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1 Introduction

The gauge-gravity correspondence equates certain gravitational theories to strongly cou-
pled field theories in a lower dimensional spacetime, enabling a deeper understanding of
both. Strongly coupled field theories are notoriously hard to study directly, but it has been
proposed that in the presence of conformal symmetry they can be quantitatively “boot-
strapped” by exploiting symmetry and physical consistency principles [1]. This makes it
increasingly feasible to look “under the hood” of the duality and, following the program
initiated in [2], to develop CFT techniques to tackle problems in quantum gravity.



A key realization of the bootstrap program is that the singularities of correlators in a
certain limit determine the large-spin behavior in the expansion around other limits [3-5].
Crucially, this works to all orders in an expansion in inverse spin [6], see also [7, 8], thus
allowing in principle the full OPE data to be reconstructed just from singular terms. When
applied to large-N theories, it turns out that, with the correct understanding of “singular”,
reviewed below, only single-trace exchanges contribute, making this procedure particularly
efficient. The part of the correlator which is analytic in spin is fully reconstructed [6, 8-11],
while any possible ambiguity is limited to the lowest few spins (¢ < 2) and is otherwise
constrained by crossing [9, 12]. The idea of building up all correlators from just the singular
part of single-trace exchanges is especially appealing in theories which have a low-energy
gravity dual, since the spectrum then contains a limited number of single-trace primary
operators, such as the stress tensor dual to the graviton.

The aim of this paper is to carry out this program explicitly in a concrete example
of a fully-fledged, consistent CFT. We will show how to explicitly reconstruct, from sin-
gularities, all CFT-data in AN/ = 4 super Yang-Mills with gauge group SU(N), to order
1/N* at strong ‘t Hooft coupling. This corresponds to one-loop in the dual gravitational
theory, namely type IIB superstring theory on AdSsxSs. Having such a specific example
at hands makes it possible to ask a variety of sharp questions. In particular, we will ana-
lyze in detail how the CF'T correlator encodes the flat space S-matrix of 10D supergravity,
at both tree-level and one-loop. This will reveal a direct connection between the method
of CFT analyticity and the traditional method of S-matrix unitarity and dispersion rela-
tions. While we focus our attention on this specific example, we expect the method and
philosophy to apply more widely.

This paper is organized as follows. In section 2 we explain the general idea of the
method and summarise our results, without entering into technicalities. In section 3 we
show how to recover the CFT-data from the double-discontinuities of the correlator, using
the Froissart-Gribov inversion integral derived in [12]. In section 4 these results are recov-
ered from all order perturbation around large spin, following [6]. It is furthermore shown
that the two inversion procedures are actually equivalent. In section 5 we study a particular
limit of the CFT correlator which reproduces the S-matrix of the higher-dimensional bulk
theory. Remarkably, it is found that the limit of the discontinuity of the CFT-correlator
reproduces the discontinuity of the bulk theory S-matrix. This allows to draw a perfect
parallel between our inversion procedure in CFT and the standard S-matrix reconstruction
via dispersion relations. We also explain in detail the precise ambiguities when following
these procedures. With then end up with some conclusions, while some of the technical
details are deferred to the appendices.

2 Generalities

The stress tensor of ' =4 SYM lies in a short multiplet. The super conformal primary of
this multiplet is a scalar operator Os, of protected dimension 2 and which transforms in the
[0, 2, 0] representation of the SU(4) R—symmetry group. We will consider the correlator of



four identical such operators

R (u. v
(Os(1)0s(a2) Or(a3) Oy = 3 T ) 2.1)
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where the sum runs over the six representations present in the tensor product [0,2,0] x
[0,2,0] and we have introduced the cross-ratios
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The superconformal Ward identities allow to write all functions G (u,v) in terms of a
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single unprotected function G (u, v), equal to G(1%%) /42, which satisfies the following crossing

relation
U — v

v2G(u,v) — u*G(v,u) + (u* — v?) + =0 (2.3)

Cc

with the central charge ¢ = N24_1. See [13] for the details.! G(u,v) admits the following
decomposition
Gu,v) = GE"™) (u, v) + H(u,v) (2.4)

Here GG (4, v) encodes the contribution from protected intermediate operators, belong-
ing to short multiplets. It does not depend on the coupling constant and has been explicitly
computed in [13]. H(u,v) encodes the dynamical contribution from long multiplets. It ad-
mits a decomposition in super-conformal blocks

H(u,v) = Z ane ga,e(u,v) (2.5)
A

where the sum runs over super conformal primary operators in long multiplets, with dimen-
sion A and spin /. Each contribution is weighted by the squared OPE coefficient aa , and
the function g, which includes a normalization factor which will be convenient in this work:

L'(h)?

Th = TEh—1)" (2.6)

gae(u,v) = TatareT Atz X w2 Gayae(u,v),

The standard four-dimensional block ga ¢(u,v) is in turn expressed most simply in terms

of cross ratios z, z, such that u = zz,v = (1 — 2)(1 — 2):

zz

Gaulz2) = 7 [hasia (Ihaps () — hage(2)hasa ()] (27)

zZ—z 2

where, finally, ky,(2) = 2" o Fy(h, h, 2h, 2) is a standard hypergeometric function.
Plugging the decomposition (2.4) into (2.3) results in a crossing equation for H(u,v),

2 2 9 9 B
H(u,v) + GBI (u,v) = %H(v,u) + %g(short) (v, u) + vou vovu 1

v2 v2 ¢’

'We normalize G so that its disconnected part is 1 + U% Compared with [13], G*here = 4ghere,



From the explicit result for GG (4, v) we find the following behaviour for small v

2 1 2u’logu — du—11
H(u,v) + GO (y, 0) = %’H(v,u) + 2 il ng(u :iul)+ h —|— regular  (2.8)

where the regular terms contain at most a single logarithm as v — 0, in contrast with terms
which we will call “singular” due to either poles or double logarithms as v — 0. So far the
discussion has been general. In the present paper we will consider solutions consistent with
crossing in a large central charge expansion, in the regime of large t” Hooft coupling A:

H(u,v) = HO (u,v) + %”H(l)(u, v) + 6%7{(2) (u,v) +--- (2.9)

In this regime the intermediate operators contributing to H (u, v) are double trace operators
with twist four and higher. The poles at v = 0 present on the r.h.s. of (2.8) arise from
the protected, single-trace sector. Following general arguments, we see that these poles are
consistent with, and actually require, the existence of double trace operators of twist A—/¢ =
4+ 2n. As we will see, their precise form at ¢ = oo suffices to fix the OPE coefficients to

(@), , =20 +1)(6+L+2n). (2.10)

We use the bracket to denote the sum over all operators of approximate twist 4 + 2n and
spin ¢, emphasizing the fact that in general many nearly-degenerate operators contribute.
As we take into account 1/c corrections both the scaling dimensions and OPE coefficients
of individual operators acquire corrections

Apg=4+42n+0+ %(L§+ S (2.11)
1
3

amg:a;%-i- aflh ;§+ . (2.12)

(1)

As we will see in the next two sections 7,

and agz are again fully determined by the

singular terms in (2.8). We obtain

<CL(0)’7(1)> P y )
= = ny = (0) (1)
(), T 06+ vz (@ =30 @), (2.13)

where k, = (n+1)(n+2)(n+ 3)(n+4). This coincides with the well known supergravity
result. In principle one could also add a solution consistent with crossing with finite sup-
port in the spin. As we will show, such solutions can be forbidden using bounds on the
Regge limit behavior.

Although in this paper we will only focus on the correlator at hand, in principle the
same can be done for more general correlators, of the form (0,0,0,0,), which on the
gravity side are interpreted as different S5 spherical harmonics. In this way one should
recover the full supergravity result from the singular contribution of the protected sector.
This is a manifestation of a more general result: correlators in large-N CFTs can be
reconstructed from singularities, due to single trace operators, see figure 1.
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Figure 1. Correlators in any large-N theories can be fully reconstructed from singularities (denoted
by the cut) that are saturated by single-trace operators. Theories with a gravity dual correspond
to the case where the sum is effectively finite.
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Figure 2. At one-loop order in the 1/N expansion, the singularities caused by double-trace ex-
changes are equal to products of single-trace tree amplitudes.

At order 1/c? something interesting happens. On one hand the 1/c expansion of the
protected contribution stops at order 1/c. On the other hand, the anomalous dimensions
at order 1/c of double trace operators in the ¢-channel produce the following singular term
to order 1/c%:

H (v, ) log v Z <a .t Gne(v,u) + regular (2.14)

In order to compute these sums one has to solve a mixing problem which can be done from
the explicit answers of the general correlators mentioned above. The result is recorded in
eq. (3.15) below. As we show in sections 3 and 4 the CFT data at order 1/c? again follows
from this singular part. This is shown pictorially in figure 2.

According to the AdS/CFT dictionary, this 1/¢* ~ 1/N* CFT correction describes
one-loop effects in the dual gravitational theory. To demonstrate this more explicitly, in
section 5 we take the limit of large scaling dimension, where the CFT-data is expected to
encode the scattering amplitude of a pair of excitations with large center-of-mass energy
in AdS units y/sL = 2n, through a simple relation [2, 14] (discussed further in section 5):

(ae™™)

. nt

Here by(s) are the angular momentum partial waves of the flat-space superstring S-matrix,
and n should be large but not too large so that we are still in the regime controlled by



supergravity. We will show that the two sides of this equation agree precisely, revealing how
the operator mixing just mentioned successfully accounts for the ten-dimensional nature
of the AdS5xS5 geometry.

3 CFT data from the Froissart-Gribov inversion integral

Recently, an integral formula has been derived which reconstructs the OPE data of any
CFT from the double-discontinuity of correlators [12]. For identical external operators in
four dimensions, this inversion integral was written in that paper as

) T+ (=1)¢ _ /A+0\ [Ydzdz [7—2\2_ .
N i >H( ; ) 0 ,z;;(zzzz) Gevs.as(z,2) dDisc [G(z, )], (3.1)

with R(h) = ﬁ%, and where we notice that the block has spin and dimension
interchanged compared to the one which enters the OPE above. The formula is analytic
in spin except for the (—1)6 prefactor, which we’ll now set to 1 since all the exchanged
operators have even spin.

The double-discontinuity is defined as the expectation value of a squared commutator
in real Minkowski spacetime. Alternatively, it can be computed as the difference between

the Euclidean correlator and its two possible analytic continuations around z = 1:
1 1 .
dDisc[G(z,2)] = G(z,2) — §g@(z, z) — igc(z, zZ). (3.2)

For the one-loop correlator in supergravity, the double-discontinuity is thus simply the
coefficient of log? v, times 472. At tree-level, the coefficient of log? v vanishes, and the
double-discontinuity comes exclusively from the polar terms as z — 1, caused by protected
single-trace operators. Thus the double-discontinuity picks up precisely those terms dubbed
“singular” in the preceding section.

The function é(¢, A) encodes the s-channel OPE data through its poles [12, 15]: if Ay
is the dimension of the exchanged operator, then

fin
c(l,A) —» —=E— 3.3
( Y ) Ak _ A? ( )
where fZAk ~ ap, ¢ It will be convenient to switch variables to h = A—2£+2’ h = A+2€+4, in

terms of which the inversion integral nicely factorizes. Using the explicit form of the blocks,
including the normalization in (2.6) and the corresponding shift of A by 4, and symmetry
n (z,Z), the function which extracts the coefficients aa ¢ is given by the integral:

1 1 3= . =(5 -
- dz ki_p(2) dz ry, _.dDisc [22(Z — 2)G(z, 2)]
h,h) = —_ — = k7 . 34

c(h, h) /0 22 0o 22 h— % w(%) 472 (3.4)
This will provide the starting point for the applications in this section. Since according
to eq. (3.3) a given double trace operator produces a pole at h = 3+ n + /2 and h =
4+n+/L+/2, upon summing over nearly-degenerate operators one finds, close to integer h:

c(h,h+€+1):<2(3+n+%7_h)>nz. (3.5)

)



Again the bracket stands for the sum over all (superconformal primary) operators with
spin ¢ and approximate twist 4 + 2n (not necessarily restricted to double trace operators).
Expanding in the anomalous dimension v ~ 1/¢, one sees that a single pole around integer
h encodes the OPE coefficient, a double pole encodes the averaged anomalous dimension,
a triple pole encodes anomalous dimensions squared, and so on.

In practice, the inversion integral (3.4) works as follows: the OPE data is encoded in
poles with respect to h, which come from the z — 0 limit of integration. Thus different
powers of z in that limit yield different twists. The Z integral, on the other hand, is dual
to h and provides the spin dependence for each twist.

3.1 Computation of integrals: tree-level supergravity

To illustrate this formula in practice, let us immediately apply it to the singular terms
explicited in eq. (2.8), and obtain the tree-level supergravity data. When converted to z, z
variables, these singular terms read, for disconnected and connected (1/c¢) contributions:

aDisc [22(2 = 261 (2,7) = ;= dDisc [(1 i)Z] e i)zdm“ [1—] » (86)
dDm:Paz_zgﬂnaa}:<1fz—(;%;2—?if§§>mmm[152}. (3.6b)

We have retained all terms with a pole at z — 1, but dropped everything else.

It is convenient to isolate powers of 1%_2 because they turn out to integrate to a simple
analytic formula for generic exponent p, as recorded in eq. (4.7) of [12]. This can be derived
by starting from a standard integral representation of the hypergeometric function:

tdz 1, 1 1-2\? sin(rp)? [1dz dv [zo(1—v)\"'[/1-2\P
7 kl7 z 7dD = PR
/0 2 h-1 W% g2 ISC< z ) 72 /0 z 1—zv< 1—zv ) < z >

1 T(h—p-1)

= — , 3.7
T o7 Tirp ) &0
where the second integral was computed by means of a change of variable z — t = 21(1:25),

which nicely decouples t and v. A multiplicative factor 2sin(7p)? on the first line arose from
the double-discontinuity of (1 — Z)?. Note that for negative integer p, this factor produces a
double zero which is however canceled by a singularity of the integral, so the terms in (3.6)
do not integrate to zero. That the formula (3.7) can be analytically continued and trusted
for negative integer p is clear from the derivation of the Froissart-Gribov formula in [12],
which starts from a nonsingular contour integral.

The z integral can be done using the same change of variable and we find, again for
generic k:

! dz k1-p(2) < z >k _ wsin(n(h 4+ k))tan(wh) 1 T(h+k—1)
1—z) = 2sin(n(k — h))sin®(7k) (k)2 T(h +1 — k)
1 D(h+k—1)

T(k)2T(h+1—k)

0272 Th

~ qcot(m(k — h)) x

(3.8)



where on the second line we have dropped terms with no poles near positive integer h
(for positive k), since these will not affect the OPE data extracted from the residues.
Physically, the exponent k is (one plus half) the twist of the exchanged operator and in
practice is always positive. The formula produces the poles at h = k,k + 1... that one
might have expected.?

Given the double-discontinuity (3.6a), the inversion integral (3.4) factorizes and can
be done using the preceding formulas. This gives directly the disconnected OPE data:

O (h, h) = 7 cot(—mh) (h(h — 1) — h(h — 1)). (3.9)

At the zeroth order we can neglect the anomalous dimension in eq. (3.5) which thus gives
<a(0)>n7é = —2Resp—ni3c O (h,h+ 0 +1)

=2l +1)(6+ £+ 2n) (3.10)

exactly as quoted in eq. (2.10).
For the connected tree (second line of (3.6b)) the integral is very similar but there is
an extra log. We can simplify our life somewhat by writing it using Casimir operators:

z 222 _22310gz :_ED(D_2)zlogz
-2z (1-22 (1Q-2)3 2 1—=2

The Casimir operators can be integrated by parts and simply give a multiplicative factor
equal to their eigenvalue on the blocks, namely: (h — 2)(h — 1)h(h + 1). A similar trick
will greatly simplify things at one-loop, as shown below. We do not need to worry about

., D=2%0.(1-2)0,. (3.11)

boundary terms in z since poles originate only from z — 0. To perform the integral over

Zlhiigzz we then simply expand it in powers of z/(1—z) and apply the formula (3.8) termwise.

Dropping terms with no poles we obtain a very simple result:

w2 — _
e h) = sin(mh)? b2 21)h<h +

: (3.12)

Comparing with (3.5) then give the (summed) anomalous dimension and OPE coefficient:
<a(0)7(1)>n7£ = —2kn, <a(1)>n7€ = —Opkn (3.13)

which again are in precise agreement with the results quoted in the preceding section.

Let us now interpret the results (3.9), (3.12). They express the result of the inversion
integral (3.4) applied to strongly coupled super Yang-Mills theory (where one has only
neglected terms with no poles at positive h). We stress that this data determines the full
tree-level supergravity correlator: plugging the resulting anomalous dimensions and OPE
coefficients into eq. (2.5) we checked that it reproduces precisely the OPE expansion of the
known result [16]:

1 1/1 _
g=1+ ’1)72 + E (U — u2D274,2,2(z, Z)) + 0(1/62). (3.14)

2The integral also gives spurious poles at half-integer h which originate from k1_,. As noted below
eq. (3.9) of [12], these should be canceled by adding a reflected block, which in our normalizations amounts
to symmetrizing in A — 1 — h. The OPE data near integer h is unaffected.
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Figure 3. The inversion integral produces the full correlator, given on the left as a sum over
Witten diagrams, from the double-discontinuity in a single channel (and more generally, the ¢ and
u channels).

It is remarkable that the present computation did not use any input from supergravity: the
only assumption was the sparseness of the single-trace spectrum. Specifically, we included
in the ¢-channel only the protected half-BPS operators (the stress tensor multiplet and its
second Kaluza-Klein excitation), which are responsible for the singular part of Gh™ (v, )
recorded in eq. (2.8).

Physically, this can be viewed as a Kramers-Kronig-type dispersion relation in the bulk
of AdS, as represented pictorially in figure 3. The discontinuity produced by single-trace
operators is drawn as a cut diagram. The inversion integral reconstructs the full OPE data
from this absorptive contribution.

As a technical comment, we note that the precise form of Gshort was never needed on
the left-hand-side of eq. (2.8), only its singular part on the right-hand-side. This is because
Gshort(y, v) contains only twists below the double-trace threshold, and in the inversion
formula these only lead to poles at h < 2 which do not contaminate the unprotected data
at h > 3.

Reconstructions via dispersion relations typically suffer from polynomial ambiguities.
This is reflected in the well-known fact that the Froissart-Gribov integral may fail for a
finite number of low spins, equal to the order of the ambiguity. In a full, unitary CF'T, this
can only affect £ = 0,1, as shown in [12]. Order-by-order in a perturbative 1/c¢ expansion,
however, the situation can be worse, and a larger (but still finite) number of low spins
can be affected. Such ambiguities are still constrained by crossing and thus correspond
one-to-one to higher-dimensional operators in the bulk effective Lagrangian [2].

The fact that the tree-level supergravity result is determined, up to these ambiguities,
by the singularities caused by half-BPS single-trace operators has been understood for some
time, see [17, 18] and most recently [19-21]. A chief advantage of the present methods are
that it is not necessary to make any a-priori assumption about the space of functions.
In comparison with the Mellin space approach, where unitarity is naturally formulated
in terms of very similar pictures (see for example [22]), the method allows us to extract
directly the CFT-data for all n, which technically would seem to make the one-loop mixing
problem much easier to study. Furthermore, it is actually possible to bound, using CFT
input only, the size of the ambiguities and show that the solution given above is the correct
one in the limit of large gap, as will be discussed in detail below in section 5.3.



Figure 4. The full one-loop correlator, equal to a sum over many Witten diagrams, is reconstructed
from the double-discontinuity in a single channel.

3.2 One loop

The calculation of the one-loop supergravity correlator is made possible, from the CFT
perspective, by the fact that the double-discontinuity arises from log? terms, and therefore
solely from the square of tree-level anomalous dimensions. One only has to “square” tree-
level data. As depicted in figure 4, this is in perfect match with the unitarity method in
S-matrix theory, which bootstraps one-loop amplitudes from products of two trees. For a
theory of scalar fields without degeneracy this was used in [23] to compute loops in AdS.
In the present case one has to sum over degenerate intermediate states, which here can be
pairs of half-BPS operators of arbitrary R-charge p. This requires all tree amplitudes of
the form (O2020,0,), not only the p = 2 case discussed above. In CFT language, this
accounts for operator mixing between different double traces. This will be studied further
with the present methods in [24].

Our starting point here will be the following compact formula for the sum in [25] (the
mixing problem in the singlet sector has also been solved in [21] and more generally in [26]):

(a0 (1)), w2 aph? P (4 2)(n+3) — k(k+1)
T R DYe ot e ey | STy 615)

with ki, = (n+1)(n+2)(n + 3)(n +4), J2 = h(h — 1) and «a, = p(p* — 1)/12.

According to the OPE, this determines the coefficient of # log? u, and therefore, using
crossing to interchange the u and v channels, we obtain the double-discontinuity mentioned
in eq. (2.14). This sum can be performed analytically by making an ansatz in terms of
transcendental weight 2 functions of z and z, multiplied by rational functions with powers
of (z — z) in the denominator, and checking that the ansatz matches the expansion to
very high order. The resulting double-discontinuity turns out to be expressible much more
simply as the derivative of a “primitive”:

/

1 _
adDise |2(z — 2)G@(z,2)| = D(D —2)D(D - 2)G?)' (2, 2), (3.16)
T
where G?)' (2, 7) is recorded in appendix A and the Casimir operators are given in eq. (3.11).
Since the Casimir operators can be integrated by parts (and the primitive vanishes suf-
ficiently fast at z — 1 to preclude any boundary term), the one-loop OPE data is thus
written as

D (h,h) = (h—2)(h — Dh(h+ 1)J*(J* = 2) x &' (h, ]), (3.17)

~10 -



where

& nmy= [ E "’1 n(z / dzf"hl (5)G?'(,3). (3.18)
0 < 0 h—35

As a simple illustration, let us extract the average of (7(1) )2 from the formula. It comes
from the coefficient of log? z, which is rather compact:

G® (2,7) = log(t)

t3y2(1 +ty) logQ(t) 2 +
= g 1)(g+2)(2q + 1)t 1y4 3.19
16(1 — ty)S 16 % 120 : 2Q(q )(q )(2q ) Y ( )

where t = % and y = 1;2. The z integral can be performed using (a second derivative
of) eq. (3.8) while the Z integral can be performed using the following variant of (3.7):
1 2\ P 2(F
d 7 1-— r 1)*I'(h—p—1
/ ij’f’hlkﬁ(z) L R (p+1)7I(h=p=1) (3.20)
0 Z2h—3 z 2 L'(h+p+1)

Performing the sum we find directly

0 R -1)(g+2)2q+1) 7 (n+2)(n+3) — k(k+1)
{a@ () >n7£q§ 60(alg + 1) — J2) kl:[z R D) (3.21)

Remarkably, using some telescopic identities, this can be shown to be precisely equiva-
lent to (3.15), for all n! In other words, putting in the log? v discontinuity predicted by
eq. (3.15) in the t-channel, the inversion formula recovers in the s-channel precisely the
same discontinuity, as required by crossing symmetry. Physically, this amounts to checking
crossing-symmetry of the quadruple discontinuity g(2)]lo 2 1 log? 07 which is a non-obvious
but true (and necessary) fact about eq. (3.15). As shown in [25] under some mild assump-
tions (3.15) is the most general structure consistent with this symmetry. Explicit results
can then be used to fix ay.

To record the new information on the one-loop anomalous dimension and OPE coeffi-

cients, it is useful to expand ¢ around its poles, keeping the value of h fixed:

SRS R ()

TL,B TL,B ,il ) (3.22)

0(2)(h—>3+n+5/2,ﬁ):—853 — g

The poles at fixed h are advantageous because they automatically respect the reciprocity
property: the large-spin expansion is symmetrical in A — 1 — h. The fixed-¢ CFT-data is
then obtained simply by expanding the h dependence in eq. (3.5); for example

0 1))2 )
(@@ (), =50
1
<a(°)7(2)+a“)7(”>n,e=5$% ,aﬁs<2z (3.23)

8

where one sets h = n + 4 + ¢ after evaluating the derivatives.
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3.3 Results for one-loop anomalous dimensions

For any desired n, the one-loop anomalous dimension part can be obtained similarly by
expanding G2 to the sufficient order in z; the result is still a polynomial in 1 /z so the z
integral can be straightforwardly done using eq. (3.20). For the first few twists we find

1 96(16.J2 — 635)
S\h = =677 —20) (3.24)
o) _ 480(—91710 — 2403.J2 + 56.J4) (3.25)
Lh (=30 + J2)(—12 + J2)(—6 + J?) ‘
() _ 1440(=12910968 — 597906.J% — 6073.J* + 134.J9) (3.26)
2. (—42 4 J2) (=20 + J2) (=12 + J2)(—6 + J2) '
(1) 3360(—1921913280 — 1075194962 — 2335742J% — 1234976 + 262.7%)
S = (3.27)

(=56 + J2)(—30 + J2)(—20 + J2)(—12 + J2)(—6 + J?)

In fact, by series expanding in t and y as in eq. (3.19) above and keeping also the terms
with a single power of log(t), we obtained a closed formula valid for all n:

. 1an/£n (2)
nh 2 g, b 2120(J2—q(q+1)) J2—k(k+1)

) +"+22 K2q(g+1)(g+2) <ﬁ (n+2)(n+3)—k(k:+1)> )

k=2
1

S (120<q+r+1><r_1> q(q—1><zq+1>> ] (o208 ()

2\ TErrm—a -0 )M
(3.28)
where
p 3@ =1)(@+3) ( 2¢+1)(¢-2)  (2¢+3)(g+4) >
a 12 J2—(g+1)(g+2) J2—(qg+2)(g+3)
60 — T7q — 437q% + 27443 o
- 60q T2 -1+ 1)];)71—1—34—1#' (3:29)

Possibly this could be further simplified using telescopic identities as mentioned above, but
we have not attempted this.

Let us further discuss the lowest twist n = 0, where there is no operator mixing. The
above data is then related to the observable anomalous dimension, as follows. First, we
convert the fixed-h averages to fixed-¢ averages using eq. (3.23):

D+ i) = 5L+ Soust]
~96(160% + 21203 4 31102 — 26270 — 2322)
B (0 —1)(L+1)2(0+6)2(L +8)

where we have dropped the averaging symbols since there is no mixing. We then isolate

the anomalous dimension by subtracting the product a(()lgfy(()lé), known from the tree-level

(3.30)

computation, giving:

(2) _ 24(70* 4 7463 — 55307 — 4904( — 3444)
Y06 = TS D)+ 1P+ 6)3(+8)

(3.31)
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This is the quantity which should be compared with the discrete spectrum (and agrees
with eq. (7.86) of [21]). This gives, for example, 7\ = —41/16 and ]} = —423/3125.
Re-expanding the anomalous dimension 78?2 in N instead of ¢ = & 24_1, this agrees pre-
cisely with the ¢ = 2,4 values recorded in [25] (namely, Ags = 6 — 4/N? — 45/N* and
Agy = 8 — 48/(25N?) — 12768/ (3125N4)).

Let us briefly comment on the ¢ = 1 pole visible in the preceding formulas. In (3.15)

each term labelled by p can be interpreted as the contribution from a specific KK-mode to
the whole discontinuity and in particular to the CFT-data at order 1/c2. The pole at £ = 1
reflects the fact that the p-sum diverges for £ < 1, implying that the above formulas are only
valid for ¢ > 2. In principle one could still analytically continue the result (3.31) to £ =0, a
procedure which is closely related (up to a finite counter-term) to throwing away quadratic
divergences in the supergravity computation, as would be automatic using e.g. dimensional
regularization. However as discussed in section 5.3, the result of such a prescription would
violate unitarity and yield a theory in the “swampland”. In reality the true value of
7,0 can only be determined nonperturbatively, and after that, <a(0)’y(2) + a(l)”y(l)>n7£ is
completely fixed.

One can apply the same method to OPE coefficients S(©). Explicit results are recorded
in appendix C.

4 CFT data from large spin perturbation theory

In this section we will discuss how to compute the CFT-data from the point of view of
large spin pertubation theory, developed in [6]. After recovering the results of the previous
section, we will actually show that the two methods are equivalent. Our starting point is
the crossing relation (2.8). In the regime we are considering the non-protected operators
contributing to H(u,v) have approximate twist four and higher. As a result H(v,u) ~ v?
for small v and the divergences explicitly shown on the r.h.s. of (2.8) have to be reproduced
by H(u,v). At zeroth order in 1/c the arguments of [3, 4] imply the existence of towers of
large spin operators, of approximate twist 7 = 4 4 2n and OPE coefficients which for large

spin behave as
(al) , =2((+1)(6+ ¢+ 2n) (4.1)

in the normalization of (2.6). The arguments of [6] allow us to make a much stronger claim.
The behaviour (4.1) should be valid to all orders in 1/¢. A correction to this behaviour
would produce a divergence proportional to log? v, not present at this order.

4.1 Supergravity CFT data

Next, let us compute the CFT data to order 1/c. Let us first focus in the anomalous
dimension. This should be such that the following divergence is reproduced, see (2.8)

1 202
(1) — - 4.2
Hw,v) div - v (u—1)3 gLt (42)
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From the conformal partial wave decomposition we find

1

H(l)(u, v) = 3 Z <a(0)’y(1)>n7€ Gno(u,v)logu + - -- (4.3)

n,l

where we have introduced a short-cut notation for the (super)-conformal block with dimen-
sion A =4 + 2n + ¢. Following [6] we will exploit the fact that the anomalous dimension
admits an expansion in inverse powers of the conformal spin

(1)
(@), =5 (49

m

where J? = (n + £+ 3)(n + £ + 4), the conformal spin at zeroth order in 1/c. Hence

1 D reim 1 2u?
3 Z C’I(’I’L?nH’r(L )(Ua v)| = ;m (4.5)
n,m div

where we have defined the twist conformal blocks (TCB), given by

gn,é(zv 2)

H™ (2,2) = 3 L2

(4.6)
¢

We will be interested in their divergent contribution as z — 1. This contribution admits

the following factorized form

! T, kn, (2)H™ (%) + regular (4.7)

n

H{™(z,2) = 22z —2)

where h,, = T"T“ = 3 + n. From the results in appendix B it follows that the functions

Flém)(z) are actually independent of n, so that from now on we will drop that index. We
are interested in finding the coefficients c%)n in (4.5). First let us single out the divergent
contribution arising from a specific twist 7,,. This can be done with the help of the following

projectors

1 dz
© B = / 4.
o % 22 khn (Z)kl hn/(z) 5n,n ( 8)

Projecting over the contribution of each twist 7,, we obtain

1 o
LS, i

m

1 dzky_pn, (2) _,_ 1 2u? 1 z
B Sl A4 e P A 1
ol 7 22(Z — z) s 1) 5T + regular

div

(4.9)
As shown in appendix B this precise divergence leads to a very simple result, actually
independent of the conformal spin. Hence we find

<a(0)7(1)>n7€ = —2kKy, (4.10)

Which agrees with the known result. In order to find the corrections to the OPE coefficients
we write the full correlator to this order as follows

HOG2) = L300, (1 G,9) + S @

m,n
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(1)

where d;,), are related to the large J expansions of the OPE coefficients as follows

W dinn 0.1
(a >n,e = Tom ( nﬂne> (4.12)

The coefficients d%)n and the expression for the OPE coefficients can be fixed as before,
where now

Zd%?nﬂvsm)(zai) _ 2u?logu — 3u? + 4u — 1 _ 728 ( (z z))

v(u —1)3
div ( )

(4.13)
div

The second term on the r.h.s. contains two contributions. One proportional to log u, which
exactly cancels the corresponding piece in the first term, and an extra contribution which

(1)

can be explicitly computed, since we have already found the coefficients ¢;,),. Once this is
done we can proceed as before and fix dgn)n We find dgn)n = 0. This leads to the following
result for the OPE coefficients

1
<a( )>n£ 7(9 <a A > (4.14)
in full agreement with the known result.

4.2 One loop

At next order the correlator admits the following decomposition

) = § 200 (B.9) + 5 00 (4,1 9) + X el

(4.15)
where cg,%,)n, ﬁ)n, eg?n are the coefficients in the large J expansion of specific combinations
of CFT-data

(2)

> Fom = (@)%, (4.16)
Ao 0 o D) Lo/ (0) (o (1)2

) Jom (@7 +a DY) - 50n (@ (V)70 (4.17)
ehan @) (1)(1) Loy (0) (o132

> Fam = (0 ) —*3 ((a g >n74> + 300V (), (418)

As before, the angle brackets represent sums over all nearly-degenerate operators. The
reciprocity principle implies that these are the combinations that admit an expansion in
integer powers of J2, see [27]. In the relations above weighted averages are shown explicitly.
The unknown expansions should be such that the precise divergences are reproduced. As
already mentioned in section 2 the divergences at this order are proportional to log? v. Let

us show in detail how to fix (a,, © (%(L 2) ) from this perspective. By looking at the term
proportional to log? u in (2.8) we find

1 1 u3v?(1 —u —v)
=N 2 g (2 5) = D log?(1 — z 4.1
5| (et eea-n @)
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where Dy = D(D — 2)D(D — 2). We proceed exactly as before. First we project over the
contribution for a given twist

LS

m

1 %kl_hn(z)p <U3U2(1 —u—v)

— log(1—2) (4.2
2 | 22 rp 16(z — 2)6 ) og(1—2)  (420)

div

This integral is straightforward to perform for any given integer n. For instance, for n =0
we obtain

s 32
_ 360 0T T 2 g (4.21)

1 (2) [r(m) /=
S;Cm,OH( )(Z) ; 52

Plugging this into the formula (B.18) and dividing by aéog we obtain

D)2 576

062) = T o (4.22)
where we have dropped the expectation value since there is no mixing for n = 0. This
agrees with the correct value, for all values of the spin. We can carry on this procedure for
any desired value of n. The results are in perfect agreement with those of section 3. This
is of course fully expected, since the divergence was computed from <a(0) (7(1))2>n7 4> but it
is a non-trivial test of our(;)nethods and it shows how they work. Next, let us turn to the

combination containing «,”,, which is the main object of interest in this paper. This can

n
be computed by substracting the first term in (4.15) to the total discontinuity, and then
looking into the piece proportional to logu. From here we repeat exactly the same steps
as above. In order to make contact with section 3 we focus in the combination that leads

to 5’7(12%. In the language of the expansions above this is given by

(2) (2)
(1 _ dm,n 1 8ncm,n
Sn,ﬁ - Z (JZm + 5 J2m > (423)
For the first few twists we obtain

96(16.J2 — 635)

g _ 4.24
Ok (J2 —6)(J? — 20) (4.24)
480(—91710 — 2403.J2 4
§) _ 80(—91710 03J% + 56J%) (4.25)
L (=30 + J2)(—12+ J2) (=6 + J?)
1440(—1291 - 2 _ 4413456
SS% _ 0(—12910968 — 597906.J% — 6073.J% + 134.J%) (4.26)

(—42 + J2)(—20 + J2)(—12 + J2)(—6 + J2)

and so on. Again, the results are in perfect agreement with those obtained in section 3. Fol-
lowing the same procedure, we can compute the combination involving the OPE coefficients

af(lzz. In this case the relevant combination is

(2) (2) 2 .(2)
0) Emn 1 andm,n 1 ancm,n
Sn,il - %: <J2m + 5 J2m + g J2m (427)
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Our results are again in full agreement with those obtained in section 3. Since they are
quite bulky, they are given in appendix C. Let us close this discussion with the following
remark. We can rewrite the decomposition (4.15) as follows:

1 1
2 =\ 0 m = 1 m = 2 2 m =
HO(2) = 3o U 24 L 5o 0 20+ L S0, 02 ) 429

m,n m,n m,n

Then the coefficients s,(ﬁ?n are the ones appearing in the large J expansion of Sflp % Note that
given the factorisation properties of TCB taking the derivative w.r.t. to n is a well defined
operation and straightforward, since the n dependence is explicit. This decomposition

generalises to arbitrarily high orders in 1/c.

4.3 From large spin perturbation theory to Froissart-Gribov inversion integral

Using the method advocated in this section we can ask the following question. Which
precise OPE data a, produces a given double discontinuity? Our approach would be to
express a, ¢ = an(J) as a series in inverse powers of J 2,

an(D) =Y F5 (4.29)

m

and use the technology developed in [6] to find all coefficients ¢, ,. As we have seen, the
problem can be factorised into the twist, or n, dependence and the dependence on the
conformal spin. The first step is to project over a given twist. This can be done with the
projectors introduced above and leads to
S eI (2) = 1 [dzkin,(2)
m,n-in
m

T AT 22(z — 2)G(z, 2) (4.30)
One can explicitly check that this procedure is equivalent to that of section 3. More
precisely if we define the following function

1 z z
oy = [ LE=rE) gy (431)

022 Th

then c¢(h) has poles at h = h,, for n =0, 1,--- and its residues are given by

1 @kl—hn (Z)

Resnzhoc(h) =55 ¢ 22—,

g(2) (4.32)
In cases where c¢(h) contains higher order poles, the subleading poles will correspond to
derivatives of TCB w.r.t. n, and the parallel between the two methods is clear.

The second step is to compute the dependence on the conformal spin. As shown in
appendix B we can invert the problem (4.30). This results in an integral expression for the
resumed an(J). This involves the double integral (B.18) and leads to

1 00 _
an(J):4/0 dt1/0 dts(1 — £1)F" (1 + ta) P dDisc [23(2 — )G(=. D). (4.33)

T Tty to
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(a)

Figure 5. (a) Four-point kinematics in the complex p-plane. (b) The kinematics on the Lorentzian
cylinder. In the “bulk-point” limit z — Z, particles are effectively beamed onto a point in the AdS
interior of the cylinder.

where we leave implicit the projection over the twist 7,, and recall J? = h(h —1). In order
to make contact with the Froissart-Gribov inversion formula used in section 3, and prove
the equivalence between the two methods, we consider the following change of variables:

1—-2z 1—tz
t1=t———=, ta2= 4.34
o T (4.34)
The integral over t can be performed and we arrive to
1 . o
an () =2 / s~ P (b 2B 9)dDise [25(2 — 2)G(=. ) (4.35)
0 _

where again, the projection over the twist is implicit. This exactly reproduces the analogous

Froissart-Gribov inversion formula.

5 Analytic results in the flat space limit

In this section we study the flat space limit of the one-loop correlator obtained so far, and
compare it to flat-space ten-dimensional supergravity.

Flat space physics can be accessed using suitable wavepackets focused onto a point in
the bulk [2, 28, 29]. To be self-contained, we give a brief exposition. The kinematics are
most conveniently described using the radial coordinates introduced in [30] and depicted in
figure 5, see also section 5 of [29]. In Euclidean kinematics, p and p are complex conjugate
to each other and log(1/pp) represents time in radial quantization. The bulk-point limit
exists in real Minkowski signature where that time is taken imaginary and approaches .
Adding a rotation by 7 to the scattering angle @, the corresponding cross-ratios are

l-vl-—2z (i 2mitia l-v1l-2 it
)

_ - L p=L Y- 2 5.1
P IrVi— Py vioz (5:1)
where  — 0 in the limit (which implies z,z — wa with z — Z ~ z). Fast particles

moving at the speed of light can then scatter in the bulk while conserving momentum.
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Since the bulk point limit lies at the boundary of the s-channel OPE radius of convergence
(lp] <1, |p| <1 [30]), singularities in this limit are tied to the tail of the sum.

—27mi

If one were to ignore the phase e representing the time evolution, the correlator

would admit the usual decomposition in super-conformal blocks

’H(u, U) = Z aA,f gAf(u, U) . (5.2)
YA

The time evolution has the effect of multiplying each conformal block by a phase

Heont. (1,v) = > e ™A ap 4 ga o(u,v) (5.3)
A

To understand the tail of the sum one may use the asymptotics of the hypergeometric
functions (see [28]):

(4p)"

lim kp(2) = = (1+0(1/h)) (5.4)

which leads to the large-n behavior (for any z)

lim o —64imn? (£ + 1)sin((¢ +1)0) Jia(2n+E46)

TL,Z gn,é - (=~ . .
n—oo 22(Z — z) Vsin? 6 — sin? z

One sees that each block has a 1/(zZ — z) ~ 1/x singularity. However, a stronger singularity

(5.5)

can be caused by the large-n tail of the sum. In a non-perturbative regime the extra
phases in Heont.(u, v) have been conjectured to display a chaotic behaviour, ensuring that
the singularity of the correlator is not enhanced compared with that of individual blocks.
In a large N perturbative regime this is not true anymore, since phases are small and in
fact quite regular. In the following we will focus on the dominant singularity at x — 0 at
each order in the 1/c expansion. In this limit the dependence of the blocks on anomalous
dimensions can be neglected as it produces subleading d/dn terms, and the above gives

simply (see [2])

. aefiw'y
22(Z — 2) Geont. (u, v) &~ —64im Z n? e2en Z (¢ +1)2Py(cos b) Ju (5.6)
(a0}
n feven n,l
where P(6) = % are a four-dimensional version of Legendre polynomials. This

formula can be readily tested at the leading order: with the anomalous dimension 7(1) ~
o o 1) __ —30x2
2(27?&) one finds zZ(Z — 2) Géoit. N i’

continuation of the D function in eq. (3.14).

which is in precise agreement with the analytic

5.1 Large-n limit of CFT-data

This discussion motivates to study the averages <ae‘im> in the large n limit. We will

n,l
do so in two different ways. First from our explicit results, and then directly from the

inversion integral.
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5.1.1 Large-n limit from explicit results

Up to order 1/c? the average in question is equivalent to

—im 1 .
<CL€ ’y>n,€ = <a(0)>n,€ + E <<a(1)>n,f - Z7T<(I(O)’)/(1)>n7€> (57)

1

2
+5 <<a(2)>n7 o~ in(a®y® @@y %<a<o> (7<1>)2>M)

(2)

The last term to order 1/¢? is simply S 5 Its large n behaviour is given by

2) L o4 o3 2 o (¢ o (¢ 1 12
) 2 220% + 280 + 1 —+1) - -+
Sk = 180(£ + 80° 4 220° + 28( + 15) <¢ <2+ P G5 )

404 + 1803 + 5002 + T10 + 41
— n- 4+
360(¢+ 1)

(5.8)

(1)

It is remarkable that although -, ~ n? the average of its square grows like n'!. This is

only possible thanks to mixing and as we will see is necessary for matching with quantum
gravity in flat space. Roughly speaking the additional power of n° stems from the Sj
factor behaving like five additional flat dimensions in that limit. Next we recall the relation

2)

between the second average and ngl%, ST(L ;. studied in sections 3 and 4:

1
(a7 a0 W) = 50+ 50557 (59)

The large n behaviour of S (1)

. 5, is more complicated. For a given n the result can be written

as a sum over poles in J?:

2
d
s = it (,) TnCn 5.10
ZJ2 (n—p)(n— p+1)+J —(n+4)(n+5) (5.10)

where recall J?2 = (n+£+3)(n+£+4), 5, = (n+1)(n+2)(n+3)(n +4) and

(n? + Tn +12) (n2 + 11n + 30)°

dy = —
576(2n + 5)

(5.11)

The form of the residues r(n,p) is much more complicated. For any fixed p they can be
expressed in terms of polygamma functions and polynomials whose degree increase with p.
In principle one could use eq. (3.28), but alternatively we have found that r(n,p) satisfies
a complicated recursion relation, relating r(n,p) to r(n — 2,p — 2). This recursion relation
has the following structure

P®) (p,n)knr(n,p) + p®) (p,n)kp—or(n —2,p—2)+ R(p,n) =0 (5.12)

where P(®) (p,m), p®) (p, n) are polynomials in p, n of total degree 8, and R(p,n) is a rational
functions which depends on whether p is even or odd. This recursion relation allows to
write an arbitrary number of residues once the first ones are known, and hence they allow
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to reconstruct the full S,,. Before proceeding, note that the expression can also be written
as a sum over poles on £. Indeed

JP—n—pn—p+1)=0B+p+0)@A+2n—p+0) (5.13)

We would like to use the above recursion relations to compute the behaviour of S,, for large
n and finite spin. This computation is not straightfoward. One of the reasons is that all
poles contribute in the large n limit and there are subtle cancelations between p odd and
even. In order to proceed, we will consider the following transform

1
n_ -1
s - /0 4CCt1 £ 0) (5.14)
we have traded the spin dependence by the dependence on (. Single poles on £ map to
positive powers of (

Lt
3+p+£_/0 deet=1er (5.15)

For a fixed n, f,(¢) is a polynomial of degree 2n + 6. Reciprocity for S (1) implies the

n,h
following symmetry

Fa(Q) = =" fa(1/) (5.16)

One of the reasons to use this representation is that as n increases, f,,(¢) is much better
behaved that the (infinite) sum over poles. We would like to study this function in the
large n limit, in the range 0 < ¢ < 1. The recursion relations above imply the following
expansion

Fa(Q) =n2fO) + - (5.17)

and we would like to find f(9(¢). In order to do so, we study the recursion relations for
fixed p in the large n limit. This allows to find the coefficient ¢, in front of ¢P*3 in the
small ¢ expansion of f(©) (¢). For instance, for odd p we find

I 3 2 o) (P o (pt3
¢ = o5 (29" + 169" + 58" + 104p + 75) <¢ <2+1) b0 (22

~12p* + 94p° 4 296p> + 431p + 232
180(p + 2)

The expression for p even is a bit more complicated. Having found ¢, we can perform the
sum, which leads to the final expression for f(©)(¢)

O (C=1)>(¢C+1)° _(C=1)%¢
PO ="grocr 180+ —gorcanys 1082
(C—1)7 (¢®+12¢7+68¢%+244¢5+630¢* +244¢3 +68(* +12¢ +1) oo (1
- 61440C3(C+1)° 0g(1—¢)
(=1 (1) (CC(C(CH+10)+34)+10) +1)
30720C3(C+1)5
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This gives the full spin dependence of the leading term S () p12, Combining this with

- ~Y
n,h

the result for Sff% give us the full spin dependence of the average <a(0)7(2) + a(l)’y(l)>n7e.

Let us quote the results for a few values of the spin

@@¢m+am¢n%2:<

@@¢m+am¢n%A:<

1741172 41 17log? 2 log 2
74117 89  17log”2  707log >n12+--- (5.18)

147456 8640 T 12 360

17100772 719657 167log22  5209log 2 2,
- — n

245760 252000 20 450

Finally, it turns out the average <a(2)> is subleading for large n, and will not be important

n,fl
for our purposes. This is expected since the Euclidean correlator (5.2) has no z — 0

singularity at generic angle (and only a mild one at zero angle).

5.1.2 Large-n limit from inversion integral

The simplicity of the preceding result suggests a more direct route and in fact we now
show how to take this limit directly from the Froissart-Gribov inversion integral (3.4). The
key fact is that the poles in c(h,h) originate only from the z — 0 limit of integration.
Therefore just by rotating the z contour clockwise by 27, and dropping an arc at |z] = 1
which produces no pole, we can eliminate the phase:

! dz k1—p(2) Ydz ry ke (5 dDisc [22(z — 2)G(2°, 2)]

—2mih 7
h,h) = — =
¢ o(h, ) 0 22 T 0 Z2h— n(%) 47?2

i + pole-free
2

= c“(h,h). (5.19)

The notation indicates that the correlator is evaluated with z rotated clockwise around the
origin. Recall that the double-discontinuity (3.2) is itself computed as an analytic contin-
uation, but with respect to the other variable (around z = 1), so these two continuations
commute with each other.

Our interest is in the asymptotic spectral density of c(h,ﬁ)o. This can be defined
mathematically by taking the difference slightly above and below the real axis

<ae_im>n’e ~ % (c(h x e h) —c®(h x e™™, h)) (5.20)
where a > 0 is a small phase. This analytic function is what would enter, for example,
in the Watson-Sommerfeld representation in appendix B to [2]. (The spurious poles men-
tioned below eq. (3.8) can be neglected in the limit.) For the first term, one sees that
the integral (5.19) would decay exponentially if the z contour could be rotated clockwise,
however this is obstructed by the singularity at z = z. The second term however decays ex-
ponentially because there are no singularities obstructing a rotation in the other direction.
The conclusion is that the large-n behavior of the coefficients is controlled by the singu-
larity closest to the origin, in this case z = z. Near this point, setting z = z + 2zz2v/1 — 2
with z — 0, we find that the double-discontinuity (3.16) diverges like

dDisc [2z(z — 2)G2) (2, z)] 13!

= — 2mi X B X g2(2), (5.21)
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with

2(1 — 2)? 1 11 1 1.
gg(z)—480(<1—Z5>log(1—z)+z—+222—223+z7r—10g(z)>. (5.22)

-4

Using the asymptotic formula (5.4), the integral (5.19) thus gives

i 2
(aem)2) L1 / do 131 L, /1dz (1—@
<a(0)>n7€ n2(l+1) Jo 2mi (2z)14 o 22 \1++v/1-2

where the contour C'is a “keyhole” contour encircling the origin to the right clockwise. We

{41
) 92(2) (5.23)

see that the inversion integral is neatly factorized, in perfect parallel with the OPE (5.6):
the variable z ranges between 0 and 1 and provides the angular dependence, while the
distance x to the singularity is conjugate to n. The integral over x produces a power of n,
and we thus find the following high-energy behavior:

(0™ )p oo, 1 imn® | 1imal? /1 g2 dz (1-VI=2\" s
<a(0)>n£ 02(€+1) 02 €+]_ 0 22 1+m c ).

(5.24)
This can be integrated analytically in terms of harmonic sums but we did not find the
result particularly illuminating. For the first few values of the spin the average at order
1/c% gives
: 4189 17411x% 17 707
= — — —log2(log2—in)+——(2log2—i 12,..
(0™ =1 (8640 Tirng 12 082 (los2—im) + 055 (2log ”)> me
iy 719657 17100772 167
(ae > =T — -
n.4 252000 245760 20

log2(log2—z'7r)+592(§§)(2log2—i7r)) n24...

in perfect agreement with our previous results. Given that these two calculation methods
were both subtle in different ways, it is nontrivial and very reassuring that they agree! We
shall now compare this result with flat space supergravity. The latter representation (5.24)
will turn out particularly convenient for that scope.

5.2 Comparison with flat space supergravity amplitude

The relation between CFT correlators and the S-matrix of the higher-dimensional bulk
theory has been analyzed in many works, see e.g. [2, 17, 28, 29, 31]. The idea is that in the
x — 0 limit described above, the CF'T correlator effectively focuses particles at each other
in the bulk. By analyzing bulk Landau diagrams, a precise relation between the z — 2
singularity and the high-energy behavior of the amplitude is obtained. Setting A = 2 and
d=4in eq. (5.5) of [29] (see also [28]) this relation reads:

25(2 = 2) Geont = / wldi €29 \[5A5(s, 1), (5.25)
0

2
where w represents the energies of each incoming particle in units of the AdS radius L, the

17%7056' encodes

Mandelstam variable s = 4w?/L? is the center-of-mass energy, and —t/s =
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Figure 6. The one-loop amplitude in ten-dimensional type IIB supergravity is the sum of three
scalar box integrals.

the scattering angle. This formula gives the leading singular term at x ~ z—Z — 0 for each
order in 1/c. To make contact with the OPE on the CFT side, we use the usual partial
wave expansion for the five-dimensional (flat space) amplitude As(s,t):

1287

iA5(S,t) = \/§

D " (£+1)%by(s) Py(cos ) (5.26)

£ even

with cosf =1 + % and Py is as defined below eq. (5.6). The prefactor is simply one over
the phase space volume for two identical particles, ensuring that béo) =1 in the absence of
interactions. Comparing (5.6), (5.25) and (5.26) gives a key formula, quoted in section 2,
to compare the OPE data and flat space amplitude:
. <a€*2’ﬂ"¥>n l
lim —————= = by(s), Ly/s =2n. (5.27)
n—o0 <a(0)>n7£
At energy scales between the AdS and string scales, the flat space amplitude As(s,t)
can be reliably computed using perturbative quantum gravity in flat space, viewed as an
effective field theory. We notice that in this regime the AdSsx S5 geometry is fundamen-
tally ten-dimensional, so the relevant effective theory is ten-dimensional IIB supergravity.
Fortunately, the one-loop flat space integrand in this theory, incorporating graviton and
gravitino loops, was worked out long ago [32, 33]. It is a simple sum of scalar boxes (see
figure 6), thanks to the so-called no-triangle property of maximal supergravity:

53 (87Gn)?

AT (g 4) = 87TGNE + (an) (Tnox (5,1) 4 Tpox (5, 1) + Inox(t,u)) + O(G%), (5.28)

where Gy = ”ng is the ten-dimensional Planck constant, with ¢ = & 24_1 and L the AdS
radius. To be fully precise, let us specify which polarization we have chosen for the external

gravitons: to match with the correlator G(199)

, which corresponds to two identical complex
scalars, one should choose the polarizations of gravitons 1 and 2 to be two identical null
tensors orthogonal to all the momenta. (By supersymmetry, all other choices are equivalent
up to an overall factor.)

The box integral has quadratic and logarithmic divergences but can be readily eval-
uated using e.g. dimensional regularization. The logarithmic divergence nicely cancels in
the sum over boxes due to the relation s+t+wu = 0, so the only ambiguity is the quadratic

divergence (which has to be restored manually in dimensional regularization), which we’ll
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interpret shortly. Note that even though the integral is computed in ten dimensions, we
need to expand the result in five-dimensional partial waves in order to compare with the
CFT, data in eq. (5.27). We obtain As simply by dividing by the volume of the sphere,
vol(Ss) = m3L5. Using the result for the box integral recorded in eq. (D.1), we thus obtain

sL/2)3 s 1 cos
64\/7; AZ"E (s, co86) = (fi/2) 2s11129 + <f€2/2) fo <1 +2 0) +0(1/e)  (5.29)

where fo(z) contains the angular dependence and is given in eq. (D.2). From this, the
partial wave coefficients are obtained simply by inverting (5.27) using the orthogonality of
the polynomials Py(cos 6):

be(s) =1+

/ — sin@sin((¢ + 1)0) 6{2 AZ'E (s, cos 0). (5.30)

E—I—l

An excellent way to perform such integrals is to use the Froissart-Gribov method and

deform the contour in z = HCTosﬁ

so that it picks the singularities of As. Physically, this
method of reconstructing partial waves from cuts is equivalent to a dispersion relation, as
discussed for example in section 2.5 of [12]. The t- and u-channel branch cuts at > 1 and

x < 0 give the same by symmetry, and we get

. lim(y/sL/2)? im (v/sL/2)" 1-vV1-2
b‘(s)_HE 2(0+1) +02 (+1 /0(1+ﬁ

where zZ = 1/ and the ¢-channel discontinuity is the difference between going above or

41
) Discy f2(1/2), (5.31)

below the t-channel cut at = > 1:

Discy fa(1/2) = % (Fa/z+i0) ~ 1)z - i0))
N2
:z(l48()z)<<1—zl>log(l—z)+i zi4+2iz2 213—|—Z7r—log( ))

(5.32)
We have verified the agreement between (5.30) and (5.31) to high numerical accuracy for
a variety of spins /.

The discontinuity of the amplitude (5.32) is identical to the double-discontinuity of
the correlator (5.22) obtained directly from the CFT! In other words, the operations of
taking discontinuities commute with taking the flat space limit, leading to the diagram
shown in figure 7. Since the full answers are reconstructed from the singularities, the
full answers also agree. Comparing eqgs. (5.24) and (5.31), we have matched not only the
answers on both sides, but also the computation techniques. This makes transparent the
relation between our computation in CFT and the standard reconstruction of S-matrices
via dispersion relations.

5.3 Local counter-terms and uniqueness of the reconstruction

As noted in section 3, reconstructions via dispersion relations typically suffer from polyno-
mial ambiguities, which are supported on finitely many spins. These represent bulk contact
interactions. Such ambiguities potentially affect both our tree and one-loop results, so let
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correlator amplitude

Q(z,z) % A5(8,t)

flat space
inversion dispersion
integral relation
double-disc. discontinuity
dDisc [G] flat space Disc [As5]

Figure 7. A commutative diagram which explains the agreement between the one-loop CFT and
supergravity calculations: the discontinuities, which determine the outcome of both calculations,
match each other.

us address them quantitatively. They were classified earlier in [34] using Mellin space
technique. The simplest one is supported on spin 0. In terms of the analytic function
c(h,h + ¢+ 1) defined in eq. (3.5), it can be directly constructed as follows. First, single-
valuedness (from an argument similar to 5.1.2) requires it to vanish like e 2l Al 4t large
imaginary h. Since it can have only at most double poles at the double-trace locations,

we write

71_2

sin(mh)?

where §¢/(n) is a rational function of n = h—3. Second, shadow symmetry A — 4— A forces

de(h,h+1) = 6c' (n) (5.33)

dc'(n) to be even under n — —6—n, and it needs double zeros at n = —1, -2, -3, —4, —5
in order to cancel the poles below the double-trace threshold. The case n = —3 requires
an extra zero to cancel a pole of the block (2.6); poles at n = —5/2 and its reflection are
exceptionally allowed, due to a zero of the block. Thus, up to an overall factor, the minimal
ambiguity is:

(@), __0dm) __ (n+ D0 +2)2(n+3)(n+4)2(n+5)? (5.5
@y = ny3 960(n + 5/2)(n + 7/2) ’ ‘
whereas the residue of eq. (5.33) gives the derivative relation <6a>n0 = %8n<a(0)57>n0.

Summing up the OPE, we then find that the corresponding ambiguity in the correlator,
0G(u,v) = 01u2D474,474(u, v), (5.35)

is indeed crossing-symmetric. It is possible to show that any non-minimal solution, obtained
by multiplying the above by a polynomial, would require higher spins to satisfy crossing.
We would like to explain why the coefficient ¢; is small, from the CFT perspective.
We need to use supersymmetry, which relates the correlator in the 105 representation of
SU(4)g, discussed so far, to that in the singlet representation. This relation has a nontrivial
prefactor, which shifts the spin by 4 in some of the blocks, see eq. (8.1) and the third line
of eq. (8.7) of [35]. This shift is important because for spins two and higher the Froissart-
Gribov integral is guaranteed to converge to the correct CFT-data in any complete, unitary
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theory [12]. Since this could be applied to the singlet correlator, we conclude that the full

CFT-data in N' = 4 SYM is reconstructed from the discontinuities. Furthermore, the

nonperturbative bound in eq. (5.4) there, applied to the singlet correlator, constrains the

contributions of heavy operators, neglected so far:

<l
gap

1 1

S gy for £>0. (5.
Sy fort20 (5.36)

singlet
‘5Ch7h+z+1

for{>2 = ‘(5Ch’h+g+1‘

1
c A%,

uniqueness of the tree-level solution given above in the strong coupling limit A\ — co. Note

This implies for example ¢; < ~ %% where A is the ‘t Hooft coupling. This establishes
also that ¢; is strictly positive, since it is controlled by the integral of a positive-definite
double-discontinuity. This conclusion was also reached in [36].

This bound on ¢; is essentially what one would have obtained from a naive application
of the bound on chaos [37] to the singlet correlator, see also [38]. The inversion integral
however naturally builds in the fact that the bound applies not to the CFT-data itself, but
to the difference dc between the CFT-data and the analytic contribution to it from light
t-channel operators. The latter gave the supergravity result and is not small.

According to eq. (5.27), this small ~ n° ambiguity reduces, in the flat space limit, to
= o T
interaction in gravity. The fact that the simplest contact interaction has 8 derivatives

an 8-derivative contact interaction § Az *(s) corresponding to an R* contact
follows simply from supersymmetry, since the four-particle amplitude is proportional to
a 16-dimensional J-function §'6(Q), which evaluates to s* for the graviton polarizations
described above. In the CFT calculation, the role of this J-function was effectively played by
the relation between SU(4)r representations. This explains also why there is no logarithmic
divergence at one-loop, since any crossing-symmetric 10-derivative interaction would be
proportional to s+t+u = 0. However we can see that the above bound is not optimal: the
R* operator is known to appear with coefficient %a%)g, ~ %ﬁ < %% in tree-level string
theory (stringy corrections to CFT-data have been studied in [39]). The non-optimality
grows for higher-derivative contact interactions, since the bound controls the spin of the
interactions rather than their mass dimensions.

At one-loop, a quadratically divergent R* interaction is forced on us, even at large \,
because its coefficient is given by a positive-definite sum rule which diverges in the one-loop
approximation. Indeed the double-discontinuity vanishes at tree-level away from z = 1 and
starts at one-loop, where we found a positive-definite result that for z ~ z grows like

11
This growth can stop at z ~ 1/ Agam where operators neglected so far, with A > Agyp,

enter the t-channel OPE. Integrating the Froissart-Gribov formula over the region under
control gives a contribution to OPE data

! 11
£+2 375 ~
c(hyh+£+1) onroiod & /vl/Agap dzz""*dDisc [F] 2 ég‘;l) , (5.38)

which diverges quadratically for £ = 0 (but converges for ¢ > 1). By crossing, this divergent
part has to be proportional to the ambiguity (5.34). But since it comes from a positive-
definite sum rule, it cannot be canceled by any counter-term in a complete, unitary theory,
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even if we try to take the gap to infinity. In fact, the gap can’t be taken bigger than
/s m]%lLQ7 in order for dDisc [G] to remain locally between 0 and 1, as it must.

In this extreme case where the growth continues up to dDisc[G] ~ 1, nonperturbative
contributions to the CFT-data can have size at most 1/ ¢*+*. This corresponds to a sce-
nario where the dual theory lacks any separation between the string and Planck scales.
There is still a good effective theory description at the AdS scale thanks to large- N, but
higher-dimensional operators in the effective Lagrangian assume values which can only
be determined nonpertubatively (for the first operator, using dimensional analysis with

7/4 consistent with the above bounds).

Planck-scale suppression one would expect ¢; ~ 1/¢
It would be interesting to further study such theories of strongly coupled gravity, perhaps

by combining the present methods with the numerical bootstrap following [13].

6 Conclusions

In the present paper we have analysed the double-discontinuities of the four-point corre-
lator of the stress-tensor multiplet in A/ = 4 SYM at large t'Hooft coupling and at order
1/c%, with ¢ ~ N2. We have explicitly shown how to extract the full CFT-data from
these discontinuities. This was done by two alternative inversion procedures, one based
on a Froissart-Gribov type inversion integral for CFT, and the other based on large spin
perturbation theory. The procedures were then shown to be equivalent. Our computa-
tion makes explicit the fact that double-discontinuities contain all the relevant physical
information. In particular they also allow to reconstruct the full correlator, without any
additional assumptions about the space of functions that can appear. This is reminiscent of
the Kramers-Kronig relations that allow to reconstruct a holomorphic function that decays
at infinity from its imaginary part.

Via the AdS/CFT duality 1/c? corrections describe one-loop effects in the dual grav-
itational theory. We have considered the limit in which the CFT correlator is expected to
reproduce the one-loop scattering amplitude of gravitons in ten-dimensional supergravity
in flat space, finding perfect agreement. An elegant way to summarise this agreement is
that the flat space limit of the discontinuity of the CFT correlator agrees with the discon-
tinuity of the flat space scattering. These discontinuities then determine both results: on
the CFT side, through the inversion procedure presented here, and on the amplitude side
through dispersion relations. The 10-dimensional nature of the underlying string theory is
realized through the mixing between CFT operators with different SU(4)% charge.

The inversion presented in this paper makes clear which ambiguities may arise and
how. In any non-perturbative theory it has been proven in [12] that proper Regge be-
haviour constraints these ambiguities to spin lower than two, and we have shown that
supersymmetry removes all such ambiguities. In a perturbative expansion however the sit-
uation can be a bit worse but we have shown that there are no ambiguities at order 1/c in
the limit of large ‘t Hooft coupling, and only a single ambiguity for spin zero at order 1/c2.
This ambiguity corresponds to an R* counter-term, which is indeed generated at one-loop
in ten-dimensional supergravity with a quadratically divergent coefficient. Interestingly,
we find that fully cancelling this term by a negative counter-term would be inconsistent
with unitary, hence a large positive value must be assumed nonperturbatively.
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There are several open problems that would be interesting to attack. First of all, our
methods are completely general and one should be able to study amplitudes of more generic
gravitational theories. It would be interesting to study theories in different number of di-
mensions and with less super-symmetry, and more broadly to see if this method can be used
to constrain higher-dimensional supergravity theories. The interplay with new techniques
for direct computations in AdS, see [40, 41], should be pursued, as well as the prospect
of fixing nonperturbatively the coefficients of higher-dimensional contact interactions. It
would also be interesting to study higher order corrections in 1/c.
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A The double-discontinuity of the one-loop correlator

Here we record the coefficient of log? v in the one-loop correlator, as obtained from the
squares of anomalous dimensions in eq. (3.15), and normalized as in eq. (3.16):

22(2 — 2)G® (u, v) ot~ D(D —2)D(D —2)G?)' (2, 2) (A1)
where:
G¥'(2,%) = Ry(2,2) + Ri(z, %) (log z — log Z) + Ra(z, %) (log z + log 2) (A.2)
+ Ry(2, 2) (Lis(1 — 2) — Lis(1 — 2)) + Ra(2, 3) <L12 (1 - i) ~ Li (1 _ i))
+ 18_UZL12(1 —2) -~ Lip(1- )
where
o wdBu—T(u+1)) v (—4u—3v+15) (B —v-3) z-z
Boed) == v me—zp T teae—3  1ea MY
v? (u? —u+v—1 uv® (u? —uv + bu —v + 1 1—v)v
me9) = Sz—2) )yt S(z—2)p ) 8i(z —)2)2 (A4)
(1—u?+50 ovlw+1)—21-u)? 13
©96(z — 2)? 64uv 192 (A.5)
u (1 —u?)v? v v(u(l —u) —6(—u+v
Ra(z,2) = E(Btz — 225 + 8u(z — 2) + ol 9)6(7:6—( 2)3+ = (A-6)
Qu—v—2)(z—2) 1l—u+w
+ 64uv + 96(z — z) (A7)
wv?(u—v—1 v(u—v—1 v?
Ralz2) = 8((2 o Ly 8(u(z = z)2) e (4.8)
Ra(z, %) = wdv?(u+v —1) (A.9)

8(z —2)6
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B Twist conformal blocks

In the body of the note we have introduced the following family of functions denoted twist
conformal blocks (TCB)?

_ In,e(2, 2)
H{™(2,2) = ) =00, (B.1)
¢
where the super-conformal blocks have been given in the body of the paper. We will be
interested in the divergent contribution to TCB as z — 1. Given the specific structure of
the super-conformal blocks this contribution admits the following factorised form

1 _
H™(z,7) = mrhnkhn (z)H™ (Z) + regular (B.2)
where recall h,, = n + 3 and 7, and ky, (2) have been defined in the body of the paper.
Regular terms behave as a finite number of conformal blocks as Z — 1 and will not be

important for our discussion. The functions f_L(Lm) (2) satisfy the following recursive relation
DA™ (z) = H{"(2), (B.3)

with D = z20;(1 — 2)0;. From the explicit form of the conformal blocks, or from the

correlator at zeroth order, we can compute the divergent behaviour for FIT(LO)(Z). We obtain

_ 1 1

0)(z) = =

) (Z) 51— 3 + regular (B.4)
Due to our definition of TCB, which differs from that of [6], we see that the divergent
part of the TCB is actually independent of n, and hence the index will be dropped from

now on. In order to obtain the divergence behaviour of the correlator at zeroth order
we need to insert (a(?)),, = 2(J? — (n + 2)(n + 3)). This can be obtained by acting
with 2(D — (n + 2)(n + 3)) on the function above and reinstates the n dependence. From
now on we will also drop regular terms. All equalities must be understood up to those.

Starting from H(?)(Z) we can build all functions H™(z) by using the recursion relations

(for instance as an expansion around z = 1). For m = 1,2, --- the structure is as follows
H™(2) = ¢™ (2) log2(1 —2), m=1,2,--- (B.5)
where 1
Dq" I (z) = 4™ (2),  ¢W(2) = (B.6)

and ¢ (%) ~ (1 — 2)™ ! as zZ — 1. It is straightforward to compute the functions ¢(™ (%)

as a series around z = 1. In the body of the paper we will be interested in reproducing the

divergence (1 — z)~%:

1

> amHM™(2) = — (B.7)
m=0

From the expressions above it is clear oy = 2. Furthermore, the behaviour for ¢(™ (2)
around z = 1 implies a;, = 0 for m > 0.

3The conventions used in this paper are slightly different to the ones used in [6] but better suited for
our current purposes.
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B.1 From large spin perturbation theory to an inversion integral

We are interested in solving the following inversion problem. Given a divergent function,
how do we write it in terms of the basis H(™(z). Let us first assume the divergence is
proportional to log*(1 — Z) and the function in front admits a decomposition in terms of
¢™(%). Later on we will relax this assumption. The first step is to construct the following
projectors

7{ dzP"™ (2)¢") (2) = G (B.8)
z=1

for m = 1,2,---. The recursion relations for ¢(™ (%) together with integration by parts
lead to the following relation for the projectors

4

P (z) = ptptm(z)  pO(z) = )

(B.9)

where DY = (1 — 2)9:22. Note a nice point. Now P+ (z) can be easily computed from
P(m)(i), by simply acting with a differential operator. Then, given the expansion

Y end™(2) = g(2) (B.10)
m=1
the coefficients ¢, admit the following integral representation

- 7{_1 dzP™) (3)(3) (BA1)

Having found an integral expression for the coefficients ¢, we are interested in the following
resumed series:
c
) =3 (B.12)
m=1
For this we need to compute the following Kernel
pm)(z
K(J,2) = (2) (B.13)

J2m
m=1

which plays the role of the generating function for the projectors P(m)(é). Remarkably,
one is able to find a closed form expression for this. We find

> 1 1 z \"
002 = 4T Dy (1) (A0

With this we can give
fU) = §dK(2)g(c) (B.15)
z=1

In other words, we have found an integral expression for f(J) which is analytic in the
spin, and which can be interpolated down to finite spin! very much as in the Froissart-
Gribov inversion formula. Let us study this Kernel in greater detail. It admits several
representations. One in terms of hypergeometric functions 3F». Another in terms of an

~ 31—



infinite sum of standard hypergeometric functions oF}, by noticing that the Kernel satisfies

the differential equation
4

DT—J2>KJ*:7 B.16
( 9= 515 (B.16)
The most convenient representation for us is as a double integral:
4 L (1=t Y1+ ty) P z
K(J,z2) = ———— dt dt = B.17
(19 = o [ an [ a2 man

where we have defined J2 = h(h —1). One can explicitly check that the large J expansion
coincides with that of (B.14) and furthermore that the differential equation (B.16) is satis-
fied. Plugging this into f(J) and deforming the contour we can integrate around the pole
at Z +t1t9z2 — 1 = 0. We obtain

1 [e’s) _ _
f(J) :4/0 dtl/o dta(1 —t) 11 + 1)y <1+1t1t2> (B.18)

which is a very neat expression, analytic in the spin. So far we have considered the case of
a divergence proportional to log2(1 — Z). More generally, we need to consider the double-
discontinuity dDisc G(z). For divergences containing a log?(1 — z), this reduces to what
we did before. Let us now consider a divergence proportional to a non-integer or negative
power of (1 — Z). In this case we obtain

! > . pl 1—-2\" I'(h—p—1)
4 | dt dto(1—t1)" 1 (1 +t5)~"-= dDi =2
/0 1/0 2(1=t1)" " (1+12)™" 1sc( E ) e TPt p 1)
t1t2
(B.19)

One can explicitly check that this gives the precise large J expansion for a divergence
corresponding to non-integer or negative p. This is relevant to compute the contribution
to the CFT data due to an exchanged operator, in the dual channel, of arbitrary twist.
This case was analysed in [7] for leading twist operators from the point of view of large
spin expansions. The formula above fully reproduces those results.

Before proceeding Let us make an important remark regarding different representations
for the Kernel (B.14). Although all representations give the correct large J expansion for
integer p, or for a divergence proportional to log2(1 — z), the representation we have used
extends properly to non integer p. This can be understood intuitively as follows. Other
representations involve the integral over z from one to infinity. While this is well defined
for integer p it is not for general p. The representation we have used is well defined for all
p and one can check that indeed gives the correct answer in all examples.

C Results for OPE coefficients

Here we discuss a simple trick to deal with the Z integrations of the logarithms and poly-
logarithms in eq. (A.1), order by order in the z expansion. The idea is to expand the
polynomials multiplying these in a basis of eigenfunctions of the Casimir; this basis is
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(2m)

provided by k functions with negative argument, K,,(z) = (m—,);k,m(z) By integrating-
by-parts the relation (Dz — m(m + 1)) K,,(Z) = 0, we get an interesting result:
dz Ty, 2
—nr K )= ————
RO En(2) = T

where the right-hand-side stems from a boundary term at Z = 1. This formula can be easily

(C.1)

checked against the general integral eq. (3.20) for specific polynomials. Most importantly,
the same method can be applied to polynomials times log, for example:

i (2) (Dg —m(m + 1))(Km(2) log z)
o Z2h—1/2" J?2 —m(m+1)

dZ Th _ _ dZ 3
—2—k K..(2)1 =
[ k(2 (2 og(2

(C.2)
where the right-hand-side is just a polynomial in 1/Z, which we already know how to deal
with. The same trick, applied repeatedly, takes care of the other transcendental functions
which appear in the one-loop double-discontinuity (A.1), namely Liz(1 — 2) and log? z.
In these cases, however, one finds a new integral: one with a single positive power of Z.
Using the integral representation for the hypergeometric, we find that it integrates to an
harmonic sum:

O Czljh Ti/Qkh( )z——4/0 di log.z — 43 () — 24 <1+h> —45 5(h-1) (C.3)
where ¢ (z) = (logT'(x))’ is the polygamma function. This can be regarded as an analytic

continuation of an harmonic sum: S_,(j) = S_4(j) — S_a(00) from even j, where
: -

-y (_T;a . (C.4)

m=1

It is worth mentioning the large .J expansion of S_5(h — 1) respect reciprocity and contains
only powers of 1/.J2, where J? = h(h — 1). In terms of this special function, our result is
S0 _ 48 31672206 169064 5490 9720 2480
Oh " g4 T 25025 (J2—56) 195(J2—30) J2-20 (J2—20)% 33(J2-12)
121154 624 7200 306 648 3642
25(J2—6) (J2—-6)° (J2—6)° T T (J2 — 2)? T3
1120 80 96 18144 )
<13(J2 —30) 11(J2—-12) trE6 143 (J2 — 56))
13440 960 217728 .
(13(J2 —30) 11(J2—12) 143(J2— 56)> S=2(h=1).,
3000 41435928 381416 211050 693000 5175000
T TP (P -42) 230 (J2 — 30)2 T 1001 (72 — 20)
432758 240240 2469600 15150732 295200 1080000
ST (J2—12)2  (J2—12)° T7(J2—6) i (J2 - 6)° " (J2 - 6)°
218970 51840 6850
_7(J2—2) o (J2—2)2 2
39200 540000 16800 1108400 604800 )
(11 (J2—42) 1001 (J2 — 20) U ST 77(J2—6) 143(J2 — 72)>
470400 6480000 4800 7257600
<_ 1L(J2—42) " 1001(JZ—20) 77(J2—6)  143(J° -2

=

(0
Sl

.

)> S_o(h—1).
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Results for higher twists are available upon request to the authors; algorithmically, it is
relatively straightforward to obtain similar formulas for the first few hundreds of twists.

D Ten-dimensional box integral

Here we record the result for the box integral in ten-dimensions, obtained using e.g. di-
mensional regularization:

dt0 1
Tpox(5, ) = / P

im® p?(p— p1)%(p — p1 — p2)?(p + pa)?

1 (st 9 =8 o st 1 —s V—sv—t st
= ( <log _t+7T>—(s—t)<u2+)log_t+ulogA2—

120\ w3 2 U

+ 01A2 + CQU) (D.l)

where A is a ultraviolet cutoff and where we have re-instated the quadratic divergence
Cy. Oy is a scheme-dependent constant which is unimportant in this paper (it cancels out
when summing the three boxes). Following standard notation, all logarithms are real in the
Fuclidean region s,t < 0 and one adds a small imaginary part, —s — —s — 10, to select the
correct branch when an invariant becomes timelike. Explicitly, adding up the three boxes
and paying due care to phases, we obtain the function of angles fo(x) entering eq. (5.29)

in the main text, where z = —u/s = 1+c270$0:
fo(x) = ! S v log z(log 4 27i) + L_?’—I—:S—Z% (log z + i)
273840 |w—1 " (w—1)3 BTNOST AT 1—2)2 soTm
2 x 2 A?
+ (= 1—2) | +22(1 — ) (IOgH+7T ) —a;(l—a:)—&—?)C’l? . (D.2)
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