of ¢ at order x°. Paradoxically, the quantum theory
of scalar fields on a curved background gives B¢ o< 6§ — 1 [42]. The £ dependence must
cancel when we include quantum gravity and require field-covariance of the effective action.
Subsequent results will confirm this using explicit calculations.

4 Expansions of the gravity-Higgs action

We will give results for the second order variations of the gravity-Higgs effective theory
which are needed to evaluate the beta functions. Most of the details have been left out
because these are already covered in the literature, particularly in the work of Barvinsky
et al. [43-45]). We use the Jordan frame formulation and then the covariant formulation can
be checked by verifying the relations between the beta functions give in egs. (3.11)—(3.13).

Variations in field space can be combined into metric and scalar directions, and we
rescale these to have the same dimensions, i.e.

1) )
018 = (%S, S) (4.1)
5guu ol
The second-order variation of the action gives a second order differential operator,
— DDy = —019;8 + T 1,08 = —G1,V? = P’ 1,VaVs + Epy, (4.2)

There are three important tensors in this expression which will be presented below: Grs
is the metric on field space, Plo‘f projects out the gauge-fixed directions, and Ej; is an

- 11 -



effective mass term. The metric is used to construct the Levy-Civita connection by the
usual expression,

1
Ik = igIL (OxGrs + 056K — OLGK) - (4.3)

When writing down local operators like Gr; we usually omit delta function terms.

4.1 First order variations

The first order variation of the action defines the background field equations for the grav-
itational and Higgs fields, which will be denoted by F* and F;,

Kk 0S

wo — (L7 814 HUTTP 2o
FHY — \/gég,w =UG U™ +g™ur, — kT, (4.4)
1 68 1 ;

where D), is a covariant derivative for the metric G;j,
D,6¢" = 9,6¢" — T j1(8,07 )5 (4.6)
Note that F*” has been scaled so that F*¥ = 0 resembles the usual Einstein equation.

4.2 Second order variations

For simplicity, the background scalar field will be assumed constant. The second order
variation —070;S, has derivative terms

_U g(mv)(po) 72 aB(pv)(po) — kg (VRY — ghry2
Vg -1 vorur QVQVﬁ " U’J(v v 2 gy ) |g|1/2, (4.7)
—k U (VPVT — gP7V?) -GV

and a potential term,

B = Eggﬂl/)(/og) ,{guu‘/:j |g|1/2’ (48)
’ Kg* Vi Vij— 5RE2Ug

Two important tensors in the kinetic terms are the DeWitt metric,
gl)eo) = %(g“pg”" +gh7gr — g ), (4.9)
and another tensor which will also appear in the gauge-fixing terms below,
poB(uv)(po) _ ggwg(av)(w)g(ﬁ@(m)_ (4.10)
The mass-like gravity terms are

EL((]W)(PU) = —2U R 4 QURM g7 4 URM gP” + Ugh” RE — 4UR%pg’}” _ QKQVQ(W)(PU)_

(4.11)
Dots over indices indicate symmetrisation in those indices and a subscript 7' denotes the
trace-free part of the tensor. The terms have been organised this way to isolate terms
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which vanish when the differential operator is applied to transverse traceless perturbations
and terms which remain.

Gauge-fixing terms have to be included in the action, and following Barvinski [43]
we take

Lot = =AgUguux"x", (4.12)

where 1
%(g(#l/)(ﬂo')vydgpa _ UﬁlU’ivu(S(ﬁl) (413)
The gauge-fixing term gives a contribution to the second-order variation of,

X" =

UpBueo)y Vs —k U ;g (BT Vg )
— — @ ) @ /2
0101545 = —Ag (_ﬂ_lUig(pg)(ag)vavﬁ %H—QU_lUinvz lgl™/=, (4.14)

We have enough information now to obtain the field-space metric Gr;. We will do this by
requiring the operator to have Laplacian form in the gauge-fixed directions, i.e.

- (8]8J59)5§01 = —g[JVQ&,OJ + E[J(Sgo‘] (4.15)

when x*(dp) = 0. Note that variations of the gauge-fixing term vanish when applied to
the gauge-fixed directions, and so an arbitrary amount of 0;0;5,; can be added to the
differential operator. However, (0;05S,) + A, (87855,y) is the unique combination of the
second order variations that has Laplacian form. The coefficient of —V? in this combination
is therefore the field-space metric, and this gives

Ug(W)(pU) —%m_lUng 12
= ’ . 4.16
gIJ (—51{_1 U’igpo- Gz] + %K/_QU_l U,iU,j |g| ( )

(We also obtain exactly the same result using dyx® = )\;/ 2R[O‘ for the R gauges as in
section 2. This is a special feature of the gauge fixing term (4.13), and for other choices it
becomes necessary to combine information from both gauge-fixed and pure gauge directions
to obtain the metric). For future reference, the inverse metric is given by

U™ 9wy po) + 152U URUMW gungpe - =557 WU g,
G = AW, G — 3W1k=2000 |[g] 7V (4.17)

where W =U + %/i_zU_lUﬁ-U’i.
Finally, comparing to the expression (4.2), we can also read off the tensor PeB s,

U PpeBlu)(po) =17y . glu)(aB)
af - _ J 1/2
Py = (_K—lUig(pd)(aﬁ’) Le20-10,U, g™~ (4.18)

The variations are considerably simpler in the Einstein frame U = 1. Indeed, one of
the motivations for considering covariant approaches is to ensure that the Einstein frame
result can always be used reliably. However, just this once, we are going to verify that the
covariant result is independent of the choice of conformal frame.
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4.3 Vilkovisky-DeWitt corrections

The Levy-Civita connection is given by the usual expression (4.3). The connection con-
verts the scalar derivatives V;; into covariant derivatives V;;, and adds extra terms to the
differential operator (4.2). For simplicity, we just quote the contributions up to O(x?),
and take the spacetime curvature to be of order x? and the scalar derivatives V; of order
K, then

EF(W/)(;UJ) —%/{(2‘/:3' — K_QRU,]')QMV ) , (419)

8,08, =
9 —2k(2V; — k72RU,;)g” L(Gij + k72U,5) (R — 4k*V)

where 1 1
B0 = 20g Ry — SURY'9™ — U™ Ry (4.20)

Eq. (4.19) is exact when in the minimally coupled case U = 1. In the non-minimally
coupled case, when the Levy-Civita connection term is combined with the mass terms
from the second variation of the action (4.8), we see that the curvature coupling terms
U.;jR cancel. In particular, the 26Kk2 R term which would contribute ¢ dependence to the
beta-function 3¢ has been cancelled off by the Vilkovisky-DeWitt corrections.

5 Gravity-Higgs mode expansions

We argued in section 2 that the scaling behaviour of the gravity-scalar effective action can
be expressed in terms of spacetime invariant tensor combinations. General expressions for
these combinations are known from heat kernel methods for a wide range of second order
operators [30, 41], but there are some non-Laplace type operators where the general results
are not yet available. Furthermore, it can be very cumbersome applying these general
results. A more practical approach is to use a direct evaluation of the the generalised zeta
function on a simple manifold for a simple operator, for example gravity with a single scalar
field on the sphere [46, 47], and read off the relevant coefficients.
On the sphere Sy, the curvature is given in terms of the Ricci scalar

1
Ryvpe = ER (g,upgua - g,uagup) ) (5.1)

and the radius of the sphere is /12/R. Consider a single constant scalar field ¢ with
Euclidean Lagrangian

1 1
Lp=5K(9)(Ve)* + V() - 5U(9)R (5.2)
The second order operator for the Euclidean theory is
DID;Sp = —61 V2 4+ (N, — )RRy, + E 5, (5.3)

where the general expressions for RI®R j, and E!; where given in section 4. For a single
field, we replace V; by V’ and V;; by the covariant derivative with metric K(¢),

V"= KY2(KV2yY (5.4)
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The differential operators can be diagonalised by expanding the fields in a basis of Sy
orthonormal harmonics: scalar modes h°, transverse vector modes hvu and transverse-
traceless tensor modes hTW. Transverse modes are divergence free, i.e. V“hvu = 0. The
eigenvalues of —V? for the respective modes are Ag, Ay and Ar. Modes can be traded up
into higher rank tensors by applying derivatives to the basic set of harmonics. The general
decomposition of the metric plus scalar field into the basis of harmonic functions and their
derivatives is given by mode sums with coefficients !,

g = 2K Z {xlhlj;y + 2$2V(thy) + $3V/th + 334g“,,h5} Y Z z°h°, (5.5)

modes modes

where V,,, = V,V, — i gWV2. In the ghost sector, there is a similar decomposition,

Cu = Z {ylhvu + y2V“hS} : (5.6)

modes

The eigenvalues of the derived modes change due to non-commutation of the covariant
derivatives, for example

- Vv? (V(thy)) = ()‘V - %R) V(uhvu) (5.7)

The derived modes are not normalised, but their normalisation can be deduced from the
original harmonic, for example

4 / kY oy VR g2 dhe = 2 (A — 1R) | (5.8)

The action of the operators and products in the harmonic basis for a given set of eigenvalues
can be represented now by 5 x 5 matrices, which are given in appendix A.

At this point, we would like to stress an important point that the matrices D;D;Sg
are not positive definite, so there are directions which decrease the Euclidean action
and invalidate the path integral approach. This is the famous conformal mode prob-
lem of Euclidean quantum gravity. However, the matrices representing I1D;D;Sgll, and
DiDjSE + A\gR1“Rjq for sufficiently large A4, are both positive definite and the path in-
tegral can be defined. This is the solution to the conformal mode problem of Euclidean
quantum gravity referred to in ref. [41].

The renormalisation scale dependence of the one-loop effective action can be calculated
in two different ways, and the comparison gives a check on the accuracy of the result. The
first way is by gauge decomposition,

== (0,I((D'D,S)IT) + ¢ (0, RTRy5) (5.9)

The second version is Landau gauge,

dF(El) . T T 1/2p1
(00005 ) s R, G0
9
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In each case, the eigenvalues are evaluated by diagonalising the matrices and the generalised
zeta functions are defined for s > 2 by series,

(s, A) =) A" (5.11)
A

Spherical harmonic eigenvalues are all quadratic polynomials in a single ‘angular momen-
tum’ index n. After diagonalisation, the eigenvalues are algebraic functions of the spherical
harmonic eigenvalues, but standard zeta-function methods can be modified to analytically
continue and evaluate (0, A) [48].
For example, in the transverse-traceless tensor sector I = J = 1, the eigenvalues are
the same for either method,
A= Ar +U " 'm3. (5.12)

The tensor eigenvalues are given in appendix B, and after analytic continuation us-

ing (B.16),
2 4

1 m m
¢(0,(D*S)1) = 5t 20U—}7% + 60U27}T%2 (5.13)

Contributions to the beta-functions from the transverse-traceless tensors can be ob-
tained from

acty by
= — 14
MR dMR 16772’ (5 )
where the adiabatic expansion coefficient b, can be extracted from
b= T (0, (D25)) = (0. (D25)") (5.15)
2™ Volume Sy DY ’ 1/ '

After substituting for m2T (see appendix B), the tensor mode contribution to be becomes

719 25 K2RV 4y2
L (A AL I T) LA (5.16)

by —
27 432 3 U U2

For example, with U = 1 — £k2¢?, we have a contribution to B¢ from expanding the second
term in powers of k,

Be — 274€ — v4€ = 2 coeff (b, R$?) = 53—0/44% + O(K®). (5.17)

Other contributions to the beta functions can be obtained in a similar way from the
matrices given above, but the details are lengthy and unilluminating. The results given
below have been obtained using MAPLE and most of them have been checked by hand.
We will give results for the contributions to the beta functions from the Higgs background
direction and the gravitational sector with which it mixes. Other contributions from the
Higgs components perpendicular to the background direction (‘Goldstone-like modes’) will
be given in a later section.

Tables 1 and 2 show results at leading order for small x*V{), assuming that the curva-
ture R and the mass square p? are of order x2Vj. These choices are consistent when the
application is to Higgs stability, where the curvature of the universe R ~ 4x2V{ and the
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Jordan frame Einstein frame

1672 B¢ (66 —1)A Y
1672 3,,2 612\ 6(u? + 4€R2VH) A
1672(B,2 + 4K2VoBe)  6(p® + 4ER2Vo) A — AAR2Vy - 6(u + 4ER-2Vo) A — 4AR2V)
Covariant
1672 3¢ 2\
16725, 6(p2 + 4Ex2Vo) A — 12A62V})
1672(8,2 + 462VoBe)  6(1® + 46r2Vo) A — 4Nk2V

Table 1. f—functions for the curvature coupling and the mass of a gravity coupled scalar field at
leading order for small k*V;. The Jordan frame result has been calculated directly from the original
action. The Einstein frame result is obtained by transforming the action to the Einstein frame.
The covariant result uses a geodesic expansion on field space and is independent of the frame used.
The renormalisation group flow of u? 4+ 4k2V(€ is the same for each of these approaches.

Jordan frame Covariant
16723y  18\2 182
167285 90A\g — 18A%(2 — 8¢ + 18£2)  90ANg — 18M%(1 — 7€ + 24£?)
1672y, —3r%p® + 262 (2 — 462V)  2(p? + 46R7V0)R? — B2V

Table 2. f—functions for the quartic scalar self-coupling A and the sixth order scalar self-coupling
X of a gravity coupled scalar field at leading order for small £*V;. The wave function renormalisa-
tion of the metric v, is given at order k*Vy. The Jordan frame results have been calculated directly
from the original action. The Einstein frame results are obtained by transforming the action to the
Einstein frame. The covariant result uses a geodesic expansion on field space and is independent of
the frame used.

Higgs mass is negligible. Contributions to the beta functions from the gravitational per-
turbations, like the transverse traceless tensor modes discussed above, enter only at order
k*Vp, in agreement with the conclusion of ref. [22]. However, quantum gravity does has an
effect at leading order through the Vilkovisky-DeWitt connection terms in the operators.

The first thing to notice in table 1 is the absence of § terms for ¢ in the Einstein
frame and the covariant results. The reason for this in the Einstein frame is obvious,
since the £ R¢$? term has been eliminated by the conformal transformation, and ¢ appears
in the Einstein frame scalar potential V;/U? instead. The absence of ¢ in the covariant
results follows from the beta-function relations (3.11)—(3.13). In the explicit calculation,
the leading order contribution to B¢ from RU” in the mass matrix (A.3) cancels with the
Vilkovisky-DeWitt correction.

In table 1 we see that the renormalisation group flow of p? 4 4k2Vj€ is the same in all
the different approaches. For Higgs stability, R ~ 4x2Vj, and the effective square mass of
the Higgs field p? + R ~ p? + 4x?Vp€. This is the crucial combination which determines
whether the Higgs can survive in the false vacuum during early universe inflation, as we
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shall see later in section 7. The non-covariant formulation in the Jordan or the Einstein
frame therefore gives the same outcome for stability as the covariant approach, at least for
small values of xk*Vj.

6 Gauge bosons, Goldstone modes and fermions

We turn now to gauge bosons, Goldstone modes and fermion contributions to the effective
action for the scalar field on a curved spacetime background. In this case, there are no
background gauge fields and the gauge modes decouple from the graviton and scalar modes
of the previous section. Quantum gravity still has an effect via the Vilkovisky-DeWitt
connection term. We will describe the calculation in the Einstein frame, using the beta-
function relations (3.11)—(3.13) to extend the results to the Jordan frame. All the results
have been checked using a direct Jordan frame calculation.

The gauge-Goldstone mode action which we use is
1 apv 1 7 j
Eg = _ZFa,u,uF K ‘9‘1/2 - §5$(D#¢) (DN¢)]|9|1/2 - V(¢)‘g‘1/27 (61)

where D, ¢ = V¢ — gA,,T*¢ and (52-# is orthogonal to the background Higgs direction
used in the previous section.

For the Electroweak theory in particular, variations in the W, Z and the photon
directions decouple. In one of the two ‘W’ directions for example, ¢! = (Awp, #") and
the second variation of the action with respect to the field variables is

_ AUV YT2 U7V uv 2 _ o
— 0,08 :( gEVIH VIV A Ry omw Y )\gv/z, (6.2)

my V" V2 + 1* + Ap?

where myy = g#/2. The second variation in the Z direction is similar, with myz = (g% +
g?)Y2$/2, where ¢’ is the coupling to the U(1) gauge field. The name ‘Goldstone modes’
has been used, although the modes are in fact massive because the background scalar field
is not at the minimum of the potential.
We can read off the local field-space metric from the coefficients of the Laplacian terms,
Gry = diag(g"*,1)|g|"/?. The R¢ gauges from section 2 correspond to the gauge-fixing
functional
X" = VMAa# - 9¢TTa6¢- (6'3)

The gauge-fixing contribution to the action is then

§POVHENY myy VH
RiaR;% = s gl (6.4)
—-mwV"Y  my,
The ghost operator in the gauge direction associated with the W is
Q% = —V2+miy. (6.5)

There are two ghosts associated with the W direction and one with the Z direction.
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In the covariant approach, there are connection terms in the differential operator
D;D;S because the field-space metric Gry depends on the spacetime metric, leading to
a connection coefficient T®;; with K in the metric direction. The contribution to the
operator is Erry = I'51;0KS,

—Gu — K*Vyg 0
J o iz v 1/2 6.6
TIJ ( 0 %(R— 4/@2‘/)) lgl™/=, (6.6)

where G, + nQVgW = 0 is the Einstein equation when ¢ is constant. Note that the gauge
and the scalar components of the operator all have a mass term containing m%,v + R/2
when the different contributions are added together.

The scaling behaviour of the one-loop action can be found as before by taking the
spacetime background to be the Euclidean four-sphere. An important new consideration
for the gauge boson beta-functions is the Higgs field wave function renormalisation at
one loop,

3
16775 = — g%, + O(s'Vh) (6.7)

where g2, = 392 + ¢’?>. The leading term is simply the flat space result in Landau gauge.
The absence of contributions at order x? can be seen from relation (2.19), which expresses
the difference between covariant and non-covariant results in terms of a tensor polynomial
f depending on the operator and the background field Einstein equation (4.4),

0L L
MR~ R

= f x [k*(Ve)* + 4k*V — R] (6.8)

The only constant in the operator (6.2) which could contribute to f is x2. This would give
a k2u%(V¢)? term, but this is of order x*V{ given our assumptions about 2.

Results are given in tables 3 and 4. The covariant beta-functions are independent
of frame, and differ from the non-covariant expressions. As before, the two approaches
agree on the combination which is important for Higgs stability, u? + 4x?Vp€. There are
differences in the sixth order coupling Ag, but this only enters the Higgs field equations at
O(K*Vp).

We finish of with the top quark as an example of a fermion field. It is far from clear how
the covariant approach generalises to fermion fields, so we take the minimalist approach and
leave off any extra contributions to the effective action. The results are then checked for
consistency against the covariant beta function relations (3.11)—(3.13). The beta functions
are old results, but we repeat them here for completeness. The rescaling behaviour of the
effective action due to the quark field is

(1)
'y’ 9 5 1
IR . —3((0,—V g+ ), (6.9)

where m; = y¢/v/2 is the top quark mass and V., is the covariant derivative acting on
Dirac fields. Fermion fields take the positive sign and the pre-factor takes into account
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Jordan frame

167 3¢ —1(66 = 1)gior + (66 = 1)
16720,2 — 312 Gt + AR
167%(B,2 + 462Vofe)  [6u3 — 4> Vol A — §[u3; — 267 Volgi
Covariant
167 3¢ —1(68 —4)g8, +2)
167282 —3[1% = (8¢ — 6)K> V] gioy + 6[1” + (4€ — 2)K> Vo] A
167° (B2 +4x>VoBe) - [6p — 4°VoIA — 3[uf — 267 Vol gt

Table 3. W and Z vector boson contributions to the S—functions for the curvature coupling and
the mass of a gravity coupled scalar field at leading order in k*Vj. The Jordan frame result has been
calculated directly from the original action. The covariant result uses a geodesic expansion on field
space and is independent of the frame used. The renormalisation group flow of u2%, = pu? + 4k2Vp¢
is the same for each of these approaches.

Jordan frame Covariant
16728y 6A2 = AgZ, + 2397 6A2—Ag2, +2 3¢
16765 18\ — 3 A6t 1876 — A6, + BEAG0r — TAGHr +9(26 — 1N
1672y, (6€ —1)k2u? 262 1%, — 22—3%;41/0

Table 4. W and Z vector boson contributions to the f—functions for the quartic scalar self-coupling
A and the sixth order scalar self-coupling A\¢ of a gravity coupled scalar field at at leading order in
%*Vy. The metric wave function anomalous dimension is given to order £*Vj. The covariant result
uses a geodesic expansion on field space and is independent of the frame used.

the three colours of the SU(3) gauge group. With such a simple operator it is best to use
general results for the adiabatic expansion coefficients [30],

ba(~V24+E) =2 <E — éR)Q + O(R?), (6.10)

The wave-function renormalisation at one loop is 16m%y, = 3y®. The beta functions inferred
from the renormalisation group equation (1.2) are,

16725 = (6¢ — 1)y, (6.11)
167°8,2 = 6y*p°, (6.12)
16728y = —6y* + 12242 (6.13)

There is no contribution to s and 4 at one loop order.
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7 The effective potential and stability

We have argued that the most important contributions to the corrected Higgs potential
are independent of the conformal frame and the stability analysis will be unambiguous as
long as k*V} is negligible. To see how this works out in practice, we will consider instanton
induced Higgs vacuum decay during inflation. Higgs instability is caused by negative values
of the Higgs quartic coupling A.g at large ¢. The Higgs vacuum is protected by a potential
barrier, but the present Higgs vacuum cannot survive a period of inflation if quantum
fluctuations take the Higgs field through the potential barrier. A large, positive, value for
(2 is helpful because it reduces the vacuum tunnelling rate [4].

Perturbative fluctuations in the Higgs field on the scale of the horizon have a magnitude
of order the expansion rate H. The vacuum will decay very rapidly if these fluctuations
are larger than the barrier width. If we denote the value of the field at the maximum
of the potential by ¢, then rapid vacuum decay occurs for H > ¢. If H < ¢, and
\V"(¢p)| < 4H?, then the main contribution to vacuum decay can be calculated using an
instanton solution with the topology of a four-sphere and constant field ¢ = ¢; [49]. The
instanton induced tunnelling rate I'p is given by

I'p=Ae B, (7.1)
where the dominant effect is due to the exponent, given by the difference in action
B = Sulés] — Sil0]. (7.2)

The pre-factor A should be very roughly of order H* on dimensional grounds, so that we
can think of e~ as the decay rate per horizon volume per expansion time.

Consider a classical Higgs action which is given by the Euclidean Jordan frame La-
grangian,

1 1
Ly =5(VO) +V(9) - SU(9)R (7.3)

The Einstein equation (4.4) applied to the instanton four-sphere gives UR = 4k?V. The
Lagrangian is constant, and we only need to multiply the Lagrangian by the volume of a
four-sphere of radius 1/12/R to get the classical action,

247202

Sild) =~ (74)

The same result can be obtained from the Einstein frame action with potential Vg = V/U?.

If we now truncate the difference in action (7.2) to O(x), as in eqs. (3.2)-(3.4), then the

contribution to the exponent is
247 [1

1
= SFT |3 H 1228 + Ay (7.5)

H is the vacuum expansion rate, 3H? = x?Vj. The top of the potential barrier is determined
by the scalar field equation eq. (4.5), which is equivalent to

V() =0, (7.6)
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Note that all the main features of vacuum decay are determined by the Einstein frame
potential even when we start out in the Jordan frame. This approach was used to calculate
tunnelling rates in ref. [50].

We will assume that the quantum corrections are taken into account by replacing
the classical action in the tunnelling exponent with the renormalisation group corrected
effective action,

B =Tplos] - T[0), (7.7)

where ' uses the effective couplings. In particular,

Vet = %M§H(¢)¢2 + i)\eﬂf(cﬁ)& (7.8)

where pgﬂ is the combination ,ugﬁ = 12 + 126 H?. The couplings are obtained by solving
the renormalisation group equations (1.3).

Initial conditions for the running couplings are set at some chosen point. We take this
point to be ¢ = 170GeV, close to the top quark mass. Combining the results from the
tables of beta functions and replacing the vacuum energy by the expansion rate H gives

2
167r2d27;ﬁ =12 (u2s — 2H*) X — % (Hg — 6H?) gioy + 6 (u2g — 2H?) o2, (7.9)
The value of the Higgs coupling is known from experiments at energies less than 1TeV.
The best available values of the Higgs and top quark masses imply that A(170GeV) =
0.12577 [1]. These experiments are essentially at zero vacuum energy V; ~ 0, but since
there is no dependence on the vacuum energy Vj in 8, we can take the experimental values
over to the early universe where V; is large.

The value of p? for the Higgs field as determined in the laboratory is negligible com-
pared to the value of £R in the inflationary universe, but here we have to take care be-
cause of subtleties in the properties of light fields in de Sitter space [51]. We already
see a hint of this in the covariant beta-function which is large, of order H?/3. In the
Euclidean approach to quantum field theory, the infra-red problems lead to a breakdown
of perturbation theory for p; < AY/2H? [40], so our treatment will only be valid above
this bound. Stochastic approximations imply that the light Higgs field develops a mass
p2e =~ 0.3534\12H? [35, 37, 40, 52]. If we assume £?(170GeV) < H?, then this sets
a lower limit for de Sitter space of £(170GeV) > 0.029A!/2. We can say nothing about
curvature couplings smaller than this because the techniques required for dealing with
loop corrections with smaller effective mass scales are quite different from the ones we use
here [51, 53].

The effective couplings using (7.9) are plotted in figure 1. The standard model cou-
plings A\, g, ¢’ and y have been evolved simultaneously using the two-loop flat space beta
functions given in [4]. The value of the top quark mass m; sets the scale of the Yukawa
coupling y and this has a significant effect on the running of the Higgs self-coupling, and
the value of the field where A vanishes. (The location of the point A = 0 is not fixed very
accurately by the renormalisation group corrected potential, and other two loop effects
ought to be included. We have corrected for this by raising A\(170 GeV) by 0.2%.)
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Figure 1. On the left, running couplings A and ¢ with m; = 173.4GeV. On the right is
the effective mass squared u2; = p? + 12H?¢. The initial conditions are A\(170GeV) = 0.128,
A6(170GeV) = 0.1 and p?(170GeV) = 0.
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Figure 2. The effective Higgs potential plotted as a function of the Higgs field for ¢? = 0 and a
range of curvature couplings £ at 170 GeV. There is a single maximum for large expansion rate H
or £, but new maxima and minima appear for small H and &.

Note that for small initial values, the effective mass becomes negative at Higgs field
values below the Planck scale. This can further drive the Higgs instability, and it can even
give the potential a second maximum. This is illustrated by the potential plots in figure 2.
A combination of small initial szf and small expansion rate H leads to twin maxima.

The Higgs effective potential has been used to find the tunnelling exponents plotted in
figure 3. The two plots show different values of the top quark mass, the first one closest in
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Figure 3. Higgs instability regions plotted as a function of the inflationary expansion rate and the
curvature coupling ¢ at 170GeV, assuming p? = 0 at 170GeV. Lines show the exponent B, related
to the vacuum decay rate per physical horizon volume, which is of order e~#. The Higgs vacuum
is unstable in the region above these curves.

line with the measured value and the second which favours Higgs stability. The results are
plotted against the expansion rate of the Higgs vacuum H and the value of the curvature
coupling at 170GeV, under the assumption that the Higgs mass square 2 is negligible at
small ¢. (This latter assumption is questionable, because only the combination ,u,gﬁ has a
frame independent meaning when the non-covariant methodology is adopted.)

In the parameter region ¢ < 0.022 the potential has two maxima. Inside this region,
the tunnelling rate is evaluated at the larger maximum. It is sometimes possible for the
Higgs field to tunnel to the lower maximum, roll down the potential, and then tunnel up to
the larger maximum. This combination is less likely than the single tunnelling event, and
has no effect on the stability of the parameter region at the bottom of figure 3. However, for
small curvature coupling, the field could become trapped between the two maxima during
inflation, and return to the present vacuum state after inflation.

The results support the idea first, proposed in ref. [4], that Higgs stability is sensitive
to the value of the curvature coupling, though there are caveats concerning the case of
negative £, as mentioned above. Running couplings were included in the Higgs stability
analysis of [31]. The results are consistent with [31], although our results are more precise.
Our main conclusion is that the stability analysis is independent of the choice of Jordan
or Einstein frame.

Exactly how we interpret figure 3 is dependent on what we understand by the inflation-
ary scenario. Suppose first of all that the universe is unique, with the minimum amount
of inflation of around N = 60 e-folds. The universe would then have started out one de
Sitter horizon length across, and have grown to include €3V de Sitter horizon regions at
the end of inflation. The majority of these had to survive Higgs vacuum decay, leading to
an extreme limit B 2 180.
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In the event that there are many universes like ours, then the conclusion is quite
different because only one out of many universes has to survive Higgs vacuum decay.
Espinosa et al. [4] argued that the survival probability of the universe can be calculated
and should be o exp(—H2N/32¢7). Assuming that the survival probability of our universe
should be not be exponentially small gives a lower limit on the field at the top of the
potential barrier ¢p = HN 1/2 " This condition can be expressed in terms of B, for if we
substitute this into eq. (7.5), then

72 12
B> __eff 7.10
~ 24 H?2 (7.10)

In practice :U’sz J/H? ~ 1, and therefore ¢, > HN 1/2 corresponds very roughly to B 2 N.

8 Conclusion

The Higgs-gravity system provides an interesting laboratory for trying out ideas in quan-
tum gravity. One of the issues quantum gravity raises is how to define the spacetime
geometry when scalar and metric backgrounds are allowed to mix freely together. We have
found that applying a methodology which is fully covariant under such field redefinitions
is perfectly feasible. This allows a complete physical equivalence between the different
conformal frames. On the other hand, non-covariant approaches can still be used on scales
below the Planck mass as long as we are careful. We advocate using the effective mass
12 4 €R, since this has a covariant meaning, and the simpler Einstein frame can always be
used. In particular, we have found that it is always possible to work consistently in a frame
in which the curvature coupling vanishes. The dependence on curvature coupling in other
frames can be recovered from relations like the beta function relations given in section 3.

The effective action calculations we have done allow quite detailed results for Higgs
vacuum decay which take into account running coupling constants, expanding on the work
in [31]. As previously stated [4], the Higgs-curvature coupling can raise the potential
barrier around the Higgs vacuum and stabilise the Higgs field during inflation. There are
some caveats here, such as the extra metastable minima in the Higgs potential for small
curvature coupling, and infra-red effects which set a lower bound to the effective Higgs
mass, which deserve further study.

In one respect, the approach adopted has not been as general as it could, and maybe
should, be. The covariant effective action has been used, but field redefinitions have not
been fully integrated with the renormalisation group. In a fully general treatment, the
renormalised field ¢ = Z(ugr)¢ should become a non-linear mapping into field space,
or = ¢r(P, ur). We have have not attempted this, in order to retain as much familiarity
with conventional renormalisation group methods as possible.

Finally, we should point out that we have used existing non-covariant results for the
standard model beta functions which are not associated with the spacetime curvature.
This could cause problems if the running couplings depend on gauge parameters. In fact,
the ‘g?\’ terms in 3, are dependent on gauge parameters [15]. The field value at which
the quartic Higgs coupling become negative is not protected by any Nielsen identities and
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may well be gauge parameter dependent. We think that may be something to learn from
gauge-parameter dependence for Higgs instability in flat space.
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A Mode decomposition matrices

The differential operators for the gravity-Higgs system reduce to matrices when acting on
the sphere in a tensor harmonic basis. The eigenvalues of the irreducible tensors are Ap,
Ay and Ag for tensor, vector and scalar harmonics respectively. The eigenvalues of the
matrix A = I1(=V? + E)II and the ghost matrix Q are used to obtain zeta functions and
beta functions. These matrices are given explicitly below.

The Laplacian

Ar 0 0 0 0
0 Awv—2R 0 00
-V, =1| 0 0 Xs—2RO0 0. (A1)
0 0 0 Ag O
0 0 0 0 Ag
The metric on field space,
U 0 0 0 0
0 2U (Av — 3R) 0 0 0
Gry=10 0 3UNs (As —3R) 0 0 (A.2)
0 0 0 —4U —2kU’
0 0 0 —2kU" K + 552U /U
The non-covariant mass matrix, writing m2T = %U R — 2x%V,
m2 0 0 0 0
0 2m% (\v — iR) 0 0 0
Egy=1| 0 0 SmZ (As —tR) 0 0 : (A.3)
0 0 0 8KV 4kV!
0 0 0 4kV' V" — S RU”
The covariant mass matrix including the connection terms
m2 0 0 0 0
0 2m2 (A\v — iR) 0 0
Eg=10 0 3m? (A\s — 3R) 0 0 , (A4)
0 0 0 8K2V 26V’ 4+ k~1RU’
0 0 0 2V + k1RU’ M?
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where M? = V" — 25KV + § KUR — 2VU". The gauge transformation matrix

0 0
1 0
Ri,=10 2 (A.5)
0 3Xs
0 0
The projection matrix I ; = §7 ; — RI NPR 5,
As — 3R 0 0 0 0
1 0 0 0 0 0
1t 1 0 0 —iXg —2 0 (A.6)
) 3 3 1
? 0 05(MAs—3R) 3(As—3R) 0
0 0 0 0 As — iR
The ghost operator
Aw—iR 0
o, — Rlap . — 4 A7
Q% 18 < 0 s 2R> (A.7)
The ghost metric
2U0 0
o A8

B Zeta-function evaluation

Generalised zeta-functions for the operator eigenvalues on a four-sphere can be evaluated
by using a standard binomial expansion method [46, 48]. Eigenvalues of the Laplacian
are quadratic in n, but after diagonalisation of our operators some of the eigenvalues are
non-polynomial, and a modification of the usual techniques is required.

We start with the Laplacian eigenvalues,

R ICHEH B
w2 () -2 3.2
=gy | (w4 3) -] 33

(B.4)
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The degeneracies of these eigenvalues are
1 3\* 1 3
_ - 2y _ Z B.
gs 3<n+2> 12 <n+2> (B.5)
5\* 9 5
_ 2y 2 b B.
gy (n+2> 4(n+2> (B.6)
5
3

)6

(B.8)

ar =

The eigenvalues \,, obtained after diagonalisation are algebraic functions of these eigenval-
ues which can be expanded for large n as power series

1
/\n:ER[(n—i—a)Q—l—A—i—B(n—i—a)ﬁ—i—...]. (B.9)
The degeneracies are generally
gn = b(n+a)® +c(n +a). (B.10)

We replace A, ¢ in the zeta-function by its binomial expansion, and then sums of powers of
n + a can be replaced with Hurwitz zeta-functions (g (s, a),

Cu(s,a) =D (n+a)". (B.11)

n=0

The Hurwitz zeta-functions have an analytic extension with a pole at s = 0 with residue
1. Values at s = —1 and s = —3 are Bernoulli polynomials,

((~1,0) = —3Bsla), (~3,0) =~ Bafa) (B.12)

After rearranging the summations we arrive at an expression for the zeta function,

((s) = (R> T B0(8) + eals)), (B.13)

12
where
F(5) = G2~ 3,0) — sBCu(25 + 1) + ys(s + DAG(25 +1,a) .. (B.14)
9(s) = Cu(2s—1,a) — sACyg(2s + 1,a) + ... (B.15)

All of the terms denoted by ... vanish at s = 0 and we are left with

¢(0) = —%ch(a) - %b34(a) 4~ 3(23 _ 42, (B.16)

The zeta-function sum is always taken from n = 0, but some of the derived modes are
identically zero for some n. For example, the gradient of a constant scalar mode does not
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give a valid vector mode. These exceptions are handled by subtracting the contributions
from the N(h) non-existent modes,

¢(0) = (Zgn/\58> — N(h) (B.17)
n=0

s=0
In particular,
N(Vuh®) =1, N(Vhy) =10, N(V,h%) =6, (B.18)

the last factor consisting of one n = 0 and five n = 1 scalar modes with vanishing second
derivative.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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