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We apply the weak field approximation to the most general gravitational field equations
in Poincaré gauge theory. The weak gravitational field %, is a multimass field obeying a
fourth-order field equation. In the Newtonian approximation we show that there are two
routes to arrive at the Newtonian potential. The torsion field is decomposed into six irre-
ducibe building blocks with spinrperity, 2% 27 1% 17, 0* and 07, each of which obeys the
Klein-Gordon equation. Finally, we construct a possible candidate for the massless graviton
field which obeys the linearized Einstein equation.

§ 1. Imtroduction

In previous papers called I and II, respectively,” we studied Poincaré gauge
theory with linear and quadratic Lagrangian densities in the translation and Lo-
rentz gauge field strengths with ten free parameters included in the gravity action.
The most general gravitational field equations were derived by means of the action
principle with independent variations of the translation and Lorentz gauge fields.

Here in this paper we shall choose the conventional method that the Lo-
rentz gauge field A4 can be decomposed into the Ricci rotation coefficient 4 (which
is given by first derivatives of the tetrad field) and the contorsion field K,

A=4+K, 1-1

and then apply the weak field approximation to the most general gravitational
field equations. (In the Riemann-Cartan space-time the geometrical method also
gives rise to the conventional method.) So independent variables are the line-
arized gravitational field 4, and the contorsion field K, the former of which
satisfies a fourth-order differential field equation just because of the conven-
tional method formulated by (1-1). Therefore, %, describes a multimass field
which splits into a graviton field with vanishing mass, a particle with mass n,
and spin 2 and a particle with mass m, and spin 0. However, the redefinition of
a multimass field, which incorporates second derivative terms, will give us a fairly

good candidate for a massless graviton field with spin 2. This redefined field ¢,
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1436 K. Hayashi and T. Shirafuji

obeys the usual wave equation of second order, whose source term is exactly the
symmetrized energy-momentum tensor appearing in the linearized Einstein equation.

The arrangement of the present paper is as follows. In the next section we
shall apply the weak field approximation method to the most general gravita-
tional field equations derived in a previous paper I In § 3 the Newtonian ap-
proximation will be carried on, showing that there are two different routes in
arriving at the Newtonian potential: Denoting «; (i=1, 2, -+, 6) as coefficients
multiplied by Lagrangian densities quadratic in the Lorentz gauge field strength,
one is to take all a; as finite, and the other is to take all a; as infinite, the
latter of which is just the result of New General Relativity.” In §4 the
torsion field is decomposed into its irreducible building blocks, which have spinPerity
as 27, 27, 17, 17, 07 and 0" and propagate in vacuum. In § 5 the massless
graviton field ¢, is redefined and satisfies the usual wave equation whose source
term is given by the symmetrized energy-momentum tensor occuring in the line-

arized Einstein equation. The final section will be devoted to conclusion.

§ 2. The linearized gravitational field equations

We shall apply the most general gravitational field equations to weak field
situations, where the translation gauge field &, and the Lorentz gauge field A
are both so weak that it is sufficient to keep only those terms which are linear
in a*, and A;,,. In this approximation we need not distinguish Latin indices from
Greek ones; so we shall use Greek indices throughout this paper with the un-
derstanding that they are raised and lowered with the Minkowski metric Wy
The metric tensor ¢, is written as

g/w - 7/,/w -+ /I/w <2 ) 1)
with
/Z}IV:aﬂy+auﬂ' (22)
Following the conventional method mentioned in the Introduction, we shall
express the linearized gravitational field equations in terms of a,, and the con-
torsion field K,,. The torsion field is given in the weak field approximation by

71/1/:1} = ‘4}./“/ 4'1)&,/1 - a/za}.u + ay(l}./l . <2 : 3)

The contorsion field is related to the three irreducible parts of the torsion field,
tiwr v, and a,, by*®

1 - P
K/.,wv:'"z_"(T).;w* [,tu'.u_ -[ vl,u)

* We denote symmetrization and antisymmetrization of tensor indices by round brackets ( )
and square brackets [ 1, respectively: For example,

VE/w---dv] = % (Vua-~-ﬁ - V»p---M) .

220z 1snbny |z uo ysenb Aq 964726 L/SEY L /v/Y9/oI01e/did/wod dnoolwepede//:sdiy Wwoly papeojumoq



Gravity from Poincaré Gauge Theory of the Fundamental Particles 1437

- %sz ~Ziqv, —z—%ezwpaﬁ : 29
or conversely
fuu:K»w>+';)~77uuUw —%‘%;ﬂ/u, (2-5a)
v, =K (2-5b)
fl,‘:é—eﬂ,yﬂK”” . (2-5¢)

Applying the weak field approximation to the alternative form of the gravi-
tational field equation (I.5-12), we have

2aG)+20°F =T (2-6)

nvp 28

where FJ is the linearized expression for F/, of (I.5-15),

Fip = [at 23‘1 Vo) + (8- —?) (10— 10.7,.)
1/, 3a\ 9.
~"§</’~r— 0 /)o;/“,/,(lp, 27

and G is the linearized Einstein tensor,

Gl = — % (187 BT, +0.5,,) + 1,090} (2-8)

with

Bty -%7/#,/1, h=n"h,, (2-9)

Here the d’Alembertian [ is defined by [ =00,
Equation (I.5-18) takes the following form in the weak field approximation:

Px,w:- T S).,w (2'10)

with
Pi=Ba;+2a:)0,GY, + (as+ ag+ 4ag) 1,,0 .GV
= 20°J anen (K) — HI (2-11)
where J3),(K) and 1) are the linearized expressions for J,,,, (K) of (1.5:6)

and 4, of (L.3.32), respectively. Here GV =7*GY. By a straightforward

calculation we get
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1438 K. Hayashi and T. Shirafuji
Piw= (8a:+2a5) 0uGH, + (az+ as +4ag) 10,0 ,,GP

2

“”3‘(3512 + 4ay) {Dlvl:l,u:]—aptp[lp], v
3 5

+5( L, w— (A1) + = . 0,[;6 07t 0

+Bart 200 | L@y, 1 A2 + Oy, o 020
2

‘“‘§(a4+ a5) {77,,[1 <|:]'v#]——0,,]0"'vp — —2—@"0"t,,w1>

+ v, et (072,000, w— (/12#))}

- % (as+12a) 77::[10”]0'7"0,: + as (8;,“,/,[:}0” — el/&pdavapaa)

;@(ewa 07 a’ — (A2 1)) + as61,,0°0° a4

3a

2a
+2<0é—|—*37> »[1/»]—1’_2(8*_ >77"Uvﬂ]+ 2 ?)elﬂvﬂa”' (2-12)

+
5l

The last three terms come from H{%) and stand for the mass terms of the torsion

field.

The energy-momentum tensor 7°,, and the spin tensor S, are taken to lowest
order in a, and K,; so-they are independent of «, and K., and satisfy the
ordinary conservation law,

0T,=0, (2-13)
and the Tetrode formula in special relativity,

2T 1y =0°S,, - (2-14)

Since the translation gauge field a,, appears in (2-6) and (2-10) only through
G, the linearized gravitational field equations are invariant under the follow-
ing gauge transformations:

h/w*)h:w:h;w_{‘ap/!v—i_av/iy, (2-1521)
a[ﬁ“‘]-) aEllV] = Arpn + a);w ) a);w + a)vp =0 ’ (2 . 15b)

where A4, and w,, are small but otherwise arbitrary four and six functions, re-
spectively: These are the linearized version of general coordinate and local
Lorentz transformations, respectively. The transformation (2-15b) means that the
antisymmetric part ag,; is devoid of physical singnificance. Also, (2-15a) allows
us to put the harmonic condition,
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Gravity from Poincaré Gauge Theory of the Fundamental Particles 1439

0*h,.=0, (2-16)
which we assume henceforth. The linearized Einstein tensor is then given by

1

G,S})J):——Z—‘DE/W‘ (2.17>

It is convenient to decompose (2-6) into the symmetric and antisymmetric
parts;

24G 6 (a+ ©) 02,0 (/3—, ©) @uvs=1u8°0,) =Ty, (2:18)

3 p
2(a+ ,>a ot 2(3~ >au vt g (v + 2“)5#”,,(,6 @' = Ty . (2-19)
Taking trace of (2.18), we have

24GD +6<B~%>6"vl, =T (2-20)

with T'=9*T,,. Both sides of (2:6) are divergenceless with respect to v owing
to (2:13), while the divergence of (2.10) with respect to v yields (2-19) by
virtue of (2-14). Therefore, Eqs. (2-6) and (2-10) give (16+24) — (4+6) =
independent equations for 6+ 24 =30 independent field variables, i.e., for 7, satisfy-
ing (2-16) and K,,.

As is seen from (2:6) and (2-10), six parameters a; (i=1,2, -+, 6) enter
the linearized gravitational field equations through the six combinations, 3a,-+ 4a,,
3a,+2a;, a,+a; 2a,+a,, as+12a, and a;+a,: These combinations are not inde-
pendent, however, and the condition,

3a,+4as=3a,+2a;=a,+a;=2a,+a,= as+12ay=a,+a,=0, (2-21)

is satisfied when the parameters a; are given by

a2:—a1, ag = — ay
3

, ay=—as=2a, aszéal (2-22)

with @, arbitrary. For this choice the quadratic Lagrangian density L, of
(I. 3-23) becomes

Le=a [(AWA”’W + L (B B (CpnCH™)

(B EY — 1,17 + %F?]

= ay(FijaF™ 7 — 4F,,F7 1 F?). (2-23)

Thus, the variation of the action Ajp,
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1440 K. Hayashi and T. Shirafuj:

Ap= fd4xe (FoymnF™5 — 4F F 5+ F, (2-24)
identically vanishes in the weak field approximation: Namely, we have

0 Ap=0 (2-25)

in the weak field approximation. This property of the Lorentz gauge field strength
Fimn 1s to be compared to the Bach-Lanczos identity” in the Riemann space-time,

6Jddxe[Rma({ PR D) —4RL({ HR™({ }) + R({ })*]=0.

(2-26)

[Note added in proof: It can be shown that the identity (2-25) does hold exactly.
See V of this series.]

§ 3. The Newtonian approximation

Using (2-18) and (2-20) in the divergence of (2-10),

1
apPp(;w) = —EOPS;)(/U») ) (3. 1)

we obtain the fourth-order field equation for &

Hys

24GY - : 2a {ch}g _ %_ 01 —0,0.) G<l>}

my)*®

- (772’2% z % Cq,wD - a,wav) G(l) = jw/sevfD s (3 : 2>
0

where m, and m, are given by

| 2a(a+2a/3)| "

" a(Ba, +2a;) f (3:3a)
‘Y 12

g= {2,1(,3 TE?/E)} /’ (3-3b)

Bas+12ay)

and TED is defined by
. 12a
TEO—Tem _ Gstlie o 4 oNT
; : 0@ —2q,3) w700

~ BetZa  (op 1 0,00 T +0°0°0,.8 3.4
3(0{-}—2(1/3) lD (pv) 3 (77va # u) i (- v)po ( )

with T the symmetrized energy-momentum tensor in special relativity,

Tfﬁ;ym):Tpu~%@P(Sﬂpp+SM,+S/,W), (3'5)
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Gravity from Poincaré Gauge Theory of the Fundamental Particles 1441

In the harmonic gauge of (2-16), the field equation for TLM given by (3-2) be-

comes
CZD}_ZM KZD j——]_ (me a 0)]1}
(ma)? L
=l gm0y E= TS0 (8-6)
3(my)®

which contains the fourth-order differential operators like [ and 773,8, operated
on EM. Here A = 7R e

Let us consider the gravitational field around a static, spinless source located
at the origin, for which 7', is given by

Mo*(x), pu=v=0

#v .
0 , otherwise

»

T (3-7)

with x= (2", &%, &%) and S,, is vanishing. It then follows from (3-4) that

T =M () — | Gt 124 2Ot 2|y gy
l9(3—2a/3) " 9(a+ 24 /3)

'[1 J?Lf[) hd (:-3 ' 8)

Tem { ast12as a4 2a; }M(o wsd —0,05)0° (%)
9(B—2a/3) 9(aw+2a/3)

where « and 5 run over 1, 2 and 3. Using (3-8) in (3-6), we get

: M
= - é_h‘m = — Gmor {1 + %Rgexp (—mar) -+ %Roexp (— m[,r)} (3-9)

with »=lx|, where R, and R, are given by

o, (Bast2as) (my)® 212/3

3-10:
2a 44 ( )
Ry (o 12a0) Gno)” _2(3— ;“/,3) : (3-10b)
a

Since the world line of test particles is the geodesics of the metric 0. as has
been shown in II, the ¢ of (3-9) is the gravitational potential in Poincaré gauge
theory.

The second and third terms of ¢ are the Yukawa potentials with the range
1/m, and 1/m,, respectively.™ We must choose the parameters in such a way that

* As will be shown in §5, the weak gravitational field A,, is represented as a linear combination
of three classes of fields; the massless graviton field of spin 2, a field with mass m: and spin 2
and a fleld with mass = and spin 0. (See Eq. (5-11).) The (1/7)-term of ¢ comes from the
massless graviton exchange, whereas the two Yukawa terms are due to exchange of massive
particles of spin 2 and spin 0, respectively.
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1442 K. Hayashi and T. Shirafuji

the (1/7)-term of ¢ coincides with the Newtonian potential, ¢= —GM/r, and that
the Yukawa potentials are of sufficiently short range. It is convenient to treat two
cases separately according as the parameters, a; (i=1,2, -, 6), are finite or not.

(i) The case that the parameters a; are all finite

When m, and m, vanish, the strength of the Yukawa potentials vanishes
because of the factors, (m,)? and (mg)? in R, and R, Therefore, the first term
of ¢, —M/16rar, must coincide with the Newtonian potential, irrespectively of
whether m, and m, are vanishing or not. We thus choose the parameter a as

a=1/2¢, r£=87G. (3-11)

The remaining two terms of ¢ are possible corrections to the Newtonian potential,
and they should be sufficiently small compared with the first term for macro-
scopic distances. So we choose the remaining parameters as follows: (1) The
masses, 7, and m,, are large enough to ensure that the exponential factors of the
Yukawa potentials rapidly die out, or (2) the coefficients, R, and R, are suf-
ficiently small. In view of (3-10a and b), we see that the Yukawa potentials
are attractive or repulsive according as —a {(a+2a/3) and [(B—2a/3) are positive
or negative, respectively. It should be mentioned that, for example, the massive
spin-2 particle with & (a+2a/3) >0 yields the repulsive force and becomes ghost.*

The case of a=0 deserves special care, since it is assumed in (3-9) that
the parameter & is nonvanishing. By letting the parameter a tend to zero in
(3:6) and then solving the resulting equation with respect to hg, we have the
following gravitational potential,

4

which contains the linearly rising potential in addition to the (1/7) -potential :¥"®
This linearly rising potential stands for the characteristic feature of the case of
a=0 with a; finite. As the basic postulate we demand that the space-time around
a static localized source should be asymptotically flat. This requires that the
linearly rising potential should be vanishing,

! 1,1y M1 1 Mr
= —hyy ==+ —~ SRR S . (312
’ e < )mm- (8ay+2a; 4(as+12aq)) 127 (3:12)

S S (3-13)
3as+2a; 4(as+12ay)

Furthermore, since h=7%"h,, is given by

® The massive particles of spin 2 and spin 0 are normal particles with positive-definite energy
and positive mass, when the parameters satisfy the conditions,

3as-t+2as>0, ala+2a/3)<<0 for the spin-2 particle,
as112a62>0, B(5—2a/3)>0 for the spin-0 particle.
This will be shown in a next paper (see §4 of IV).
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Gravity from Poincaré Gauge Theory of the Fundamental Particles 1443

_ M _,,,,,,L,’ (3-14)
6nf3r An(as+12a4)
we must put
1y, (3-15)
as+12a,

Equations (3-13) and (3-15) contradict the assumption that the parameters a;
are finite numerical constants. Consequently, we conclude that when the par-
ameters a; are finite the case of a=0 should be disregarded. ™

(i) The case of aj=o0 (i=1,2,.6)
This case is just New General Relativity” as was shown in §4 of II. Since

my and m, are vanishing with R, and R, finite, all the three terms of the gravita-
tional potential (3-9) behave like 1/7, giving the following gravitational potential,

(1 1y M .
= <cz +4B> 1877’ (3-16)

which coineides with the Newtonian potential if we put
«+ 45+ 9apk =0. (3-17)

This is just the Newtonian approximation condition in New General Relativity.
(See also (II.4-22).)
Since we have studied the latter case in Ref. 2), we shall assume henceforth

throughout this series (unless otherwise stated explicitly) that the parameter a is
given by (3-11).

§ 4. Propagation of the torsion field

Let us now derive the field equations for the torsion field by using Eqs.
(2-18) and (2-19) in the linearized field equation for the Lorentz gauge field
(2-10) with (2-12). For this purpose, it is more convenient to rewrite (2-10)
by decomposing P,,, into three irreducible parts, PL, P, and P,”, in the same
manner as the spin tensor (see the Appendix of II for the decomposition scheme
of the spin tensor). Denoting the irreducible parts of the spin tensor as A
S, and S,*, we have

1 ,
—2— (3a'2+4aﬁ) Dtl»v—" (aﬁt;)(/.v)y #+ aptp(,w), A ~2aptﬂ(1#); v)

*» This conclusion is due to our assumption that the parameters a; are finite numerical con-
stants independent of space-time points. If it happens that the parameters a; are finite only in the
inside of a bounded region around the source due to some, yet unknown mechanism,” then the
gravitational potential (3-12) is compatible with asymptotic flatness of the space-time.

Zz0z 1snbny |z uo ysenb Aq 967726 L/SEY L /v/¥9/o101e/did/wod dnoolwepese//:sdiy Wwoly papeojumoq



1444 K. Hayvashi and T. Shirafuji
2
—g(aptp[m, Wt 0%ty 2)
DD T 01— 203,070, )|
— (Bas + 2as) %(G;y, LEGY L 2GR, )
5 0,GY £ 7,.0,6% —27,0,6)
1
7_2‘ (aptp(lv)a #+aﬂtp(;“0a i ¥20Ptp(l,u), V)
o1
+ r O tat11 1w+ 0" orunn, 1)}

1 ) 3 ;
v~1—8(a,4+ as) {77&,<[]'v,,~0#0,,'v"—Eﬁf’@"tﬂ”)
+7 (D'v — 0,0 v”~i@”0"t ‘

i/ 1 10, 9 pax)
o (v,—0,0,0° — 20090

M| v, —0,0,v "2— tpo'v)
AG(OPIPU”L ﬂ+ aptﬁ[/w], x)

—3(7}1, ,uv+ 'v/t, Zv_zvv, Ap)}

4%(2@34» 00) (€1090D,0° 0" + & ,,,00,0% %) —%<a+%>tm

=~ 50,
Ti"(flr}- as) (DU#—ap@p pP— —2—696”;”#) _3<‘3_%,> v,

— (as -+ 12ay) (%a,,c;@ - a#a,,w> - %Sﬂ” ,

ZT Cay + ay) <Dflx + g—s ;,wﬂa"@gt"“”]> + % (Ba;+as—a,)0,0,a°
3

! 4 '/V 3(l o 1 (a
+ *é— (\; + 5 ) ay = *531 n

A. Reduction of Eq. (4-2)
Using (2-20) in the divergence of (4-2), we get

4-D

(4-2)

(4-3)
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Gravity from Poincaré Gauge Theory of the Fundamental Particles 1445

L[O = (mp)*lo=j" (4-4)
with ¢=0°v,, and
iy = 2a(B—2a/3)1'" , (4.5)
Blas+12a) |
)mﬁﬁﬁ a _@/JS @) 4.6
G/QD 3’((15—120,6) (4:6)
The field ¢ describes a massive particle having spin”™ ™ JP=0% The mass of

the ¢ coincides with m, defined by (3-3b), showing that the Yukawa potential with
the range 1/m, in the gravitational potential (3-9) is due to g-exchange.
By virtue of (4-4) and the divergence of (2-18), Eq. (4-2) can be rewritten

(O 10,2 4, “n

where %,, m, and j,'” are defined by
V,=v,— (m) 0,0, @
) 9(a+2a/3) (3—2a/3) |

L i 4.9
e 2@ +P (aita) | o
Sy /)Lv T (@) 4o 7177 »0/’008 -
- 6(5—2a/3)"" 2w+ "
1 /m, _ 25 (o) .
+63<;J> 0,1 — (my)~20,7 (4-10)

The field ¥, is divergenceless in vacuum by virtue of (4-4) (see also the Appen-
dix), so it describes a massive particle with JZ=1".

B. Reduction of Eq. (4-3)
The divergence of (4-3) gives
[l —mp]B=j" (4-11)
with B=dq,, and

_2(r+3a/2)1 "

n , 4.-12

“ 3(a,+ as) ( )
. 1
i geg @ 4-13
) 4(a,+ ay) f ( )

The field B describes a massive particle with J7=0".
Using (2-19) and (4-11) in (4-3). we have

(O —ma, =57 (4-14)

with &,, m, and 7, defined by
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1446 K. Hayashi and T. Shirafuji

d,=a,— (mg) *0,B, (4-15)
172
e {_ 2(a+2a/3) (r+3a/2) | ¢ 4-16)
(a—47/9) Cas+ ay)
. 3mg 1 .
L= @S, 00T — () 720,75, (4-17
T 8G 30/ B 4r/9) (2) 70,7 @D

The field @, is divergenceless in vacuum (see the Appendix), and therefore it

describes a massive particle with J°=1",

C. Reduction of Eq. (4-1)
Use of (2-18) in the divergence of (4-1) with respect to vy gives after a

straightforward calculation,
L — (ma) ] o =557, (4-18)

where %,, m, and 7 are given by

B—2a/3 -
Y =07y -+ 7—7—70,‘ - 4-19
L p(a») 3(+2a/3) ) ( )
My = I Zﬁ(j‘fﬁg“/s)} , (4-20)
l a(3as+2as)
Fi (m24) B <rapS/<fV> - ia( SS’)) _ as+12a 0,0, T
“ T 6(a+2a/3) 3 18a(Bay+2as)
1 [ 2a
— T w1 —0,0,)T + 0,.0°0°S,,¢
6a ID () ™ (77 0 —0.0.) 3(a 9 /3) ( )
,@,, 2tl/3 (710) ,oa 0 7(0) (421)

The field %,, is symmetric by definition, and furthermore it is traceless and diver-
“ B ) >
genceless in vacuum (see the Appendix): Consequently, the %, describes a mas-

i

sive particle with JF=2 The mass of %, coincides with m, defined by (3-3a),
and so the Yukawa potential with the range 1/m, in the gravitational potential
(3-9) is due to y-exchange.

The field %,, is the “traceless” and “divergenceless” part of 0°¢,: As for the
antisymmetric field 0°¢,,,;, Eq. (2:19) shows that it is represented by v, and a,,
and so we need not be concerned with it.

Next, let us extract the “‘traceless” and “divergenceless” part of #;,,. This is

performed by the following three steps: (i) Eliminate G and G in (4-1) by

using (2-18), (i) represent 0°%,,, 0°fywmy and v, in terms of y,, ¥, and @, and
finally, (iil) rewrite a resulting expression for (4-1) by using the Klein-Gordon
equations for %,, ¥, and &, so that it becomes a Klein-Gordon equation. As a

result, we have
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[ —m ) 2 =750, (4-22)

where 7., m, and j{} are defined by

leu:tXpu_ (mz) WQ(XM, wt Apwy 1 _27(1,4, u)

2a/3 JU o o
B (z/ { MT .+ 0,0, —27,,0,) -+ my BBy 10— T, ow)

CZ+2(1/3
r+3a/2 s iy : .
Mg € o'a +€ v a apa ’ (4'23>
3(a+2a/3) (€ 1200uF €y 0)
€ 172
m, = {3 (“,f%ill?i),} / ’ (4-24)
3a,+4a;
ey 1 3[1 +2(ls ~ v o’y
Mgt | S PR (T 4 T, = 2T,
Az 3a2+4a3 lu 4[6 ( (Av)y 4 (s 2 (A p) >
9a2+8a3 2(1,4 T
. o e~ ¥y +T v]s
6(&-{—2(1/3) ( [y o [av] 1)
. 2(12’*‘(15‘—

4a
@ ouT, A 0,T,  —21,,7T,.)
8a

—1—12<m5ﬂ<v>+nwsl<"> - 277;.HSV<">>}

L1
12(a+2a/3)

- (}712) (J§’f), ,M E::), P _2]1(;)’ V)

apao' (WIVS/.LPO" -+ 77[AVS),/1(7 o 2771 ,,,Supn')

,8~—2cl/3[ ® “() 7 40 :‘
sa/s v . 01— 27,,0,) 77
a+2a/3Lm,’ (J( A 1) 6( 0)2(771 e 15007

-+ 7’ E;“a[‘z (exvpo'a,uapj(am -+ /l«uprra ap (a)ﬂ> <425)

37na2(a£+2 /3)
The field 7,,, is symmetric with respect to 4 and s, and satisfies the cyclic identity,
Lot Epat+E,0,=0. (4-26)

As for the trace and divergence, it is traceless and divergenceless in vacuum
(see the Appendix): Therefore, the field #,,, involves five independent degrees of
freedom, and describes a massive particle with J°=2". For a particle at rest, we
have

Loapg=loa=ton=0, (4-27)

and the space-components #., (a, 8, 7v=1,2,3) are expressed in terms of five inde-
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pendent quantities, for example, 7y, Fys Fary Fag and Zyg®

We have thus seen that the torsion field can be decomposed into the six
independent fields, ¥, Y T du 0=0"v, and B=0,, all of which obey the
Klein-Gordon equations: FEach of these fields is irreducible in the sense that it is
traceless and divergenceless in vacuum, thus describing a massive particle with
definite spin-parity. It is still to be clarified, however, whether these six classes
of the irreducible fields are normal (with positive mass and positive energy) or
abnormal (with imaginary mass and/or negative energy). The energy of these
irreducible fields will be calculated in a next paper of this series (see § 4 of IV).

§5. The massless graviton field

We shall now extract from 7i,, the massless graviton field. For this purpose,
we write (2-18) in terms of the irreducible torsion fields Yw and @,

206~ 6(a+ 2 4 2 (3= 20 ) (1 (1) 0,000 =Ty (5:1)

Let us define 2% by

R, $@T248), | 2B=2a/3) () 0,00, (5-2)
a(my)? a(mg)t

and rewrite (5-1) by using A% in place of }_LI“,. It follows from (2-8) and the
above definition of %% that the fields %, and ¢ appear in (5-1) in the forms,
{0 = m) % o {0 — (m)% 0 and 6%, showing that %w and ¢ can be eliminated
by means of their field equations, (4-4) and (4:-18): The terms with 0%, are
eliminated by using (A-8). We then get the following field equation for 2 j%:

O — 07 (0,h% +0,h%) + 7,,0°0°h%

= lTEISVym) - aﬁziizae <W#PD - apav> T
a a
f \)(122:%22@5 {D Yv(/w) - %‘ (77/“:[] - a#av> T + aﬂaﬂa(ﬂSU)P ﬂ'}

Ca(my)?

L 206-2¢/3)) 1 1 B . |
T {(77/10)2 (7712)2} (vva Opap)f >’ (5 3)

where T3 is given by (3-5). The source term of (5:3) can be simplified by
introducing the new field variable ?. by

® For the spin component J; along the 3rd axis, Jy=+2 for Vo G2 Fae+ T, J
::J:l f()l‘ (Zaaxﬁ:izssz) and Ja:O for (Zalz*fszl).

3
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T 3a,+2a 1 as+12a
¢;w:h‘71<9 - "’2275* <T(;w> - “6—77,L»T> + - '5'1'“2"“(;2"&77,“71
_352(1/3 { 1 1 }77 §©
a(m)? L(imy)*  (m)*) "
_ E;w o 3a (3(122—!— 2[l5> X:y . B ((15 +212a6> (W,w . (7710) 46,,,0,) c
a a
B—2a/3_ &
_B=2 ) 5.4
a(mg)’ (= S

with %% defined by

1
'.fv‘:* v+7T v oA
T e T T B T 30+ 24

8—2a/3
6(a+2a/3) (my)?

1 (1+ a5-t12a9) T

LPALE (55

In fact, it can be shown that the field ¢, obeys
D(ﬁmw@ﬂ (a//ﬁw’ + av¢#p> + 7]“8”6“’(;5,” = l'T'/(:Svym)
a

= —2kT ™, (5-6)

where we have used (3:11) in the last term. This equation (5-6) is just the
linearized Einstein equation, and so we can interpret the field ¢, as the massless
graviton field of spin 2.

It follows from the field equation for g,, that the field ¥ obeys the following
Fierz-Pauli equation:

Ik — 07 (0,0 + 0. 5s) + 0,070 %5 — (ma) "y,

e ()t {Tﬁm N ??—TW} L Ony)? { 149 1?«,46,} 2T
6(a+2a/3) 3a 36 3a,+2a;
_ Blas+12a0)

77 Vj(”> b 5' 7
6c(3as+2a;) -7

in which the source term does not involve second-order derivatives of 77, but only
[T through 7. By rewriting the Klein-Gordon equation for v (4-18), into
a form similar to (5-7), on the other hand, we see that the source term of y,
contains [T, as well as [_*I. Since higher derivative terms in the source are
dangerous in quantized theory, the field 3% seems to be preferable to v, as the
dynamical field variable.

The field equation (5-6) is invariant under gauge transformations,

B> Gy = P+ 0,4, + 0,4, —7,,0°4, : (5-8)
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1450 K. Hayashi and T. Shirafuji

with A, small but otherwise arbitrary four functions, Owing to this gauge free-
dom, we can set the divergenceless condition,

P =0. (5-9)
Then Eq. (5:6) becomes the d’Alembert equation,
Q= —2(T5F™, (5-10)
The weak gravitational field }7#” is represented as a linear sum of the three
classes of fields, @,, y* and 0,
P @,(37‘2212(@52 k4 4,9,(‘}%_}@), (0, — (m4) %6,8,) 6

+73—_2“/23 WAL (5-11)
a (1)

showing that the field %, is the multimass field. This is also the reason why A
obeys the fourth-order field equation (3:6).

ny

§ 6. Conclusion

We have applied the weak field approximation to the most general gravitational
field equations derived in Poincaré gauge theory with the linear and quadratic
Lagrangian densities. Adopting the conventional method, the linearized field equa-
tion for the linearized gravitational field h,, was of fourth order, showing that P
is the multimass field, which is given by the graviton with m =0, and the particles
with m =m, and m=m, This fact was also viewed from the Newtonian approxi-
mation method, where there are two Yukawa potentials in addition to the famous
Newtonian potential.

On the other hand, there are the six irreducible fields in the torsion field,
which have J”=spin®™t¥ 45 27 2-, 17, 17, 07 and 07, each of which satisfies the
Klein-Gordon equation. Thus, the previous multimass field can be redefined as the
purely genuine field ¢, of spin 2 and mass 0, obeying the usual wave equation of
second order, whose source term is exactly the symmetrized energy-momentum
tensor appearing in the linearized Einstein field equation: So we call it the
massless graviton field of spin 2. The two additional fields are called Aw and o,
which have J"=2" and mass m, and J°=07 and mass 7, respectively. We denote
in Table T the massless graviton field in terms of }—L,,,, “w and ¢, and the six
irreducible torsion fields in terms of the original irreducible torsion fields, #,,, v
and a,.

”

These irreducible torsion fields might be normal (i.e., the energy is positive-
definite and the mass is positive) or abnormal, depending on parameters «, involved.
This issue will be reported in a forthcoming paper of this series; IV. Mass and
energy of particle spectrum,
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Table I. Massless and Massive fields in Poincaré gauge theory. In the definition of ¢,
the matter terms are omitted here (see (5-4)).

Fields (Mass)*? Jr
S (- 2a) .
b=y 3 ORI, 0 o
a(ms)
RSV Y
atmo® \"7 (mo)?
2a(B—2a/3)
=§"0, 2 “a\p /o) 0+
gm0 o) =7 (s + 12a) )
o ) _ 9(a+2a/3) (3—2a/3) :
v, (o) 70,0 Nyt = e tad (@t h) 1
B--2a/3 . 2a(a-t2a/3)
s I = o SR 2
o 0t 3 030 ) = = Bar-t 2as)
2(r+3a/2) ]
=0k, 2 eedls) :
B “ e 3(a1+as) 0
. . 2{a+2a/3) (y-+3a/2)
=a, - (mp) °0,B 1t = - Lot +
Bi=au (ma) " Cas+as) (a—147/9) !
N 2 L 3la+2a/3)
s =t = sy @atwy— 0¥ ST 2"
tu b (mz) 2 ( o a K ) i 3[12"‘(‘4a3
B—2a/3|1, B
BN @ t2a/3 ) (s 2By — 1149,)
{ _
+ m';(a;aﬁ,—-a,ﬁ(ﬁ,‘))
2(y+3a/2)
(@t 2a/3y mt o 0
Appendix

——Divergence and Trace of the Irreducible Fields, T, @, yw and f,——
(i) The fields ¥, and @,:
Taking the divergence of (4-10) and (4-17), we get
94,7 = — [ —m, ]/ (my) %, (A-D)
04, % = — [0 —mg' 177 /mg. (A-2)
Therefore, 0%, and #“d, are frozen at the place of matter, given by
0V, = —J ) (mg)”, (A-3)
0", = —iP/my. (A4
(i) The field %,,:
It follows from (4-21) that

O T ] B 2a/3) 7 .5
U L= Gna) ] 3(a+2a/3) (my)® (A-9)
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and

070 =0~ (my?] { 1 _9°9°S O 2a/3)aﬂj(” |

12(a - 2a/3) "7 3(a+2a/3) (mo)?)’

showing that 7”y,, and 0%y, cannot propagate in vacuum:

WMX;L»: — _—_— >
3 (az -+ 2a/3) (mg) z
_ (o)
o = L 00508,,,— B—2a/3)0,]

12 (au -+ 2a/3) 3(a-+2a/3) (mg)*
(i) The field 7,,,:

From (4-25) we have

V) Y L )
- o Ha—2e) (s L) = S,
T 5 ) | g TS
+ 180200 5 jig  ATHSa/D) v jod

Demd [
12{(a+2a/3) (mz)
6(,8 24/3)0(# .

My

SEEED s (2~ aeie]]

(my)? (my)*  m,

5, = ,{a 0°0(uS 0 12(at-+ 2§‘E>J‘§73}

(A-6)

(A7)

(A-8)

(A-9)

(A-10)

(A-11)

Since [[1—mg] is factored out in these expressions, the trace and the divergence
of Fiw L %00 0Fymy and 0'7,,,, are frozen at the place of matter: The

expressions for them can easily be derived from (A9~ (A-11).
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