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Gravitational Lensing by Black Holes with Multiple Photon Spheres
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We study gravitational lensing of light by hairy black holes, which, in a certain param-

eter regime, can possess two photon spheres of different size outside the event horizon. In

particular, we focus on higher-order images of a point-like light source and a luminous ce-

lestial sphere produced by strong gravitational lensing near photon spheres. Two photon

spheres usually triple the number of high-order images of a point-like light source. When

a hairy black hole is illuminated by a celestial sphere, two photon spheres would give rise

to two critical curves in the black hole image, and the smaller critical curve coincides with

the shadow edge. In addition to a set of higher-order images of the celestial sphere outside

the shadow edge, two more sets of higher-order images are observed inside and outside the

larger critical curve, respectively.
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I. INTRODUCTION

One of the elegant predictions of general relativity is the bending of light rays in curved space,

which produces an effect similar to that of a lens, and hence is known as gravitational lensing

[1–3]. Gravitational lensing has long been an essential tool to address fundamental problems in

astrophysics and cosmology. The lensing near relativistic bodies, including a star on an orbit in the

Kerr spacetime [4] and an accretion disk around a Schwarzschild black hole [5], were first studied

in 1970s. Since then, there have been many works investigating gravitational lensing by the distri-

bution of structures [6–8], dark matter [9–11], dark energy [12–16], quasars [17–20], gravitational

waves [21–23] and some other compact objects [24–31]. Recently, the Event Horizon Telescope

collaboration achieved an angular resolution sufficient to observe the image of the supermassive

black hole in the center of galaxy M87, which ushered us into a new era of studying gravitational

lensing in the strong gravity regime [32–39]. In particular, the shadow in black hole images, which

is closely related to strong gravitational lensing near photon spheres, has been a subject of great

interest to researchers [40–69].

To understand the formation of Hairy Black Holes (HBHs), a novel type of HBH solutions

have recently been constructed in Einstein-Maxwell-scalar (EMS) models, where the non-minimal

coupling between the scalar field and the electromagnetic field can trigger a tachyonic instability to

form spontaneously scalarized HBHs from Reissner-Nordström (RN) black holes [70–74]. Properties

of the HBHs have been extensively studied in the literature, e.g., different non-minimal coupling
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functions [75–77], massive and self-interacting scalar fields [78, 79], horizonless reflecting stars

[80], stability analysis of HBHs [81–85], higher dimensional scalar-tensor models [86], quasinormal

modes of HBHs [87, 88], two U(1) fields [89], quasi-topological electromagnetism [90], topology and

spacetime structure influences [91], and HBHs in the dS/AdS spacetime [73, 92–94].

Intriguingly, the scalarized HBHs have been found to possess two photon spheres outside the

event horizon in certain parameter regions [95, 96]. The existence of two photon spheres can

significantly affect the optical appearance of HBHs illuminated by the surrounding accretion disk,

e.g., producing bright rings of different radus in the black hole images [95] and noticeably increasing

the flux of the observed images [96]. Moreover, the effective potential for a scalar perturbation

in the HBHs with two photon spheres was shown to exhibit a double-peak structure, leading to

long-lived quasinormal modes [97] and echo signals [98]. It is worth noting that the existence of

two photon spheres outside the event horizon has also been reported for dyonic black holes with a

quasi-topological electromagnetic term [99] and black holes in massive gravity [100, 101].

Since gravitational lensing plays a key role in observing black holes, we aim to study gravitational

lensing by the HBHs with two photon spheres in this paper. The remainder of this paper is

organized as follows. After we briefly review the HBH solutions in the Einstein-Maxwell-scalar

theory and introduce the observational settings in section II, the lensed images of a point-like light

source and a celestial sphere are presented and discussed in section III. Section IV is devoted to

our conclusions. We set G = c = 1 throughout the paper.

II. SET UP

In this section, we briefly review the HBH solutions, discuss the associated geodesic equations

and introduce the observational model. Consider an Einstein-Maxwell-scalar theory with an expo-

nential coupling, whose action is given by [70]

S =

∫
d4x
√
−g
[
R− 2∂µφ∂

µφ− eaφ2FµνFµν
]
, (1)

where R is the Ricci scalar, the scalar field φ is minimally coupled to the metric gµν and non-

minimally coupled to the electromagnetic field Aµ, and Fµν = ∂µAν − ∂νAµ is the electromagnetic

field strength tensor. To obtain HBH solutions, it showed that the dimensionless coupling constant

a has to be larger than 1/4 [70]. For the asymptotically flat and spherically symmetric black hole

solution ansatz,

ds2 = −N(r)e−2δ(r)dt2 +
dr2

N(r)
+ r2

(
dθ2 + sin2 θdϕ2

)
, A = Atdt = V (r)dt, (2)



4

0.1 0.5 1 5 10 50 100

0.0

0.5

1.0

1.5

2.0

2.5

r

E
ve
nt
H
or
iz
on

E
ve
nt
H
or
iz
on

N(r)

ϕ(r)

δ(r)

0.5 1 5 10 50 100

0.00

0.02

0.04

0.06

0.08

r

V
ef
f

Q=1.0641

Q=1.0541

FIG. 1. HBH solutions with a = 0.9 and M = 1 for Q = 1.0541 (blue lines) and Q = 1.0641 (orange lines),

and the associated effective potentials as a function of r. Left: The metric functions are plotted outside the

event horizon (vertical dashed lines), and the solid, dashed and dotted lines represent N (r), φ (r) and δ (r),

respectively. Right: For the smaller charge (blue line), the effective potential has only a single extremum.

For the larger charge (orange line), the effective potential presents a double-peak structure with two local

maxima, corresponding to two photon spheres outside the event horizon.

the equations of motion are

2m′(r)− r2N(r)φ′(r)2 − e2δ(r)+aφ(r)2r2V ′(r)2 = 0,

δ′(r) + rφ′(r)2 = 0,[
e−δ(r)r2N(r)φ′(r)

]′
− αeδ(r)+aφ(r)2φ(r)r2V ′(r)2 = 0, (3)[

eδ(r)+aφ(r)2r2V ′(r)
]′

= 0,

where the Misner-Sharp mass function m(r) is defined by N(r) ≡ 1− 2m(r)/r, and primes denote

derivatives with respect to r. The last equation in eqn. (3) leads to V ′(r) = −e−δ(r)−aφ(r)2Q/r2,

where the constant Q can be interpreted as the electric charge of the HBH. Moreover, one can

implement boundary conditions at the event horizon of radius rh and spatial infinity as

m (rh) =
rh
2

, δ (rh) = δ0, φ (rh) = φ0, V (rh) = 0,

m(∞) = M , δ(∞) = 0, φ(∞) = 0, V (∞) = Ψ, (4)

where δ0 and φ0 are two constants characterizing the black hole solution, M is the Arnowitt-Deser-

Misner mass, and Ψ is the electrostatic potential. In addition, we focus on the fundamental state

of the HBH solution, where the scalar field φ(r) stays positive outside the event horizon. Note

that φ0 = δ0 = 0 correspond to RN black holes with φ = 0. Nevertheless, HBH solutions with

a non-trivial scalar field φ can exist for non-zero values of φ0 and δ0. In this paper, a shooting
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method built in the NDSolve function of WolframrMathematica is employed to numerically solve

eqn. (3) with the given boundary conditions (4). The metric functions of two HBH solutions with

a = 0.9 and M = 1 are presented in FIG. 1, where the blue and orange lines denote Q = 1.0541

and Q = 1.0641, respectively.

Light rays propagating in the HBH spacetime are described by the geodesic equations

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0, (5)

where λ is the affine parameter, and Γµρσ is the Christoffel symbol. Using ds2 = 0, one can rewrite

the radial component of the geodesic equations as

e−2δ(r)

(
dr

dλ

)2

=
1

b2
− e−2δ(r)N(r)

r2
, (6)

where we rescale the affine parameter λ as λ → λ/|L|, b = |L|/E is the impact parameter, and L

and E are the conserved angular momentum and energy of photons, respectively. From eqn. (6),

the effective potential governing light rays is defined as

Veff(r) =
e−2δ(r)N(r)

r2
. (7)

Unstable circular null geodesics at radius rph, which constitute a photon sphere of radius rph, are

determined by

Veff (rph) =
1

b2ph

, V ′eff (r) = 0, V ′′eff (rph) < 0, (8)

where bph is the corresponding impact parameter. The effective potential Veff(r) of the aforemen-

tioned HBH solutions is plotted in the right panel of FIG. 1. Remarkably, it shows that, when

the black hole charge is large enough, Veff(r) can have two local maxima, leading to a double-peak

structure. Consequently, hairy black holes with the double-peak effective potential possess two

photon spheres outside the event horizon.

In this paper, we study images of the HBHs illuminated by light sources on a celestial sphere

and use the numerical backward ray-tracing method to calculate light rays from an observer to the

celestial sphere (or the event horizon). To supply initial conditions for eqn. (6), one considers the

4-momentum of a photon measured by a static observer located at (to, ro, θo, 0),

p(t) = − pt√
N(ro)e−δ(ro)

, p(r) = pr
√
N(ro), p(θ) =

pθ
ro
, p(ϕ) =

pϕ
ro| sin θo|

, (9)

where pµ = dxµ/dλ|(to,ro,θo,0). As in [102], the observation angles α and β are introduced as

sinα =
p(θ)

p(t)
, tanβ =

p(ϕ)

p(r)
, (10)
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which are determined by the momentum of the photon received by the observer. The Cartesian

coordinates (x, y) of the image plane of the observer is defined by

x ≡ −roβ, y ≡ roα, (11)

where the sign convention for β leads to the minus sign in the x definition. Note that the zero

observation angles (0, 0) correspond to the direction pointing to the center of the black hole.

The HBH image viewed by the observer is determined by gravitational lensing, which maps the

observation angles α and β to a point in the celestial sphere or the event horizon. Lights rays

coming from the event horizon correspond to gray pixels in the HBH image, which compose the

black hole shadow. On the other hand, the pattern information of the light source is retrieved by

lights rays connecting the celestial sphere with the observer. Specially, light rays asymptotically

originating from photon spheres form critical curves in the HBH image, and hence photons captured

near the critical curves will have circled the HBH many times before reaching the observer. As

anticipated, higher-order images of the celestial sphere would stack up near the critical curves.

Furthermore, to understand the pattern of the HBH image, we consider multiple images of a

point-like light source on the celestial sphere. Due to gravitational lensing, light rays from the

point-like light source to the observer can go through different paths to create an infinite series of

images. Without loss of generality, we suppose that the observer and the point-like light source

are on the equatorial plane and at (to, ro, π/2, 0) and (ts, rs, π/2, ϕs), respectively. In this case, the

change of angular coordinate ∆ϕ of the light rays is given by

∆ϕ =

 min (ϕs, 2π − ϕs) + nπ, n = 0, 2, 4 · · ·

max (ϕs, 2π − ϕs) + (n− 1)π, n = 1, 3, 5 · · ·
, (12)

where the number n can be used to label the multiple images. In particular, n = 0 corresponds to

the primary image, n = 1 to the secondary image, and n > 1 to the higher-order images.

III. NUMERICAL RESULTS

To illustrate gravitational lensing by HBHs with single-peak and double-peak effective poten-

tials, we place a luminous celestial sphere at rCS = 12M . The celestial sphere is concentric with the

HBHs and encloses observers. Two static observers, henceforth denoted as O and P , are located

at xµO = (0, 6M,π/2, 0) and xµP = (0, 6M,π/3, 0), respectively, and their viewing angles capture

2π/3 of the celestial sphere. From the observers’ position, we scan their viewing angles by numer-

ically integrating 3000× 3000 null geodesics until reaching the celestial sphere or hitting the event
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FIG. 2. The observational image of the celestial sphere in the Minkowski spacetime. The observer has a

2π/3 field of view and is at rO = 6 on the equatorial plane.

horizon. The light source on the celestial sphere is divided into four quadrants, each of which is

painted with a different color. Moreover, we also lay a set of black lines of constant longitude and

latitude, with adjacent lines separated by π/180. To illustrate the pattern of the light source, we

present the image of the celestial sphere viewed by the observer O in Minkowski spacetime in FIG.

2. Note that an external view of the celestial sphere can be found in [103, 104]. Without loss of

generality, we set M = 1 in this section.

A. Single-peak potential

We consider gravitational lensing by the HBH with the coupling a = 0.9 and the electric charge

Q = 1.0541, which possesses a single-peak effective potential as shown in the insets of FIG. 3.

The single-peak potential indicates a single photon sphere, which plays an important role in the

gravitational lensing. In FIG. 3, we plot four light rays connecting a point-like light source on

the equator of the celestial sphere with the observer O, which produce the n ≤ 3 images of the

light source seen by the observer O. It displays that strong gravitational lensing near the photon

sphere is responsible for the higher-order images of the point-like light source. In addition, b−2 of

the light rays are plotted as horizontal lines in the insets of FIG. 3, which shows that the impact

parameter of the light rays producing the higher-order images approaches that of the photon sphere
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FIG. 3. Light rays producing the primary (n = 0, yellow line), secondary (n = 1, green line) and higher-

order (n = 2 and 3, blue and red lines) images of a point-like light source on the equatorial plane of the

HBH with a = 0.9 and Q = 1.0541, which has a single-peak potential. The black disk and dashed circle

represent the HBH and the photon sphere, respectively. The horizontal lines in the insets denote b−2 of

the corresponding light rays, where b is the impact parameter. The impact parameter of the higher-order

images is very close to that of the photon sphere located at the potential peak.

from above in the strong deflection limit with n→∞. Hence, the higher-order images of the light

source lie outside and asymptotically approach the critical curve associated with the photon sphere

at the potential peak.

When the HBH is illuminated by the celestial sphere, the black hole images viewed by the

observers O and P are presented in the upper and lower rows, respectively, in FIG. 4. The gray

area in the HBH images is the black hole shadow, whose edge is the critical curve (or “apparent

boundary” called by Bardeen [105]). As in the case of point-like light sources, just outside the

critical curve lies a sequence of higher-order celestial sphere images, which forms the “photon ring”

[106]. To show detailed structure of the photon ring, we magnify the regions bounded by white

boxes of the left column in the right column, which display that the higher-order celestial sphere

images are self-similar and asymptotically approach the shadow edge.

B. Double-peak potential

We now investigate gravitational lensing by the HBH with the coupling a = 0.85 and the electric

charge Q = 1.0603, which possesses a double-peak effective potential as shown in the insets of FIG.

5. The two peaks of the potential correspond to two photon spheres of different size outside the

event horizon. Note that the inner potential peak is higher than the outer one, which makes effects
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FIG. 4. Images of the HBH, which is illuminated by the celestial sphere, viewed by the observers O (top

row) and P (bottom row). Here, we take a = 0.9 and Q = 1.0541, corresponding to a single-peak effective

potential. The panels in the right column highlight the regions near the shadow edge (critical curve), which

are bounded by white boxes in the left column. There appears a series of higher-order images of the celestial

sphere, which asymptotically approaches the shadow edge.

of the smaller photon sphere visible to a distant observer. Owing to the existence of two photon

spheres, higher-order images of some light source gravitationally lensed by the HBH can have richer

structure than in the single-peak case.

FIG. 5 exhibits light rays travelling from a point-like light source on the equator of the celestial

sphere to the observer O, which produce n = 4 and n = 6 higher-order images of the light source,
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FIG. 5. Light rays producing the n = 4 (top panel) and n = 6 (lower panel) higher-order images of a

point-like light source on the equatorial plane of the HBH with a = 0.85 and Q = 1.0603, which has a

double-peak potential. The two dashed circles denote the photon spheres at the potential peaks. In the

insets, b−2 of the light rays are plotted as horizontal lines. For each n, strong gravitational lensing near the

photon spheres results in three higher-order images seen by the observer O.

in the upper and lower panels, respectively. What stands out in this figure is that, for a given

n, three higher-order images can be seen by the observer. On the other hand, a point-like light

source only produces one higher-order image with a fixed n in a HBH of single-peak potential.

To gain an insight into the higher-order images, we present b−2 of the light rays as horizontal

lines in the insets of FIG. 5. The impact parameter b of the light rays with the largest/smallest b,

which are displayed as red/blue lines, is slightly larger than b of the larger/smaller photon sphere,

indicating that the light rays of largest/smallest b may circle around the larger/smaller photon

sphere several times before captured by the observer, and produce higher-order images outside

the critical curve associated with the larger/smaller photon sphere. When n is large, the light

rays with the largest and smallest b are expected to be temporarily trapped around the larger and
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smaller photon spheres, respectively. More interestingly, the light rays of intermediate b, which

are represented by green lines, can circle around the HBH between the larger and smaller photon

spheres. As shown in the insets of FIG. 5, the impact parameter b of the light rays with the

intermediate b is smaller than that of the larger photon sphere and approaches it with increasing

n. This observation suggests that, these light rays generate higher-order images inside the critical

curve associated with the larger photon sphere, and would circle many times around the larger

photon sphere in the strong deflection limit when they travel toward or away from the HBH. Note

that light rays with b asymptotically smaller than that of a photon sphere have been analytically

discussed in the framework of ultracompact objects [107] and wormholes [108].

If the light source is the celestial sphere, strong gravitational lensing near two photon spheres can

leave distinctive imprints on the HBH images. Specifically, light rays asymptotically approaching

the two photon spheres yield two critical curves in the HBH images. As explained earlier, higher-

order images of the celestial sphere are stacked up near the critical curves. Moreover, the results

from the previous paragraph signal that three sets of higher-order images can be observed in the

HBH images. In fact, images of the HBH illuminated by the celestial sphere are displayed for the

observers O and P in the upper and lower rows of FIG. 6, respectively. Similar to the single-peak

case, the shadow edge is one critical curve determined by the smaller photon sphere, and one

set of higher-order images of the celestial sphere lies just outside the shadow edge. The zoom-in

images of the regions bounded by white boxes in the left column are exhibited in the right column,

where dashed white lines represent the other critical curve determined by the larger photon sphere.

Remarkably, two more sets of higher-order images are spotted inside and outside this critical curve,

respectively. In the strong deflection limit, these higher-order images asymptotically approach the

critical curve. In contrast to the single-peak case, the photon ring of the images of HBHs with a

double-peak potential includes three sets of higher-order images.

IV. CONCLUSIONS

In this paper, we investigated lensed images of a point-like light source and a luminous celestial

sphere for a class of HBHs in an Einstein-Maxwell-scalar theory, where the scalar field is minimally

coupled to the electromagnetic sector. Depending on the HBH parameters, the HBHs can have one

or two photon spheres outside the event horizon. For the HBHs with a single photon sphere, strong

gravitational lensing around the photon sphere brings about higher-order images of the point-like

light source and a set of higher-order images of the celestial sphere just outside the shadow edge.
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FIG. 6. Images of the celestial sphere gravitationally lensed by the HBH with a = 0.85 and Q = 1.0603,

which has a double-peak potential. The observers O and P are considered in the upper and lower rows,

respectively. The panels in the right column zoom in the regions bounded by white boxes in the left column.

The shadow edge and the dashed white line are the critical curves, which are determined by the smaller and

larger photon spheres, respectively. Besides a set of higher-order images just outside the shadow edge, two

sets of higher-order images can be seen near the other critical curve.

On the other hand, the existence of an extra photon sphere could triple the number of the higher-

order images of the point-like light source. Moreover, three sets of higher-order images of the

celestial sphere near two critical curves are observed for the HBHs with two photon spheres. These

peculiar signatures provide a powerful tool to search for black holes with multiple photon spheres.
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While the shadow size of a black hole may depend on the surrounding astrophysical environment

[106, 109], the photon rings, which are composed of higher-order images of the astrophysical source,

have been found to be insensitive to the assumed astrophysical source model [110]. Consequently,

detections of the photon rings would probe the underlying spacetime in a model-independent way,

providing powerful new tests of general relativity and Kerr hypothesis [111–114]. To explore the

effects of multiple photon spheres on future detections of the photon rings, it will be of great

interest if our analysis can be generalized to more astrophysically realistic models.
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