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Abstract

Allowing for the possibility of extra dimensions, there are two paradigms: either the extra dimensions are
hidden from observations by being compact and small as in Kaluza-Klein scenarios, or the extra dimensions
are large/non-compact and undetectable due to a large warping as in the Randall-Sundrum scenario. In
the latter case, the five-dimensional background has a large curvature, and Isaacson’s construction of the
gravitational energy-momentum tensor, which relies on the assumption that the wavelength of the metric
fluctuations is much smaller than the curvature length of the background spacetime, cannot be used. In
this paper, we construct the gravitational energy-momentum tensor in a strongly curved background such
as Randall-Sundrum. We perform a scalar-vector-tensor decomposition of the metric fluctuations with
respect to the SO(1,3) background isometry and construct the covariantly-conserved gravitational energy-
momentum tensor out of the gauge-invariant metric fluctuations. We give a formula for the power radiated
by gravitational waves and verify it in known cases. In using the gauge-invariant metric fluctuations to
construct the gravitational energy-momentum tensor we follow previous work done in cosmology. Our

framework has applicability beyond the Randall-Sundrum model.


http://arxiv.org/abs/2301.11139v2

Contents

I. Introduction and Summary 3
I1. Gravitational wave energy-momentum tensor in a curved background 6
III. Gravitational waves in a curved spacetime: AdS; and Randall-Sundrum 11
A. Vacuum solutions (plane waves) 12
B. Retarded Green’s functions 14
C. Static, spherically-symmetric solutions 17
D. Spherical waves 18

IV. The gravitational energy-momentum tensor and the radiated power in terms of

gauge-invariant fluctuations 19
A. 4d flat spacetime 19
B. 5d flat spacetime 23
C. Randall-Sundrum model 27
Acknowledgments 31
A. The second order expansion of the Ricci tensor 32

B. The contribution of the scalar and vector modes to the radiated power in 4d

flat space, with an SO(3) SVT decomposition 33
C. The non-locality of the SVT decomposition 34
D. Zero mode sector 35
1. Maxwell field 35
2. GR 37

E. The SO(1,2) SVT decomposition of the metric fluctuations about a 4d flat
background 39

F. The SO(1,2) SVT modes sourced by a binary in 4d flat space and the

luminosity of the gravitational waves 41



G. The SO(1,3) SVT modes sourced by a binary in 5d flat space with compact z°

and the luminosity of the gravitational waves 44

References 47

I. INTRODUCTION AND SUMMARY

In this paper, we address the energy-momentum of the gravitational field in the context of a
strongly curved background. Historically, gravitational waves were understood as ripples across
spacetime, with the wavelength of the ripples much smaller than the curvature length of the back-
ground. The most commonly used definition of the energy-momentum tensor of the gravitational
waves is due to Isaacson [1, 2]. In a couple of seminal papers, Isaacson performed an expansion of
the Einstein equations to the lowest order in non-linearities and interpreted the terms quadratic
in fluctuations as an energy-momentum source due to the gravitational field, backreacting on the
spacetime geometry. With the image of ripples propagating across spacetime implying a separa-
tion of scales between the high-frequency gravitational waves and the large scale on which the
background is changing, Isaacson added an averaging to his definition of the energy-momentum

tensor

(T (2))1 = /ddw'\/ﬁf(waﬂf’)’v,‘f(waw')vﬁl(%x')Tu'u'(ﬂc')= (1.1)

where the integration region is defined by the choice of the compact support function f(z,z’), cen-
tered at x, such that it has a characteristic size smaller than the curvature scale of the background,
but larger than the wavelength of the radiation. Furthermore, in order for the outcome of the

integration to be a tensor, the integrand T}, needs to be contracted with the bitensors vﬁl and

I/,

Uy

which transform as vectors under coordinate transformations performed at either z or /. On
the one hand, the small wavelength assumption means that covariant derivatives commute. On
the other hand, the averaging (1.1) brings with it the freedom to perform integration by parts'.
Together they imply that the simplified expression of the (quasi-local) energy-momentum tensor

1 o
<T,ul/>I = Z<hpo;uhp ;u>I (12)

is background-covariantly conserved in vacuum, and gauge-invariant, which, of course, is a desired

feature of any definition of the energy-momentum tensor. Another definition of the gravitational

'E.g. (huohup’®)1 = —(huohu,®?)1. After such integrations by parts are performed, further simplifications arise as

a result of either applying a gauge fixing condition or through the use of the equations of motion.



field energy-momentum tensor 7}; which is due to Landau and Lifshitz [3] has the advantage of
being conserved 9,T}; = 0. However, it suffers from two major drawbacks: it is not a tensor
(hence it is often referred to as the Landau-Lifshitz pseudo-tensor) and it is not gauge-invariant.

There is at least one situation of interest when the approximations used by Isaacson are not
applicable, that is, gravitational waves in extra dimensions. Gravitational waves from binary black
holes and neutron stars detected by LIGO and Virgo have been used to test strong-field gravity
in various ways [4-9]. One such test is to probe the existence of extra dimensions. For example,
the presence of a large extra dimension modifies how the gravitational wave amplitude falls off as
a function of the distance it traveled, so the luminosity distance measured by gravitational waves
would be inconsistent with those from electromagnetic counterparts if one assumes 4d General
Relativity [10-12]. In [13] we studied a simple Kaluza-Klein model and showed that the luminosity
of gravitational waves emitted from a binary black hole is smaller than that of the 4d case, leading
to a relatively large phase shift that is inconsistent with observations.

One paradigm of large extra dimensions is the Randall-Sundrum model, with a 3-brane curving
the 5d spacetime around it until it looks like a slab of Anti-de Sitter space [14]?. Matter sources are
localized on the brane. The background geometry has SO(1,3) isometry and the fifth dimension

is warped
ds?* = exp(—2k|y|)dztdz" 1, + dy* (1.3)

with k proportional to the inverse curvature length. Gravity is localized near the brane and
deviations from four-dimensional Newtonian potential are parametrized in terms of x as [14, 15]
Va(r) = _GTM<1+3H—§7»2>‘ (1.4)
Given that the Newtonian potential has been probed by Cavendish-type torsion scale experiments
to micrometer scale [19, 20] that means that the curvature length of the background must be
smaller than this scale. We are thus looking at a strongly curved background, where its curvature
length is smaller than the typical wavelength of the gravitational waves generated by a black-hole
binary source, which is in the 102 — 10* km range.
Our paper proposes a definition of the energy-momentum tensor of the gravitational field which

does not rely on the WKB approximation nor the spatial averaging introduced by Isaacson, which

20ther applications of gravitational waves in Randall-Sundrum model have been studied e.g. in [16-18].



cannot be used in the case of strongly curved backgrounds®. Instead, we are constructing the
energy-momentum tensor from gauge-invariant metric fluctuations. Our procedure is similar to [23],
which dealt with the energy-momentum tensor for cosmological perturbations, though how one
foliates the spacetime and decomposes the metric fluctuations is different. Namely, within the
cosmological context, it is natural to foliate the 4d spacetime with fixed-time 3d spatial slices.
Since we are interested in the case of the extra dimensions, for one large extra dimension, y,
we foliate the 5d spacetime with fixed-y 4d spacetime slices, and we similarly decompose the
metric fluctuations in scalar-vector-tensors (SVT) with respect to the SO(1,3) isometry group.
The gravitational energy-momentum tensor is constructed out of the gauge-invariant fluctuations.
The resulting expression is manifestly gauge-invariant, and it is background-covariantly conserved.
Without the benefit of the averaging procedure, the expression is quite involved. Nonetheless, it
can be simplified significantly when computing the radiated power (radiated energy per unit time)
asymptotically, far away from the sources.

In studying physical problems in the Randall-Sundrum model, a common approach is to use
the reduced 4d Einstein’s equation supplemented by the Israel’s junction condition. E.g. in [24—
29] the 5d effects are encoded in various additional terms in the 4d reduced Einstein’s equation,
relative to the usual one, and the additional junction condition. This method treats the brane
and the bulk differently and it can be effective when studying problems on the brane. However,
separating the brane from the bulk seems less appropriate when studying the propagation of the
gravitational waves, which propagate equally on the brane and into the bulk. The physical picture
can be murky since the meaning of those additional terms in the reduced equation is not very
intuitive. In the literature, in order to solve the reduced 4d equations, various terms are dropped
for practical purposes, though the reason behind this is not often clear. Our work comes directly
from a 5d setup which treats the bulk and the brane on an equal footing, and has a clear physical
picture. The gravitational energy-momentum tensor we calculated here can be used in applications
other than computing the radiated power. Lastly, due to the gauge-invariant nature of the method
we used here, our work has a larger applicability outside the Randall-Sundrum set-up.

The paper is organized as follows. In Section II we give our main formulae for the gravitational
energy-momentum tensor (2.24), and radiated power (2.18) and (2.19). In Section III we discuss

gravitational waves in a curved maximally symmetric spacetime such as Anti-de Sitter and in

3See e.g. [21, 22] for other works on computing the energy-momentum tensor for gravitational waves in theories beyond

General Relativity using the Isaacson averaging.



Randall-Sundrum geometry. In Section IV we perform various SVT decompositions for the metric
fluctuations in 4d and 5d flat spacetimes, and in the 5d Randall-Sundrum background. In each
case, we construct the gravitational energy-momentum tensor and give a formula for the radiated
power. As we will see, one of the main differences with respect to previous results in the literature
[30] is that the radiated power is expressed not only in terms of the tensor metric fluctuations. This
is to be expected given how the graviton degrees of freedom are accounted for in the various SVT
decompositions. In Appendix F we are explicitly verifying that our approach yields the expected
result for the power radiated by gravitational waves away from a binary source in flat 4d spacetime.
Appendix G deals with a compact extra dimension flat 5d scenario and recovers a previous result
for the radiated power, using the approach presented in Section II. Technical details are relegated

to the other appendices.

II. GRAVITATIONAL WAVE ENERGY-MOMENTUM TENSOR IN A CURVED BACK-
GROUND

We begin by considering a curved background g,,, with a non-vanishing cosmological constant

A, solution to the source-free Einstein equations
G+ o = Ry — (R~ 20) =0, 21
Next consider another metric,
G = Guv + Py, (2.2)
which is a solution to the source-free Einstein equations as well:

1
Guw + g = Ry — 5g,w(l—‘{ —2A) =0. (2.3)

Note that (2.2) is exact, in other words h,,,, represents the difference between two spacetime metrics.
Expanding in hy,, leads to the following definition of the energy-momentum tensor 7, of the

gravitational field [31]
WG, + Ahyy = — <5(2)GW +69G,, + O(h4)> =T (2.4)

where 5(1)GW is linear in the difference between the two metrics A, , 5(2)GW is quadratic, etc.



The linearized Einstein tensor evaluates to:

1 1 _ 1 _
00Gu = 0 Ry = S50 Rpog" + SGuRpoh? = Shyw R
1 = P P _ g = P 2h
=5\~ Ohpw = hipw + hpvsp™® + hppsy™ — Guw (=0 + hpe™™7) + m(guvh —dhuw) |,
(2.5)
where d is the number of spacetime dimension and we used that
R, = —2—Ag (2.6)
W= 79 Guv - .
Reshuffling the background-covariant derivatives and using (2.6), one can show that
VH (5(1)GW + Ahw> =0, (2.7)
for any two-index symmetric tensor A, .
This in turn implies that 7, is a background-conserved tensor [31]
VAT =0. (2.8)

Not only that, but 7, is invariant under background linearized gauge transformations dh,, =
V& + V€, since the left hand side of (2.4) is invariant under these transformations.
Furthermore consider a background that admits a time-like Killing vector (e.g. for the RS

model, such a Killing vector would be dy = k*0,,)

Vyuk, +Vyk,=0. (2.9)
Then
Vit =THE, (2.10)
is a background-conserved vector
VvV, VE=0. (2.11)

This implies a conservation law:

0= /ddx —gV, Vvt = /ddazﬁu(\/——g VH. (2.12)
The presence of sources alters slightly the previous scenario. From

WG + Ahyy, = Ty — (5(2)GW +69G,, + O(h4)> =T + T, (2.13)
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where T}, is the matter energy-momentum tensor, using (2.7) we find the conservation law obeyed

by the total (sources plus gravitational field) energy-momentum tensor
VAT + Tw) = 0. (2.14)

Given a time-like Killing vector k,, one can construct a conserved current

VHE =k, (TH +TH), VvV, VE=0. (2.15)
The total energy in some region of space M is
E:/ di=tey/—gv° :/ A e/ =gk, (T + 7). (2.16)
M M

The rate of change of the energy in this region of space can be expressed in terms of the flux of V*
through the boundary:

dFE . .
— = | d¥2dy(v=gV°) = — / Ao, (vV=gV') = —/ d¥= 2/ —gn;V? (2.17)
dt M M oM
where n' is an outward pointing, unit vector on the boundary.

If there are no sources on the boundary of the spatial region M, then the radiated power through

the boundary dM is given by:

dE :
—— = A2/~ gnik, TH. (2.18)
dt ~ Jaur

P =
Furthermore, assuming that the sources are generating gravitational waves and that the period
of the gravitational waves is T', we will compute the averaged radiated power through the boundary

OM which we take to be asymptotically far away from all sources. Thus

T
(P) = % /O dt /8 y A2/ =gnik, T, (2.19)

This expression is background gauge-independent since as we have already discussed 7, is
invariant under background gauge transformations.

In general, though, we are interested in problems where the metric g, is a small perturbation
of some exact background metric, due to sources and gravitational waves. Then the metric g, =
Guv + hyw is typically solved in perturbation theory, with g,, an exact background, and with h,,

expanded in a perturbative series

hyw = b)) + D + . (2.20)

174 174

where € is some small expansion parameter (e.g. in thinking about the gravitational waves sourced

by a binary the small parameter could be the post-Newtonian expansion parameter, ¢ = |U]/c



where ¥ is the velocity of binary sources). Then, the Einstein equation can be solved order by

order in €. To the lowest orders in perturbation theory, setting the sources to zero for clarity, we

have
1/ - . o o
500G 1) = A1) = 5 (= OB~ + 7 i — G (O D7) ) — )
=0, (2.21)
SWG W] = ARE) = —6@ G, [hY]. (2.22)

One way to interpret the equation (2.22) is that the metric fluctuation hf},,), solution to the linearized

equation of motion, backreacts on the background geometry, with the right-hand side of (2.22)

playing the role of an energy-momentum tensor source:
T = —269G,, [hV] + 0(). (2.23)

Using the results derived in Appendix A, to leading order in €, the energy-momentum tensor of

the gravitational field takes the form?*

L, was (1) M () (1) Ly ess _ (g
T = _§h( ) ﬁ(hw;a;ﬁ ~ogiis ~ Puaswsp t Pagy) T §h'/6;oc(hfl) 7o

Lo e L. 1 1):a D)oy L. (1)iarr1 1);
_thxﬁ;uh( ) B;'/ - Z(h’l(/o)z;,u + hfmz,u)(h( Jio 2h5 B) + thw) (h’( )§0l - 2h’a6 ﬁ)

Lo (a0 W _op@ar oy L) pie _op(1iap )8y
+Zguv (R o + oy T “llay B) — 3V e —2lgg ol
+2h(1);ah(1)a6;6 - hg’?;ﬁh(l)aﬁw + ghalﬁwh(l)aﬁﬂ> ‘ (2‘24)

Given that 7, is the right-hand side of (2.22), the same argument of Abbott and Deser [31],
which we reviewed earlier, applies: the gravitational energy-momentum tensor (2.24) is background
covariantly-conserved. However, due to the perturbative expansion we have just performed, this
expression is no longer invariant under background gauge transformations. As noticed by [23],
we can remedy this: by using only the gauge-invariant pieces of the metric fluctuation hf},,), the
gravitational energy-momentum tensor defined in (2.24) becomes manifestly gauge-invariant. We

will elaborate on this in the next sections.

41t it important that in solving for h,(tlu) we consistently keep all the terms of the same order in e. For example, in
solving for fluctutations sourced by a binary to leading order in the velocity expansion in [13], the spatial fluctuations
h%]) received two contributions, both of the same order in €: one contribution from the linearized Einstein equation
sourced by the matter energy-momentum tensor and a second contribution, from the backreaction of the Coulombic

part of h(%) .



We can compare (2.24) with known expressions of the energy-momentum tensor in flat space:
replace all the background covariant derivatives with partial derivatives, choose the Lorenz gauge
auh(l)”” = 0, and fix the remaining gauge freedom by setting h() = 0. If an averaging is performed
as in [2] then one can do integration by parts to take advantage of the gauge choice. Lastly, using

1)

the equation of motion of the linearized, gauge-fixed fluctuations thw = 0, the energy-momentum

tensor simplifies to

Tow = ~ (R b)Yy, (2.25)

pov

-

where the brackets denote the averaging done by Isaacson [2].

If the background is curved, choose instead the de Donder gauge ?“h,(},,) = 0. Under the
assumption that the metric fluctuation varies on a scale A (e.g. V. h(!) ~ 1/X), while the background
metric varies on a scale L (R ~ 1/L? where L is a curvature scale) such that A\ < L, then we
can commute the background covariant derivatives, just like we would commute partial derivatives
(since the error made is of the order A2/L?). Note that the same assumptions would render the
cosmological constant term Ah()h(D irrelevant to the order we are working because V. AV A1) ~
1/X2 while ARWAM ~ 1/L2, and therefore it is suppressed by A2/L? relative to the former terms.
If an averaging is performed, as in [2], then we can integrate by parts under the averaging sign and
arrive at (2.25), where the derivatives are background-covariant.® (See for example the equations
(5.37-5.39) in [32].)

If the curvature scale of the spacetime is small, the wavelength of the gravitational waves must
be even smaller in order for the approximations and averaging performed by Isaacson [2] (see also

Chapter 35 in Misner, Thorne and Wheeler [33]) to be applicable. This is certainly not the case
for the Randall-Sundrum background,

ds® = dy?* + exp(—2kly|) dxtdz"n,,, w,v=20,1,2 3, (2.26)

where R ~ k2, and where & is constrained by corrections to Newton’s law to be such that sr > 1
for r ~ 1lum in a Cavendish-type experiment. In this scenario, the curvature scale is 1/k < 1um,
while for the gravitational waves detected by LIGO the wavelength A ~ 10? — 10* km is much

larger than the curvature scale.

5The boundary terms vanish because the averaging function is chosen to vanish at the boundary of the integration
region. Also, equally important for the averaging procedure performed in curved backgrounds are the bitensors
which, when contracted with 7., render the integrand a background scalar, and make possible the integration by

parts.
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Nonetheless, the formula derived earlier for the radiated power (2.19), with the gravitational
field energy-momentum tensor given by (2.24), can still be used in a Randall-Sundrum setup.

One of the goals for the next sections is to bring (2.24) and (2.19) to a more manageable form.

III. GRAVITATIONAL WAVES IN A CURVED SPACETIME: AdS; AND RANDALL-
SUNDRUM

Consider a background g,,, perturbed by gravitational waves h,(},,), and set matter sources to

zero (T, = 0). Allowing for a non-vanishing cosmological constant, the background satisfies the

Einstein equations

T Y.
RMV — §gNV(R — 2A) = O, R = mA, (31)

where d is the number of spacetime dimensions. The linearized Einstein equations can be written

in a simpler form in terms of

1_
Yy = h{Y) — §g,wh(1) (3.2)
as
= IAviavid P PN 4A
U + G VPV Yo — VPV 1y, — VPV 0, + mww =0. (3.3)
This can be further manipulated into
Ot + Gu VOV P = VNP, = Vi VPpu = 2R 510,077 = 0. (3.4)
Choosing the de Donder gauge (V#1),, = 0) leads to
Ot — 2Ry () p” = 0. (3.5)

At this point one could follow Isaacson and use the WKB approximation for the gravitational
waves (assume that the wavelength is much shorter than the background curvature length) and
drop the curvature term from (3.5) and approximate (3.5) by Oty ~ g7 9,05, ~ 0.

However, we are interested in cases when this approximation is invalid, and therefore we refrain
from ignoring the curvature and Christoffel contributions. For concreteness let us consider a

maximally symmetric background:

_ 2A o o
Rouup = m(gaugp,u - guugcrp)' (3'6)

11



Substituting into (3.5) leads to

4A 4A

S e T sy il

Gl = 0. (3.7)

If, as we do in flat space, we fix the residual gauge freedom by imposing tracelessness 15 = 0, then
the linearized Einstein equation, in the now transverse (de Donder) and traceless gauge, reads

4A

o = (d—1)(d—2)

wuu =0. (38)

Despite the apparent simplicity of this equation, the various components of the metric fluctuation
remain coupled. An alternative approach which leads to decoupled equations of motion starts by
decomposing the metric in scalar, vector, tensor (SVT) fluctuations with respect to background
isometries. As a bonus, we will be able to extract the gauge-invariant metric fluctuations, and use
them to construct the gravitational energy-momentum tensor according to (2.24). We will discuss
this at length in section IV.

In the remaining parts of this section we discuss plane waves (vacuum gravitational wave solu-
tions) in 5d Anti de-Sitter (AdS) and Randall-Sundrum geometries, and construct spherical wave

solutions relevant for gravitational waves far away from sources.

A. Vacuum solutions (plane waves)

Consider the 5d metric fluctuations

hydeMde™ = nbdy? + 208 dydat + bzt da (3.9)

where M, N = 0,1,2,3,5 while p,v = 0,1,2,3 and y = 2°. The background AdS metric in the
Poincare patch can be written as

gundzMdzN = dy? + e 2, dat da” k>0, 3.10
Y

and the background Randall-Sundrum metric was given earlier in (1.3): gy ndeMdz® = dy? +
e~ 26l dpkdr” . Next we decompose the metric fluctuations into scalar, vector, and tensor fluctua-

tions with respect to the 4d Lorentz isometries:

Wy daM dzN = 2¢dy? + 2(8,B — S,)datdy + (0,0, E + 20t + 0uFy + 0,F, + fu)datda? |

(3.11)

where 90,5, = 0, 0O, F, = 0, "0, f,, =0, fun™ = 0. When performing a gauge trans-

formation (5§h§\14)N = Vuén + Vnéyr we can decompose the gauge parameter in a similar way

12



eM = | ELT) + 8u£(L),£), with aué(T)“ = 0. The tensor metric fluctuations are gauge invariant

(34]: 6¢fu = 0. Given a monochromatic plane wave exp(ik,z*), with k* a time-like 4-vector

(k? = kuk,n" < 0), we can define three space-like vectors e&p ), transverse to k, and to each other

Pl =0, €Dy =57, pg=1,2,3 (3.12)
The metric tensor fluctuations can be written as
Fav = Eflp)el(/q)eil'fwA #7(y), fPIgPe — ()| (3.13)
where fP? obey the following decoupled equations: for (i) AdSs

d2
[d_y2 _4K2 k2e2ny:| fP(y) =0, (3.14)

and for (ii) Randall-Sundrum [14, 15 :

d2
[d_yz —4k2 4Kk (y) — k2e2nly} fPiy) =0. (3.15)

The equation (3.14) admits two linearly independent solutions, expressed in terms of Bessel

functions:

P4 = Py (e /—k2/K?) + dPTY5 (e \/—k2/K?), cP5,, =0, dP5,, =0.  (3.16)

This solution exhibits oscillatory (wave-like) behavior in y as well, with an amplitude which de-
creases with y. Of the two Bessel functions, only Ya(y/—k?/k? exp(ky)) blows up in the interior of
AdSs, for y — oo. If instead we were solving in the WKB limit to leading order we would begin

with the ansatz

, d d?
Then the equation (3.14) simplifies to
d —
d_yS =+ —k2€Ry . (318)

The WKB phase is
N

S = +exp(ky) (3.19)

5These authors did not perform an SVT decomposition, rather they chose the so-called Randall-Sundrum gauge
hyy = huy = 0,hY; = 0,0,h*” = 0 which essentially projects onto the tensor fluctuations. See also [35] regarding
comments about the implementation of the Randall-Sundrum gauge. Of note is that in order to reach this gauge in

general one needs to perform gauge transformations that will change the position of the brane at y = 0.
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This captures the asymptotic (large argument) behavior of the Bessel functions. The WKB solution
is a good approximation only deep in the interior of AdSs space, as long as \/T/I{z exp(ky) > 1.
If k2 = 0, the solutions to (3.14), exp(£2xy), blow up either at the boundary y — —oo, or deep
in the interior of AdSs. Consequently, there are no normalizable zero-modes in AdS, but there
is one discrete normalizable zero-mode in Randall-Sundrum. Similarly, for k> > 0 there are no
normalizable solutions.

The solution to (3.15) takes a similar form to (3.16),

P =BTy (e —k? [k2) + dETYs (e — k2 [K2), Ao, =0, db6,q =0, y>0,
P =P (e —k2/K2) + dPTYs (e \/ — k2 [K2), A6,, =0, d?6,, =0, y <0,

(3.20)
and satisfy the additional matching condition
d d
— [P — —fr = —4kfP9(0). (3.21)
dy y—0~t dy y—0—

B. Retarded Green’s functions

The equation of motion of the tensor mode fluctuation is related to the equation of motion of

a massless, minimally coupled scalar field ¢ in AdSs

2

d d d d
0 _ Aky ARy 2 B2672RY | = | Ak — — k228 | =0 3.22
5d,AdS P = € [ aC e v =lap + 4K i e =0, (3.22)

or Randall-Sundrum

d d d2 d
4K 4k 2 —2k : 2 2k
D5d,RS p=e€ Iyl |:—y€ vl = k“e |y:| Y = [? — 4/£Slgll(y) — — k*e y|:| ® = 0, (323)

through the following scaling: ¢ = exp(2ry)f or ¢ = exp(2x|y|)f, for AdS; or Randall-Sundrum
respectively, where f is a placeholder for fP? in (3.14) or (3.15). In writing the above equations,

we have Fourier-transformed along the 4d z# coordinates. The scalar Green’s function satisfies

Osq,aas/rS Gscalar (¥, ¥'; E*) = (—9) %y —y), (3.24)

where U5 Ags/rs Tefers to the scalar d’Alembertian in the curved geometries, and —g = — det(g) is
exp(—8ky) for AdSs and exp(—8«|y|) for Randall-Sundrum. The corresponding Green’s function

for the tensor mode metric fluctuations

Gy, y's k") = exp(—2kly|) exp(—26y'|) Gscatar (v, ¥'; k) (3.25)

14



obeys
2 2 2 2k . _
0~ 4 = 2 G/ ) = 0y - ), (3.26)
for AdSs, and
%ﬁ—4ﬁ++maw—k%%“}%%ym%:zaw—yﬂ, (3.27)

for Randall-Sundrum. There are several methods we can use to construct the retarded propa-
gator (or retarded Green’s function). Starting from the Euclidean propagator, we can arrive at
the retarded propagator by analytical continuation [36]. We can use (if known) the position-
space Euclidean propagator as follows. For example, in 4d flat space, the Euclidean propaga-
tor is 1/(4m%(t% + r?)), where tg is the Euclidean time. Switching to Minkowski signature, the
retarded propagator is obtained from if(t)/(47?) <1/(—(t —ie)? + 1) — 1/(—(t + ie)? + T2)>,
with € — 0 and where 6(t) is the Heaviside step function. The ie prescription identifies the two
terms as Wightman two-point functions, with the retarded propagator written as the difference
of the two Wightman two-point functions times the step-function 6(¢). The 4d flat spacetime
retarded propagator evaluates to 6(t)/(272) e/(e? + (r? — t?)?) which in the limit ¢ — 0 yields
(1/2m)0(t)5(t? — r2) = 1/(47wr)0(t)6(t — r). Alternatively, we can start from the momentum-space
Euclidean propagator, which in 4d flat space is 1/(k?) and obtain the momentum-space retarded
propagator by doing the analytical continuation 1/(—(k" + i€)? + k- /_5) Then Fourier-transform
to position space and arrive at the result quoted earlier, 1/(47r)6(t)0(t — r). While the defining
feature of the 4d flat space retarded propagator is its support on the forward light-cone, this fea-
ture is lost in flat odd-dimension spacetimes, when the retarded propagator has support inside the
forward light-cone (as expected, based on causality arguments).

The Euclidean boundary-to-bulk scalar propagator for AdSs, from the boundary point (¢ =
0,7' = 0,3') with e =& < 1 to some point in the bulk (tz,7,y), is given by [37, 38]:

6k ety 4

722 + 12(r2 + 1)

Gscalar,Eucl AdS — (328)

Then the corresponding retarded propagator, derived as described above, is (see also the Appendix
C in [36]):

A8k3 Ay ¢ (e25Y 2(p2 _ 42 3
Rlete (P R - ) (). (3.29)

Gret, scalar, AdS = lim 4
e=0 o 2 2(n2 212 2
s ((e“y—i-/f(r —t?)) —l—e)

This leads to the tensor mode boundary-to-bulk retarded propagator

%9¥W4¥W+HW”%%f2mw (3.30)
€ , )

Gret, AdS = 1i_I>Y(1] 1
‘ w2QQW4w#w2—ﬁ»2+é)
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which is proportional to 936(A), with A = ¥ + 2(r? — t2).

For the Randall-Sundrum background, the tensor mode retarded propagator was derived by
Garriga and Tanaka [15]. The idea behind their formula is that the Green’s function can be
written in terms of eigenfunctions of the corresponding differential operator. For the Randall-

Sundrum geometry we have the following eigenvalue problem:
(=K + g, (e o, ) foy = =N fony s (3.31)
or, equivalently,
e%ly\(f)y(e—%\ylay)f(q) = —qu(q) 7 (3.32)

where we defined ¢ = VA2 — k2 and with —\? being the eigenvalues. The Euclidean signature

Green’s function in momentum (k-) space has the generic form

W fiyW) ,
e (3.3
q

where one sums over the discrete eigenvalues and integrates over the continuum ones. The retarded

Green’s function is obtained by doing the analytic continuation

T @) i ,
Gret,Rs (Y, Y) zgz W) (q)i i e~ 2yl e=2uly'l (3.34)
7 (_ka(] + Z'E)Q + k2 + q2

The eigenvalue problem (3.32) has one discrete ¢ = 0 mode, the bound state being f(g) = VK, and

a continuum set of modes for ¢ > 0

o= ey [ () v ()]

where o) = —J1(¢/K)/Y1(q/K) was determined from the matching condition at y = 0. These

q)

modes obey the normalization conditions:

/ dy e~ fi0) () Froy () = 1.

|y g0 i) = 8a — ). (3.36)
Putting everything together one arrives at the result of [15]

d4k . ’ K
Ghet, ms (", y; 2", y) = / etk (@=a’) _
sl ) (2m)* — (kO + i€)2 + k2

v [ z )| e 2lvle=2eVT (337

From a 4d perspective, the 5d bound state is a massless mode, while the 5d continuum states are

massive modes.
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C. Static, spherically-symmetric solutions

=/

If we consider a static source, point-like and localized at the boundary, j(z') = M&3(F')d(y’ —
(Ine)/k) with € < 1, the tensor fluctuations in AdSs are of the form
A8K3e2 e (29 4 k212 — k2(t — t)2)?
( (t-t)) Le20(t —t')
72 ((ezﬁy + k212 — k2(t — 11)2)% + e2>

152 ey 22
22 (28 + 22)7/2

/dE’x'Gmt, ags(r’,2)j(2’) = /dt'M

(3.38)

Next, assume that a point-like static source, localized at y = 0 in the Randall-Sundrum geometry
sources the tensor modes equation (3.15). We are doing a similar calculation to the one done
earlier in AdS, but now we are using the retarded propagator (3.37). First, the integral over ¢’
sets kY = 0. The integral over k results in an exponential suppression factor exp(—qr).” We were
unable to perform the last integral, over ¢, analytically. However, we come close for large enough r.
Then the exponential suppression exp(—gr) factor localizes the integral over ¢ in the small g-range.
Using the small argument expansion of the Bessel functions Ji(q/k), Y1(¢/k), and performing the
g-integral results in the following solution:

2k212 + 3e2slyl

(e2nlyl + 2r2)/

15e* ¥ log (\/ eﬁﬁ\ +1+ %) 2k4r4 + 9r2r2e26lul — getnlyl 9
+ e~ kly| ,

167 (62“|y‘ + /127’2)7/2 16mkKr (e2ﬁ\y| + /1272)3

/d‘r’x/Grem rs(2',2)j(z') ~ Mk? K
8

(3.39)

where the zero mode contribution was canceled by part of the massive mode contribution.

We would like to point out that in using the Randall-Sundrum geometry as a model for large
extra dimensions, we are already requiring that «r > 1. This is exactly the regime when our small-
argument approximation for Ji(¢/k) and Y;(g/k) is applicable, since on the one hand rx > 1 and
on the other hand ¢r < O(1) due to the exponential suppression factor. Put together this implies
that ¢/k < 1, thus justifying our small argument expansion of the Bessel functions Ji(q/k),
Yi(q/k). In evaluating the integrals in (3.39) we did not make any further approximations to the
other two Bessel functions Jo(qe®¥!/k) and Ya(ge¥! /k).

For y = 0, which would correspond to both source and fluctuation on the brane, and to leading

order in 7 this approximates to M x/(47wr)(1 + 1/(2k2r?)) [15].

"Use that (1/27%) Iy dk sin(kr) k/(r(k* +¢*)) = exp(—qr)/(4rr). This expression is the familiar Yukawa-type static
Green’s function of massive modes in flat 4d space. This result is an intermediate step in our 5d Randall-Sundrum

calculation, where the g-modes appear massive from a 4d perspective.
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Stripping off the factor of M from the expressions in (3.38, 3.39) we get the Green’s functions
for the time-independent Laplacian operators. This can be explicitly verified. For example, we
can show that the action of 85 + €22 — 42 on the right hand side of (3.38) is zero when y is
not on the boundary, and the action of 85 + 25191V2 — 452 on the right hand side of (3.39) is zero
for y # 0. We can also show by using Gauss’ theorem that the delta-function source term in the
Green’s function equation is accounted for appropriately. Using (3.25) together with (3.38, 3.39)
we find the static scalar Green’s function Ggeaar of either AdS5 or Randall-Sundrum spacetimes,

solution to

1 _ & (7)o(y)
01(vV=59""0))G satar(y, 72/ = 0,7 =0) = — =222 I,J=1,2,3,y. 3.40
7= 1(V=99""01)G scalar(y, T3y ) =5 y.  (3.40)

Then we can integrate over the spatial coordinates 7, y. Using the analogy of cylindrical coordinates
in flat space, we compute the flux through the surface at infinity; there are two regions: one at
fixed, large r with y integrated over (this is like integrating over the length of the 3d cylinder in our
analogy) and the other surface with r integrated over and fixed, large |y| (this is like integrating
over the two caps of the cylinder). With an infinitely long cylinder we only need to compute the
flux through the sides of the cylinder. For the Randall-Sundrum case, truncating to the leading
order term in (3.39), the flux through the side of the cylinder yields

* D (2K2r2 1 3e2) R
2 % Ak d —4ry, 2 2ky Y _ KRy 541
TR /0 y|: re a,r 87_‘_(625:[/ +T2)3/2 =R (1 4 H2Rgo)3/2 ) ( )

which, in the limit kr > 1 when (3.39) is applicable, gives the expected result.

D. Spherical waves

To illustrate the propagation of gravitational waves in AdSs, assuming that a periodic source is

at the boundary, we consider solving the tensor modes equation, with a point-like periodic source

jla') = M&(E)5(y — (Ine)/k)e™t :

29(t —t)

/dt M3 48k3e* Ve (€2 + k2r? — K2(t — t’)2)3
e%y +R2r2 — g2t — 1)) + e2>

% 15k2 + 15iRkw — 61712002 — iR%w?k! piw(t—R/K) .2
27 S8R

/d xGret AdS($ l‘

(3.42)

where R = \/ exp(2ky) + k2r2. If we were to perform a WKB approximation, the leading-order

WKB approximation would have captured only e (t=R/K) hart of the exact result (3.42).
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Similarly, a periodic, point-like source localized at y = 0 which sources the tensor mode equation

(3.15) yields the following fluctuation

2 2,.2 25|yl 26|y . -
/d5x’Gret, rs(a’, 2)j(a’) = = M < 2t 3 e )> ¢~ 2ely] i (1= /74T

= 52
2 (k212 + ezn\y|)3/2 k(K212 4 e2slyl

(3.43)

under the same assumption that the distance r (measured along the brane) from the source is
sufficiently large such that the g-integral is localized at small values of ¢, and where we kept terms

up to first order in w.

IV. THE GRAVITATIONAL ENERGY-MOMENTUM TENSOR AND THE RADIATED
POWER IN TERMS OF GAUGE-INVARIANT FLUCTUATIONS

In this section we give explicit expressions for the energy-momentum tensor of gravitational
waves and for the power radiated away from a source by gravitational waves. Similar to the
approach of [23], our expressions are made manifestly gauge-invariant by using the gauge-invariant
part of the metric fluctuations, which is found through a scalar-vector-tensor (SVT) decomposition.
We study three cases: (A) 4d flat spacetime, (B) flat 5d spacetime with one compact dimension,

and (C) Randall-Sundrum. Further checks on our results can be found in Appendices F and G.

A. 4d flat spacetime

As we have seen, in general, the metric fluctuations obey coupled equations of motion. One way
to decouple them is to use the symmetries of the background. In [23], Abramo et al. considered

the following scenario, which is relevant for cosmological backgrounds:
Gudrtds” = —dt* + a*(t)6;;dx’dx? .

Given the rotational isometries of the background, they decomposed the metric fluctuation h,, in
components which transform as scalars, vectors and tensors under the rotation group SO(3). For
simplicity, we review some their analysis in the context of flat 4d spacetime and set a(t) = 1. We

decompose the metric according to SO(3) rotation group:

2 9;B+S;
hyw = ¢ I I , (4.1)

where S5;, F; and f;; are transverse: 0;8" = 0;F" = 0;fY = 0, and fij is traceless: f,-jéij =0.
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The following expressions are gauge invariant: ®, U, S;, f;; where®:
® = ¢— (B - 300E),

v =1,
S; = S;— dyF,. (4.2)

Then we fix the gauge such that the metric fluctuations contain only the gauge-invariant pieces

B 29 S;
h,uu|g.i. - . (43)
Si 2V + fij

Consider next the Einstein equations in the presence of matter sources:
G =Tyu. (4.4)
We perform the same SVT decomposition for both sides,
Goo 9,65 + G\

G, = 50
g oGP + G0 2605, + 0,0,GE) 1 9,651 + 9,0 4 D)

7 1]

9

T Too OjTéL) —I—Tj(OT )
p &Tém +E(()T) 2755 + 9,0, TEL) + 82,T]'(LT) _|_8J,Ti(LT) +Ti(jTT)

The linearized equations of motion for the scalar gauge-invariant fluctuations ® and ¥ come from

the components 6 G ,5(1)G8L) ,0WGY) and MW GEL)

sMGoy = —2099;0,% = Ty, (4.5)
sWGH = —20,0 =TV, (4.6)
200G = 2020 — §99;0;® + 6V 9;0,% = 2T, (4.7)
sWath) — ¢ — g =7 (4.8)

The equations of motion for the transverse vector gauge-invariant fluctuations S; come from the

components 5(1)Gg) and 5(1)GZ(~LT):
1 .
ey = —gstaas =Ty (4.9)

i .

sOGHED) = —%aosi = 1) (4.10)

8This can be explicitly verified by considering a linearized gauge transformation §¢hy, = 9,€, +0,€, and substituting
a similar SO(3) scalar-vector decomposition of the gauge parameter &# = (&,6™7 4 97D, with 9;¢™* = 0.
Additionally one can easily check that the linearized Einstein equations (which are invariant under linearized gauge
transformations) can also be packaged only in terms of the gauge-invariant functions given in (4.2) without making

any restriction on the metric fluctuations.
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The equations of motion for the transverse traceless tensor gauge-invariant fluctuations f;; come
(TT),
Gij :

from

)y 1 1 T
sWGHT = 500 fii = 570,0,fij = 7. (4.11)

We can quickly count the degrees of freedom by considering the equations of motion in vacuum:

§90;0;¥ = 0, oV =0, o=, (4.12)
k0,068 = 0,  9Si =0, (4.13)
Of;; = 0. (4.14)

The scalar and vector fluctuations are not dynamical, unlike the tensor modes f;;. Since the
tensors are transverse 9; f/ = 0 and traceless d;; f*/ = 0, this matches the counting of the degrees
of freedom for a 4d graviton.

After fixing the gauge in (4.3), the gravitational energy-momentum tensor can be computed
from (2.24). Since (2.24) is quadratic in the metric fluctuations which are now in the gauge (4.3),
we indicate which fluctuations are contributing to the various terms in the energy-momentum

tensor as follows:

T =TS + TS + T + TS + 75D + 1™, (4.15)

J(SV) (ST

where ’7;(5 ), 7;5,,V ), 7;}3 ) are terms involving scalar, vector, tensor modes only and 7., s

’779/ 7 are terms that mix different modes. We will focus on 7y, since it is needed to compute the

radiated power:

T = 2(0y1)0;® — 40,(V0, 1)
TV = %sjao(aisj +0;S))
76(Z-T) = %fjkaoakfij - %fjkaoaifjk - iaofjkaifjk
TEY) = —8,0000 — V0,078, — §70,0,®
+%ajq>(aisj +&7S;) + %aj\y(aisj —'S;)
TET = f,00000 — %ao £;00® — %ao ;000
T D) = —%OO(Sjaofij) + %(8osj)80fij + %fjkaj(aisk - 9"S))

5 (@S0 — 50 a)S" (4.16)
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As shown in appendix B, the energy-momentum tensor for gravitational waves will only receive

contributions from the tensor mode. Thus we have
Toi = §f OOk fij — §f 000; fik — Zaof Oi fik- (4.17)
We can now compute the averaged radiated power

1 [T 5 T
= — dt [ dQaRZ, 761 ) (4.18)
T Jo

where T is the period of the gravitational waves and we substituted the normal unit vector as

n' = 2'/R.,. Far away from the sources, the waves are spherical waves®
sinfw(t — Rxo)]
To leading order in 1/R,, the spatial derivatives can be replaced by
T T
0 fik ~ ﬁa}%oofjk ~ _ﬁaofjk- (4.20)
Next we note that 7g; can be written as
L. ik L, ik 1 ik
Toi = 700" 0i fjk — 50:(F"0 fjk) + 50k (F" 00 fis) - (4.21)

Asymptotically far away from the sources, the last two terms in (4.21) will average to zero as we
will now show. Consider one of those terms and start by trading off the spatial derivative for a

time derivative

T 1
/0 dt/dQQRgo a’ O(f*d0 fr) = / dt/ngR2 Ao (f*00 fi) + O (Roo> . (4.22)

This vanishes since the integral in (4.22) is the integral of a total derivative, and the integrand is

a periodic function with period T. Therefore the averaged radiated power simplifies to

P)= 1 / dt / 05 R ]f; 480f Ko = / dt / A0 R2 2oy fan it (4.23)

This is a familiar result, which in the literature is obtained after going to the transverse-traceless

gauge (see [39] for disambiguation regarding the various meanings of the ”transverse traceless

9One may wonder if, indeed, the transverse traceless tensor modes f,., which are the result of applying a projector
which is local in momentum space and non-local in position space, are indeed spherical waves asymptotically far from
sources. In Appendix C we solve the SO(1, 3) gauge-invariant fluctuations due to a static source. In Appendix F we
solve for the SO(1,2) gauge-invariant fluctuations asymptotically far away from a binary source. In either case the
gauge-invariant fluctuations retain the generic feature of falling off with 1/r, where r is the distance to the source,

and are spherical waves in the second case.
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gauge”), as it is usually done for 4d flat spacetime gravitational waves, and performing the Isaacson
average discussed in Section I.

However we have arrived at it in a different way: we used only the gauge-invariant parts of
the metric fluctuation to turn (2.24) into a manifestly gauge-invariant expression, and we only
performed a time average over the period of the gravitational waves.

For yet another take on the same problem, in Appendix E we perform an SO(1,2) SVT decom-
position of the metric fluctuations and in and Appendix F we solve explicitly for the gauge-invariant
SVT components asymptotically far away from a binary source. Then using the gauge-invariant
metric fluctuations in the gravitational energy-momentum tensor (2.24) and the formula for the

radiated power (2.19) we recover the known expression for the radiated power.

B. 5d flat spacetime

Anticipating further applications to models of extra dimensions such as Kaluza-Klein theories
(small extra dimensions) or the Randall-Sundrum model (large extra dimension), next we will
decompose the metric fluctuations about a 5d background into SVT components, with respect to
the SO(1,3) Lorentz group. In this section we have in mind a 5d flat spacetime, with one compact
dimension x5 ~ x5 4+ 1; this breaks the isometry group from SO(1,4) to SO(1,3). We proceed then

with the following SVT decomposition:

22U + 0,0 E + Oy Fy + 0, Fy + fuw  OuB+ S,
hyn = ) (4.24)
OB+ S, 2¢
where we have introduced the 5d indices M, N = 0,1,2,3,5, and 9,S* = 9, f* = 0,F" = 0 and
fuun'uy =0.10
The gauge-invariant metric fluctuations are ®, ¥, S,, and f,,, where

® = ¢—05(B—305E),

v =19,

S, = S, —05F,. (4.25)
We gauge-fix such that the metric fluctuations contain only these gauge-invariant components:

903, + fur Sy
hain g, = ot Ju : (4.26)
S, 20

10We performed a similar decomposition in 4d non-compact flat spacetime in Appendix E and Appendix F.
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Consider next the Einstein equations Gy = 87GsqT v N, where Gsq is the 5d Newton’s con-
stant. To streamline our equations we adopt the same convention and set 8wG5q = 0. We perform

the SVT decomposition

26, + 0,0,GE0 1+ 0,65 + o6 v G 0,68 + G

Gun = 7
0,65 + G Giss
2Ty, + 0,0, TE0 + 0,18 + 0,15 + 15" 9,17 + 13
S . (4.27)

0,13 + 1L Tss .
The equations of motion for the scalar fluctuations ® and ¥ arise from
0G5 = 30" 0,05 = Tss ,
sWait = 3050 =1
260GY) = 3920 + 109,05 + 27*P 0,050 = 2TV |

sWaql) — _¢ —op = 7(EL) (4.28)

The equations of motion for the transverse vector fluctuations S, arise from

T 1, T
sWGY = —51 $0,058, = T3, (4.29)
1
SWGED = 2058, =Ty (4.30)

Lastly, the equations of motion for the transverse traceless tensor fluctuations f,, come from

sOah:

1 1
5(1)G911/T) = _5852qu - 577a68a35f;w = T;EZT) . (4.31)
We can quickly count the degrees of freedom by considering the vacuum equations of motion

NP 0,050 = 0, 950 =0, P =20,
n*?0,058, = 0, 058, =0,
R fuw + 10,05 f = 0. (4.32)
When ¥ (and therefore ®) is 2°-independent, ¥ describes a 4d massless scalar, which has 1 degree
of freedom. For xz’-independent vector fluctuations, S, describes a 4d massless vector which has

2 degrees of freedom. The z’-independent tensor fuv describes a 4d massless graviton which has

2 degrees of freedom. This is the scenario for Kaluza-Klein reduction, when 5d gravity reduces to
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a 4d Einstein-Maxwell-dilaton theory.!' Otherwise, for 2°-dependent fluctuations, only the tensor
fuw is non-zero and describes a 4d massive graviton, which has five degrees of freedom.

Next, we construct the energy-momentum tensor of gravitational waves. We follow the same
procedure as in the previously discussed 4d case. We write the energy-momentum tensor for

gravitational waves as

Taun = oo + Tig + Torne + Tiow ) + T + Tarn s (4.33)
where 7']\(45]27, 7']\%\),, TA%TA), are terms involving scalar, vector, tensor modes only and TA(/}q }; ), 7-1\(/155 ),

T]\%VT) are terms that mix different modes. Based on our earlier counting of degrees of freedom,

the massive modes contribute only to TJ\(/[T]\),. We will focus on Tg; since it needed to compute the

radiated power at infinity. We do not need Tp5; due to the periodicity of the fifth dimension.

T = _0yw0, — 0,080 + DB — 200U, — 200(DD;®) — 48 (LI, )
T = —%aa(soaasi) + %Soaaaasi + %aa(sa(aosi + 3S0))
+%505a8i8a — ao(Sa(‘)iSa)

T = 5O faas ) + D5 foud® F) — faa(D50° +050°) )

+%aaaﬁ(f05fia — fapfoi) + %aa(faﬁ(aOfiﬁ +0,f5))
+ 70003017 = SO0 fas0if?)

75(1'5‘/) = 05(8;00Y + Sp0; ¥ + ®0; Sy + PIpS;) — %(3031' + 0;80)05(® + 2¥)

1 1
Tor" = —505(®05f0)) = 5050 + 0a0") for

1
+§5a((1)3af0i — Oy fi* — PO f) + 0%(fiaOo¥ + foa 0¥ — f0i0a V)
1
T ") = —8%(Sads for) + 555(Sa30fia + Sa0i f§')

1
+50%(S09s fia + 8i05 foa — f0i05S8a) (4.34)

These expressions can be greatly simplified under certain conditions. For example let us assume
that all the source terms have compact support and are localized at 2 = 0. We will extract all
the parts of 7g; that give a non-vanishing contribution when computing the radiated power. Since
the sources have compact support and are localized at 2> = 0, at spatial infinity the fluctuations
will take the following form, to leading order in 1/r: (i) spherical waves for the zero-modes (ii)

exponentially suppressed with 7 for the massive modes. For a binary source this behavior is: (i)

"For a more careful analysis of the zero-mode case leading to the same conclusion, see Appendix D.
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exp(2iQ2(t —r))/r, where Q is the frequency of the binary sources, for the zero-modes, (ii) exponen-

tially suppressed exp(2iQt) exp(i 2mna® /1) exp(—r+/(27n/1)2 — 4Q2)/r, where [ is the periodicity
of the fifth dimension, and n is an integer, for the massive modes [13]. Because the fifth dimension

is periodic, and we integrate over x°

in computing the radiated power, we can drop any term that
has only one derivative with respect to 2°. Furthermore, because we compute the power at spatial
infinity we only need the leading order in 1/r for any fluctuation. As a consequence, we can trade
0; for n;0y for the zero modes just like in previous section IV A. Even though the massive modes
do not depend on time through the combination ¢t — r, given that the 0, derivative must act on the
exponential or else it will give a contribution which vanishes at spatial infinity, we can still trade

Oy for dy (appropriately multiplied by a frequency and n dependent numerical factor). Under time
averaging, any term that is a total derivative with respect to time drops out. We are left with:
T = —0 08P — 8;W0D + DD, — 20,05, ¥
1
Too | = 500840,8°
T 1 «
Too | = 700fas0if
0 — 0
TO(-ST) — 0

TV 0. (4.35)

Combining all the parts, the formula for the radiated power simplifies to

T
(P) = % / dt / da® / dQa R% n'To;
0

1 T )
— T/ dt/d:c5/d92R§O v <—80\1182-<I> — ;WD 4 9yPO;® — 200V ;W
0

r=Roo

R
1 a 1 af
+§8OSa8iS + Zaofagaif

r=Roo

T
- % / dt / dQo R <6aox1uaoqf + %%saaos‘“ + %aofa/a@ofaﬁ
0

1 [T 1
+T/0 dt/dx5/dQ2Rgo <ZaOfaﬁarfaﬁ _ )

where we have highlighted the contributions of the massless and massive sectors and we have

massless>

, (4.36)

r=Roo

r=Roo

used that asymptotically far from the sources the scalars are related by the vacuum equation
® + 2¥ = 0. Due to the exponential suppression with r in the massive mode sector for source
frequencies Q > 27/l, it is reasonable to approximate (4.36) by keeping only the massless sector

contribution. We complete the check of the formula for the radiated power in Appendix G by
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concretely solving for the gauge-invariant fluctuations and computing the luminosity of a binary

source. We show that we reproduce previous results in the literature.

C. Randall-Sundrum model

For the Randall-Sundrum model we start with the Einstein’s equation,

1 —det(*gu)
R - = R—2A) + = /\—u
MN 2QMN( ) 2 et M

where Ty are the matter sources, *g,,, is the pull-back of the bulk metric to the 3-brane located

o 5N ,uué(y) = TMN7 (4'37)

at y = 0, and where the brane tension A and the cosmological constant A are tuned such that
A=—6k? and \=12x. (4.38)

Given the SO(1,3) isometry of the background metric, ds? = dy? + 6_2“‘y|77uydx“dx”, we start by

decomposing the metric perturbation into scalar-vector-tensor fluctuations as follows:

22U + 0,0, E + O F, + 0, F, + fu  OuB+ Sy

hyn = (4.39)
0,B+ S, 2¢
The gauge invariant fluctuations are ®, ¥, S, and f,,,, where
b= ¢ ( _ 1o-2elulg (2l E)>7
U=y -1, e~ vhy(B %e—%ly\ay(e%ly\E))’
S, = S, —e W, (W E,). (4.40)

Next we perform the same SVT decomposition on the left-hand-side of Einstein’s equation (4.37)

which we denote here by Eyn

g o [ 2+ Bu0,EED £ 088 + 0,6 + i) 0,6P + €l (4.41)
L T ’ ’
8u535 ) 4 E/Sy) Eyy

and to the matter sources on the right-hand-side of (4.37) (note that we included the brane con-

tribution in Eyrn):

2Ty, + 0,0,TED + 0,1 + 0,1 + 1) 0,18 + T
Tun = L) D) . (4.42)
OuTy™ + Tyy Ty,
Then we expand in fluctuations and write the linearized equations of motion for the gauge-invariant

fluctuations. The linearized equations of motion for the scalars ® and V¥ arise from the components

SWE,,, WP s0Mand sMEEL),

5(1)gyy — 2kl 362"'3"770‘56&85 + 126H\y|(e—nly\)/ay — 1225 (e WIYY2 4 gerll (e Hlvly”
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+ §A5(y) + gA] U+ [— §A5(y) - gA — 12628l (eI 2 — il (e =R Iv1Y | @
= 2yl [362"'3’770‘58&85 — 12ksign(y)0y — 24/12] U — 12670 =T,

sMeld) _ [_ 32l | 6€3ny|(e—ny|)f} W + 36l e~y
= 2yl [— 30, — 6k sign(y)] U — 3k sign(y)® = TgEL) ,

260 ) — _2e2ﬁ\ylnaﬁaaaﬁ + 302 — derl(emrlvly %Aé(y) + %A} v

+ e 2xlYl [naﬁaaag + %)\5@) + gA — 2"Vl (eI — g2kl ((emrlvly)2 3en|y\(e—ﬁly\)/ay )

= 26>l 0,05 + 302 — 12k% + 12k 5(y)] v

+ e~ 20yl [770‘58&85 + 3 sign(y)d, — 12x% + 6/15(@/)] o =21Y)

SWeLL) — _¢ — 2e2sluly = 7(LL) (4.43)

where we used primes to denote differentiation with respect to y. The linearized equations of the

vector fluctuation S, come from the components 5(1)5&7) and 5(1)5£LT):

1 2 2
5(1)g$) = | - 562“‘?4'77‘168&85 — ey (eIl — 3e2nlul (e rlvly)2 — 5)‘5@) _ §A S,

1 2K (e} T
= | -3¢ W18 0,05 — Gmé(y)} S, =1,

sWeED = %ay - e_”y|(e_“|y)/] S, = Bay - msign(y)} S, =T (4.44)

The tensor f,, equation of motion is:
(1) g(1) 1 2ulyl B 1oz 1 2 26lyl (¢ —Hlyly7)2
0EL = | - 3¢ 0a08 — —§8y — 6)\6@) — §A — 2e ((e V)|

1 2Kk Q 1 2 2 T
= [— 5€ W18 0,05 — S0, + 26" — 2ﬁa(y)] fu =T (4.45)

and originates in 5(1)5,“,. In the absence of matter sources we recognize here our earlier equation
(3.15).

In vacuum, the set of equations obeyed by the gauge-invariant fluctuations reduces to

0,050 =0, 9,0 =0, &+2*Wy=0,

1
20 90058, = ~12r5(y)S,.. [gay - nsign<y>] S, =0,

- %e%ly\naﬁaaaﬁ - %a; +2K2 — m(y)] fur =0. (4.46)
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The linearized vector vacuum equations admit no solution due to the delta-function present on
the right-hand-side of the equations (4.46) and the absence of any 0, derivatives, which imply
that S, vanishes on the brane. The tensor equation however does not suffer from this problem and
admits solutions. The scalar equations admit solutions for null 4-momenta, but the ¥ scalar metric
fluctuations are |y|-independent, and the ® fluctuations are growing with |y|. Both fluctuations
are non-normalizable, exponentially growing with |y| relative to the background metric.

We are now turning our attention to constructing the gravitational energy-momentum tensor
Tuw- It is quadratic in fluctuations: we denote the scalar, vector and tensor contributions by
7;([,9), 7;(2/), %g) and the mixed contributions by 7;(05 V), for the mixed scalar-vector contribution,

etc. We give each one of these expressions below:
T =npe | — de™ W (e WY 00, @ — deml¥l (e~ 1Y w0, ® + 60,00,
_ 4e—ﬁ\y|(e—ﬁ\y|)/q)(‘)yq> — 1282 ((e~" W) — g2 IWl (e WY 2 W
+ el ((erlvly 2w — gerlvl (e Y B0, w — 30,80,V
+ 166”‘y|(e‘“|y‘)’¢>8y\11 _ 8e3nly\(e—nly\)/\yayqj — 4e Wl (emrluly @2
— 83l (e=HVNY" B2 - 200,0, U + 462 WW,0,T + %P0, 205D — 1P W, 00T
+ 3¢t 08 9, WU 4+ P D50, + 2 VP W50, P + 4 WP W0, T
— 9,00, — > (9,19, + §,29,0) — 69,09,V — 209,0,® — 4¢*¥wd,0,V
— Npe A (Y) [iqﬂ - 3@\11} : (4.47)
7;)(0\/) =po [ _ %e%ly\sasa((e—nly\)/)? _ 3eﬁ\y|(e—nly\)/saaysa _ %eﬁ\ylsasa(e—nly\)//
+ 32 P1958%0. S, + L2 WIn1S,0,058% — 12 W19,8%0958% — LA5(y) S, S
+ 121829, (9,85 + 8,8,) — L2918 9,8,05S, — Le*¥9,8°9,8,, — *1S,8,0,9¢
T =1 { = 3P (Y 10, fuy - B0, for 0 f + 20, 1270, fug
+ e Wl (e )2 £, 518 + %e%ly\faﬁagfaﬁ — %e%ly\faﬁfaﬁ(e—n\yl)”
+ %e4ﬁ|y‘fa57]%8ﬁ87fo‘ﬁ _ %e%lyaﬁfavayfaﬁ]
o Y (1,00, fpa + £,y fe) = 3™ 00, Fpay fop — 26 (7)) f g

+ e L0, 1,505, — L FP0500 foo + 3 FaP 050, % + L £u2 0505 ,°

- %nﬁfyaﬁfpaafyfoa - %8[)!}0&660!}0&5 - %faﬁacrapfaﬁ]
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— 1100 A(y) fas f7 (4.48)
TEY) = Wln,0 80,00 + 2 W15 1,,0,8 506, ¥

+ 38,0,S, + *¥8,0,0,¥ + ©0,0,S, + VS ,0,0, + 19,89,S, + 2¢"¥ (e~ V) 3,8,

+ 2e3 W (e 1) 99,8, — V0, 18,S, + *19,8,0,¥ + 19,80,S, + 2¢7¥ (e~ IV 90,8,

+ 2e Wl (e WY W, S, — 21919, 0,S, + >0, ,0,V, (4.49)
TET) =L vl o8y 0500® + 10,80, for — Oy fro0y @ — 4 W (e 1Y) 00

_ 8e4n\y|((e—n\y|)’)2fmg, + 463“|y‘(e_“|y‘)’fp08y\1' — 9,0y foo + %e%\ylnaﬁaaq)aﬁfpo

_ e4ﬁly\naﬁaaqjaﬁfpo _ e4n\y|naﬁqjaﬁaafpo _ %e%ly\aaq)apfga + e4ﬁ‘y|fo‘18p8a\1’

— 320,80, f,% + " 1,205,000
+ A0(Y) fro [%@ + 2\11} , (4.50)
,Tp(cYT) :e2n\y| [ - %nponﬁﬁ/ayfaﬁafysa - Saayaafpcr - %faﬁ"?poayaﬁsa + %Saayapfcra
+ %saayaofpa + eﬁly\(e—ﬁly\)/saaafm _ eﬁly\(e—ﬁly\)/fgaaasp _ eﬁly\(e—ﬁly\)/fpaaasg
— I1°%0,8005fp0 + 11°P0y fr005S, + 11°P 0, f2005Ss + 20,800, fs™ + 23,800, f,°
21 OyDalp]ps T 31 OyloalpSp T 31 " OyJpaOp®a T 530ySalplo 20y¥alslp | »
(4.51)

where the 4d indices «, 8 on the vector and tensor fluctuations have been raised with the Minkowski
metric e.g. S* = n*8 Ss. The delta-function terms arise due to the presence of the brane.

Under the same assumption that all sources have compact support, let us extract those parts in
Ty which are relevant for computing the radiated power. For xr > 1 we derived in Section IIID
the profile of spherical waves in Randall-Sundrum background. We see that the same arguments
we have been using earlier still apply. First, for the radiated power we only need 7y, if we chose
to compute the rate of the energy flux through the surface of an infinitely long cylinder (we are
thus keeping r = R large and fixed and integrating over y). This is merely a convenient choice
of the surface enclosing the sources, and keeping with our assumption that we are measuring the
radiated power far away from the sources. Second, the relevant terms in 7g; which contribute to
the averaged radiated power can be be found by (i) dropping all total 0; derivatives (since these
can be turned in (z°/7)0, in 75(2-5) and 75(2-‘/); the 0, derivative must act on the phase of the spherical
wave otherwise it will lead to a flux which vanishes asymptotically far away (r = R — 00); at
this point 0, can be converted into J;; lastly the time average will set this term to zero); similarly,

total derivatives can be dropped from TO(Z-T); (ii) dropping all the terms which are odd in y such as
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single 0, derivatives. What is left is
T = 8,90, — 261900, — 271 (9 W0, ® + 8, DO, W)
T = 180e? 0 B,0,8; + Le*9yS,0,8°,

o

— —5e 2, (M fo,)0, (21 f) — e W SO0 £, + Jet MOy fup0i f 7
7 0,
T8 %aquyfm — 8, foi0y® — 4K fo; ®
—8n2e2ﬁ‘y|f0,~\ll — 4k sign(y) 62“‘y|f0,~8y\11 — @5§f0i + %e%‘y'naﬁaa@@gfm
—etl0B 9, W for — W wnP 0,05 foi — %e%‘y'aacbao Fe+ el e 000, w
—%e%\ylaa@ai f&+ et £89,0,
+ <2‘I’f0i + %q)fm') AS(y)
TV S0, (4.52)

The luminosity (radiated power) of the gravitational waves is obtained by substituting the

expressions in (4.52) into (2.19)

/ it [~ aye o [ RIS - T 74 T 1 D 7T
(4.53)
Lastly, this expression can be further simplified: since we are asymptotically far away from

sources we will use the vacuum relations satisfied by the scalars: ® + 2exp(2x|y|) ¥ = 0 and

ignored the vector contribution since it does not couple to matter on the brane:
1 T 00 o
(P) = = / dt / dy e~ 1] / dQy R% W | 62V ir iy
T 0 —00

xl —0OK K K (0% (6% 174 Q,
+e4“‘y|R— < — $e7 0% Wlg, (271 fo,)8, (2 W £y — L FS0™ 0,0, fio + 100 fapOif B)

(e o]

+e*hlyl Rx_ <e_4“y|8y(62“y|\1f)8yf0i + 77“5(—28a\1’55f0i — V0,08 foi)

+7°P0,0i (T fo5) + 26_2”‘y|\1’3§f0i - 4/£sign(y)e_2“‘y|f0i8y\ll + 12/1(5(y)\11f0,->} )

(4.54)
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Appendix A: The second order expansion of the Ricci tensor

In this appendix we perform explicitly the second order expansion of the Einstein equations,

given a metric g, which differs from a background metric g,, by a small fluctuation
uv = guu + h,uu- (Al)
Expanding order-by-order in the fluctuation A, , the inverse metric and Christoffel symbols are

P Ly T

I, =10, +60r0 45010+

5(1)P/pw = 33" (o + howi + Puoy)

8ATE, = =20 (—hyo + hoviy + Puayw) (A2)
where [h2]#” = h*Ph*?§,, etc, and all the indices are raised and lowered with the background metric.

Consequently, the Ricci tensor and Ricci scalar, expanded to second order in the fluctuation h,,

are

Ry = Ry +6WR,, + @R, + ...,
SRy, =V,60r0, —v,6010,
= %(_huv;p;p = hipw + Ppusp® + hyp™)

8P Ry, =V,610, —v,6910, + 5010 5017 —sWTe 519,
= %?M?,,(h’”hpa) - %hpo;uhpa;v - %hpo(hm/;u;p + huowip = hywiop)
_%hpo;p(hm/;u + hua;v - hW;U) - %(hua;phpv;o - h/w;phgvm)
+%h;o(hovm + hyow — huvio) »

R=¢"Ru =R+8VR+§PR+ ...,

SR = "Ry, — hop? + R

(5(2)R - [h2]MVRp,V - hlﬂ/é(l)RuV + 57/“/5(2) Rul/ ) (A3)

where h = h,,g", and the background covariant derivatives are denoted either through V,, or are

implied by an index preceded by a semicolon (; u).
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Appendix B: The contribution of the scalar and vector modes to the radiated power in 4d

flat space, with an SO(3) SVT decomposition

First, consider the scalar mode ¥ which satisfies the equations

Goo = —2699;0;¥ = —2V*¥ = Ty, (B1)

G = —2000 =T (B2)

Due to the compact support of the source, equation (B1) tells us that far away from the source,
U is at most of order O(1/r) with its phase depending on time ¢ instead of retarded time (¢ — 7).
Thus ;¥ will be at most of order O(1/72), which means any term in To; that contains 0; ¥ will
not contribute to the calculation of radiated power.

(L)

Let us now move on to equation (B2). T;” can be solved as
ai
g — (B3)

Since the source has compact support, at large distance r, we can see that TéL) will be at most of
O(1/r?), which means any term in 7Tg; that contains dy¥ will not contribute to the calculation of
radiated power.

Next, consider the scalar mode ® which relates to ¥ by the equation

G = ¢ — g =T1E) (B4)
T(LL) can be solved as
3000 1
(L T i

which means when far away from the source, similar to ¥, TEL) will also be at most of order
O(1/r) with its phase depending on time ¢ instead of retarded time (¢ — 7). Thus any term in 7y,
that contains 0;® will not contribute to the calculation of radiated power.

The analysis for the vector mode S; is the same as that for ¥, which leads to the conclusion
that any term that contains 9;S; or 9yS; will not contribute to the calculation of radiated power.

In addition, since we need to take a time averaging over the period of the gravitational wave
to compute the radiated power, any term in 7y; that is a total derivative of time will not give any
contribution.

Therefore none of the terms in (4.16) that involve any of the scalar modes, ® and ¥, or the

vector mode, S; will contribute to the calculation of radiated power.
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Appendix C: The non-locality of the SVT decomposition

Whenever we perform a decomposition of SVT type, the resulting metric components are ex-
tracted with projectors that are non-local in position space. The same operators when applied to
a delta-function localized energy-momentum source will also result in a non-local set of SVT T},
components. To gain a better understanding of the action of the non-local projectors and the con-
sequences of a non-local energy-momentum source we consider a flat background, a static source
and perform an SO(1,3) SVT decomposition both for the metric and the Einstein equations. Let

us begin with the metric fluctuations:

hyw = @ + 0, b + 0, R ED) + 9,0, ) 4 hED) (C1)
where hfLLT) is a transverse vector and hfL:,CT) is a transverse traceless tensor
ouh D =0, AT =0,  9,pTTm =0, (C2)

The indices are raised with the background (Minkowski) metric.

Given h,,, we can solve for each of ¥, h(LE), h,(LLT) and h,(};T):

00 1, h

“a—1o" ta-r (€3)
where h = hy,n"",
d 0,0 1 1

(LL) _ “ Vh;u/ _ —h 4
h d—1 2 da-—1)0" (C4)

1 oxd
puny 1 <8Mh’“’ Ny h,,(,>, (C5)

and where d = 4 here. Lastly, hg,T) is obtained substituting the previous expressions into (C1).
While a bit more cumbersome than the usual SO(3) SVT decomposition, this SO(1,3) decompo-
sition arises naturally in the context of a 5d spacetime that has 4d Lorentz symmetry.

Consider next a static source and solve for the linearized fluctuation in the usual fashion (define
the trace-reversed metric fluctuations, impose the Lorentz gauge, and solve the resulting decoupled
equations):

2MG
r

dt? + 6y mf C idad (C6)

TO(] = M53(F), huyd$ud$u =

Then we can extract the SVT metric components by applying the non-local projectors as above:

\IJ:2MG h(LL):—MG

h(LT) -0
3 3 T, )
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TT 2MG
h = —3, (O + ning), (C7)

h(TT) _ 8MG
00 -

T
3r héi ):0’

where n' = %l The matter energy-momentum tensor is decomposed in a similar fashion:
— (V) (LT) (LT) (LL) (TT)
Ty = 0T + 0,17 + 0, T, 4 0,0,T" + T, (C8)
with

v = MG pen MG pan

3 1277’ a
rry 2MG 5, Ty _ 2MG MG
7T = Tég(r), T = Tég(f)&ij = 19,3 Oig — 3niny). (C9)

As a check, we verify that the SVT fluctuations obey decoupled linearized Einstein equations'?

OV = —8xGT™W,  OrE" = —162GT D). (C10)
There is one more linearized Einstein equation that involves W:
9,0, = —81G,d, T (C11)

However this equation is satisfied due the transversality of 7}, which implies that O7 (L) 7)) = @
and T,ELT) =0.

Notice also that the Finstein equations constrain only the gauge-independent fluctuations, ¥
and h,(f,F,T). The other two fluctuations h,gLT) and h(EL) are pure gauge. Given the expressions for
¥ and hfL:,CT) in (C7) and the SVT energy-momentum tensor components in (C9), we can proceed
to verify that the equations (C10) are satisfied.

We can now take stock of what we have learned. While source terms for the equations (C10)
obeyed by the decoupled SVT fluctuations are non-local, the only consequence of this non-locality

is that the linearized SVT metric fluctuations, which still fall off as 1/r, acquire a dependence on

nin;.
Appendix D: Zero mode sector

1. Maxwell field

The SVT decomposition requires a slight modification in the case of null eigenvectors of the

d’Alembertian. As a warm-up we consider first the Maxwell field in a d-dimensional flat space.

12Use that IZI% = 4753 (7), D@ = —%"5”53(77) — 715(6nmj —265).
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The scalar-vector (SV) decomposition with respect to the SO(1,d — 1) Lorentz group
Ay =9, AP + AD 9, AN =0, (D1)

or in terms of Fourier modes,

QL

—1

A, = z'k‘uA(L) + ELP)AP’ Pk = n“”el(f)k‘,, =0, ). D) = gra, (D2)

1

p

maps the d components of the vector field into a longitudinal vector 8MA(L) and a d — 1 component

)

transverse vector AELT . The latter components are gauge-invariant. However, this breaks down
when A is a null eigenvector of the d’Alembertian, i.e. JAX) = 0, since in this case 8MA(L) is

transverse (or, in Fourier space, k, is null). In this case, we proceed with

A, =ika+ik,a+ Y P AP,

- ~

1
ky= (ko k), k= (ko,—k), k-k=k k=P k=P k=0, P .9 =4r(D3)

The gauge-invariant components are a and AP. Furthermore, Maxwell’s equations set a = 0. For

an on-shell gauge field, we can write then
L T
Ay =8, A + AD, (D4)

where the gauge-invariant components are transverse ALT) = (0, /T(T)), V- AD = .
Next, let us consider a Maxwell field in d + 1 dimensions and perform an SV decomposition

with respect to the SO(1,d — 1) Lorentz group

Ap = (Ay, Adyr) (D5)

Ay = 9,AP + 4D o, AN =0, (D6)

where M is a d 4+ 1-index and ¢ = 0,1,2,...,d — 1. Such an expansion would be appropriate if
we are working with one compact dimension, x%*1. In terms of Fourier modes exp(ik,x") (scalar

eigenfunctions of the d-dimensional d’Alembertian) we can write

d—1
Ay = | ik, AD 13 ePAP Agy |, Pk =k =0 (D7)
p=1
This assumes that k- k = n*"k,k, # 0. The gauge-invariant components are Ag;q — 941 AL and

A Furthermore Maxwell’s equations set the scalar gauge-invariant combination Agr1—04+1 AL

to zero and require that (—k -k + 93, ) AP = 0.
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If the Fourier momenta are null (k - k = 0), then we proceed as we did earlier, with

U

-2
Ay, =ikya+ik,a+y e AP, (D8)
p

I
—_

with the polarization vectors e,(f) ) transverse to both null vectors k, and /~<;M. Maxwell’s equations set

a = 0 and require that the scalar gauge-invariant combinations A1 —0441a and AP be independent

d+1

of %7+, To conclude, for an on-shell Maxwell field we can write

Ay =9, A + AD, (DY)

where AELT) satisfies 8“14;(7) = 0 if the Fourier momentum is not null, or AELT) = (0, AD) with

V - AT = 0 if the Fourier momentum is null. The additional physical degree of freedom is the

scalar Agiq1 — Og110.

2. GR

For concreteness, we begin by considering 4d GR in a flat background and perform an SVT
decomposition with respect to the Lorentz isometry group SO(1,3). We decompose the metric
fluctuations in terms of eigenvectors of the 4d d’Alembertian and focus on the zero eigenvalues
sector (e.g. the scalar eigenvectors satisfy [yge®* = 0 etc.) After Fourier-transforming, the

metric fluctuations are decomposed as

Py = 20mp — kuky E — (kuky + ky k) E — kuky B+ i(ky Fy 4 ky Fy) + ik Ey + k) + fu

(D10)

where p,v = 0,1,2,3, the momenta k, and /::M are null: k-k = k-k = 0 and where
Fu =2 p=12 ELP)F{FM = Dp=12 e,(f)FP,fW = Xpg=12 ez(tp)er(/q)quv 2p=1,2 77 =0, and e,(f)k;“ =
e&p Vir = 0,6 . €@ = §P4. The gauge-invariant fluctuations are 1, fW,FH,EZ. The rest are
gauge-dependent: 6F), = §j,(5E = 2¢,0F = 5 , where we decomposed the gauge parameter in a
similar way: £, = §,ST) + ik € + i/%ug’, with S,ST) = Zp:m e,(f)fp. The equations of motion set
E = 0, 13'“ = 0,9 = 0. The two degrees of freedom of the on-shell graviton are contained in the

transverse and traceless tensor f*. 13 Of course, there are no solutions to the equations of motion

for non-null momenta.

13Since the vectors eLp) are transverse to both k, and l;:#, this means that eff’) = (0, é(p)). So the non-zero components

of the tensor f,, are purely spatial, and as a result, f,. is transverse with respect to the 3d gradient V.
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We consider next a 4d flat background with one compact dimension and we perform the SVT
decomposition with respect to the SO(1,2) Lorentz isometry group. This is the same scenario
we will discuss further in Appendix E. Here we focus only on the zero-mode sector of the 3d
d’Alembertian. After Fourier-transforming and restricting to null 3d momenta (k-k = n*"k,k, = 0)

we proceed with

onll

by = 20mp — kuky E — (kuky + kyky)E — kyky B+ i(k, Fy 4k Fy) + ik,

hay = ik, B + ik, B+ S, haz = 26, (D11)

where p,v = 0,1,2, S, = €,5, F,, = €,F, Fu = euﬁ, €u-k =¢€,- k = 0, and we recall that
k -k = 0. Note that there is no transverse traceless tensor contribution fuw since in 3d there is
only one vector ¢,, perpendicular to both &, and l;:u. The six gauge-invariant combinations are:
), ® =¢—03(B—-03E/2),S, =5, — 03F), Fu, E:', B = B — 93E. The vacuum linearized equations
of motion impose the following conditions E= 0, F =0, 93¢ =0, OB =0, 4951 + (k- k)B =
0, ® =0, 03S, = 0. The two degrees of freedom of the 4d graviton are contained in the scalar ¢ and
the transverse gauge-invariant vector S, which are both null eigenvectors of the 3d d’Alembertian
and 23-independent.

Similarly, for the case of a d + 1 flat background with one compact dimension and d > 3 we

make the decomposition

My = 20 — kuku B — (kuky + bk E — kky E +i(kyFly + kyFL) +i(kuFy + kyFL) + fu

hd—l—lu = 1kuB + Zl}uB + S;u hd—l—l d+1 = 29, (D12)

where p,v =0,1,2,...d -1, S, = ZZ;% eflp)Sp, F, = EZ;% ELP)FP, Fu = EZ;% ELP)Fp’ e?) | =
eP) . | =0,eP) . @) =gra g, = 22:12:1 ELP)EIEQ)qu, Zgj PP =0,and k-k=Fk -k =0.

The gauge-invariant fluctuations are 1, E, Fm ® = ¢ — 0g41(B — 8d+1E/2),]§ = B —
8d+1E, S, = Sy — 0q+1F, and f,,. The vacuum linearized equations of motion set E:' =0, =
—(d =20, F = 0,020 =0, 93:1B =0, 2(d — 1)dq1% + (k- k)B = 0, 94418, = 0,9u11fr = 0.
The (d — 1)(d — 2)/2 — 1 degrees of freedom of the d + 1 dimensional graviton are parametrized
by the transverse (in a (d — 1)-spatial sense since ef;” ) = (0, éf;” )) ) and traceless tensor f,,, the
transverse vector S,, and the scalar 1, all of which are independent of the compact coordinate
x4+, This is what we expect to see when performing a Kaluza-Klein reduction of d + 1 gravity, in

the massless sector.

Thus, in the zero-mode sector, for the on-shell linearized fluctuation, we can reach a gauge
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where all the gauge-dependent terms are zero and write

h,uu|g.i. = 27;Z)77,uu + f,uu

hd+1u|g.i. = Sua hd+1d+l|g.i. = 20. (Dl?’)

which is of the form used in (E3). The one caveat is that the transverse tensors f,, are transverse
in a d — 2 sense for the zero modes, while for the massive modes (k441 # 0 which implies k- k # 0)
the tensor fluctuations are transverse in a d — 1-sense (and the scalar and vector fluctuations are

7Z€ro).

Appendix E: The SO(1,2) SVT decomposition of the metric fluctuations about a 4d flat
background

In this appendix we want to use the familiarity of 4d gravity to study a less standard way to
decompose the metric fluctuations, namely using the SO(1,2) background isometry rather than
the rotational isometry SO(3). As we will see, unlike the SO(3) case analyzed in Section IV A,
the tensor modes are not the only dynamical ones, and both scalar and vector modes contribute
together with the tensor modes to the gravitational energy-momentum tensor.

We begin by writing the metric perturbation as

2¢7],117 + 8,;8,;E + 8QF,7 + 817Fﬂ + f,],j 817B + S,j
h“,, - 9 (El)
OuB + S; 2¢
where we denote the 4d indices by u,v = 0,1,2,3, while g, 7 = 0,1,2. The gauge invariant pieces
are ®, ¥, S; and fz5, where

® = ¢ —05(B— 305E)

v =49

As in [23] we can restrict to the gauge-invariant fluctuations by going to the gauge:

2Unas + far So

h,ul/|g.i. = (E3)
Si 29
We apply the same SVT SO(1,2) decomposition to the Einstein equations G, = T},
G _ [ 267+ 00,600 + 0,610 + 0,60+ GED a6+ el L
pwr =

apGgL) + Gf—g) 2G33 )
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o (2T + 05T 4 o7 4 0,7 4TI 9,1 4 1Y) (E5)
" o + T 9Ty '

The linearized equations of motion for the scalar fluctuations ® and ¥ come from the components

5 Gas, 5(1)G§’L)7 s and sMGELL).

260 Gay = 2705050 = 2T
sOGH = 20,9 =P

200GY) = 2080 + nP0,0;® + 1P 020, = 27

sWGUEE) — ¢ — g =7 (E6)
The equations of motion for the transverse vector S; come from the components 5(1)G/(]T3) and
s,
P
T 1 a3 T
sWG) = — 51705058 = ¢y
1) ~(LT 1 LT
dNaE" = 5058 =1, (E7)
Lastly, the equation of motion for the transverse traceless tensor fj; comes from 5(1)G$T),
" 1 1 a3 "
5(1)G,(117 ) = _§8§fﬁ17 - 577 Badaﬁ’fﬁﬂ = T[Ea )- (E8)
Next, we count the degrees of freedom by considering the vacuum equations of motion:
NP0:0;0 =0, 930 =0, d=_U
nagadaBSﬁ = 0, 83Sﬁ = 0,
a%fﬁ,—, + ’I’]&Badagfﬁp =0. (EQ)

Due to the constraints d3¥ = 0 and 03S; = 0, it is natural to separately consider the case p3 = 0
and the case p3 # 0. When p3 = 0: ¥ describes a 3d massless scalar, which has one degree of
freedom; Sj; describes a 3d massless vector, which has one degree of freedom; f;5 describes a 3d
massless graviton, which has zero degrees of freedom. When p3 # 0: ¥ has no solution, hence
its degree of freedom is 0; S; has no solution and its degree of freedom is 0; fz5 describes a 3d
massive graviton, which has two degrees of freedom. This again adds up to the correct number
of degrees of freedom of the 4d graviton. However, our analysis was not rigorous. If p3 = 0 then
the equations of motion require that the 3-momentum p,, is null (n*pzpy = 0) which means that

the SVT decomposition starting point (E1) is invalid. Nonetheless, as we showed in Appendix D,
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the conclusion reached here stands: the two degrees of freedom of the 4d graviton are the massless
scalar ¥ and the massless vector Sj.

The point to be made is that unlike the SO(3) SVT decomposition, where only the SO(3)-
tensor fluctuation is dynamical, when performing an SO(1,2) decomposition all types of fluctua-
tions (scalar, vector and tensor) are dynamical. Thus, the energy-momentum tensor can receive
contributions from all three types of fluctuations. If the 23 dimension were compact, the Fourier
spectrum along 22 is discrete and indeed all three types of fluctuations do contribute, with the
scalar and vector modes part of the massless sector of a Kaluza-Klein reduction. If on the other
hand the 2% dimension is non-compact, the Fourier spectrum along 23 is continuous and only the

tensor modes contribute to the radiated power as we will see in Appendix F.

Appendix F: The SO(1,2) SVT modes sourced by a binary in 4d flat space and the luminosity

of the gravitational waves

In this appendix we derive concrete expressions for the SO(1,2) SVT modes in 4d flat space,
asymptotically far away from sources, and verify that we correctly reproduce known results for the
radiated power using the results from Section II.

We begin with a known form of the 4d metric perturbation far away from a binary source
(see for example eqn. (5.24) in [13]). Keeping only the time-dependent parts, h,,, which are the

relevant pieces for the computation of the radiated power, we write

%7100 —n1hiy — ngh1a —nihia —nohay 0
~ ~ —nihi1 —nohiz by + Lhoo hi2 0
by = Py, — %nuvnaﬁhaﬁ = ~ ~ ~ ’ z 17 » (F1)
—nihiz — nohos hi2 ha2 + 5hoo 0
0 0 0 2hoo

where }NLW is the so-called trace-reversed metric fluctuation, and n; = z°/r are the Cartesian
components of a radial pointing, unit vector 7 = 7/r. In writing (F1) we have used that for the
binary solution l~13“ = 0 and hq1 + hes = 0. Note that the 23 direction is perpendicular to the plane
of the binary. This metric perturbation satisfies the harmonic gauge n*” auﬁyp = 0, which implies

that floo can be written as
ilo() = (nl)zilll + 2711712;112 + (ng)zilgg . (F2)

Each of the components l~100, l~111, l~112, ﬁgg are in the form of spherical waves. For example,

hiy = uriQ%sin(2Q(t — r))/(2nr), where p is the reduced binary mass, 712 is the separation
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distance between the binary components, €2 is the angular frequency of the binary, and we set
877G = 1.

Next let us consider the SO(1, 2) decomposition of the perturbation (E1) and the gauge-invariant
fluctuations given in (E2). We recall that ji, 7 = 0,1,2. Later we will also use indices 7,7 = 1, 2.
From (F1), we can see that B = 0 and S; = 0. In terms of the SVT decomposed fields, the
harmonic gauge condition 9,h*” = 9" = 9 (h* + (1/2)n""h) = 0 becomes

0(OsaE + 20 — 26) + Oga Fy = 0, (F3)

where O3q = —(0p)? + (91)2 + (02)%. We also used that

2¢ = %BOO, h = Buunwj = _BOO . (F4)
By tracing hzp with n#7 we learn
Oy + 6 = 2¢. (F5)

From (F3) and (F5) we infer that OsqF; = 40;V, which given the transversality of Fj implies
O3q¥ = 0. However, given the spherical symmetry of the problem we are led to conclude ¥ = 0,
and Fj; = 0.

Thus, the SO(1,2) decomposition becomes

005 E + fur 0
hw = | T . (F6)
0 2

Next we solve for E/ and fz5 by further assuming E' is in the form of a spherical wave. We can
verify our assumption later by checking the consistency of our solution. This method works when
the solution is supposed to be unique. With this assumption for £ and keeping everything to

leading order in 1/r, we have

1-
ngE ~ (n3)2w2E >~ §h00 . (F?)
Thus, to leading oder in 1/r
E- "
2(n3)2w2 00 »
far = hpy — 0305 = hap + —2"% hog (F8)
v v &z nv 2(713)2 )
where we have defined
ng = (—1,n1,n2) . (F9)



Since (n1)? + (n2)? + (n3)* = 1 we have
n"ngng = —(ng)?. (F10)

We are now checking that the gauge-invariant tensor fluctuation f;; is indeed transverse and

traceless. For tracelessness, we have

% 77 nunu
fv = 0" hpy + 55 h
n g n nv + 2(713) 00
1- 1-
— §h00 - 51100 — 0 . (Fll)
For transversality,
- NN
M fur = " hpp + 2(u ; 9" hoo
p NNy
= —n“hﬁ,; — 2(;;3)271'“]100
. =. 1 2
= —hop — ’I’Llhgg + 571,7]100 (F12)
must vanish. Substituting 7 = 0 in (F12) yields
i . i 1 =
0" fao = —hoo — n'hyy + 5”07100
1= =2 1=
= —§h00 — ’I’Llhog - 5]100 = 0, (F13)

where in the last step we used the transversality of iz,w and the spherical wave nature of the

fluctuations. Similarly, if 7 = j we find
I . 7 1 =
0 fﬁ; = —hoj —n hg; + §n5h00
2 (3 1 2 1 =
= —hg;—n <h;3 + §5gjhoo> +5njhoo = 0. (F14)

This concludes the check on our asymptotic solution for f5.

We compute next the gauge-invariant scalar ®. We find that it vanishes
®=¢—03(B—303E) = ¢+ 1(05)°E=0. (F15)

We see that the relation which the two gauge-invariant scalars obey in vacuum ® = —W is satisfied
by our asymptotic solution. The vanishing of scalar and vector modes may not be a coincidence
but could be a general feature of uncompactified flat spacetime. Since in the analysis performed
in this appendix the extra dimension (23) is non-compact, the spectrum of Fourier modes of the
gauge-invariant fluctuations is continuous. Because the scalar and vector modes consist of only

zero modes of the 3d d’Alembertian, they vanish in such cases.
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At last, we can compute the radiated power, substituting the gauge-invariant fluctuations in the
formula for the gravitational energy-momentum tensor. We need 7g; and To3 which can be easily

extracted from (2.24) substituting

0D 0
hu| = T . (F16)
g-i. 0 0

To compute the radiated power we start by integrating over a 3d sphere as in (2.19) and use the
same simplifications of turning spatial-derivatives into time-derivatives (to leading order in 1/7)

when acting on spherical waves at spatial infinity. Explicitly, we write:

1 /T ;
(P) = _/ dt/dQQRgonz%i’rzRoo

1 / / 9 < Nanp 3 )2
- dt dQQR h hOO
ar 2(ns)?
1 T 1 nang ; 2
= — [ dt [ d%R% ( hup h s
4T/ / 2Roo< av + 5"l 00+2( ) 00>
1 r 2 P ﬂ V. 12 =
1 1z Lo Loz
= _/ /dQ2R <—h00hoo—2h02h01+h h >
4T 2
R ;i s 2096(,.. 14
= 500 \hishis) = —Gu 0°(r12)", (F17)

where we used the transversality of i w and that the fluctuations are spherical waves to set n“hu,, =
0. In the last step we reintroduced the dependence on Newton’s constant (recall that we have been
working with 87G = 1). We have thus recovered a well known 4d result (see for example footnote

10, with D = 4, leading further to eqn. (6.11) in [13]).

Appendix G: The SO(1,3) SVT modes sourced by a binary in 5d flat space with compact

z® and the luminosity of the gravitational waves

In this appendix we aim to recover the power radiated away by gravitational waves in a 5d
flat space, with one compact dimension z° ~ % + [ [13]. As discussed in [13], for a small extra
dimension, the contribution from the 5d graviton modes with ps # 0 can be safely ignored far
away from the sources, since it is exponentially suppressed. This fact can be easily understood
from a 4d perspective where these modes appear massive, with the 4d mass proportional to the ps

momentum. Thus, the radiated power receives its dominant contribution from 5d graviton modes
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with ps = 0. This translates in 5d fluctuations which are independent of z°. Far away from a
binary source, the metric fluctuations are given in the equation (5.24) in [13], and the radiated
power, which was computed using Isaacson’s averaging scheme, is given in the equation (6.8) and
(6.10) in [13].

Given the symmetry of the problem, we proceed with performing an SO(1,3) SVT decomposi-

tion of the metric fluctuations.

hyw = 2¢mu + 0,0, E + 0uF, + 0, F), + fuv,
huys = 0,8+ Sy,

hss = 26. (G1)

The analog of the 4d trace-reversed fluctuations in 5d is h MN Where

- 1

hvyn = hun — §7IMNh7 h = hyny™Y, (G2)
. 1 . .

hvyy = hun — gnMNh h = hynn™Y. (G3)

The 5d solution in [13] is of the form

N By, O 3 [ A4 g
harn ~ H ~ 7 . , (G4)
0 0 0 O

where we used the squiggle line to indicate that we only take into account components that are
explicitly time dependent and drop the static (Coulombic) metric fluctuation, just as we did in
the previous Appendix F. The time-independent terms are irrelevant in the computation of the

radiated power.

5

Assuming no z°-coordinate dependence, the harmonic gauge condition

OMhyn = 0 (G5)
reduces to

Dy — %8,,11. (G6)

The harmonic gauge condition becomes

1 1
0, <§D4dE — §h55 — 21,[)) + OyqF, = 0. (GS)
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Next, while remaining in the harmonic gauge, we use the residual gauge freedom to set [yqF

to be 0. We use the gauge parameter
Ev = (£0,0,0,0,0). (G9)

Since the harmonic gauge constrains ¢ by HuqéM = 0, then far away from the sources we take

with & to be of the form of a (4d) spherical wave. After performing this gauge transformation,

3 7 new .
the new metric is hj7};:

R0 = harw + Onén + Onér - (G10)
We consider the trace of the 4d part of the metric perturbation
n#uh}(;ljew) - nm/hwj — 20&0 = 8¢(new) + D4dE(new) (G11)

and we require that JE®%) = (. We recall that since 1 is gauge-independent then Ploew) — P =U.
We use the vacuum equations for the scalar fluctuations to relate ¥ and ®: ¥ = —(1/2)® and

solve for the gauge-parameter from (G11)
2000 = 1" Py + 2hss = 0" hy + 2hss — 2 = —h. (G12)

We proceed to compute the gauge-transformed metric perturbation:

new 7 2”
h(()o ) = hoo + 20080 = hoo — gha

he™ = hoi + i&o = ho; + %ﬁ,

new 7 1 7
B = iy = by — 30ih
R =0,
new 1-
BV = gy = —5h- (G13)
Now, we have the gauge invariant pieces
1= 1
® = ——h==h Gl14
6 6 00 » ( )
1- 1-
UV = _—h=—— 1
57 15100 (G15)
S, =0, (G16)
= pew 1 G17
f,uu = My - 6 yme ( )
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We can explictly check that f,, is indeed transverse and traceless'®. Finally we can compute the
power radiated by gravitational waves far away, at a distance R, from a binary source using

(4.36):

Py — M5 / dt / 40, <6w+ foW> (G18)

2 ~ 2 ~ <
= lR / dt/ng |: <— hoohoo) + <h00 — %h) <h00 — %h)
2 i% 2 : 1 2 2 1 2
-2 (hoz- + —h) (hoi —h> (hzj - §5ijh> (hij - §5ijh ]
2 L
= lR / dt/ng[ < %) hoohoo

S Lz Lz K 32 =
+ <_2h0ih0i - 2hoohoo - —hooh00> + (hijhij + Zhooh(Jo) }

lR2
= dt Sy hoohoo - 2h02h02 + hzg hzy

19leo 1oz
= m(hi]’hij>a (G19)

where we recall that [ is the length of the compact dimension and where in the last step we have
restored the dependence on the 5d gravitational constant Gsq. and used the transversality of the
trace-reversed metric iz,w. After accounting for an overall negative sign which we introduced in
our earlier definition of the radiated power (2.19), we have thus recovered the previous 5d result
given in the equation (6.8) in [13]. We also notice that the contributions from scalar and tensor

fluctuation match the corresponding parts in Einstein-Maxwell-dilaton theory respectively [40].
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